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Abstract

The behavior of double-edge notched specimens of metallic foams in compression is studied numeri-
cally. To model the constitutive behavior of the metallic foam, a recently developed phenomenological,
pressure-sensitive yield surface [1] is used. Compressive yielding in response to hydrostatic stress is in-
corporated through a dependence on the plastic Poisson ratio �p. Results are presented in terms of limit
load Flim, as a function of notch depth, a=W , and the plastic Poisson ratio �p. For incompressible plastic
behavior, �p = 0:5, the results show notch-strengthening due to constrained plastic deformation near the
crack=notch-tip. For fully compressible plastic behavior (no lateral expansion on uniaxial compression,
�p = 0), no notch-e9ect is observed. The validity of using a continuum model for the analysis of metallic
foam notched specimens is discussed. ? 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Metallic foams have high strength and sti9ness at a relatively low density, which make them
attractive for ultralight structural applications. The advent of novel production techniques to
make better and cheaper foams, in combination with an increased understanding of the ther-
momechanical properties has enhanced their potential of becoming a new class of engineering
materials [2]. For the safe design of structural components, knowledge must be provided con-
cerning their mechanical performance in the presence of holes, notches and cracks. To gain an
understanding of the behavior of metallic foams in non-uniform, multiaxial stress <elds, this
paper analyzes the compressive behavior of double edge-notched (DEN) specimens.
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The compressive stress–strain curve of open-cell metal foams shows linear elasticity at low
strains, caused by the bending of cell walls. At higher strains, plastic hinges form in the cell
walls, causing the cells to collapse, which results in a long collapse plateau (increasing strain
at constant stress). Finally, the foam densi<es, resulting in a steep rise of the stresses. In case
of closed-cell foams the above mechanisms are accompanied by cell face stretching in the
elastic regime and by face yielding during collapse. Theoretical models predict a much sti9er
and stronger response for closed-cell foams, due to the fact that stretching is the dominant
deformation mode as compared to bending in the open-cell foams [3]. However, experiments
show a large “knock-down factor” for closed-cell foams which is attributed to irregularities
(cell wall wiggles, cell face corrugations) and imperfections (cracks in cell faces, missing cell
walls) in the cellular microstructure [4–6], promoting bending to be the dominant deforma-
tion mode [7,8]. This is also reGected in the multi-axial stress response of metallic foams,
where it is found that the hydrostatic yield stress is of similar magnitude to the uniaxial yield
stress.

Recently, much e9ort has been put in the development of a constitutive model for metallic
foams, because of its obvious importance in the engineering analysis of applications and design
methods. Based on multi-axial yield data (e.g. [1,9,10]), several phenomenological constitutive
models have been proposed (e.g. [1,11–13]). Characteristic experimental phenomena included
in these descriptions are the hydrostatic stress dependence of yielding, the extreme hardening
behavior at large compressive strains and the limited lateral expansion on uniaxial compres-
sion (i.e. small plastic Poisson ratio). Recently, Miller [13] used such a constitutive model to
numerically explore notch e9ects for one speci<c notch depth as well as indentation of foam
cores with and without dense face sheets. Sugimura et al. [7] already performed a preliminary
investigation of the hydrostatic stress dependence of notch compression tests. They observed an
increased resistance to yielding with increasing notch depth when the yield strength in hydro-
static compression is much larger than in shear. In the current paper, we explore notch e9ects
in some more detail by adopting a recently developed material model for foams in which the
shape of the yield surface is directly related to the plastic Poisson ratio [1]. This enables a
quantitative relation between the notch-strengthening e9ect and measured values of the plastic
Poisson ratio.

The paper is organized as follows. Section 2 contains an overview of the constitutive model
for metallic foams, the DEN specimen geometry and some details concerning the numerical
implementation. In Section 3, the results are shown in terms of overall response (Section 3.1)
and local deformation patterns (Section 3.2). Finally, the validity of using a continuum model
for the analysis of notched specimens is discussed in Section 4.

