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7. Lagged Simultaneous Component Models
of Multisubject Multivariate Time Series

7.1. Introduction

In the previous chapter, four models for the simultaneous component analysis (SCA)
of multisubject multivariate time series were discussed. The models that were
discussed covered intraindividual and interindividual variability, but possible time
dependencies were not explicitly modeled. Therefore, in the current chapter, the four
SCA models will be elaborated so that dependencies between successive
measurement occasions are modeled. As will be explained later, the models are useful
for data with a special time dependent structure. If data have such a structure, the
elaborated SCA models offer a sparse model, that clearly reveals the time
dependencies between component scores and observed scores.

The elaborated models to be proposed here are component analytic counterparts
of one of the dynamic factor model variants (Engle & Watson, 1981; Geweke &
Singleton, 1981; Molenaar, 1985; Immink, 1986). In dynamic factor models,
observed multivariate time series are modeled by latent time series, which are of
lower dimension than the observed ones. Time-dependencies are covered in the
models. Several variants of dynamic factor models have been proposed. They differ
in the way the latent time series are related to observed time series, the model of the
latent time series and the procedure for estimating the parameters of the model. It
should be noted that, in contrast to our SCA models, dynamic factor modeling is
usually applied to the multivariate time series obtained from a single subject. Because
our extension of the SCA models is based on Molenaar’s dynamic factor model
(Molenaar, 1985), this model is described first.

7.2. The dynamic factor model

In the dynamic factor model as proposed by Molenaar (1985), observed scores are
related to factor scores at the same time point and at previous time points. Hence,
simultaneous as well as lagged effects are modeled. The factors at time point k are
denoted as the factors of lag zero, whereas the factors at k−u are denoted as the
factors of lag u. The model is given by

xk=∑
=

− ε+η
U

u
kuku

0

Λ , (7.1)
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where xk denotes the vector that contains the scores on J variables at time point k
(k=1,...,K) of a single subject, Λu denotes the loading matrix for lag u (u=0,...,U), ηk−u

the Q factors at time point k−u, εk the residual at time point k, and U�0 the maximal
lag. Thus, the observed series at time point k are represented by a weighted sum of
factors at time points k,k−1,...,k−U. It is assumed that the time series xk, k=1,...,K are
weakly stationary, which implies that the first and second order moments are
independent of the time. Hence, the time series contains no trend, and the lagged
covariances are invariant under a translation along the time axis. Because the model
relates the scores to time points separated from the present time point at most by a lag
U, it is called a lag U dynamic factor model.

For illustration, we represent a lag one dynamic factor model graphically in
Figure 7.1. Let xk−2,...,xk+1 be the observed scores on all variables at time points
k−2,...,k+1, hence these are the transposed rows k−2,...,k+1 of matrix X, for a single
subject; ηk−2,...,ηk+1 denote the vectors of factor scores, Λ0 and Λ1 the lag zero and lag
one loading matrices, respectively, and εk−2,...,εk+1 the residuals at time points
k−2,...,k+1. Then, the model is given by

xk=Λ0ηk+Λ1ηk−1+εk, (7.2)

which can be depicted as follows.

Figure 7.1. A graphical representation of a lag one dynamic factor model.
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For example, it can be seen in Figure 7.1 that the estimated scores at time point k are
given by the factor scores at time point k weighted by the lag zero loading matrix
(Λ0), and by the lag one factor scores (at k−1) weighted by the lag one loading matrix
(Λ1). The dynamic factor model is suitable to model multivariate time series with a
rather special structure, because, as shown above, a factor score at time point k
influences the observed score not only at time point k, but also at time points k+1, …,
k+U.

To obtain parameter estimates, Molenaar (1985) proposed fitting the model to
(lagged) covariance matrices. This can be done by using pseudo-maximum likelihood
or asymptotically distribution free estimation (Molenaar & Nesselroade, 1998). To
obtain a structurally identified model, the (lagged) covariance matrix Ξ(u) of the Q
factors in ηk at lag u, u=0,1,..., is usually constrained so that Ξ(u)=δ(u)IQ, with δ(u)=1
if u=0, and δ(u)=0, otherwise. Hence, in estimating the parameters of the model, the
factor scores are assumed to be generated by a white noise process. All time
dependencies in the data are modeled via the (lagged) loading matrices. Molenaar
(1985) showed that the model specified this way can be transformed into a model
with correlated factor scores, as long as an infinite number of lags is taken. Under the
assumption of stationarity, the number of lags may be truncated in fitting the model,
without altering the model estimates.

As an example of a dynamic factor model, one could think of a study of the level
of anxiety over time in a single subject. Anxiety is measured by a series of
psychological measures (e.g., a questionnaire) and a series of physiological measures
(e.g., heart rate), both of which are indicative of anxiety. Suppose that the scores on
the physiological measures at the same time point are highly correlated with each
other, the scores on the psychological measures at the same time point are also highly
correlated with each other, but that the psychological and the physiological measures
at the same time point correlate zero. Suppose also that the physiological scores at
any time point k are only highly correlated to the psychological scores at k+1. A lag
zero dynamic factor model would reveal two factors, namely a physiological and a
psychological anxiety factor. A lag one dynamic factor model would reveal just one
factor, that can be labeled as anxiety, and the relationship between the ‘physiological
anxiety’ variables at k and the ‘psychological anxiety’ variables at k+1 is made clear
via their direct and lag one relations, respectively, to this single factor. In this
example, the model shows that the feeling of anxiety at time point k follows a high
level of ‘physiological anxiety’ at k−1.

7.3. Lagged SCA models

In this section, we propose an extension of the SCA models, which will be called
‘lagged SCA models’. They are component analytic counterparts of Molenaar’s
dynamic factor model (1985) for multisubject multivariate time series. The models
cover interindividual and intraindividual differences, as well as lagged effects.
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Component analytic counterparts of dynamic factor models that cover lagged
effects have already been proposed by Brillinger (1975) and Van Buuren (1990).
Brillinger (1975) defined a principal component model for multivariate time series, in
which simultaneous as well as lagged effects are modeled, although he did not use the
term ‘lag’. Van Buuren (1990) proposed the ‘canonical class model’, initially for
multivariate time series. In modeling multisubject multivariate time series, Van
Buuren assumes a common series of component scores for all subjects, whereas the
loading matrices are allowed to differ across subjects. This model appears particularly
useful for modeling time series data from a number of observers on a single subject,
rather than for modeling multivariate time series of a number of subjects, as is
considered in the SCA models. Unfortunately, a number of aspects of the modeling
procedure remain unclear in the canonical class model, including the transformational
freedom of the model parameters, the desirability to fix certain matrices, and the
applicability of the model.

