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5. Virtual bremsstrahlung

5.1 Introduction

An almost straightforward extension of proton-proton (real) bremsstrahlung is
the pair-production process,

p+ p! p+ p+ e+ + e�: (5.1)

The e+e� pair is produced through the decay of a virtual photon (?), and
therefore it is also called virtual bremsstrahlung. The cross section for virtual
bremsstrahlung is roughly a factor � � 1=137 smaller than for real brems-
strahlung, and hence the observables are di�cult to measure. However, with
the new high-precision experiments for real bremsstrahlung, such as the exper-
iment at KVI [8], the measurement of the virtual bremsstrahlung cross section
with reasonable accuracy becomes feasible.

In bremsstrahlung processes the observables can be expressed in terms of
structure functions [56, 57, 58], which are linear combinations of products of
the nuclear current operator. In contrast to real bremsstrahlung, where only
the transverse structure function plays a role, in the virtual case also the trans-
verse interference and longitudinal structure functions contribute. As is shown
below these are particularly sensitive to higher-order contributions to the nu-
clear current, such as those of negative-energy states and two-body currents.
Furthermore, the kinematics of pair-production is such that these structure
functions can be studied in regions of phase space not accessible by electron
scattering processes. Thus virtual bremsstrahlung provides a unique extension
of the study of the nuclear current.

Below, the model developed in the previous Chapters is applied to the case
of virtual bremsstrahlung. A formulation in which current conservation is ex-
actly satis�ed is di�cult to derive [59]. It is shown that a small violation
of current conservation can have a substantial inuence on the calculated ob-
servables, in particular for the longitudinal structure functions. The e�ects of
di�erent schemes to reestablish current conservation are discussed.

Although data on pair-production are gradually becoming available, at this
point the accuracy of these data is such that a direct comparison to our predic-
tions is not very useful. Hence, Monte Carlo simulations of the inclusive cross
section using two di�erent soft-photon amplitudes are compared, and from this
one can conclude that the data are reasonably well reproduced by one particular
calculation, whereas it deviates substantially from the other. We then compare
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64 Ch. 5 Virtual bremsstrahlung

the predictions of these soft-photon amplitudes for more exclusive kinematics
to our predictions. It is seen that large di�erences between our calculation
and the soft-photon predictions occur, even at intermediate photon-energies,
which would suggest that our predictions would also deviate substantially from
experiment. However, the e�ect of integrating over most of the phase space
is not obvious. Thus it is clear that for a better understanding of the virtual
bremsstrahlung process, more accurate data are de�nitely needed.

5.2 Structure functions

The relativistic NN interaction has been extensively discussed in Chapter 2.
In the c.m. system of the initial nucleons, where the nucleons have relative
momentum p and total momentum P = (P0; 0), the nuclear current is very
similar to that of real bremsstrahlung,

J� = T (p0; ~p;P 0)S(1)(~p; P 0)�(1)
� (q) + �(1)

� (q)S(1)(~p0; P )T ( ~p0; p;P )

�i
Z

d4 k

(2�)4

�
T (p0; k0;P 0)S(1)(k0; P 0)

� �(1)
� (q)S2(k; P )T (k; p;P )

�
+ (1$ 2); (5.2)

where q is the photon momentum, T is the NN interaction and S2 = S(1)S(2)

is the two-particle propagator. For the NN vertex we use the on-shell form

�� = e

�
F1(q)� � i

2M
F2(q)���q

�

�
; (5.3)

where M is the nucleon mass and the on-shell form factors Fi = FS
i + F V

i

(i = 1; 2) are the sum of the iso-scalar and iso-vector form factors. In the real
photon point one has F1 = 1 and F2 = �, with � the anomalous magnetic
moment of the proton.

The only di�erence between real and virtual bremsstrahlung as far as the
nuclear current is concerned, is the dependence on q of the form factors F in the
NN vertex. The electromagnetic form factors have been extensively studied
in the space-like region [60, 61, 62]. Here the form factor in the time-like region
is needed, which has been studied by means of p�p annihilation experiments [63].
The disadvantage of such studies is the threshold q2 = 4M2, below which no
data is available. In a theoretical study using a vector meson dominance (VMD)
model, Sch�afer et al. [64] reported sizable e�ects of the time-like form factor
for the process p ! p + e+e�. Using the simple monopole parameterization
from Ref. [64], we have investigated the e�ects of such a form factor for small
q2, and found this to be small. Furthermore, at the energies considered in this
Chapter, the simple VMD model and the form factors of Refs. [60, 61, 62] give
very similar results. For the calculations presented below, the e�ects of the
form factors are small, changing the predictions for the structure functions by
at most a few percent in the structure functions. Hence, below we ignored the
q2-dependence of the form factors.
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In Eq. (5.2) the �rst two terms are the single scattering contributions, or
external diagrams, which at the level of the nuclear current can be represented
by the diagrams in Fig. 5.1(a) and 5.1(b). The third term is the rescattering
contribution, corresponding to the diagram of Eq. 5.1(c). For proton-proton
bremsstrahlung it is the only `internal' contribution needed to ensure gauge
invariance, since the isospin dependent seagull terms vanish, provided that the
propagators in the rescattering term are chosen consistently with those in the
NN interaction.
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Figure 5.1: The Feynman diagrams of the NN bremsstrahlung current. Diagrams

(a) and (b) are the single scattering or external contributions. Diagram (c) is the

rescattering contribution, which for the pp process is the only internal contribution

needed to satisfy current conservation in the Bethe-Salpeter formalism.