2. Numerical model

In this section, the numerical model is presented. The constitutive law is summarized in
Section 2.1, followed by a description of the specimen geometry and boundary conditions
in Section 2.2. For the implementation of the model the commercial <nite element package
ABAQUS is used.
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2.1. Foam constitutive law

To model the deformation behavior of the metallic foam we adopt the phenomenological
constitutive law developed by Deshpande and Fleck [1]. A summary of the model is given
below.

Employing the fact that foams yield in response to both hydrostatic loading as well as
deviatoric loading, a yield surface is de<ned by

� ≡ �̂ − Y =0; (1)

where Y is the yield stress and �̂ is an equivalent stress measure de<ned as

�̂2 =
1

[1 + (�=3)2]
(�2e + �

2�2m) (2)

with �e = (32�
′
ij�

′
ij)

1=2 the von Mises e9ective stress, �′ij the Cartesian components of the stress
deviator and �m = 1

3�kk the mean stress. Clearly, (1) de<nes an ellipse in (�m; �e) space, with
its shape determined by the phenomenological parameter �. One of the attractive features of this
yield surface is that the parameter � can be linked to the plastic Poisson ratio �p in a uniaxial
compression test:

�p =− �̇
p
11

�̇p22
=

(1=2)− (�=3)2

1 + (�=3)2
; (3)

where �̇p11 and �̇p22 are the plastic strain rate perpendicular and parallel to the direction of
compression, respectively. For �=

√
4:5 we have �p =0, meaning that no lateral expansion will

occur upon compressing the specimen uniaxially. For �=0 we have �p =0:5, corresponding
to incompressible plasticity, �̂ reduces to �e and J2 Gow theory is recovered. Note that the
plastic Poisson ratio increases with relative density, such that �p =0:5 no longer corresponds to
a metallic foam, but to the limit of a dense metal. Typical values for the plastic Poisson ratio
for low-density foams are in the range between 0 and 2.5. Gioux et al. [10] report �p =0:052
for an open-cell foam (Duocel, 7% relative density) and �p =0:024 for a closed-cell foam
(Alporas, 8%). Deshpande and Fleck [1] report slightly di9erent values: �p =0:013 (Alporas,
8.4%), �p =0:174 (Duocel, 7%) and �p =0:247 (Alporas, 13%).
Assuming associated Gow and using consistency of plastic loading, the plastic strain rate can

be written as

�̇pij =
Ẏ
H
@�
@�ij

(4)

with H the hardening modulus related to ˙̂�, the plastic work rate-conjugate to �̂, by

H =
˙̂�
˙̂�
: (5)
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The equivalent strain rate ˙̂� can be expressed in terms of the e9ective plastic strain rate
�̇e = (23 �̇

′p
ij �̇

′p
ij )

1=2 and the volumetric plastic strain rate �̇m = �̇pkk as

˙̂�
2
=
[
1 +

(�
3

)2](
�̇2e +

1
�2
�̇2m

)
: (6)

It is assumed that hardening is isotropic so that the yield surface as given by Eqs. (1) and
(2) evolves in a self-similar manner. The hardening modulus H is obtained from a uniaxial
compression test for which �̂ reduces to the applied Cauchy stress � and �̂ to the uniaxial
compressive logarithmic plastic strain �. Then, H is the slope of the Cauchy stress-logarithmic
strain curve at strain level �:

H (�)=
�̇
�̇
: (7)

The hardening response is deduced from a uniaxial compression test typical for an Alporas
closed-cell metallic foam [14], which is given as input to ABAQUS. Figs. 1a and b show
the uniaxial response at small and large strains, respectively. We account for the characteristic
behavior of Alporas, showing a negligibly short elastic region (E=1:15 GPa; �=0:33) after
which yielding starts very early (at � ≈ 0:2) due to local plastic hinge formation at cell nodes
(see [8]). This behavior is emphasized in Fig. 1a by showing the unloading modulus which is
much larger than the slope of the stress–strain curve before reaching the plateau stress. After
the plateau stress, �0, is reached at �0 =1:3 MPa the material starts to densify at a compressive
logarithmic strain � ≈ 2, resulting in extreme hardening (see Fig. 1b). A user-de<ned material
subroutine (UMAT) of the constitutive model is used, implemented by Chen [15].