The lagged SCA (LSCA) models to be proposed here differ from the SCA models
defined in Chapter 6 in that not only simultaneous, but also lagged effects of
component scores on the observed scores are modeled in the same way as in the
dynamic factor model (7.1). That is, in LSCA, a component score at time point tk

influences the observed score at tk via the loading matrix, and the observed scores at
tk+1,tk+2,... via lagged loading matrices.

In the LSCA models, it is assumed that the lagged loading matrices are subject
and time invariant. This implies that the observed time series are related to the latent
time series similarly across subjects and across time. This assumption is unlikely to
be met if the intervals between measurement occasions differ within time series, or
across subjects. Note that the interval between measurement occasions does not
matter in the SCA models because only simultaneous effects are modeled in the SCA
models.

The LSCA models will be introduced in the next sections. Alternating least
squares algorithms to fit the models to data, and transformational freedom in each of
the models are discussed. The results of a small simulation study performed to
examine some estimation properties of the fitting procedures are presented. We
briefly discuss the attempts to fit LSCA models to empirical data. The fitted models
appeared to be difficult to interpret. Possible causes of interpretation difficulties and
some ideas for possible solutions will be discussed in the discussion section.

7.3.1. LSCA-P

Before performing an LSCA, it is often needed to preprocess the observed scores. The
considerations and the steps to be taken are the same as in SCA modeling, and
therefore we refer to Section 6.2.1. In the sequel, we assume the observed scores to be
preprocessed properly.
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Let Xi (Ki×J) denote the matrix of (preprocessed) scores of the ith subject
(i=1,...,I) on J variables measured at Ki equidistant occasions (ki=1,...,Ki). The LSCA-
P model is given by

Xi= iui

U

u

i
u ' EBFS +∑

=0

, (7.3)

where i
uS  (Ki×(Ki+U)) denotes the so-called shift matrix (see below) of subject i,

i=1,...,I, for lag u (u=0,...,U), Fi ((Ki+U)×Q) denotes the Q component scores of

subject i at time points iKU ,...,1+− , i
uS Fi contains the Q component scores of

subject i at time points 1−u,...,Ki−u (i.e., at lag u), Bu (J×Q) denotes the loading
matrix for lag u, and Ei (Ki×J) denotes the matrix of residuals. To keep the notation as
simple as possible, the Ki+U rows of matrix Fi are indexed as rows 1−U,...,Ki, rather
than rows 1,...,Ki

 +U, because, when indexed this way, row ki of Fi contains the
component scores at time point ki. The component scores matrix Fi is unconstrained,
implying that cross-products within and between the components may vary across
subjects.

The shift matrix i
uS  is defined as [ )( uUiK −×0 |

iKI | uiK ×0 ], where  UiK ×0  denotes a

Ki×U zero matrix, and 
iKI  denotes the Ki×Ki identity matrix. Premultiplying Fi by the

shift matrix i
uS  gives the component scores of subject i at lag u (i.e., at time points

1−u,...,Ki−u). Hence, for example, the shift matrix i
0S  is defined as [ UiK ×0 |

iKI ], and
i
0S Fi is a matrix composed of the component scores of subject i at time points 1,...,Ki,

and, as a result, i
0S Fi contains rows 1,...,Ki of Fi.

A lag U LSCA-P has U+1 lagged loading matrices, namely B0,...,BU. An
observed score at a certain time point is influenced by the component scores at that
particular time point (via B0), but also by component scores at U previous time points
(via B1,...,BU). Thus, simultaneous as well as lagged effects are modeled. The SCA-P
model is a special case of the LSCA-P model, namely the case for which the number
of lags is zero.

7.3.2. LSCA-PF2, LSCA-IND and LSCA-ECP
Analogously to the constrained version of the SCA-P model, we can define
constrained versions of the LSCA-P model, namely the LSCA-PF2, LSCA-IND and
LSCA-ECP models. They are defined analogously to the three constrained versions of
the SCA-P model, that is by imposing particular constraints on the component scores.   

The LSCA-PF2 model is given by (7.3), with Fi constrained to 
iK

1 Fi′Fi=DiΦDi,

i=1,...,I, with Di a diagonal Q×Q matrix and Φ a positive definite Q×Q matrix with
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unit diagonal elements. This implies that the congruence coefficients (Tucker, 1951)
between columns of Fi are invariant over i.

The LSCA-IND model is given by (7.3) with Fi constrained to 
iK

1 Fi′Fi=
2
iD ,

i=1,...,I, with Di a diagonal Q×Q matrix. Thus, the inner products of the components
are zero and the sum of squares of the components may differ across subjects in the
LSCA-IND model.

The LSCA-ECP model is given by (7.3) with Fi constrained so that 
iK

1 Fi′Fi=Φ,

i=1,...,I, implying that the sums of squares of the components and the inner products
between the components are equal for all subjects.

Just as in the SCA model, the four LSCA models require that

∑∑
=

−

=
=





 I

i
Qii

I

i
i )'K

1

1

1
diag( IFF , to identify the solution partly.

The constraints on the component scores in the four lagged models can be
interpreted as in the SCA models. It is advised, that the scores per variable and per
subject are centered, as one of the preprocessing steps (see Section 6.2.1). As a result,
in the SCA models, the average component scores over occasions per subject are
zero. This is a nice property, because then the different restrictions on the component
score matrices in each of the four models can be interpreted directly in terms of
different restrictions on the covariances between components. This property is lost if
lagged SCA models (with U>0) are estimated. However, if the number of lags is
small compared to the number of observations, the average component scores per
subject per component will be close to zero in practice.

7.3.3. Fitting the LSCA models to data
As with fitting the SCA models, we fit the LSCA models to observed data by
minimizing the sum of squared residuals. Hence, we minimize

F(Fi,B0,...,BU)=

2

1 0
∑ ∑
= =

−
I

i

U

u
ui

i
ui 'BFSX , (7.4)

subject to the constraints imposed in the particular LSCA. An Alternating Least
Squares (ALS) algorithm is used to minimize this function.

