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3.1 Summary

We present new quadrature rules (stencil operators) for the e�cient in-
tegration of Gaussian chain polymer density functionals on a uniform 3D
grid for di�erent ratios between the Gaussian bond length parameter and
the mesh width. The algorithm is in essence o�-lattice. The quadrature
rules are such that the isotropy on the grid is maximal. Also the long
length scaling of the numerical functionals is guaranteed to be identical
to analytical results. Furthermore, we achieve a good accuracy in the
entire frequency domain. A comparison with existing lattice models is
included. It is shown that the traditional cubic lattice chain model may
lead to unphysical singularities in copolymer melt inverse structure fac-
tors. Finally, we briey discuss the implementation of stencil operations
on parallel platforms.

3.2 Introduction

In this paper we present e�cient and accurate quadrature rules for Gaus-
sian polymer density functionals in 3D. Polymer density functionals arise
in a variety of Self Consistent Field models for polymers at interfaces,
polymer materials, and in general all kinds of complex liquids contain-
ing chain molecules. We use polymer density functionals for mesoscopic
dynamic simulations of microphase separation in polymer materials.7
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Many more applications can be found in several textbooks and major
articles.12,37,39,45,46

A particularly important Self Consistent Field model with consider-
able success is that of Scheutjens and Fleer.40,47 The model belongs to
the class of 1D or 2D lattice models, originating from ideal lattice chain
statistics models of the 1970's.48 These lattice models restrict the set of
conformations of the chain molecules by placing the beads on a lattice
(Fig. 3.1a). In this case the quadrature (or numerical integration) rule

h
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Figure 3.1 Diagram of lattice chain model and continuum Gaussian chain

model. In (a) is a polymer lattice chain conformation. The joints of the chain are

collocated on the lattice points, the bond length is the lattice spacing h. In (b)

is a conformation of a Gaussian chain in a continuum model. The beads can be

placed freely, the bond length is variable. The grid in (b) does not restrain the

polymer conformations.

for the density functional reduces to the weighted summation of all con-
formations that satisfy a constraint, which may e.g. �x a certain bead at
a certain lattice point. Since the number of conformations is �nite, the
summation amounts to an exact enumeration. The Wageningen school
has shown that lattice models are relatively simple, rapid and that they
can easily be adapted to a wide range of systems.40,45,47,49,50
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However, after some preliminary 3D standard cubic lattice calcula-
tions of structure factors of copolymer melts we found that it is necessary
to re-evaluate the basic numerical aspects of the standard lattice mod-
els. First, we found that the conformation restriction inherent in the
lattice models can lead to unphysical singularities in the inverse struc-
ture factor for copolymer melts (see Section 3.4). As a consequence, the
mapping between density �eld and external potential may have a null
space. Second, we found that the cubic lattice chain structure factor
for copolymer melts has strong intrinsic anisotropies, especially on bond
length scales (see Fig. 3.2). The anisotropies are an important source for
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Figure 3.2 Inverse structure factors for the symmetric Gaussian chain block

copolymer melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a

h
= 1.

( ) continuous inverse structure factor, ( ), cubic lattice chain

inverse structure factor in direction (jqj; 0; 0), ( ) cubic lattice chain

inverse structure factor in direction (jqj=p2; jqj=p2; 0), ( ) cubic lattice

chain inverse structure factor in direction (jqj=p3; jqj=p3; jqj=p3). Notice that

because of the singularity, we have plotted a limited domain with respect to the
domains used in Figs. 3.3 to 3.5.

the well-known numerical plague of lattice models, the so-called `lattice-
artefacts'.

Here, we present new stencil algorithms which avoid many of the
drawbacks of the classic lattice models, while the extra computational
cost is modest. (Another word for stencil is `computational molecule'.)
The stencil is derived for the Gaussian chain model. In contrast to the
classic lattice models, the grid does not restrain the polymer conforma-
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tions (see Fig. 3.1b). The derivation consists of �nding a unique and
optimal set of stencil coe�cients for a convolution with a Gaussian ker-
nel, adapted to the special case of polymer density functional calcula-
tions. Stencil coe�cients are the multipliers of the function values at
corresponding grid points. We have considered both the optimal ratio
between the bond length parameter a and the mesh width h and smaller
values of a

h
(see Section 3.5). The stencil coe�cients can of course also

be used in 1D or 2D calculations by simple projection from 3D. We de-
rive the coe�cients with a particular system, the copolymer melt, in
mind. Extension to multicomponent mixtures is trivial. Likewise, there
should be no di�culty in incorporating the new algorithms in existing
Self Consistent Field computer programs.