2.2. Specimen geometry and boundary conditions

Double-edge notched specimens are analyzed, where a=2 denotes the notch length, B the
ligament width, W = a+B the width of the specimen, � the notch tip radius and h the height of
the specimen. Only a quarter of the DEN specimen is analyzed, employing symmetry. A typical
<nite element mesh including dimensions and displacement boundary conditions is shown in
Fig. 2. Symmetry boundary conditions are applied along the symmetry line and the ligament,
a uniform negative displacement −U is prescribed at the top of the specimen, while the rest
of the boundary degrees of freedom are stress-free. Plane strain conditions are assumed. A
<nite strain formulation is adopted, using 8-noded quadratic elements for most cases, while for
cases with incompressible plasticity, hybrid versions are used to circumvent volumetric locking.
Convergence was checked by comparing results for di9erent mesh densities.

3. Results

In this section, we analyze the compressive behavior of metallic foam DEN-specimens by
focusing on the e9ect of a=W and �p, while keeping �=W and h=W <xed.
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Fig. 1. The uniaxial Cauchy stress—logarithmic strain curve. (a) At small strains. The elastic (unloading) modulus
E is shown; (b) at large strains.

3.1. Overall response

Fig. 3 shows the overall response of a specimen with geometry a=W =0:5; h=W =1:5 and
2�=W =0:05. The total applied compressive force per unit (out-of-plane) thickness F , normal-
ized by the width W , is plotted against the compressive logarithmic strain measure

�=− ln
(
h−U
h

)
(8)
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Fig. 2. Typical <nite element mesh, including dimensions and displacement boundary conditions.

Fig. 3. Force per unit length divided by the width, Flim=W , as a function of logarithmic compressive strain �, for
di9erent values of the plastic Poisson ratio �p. Note that �p = 0:5 no longer corresponds to a metallic foam, but to
a dense metal.

with h the initial height of the specimen. Results are shown for di9erent plastic Poisson ratios
�p (introduced by the parameter � in the yield surface through Eq. (3)) ranging from pure
crushing, �p =0, to incompressible behavior, �p =0:5 (dense metal). At �=0:015 the maximum
load that the specimen can carry has been reached. Clearly, this limit load, Flim, increases with
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Fig. 4. (a) Limit load over specimen width, Flim=W , as a function of plastic Poisson ratio �p, for di9erent notch
depths a=W ; (b) same data as in (a), but plotted as a function of a=W for di9erent �p.

plastic Poisson ratio which is attributed to the higher constraint on plastic deformation, imposed
by the reduced material compressibility (see also [13]).

Next, we focus on the limit loads, Flim=W , only and compare results for di9erent notch depths
a=W as a function of �p (see Fig. 4a). The other cases (a=W =0:3 and 0.7) are generated by
varying a only, so that the dimensionless parameters 2�=W and h=W remain unchanged. Also,
the result for an unnotched specimen is shown, which is similar to a plane strain uniaxial
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compression test. Clearly, applying plane strain boundary conditions alone, already accounts
for an increase in the limit load as �p increases, due to the out-of-plane constraint. An exact
expression for this e9ect can be derived as follows. Picture a plane strain-stress state. To
calculate the out-of-plane stress �33 in terms of the in-plane stresses, we use the plane strain
condition �̇p33 =0 in Eq. (4), which results in (see also [15])

@�
@�33

=
1

1 + (�=3)2

[
3
2
�′33
�̂

+
�2

3
�m
�̂

]
=0: (9)

Solving this equation for �33 yields

�33 =
((1=2)− (�2=9))
(1 + (�2=9))

[�11 + �22]= �p[�11 + �22]: (10)

For uniaxial tension we have �11 =0; �22 =�; �33 = �p�. Substitution in Eqs. (1) and (2) and
assuming that yielding occurs at the plateau stress �0, results in

�lim =
�0√

1− (�p)2
: (11)