7.3.3.1.  Fitting the LSCA-P model to data

The LSCA-P model can be fitted to data by minimizing (7.4) alternatingly over Fi,

i=1,...,I, and Bu, u=0,...,U. Let SFi  denote a supermatrix containing the component

scores of lag zero to lag U of subject i (i=1,...,I), SFi =[ i
0S Fi|…| i

US Fi], and let BS

denote a supermatrix containing the loading matrices of lag zero to lag U positioned
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next to each other, BS=[B0|…|BU]. Let XS denote a supermatrix containing the
matrices X1,...,XI with the observed scores of subjects 1,...,I, stacked below each

other, and let FS denote a supermatrix containing the matrices SS FF I,...,1 , positioned
below each other.

To update B0,...,BU, we minimize (7.4) considering Fi, i=1,...,I, fixed. This comes
down to minimizing

f1(B
S)=

2
'SSS BFX − . (7.5)

This is a multiple regression problem, which is solved by taking BS=(FS´FS)−1FS´XS.
The matrix BS=[B0,...,BU], so that updates for B0,...,BU can now easily be obtained.

An update for Fi, i=1,...,I, can be obtained by minimizing

f2(Fi)=

2

0
∑
=

−
U

u
ui

i
ui 'BFSX

2

0

))Vec(()Vec( ∑
=

⊗−=
U

u
i

i
uui FSBX , (7.6)

where Vec(X) denotes the vector containing all the elements of the matrix X strung
out column-wise into a column vector. Minimizing (7.6) over Vec(Fi) is an ordinary
regression problem, solved by taking

Vec(Fi)= ( ) ( ) ( ) ( )∑∑∑
=

−

==

⊗





⊗⊗

U

u
i

i
uu

U

u

i
uu

U

u

i
uu ''''

0

1

00

Vec XSBSBSB . By arranging the

elements of Vec(Fi) back into a matrix, the update for Fi is obtained.

7.3.3.2.  Fitting the LSCA-PF2 model to data

The LSCA-PF2 model can be fitted to data by minimizing (7.4) alternatingly over Bu,
u=0,...,U, and Fi, subject to 

iK
1 Fi′Fi=DiΦDi, i=1,...,I, where Di, i=1,...,I, is a diagonal

Q×Q matrix and Φ a positive definite Q×Q matrix with unit diagonal elements. We

solve the equivalent minimization problem with Fi subject to Fi′Fi= ii
~~~
DD Φ , with i

~
D

a diagonal Q×Q matrix and Φ~  an arbitrary positive definite Q×Q matrix first, then
discuss how to obtain Fi, subject to 

iK
1 Fi′Fi=DiΦDi from the obtained solutions for

i
~
D  and Φ~ . As showed by Kiers, Ten Berge and Bro (1999), every matrix Fi that

meets the constraint Fi′Fi= ii
~~~
DD Φ  can be written as Fi=Pi i

~~
DF , provided that

Pi′Pi=IQ, F
~

 is an arbitrary Q×Q matrix, and i

~
D  a diagonal Q×Q matrix, i=1,...,I. The

problem to be solved boils down to minimizing
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f3(Pi, i
~~
DF, ,B0,...,BU)=

2

1 0
∑ ∑
= =

−
I

i

U

u
uii

i
ui '

~~
BDFPSX , (7.7)

i=1,...,I, subject to Pi′Pi=IQ, and i
~
D  a diagonal matrix. The function in (7.7) can be

minimized by updating B0,...,BU, Pi, F
~

, and i
~
D  alternatingly. The problem of

minimizing (7.7) over B0,...,BU is the same as minimizing (7.4) over B0,...,BU. The
solution to this problem has been treated in Section 7.3.3.1. .

The next problem is to find, for every value of i, an update of Pi, where Pi is
constrained to Pi′Pi=IQ. An update for Pi can be obtained by minimizing (7.7) over Pi,
subject to Pi′Pi=IQ, which can be reformulated as minimizing the function

f4(Pi)= trXi′Xi+tr 















− ∑

=
i

U

u

i
uiui ''

~~
PSXBDF

0

2 +

tr 




∑∑
= =

U

u

U

v
iiuvii

i
v

i
u ''

~~
'

~~
'

0 0

PFDBBDFPSS .

(7.8)

An update of Pi can be obtained by majorization (Kiers, 1990). Consider the singular
value decomposition

+





 ′







′′

α
− ∑

∑∑ =

= =

U

u

i
uiuiU

u

U

v
uv

i
~~

0

0 0

2-

2

1
SXBDFP

iii

U

u

U

v
ivuii

i
u

i
v

U

u
i

U

v
uvii

i
v

i
u

~~~~
'

~~~~
' QUFDBBDFPSSFDBBDFPSS ′=


′′+′′ ∑∑∑∑

= == =

∆
0 00 0

,

(7.9)

with Qiiiiii IQQQQUU =′=′=′ , and ∆i a diagonal matrix with nonnegative diagonal

elements in weakly descending order; αuv has to be chosen as a scalar greater than or

equal to the largest eigenvalue of the symmetric part of ( )FDBBDFSS ′′⊗ ~~~~
' ivui

i
v

i
u .

Now, the update of Pi can be obtained as iiQU ′ .

An update of i
~
D , for every i, is obtained by minimizing (7.7) over i

~
D , which

comes down to minimizing

f5(di)= ( ) ∑
=

−
U

u
ui

0

(Vec BX X

2

) ii
i
u

~
dFPS , (7.10)
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where di denotes the vector containing the diagonal elements of i
~
D , and X denotes

the Khatri-Rao product (Rao & Mitra, 1971; see also Section 2.2). Minimizing (7.10)
over di is an ordinary regression problem. The minimum is obtained by taking

di=(∑
=

U

u
u

0

(B X
i
uS Pi F

~
)′∑

=

U

u
u

0

(B X
i
uS Pi F

~
))−1∑

=

U

u
u

0

(B X
i
uS Pi F

~
)′Vec(Xi). (7.11)

By positioning the elements of the optimal di on the diagonal of a diagonal Q×Q

matrix, an update for i
~
D  is obtained.