The stencil algorithms are very accurate, isotropic, rapid, and in
essence o�-lattice. Because of the Gaussian chain statistics built directly
into the algorithm, the calculations with the new stencil may be com-
pared immediately to the currently popular RPA expansion methods12,39

and general Gaussian density functional calculations.46,51{53 Almost all
of these methods are also based on the Gaussian chain model.

Since we use polymer density functionals to calculate microphase sep-
aration in large 3D systems, we have also investigated the parallelization
(using domain decomposition methods) and optimization (exploiting the
symmetry of the Gaussian kernel) of stencil operations on multiprocessor
systems with distributed memory.

3.3 Gaussian chain model

The properties of the Gaussian chain model are well documented.37,39

Consider a copolymer chain of N beads, in a certain conformation spec-
i�ed by the coordinates of the beads fR1; � � � ;RNg. The statistical dis-
tribution function is

	 (R1; � � � ;RN) = e�[ 3

2a2

P
N

s=2
(Rs�Rs�1)

2+�
P

N

s0=1
U
s0 (Rs0 )]: (3.1)

The external �elds Us0 are in units kT and a is the Gaussian bond length
parameter. The ensemble average density �s(r) of a certain bead s at
position r in space is the statistical average of the delta operator �(r�Rs):

�s[U ](r) /
Z
V N

	(R1; � � � ;RN) �(r�Rs)dR1 � � �dRN : (3.2)

The notation convention is that �s[U ](r) denotes a functional of the ex-
ternal �elds fU1(r); � � � ; UN(r)g, and as such a function of the spatial co-
ordinate r. The familiar Feynman decomposition of the Gaussian chain
path integral results in the well known `modi�ed di�usion' algorithm.37,39

In our case, where sequence space is discrete, the density functional reads:

�s(r) / Gs(r)�[G
inv
s+1](r): (3.3)

26 QUADRATURE RULES



The sets of (once integrated) Green functions Gs(r) and Ginv
s (r) are re-

lated by the recurrence equations

Gs(r) = e��Us(r)�[Gs�1](r);

Ginv
s (r) = e��Us(r)�[Ginv

s+1](r); (3.4)

with G0(r) = Ginv
N+1(r) = 1. The linkage operator � is de�ned as a

convolution with a Gaussian kernel:

� [f ] (r) �
�

3

2�a2

� 3

2
Z
V
e�

3

2a2
(r�r0)2f(r0)dr0: (3.5)

Notice that the Green propagator method to calculate the density func-
tional (3.2) yields an exact answer. Now, the crucial point of the new
algorithm is a numerical representation of the linkage operator �, given a
cubic uniform grid with mesh width h, which is both e�cient and accu-
rate. E�ciency is crucial, since the linkage operation has to be repeated
2 (N � 1) times for a single density functional calculation. Furthermore,
if the numerical representation of the linkage operator is not accurate,
its repeated application will result in error accumulation, especially in
the small q-range, i.e. on chain length scales. Large errors in the high
q-range are also undesirable, since they may disturb the bijectivity of
the mapping between density �eld and external potential (see Section
3.2). Bijectivity means that there belongs exactly one potential to each
density �eld and vice versa.

In principle, since the linkage operator is a convolution operator, it
may be calculated using Fast Fourier Transforms. This has several dis-
advantages. First, FFT's are slow on parallel computers because the
operation is global. Second, the kernel is spherically symmetric and this
property is not utilized by the FFT. Another possibility would be to
use classical quadrature rules with equally spaced abscissas.54 To ob-
tain a quadrature rule with the same accuracy as our method, one has
to choose h � a, and represent the linkage operator by a large stencil
with many coe�cients. This is not practical for large scale operations
with V � (Na)3. Gaussian quadrature rules are in general very accu-
rate (and even exact for classes of polynomials of a certain degree) using
only a few abscissas, but the abscissas are not equally spaced.54,55 This
makes this method not applicable. Quadrature rules based on �nite ele-
ment principles (by representing the function f locally by a �nite number
of basis functions, such as cardinal basisfunctions, B-splines or trigono-
metric functions) may also be used. Unfortunately, if a 27-points stencil
is used, this method yields quadrature rules of little accuracy. Especially
the error in the small q-range remains rather large.