In this chapter we are interested in the dilepton production process where
the spin polarizations of the outgoing leptons are not measured. The observ-
ables for virtual bremsstrahlung can be expressed in terms of the transverse
and longitudinal components of the nuclear current J� and the leptonic current
j�. The di�erential cross section for dilepton production is proportional to the
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invariant amplitude squared jAj2,

jAj2 = e4

M4


jj�J�j2 = e4

M4


L��W�� ; (5.4)

where M is the invariant mass of the virtual photon and W�� = J�J
y
� and

L�� = j�jy
�
are the nucleonic and leptonic tensors, respectively. An explicit

form for the leptonic tensor can readily be found. Summing over the spin
polarization of the dilepton we get

L�� =
X
spins

j�j�y =
X
spins

(�v(r�)
�u(r+)) (�v(r�)

�u(r+))
y

=
1

4m2
Tr ((=r� �m)�(=r+ +m)�) ; (5.5)

where r+ and r� are the 4-momenta of the electron and positron, respectively.
In (5.5) we used that the sum over the lepton spinors can be written as projec-
tion operators, which for the positron is =r� �m. Since the leptons are on the
mass shell, r2+ = r2� = m2, one has

q0r0 = q � r; r2 � r20 =
1

4
M2

 �m2; (5.6)

and the leptonic tensor can be reduced to

L�� =
1

2m2

�
q�q� � 4r�r� � g��M2



�
; (5.7)

where q is the 4-momentum of the virtual photon, which is equal to the total 4-
momentum of the lepton pair, and r is the relative 4-momentum of the leptons
with mass m.

It is convenient to evaluate the nuclear current in the coordinate system
where the photon points in the +ẑ-direction (q� = (!; 0; 0; q)), and the xz-plane
is further de�ned by the momentum of the incoming proton. This particular
choice is illustrated in Fig. 5.2. In this reference frame the incoming protons
have angles �i1 = 180���; �i2 = ��, the outgoing protons have angles �1; �1 and
�2; �2. The plane of the electron-positron pair has an angle 'l with respect to
the xz-plane and the angle of the relative momentum with the ẑ-axis is �l.

If the nuclear current is conserved, the contraction of J� with the mo-
mentum q� of the virtual photon vanishes and either the third or the zeroth
component of J� can be eliminated. Furthermore the term proportional to q�q�
in the leptonic tensor does not contribute to the amplitude squared. Equation
(5.6) can be used to eliminate the dependence of the amplitude on the zeroth
component of the relative momentum. The invariant amplitude squared jAj2
can be expressed in terms of structure functions which are linear combinations
of the tensor W�� , and kinematical factors that arise from the spatial com-
ponents of the relative lepton 3-momentum r. The structure functions can
be de�ned by either using the zeroth component of the nuclear current (the
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Figure 5.2: The kinematics of the virtual bremsstrahlung process in the center-of-

mass system of the incoming protons. The ẑ axis is de�ned by the photon, while the

xz-plane is furthermore de�ned by the incoming protons.

`charge' operator) [56, 57, 58],

WT = Wxx +Wyy; WL =
M2



q2 W00;

WTT = Wyy �Wxx; W 0
TT = Wyx +Wxy;

WLT = �M

q (W0x +Wx0) ; W 0
LT = �M

q (W0y +Wy0) ;

; (5.8)

or the third component (the longitudinal `current' operator), which yields a
di�erent result only for

WL =
M2



!2
W33;

WLT = �M

!
(W3x +Wx3) ; W 0

LT = �M

!
(W3y +Wy3) : (5.9)

Here the labels 3 are chosen rather than z to make the connection to J3 more
transparent. Using either de�nition, Eq. (5.8) or (5.9), one has

jAj2 =
e4

2m2M2


�
WT

�
1� 2r2

M2


sin2 �

�
+WL

�
1� 4r2

q20
cos2 �

�

+
2r2

M2


sin2(�) (WTT cos 2�+W 0
TT sin 2�)

+
2r2

q0M
sin(2�) (WLT cos�+W 0

LT sin�) ;

�
(5.10)

with � and � the polar and azimuthal angle of the relative lepton 3-momentum
r.
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With the de�nition of the invariant amplitude squared, Eq. (5.10), the dif-
ferential cross section for unpolarized dilepton production can be written as

d8�

d3r+d3r�d
P 0

=
M4m2( 14

p
s0 �M2)

(2�)8
p
(p1 � p2)2 �M4

p
s0"+"�

jAj2; (5.11)

where r+ = ("+; r+) and r� = ("�; r�) are the 4-momenta of the electron and
positron, respectively, and s0 = (P � q)2 is the invariant mass squared of the
�nal nucleon pair.