The update of F
~

 is obtained by minimizing (7.7) over F
~

 (Q×Q), which comes
down to minimizing

f6( F
~

)=∑ ∑
= =

⊗−
I

i

U

u
i

i
uiui

~~

1

2

0

))Vec(()Vec( FPSDBX . (7.12)

Let xS denote a supervector containing the vectors Vec(X1),...,Vec(XI) with the
observed scores of subjects 1,...,I, positioned below each other, and let VS denote a

supermatrix containing the matrices 




 ⊗∑

=

U

u
uu

~

0
1

1
1 )( PSDB ,..., 





 ⊗∑

=

U

u
I

I
uIu

~

0
)( PSDB

positioned below each other. Now, minimizing (7.12) boils down to a regression
problem that can be solved by taking Vec( F

~
)=(VS´VS)−1VS´xS. By arranging the

elements of Vec( F
~

) back into a matrix, the update for F
~

 is obtained, and Fi=Pi i
~~
DF

now gives the solution for Fi, i=1,...,I.
After convergence, solutions for Di and Φ so that 

iK
1 Fi′Fi=DiΦDi, with Φ unit

diagonal elements, can be obtained by taking 2
1

2
1

diag(diag(
−−

= )
~~

)
~ ΦΦΦΦ , and

Di=
iK

1 2
1

diag( )
~~

i ΦD , where FF
~

'
~~ =Φ .

7.3.3.3.  Fitting the LSCA-IND model to data

The LSCA-IND model can be fitted to data by minimizing (7.4) alternatingly over Bu,

u=0,...,U, and Fi, subject to 
iK

1 Fi′Fi=
2
iD  with Di, i=1,...,I, a diagonal Q×Q matrix.

The ALS algorithm to find estimates of the parameters of the LSCA-PF2 model can

be used to find estimates of Fi, i=1,...,I subject to Fi′Fi=
2
iD , by keeping I=Φ~ . In the

LSCA-PF2 algorithm this is obtained by keeping F
~

 fixed as F
~

=I, and only updating

Bu, Pi, and i
~
D . With this algorithm we find solutions for Bu, Pi and i

~
D , and hence
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Fi=Pi i
~~
DF =Pi i

~
DF . Solutions for Di so that 

iK
1 Fi′Fi=

2
iD  can be obtained by taking

Di=
iK

1
i

~
D .

7.3.3.4.  Fitting the LSCA-ECP model to data

The LSCA-ECP model can be fitted to data by minimizing (7.4) alternatingly over Bu,
u=0,...,U, and Fi, subject to 

iK
1 Fi′Fi=00, i=1,...,I, which is equivalent to (i.e., without

affecting the model fit) imposing the constraint that 
iK

1 Fi′Fi=IQ. Updating B0,...,BU,

and Fi alternatingly can solve this problem. The problem of finding an update for
B0,...,BU is analogous to finding an update of B0,...,BU in the LSCA-PF2 algorithm.
The next problem is to find an update for Fi subject to 

iK
1 Fi′Fi=IQ. Upon substitution

of i
iKi

~
FF 1= , this is equivalent to finding an update for i

~
F  subject IFF =ii

~
'

~
. An

update of i
~
F  can be obtained by majorization (Kiers, 1990). Consider the singular

value decomposition

+
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U
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uvi
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i
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~
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~
' QUBBFSSBBFSS ′=

′+′ ∑∑∑∑
= == =

∆
0 00 0

,

(7.13)

with Qiiiiii IQQQQUU =′=′=′ , and ∆i a diagonal matrix with nonnegative diagonal

elements in weakly descending order; αuv has to be chosen as a scalar greater than or

equal to the largest eigenvalue of the symmetric part of ( )vu
i
v

i
u ' BBSS ′⊗ . Now, the

update of i
~
F  can be obtained as iiQU ′ , hence an update of Fi is given by

Fi= iiiK QU ′ .

7.3.3.5.  Starting values of the parameters

Alternating least squares algorithms have to be initialized with certain starting values,
chosen randomly or rationally. For rational starting values of B0, and, if applicable, of
Di and F, we advise taking the rational starting values for B, Di and F, respectively, as
discussed in Section 6.3.4. The starting matrices of the loading matrices B1 through
BU are set to zero. These starting values suffice to start the iterative process (by
updating Pi or Fi).
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7.3.4. Transformational freedom in the LSCA models
In this section, some results will be presented concerning the transformational
freedom in each of the four LSCA models. The transformational freedom of the
solutions of LSCA-P and LSCA-ECP models will be shown to be fairly constrained
provided that certain, usually mild, assumptions hold. Under some assumptions, the
LSCA-PF2 and LSCA-IND solutions are even unique up to permutation, rescaling
and sign permutation of the parameter matrices.

First, the transformational freedom in the LSCA-P model will be examined. The
transformational freedom in this model will be shown to be fairly constrained under
the conditions specified below. Specifically, postmultiplication of Fi by any non-
singular matrix T0, and compensation for this by applying the inverse of T0 to
B0,...,BU is the only possible transformation without changing the estimates of Xi,
i=1,...,I, in the LSCA-P.

The estimates for the LSCA-P can be written as

'ˆ
ii

SSBFX = , (7.14)

where iX̂  denotes the matrix of estimated scores of the ith (i=1,...,I) subject on J

variables (j=1,...,J) measured at Ki occasions (ki=1,...,Ki); 
SFi =[ i

0S Fi… i
US Fi] is a

supermatrix containing the component scores of lag zero to lag U of subject i
positioned next to each other, and BS=[B0…BU] is a supermatrix containing the
loading matrices of lag zero to lag U positioned next to each other. Remember that
the matrix Fi has Ki+U rows, denoted as row 1−U to row Ki, and that row ki of Fi

therefore contains the component scores of subject i at time point ki. Hence, the

supermatrix SFi  can also be written as SFi =[
),...,1( iKiF …

),...,1( UiKUi −−F ], where

),...,1( iKiF  denotes the submatrix containing rows 1,...,Ki of Fi, and where the other

submatrices are defined analogously.

Throughout Section 7.3.4, the following assumptions are made:
Assumption 1. There is at least one particular subject s for whom the columns of the

matrices 
)1()2(1

,...,
iK,...,UsUiKU,...,s +−−

FF  are linearly independent.

Assumption 2. The supermatrix BS is of full column rank, namely of rank Q(U+1).

Assumption 1, linear independence of the (2U+1)Q columns of the matrices

)1()2(1
,...,

iK,...,UsUiKU,...,s +−−
FF  implies that (2U+1)Q≤Ki−U, because each such

column has Ki−U elements. Thus, the number of occasions must be sufficiently large
in comparison to the number of components and the maximal lag.
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Theorem 1. Suppose that '
~~

'ˆ
iii

SSSS BFBFX == , with ='i
SSBF [ i

0S Fi… i
US Fi] and

BS=[B0…BU], and that SFi
~

 and SB
~

 are defined analogously. Then, provided that

Assumptions 1 and 2 are satisfied, i
~
F =FiT0, i=1,...,I, and u

~
B =Bu(T0

−1)′, u=0,...,U,
for any non-singular matrix T0.