We propose a method that enables us to represent the linkage oper-
ator e�ciently and accurately with simple compact stencil operators by
utilizing its spherical symmetry. Two cases are discussed in detail: (1)
a 27-points stencil which is optimal in the sense that the value of a

h
is

determined by constraints and (2) variable stencils with free values of a
h
.

In case (1) we �nd that the linkage operator � is accurately represented
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in the entire discrete Fourier space, i.e. all continuous functions f that
can be represented accurately by a (�nite) discrete Fourier series on the
grid, can be integrated with a very high accuracy.

3.4 Derivation optimal Gaussian stencil coe�cients

The goal is to �nd a stencil operator that accurately represents the link-
age operator � such that: i) the small frequency scaling is identical to
known analytical scaling behaviour for the Gaussian chain (to assure ac-
curate physical behaviour), ii) the large frequency scaling is identical to
known analytical scaling behaviour for the Gaussian chain (to assure bi-
jectivity of the density-external potential mapping) and iii) the isotropy
is maximal on the grid. A 27-points stencil is the most compact stencil
that meets all constraints.

First, we reduce the number of parameters by invoking symmetry
rules, similar to the polyhedra rules used in multidimensional integration
of symmetric kernels.54 We restrict the linkage operator to a uniform
grid:

�[f ] = c0f(r) +
X
i

ci
2
[f(r+ ri) + f(r� ri)]; (3.6)

where f is an arbitrary �eld, ri is a lattice vector and ci is a stencil
coe�cient. It is easy to see that due to the symmetry of the linkage
operator, there is considerable redundancy in the stencil coe�cients. For
a 27-points stencil only 4 reduced coe�cients remain; a central coe�cient
c0 and three coe�cients for each symmetry-reduced stencil direction; c1
in direction (1; 0; 0), c2 in direction (1; 1; 0) and c3 in direction (1; 1; 1).

Second, we guarantee maximum isotropy on the grid and bijectivity of
the density-external potential mapping by imposing that the continuum
and discrete (gridrestricted) linkage operators are identical for

q 2 f(0; 0; 0); (
�

h
; 0; 0); (

�

h
;
�

h
; 0); (

�

h
;
�

h
;
�

h
)g: (3.7)

Notice that the latter three points give the maximum frequencies in all
symmetry-reduced stencil directions. In Fourier space the linkage opera-
tor is: Z

V
�(f)e�iq�rdr = �qfq; (3.8)

where the Fourier multipliers �q are given by

�q =

8>><
>>:

e�
a
2jqj2

6 continuum
3P

i=0
ci

diP
j=1

cos[q � rij] discrete
: (3.9)

Here, di is the number of independent lattice vectors in symmetry-reduced
stencil direction i (e.g. d0 = 1 and d3 = 4), rij denotes the j-th lattice
vector in stencil direction i (e.g. r01 = 0, r12 = (0; h; 0), r23 = (0; h; h)

28 QUADRATURE RULES



and r34 = (h;�h;�h)). The maximum isotropy condition leads to a set
of four linear equations in six unknowns.

Notice that we could also choose the parameters such that

X
qion grid

(�disc
qi

� �cont
qi

)2; (3.10)

is minimized. Since the error is then spread over the entire Fourier space,
this method does not ensure an accurate approximation in the small and
large q-range.

Finally, we guarantee that the long length scalings of the continuum
and discrete Fourier multipliers are identical by also equating the cur-
vatures in the point q = (0; 0; 0): Because of symmetry, it is su�cient
to equate the two curvatures in direction (1; 0; 0), which gives a �fth
relation.

The four relations from the isotropy condition and the relation from
the scaling condition together determine the four stencil coe�cients c0,
c1, c2, c3, and the grid mesh width h (in units a). The stencil coe�cients
for other values of a

h
will be discussed in Section 3.5. The nonlinear

equations can easily be solved numerically. The unique solution is (6
digits accuracy):

c0 = 0:171752;

c1 = 0:137231;

c2 = 0:0548243;

c3 = 0:0219025;
a

h
= 1:15430: (3.11)

In Fig. 3.3 we plotted the inverse structure factor of an athermal A50B50

block copolymer melt, using the new quadrature rule and known analyt-
ical results from RPA. We recall the formula for the structure factor:12

So�1 =
So
AA + So

AB + So
BA + So

BB

So
AAS

o
BB � So

ABS
o
BA

; (3.12)

where (for discrete sequence space):

So
IJ =

1

N

NX
s=1

NX
s0=1

�Is�Js0�
js�s0j
q : (3.13)

