
2 DYNAMIC MEAN-FIELD DENSITY

FUNCTIONAL THEORY

2.1 Summary

In this chapter the dynamic mean-�eld density functional theory is ex-
plained in more detail. Since the next chapters are based on articles that
were published as a result of my research, the contents of the present
chapter will return a few times in condensed form. The interested reader
can refer to this chapter for the details of the method that rely on sta-
tistical mechanics and thermodynamics. The basic underlying model for
the dynamics is also discussed. Some aspects of the method, such as
parameterization and numerics that are not the topic of this thesis, but
may be considered essential background information, are also treated.

2.2 Introduction

An important question in chemical industry is: 'How do processing con-
ditions such as component concentrations, temperature and mixing con-
ditions, inuence material properties?' The importance of the answer to
this question may be illustrated by HIPS (High Impact PolyStyrenes),
which are currently being produced in great quantities (O(106) tons/year)
because of their wide application area (food, pharmaceutical packaging).
As is shown in Fig. 2.1 the observed HIPS morphologies after processing
are numerous and range from 'droplet' structures to 'labyrinthine' struc-
tures. The resulting mesoscale morphology, which is a result of reaction
and microphase separation processes taking place simultaneously, deter-
mines the strength, elasticity and other material properties to a large
extent. Another example of industrially important mesoscale structures
is provided by composite polymer membranes (Fig. 2.2). These versa-
tile synthetic membranes have applications in e.g. �ltration and dialysis
and are formed through phase separation processes. The asymmetric
membrane morphology dictates the precise permeation and separation.
Being able to predict these mesoscale structures, using only the process-
ing conditions as a priori information, is clearly of utmost importance.

Since the mesoscale structures are a result of dynamic processes, they
are full of defects, irregularly structured and, most of the time, frozen
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Figure 2.1 Di�erent morphologies as observed in High Impact PolyStyrenes.

in a morphology far from thermodynamic equilibrium. The standard
approach to determine polymer phase diagrams of ordered structures at
equilibrium, is to solve some set of Gaussian chain self-consistent �eld
equations for a pre-supposed structure of ideal symmetry (e.g. lamellar,
hexagonal, bcc, gyroid) by minimizing the free energy with respect to
the mesophase lattice parameters.12{15 Because of its inherent assumed
symmetries, this approach fails to describe the irregular structures full of
defects that develop dynamically during industrial processes. To assess
the defect structures one must clearly study their dynamic development
as a result of di�usive, reactive and viscoelastic phenomena.

In the past few years, several groups have developed coarse-grained
models that incorporate the di�usive and hydrodynamic phenomena in
phase separation dynamics, in order to develop simulation tools that
can aid chemical engineers in their task of developing new materials
(see e.g. Refs. 16{18). Typically, the models are of generalized time-
dependent Ginzburg-Landau form.19,20 The prototype of these types of
coarse-grained models is a Z-component functional Langevin equation for
conserved order parameters (modi�cation of model B21) of the following
general form:22

@�I(r)

@t
=

ZX
J=1

Z
V
DIJ (r; r1)�J(r1)dr1

� ��1
ZX
J=1

Z
V

�DIJ (r; r1)

��J (r1)
dr1 + �I (r; t) ;

DIJ (r; r1) = rr � �IJ (r; r1)rr1 ; (2.1)
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Figure 2.2 Composite polymer membrane.11

with particle concentration �elds �I(r) (I = 1; : : : ; Z), transport coe�-
cients �IJ , intrinsic chemical potentials �I � �F=��I (r) (F is the free
energy), ��1 = kBT and noise �elds �I (r; t). The noise distribution is dic-
tated by a uctuation-dissipation theorem.22{24 Notice that the reaction
phenomena are usually neglected in these studies (see also the discussion
in Chap. 10). Most computer simulations that are based on model (2.1)
are limited to two-component incompressible complex (polymer, surfac-
tant) liquids with linear (local) transport coe�cients and simple phe-
nomenological (fourth order) expansion models for the free energy (see
also Chap. 4). An important disadvantage of phenomenological free en-
ergies is that they fail to describe speci�c systems. The link between the
phenomenological parameters and the particular molecules under con-
sideration is often missing and one has to resort to �tting experimental
data.