Proof. It follows from Assumption 1, that the supermatrix SFs  is of full column rank,

namely of rank Q(U+1). From

'
~~

'ˆ
sss

SSSS BFBFX == (7.15)

and the full column rank of SFs  and BS, it follows that the rank of '
~~

s
SSBF  is Q(U+1),

and hence the column rank of SFs
~

 as well as SB
~

 is full (Q(U+1)). From (7.15), and

from the full column rank of BS, it follows that -1)( SSSSSS BBBBFF ''
~~

ss = . From the

full column rank of SFs , it follows that -1)( SSSS BBBB ''
~

 is non-singular. Upon

denoting ≡-1)( SSSS BBBB ''
~

T−1, we have SFs
~

= SFs T, where T is called a

transformation matrix. Equation (7.15) boils down to '
~~

' ss
SSSS BFBF = = '

~
s

SS BTF .

Because SFs  has full column rank, SS FF ss '  is non-singular. Premultiplication of both

sides of '
~

' ss
SSSS BTFBF =  by ( SS FF ss ' )−1 's

SF  gives )( -1 ′= TBB SS~
. The

transformation matrix T that transforms SB  into SB
~

 by SB
~

=BS(T−1)′ must be equal

for all subjects i, i=1,...,I. Thus, SFi  is transformed into SFi
~

 by SFi
~

= SFi T, where T is
the transformation matrix, that is equal for all subjects i, i=1,…,I.

From now on, the subscript i will be omitted for convenience, as the presented
transformation results hold for all subjects i=1,...,I. The transformation matrix T can
be partitioned into (U+1)2 equally sized submatrices (Q×Q), which will be denoted as

T00,...,TUU. Now, TFF SS =~
 can be expanded as

SF
~

=FST=
[(S0FT00+…+SUFTU0)(S0FT01+…+SUFTU1)…(S0FT0U+…+SUFTUU)]

(7.16)

By noting that FSFS ~~
0[=  FS

~
1 … FS

~
U ], it follows that

=FS
~

0 (S0FT00+…+SUFTU0)

=FS
~

1 (S0FT01+…+SUFTU1)
,...,

(7.17)
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=FS
~

U (S0FT0U+…+SUFTUU).

The supermatrix FSFS ~~
0[=  FS

~
1 … FS

~
U ] is composed of rows of F

~
. Row k of

F
~

, which corresponds to the component scores at time point k, is denoted by '
~

kf  in

the sequel; note that row k is not the kth row in F
~

, since the numbering of rows of F
starts from 1−U. The supermatrix SF

~
 is composed as

SF
~

=





































−

−

−

−

−

'
~

...

'
~

'
~

'
~

'
~

..

..

'
~

.

.'
~

..

..

'
~

.

'
~

'
~

UK

U

KK

UK

UK

f

f

f

ff

f

f

f

ff

1

1

1

1

01

.

The matrices FS
~

0 , FS
~

1 ,..., FS
~

U  all cover the component scores at time points 1 to

K−U, albeit in different positions. The submatrix with rows 1,...,K−U of F
~

 will be

denoted as F
~

(1,...,K−U) in the sequel, where the subscripts indicate the rows concerned.

Using (7.17), the rows of FS
~

0 , FS
~

1 ,..., FS
~

U  that cover measurements at common

time points, collected in F
~

(1,...,K−U), can be written in terms of submatrices of F as

=− ),...,1( UK
~
F F(1,...,K−U)T00+F(0,...,K−U−1)T10+…+F(1−U,...,K−2U)TU0

=− ),...,1( UK
~
F

F(2,...,K−U+1)T01+F(1,...,K−U)T11+F(0,...,K−U−1)T21+…+F(2−U,...,K−2U+1)TU1

,…,

=
− ),...,1( UK

~
F F(U+1,...,K)T0U+…+F(2,...,K−U+1)T(U−1)U+F(1,...,K−U)TUU,

(7.18)

respectively. From the equality of the first and the last rows of (7.18), it follows that

F(1−U,...,K−2U)TU0+…+F(0,...,K−U−1)T10+F(1,...,K−U)(T00−TUU)−
F(2,...,K−U+1)T(U−1)U−…−F(U+1,...,K)T0U=0(K−U)×Q,

(7.19)
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with 0(K−U)×Q a (K−U)×Q matrix having each element equal to 0. Using Assumption 1,
it follows that T00−TUU=0Q×Q, and T0U=…=T(U−1)U=0Q×Q, and T10=…=TU0=0Q×Q. The
equality of the right hand terms in the first and second terms in (7.18) leads to

F(1−U,...,K−2U)TU0+F(2−U,...,K−2U+1)(T(U−1)0−TU1)+…
+F(0,...,K−U−1)(T10−T21)+F(1,...,K−U)(T00−T11)−F(2,...,K−U+1)T01=0(K−U)×Q

(7.20)

Equation (7.20), Assumption 1, and the result that T10=…=TU0=0Q×Q, lead to the
conclusion that T01=T21=…=TU1=0Q×Q, and that T00−T11=0Q×Q. Analogously, the
intermediate combinations can be written down, resulting in Tuu=Tvv ≡T0 for
u,v=0,...,U, and Tuv=0Q×Q for u≠v. This implies that

=FS
~

u SuFT0,

=u
~
B Bu(T0

−1)′,
(7.21)

for u=0,...,U. Thus, postmultiplication of SuF, for any u=0,...,U, by a non-singular
matrix T0, and compensating for this by applying (T0

−1)´ to Bu is the only possible
transformation of SuF without changing the estimates of X. For all u, u=0,...,U, the
transformation of SuF is the same, and hence it is the same for all rows of F, as can

readily be seen by =FS
~

0 S0FT0= )1( K,...,

~
F =

)1( K,...,
F T0 and =FSU SUFT0=

)1( UK,...,U

~
−−

F =
)1( UK,...,U −−F T0. The latter, combined with the notion that the presented

transformation results hold for all subjects i, implies that

=i
~
F 0TFi , (7.22)

for i=1,...,I. Thus, postmultiplication of Fi, i=1,...,I, by any non-singular matrix T0,
and compensating this by applying (T0