By using the quadrature rule to calculate the (inverse) structure factor
we can check if repeated application does not lead to error accumula-
tion. From Fig. 3.3 it is immediately clear that the quadrature rule is
extremely accurate. The di�erence with exact results is very small in the
entire q-range, and the isotropy is excellent. In contrast, in Fig. 3.2 we
compare the inverse structure factor of the exact continuum Gaussian
chain model with that of the cubic lattice chain. (Using the Fourier mul-
tiplier of the cubic lattice chain �q =

1
3
(cos [qxh] + cos [qyh] + cos [qzh]).)
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Figure 3.3 Inverse structure factors symmetric Gaussian chain block copolymer

melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a
h
optimal. ( )

continuous inverse structure factor, ( ) discrete inverse structure factor

(27-points stencil) in direction (jqj; 0; 0), ( ) discrete inverse structure

factor (27-points stencil) in direction (jqj=p2; jqj=p2; 0), ( ) discrete

inverse structure factor (27-points stencil) in direction (jqj=p3; jqj=p3; jqj=p3).

The discrete inverse structure factors have been plotted for all discrete frequencies.

Clearly, the di�erence between the two chain models is enormous, es-
pecially for the high q-values. The cubic lattice chain inverse structure
factor is even in�nite for the highest grid frequency (�

h
; �
h
; �
h
) where its

Fourier multiplier equals -1. This is the singularity referred to in Section
3.2. It can easily be understood that the singularity introduces a null
space in the mapping between density �eld and external potential. If we
would add any external potential of the type cos[n�x

h
] cos[m�y

h
] cos[ l�z

h
] (=

3D checkerboard �eld) to a homogeneous melt, the cubic lattice chain
model would predict that the net response of the densities (given by the
structure factor) is zero. In this case, the discrete density-external po-
tential mapping is not bijective, because several potentials map onto the
same density. Also, it is evident that the cubic lattice chain is not a very
isotropic model, since the behaviour along the various stencil directions
is quite di�erent (see Fig. 3.2).
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3.5 Stencil coe�cients for other values of a
h

An important general reason to study discrete approximations of the
Gaussian chain Fourier multiplier for other values of a

h
than the optimal

value of 1.15430 is that we would like to use coarse-grained stencils in
case of small gradients. In general, the mesh width should be chosen such
that the phenomenon of interest can be observed, i.e. if there is a spatial
structure, then the mesh width should be much smaller than the structure
size. More accurate bounds on the ratio a

h
for symmetric block copolymer

melts of di�erent lenghts N were obtained by numerically evaluating the
optimum jqj = q� of the structure factor (3.12) and demanding that the
domain size D� = �

q�
in equilibrium is larger than 4h. This yields:

N q� D�
�
a
h

�
min

50 0:675=a 4:655a 0:859
100 0:477=a 6:590a 0:607
200 0:337=a 9:322a 0:429
400 0:238=a 13:18a 0:303

In choosing h beforehand, we lose one degree of freedom in the quadrature
rule. There are several properties that the coarse-grained stencil (with
a
h
< 1:15430) must possess: i) the small frequency scaling behaviour of

the stencil and the Gaussian chain Fourier multiplier must be similar, ii)
the stencil must be as isotropic as possible to avoid lattice artefacts and
iii) bad scaling in the high q domain must also be avoided, since this may
introduce a null space in the mapping between density �eld and external
potential (see Section 3). A practical computational demand is that the
stencil must be as small as possible in terms of the number of grid layers
that is involved (for easier parallelization using domain decomposition,
see Section 5) and as small as possible in terms of the number of grid
directions that is involved.

The stencils that are considered are the 27-points stencil described
earlier, a 33-points stencil with 5 reduced coe�cients where c4 is the
coe�cient for the symmetry-reduced stencil direction (2; 0; 0) and a 125-
points stencil with 10 reduced coe�cients that are de�ned in a similar
way.

The stencils leave us with respectively 4, 5 and 10 degrees of freedom.
Two degrees of freedom are immediately determined by the following
demands that assure good scaling behaviour and isotropy in the small
q-domain: i) the stencil and the Gaussian chain multiplier must have
the same value in the origin and ii) the stencil and the Gaussian chain
multiplier must have the same curvature in the origin.