In contrast to these traditional phenomenological free energy expan-
sion methods,25{27 the dynamic mean-�eld density functional method7,28

does not truncate the free energy at some level, but retains the full poly-
mer path integral by a numerical procedure. A combination of Gaus-
sian mean-�eld statistics and the well-known Ginzburg-Landau model
for time evolution of conserved order parameters allows for a descrip-
tion of the mesoscopic dynamics of speci�c complex liquids without con-
stantly adjusting the parameters. Density functional theory as such is
well established in e.g. condensed matter physics and chemical physics
(see e.g. Refs. 29{31). Applying a dynamic density functional theory
to complex polymer systems7,28 is new however. Recently, other groups
have also started to use this approach.32,33 The strength of the dynamic
mean-�eld density functional method has recently been illustrated by an
application to a Pluronic/water phase diagram.34

The work in this thesis is a compilation and extension of ideas, con-
cepts and theories that are known and that have, in some cases, been
around for decades. Dynamic models to describe (micro)phase separa-
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tion based on a free energy description were already proposed by Cahn
and Hilliard,25 de Gennes27 and Oono and Puri.26,35 Modeling a com-
plex polymer liquid using ideal chain statistics in a mean-�eld is an idea
of Flory and Huggins.36,37 The Gaussian chain path integral was pro-
posed by Edwards.38 A thorough description of current theories and
ideas on stress and rheology in polymer systems is given in the excel-
lent book of Doi and Edwards.37 Other concepts and theories such as
the Random Phase Approximation of de Gennes,39 the Green propagator
algorithm39,40 and the kinetic models that were studied extensively by
Kawasaki and Sekimoto41,42 also form an essential part of the dynamic
mean-�eld density functional method.

2.3 Theory

Thermodynamics

General

Generally speaking, the system under consideration consists of a con-
tainer with a lot of polymer molecules, which are modeled as Gaussian
chains. In the simplest case, beads are connected by springs in an open
necklace (see Fig. 2.3). Suppose the necklace consists of two blocks with
di�erent properties (black and grey) such that the black and grey beads
do not like each other (cf. water and oil). Now if the blocks are dis-
connected and the temperature of the system is lowered, the black and
grey beads will macrophase separate and a binary system will result with
one black phase and one grey phase (cf. oil-layer on top of water-layer).
However, the blocks are connected and the system can not macrophase
separate. Instead, a complex irregular structure will develop as a result
of microphase separation, in which the black and grey domains are as
large as possible with as little interface between them as possible (see
Fig. 2.3). Depending on the architecture and branching of the polymer
chain, the structure may be e.g. lamellar, hexagonal, or bicontinuous.
The more components (polymers or surfactants, solvents or solutes) are
added, the more diverse the structures can get. Including viscoelastic
phenomena further complicates this process.

In order to develop a model that can accurately describe this phe-
nomenon, the description must be formalized.28 Suppose a 3D melt of
volume V is studied, which contains n Gaussian chains consisting of N
beads connected in an arbitrary fashion. The bead numbers are indexed
by s. A bead is a statistical unit consisting of a uctuating string of 5-15
monomers. There are Z density �elds �I(r) (I = 1 � � �Z). The system
is studied on a coarse-grained time scale such that it is in local thermo-
dynamic equilibrium. The distribution function 	(R11 � � �RnN) of the
system is always optimal. Here Rs is the position of bead s of chain .
In this time regime, at any instant of time a collective density �eld �0I(r)
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Figure 2.3 Schematic description of quenching a diblock copolymer melt.