Since the event rates in the present experiments [24] are small, it is more
relevant to calculate semi-integrated cross sections to make a comparison with
experiment possible. In the following the relative momentum of the lepton pair
is denoted by r� = (r0; r) and the momentum of the virtual photon is denoted
by q� = (!; 0; 0; q). Since the leptons are on-shell, one has

q0r0 = q � r; r2 � r20 =
1

4
M2

 �m2; (5.12)

with m the mass of the lepton. This can be used to rewrite the magnitude of
the relative momentum r in terms of the magnitude of the photon momentum q

and the angle �l between the relative momentum of the leptons and the photon
momentum,

r2 =
1
4M

2
 �m2

1� (q2=q20) cos
2 �l

: (5.13)

It is clear that this dependence of the magnitude of the relative lepton momen-
tum on the angle �l complicates the analysis of the bremsstrahlung amplitude.
In particular, integration over dilepton angles is more readily performed if the
invariant amplitude squared is expressed in the dilepton angles # and ' in the
rest frame of the photon [25]. Then integration over the azimuthal angle '
results in a seven-fold di�erential cross section,

d7�

d
p0

1

d
p0

2

dMd�d cos#
= A(1 +B cos2 #); (5.14)

where A is

A = J
�2M3�

16�5jpjM

�
WT (1� 1

2
�2) +WL

�
; (5.15)

and the anisotropy B is de�ned as

B = �2
1
2 (WT �WL)

WT (1� 1
2�

2) +WL
; (5.16)

with � = (1� 4m2=M2
 )

1=2 the lepton velocity in the photon rest frame and p

the 3-momentum of particle 1 (the projectile) in the laboratory system, where
particle 2 is at rest.

The Jacobian J in Eqs. (5.14-5.16) is found by integrating over the depen-
dent variables, using the �-function for the total momentum. The observables
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are usually determined in the laboratory frame. In real bremsstrahlung the an-
gles of the outgoing protons �1; �1 and �2; �2 and the angle � of the photon are
taken as independent variables, and the magnitudes of the momenta are found
from total momentum conservation. In the case of virtual bremsstrahlung, the
additional independent variables are taken to be the invariant mass of the pho-
ton and the angles of the lepton pair relative to the photon momentum. Then
the magnitudes of the lepton momenta are dependent variables, which can be
found using momentum conservation at the photon-lepton vertex. This choice
of independent variables leads to the Jacobian

J =

Z
�4(p1 + p2 � p01 � p02 � q)

q2dq p01
2
dp01 p

0
2
2
dp02 sin �d�

Ep0

1

Ep0

2

q0

=
p01

2
p02

2
q

Ep0

1
Ep0

2
q0

�
p02
Ep0

1

�
sin � cos �2 � cos � sin �2 cos�2

�
+

p02
Ep0

2

�
cos � sin �1 cos�1 � sin � cos �1

�

+
q

!

�
cos �1 sin �2 cos�2 � sin �1 cos �2 cos�1

���1

; (5.17)

where �1 = �1 � � and �2 = �2 � � .
Integration over the lepton polar angle # yields the sixfold di�erential cross

section, which is proportional to the sum of the transverse and longitudinal
response function WS =WT +WL,

d6�

d
p0

1
d
p0

2
dMd�

= J
�2M3�(1� 1

3�
2)

16�5jpjM
WS : (5.18)

5.3 Cancellations at small 3-momentum

transfer

In bremsstrahlung processes the matrix elements of the nuclear charge operator
are small compared to unity. This becomes most clear at the end-point of
virtual bremsstrahlung, where the photon momentum q tends to zero whereas
its energy ! remains �nite. As a result current conservation dictates that

hJ0i = q

!
hJ3i � 0; (5.19)

where J0 is the charge operator and J3 the longitudinal current operator. The
matrix element of the charge operator is the Fourier transform of the charge
density,

hJ0i =
Z

dtei!t
Z

d3xe�iqz�(x; t): (5.20)

If q tends to zero, the factor e�iqz reduces to 1, and the integral over the spatial
coordinates then gives the total charge Z(t), which is time-independent. What
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remains is the integral of the factor ei!t, which is actually a representation of
the �-function for !. Since ! is non-zero, it is seen that the matrix elements of
the charge-operator hJ0i tend to zero if q tends to zero while ! remains �nite.
The matrix element of the longitudinal current operator hJ3i is the Fourier
transform of the current in the direction of the photon, and for vanishing q is
proportional to the average of the radial velocity. Since this quantity can be
time-dependent the the integral is does not necessarily vanish.