For the 27-points stencil with 4 degrees of freedom, we found that
the following approach yields the most accurate quadrature rule: i) the
discrete and continuous Gaussian chain multipliers must have the same
value in the origin, in q = (3�

4h
; 3�
4h
; 0) and in q = (3�

4h
; 3�
4h
; 3�
4h
) and ii) the

stencil and the Gaussian chain multiplier must have the same curvature
in the origin. Other approaches, including �ts in other points, have been
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considered. They either generate an unsolvable set of linear equations
or a quadrature rule which has a worse accuracy in a larger part of the
domain. The approach described above gives an excellent �t for small q
and the best overall accuracy and isotropy for a 27-points stencil. For
example, for a

h
= 0:607, we �nd by solving a set of 4 linear equations:

c0 = 0:597281;

c1 = 0:131354;

c2 = 0:00859723;

c3 = �0:0107317: (3.14)

In Fig. 3.4 we plotted the inverse structure factor of an athermal A50B50

block copolymer melt, using the 27-points stencil and the known analyt-
ical results for a

h
= 0:607. Since the accuracy in the (1; 0; 0) direction
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Figure 3.4 Inverse structure factors symmetric Gaussian chain block copolymer

melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a
h
= 0:607. ( )

continuous inverse structure factor, ( ) discrete inverse structure factor

(27-points stencil) in direction (jqj; 0; 0), ( ) discrete inverse structure

factor (27-points stencil) in direction (jqj=p2; jqj=p2; 0), ( ) discrete

inverse structure factor (27-points stencil) in direction (jqj=p3; jqj=p3; jqj=p3).

The discrete inverse structure factors have been plotted for all discrete frequencies.

is not yet optimal, we use the extra degree of freedom of the 33-points
stencil to obtain a better �t here. Other approaches have been tried out,
but the best overall accuracy is again obtained by a straightforward ex-
tension of the 4-degrees of freedom �t; now we also �t the stencil to the
Gaussian chain multiplier in q = (3�

4h
; 0; 0).
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We then �nd by solving a set of 5 linear equations in 5 unknowns for
a
h
= 0:607:

c0 = 0:590284;

c1 = 0:124758;

c2 = 0:0118953;

c3 = 0:00121149;

c4 = �0:0135922: (3.15)

The result for the inverse structure factor for a
h
= 0:607 is plotted in

Fig. 3.5. We achieve a very good accuracy in the entire q domain and a
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Figure 3.5 Inverse structure factors symmetric Gaussian chain block copolymer

melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a
h
= 0:607. ( )

continuous inverse structure factor, ( ) discrete inverse structure factor

(33-points stencil) in direction (jqj; 0; 0), ( ) discrete inverse structure

factor (33-points stencil) in direction (jqj=p2; jqj=p2; 0), ( ) discrete

inverse structure factor (33-points stencil) in direction (jqj=p3; jqj=p3; jqj=p3).

The discrete inverse structure factors have been plotted for all discrete frequencies.

maximum isotropy on the grid. For very small values of a
h
the value of

c4 becomes negligible.
We have also considered a 125-points stencil with two full grid lay-

ers. Despite the extra 5 degrees of freedom, there is no special bene�t
compared to the 33-points stencil in using a large 125-points stencil. In
most of the cases that were considered we ended up with similar �ts in
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the three main grid directions and some extra accuracy in the additional
grid directions. Also, there was no noticeable improvement in isotropy of
the stencil. If extra demands are made concerning higher order deriva-
tives in the origin, we �nd that we are not able to �t well in the (1; 0; 0)
direction.

Thus, for many practical purposes, if the number of grid layers must
be minimal by using a 27-points stencil, then the proposed �tting pro-
cedure yields reasonable good quadrature rules for all values of a

h
. In

special cases, when a higher accuracy is required, the best quadrature
rule is obtained using the �tting procedure for the 33-points stencil.

3.6 Implementation of stencil operations on parallel platforms

Optimization of the single-node stencil operation

The basic idea of our optimization strategy is to exploit the isotropy

of the stencil operation and to reuse various terms once they have been
calculated. Because of the symmetry of the stencil operation, the number
of memory loads and operations can be reduced considerably within the
inner loop. The price we have to pay for this optimization consists of
some setup operations outside the inner loop and more complex code.
The results (see Table 3.1) seem to justify these inconveniences.

implementation of IBM RS/6000 IBM RS/6000 SGI Power
stencil operation 590� 390� Challenge�

Fortran C Fortran C Fortran C

\standard" 0.78 0.87 0.86 1.06 0.73 1.99
optimized 0.32 0.44 0.38 0.55 0.50 1.10
optimized { 0.30 { 0.39 { 0.47
(using \disjoint" (IBM)
and -OPT:alias=restrict (SGI))
\cshift" 38 { 44 { {

Table 3.1 Measured times on various workstations for the 27-point stencil

operation on a 128x128x128 lattice (in seconds).