Depending on the relative lengths of the blocks a lamellar, hexagonal or other

more or less structured morphology may form. Locally, on a microscopic scale,

the morphologies are ordered very speci�cally. Although the individual chains are

not visible in the analysis in this thesis, statistical methods can indicate the most

probable orientation of individual chains.

can be observed, which serves as a reference level. Given the distribution
function 	, a collective density �eld �I(r) can be de�ned as the ensemble
average of a microscopic density operator:

�I [	](r) �
1

n!�3nN

nX
=1

NX
s=1

�KIs

Z
V nN

	(R11 � � �RnN)

� �(r�Rs)dR11 � � �dRnN ; (2.2)

where �KIs is a Kronecker delta with value 1 if bead s is of type I and
0 otherwise, � is the de Broglie thermal wave length. The microscopic
density operator

Pn
=1

PN
s=1 �

K
Is�(r�Rs) counts all occurrences of beads

of type I at position r by checking all chains and all beads consecutively.
The integration over momentum space is omitted because in the slowly
relaxing liquid the interactions do not depend on momentum. Now the
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density �0I(r) that is observed should be the same as �I [	](r). This puts a
constraint on the distribution function. In order to �nd the free energy of
this system, an intrinsic free energy is de�ned on the set of all distribution
functions 	 based on principles from statistical mechanics and optimized
under the constraint that �0I(r) = �I [	](r). The free energy F consists
of a Helmholtz free energy A = E � TS, where E is the internal energy
and S the entropy, for ideal Gaussian chains and a non-ideal free energy
F nid for the interchain interactions:

F [	] �
1

n!�3nN

Z
V nN

	H iddR

+
1

n!�3nN

Z
V nN

kBT	 ln	dR+F nid[�0]; (2.3)

here dR =dR11 � � �dRnN . The �rst (energy) term is the ensemble average
of the Gaussian ideal chain Hamiltonian:

H id =
nX

=1

HG
 =

nX
=1

3

2�a2

NX
s=2

(Rs �R;s�1)
2; (2.4)

here a is the Gaussian bond length parameter. The second (entropy)
term is the Gibbs entropy S of the distribution:

S = �kB
1

n!�3nN

Z
V nN

	 ln	dR: (2.5)

The third term in Eq. (2.3) is the mean-�eld contribution, which is by
de�nition independent of 	. The key approximation in the dynamic
mean-�eld density functional method is the assumption that the system
is considered in a time regime where the distribution function is always
optimal i.e. the free energy is always minimal. Hence, 	 is independent
of the history of the system and is fully determined by the constrained
optimization of the free energy. Notice that 	 is also normalized. By
adding the constraints to the free energy F , the functional F

0

to be
optimized over all 	 becomes:

F
0

[	] � F [	] +
X
I

Z
V
UI(r)

h
�I [	](r)� �0I(r)

i
dr

+ �
�

1

n!�3nN

Z
V nN

	dR� 1
�
: (2.6)

Here � and the external potential �elds UI(r) are introduced as Lagrange
multiplier(s) (�elds). The last constraint in Eq. (2.6) is added to normal-
ize the distribution function 	. The variational principle �F

0

=�	 = 0
leads to the optimal distribution function 	0:

	0 = e��[H
id+
Pn

=1

PN

s=1
Us(Rs)]�

1

n!�3nN

Z
V nN

e��[H
id+
Pn

=1

PN

s=1
Us(Rs)]dR : (2.7)
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This automatically introduces the density functional �I [U ](r) as
�I [	

0](r). In 1965 Mermin29 showed that the ��U relationship for inho-
mogeneous electron gas functionals is bijective. The same holds for the
polymer functional. The one-to-one relationship is a crucial property to
enable the numerical integration of the Langevin equations. The distri-
bution function of the n ideal Gaussian chains factorizes exactly, leading
to a 'simple' single-chain density functional:

�I [U ](r) = n
NX
s=1

�KIs
1

�3N

Z
V N

 �(r�Rs)dR1 � � �dRN : (2.8)

The integration is now limited to the coordinates of one chain only and
 is the single-chain distribution function:

 =
1

�
e��[H

G+
PN

s=1
Us(Rs)]; (2.9)

where � is the single-chain partition function:

� =
1

�3N

Z
V N

e��[H
G+
PN

s=1
Us(Rs)]dR; (2.10)

and HG is the Gaussian chain Hamiltonian of one chain. The normaliza-
tion should now be read as:

�3N ! �3

 
2�a2

3

!3=2(N�1)

: (2.11)

The free energy also follows in a straightforward way by re-insertion of
the optimal distribution function in Eq. (2.3):

F [�] = �
1

�
ln
�n

n!
�
X
I

Z
V
UI(r)�I(r)dr+ F nid[�]: (2.12)

The intrinsic chemical potentials are de�ned by the functional derivatives
of the free energy:

�I (r) �
�F

��I (r)
=

�F nid

��I (r)
� UI : (2.13)

The free energy as it is formulated above, based on principles from ther-
modynamics and statistical mechanics, leads to a very exible model.
The basic idea behind the dynamic mean-�eld density functional method
is that known theories should be used whenever possible. As an exam-
ple, many di�erent known models and theories can be employed to �nd
a model for the nonideal free energy that remains to be de�ned (see also
Chap. 5).

In classical RPA studies (see e.g. Ref. 12) the mean-�eld is usually
local, i.e.

F nid
RPA[�] =

1

2

X
IJ

Z
V
�IJ�I(r)�J(r)dr; (2.14)
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where �IJ is a constant interaction parameter, making an equilibrium
analysis of the phase diagram tractable. However, since the mean-�eld
must account for interchain interactions, a nonlocal mean-�eld seems
more justi�able. A model can be introduced that takes interactions on
the physical length scale of the statistical units of the chains into account.
This seems reasonable since the statistical unit samples a volume � a3.
On longer length scales � a, the e�ect of the nonlocal interactions is
negligible. This leads to:

F nid[�] =
1

2

X
IJ

Z
V

Z
V
�IJ (jr� r0j) �I(r)�J(r

0)drdr0; (2.15)

where �IJ
����r� r

0

���� is a cohesive interaction, de�ned by the same Gaus-
sian kernel as in the ideal chain Hamiltonian:

�IJ
����r� r

0

���� � �0IJ

�
3

2�a2

�3=2
e�3=(2a

2)(r�r
0

)2 : (2.16)

In this case, �0IJ is the constant cohesive interaction parameter for beads
I and J . Notice however, that this particular choice for F nid[�] is again
just one of many.

Ideal single beads

Although the equations above may look rather complicated to the unex-
pecting reader, expressions that are well known from statistical mechanics
can be recovered for limiting cases.

For example, for ideal molecules which can be represented as single
beads, ideal gas fundamentals can be retrieved. In this case, there are
no interactions between the molecules and F nid[�] = 0. The Gaussian
chain Hamiltonian is also zero because there is no connectivity between
the beads. In case there is only one bead type in the system, the free
energy for an inhomogeneous system of single beads simpli�es to:

F [�]sb = �
1

�
ln
�n
sb

n!
�
Z
V
U(r)�(r)dr; (2.17)

where the partition function is now given by:

�sb =
1

�3

Z
V
e��U(r)dr: (2.18)

Naturally, the density functional for this system becomes:

�[U ](r) =
n

�3

Z
V
e��U(r

0

)�(r� r
0

)dr
0

=�sb

= ne��U(r)=
Z
V
e��U(r)dr: (2.19)

Notice that U is simply an external �eld that constrains the density. In
this particular case, the density functional (2.19) can be inverted analyt-
ically to:

U(r) = �
1

�
ln��(r) + cst: (2.20)
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Here � is a constant determined by the number of particles in the system
and cst is a constant �eld. This result can be checked by straightforward
insertion into Eq. (2.19) and clearly shows that the external potential is
only determined up to a constant level. Considering the homogeneous

ideal gas of single bead molecules where U = 0, leads to:

F [�]sb,hom = �
1

�
ln
�n
sb,hom

n!
; (2.21)

with the partition function:

�sb,hom =
V

�3
: (2.22)

Now the density is given by:

�(r) =
n

�sb,hom�3

Z
V
�(r� r

0

)dr
0

=
n

V
; (2.23)

which is exactly the number of beads (molecules) per volume as might
be expected in a homogeneous ideal gas.