−1)´ to Bu, u=0,...,U, is the only possible
transformation of the matrices Fi, i=1,...,I, without changing the estimates of Xi in the
LSCA-P. a

Corollary 1. Let Fi, i=1,...,I, and Bu, u=0,...,U, be a given LSCA-P solution. Suppose

that alternative solutions exist, namely i
~
F  for Fi, and u

~
B  for Bu, that lead to the same

estimate iX̂  for Xi as do Fi and Bu, that is '
~~

'ˆ
iii

SSSS BFBFX == . Then, provided that
Assumptions 1 and 2 are satisfied,

i
~
F u

~
B ′=FiBu′, (7.23)

for i=1,...,I and u=0,...,U.
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Proof. Provided that Assumptions 1 and 2 are satisfied, it follows from Theorem 1

that i
~
F = 0TFi , i=1,...,I, and u

~
B =Bu(T0

−1)′, u=0,...,U. Hence, i
~
F u

~
B ′= ui BTTF ′−1

00 =

FiBu′, for i=1,...,I, and u=0,...,U. a

Corollary 1 allows us to examine the transformational freedom of constrained
versions of the LSCA-P starting from (7.23) rather than starting from the more
complex (7.14). Additionally, (7.23) equals the SCA model, with the constraint on Fi

for the model under consideration. Therefore, the results concerning transformational
freedom in each of the four SCA models (see Section 6.2.7) hold for each of the
corresponding LSCA models as well.

7.3.5. Testing the LSCA-P and LSCA-IND algorithms
To investigate some of the estimation properties of the LSCA-P algorithm, a small
simulation study was performed. To limit the size of the study, we chose to examine
only one of the four methods for LSCA, LSCA-P. It is noteworthy, however, that the
LSCA-IND algorithm was included also in our preliminary analyses, and the results
of those analyses were essentially the same as those of the LSCA-P algorithm.

To test the LSCA-P algorithm, we constructed 375 datasets according to the
model

Xi= 1100 BFSBFS ′+′ i
i

i
i +εEi, (7.24)

based on fixed shift matrices i
0S  and i

1S , and fixed loading matrices B0 and B1 (see
below); the unconstrained component score matrices Fi were generated as described
below, Ei is a random matrix with elements sampled from the standard normal
distribution, and ε is a scalar.

In the present simulation study, three variables were varied: the expected degree
of first order autocorrelation of the components of Fi, the degree of multicollinearity
of B0 and B1, and the error level. It was expected that higher autocorrelation of the
components, higher degree of multicollinearity and higher error level would lead to
poorer performance of the LSCA-P algorithm. The simulated data were analyzed by a
lag one LSCA-P, where the ‘correct’ number of components was estimated.

The component scores matrix Fi was constructed by first generating an AR(1)
time series with an expected mean of zero by

fik=afi(k−1)+eik, (7.25)

where a is a constant for manipulating the first order autocorrelation, eik and fi0 are
both Q×1 vectors with elements drawn from a N(0,1) distribution, and the vectors
fi1,...,fi(K+1) were computed using (7.25). The matrix Fi was obtained by collecting the
vectors ikf ′ , k=1,...,K+1, in its rows. The values of a were chosen as 0, 0.2, 0.4, 0.6
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and 0.8, leading to expected first order autocorrelations for Fi of 0, 0.2, 0.4, 0.6 and
0.8, respectively (see e.g. Jones, 1993). The loading matrices B0 and B1 were chosen
as
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where the scalar c was varied so as to control the degree of multicollinearity of BS,
the supermatrix containing the loading matrices B0 and B1 positioned next to each
other. The values of c, and the corresponding condition numbers of BS in parentheses
are 0 (1.4), 0.33 (2.3), 0.67 (5.2) and 1 (infinite). Note that the condition c=1 in fact
leads to data matrices with underlying data matrices (i.e., simulated data matrices
without error) with zero lag structure. The expected error level was varied so that the
expected percentage of error sums of squares in the data matrices was 0%, 20%, 50%
and 69%. The number of subjects (I) was five, the number of variables (J) was six,
the number of occasions (K) was 30, and the number of components (Q) was two. The
design was fully crossed, except for the 0% error level condition combined with the
condition with an infinite condition number of BS, that was excluded from the
analyses: The latter condition leads to data matrices Xi, i=1,...,I, of exactly rank two,
and hence to estimation problems if the data matrices are analyzed by the LSCA-P
algorithm with Q=2 and U=1. It is supposed that the data matrices constructed in this
way cover a reasonable range of empirical data sets, where some data sets are likely
to be quite extreme (like the one constructed with an infinite condition number of BS).
The number of replications in each condition was five.

The 375 LSCA-P data sets were analyzed by the LSCA-P algorithm
(programmed in MATLAB5 (1998)). One rational, and four random starts were used.
The convergence criterion was set at 10−6.

7.3.5.1.  Retrieval of the loading matrices

The first issue studied pertained to the quality of retrieval of underlying loading

matrices. For each simulated data matrix, the estimated loading matrices 0B̂  and 1B̂
were compared to the underlying loading matrices B0 and B1.

The estimated loading matrices of an LSCA-P solution may be transformed
without loss of fit, provided that the transformation is equal for all loading matrices
and that the transformation is compensated in the component scores matrices of all

subjects. Therefore, the matrix 0
1B̂ , in which 0B̂  and 1B̂  of an LSCA-P are positioned
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below each other, was projected on the matrix 0
1B , in which B0 and B1 are positioned

below each other, using ordinary regression. Hence, an optimal, in the least squares

sense, nonsingular transformation matrix T to transform 0
1B̂  towards 0

1B , was found.

Then, the two columns of 0
1B̂ T were compared to 0

1B  by computing the Proportion of
Agreement as

PA=1−
20

1

20
1

0
1

 
B

TBB ˆ−
. (7.26)

The average Proportion of Agreement (PA) is displayed per error level by condition
number of the loading matrices and by expected first order autocorrelation (AC1), in
Figure 7.2.

0.5
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condition number                            AC1

m
ea

n 
PA

0% 20% 50% 69%

Figure 7.2. Average Proportion of Agreement (PA) of the LSCA-P simulation study
per error level by condition number of the loading matrices (left) and by expected
first order autocorrelation (AC1) (right); ‘inf’ denotes infinity.