The Fortran compiler assumes all arrays to be static and nonover-

lapping and can therefore use much more aggressive optimization tech-
niques56 than a C compiler. As can be concluded from the second row in
Table 3.1, this yields much better results for the Fortran compiler.

If we explicitly tell the C compiler that the new and old �elds for the
density are disjoint we obtain results that are very competitive to the ones
measured using Fortran. This may be done by applying the disjoint

directive (either as a #pragma statement or as a compiler directive) for
the IBM \C for AIX" compiler (release 3.1.1)57,58 and by applying the
-OPT:alias=restrict compiler directive for the Irix C compiler.

Other remarkable results are obtained by using Fortran90 cshift

operations, showing that this results in a performance degradation of
about 2 orders of magnitude.
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Parallelization of the stencil operation

We parallelized the stencil operation on MIMD systems using domain
decomposition methods.59,60 The cubic uniform lattice is divided into
sublattices which are each associated with one processor. On each sub-
lattice the optimized stencil operation is performed and the data at the
boundaries of each sublattice needed by neighbouring processors are sent
via messages and stored using \ghost points" on each processor. It is es-
sential in this approach, that on each of the processors only the memory
to store the local sublattice (including it's \ghost points") is allocated,
thus allowing the size of the global lattice to scale with the number of
processors.

The code has been implemented on an IBM 9076 SP2 multiprocessor
system with thin nodes using the Argonne National Laboratory/Mis-
sissippi State University MPICH implementation of the MPI message
passing library.59,61 Table 3.2 shows the times measured for various lat-
tice sizes and various numbers of processors. The number of processors is
denoted by the product of the number of processors in each grid direction.

total no. division lattice sizes
of procs. of procs. 128� 128� 128 256� 256� 256
1 1� 1� 1 0.386 (100%) 3.088 (8�0:386, 100%)
2 2� 1� 1 0.228 (84%) | (due to memory limits)
4 4� 1� 1 0.128 (75%) 0.980 (78%)
8 8� 1� 1 0.077 (62%) 0.510 (75%)
16 8� 2� 1 0.048 (50%) 0.267 (72%)
16 16� 1� 1 0.051 (47%) 0.293 (65%)
27 3� 3� 3 0.042 (34%) 0.227 (50%)
32 32� 1� 1 0.052 (23%) 0.191 (50%)
32 8� 4� 1 0.030 (40%) 0.144 (67%)
42 7� 3� 2 0.029 (31%) 0.130 (56%)
48 4� 4� 3 0.030 (26%) 0.130 (49%)
49 7� 7� 1 0.025 (31%) 0.106 (59%)
50 5� 5� 2 0.025 (30%) 0.116 (53%)
56 8� 7� 1 0.024 (25%) 0.104 (46%)

Table 3.2 Measured times (in seconds) and e�ciencies (between brackets) for

the parallelization of the 27-points stencil on an IBM 9076 SP2 (thin nodes)

multiprocessor system for various lattice sizes.

The scalability of the parallelization as presented in Table 3.2 could
drastically be increased by overlapping communication and computation.
This can be done by using the nonblocking communication modes of
MPI59,61 and must be supported by the multiprocessor system.

3.7 Conclusion

A few simple considerations lead to new stencil algorithms for the e�-
cient calculation of Gaussian chain polymer density functionals in 3D.
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The stencil algorithms (quadrature rules) are essentially o�-lattice. The
unique optimal stencil coe�cients result in a maximally isotropic and
exact long length scaling behaviour of the numerical polymer density
functionals. The boundary conditions on the stencil coe�cients and the
shape of the stencil can easily be adapted to other applications. The
quadrature rules can easily be incorporated in existing Self Consistent
Field and dynamic density functional computer programs. We have also
shown that some simple arguments lead to e�cient optimization and par-
allelization of stencil operations on parallel platforms.

The following terms, denoted by an asterisk (*) at their �rst occurrence in this chap-

ter, are trademarks or registered trademarks as follows:

RISC System/6000 Scalable POWERparallel Systems IBM
IBM 9076 SP2 IBM
T3D Cray Research Inc.
Power Challenge Silicon Graphics Inc.
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