Dynamics

Just as the model for the nonideal interactions is more or less arbi-
trary, the model for the dynamics can be chosen from a whole class
of models. The basic choice one has to make here is which physical
phenomena should be represented accurately. Eq. (2.1) is taken as a
starting point and the higher order contribution of the (drift) term on
the right-hand side of Eq. (2.1) is neglected. This term can be proven
to be zero for the simplest kinetic models. Models which are based on
the functional Langevin equation (2.1) incorporate di�usion-driven re-
laxation processes, which di�er only in the choice for the Onsager kinetic
coe�cients �IJ (r; r1) (see Chap. 6). To incorporate convection-driven
processes as well, the model has to be extended to include viscoelas-
tic phenomena (see Chap. 8). Another class of models can account for
reactive phenomena. These models are briey discussed in Chap. 10.

In equilibrium �I (r) is constant, which leads to the classical self-
consistent �eld equations for Gaussian chains. When the system is not
in equilibrium however, the gradient of the intrinsic chemical potential
�r�I (r) acts as a thermodynamic driving force for collective relaxation
processes. Eq. (2.13) illustrates the fact that in an ideal system (where
�F nid=�� = 0), the constraining external potential U acts as a counterbal-
ance for the e�ective thermodynamic force �. One of the simplest models
to consider for the di�usional relaxation process is the Local Coupling
Approximation, which leads to the following dynamics:

@�I
@t

=Mrr � �I (r; t)rr�I (r; t) + �I (r; t) : (2.24)
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Here, the mobility coe�cientM is the same for all bead types. M = �D,
where D is the di�usion coe�cient. In this equation (neglecting the noise
for the moment) the familiar mass-balance (continuity) equation can be
recognized (JI is a mass ux):

@�I
@t

= �rr � JI (r; t) ; (2.25)

JI (r; t) = �M�I (r; t)rr�I (r; t) ; (2.26)

where Eq. (2.26) is a generalization of Fick's law of di�usion. These
equations form a well-established model to describe relaxation dynam-
ics in (co)polymer melts.27,43,44 More complex models that account for
nonlocal kinetic phenomena such as reptation are extensively discussed
in Chap. 6.

To simulate an incompressible system, a constraining pressure func-
tional can be added to the intrinsic chemical potential. The implicit
density uctuations in Eq. (2.24) are then constrained by imposing the
condition �A (r; t) + �B (r; t) = 1=�. Here a two-component system is
chosen as an example, where � is the molecular volume. In this case, the
incompressibility constraint leads to exchange Langevin equations:28

@�A
@t

= M�rr � �A�Brr[�A��B] + �; (2.27)

@�B
@t

= M�rr � �A�Brr[�B��A]� �: (2.28)

A much more elegant and exible method to incorporate the compress-
ibility of the complex liquid into the simulation is by adding a separate
term to the nonideal free energy that accounts for excluded volume in-
teractions (see Chap. 5).

Parameterization

The strength of the dynamic mean-�eld density functional method is also
one of its hardest problems. Being able to predict properties of speci�c
(co)polymer melts or solutions or polymer/surfactant mixtures, implies
that very careful parameterization is crucial. In the method as it is de-
scribed in this chapter, there are two main parameterization problems.
The �rst puzzle is to �nd out which Gaussian chain accounts best for the
behaviour of the 'real' polymer. The second puzzle is to determine the
cohesive interaction strengths of the di�erent beads. For details of the
parameterization I refer to Ref. 34, but a rough outline of the parame-
terization procedure is given here.

There are two 'degrees of freedom' in the parameterization of the
Gaussian chain. One is the architecture of the chain (linear or branched,
A3B4A6 or e.g. A2B5A5) and the other one is the bond length param-
eter a, which more or less determines the exibility of the chain in the
current model. The challenge now is to �nd a Gaussian chain which is
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similar to the real chain. This implies that a similarity measure has to
be used, which determines when two chains may be considered 'equal'.
Since the interest of the chemical engineer is clearly in the dynamic be-

haviour of the system under consideration, a relevant measure should
incorporate a behavioral property of the chains. In polymer physics, a
property which comes to mind immediately is the single-chain structure
factor S0