As can be seen in Figure 7.2, an error level of 0% led to perfect recovery of the
underlying loading matrices in all cases in the simulation study. Generally, a higher
condition number of the underlying loading matrices, a higher error level, and a
higher first order autocorrelation (AC1) level of the underlying component scores led
to worse recovery of the underlying loading matrices, as is indicated by lower PA.
The difference in recovery for the different error levels gets larger with decreasing
condition numbers.

An ANOVA was performed to test whether the observed effects of the various
manipulated factors could be distinguished from random fluctuations. The condition
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with 0% error level was excluded from the analysis, because the PA-values were 1 for
all observations in this condition. For the ANOVA, the PA-values were transformed
to correct for the observed heterogeneity of variances for the groups by computing

AP
~~

=arcsin(PA)½ (Stevens, 1992). The effects explicitly described in the previous
paragraph were found to be significant at α=0.05 in the ANOVA.

In addition to the recovery measure, we inspected the fitting percentages of the
LSCA-P model to the simulated data. The average fitting percentages were 100.0%,
87.8%, 70.1%, and 59.8% for the expected error levels of 0%, 20%, 50%, and 69%,
respectively. This finding indicates a considerable amount of overfitting, implying
that parts of the non-structural part of the data are fitted as well. Not surprisingly, the
overfitting appears to be larger in the case of higher error levels.

7.3.5.2.  Sensitivity to hitting suboptimal solutions

A disadvantage of using an alternating least squares algorithm is the possibility of
ending up with sub-optimal solutions. A standard approach to this problem is to use
multiple starts, and to choose the solution that produces the best fit of the model to the
data. The second issue studied was the sensitivity of the LSCA-P algorithm to hitting
suboptimal solutions. The LSCA-P algorithm was run five times, once started
rationally and four times randomly. A solution with a fit value lower than 0.999 times
the fit of the optimal solution (out of five) was considered to be a sub-optimal
solution. The total number of sub-optimal solutions over the five runs appeared to be
related to the error level and condition number of the loading matrices, and was only
slightly related to autocorrelation of the component scores. On average, in the case of
an error level of 0% (fit percentage 100%), 0.12 of the five starts ended up in a sub-
optimal maximum, whereas in the case of higher error levels (20%, 50% or 69%) the
number of sub-optimal solutions increased gradually (on average 1.52, 2.54 and 2.61,
respectively). With increasing condition number of the loading matrices, the number
of sub-optimal solutions also increased (on average 1.41, 1.44, 1.84 and 2.76 for
condition numbers 1.4, 2.3, 5.2 and infinity, respectively). On average, rationally
started runs ended up in sub-optimal solutions almost as often as randomly started
runs. In ‘easier’ conditions (low autocorrelation between component scores (AC1=0),
low error level (0% and 20%) and low condition number (1.4, and 2.3)), the rationally
started run ended less frequently in a sub-optimal solution. In ‘more difficult’
conditions, the average number of sub-optimal solutions of randomly started runs was
smaller than for the rationally started run.

7.3.5.3.  Discussion and conclusion of the simulation study

The results of this small simulation study revealed that recovery of the underlying
loading matrices in LSCA-P is worse in the case of higher error level, higher
condition number of BS=[B0B1], and higher first order autocorrelation of the
component scores. The recovery of the loading matrices still appears reasonable
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(PA>0.80) in the case of error levels lower than 20% combined with condition
number and first order autocorrelations smaller than or equal to 5.2 and 0.6,
respectively; the recovery also appears reasonable in the case of 50% error level
combined with zero autocorrelation between component scores, or with condition
number lower than 1.4.

A high first order autocorrelation of the component scores Fi implies that S0Fi is
approximately proportional to S1Fi (see (7.24)). As a result, the model in (7.24)
almost reduces to

Yi=S0Fi(B0+B1)´+εEi, (7.27)

and this implies that the estimates of B0 and B1 becomes unstable if the error level is
larger than zero.

A higher condition number of BS=[B0B1] led to poorer recovery of the loading
matrices as well. We did not expect this finding because S0Fi and S1Fi are constrained
to be lagged versions of each other and, as a result, a higher condition number of BS

should not necessarily lead to unstable estimates.
When the error part was considerably larger than 20%, it appeared hard to

disentangle the structural and the error parts. Besides the structural part, some part of
the error is also fitted. The latter is illustrated in the simulation study by the
phenomenon of overfitting: higher fit percentages were observed than could be
expected on the basis of the construction of the data.

The number of sub-optimal solutions increased with increasing error level,
condition number of BS and autocorrelation between the component scores. It appears
wise to use multiple runs with different initial starting values to increase the chance of
ending up in the global minimum.

The results of the simulation study suggest the following expectations for
empirical LSCA-P. If empirical data have a lag one LSCA-P structure, and the data
are not too noisy (say, error level lower than 20%), the correct loading matrices can
be estimated to a reasonable level by performing an LSCA-P. If the autocorrelation
between the component scores is zero, and/or the loading matrices lie in clearly
different column spaces, reasonable recovery of the loading matrices can still be
obtained in quite noisy data (error level 50%). Threshold values of the several factors
that have been found to influence recovery, either for ‘good’ or for ‘bad’ recovery,
cannot be given on the basis of the results of this small simulation study. Incidentally,
those values are of limited value in practice, because one cannot infer the degree of
either error level or autocorrelation in the components from empirical data. In social
sciences, however, one generally expects a high error level, and a high autocorrelation
in the component scores is also likely to appear. As a result, one may doubt whether
good recovery of the loading matrices in LSCA-P can be obtained in social sciences.
For example, a questionnaire with several questions concerning ‘depression’ and
‘fear’ filled out daily by several subjects, could be analyzed by one of the LSCA’s. If
two components, that could usefully be labeled ‘depression’ and ‘fear’, are extracted,
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it is likely that the two series of component scores of the several subjects will show a
high autocorrelation: a person depressed on one day is likely to be depressed on the
next day, too. For the reasons mentioned above, it may be difficult to obtain an
interpretable LSCA. Therefore, we expect the LSCA models to be of limited value in
social sciences. On the contrary, the SCA models, which are special cases of the
LSCA models, are promising, as shown by successful application to empirical data in
Chapter 6.