In nuclear knockout processes it has been noted previously [65] that the
transition form factor of the charge operator operator vanishes as the 3-mo-
mentum of the photon tends to zero. The argument is somewhat simpler than
the one given here. Within the non-relativistic framework, the charge operator
is proportional to eiqx, which for small q in leading order reduces to 1. In the
knockout of a nucleon from the nucleus the initial and �nal state of the nucleon
are orthogonal. Since the charge operator is approximately 1, it is clear that
the leading order contribution to the structure function vanishes. This holds
only if the nucleonic wave functions are treated consistently, that is, the initial
and �nal state wave functions are indeed orthogonal. Although a generalization
of this to the relativistic case is not straightforward, a similar argument can be
expected to hold in this case.

For the separate diagrams, the contributions to the matrix elements of
the charge operator do not vanish. To see how a cancellation between the
contributing diagrams can lead to the vanishing of the current operator, �rst the
simple example is considered where the NN interaction is a one-pion exchange
with pseudovector vertices.

5.3.1 One-pion exchange contribution

It is easy to see that the Ward identity implies that for an unsymmetrized in-
teraction the current is conserved for the diagrams where the photon is emitted
by particle 1. Hence for this case the direct diagrams with emission from par-
ticle 1 will be indicative of the cancellations in the full calculation. Since the
photon momentum is small and the contribution from the anomalous moment
is proportional to the photon 3-momentum, the discussion can be restricted to
the Dirac part of the photon vertex.

In the following here we are not interested in the full structure of the current
operator, but only in the question why hJ0i vanishes for small 3-momentum
q. Hence, the NN interaction for the spectator particle and the propagator
of the pion are left out. The emitting particle, say particle 1, has initial and
�nal momentum p and p0, respectively, and the photon has momentum q. The
emission from the initial leg is

J
(1)
�; i = V (1)(p0; p� q)S(1)(p� q)� = =k5

=p� =q �M

(p� q)2 �M2
�; (5.21)

where k = p0 � (p � q) and M is the mass of the particle. This operator is
sandwiched between free nucleon spinors u(p) and �u(p), and thus from the
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Dirac equation one �nds

(=p+M)�u(p) = (2p� � �(=p�M))u(p) = 2p�u(p): (5.22)

Since furthermore 5 anticommutes with the other Dirac matrices, Eq (5.21)
can be written as

J
(1)
�; i = (=p0 � =p+ =q)5

=p� =q +M

�2p � q + q2
� = 5(M + =p� =q)

2p� � =q�
�2p � q + q2

= 5(2p�(2M � =q)�M=q� � =p=q� + q2�)=(�2p � q + q2)

= 5(
2M(2p� � =q�)

�2p � q + q2
+ �): (5.23)

For the emission from the �nal nucleon a similar expression can be deduced,

J
(1)
�; f = �

=p0 + =q +M

2p0 � q + q2
(=p0 � =p+ =q)5 =

2p0� + =q�

2p0 � q + q2
(=p0 +M + =q)5

= (2p0�(2M + =q) +M�=q + �=q=p
0 + q2�)5=(2p

0 � q + q2)

= (
2M(2p� + =q�)

2p0 � q + q2
+ �)5: (5.24)

Hence, the sum of emission from the �nal and the initial nucleon can be written
as

J (1)
� = 2M5

�
2p0� + �=q

2p0 � q + q2
+

2p� � =q�
�2p � q + q2

�
+ �5 + 5�

= 2M5

�
2p0�
�0

� p�
�

+ �=q

�
1

�0
� 1

�

�
� 2

q�
�

�
; (5.25)

where � = 2p � q � q2 and �0 = 2p0 � q + q2. From Eq. (5.25) it can easily be
seen that the current is indeed conserved for the sum of the diagrams where
the photon is emitted by particle 1, as was mentioned before.

Denoting the energy of the photon by ! and taking q = (0; 0; q) in the ẑ-
direction, the leading order term for the matrix elements of the charge operator
comes from the �rst two terms in Eq. (5.25)

hJ (1)
0 i =

1

!

�
2p00!

2p0 � q + q2
� 2p0!

2p � q � q2

�

=
4

!�0�

�
(p0 � q + p03q)(p � q �

1

2
q2)� (p � q � p3q)(p

0 � q + 1

2
q2)

�

=
q

!

�
2p03
�0

� 2p3
�

�
� 2q2

!�0�
(p3 + p03)q: (5.26)

The second term in Eq. (5.26) is clearly of higher order in q and is furthermore
of the same form as the term that was neglected in Eq. (5.25). The main point
of Eq. (5.26) is that indeed the leading-order term in q (namely the constant)
vanishes, and that the matrix elements of the charge operator are indeed pro-
portional to q=! times the matrix elements of the longitudinal current and
hence that hJ0i vanishes in the endpoint of the virtual photon spectrum.
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5.3.2 One-boson exchange and one loop analysis

As was seen in the previous subsection, it is rather simple to show that for the
case of one-pion exchange the matrix elements of the charge operator vanish in
the limit of zero photon momentum. A hint for a more general proof is given
by the behavior of the box diagrams, that is the diagrams with two particles
exchanged.