q. This function is determined by the response of the density
to a small uctuation in the external �eld and can be shown to be pro-
portional to a two-body correlator (see also Chap. 4). The two-body
correlator can simply be calculated analytically for any Gaussian chain.
For any real chain the two-body correlator, which is the probability of
�nding one monomer in the chain at a particular position, given that a
second monomer is at another position, can be calculated using a Monte
Carlo technique combined with a good (this is not trivial) force �eld.
The procedure then consists of �nding the Gaussian chain which best
matches the characteristics of the structure factor of the real polymer
chain. For higher order matching between two systems with di�erent
intrachain Hamiltonians (based on e.g. the Gaussian chain approxima-
tion or the Monte Carlo force �eld approach), expansion methods can be
used.8 Di�erent Gaussian chains can represent the same 'real' polymer,
because of scaling arguments. For the sake of computational e�ciency,
the chain with the least number of beads is used in practice.

For the parameterization of the cohesive mean-�eld parameters �0IJ , as
much data as possible is derived directly from vapor pressure measure-
ments (for the pure components in solution), surface tension measure-
ments or group contribution methods (for the non-mixing components).
In principle, since an explicit free energy functional (Eq. (2.12)) is known
for the system, any experimental measurement of thermodynamic data
can be used to derive the cohesive interaction parameters, given all other
parameters.

Numerics

There are a number of important topics in the numerical integration
of Eq. (2.24). Some of these topics have been studied in separate pa-
pers, such as the numerical implementation of the noise such that it is,
both analytically and numerically, distributed according to a uctuation-
dissipation theorem.22 Another issue that turned out to be especially
important in going from two to three dimensions, is the numerical calcu-
lation of the density functional (see also Chap. 3). The previously used
lattice models that restrict the set of conformations of the chain molecules
by placing the beads on a lattice, lead to unphysical singularities in the
inverse structure factor. This distorts the analytical one-to-one relation-
ship between the densities and the external potentials. Moreover, the
cubic lattice chain structure factor has strong anisotropies on the grid,
whereas the Gaussian kernel in the density functional (2.8) is intrinsi-
cally isotropic. Turning to an essentially o�-lattice algorithm for the
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density functional calculation (which, via a Green propagator algorithm,
involves repeated calculation of a 3D integral) solved both these problems
(see Chap. 3).

Heuristically, a very simple method that has proved to be most ef-
�cient in integrating Eq. (2.24) is the Crank-Nicolson scheme combined
with a steepest descent method for iteration of the inner loop. After dis-
cretizing Eq. (2.24) on a cubic grid with mesh size h, we �nd the following
Crank-Nicolson equations for each component I:

�k+1Ip � !��zk+1p = �kIp + (1� !)��zkp + �kIp; (2.29)

zp =
X
�

X
q

d�[D��ID�]pq�Iq: (2.30)

Here, all variables are dimensionless; �I = ��I (density), �I = ��I (chem-
ical potential) and � = ��1Mh2t (time). The dimensionless time step ��
should roughly be chosen between 0 and 1 for numerical stability. No-
tice that the Crank-Nicolson scheme is unconditionally stable for linear

problems. The Crank-Nicolson parameter ! is usually 1=2. zkp denotes
the discretized di�usion term at time level k and grid position p, where
D� is the discretized di�usion operator in grid direction � and �Iq is
evaluated at grid position q. The initial system can be either homoge-
neous (for simulation of cooling or quenching experiments) or any other
starting con�guration. The noise is always applied at each time level in
an explicit fashion.