7.4. Empirical example: Mood in individuals with Parkinson’s disease

In Section 6.4.1, three SCA models of the data gathered in the study of mood in
individuals with Parkinson’s disease (Shifren, Hooker, Wood & Nesselroade, 1997)
were discussed. In the previous chapter, the SCA-IND model with two components
and the SCA-P models with two and four components appeared stable and easy to
interpret. Note that the SCA models are special cases of the LSCA model: They are
lag zero LSCA models. As we questioned whether lagged effects could also be
discovered, we subjected the data to a series of LSCA. The algorithms were run five
times, using one rational and four random starts. The convergence criterion was set at
10−6. We focus first on the fit and interpretability of the models. The fit percentages of
the fitted models are presented in Table 7.1.

Table 7.1. Fit percentages of the four LSCAs with one and two components and with
zero and one lags for the mood-data. The models selected in Section 6.4.1 are
indicated bold. The lag zero LSCA models (indicated with ‘*’) are equivalent to the
associated SCA models; the LSCA-IND, LSCA-PF2 and LSCA-P models with Q=1
(indicated with ‘^’) are equivalent.

Model Q=l; U=0 Q=l; U=1 Q=2; U=0 Q=2; U=1
LSCA-ECP 24.0* 30.8 31.8* 43.52
LSCA-IND 30.8*^ 34.0^ 42.8* 45.11
LSCA-PF2 30.8*^ 34.0^ 43.1* 45.12
LSCA-P 30.8*^ 34.0^ 43.5* 47.83

The increase in fit gained from using a lag one model instead of a lag zero model is
rather small, except for the LSCA-ECP case. On the basis of fit, the lag one LSCA-
ECP appears interesting to inspect. However, the lag one LSCA-ECP models with
one and two components were less easy to interpret than the zero lag LSCA-IND with
two components (discussed in Chapter 6).

The one component lag one LSCA-ECP revealed a special structure: the first lag
loading matrix revealed the same contrasts as the zero lag loading matrix, whereas the
lag one loadings in absolute sense were somewhat lower than the lag zero loadings.
Both the lag zero and the lag one loadings can be interpreted as denoting a
positive/negative affect dimension. The component scores of eleven out of twelve
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subjects showed high negative first order autocorrelations, ranging from –0.59 to –
0.97. (The deviant subject was Subject 5, who showed a first order autocorrelation of
0.08. The pattern of the component scores over time of the two SCA-IND
components for this subject were discussed briefly in Chapter 6.) Thus, the
component scores showed large contrasts on successive occasions, making the
solutions very difficult to interpret. A similar pattern was also found in the two
components from the lag one LSCA-ECP with two components.

The behavior of the algorithm in fitting the lag one LSCA-ECP model, and the
pattern of the model estimates is reminiscent of the occurrence of degenerate
solutions in the PARAFAC model (see for example, Kruskal, Harshman, & Lundy,
1989). That is, the fitted data remain finite but some (or all) of the component scores
approach plus and minus infinity. The fitted models are often unstable and unreliable.
Typically, with degenerate solutions, the iteration process does not seem to converge:
the function value decreases less and less from one iteration to the next, whereas the
(absolute) component scores continuously increase. The LSCA-ECP algorithm also
appeared to end in a degeneracy. Degeneracy problems in PARAFAC can be
circumvented by extracting fewer components, or using restrictions in the model, for
example orthogonality constraints (Harshman & Lundy, 1984b).   

7.5. Discussion and conclusion

Four variants of lagged simultaneous component models, and their properties were
discussed in the preceding sections. The results of the simulation study revealed that
fitting an LSCA model with lag one to simulated data led to reasonably recovered
loading matrices in the ‘easy’ conditions, for example low error level, and low
autocorrelation between component scores. In more difficult conditions, the recovery
of the loading matrices appeared quite poor. In the empirical example, the lag one
LSCA-P appeared difficult to interpret due to large contrasts in the estimated
component scores at successive time points, combined with loading matrices that
showed equal patterns. This, and the behavior of the algorithm is reminiscent of
degeneracy problems sometimes encountered in fitting the PARAFAC model to data.
Further research is needed to examine the problems in fitting the LSCA models to
empirical data. It would be interesting to investigate other possible analogies between
the degeneracy problem in PARAFAC fitting and the problems in LSCA’s. If the
problems will appear to resemble each other, solutions may be found in the same
direction.

Generally, the usefulness of LSCAs with lag larger than zero seems limited to
data with a special data structure, for example, combinations of physiological and
psychological variables, where the levels of the physiological variables influence the
levels of the psychological variables at later time points. In Section 7.2, an example of
a dynamic factor model was discussed. The observed variables pertained to measures
for anxiety, namely ‘physiological’ and ‘psychological’ anxiety, where the
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physiological anxiety at time point k was highly correlated with psychological anxiety
at time point k+1. This kind of data could be analyzed well by LSCA.

When comparing an LSCA model with an SCA model for the (hypothetical)
‘anxiety data’ it is important to remember that a lag one LSCA with one component
would, apart from error fitting and boundary effects, be equal to a lag zero LSCA
model with two components. The component scores of the latter model would show a
special structure, namely one series of component scores would be a first lag version
of the other series of component scores. It is unlikely that one would recognize this
special structure of the component scores in an SCA model, whereas in the LSCA
model this structure is clearly revealed. When SCA models are fitted to data with an
LSCA structure with two (or more) components, an additional problem arises in
recognizing the lagged structure. Then, the components of the SCA models are
unlikely to be oriented so that the lagged structure can be recognized.

One could also question whether empirical examples of fitted dynamic factor
models with lagged loadings (see, for example, Molenaar, 1985; Hershberger,
Corneal & Molenaar, 1994; Shifren, Hooker, Wood & Nesselroade, 1997), are useful
representations of the structure underlying the observed data. A problem with the
dynamic factor models is that, in the model, the latent factor series are specified as
white noise (i.e., they are independent within and across time). Any possible time
dependent mechanisms are covered via the lagged loading matrices only. This makes
interpretation of the models extremely difficult, as one should take into account that
the factor scores are white noise. It is not natural to think of a latent psychological
time series as being a white noise series, and it may even conflict with the intuitive
notion of psychological time series. Recently, Molenaar and Nesselroade (2001)
proposed a method for rotating each univariate factor series (that is represented as
white noise) to a univariate moving average. The latter is likely to be easier to
interpret. However, if the univariate factor series are well described by moving
averages, it may be easier to fit a dynamic factor model in which the factor scores are
constrained to follow a moving average process. Such models have already been
proposed by Engle and Watson (1981) and Immink (1986).