The external diagram for the emission by initial particle 1 interacting with
particle 2 through an interaction T is

hJext;i0 i = h bT (P 0 + p0; P 0 � p0;P + p� q; P � p)S(1)(p� q; P )0i; (5.27)

where bT is the T-matrix operator, whereas for emission from the �nal state

hJext;i0 i = h0S(1)(p0 + q; P 0) bT (P 0 + p0 + q; P 0 � p0;P + p; P � p)i: (5.28)

The charge couples strongly to positive-energy states and weakly to negative-
energy states, hence the latter can be ignored and in the intermediate states
we can project on positive-energy states. Inserting these, the one-body charge
operator is approximately 1 for small q, and the propagator gives a factor
(p0 � Ep)

�1 �= �! and p00 � E0
p
�= !. Hence the total amplitude for emission

from particle 1 is

hJ0i =
1

!

�
T (P 0 + p0 + q; P 0 � p0;P + p; P � p)

�T (P 0 + p0; P 0 � p0;P + p� q; P � p)

�
; (5.29)

where T = h bT i.
From the expression for the total external amplitude for emission from par-

ticle 1 it is clear that the tree-level contribution vanishes if the interaction is
local, since then

T (1)(p3 � q; p4; p1; p2) = V (p3 � p1; p4 � p2) = T (1)(p3; p4; p1 � q; p2): (5.30)

This con�rms what was explicitly shown in the previous section. For the con-
tributions from the box diagrams the interaction is

T (2)(p3; p4; p1; p2) =

Z
d4k

(2�)4
V (p3 � ~P � k; p4 � ~P + k)

�S2(k; ~P )V ( ~P + k � p1; ~P � k � p2); (5.31)

where ~P = (p3 + p4)=2 = (p1 + p2)=2 is the total momentum of the interacting
particles. Projecting on positive-energy states for the intermediate particles,
the two-particle propagator S2 in Eq. (5.31) is

S2(k; ~P ) =
�
(1)
+ �

(2)
+

( ~P0 + k0 �E ~P + k
+ i")( ~P0 � k0 �E ~P � k

+ i")
: (5.32)
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Using the equal-time approximation, the integration over the relative energy
can be performed. Closing the integration in the lower half-plane, the result
is the residue at the pole of particle 1. Thus for the sum of the two external
diagrams one can show that

Jext0 =
1

!

Z
d3k

(2�)3
V (p0�k)

�
1

2(E �Ek)
� 1

2(E �Ek)� !

�
V (k�p): (5.33)

For the box diagrams there is the additional rescattering diagram. The
general expression for this diagram is

J int0 =

Z
d4k

(2�)4
T (P 0 + p0; P 0 � p0;P 0 + k � q; P 0 � k)S(1)(k � q; P )0

�S2(k; P )T (P 0 + k; P 0 � k;P 0 + p; P � p): (5.34)

Projecting on positive-energy states, the photon interaction 0 reduces to the
identity in the limit q ! 0. The pole structure of the nucleon propagators is

S(1)(k � p; P )S2(k; P )! (E � ! + k0 �Ek � q + i")�1

�(E + k0 �Ek + i")�1(E � k0 �Ek + i")�1: (5.35)

If the equal-time approximation is made, and in the integration over the rel-
ative energy k0 the contour is closed in the lower half plane, the result of
the integration over k0 is the sum of the residues at the poles of particle 1,
k0 = �E + Ek + ! and k0 = �E + Ek. Here Ek� q = Ek was used, since we
are interested in the behavior for small q. The result of the integration over
the relative energy thus isZ

dk0
2�

S(1)(k � p; P )S2(k; P )! 1

(2(E �Ek)� !)

1

!
� 1

!

1

2(E �Ek)
: (5.36)

If retardation in the local interaction V is ignored, the contribution from the
internal box diagram is found from Eq. (5.34) by replacing T by V and using
Eq. (5.36) to eliminate the relative energy dependence,

Jres0 =
1

!

Z
d3k

(2�)3
V (p0 � k)

�
1

2(E �Ek)� !
� 1

2(E �Ek

�
V (k � p): (5.37)

It is seen that the external and internal contribution in this order in the strong
coupling constant cancel exactly in the limit q ! 0. On the other hand, this
example illustrates that in the calculation of hJ0i, there is in general a large
cancellation between the contributions of the various diagrams. Hence, any
numerical or systematical problems in the determination of the NN interaction
will show up most prominently in the calculation of hJ0i.

5.3.3 Some speci�c kinematics

The OPE interaction without any approximations satis�es current conservation
exactly, and thus may serve as a toy model to illustrate that the matrix elements
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of the charge are proportional to q=! for small q. This is seen in Fig. 5.3, where
particular matrix elements of the current hJ3i and hJ0i are plotted as a function
of q=! for incoming proton energy Tlab = 280 MeV, proton angles �1 = 10�,
�2 = 15� and photon angle � = 165�. After a rotation of the frame, the ẑ-axis
is de�ned by the 3-momentum of the photon. Consequently, at the photon
point (q=! = 1) the values of hJ0i and hJ3i coincide. As q tends to zero, J3
remains �nite whereas hJ0i vanishes linearly with q=!.
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Figure 5.3: The behavior of hJ3i and hJ0i as function of q=!. The ẑ-axis is chosen

in the direction of the photon, resulting in the coincidence of hJ3i and hJ0i in the

photon point. For small q=! hJ0i vanishes, whereas hJ3i remains �nite. In the frame

where the incoming proton with energy Tlab = 280 MeV de�nes the ẑ-axis, the angles

are �1 = 10
�, �2 = 15

� and � = 165
�.