The variable that is iterated on in the Crank-Nicolson loop (Eqs. (2.29)
and (2.30)) is the dimensionless external potential �UI instead of the den-
sity �. From any particular external potential �eld, the corresponding
density �eld can be calculated via the density functional. Once the den-
sity �eld is known, the nonideal contribution to the chemical potential
can also be calculated. In the �rst step of the iteration that will take
the system from time level k to time level k + 1, an estimate is found
(via a steepest descent method, or in some cases a Conjugated Gradient
method) for the external potential at time level k + 1, after which the
di�erence between the left- and right-hand side of Eq. (2.29) is calculated
in some norm. This procedure is repeated until the di�erence drops be-
low a threshold which is the CN-error. The spatial discretization of �[U ]
has been shown to conserve the bijective relation between the densities
and external potentials (see Chap. 3). The temporal discretization of the
di�usion equation as in Eqs. (2.29) and (2.30) however, may disturb this
relation for large values of !��zk+1p . A thorough numerical analysis may
further clarify the temporal discretization error in Eqs. (2.29) and (2.30).
From experience it is known that by taking the CN-error and time steps
small enough, the numerical solution to the di�usion equation converges.

The numerical integration procedure involves a number of dimension-
less parameters as well. The noise scaling parameter 
 = ��1h3 roughly
accounts for the number of beads per grid cell and should be larger than
10. If 
 is lower, the noise level is higher and stable structures are
less likely to form. If, on the other hand, 
 is much higher, the sys-
tem will freeze in too soon. The parameter 
 immediately determines
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which length scales can be handled by the dynamic mean-�eld density
functional method. For example, micelle formation of small surfactants
is below the resolution of the method. This phenomenon can only be
observed if there are a few beads per grid cell, which would lead to a
huge increase in the noise. The grid scaling a=h is optimally chosen to
be 1.15430 (see Chap. 3) and the dimensionless interaction parameters
are �IJ = ��IJ=�. Both a and h are typically in the order of nanometers,
but may be much larger.

In principle there are many methods that may make a good candi-
date for integration of Eq. (2.24). However, the complicated, nonlinear,
high-dimensional nature of the equations, makes analysis of any numer-
ical method quite hard. Understanding of the discretized equations is
therefore highly dependent on systematic trial and error. The current
method that is used for integrating the dynamic mean-�eld density func-
tional theory is the result of about �ve years of experience with di�erent
systems. The calculation of a 64�64�64 system with three components
may be done in a couple of days on an 8-processor Silicon Graphics Power
Challenge, Cray-YMP or IBM SP2. It can not be ruled out however, that
by application of more clever integration methods (Krylov subspace iter-
ation, incomplete Newton iteration and/or higher order time integration
methods) the computational e�orts can be reduced considerably. As can
be deduced from this section, the numerical integration of Eq. (2.24) is
especially time-consuming because of the repeated inversion of the den-
sity functional (U [�] instead of �[U ] is required). In Chap. 4 free energy
expansions are studied as a means to obtain an explicit expression of the
external potential U as a function(al) of the density �. Although trun-
cated free energy expansions can serve as preconditioners, they can not
incorporate all intricacies of the full inverse density functional. To �nd
an explicit expression for the inverse density functional remains an open
problem.

2.4 Extensions

The model as it is described in this chapter is not full-grown. It functions
as the basis for extensions towards a model which can account for many
di�erent physical phenomena that are of importance in the processes
that take place when a complex liquid is quenched, mixed, extruded or
engineered in any other way. A couple of extensions to the model are
dealt with in this thesis, where the emphasis is always on increasing
the relevance of the numerical results compared to experimental results.
The compressibility of the system can be included via an addition to
the nonideal free energy that accounts for excluded volume interactions
(Chap. 5). Physically more relevant kinetic models, such as the Rouse
model which includes nonlocality, are discussed in Chap. 6. The deriva-
tion of the stress tensor (and hence the pressure) in Chap. 7 allows for
simulations under constant pressure conditions instead of constant vol-
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ume simulations. Simulations in an npT -ensemble resemble experimental
conditions more closely. The inclusion of hydrodynamics via a very sim-
ple force balance, provides a �rst step towards representing mixing and
shearing of a complex liquid (see Chap. 8), which is of major importance
in many industrial processes. A more extensive discussion of shearing
copolymer melts can be found in Ref. 10. The inclusion of viscoelas-
tic e�ects which account for most rheological properties, is discussed in
Chap. 9. Some topics that are of relevance for further increasing the ap-
plication area of the dynamic mean-�eld density functional method are
treated in Chap. 10.
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