This expression is plotted against the numerical results in Fig. 4a with �0 =1:3 MPa and is
shown to agree well. Note that the dashed lines merely serve to connect numerical data points for
clarity, while the solid line is an independent function (11). Clearly, increasing the notch depth
(a=W ) decreases the net-section-area, which increases the net-section-stress and thus reduces the
load carrying capacity, Flim=W (Fig. 4a). The same data are plotted in Fig. 4b as a function of
a=W for �p =0; 0:3 and 0.5. An estimate for the limit load is

Flim
W

=
(
1− a

W

)
�0; (12)

which is plotted with �0 =1:3 MPa in Fig. 4b by a solid line. The notch e9ect for �p =0 is
fully captured by this simple net-section-stress argument, while for �p¿ 0 strengthening occurs
with respect to the �p =0 case.
To eliminate the net-section-stress e9ect we normalize the limit force Flim by the ligament

length B= a − W . The value Flim=B is a measure for the net-section stress needed to crush
the ligament. Fig. 5a explicitly shows the notch-strengthening e9ect. For �p =0 and 0.1, the
material in the ligament does not feel the presence of the notches, since the limit force is the
same for all a=W . For �p =0:3 some notch strengthening takes place, although the notch depth
does not play a role. Finally, for �p =0:5 we have a dense solid instead of a foam. Then, also
the notch depth enters the problem and the limit load increases with notch depth. To obtain a
simple estimate of this notch-strengthening behavior we focus on a general plane strain biaxial
stress state �11 = t�22 (0¡t¡ 1), �22 =�; �12 =0. The out-of-plane stress �33 follows from
Eq. (10). The parameter t is introduced to incorporate the e9ect of the notches on the stress
triaxiality. Substitution of this stress state in Eqs. (1) and (2) and equating �̂ to the plateau
stress �0 yields

�lim =
�0√

2=3(1 + �p)[3=2(t + 1)2(1− �p)− 3t]
: (13)
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Fig. 5. (a) Limit load over ligament width, Flim=B, as a function of plastic Poisson ratio �p, for di9erent notch
depths a=W ; (b) same data as in (a), but plotted as a function of a=W for di9erent �p. The numerical data points
are compared with Eq. (13), with t=4=7 a=W .

For t=0, no notch is present and (13) reduces to (11), while for notched specimens it is
assumed that the triaxiality parameter t scales linearly with a=W : t= ca=W , where the con-
stant c is <t to be 4=7. Substituting this into (13) yields an expression for �lim as a function
of �p and a=W . This approximate expression for the notch-strengthening e9ect is plotted in
Fig. 5b and compared with the results of Fig. 5a, which are now shown as a function of a=W
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Fig. 6. Accumulated e9ective strain �e in the ligament region in front of the notch tip for a=W =0:5 at an overall
strain level of �=0:0067: (a) �p = 0; (b) �p = 0:35; (c) �p = 0:4; (d) �p = 0:5 (dense metal).

for �p =0; 0:3 and 0.5. The dashed lines as shown in Fig. 5a are omitted for clarity. It can
be concluded that (13) captures the <nite element results very well, showing that for �p¡ 0:3
no substantial notch-strengthening occurs. Although not predicted by the <nite element calcu-
lations, equation (13) even predicts notch-weakening for a=W ¿ 0:3 when �p =0. Thus, given
our model parameters, for incompressible materials the increased triaxiality due to the presence
of a notch invariably leads to strengthening, related to constrained plastic deformation, while
for foams with low �p the notch-strengthening is negligible, which is related to the hydrostatic
stress dependence of yielding.

3.2. Deformation behavior

In this section, we focus on the local deformation patterns as a function of the plastic Poisson
ratio for a=W =0:5, taking, as in the previous section, h=W =1:5 and 2�=W =0:05. Fig. 6 shows
the accumulated e9ective strain �e, in the ligament region for �p =0; 0:35, 0.4 and 0.5 at an
overall strain level of �=0:0067, which is right before the plateau stress has been reached (see
Fig. 3). Clearly, Figs. 6a and b (�p =0 and 0.35, respectively) show that almost all deformation
is concentrated in the elements in front of the notch tip in the symmetry plane. For �p =0:4
(Fig. 6c) the deformation pattern makes a switch from concentrated deformation in the symmetry
plane to deformation under an angle, culminating in the �p =0:5 (Fig. 6d) case, where a clear
shear-dominated deformation pattern has developed.
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Fig. 7. Accumulated e9ective strain �e in the whole specimen for a=W =0:5 at an overall strain level of �=0:02:
(a) �p = 0:3; (b) �p = 0:35; (c) �p = 0:4; (d) �p = 0:5 (dense metal).