In the discussion on the contributions up to the level of box diagrams it
was seen that aside from the cancellation between the external contributions
to hJ0i, the inclusion of the rescattering or internal contribution is essential.
This is not only the case if q=! tends to zero, since also for larger values of q=!
there is a substantial cancellation between the sum of the external contributions
and the internal contribution. Thus the situation is similar to that in nuclear
knockout reactions, where the orthogonality only holds if the rescattering is
accounted for, and thus the inclusion of this contribution is essential to predict
the low q behavior of the charge form factor factor [65].

The cancellation between single scattering and rescattering contributions is
illustrated in Fig. 5.4, where the structure function WL is shown as a function
of the mass of the virtual photon M for Tlab = 280 MeV and lab. angles
�1 = 12�, �2 = 12:4� and � = 160�. The structure function is calculated in the
c.m. frame of the incoming protons, with the ẑ-axis de�ned by the 3-momentum
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of the photon. The full and dotted lines are the results of a calculation in which
the rescattering term was included, using J0 and J3, respectively. The dashed
and dotted lines are the result of a calculation in which only the contributions
from single scattering diagrams are retained, using J0 and J3 respectively. In
particular, for the calculations in which J0 is used, it is essential to include the
rescattering diagram, while for the calculation using J3 this contribution has
only limited e�ect.
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Figure 5.4: The structure function WL as a function of the photon mass M at

Tlab = 280 MeV and lab. angles �1 = 12
�, �2 = 12:4� and � = 160

�. The full and

dotted lines are the results of the full calculation using J0 and J3 respectively. The

dashed and dot-dashed lines are the results of a calculation in which only the single

scattering contributions are included using J0 and J3, respectively.

It is furthermore seen that the full calculations using J0 and J3 do not
coincide. This is partially due to the fact that current conservation is not
exactly satis�ed, as can be seen from comparing the calculations at small M .
The deviations there are of the order of 5%, indicating that the violation in itself
is not a serious problem. The main di�erence is due to numerical inaccuracies,
as can be seen from comparing the calculations for higher values of the photon
mass. Since the values of each of the contributions become large, as can be
seen from the calculation including only the single scattering contributions, the
�nal result depends strongly on the accuracy in the determination of the single
scattering and rescattering contributions. The calculation can be improved
by determining the NN interaction at more o�-shell points, and using more
points in the integration in the rescattering contribution. However, since these
problems due to imperfect cancellations do not occur in the calculation of J3, we
will use this in the remainder to determine the longitudinal structure functions.
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5.4 Dilepton production at low energy

Due to the di�culty of measurements and the absence of experimental data,
the study of virtual bremsstrahlung is a relatively young �eld of research. Only
recently an experiment was performed at KVI [27, 8, 24] in which the dilepton
production was measured. However, the cross section is very small (roughly an
order � smaller than that of real bremsstrahlung), and consequently at present
the amount of data is too small to warrant a comparison between theory and
experiment on the same footing as for the real bremsstrahlung.

In the present stage of data analysis only the inclusive cross section, with the
available phase space restricted by experimental cuts, is known as a function
of the invariant mass of the photon. Hence, a comparison with experiment can
only be made if in theoretical calculations the cross section is integrated over
all independent variables, except the photon mass. The experimental cuts have
to be folded into such a calculation. Due to the complexity of our model such
an integration is not practical. Therefore, a comparison with the soft-photon
predictions of Korchin et al. [66] will be made, and furthermore the comparison
of the latter to experiment is shown.

The soft-photon amplitudes from the Low [22, 67, 68] and Liou [69] imple-
mentation of the soft-photon theorem for pp were used in Ref. [66] to con-
struct similar amplitudes for virtual bremsstrahlung. These implementations
are briey discussed in Appendix C. The main di�erence is that in the Low
version the NN interaction is evaluated at one common on-shell point, whereas
in the version of Liou et al. the on-shell point is �xed for each of the con-
tributing diagrams for external radiation separately. As was seen in Chapter 2,
for real bremsstrahlung the predictions of the various implementations of the
soft-photon theorem give a qualitative description of the physical observables
even at intermediate photon energies, up to 100 MeV. This is in particular true
for the Liou version, which gives even a reasonable quantative description [26].
This is illustrated by the comparison for the case of the KVI experiment in Sec.
3.4, where it is seen that the results of Liou et al. gives values similar to our
full calculation except for the smaller proton angles. The predictions using the
original Low implementation of the theorem generally give lower values [68] of
the cross section as compared to both the Liou version and our full model.

In Figure 5.5 a comparison of the full calculation, given by the full lines,
to the calculations of Ref. [66] is made. Extensions of both the Low and Liou
version of the soft-photon theorem to virtual bremsstrahlung have been made
by Korchin et al.. These result in the dotted and dot-dashed lines in Fig
5.5, respectively and the corresponding amplitudes will be denoted by `SPA1'
and `SPA2' in the following. The four structure functions that play a role
in coplanar proton-proton scattering are shown as a function of the photon
invariant mass at Tlab = 190 MeV, with �xed proton angles �1 = �2 = 32:5�,
and photon angle � = 160�. The angles were chosen such that the energy and
momentum of the photon are small. One would therefore expect little di�erence
between the two soft-photon calculations and furthermore expect the results
of these calculations to be similar to those of the full calculation. In contrast,
Fig. 5.6 shows the results for angles corresponding to a particular set of angles
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Figure 5.5: The four structure functions that play a role in coplanar proton events

as a function of the photon invariant mass M at Tlab = 190 MeV, �1 = �2 = 32:5�

and � = 160
�. The full line is our prediction, whereas the dotted and dot-dashed

lines are the results of the soft-photon calculations of Ref. [66] using the Low and

Liou versions of the theorem, respectively.

from the KVI experiment, �1 = 8�; �2 = 16� and � = 145�, where the photon
energy is approximately 80 MeV. Here one would expect that the soft-photon
predictions di�er more from the full calculation. The �gures demonstrate that
indeed at lower photon energies the calculations tend to converge, whereas
at the higher photon energies there are large di�erences between the three
predictions.

The di�erential cross section integrated over the angles of the lepton pair is
proportional to the sum of the transverse and longitudinal structure functions,
WS =WT +WL, as is seen from Eq. (5.18). For the higher photon energies the
magnitude of the longitudinal structure function as predicted by our model is
substantially larger than that predicted by the soft-photon calculations. The
consequence is illustrated in Fig. 5.7, where WS is shown as function of the
photon mass for the kinematics of Fig. 5.5 (left) and 5.6 (right). Comparing
our calculation (the full line) to the soft-photon calculations (the dotted line
corresponding to SPA1, and the dot-dashed line to SPA2), it is seen that in par-
ticular for lower proton angles, and thus higher photon energies, the behavior
as function of the photon mass is clearly di�erent. Moreover, the larger relative
strength of the longitudinal structure function in our calculation results in a
rather steep decrease at the higher photon masses.
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Figure 5.6: The four structure functions as a function of the photon invariant mass

M at Tlab = 190 MeV, �1 = 8
�, �2 = 16

� and � = 145
�. Curves are labeled as in

Fig. 5.5.

As mentioned, the comparison with experimental data is not straightfor-
ward. On the one hand the experimental setup induces cuts in phase space,
and hence the cross section integrated over the full phase space of the dilepton
momenta is not know. On the other hand, the full model is rather complicated,
and therefore it is not practical to use our model in a Monte Carlo simulation
with the experimental cuts taken into account. However, such a simulation has
been done using the soft-photon amplitudes as theoretical model, with results
shown in Fig. 5.8. In this way, an indirect comparison with experiment can be
made.

From the comparison of the experimental data to the acceptance-�ltered
calculations it is seen that the SPA1 calculation gives better agreement than
the SPA2 calculation. This is somewhat surprising, since it is known that for
real bremsstrahlung the data are reproduced reasonably well by the calculation
using SPA2, whereas the cross sections from SPA1 are too small. At this point,
it is unclear why in virtual bremsstrahlung the situation is apparently reversed.
Furthermore, the cross section at lower invariant mass (below approximately
15 MeV/c2, not shown in Fig. 5.8) is underpredicted by both soft-photon cal-
culations, and the data is reproduced reasonably well by the SPA1 calculation
only at higher invariant mass. Because of the steeper slope in WS in our calcu-
lations, the experimental data is possibly better reproduced by our calculation
than by either one of the soft-photon calculations. A more de�nite conclusion
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Figure 5.7: The sum of the transverse and longitudinal structure functions, WS =

WT +WL, as function of the invariant mass of the photon M , for the kinematics of

Figs. 5.5 (left) and 5.6 (right). Curves are labeled as in Fig. 5.5.

at this point cannot be drawn, but the calculations indicate the need for more
exclusive and accurate new data.

5.5 Negative-energy states and two-body

contributions

For real bremsstrahlung it has been seen that the higher-order contributions
give a signi�cant contribution at intermediate energies. At Tlab = 280 MeV
negative-energy states give contributions of the order of 20% to the cross section
for the smaller proton angles, and two-body contributions give even larger
e�ects. For the lower energy of the KVI experiment, Tlab = 190 MeV, the
e�ects are considerably smaller, but the MEC and � contributions are still
appreciable at intermediate proton-angles and give rise to e�ects of the order
of 20% in the cross section. Since the cross section of real bremsstrahlung is
proportional to WT , the two-body currents give rise to similar e�ects in this
structure function. Since the two-body contributions are transverse currents, it
is expected that these do not contribute toWL, and only little toWLT . On the
other hand, the e�ects on the small structure function WTT can be expected
to be quite substantial. For coplanar kinematics this is readily seen from the
de�ning Equation (5.8) and the non-relativistic limit for these contributions,
since in this limit they contribute to J2 only (k2 = 0, hence k ^ q � k1qŷ).
The e�ects in WTT are of the same order as the e�ects in WT , and hence the
relative e�ects in WTT are substantially larger than in WT .