Next, we focus on the deformation patterns at an overall strain level �=0:02, which is after
the plateau stress has been reached (see Fig. 3). Fig. 7 shows the accumulated e9ective strain
�e, for �p =0:3; 0:35; 0:4 and 0.5 for the whole specimen, conform Fig. 2. The pattern of
Fig. 7a is representative for �p6 0:3, with all deformation concentrated in the symmetry plane,
with a crushing mode being active. Crushing started at the notch tip (see e.g. Fig. 6a), where
the plateau stress is reached earliest. After that, crushing spreads to neighboring material in the
ligament. Note that by comparing Figs. 6b and 7b, 6c and 7c and 6d and 7d a clear picture can
be obtained of the evolution of deformation. For �p =0:35 (Fig. 7b) it can be seen that some
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strain has accumulated under an angle, but that still the horizontal crushing mode is dominant.
At �p =0:4 and 0.5 (Figs. 7c and d, respectively) the deformation pattern changes to a shear-like
mode, showing long-range interaction for �p =0:5 (dense metal).

4. Discussion

The compression of doubly edge notched specimens is analyzed by employing a phenomeno-
logical yield surface for metallic foams. The shape of the yield surface is elliptical in (�m; �e)
space and depends on the plastic Poisson ratio �p. Results are presented in terms of limit load
Flim vs. notch depth a=W in addition to contour plots of the deformation patterns, for dif-
ferent values of the plastic Poisson ratio. For incompressible plastic behavior (dense metal,
�p =0:5), the results show notch-strengthening due to constrained plastic deformation near
the crack=notch tip. For fully compressible plastic behavior (no lateral expansion on uniaxial
compression, �p =0), no notch-e9ect is observed.

Great care should be taken in comparing the present numerical results with experimental
results obtained on lab specimens. Recently, Onck and Bastawros [16] performed such com-
pression experiments on Alporas DEN-specimens with machined notches. The notch tip ra-
dius was approximately a half-cell size (cell size=3:5 mm), leading to 2�=W =0:06, which is
comparable to the numerical calculations. The experiments show a clear notch-strengthening
behavior, while the experimental plastic Poisson ratio was observed to be very small, �p ≈
0. Looking at the numerical results of Section 3 for the small plastic Poisson ratios (e.g.
Fig. 5b) no dependence of Flim=B on a=W was observed. This is clearly in contrast with the
experimental results, which show an increased strength with a=W . The numerical results only
predict similar notch-strengthening behavior for �p ≈ 0:4, which clearly does not correspond to
low-density foamed materials. Moreover, if we take into account the actual dimensions of the
specimens of the experiments, we observe that the notch is approximately one cell size high.
Referring to Fig. 6, for instance, it is noted that the continuum constitutive model of Section
3.1 is applied at length scales much smaller than the material length (the cell size), which is
in contradiction with the continuum assumption. This is the reason for the discrepancy between
the experimental results and the numerical calculations for �p =0. To explain the experimen-
tally observed notch-strengthening behavior, a microstructural model is needed that incorporates
the material length scale properly, such that the interaction of individual cells in a non-uniform
stress <eld can be accounted for. This can be achieved in a two-dimensional setting for instance
by modelling the foam as a honeycomb, consisting of discrete cell walls (see e.g. [6,17]).

5. Concluding remarks

A continuum theory for metallic foams describes the average constitutive behavior of a rep-
resentative volume element that is much larger than the microstructural length scale (the cell
size). Therefore, by using a <nite element model, each element is representative for a region
consisting of many cells. In most commercial metallic foams, however, the cell size ranges from
2 to 6 mm, while typical specimen dimensions are of the order of 10 cell sizes. Clearly, for
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these dimensions in regions of non-uniform stress <elds, the continuum assumption is violated
and a (local) continuum model as described here should not be used.
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