The e�ects of negative-energy states and two-body currents on the four
structure functions that play a role in coplanar virtual bremsstrahlung are
illustrated in Fig. 5.9. The structure functions are shown as a function of
the photon invariant mass at Tlab = 190 MeV, �1 = �2 = 25� and � =
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Figure 5.8: The data from the KVI experiment [27] compared to the two soft-
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virtual photon angle (lower plot). The �gure was taken from Ref. [27].
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80�, where the MEC and � contributions are known to be large. Comparing
the calculation including both the two-body contributions and negative-energy
states (the full line) to the result using only the nucleonic current with positive-
energy states (the dot-dashed line) it is seen that the contributions to WL are
of the same order of magnitude as in the real bremsstrahlung cross section.
Furthermore, the result when no two-body currents are included is practically
equal to the result when only positive-energy states are included, indicating
that negative-energy states do not contribute at this energy.
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Figure 5.9: The contributions of two-body currents and negative-energy states

to the four structure functions that play a role in coplanar virtual bremsstrahlung

at Tlab = 190 MeV, �1 = �2 = 25
� and � = 80

�. The full line is the result if

both two-body currents and negative-energy states are included, the dotted curve if

negative-energy states are included but the two-body currents not. The dot-dashed

curve is a calculation with only positive-energy contributions.

At higher energies the higher-order contributions become more important.
The negative-energy states in particular give a substantial contribution to the
transverse structure functions. This can be seen in Fig. 5.10 where the structure
functions are shown as a function of the photon invariant mass at Tlab = 280
MeV, for angles where the contribution of negative-energy states is relatively
large, �1 = �2 = 12:5� and � = 175�. The labeling in Fig. 5.10 is the same
as in Fig. 5.9. Since the longitudinal structure functions are proportional to
the charge operator, e0, the contribution from negative-energy states to these
functions is small as compared to that of positive-energy states.
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Figure 5.10: The contributions of two-body currents and negative-energy states

to the four structure functions that play a role in coplanar virtual bremsstrahlung at
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5.6 Conclusions

The fully relativistic model developed in the previous chapters has been ex-
tended to calculate the structure functions in terms of which the observables of
virtual bremsstrahlung can be parameterized. In a model in which the current
is exactly conserved the two structure functions related to the longitudinal po-
larization of the photon can be calculated using either the longitudinal current
operator (J3) or the charge operator (J0) of the nuclear current. In the inter-
esting regime, where the invariant mass of the photon is large, the use of the
charge operator is shown to be problematic. This is mainly due to numerical
accuracy, since there are large cancellations between the contributions to the
matrix elements of this operator. Secondly, due to the di�erent 3-dimensional
reductions of the integrations over the relative 4-momentum, current conserva-
tion is violated to a small extent. In virtual bremsstrahlung this violation has
a profound inuence, in particular close to the end-point, where the photon
3-momentum vanishes. The use of the longitudinal current operator is to be
preferred over the use of the charge operator because of large cancellations in
the matrix elements of the charge operator. This is in contrast to the situation
in electron scattering, where the use of the charge operator gives a more reliable
result.
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The four structure functions that play a role in coplanar scattering have
been calculated, eliminating the charge operator in favor of the longitudinal cur-
rent operator. The results are compared to soft-photon calculations of Ref. [66],
since at this time no exclusive data are available. The results di�er substan-
tially, even at the relatively low energies of the KVI experiment [27], where the
incoming protons have Tlab = 190 MeV. The soft-photon amplitudes have been
used in a Monte Carlo simulation of the KVI experiment, and it was found
that the data could be reproduced reasonably well by the theory. Due to the
integration over the available phase space, it is not straightforward to make a
direct comparison with the present data. Exclusive data is clearly needed to
obtain a better understanding of the virtual bremsstrahlung.

We have furthermore investigated the role of negative-energy states and
MEC and �-isobar currents (two-body currents) in virtual bremsstrahlung.
The two-body currents are shown to contribute mainly to the `transverse'
structure functions WT and WTT , and in particular to the latter. This can
be understood from the non-relativistic limit to these currents, from which it is
seen that these are perpendicular to the photon momentum and hence do not
contribute to the longitudinal components of the nuclear current in this limit.
Furthermore, the contribution toWTT is of the same order of magnitude as the
contribution to WT , whereas the leading-order (nucleonic) contribution is sub-
stantially smaller. Contributions from negative-energy states most clearly show
up in the `longitudinal' structure functions WL and WLT . Even at Tlab = 190
MeV these e�ects are of the order of 10-20%.
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