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1 GENERAL INTRODUCTION

1.1 Complexity theory

Complexity theory as a science already exists for a few decades. My
personal interest in complexity was raised in the summer of 1996 when
I visited the Complex Systems Summer School of the Santa Fe Institute
in New Mexico. After working on the modeling of microphase separation
processes in polymer liquids for almost two years, I became interested
in similarities between and underlying principles of di�erent models that
describe pattern formation in chemical, biological and physical systems,
stimulated by an excellent paper in Science.1 By that time I had already
realized that working with people with very di�erent backgrounds on a
daily basis in a multi-disciplinary environment, stimulates creativity and
enhances the exchange of principles from di�erent sciences. It seemed a
logical step to apply for the summer school and visit the Santa Fe Insti-
tute for a one-month stay. Many topics that I had encountered in my own
research, such as nonlinearity, global order from local interactions, self-
organization in complex systems and the importance of di�erent scales in
a system, were and are dealt with by the scholars of complexity. I enjoyed
a month of stimulating lectures on 'complex' topics as diverse as brain
imaging, the immune system, evolutionary modeling, neural networks,
cellular automata, spin glasses, protein folding and energy landscapes,
biological regulation and the measurement and de�nition of complex-
ity. I discussed until late at night with scientists from a wide range
of disciplines, got a taste for spicy food, visited Anasazi remains and
Adobe-buildings (Fig. 1.1), hiked the astonishingly beautiful mountains
around Santa Fe in the burning sun and �lled my head with ideas. Back
in Groningen, I thought and read more (popular books) about complex-
ity2{6 and decided that the study of complex systems will probably not
lead to a 'theory of everything'. Moreover, I do not believe in some
basic complexity ideas such as that there are always simple rules that
underlie complex patterns. Nor do I think that for similar properties in
di�erent systems to exist on macroscopic scales, the underlying theory
must be irrelevant and replaceable. However, some of the principles in
complexity theory are very appealing. Realizing that simple elements
that interact via simple rules in a local manner, can give rise to global
emergent properties due to nonlinearity and the presence of a hierarchi-
cal structure and disparate space and time scales, has de�nitely lead to
more insight in a number of complex systems. Many complexity studies
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Figure 1.1 Adobe-building in Santa Fe, New Mexico.

focus on the computer as a tool and use neural nets, genetic algorithms
and evolutionary strategies to do statistical analysis of the huge amounts
of possible outcomes that are generated by combination of simple rules.
Although I make ample use of the computer in my own research, I believe
that a good model should not only be based on statistics, but should also
incorporate mechanisms. Complex structures should be studied as the
result of active processes.

Complex polymer liquids, the topic of this thesis, form complex sys-
tems in which active processes (as in many pattern forming systems in
chemistry and physics) play an important role. The polymer liquid is
clearly complex in the sense of this introduction. The elements (poly-
mers) are simple but put together (and quenched, mixed or sheared)
they form a variety of emergent patterns due to phase separation and
reaction processes. The phenomena of importance are active on di�er-
ent length and time scales and the system is self-organizing. Instead of
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modeling a polymer liquid using a phenomenological approach incorpo-
rating a balance of competing interactions,1 I have tried to go beyond
phenomenology by including microscopic static and dynamic information
in the system description. An approach in the spirit of complexity us-
ing as much microscopic information as possible and letting the simple
basic elements (polymers) interact via more or less local rules (di�usion,
reactions, convection), with additional attention to the active processes
in the system, is in this thesis shown to lead to answers that are not
accessible from a phenomenological point of view.

Pattern formation due to phase separation can be modeled on three
di�erent levels. On one end of the scale are the microscopic models,
which are based on detailed molecular descriptions and which are inte-
grated using e.g. Monte Carlo or molecular dynamics algorithms. On the
other end of the scale are the macroscopic models which are often based
on equations of state and �tted to macroscopic phase diagrams. This is
the domain of the chemical engineer. In between in both length and time
scales are the mesoscopic models, which may use local concentration vari-
ables as collective variables to describe self-organizing structures. Typical
length scales are 10-1000 nm, typical time scales are up to milliseconds or
even seconds. In the past years, both microscale and macroscale model-
ing has been very successful. However, physical, chemical and biological
properties of materials are determined by mesoscale structures to a large
extent. Models that are generally applicable to mesoscale materials are
at present still missing.

1.2 Outline of this thesis

In this thesis I show how a mathematical model, that incorporates static
microscopic information and dynamic phenomena, can be developed and
used to predict structures in industrially processed complex liquids such
as copolymer melts.

Mesoscale morphologies that develop as a result of molecular prop-
erties and processing conditions (mixing, quenching, extruding, shear-
ing) determine industrially interesting material properties, such as tear
strength, to a large extent. The model that is developed in this thesis
should eventually lead to a tool that allows a chemical engineer to design
processing conditions such that a particular nano- or microscale structure
can be made in bulk quantities.

The basis of this work is the dynamic mean-�eld density functional
theory as it is described in Ref. 7. The history of the dynamic mean-�eld
density functional theory is rather short. From 1994 to 1997 the method
was developed in an EC-funded pilot-project #8328 called CAESAR.
Partners were the University of Groningen, IBM Heidelberg, MSI Cam-
bridge and BASF Ludwigshafen. In a follow-up ESPRIT project #22685
called MesoDyn, the method is currently being further developed into
a commercially available mesoscale chemical engineering software tool.
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The MesoDyn project will run until 2000 and has as added end-user
partners Shell Chemicals in Amsterdam and Norsk Hydro in Oslo.

In the dynamic mean-�eld density functional method, by using a free
energy description for an ensemble of individual chains in a mean-�eld
environment, the architecture of the copolymers, the connectivity of the
monomers, the stretching of the copolymers and the cohesive and ex-
cluded volume interactions between the copolymers in the melt can be
properly accounted for. The free energy is not truncated at a certain level
as in many phenomenological models. Instead, the full path integral is
retained using a numerical procedure.

A generalized convection-di�usion model accounts for the mobility of
the copolymers, hydrodynamic e�ects and stresses on the system such
that the static properties and dynamic processes are accurately repre-
sented. The model is very exible and its parameterization is largely
based on direct insertion of known values of (thermodynamic) polymer
properties such as viscosity, compressibility, surface tension or vapor pres-
sure. Since the method heavily depends on computer calculations, nu-
merical aspects have also been studied. The outline of the remaining
chapters of this thesis is as follows:

Chapter 2 - Dynamic mean-�eld density functional theory

In this chapter the dynamic mean-�eld density functional theory is ex-
plained in more detail. Since the other chapters are based on articles
that were written as a result of my research, the contents of Chap. 2
will return a few times in condensed form. The interested reader can
refer to this chapter for the details of the method that rely on statisti-
cal mechanics and thermodynamics. The basic underlying model for the
dynamics is also discussed. Some aspects of the method, such as parame-
terization (which is discussed extensively in Ref. 8) and numerics that are
not the topic of this thesis, but may be considered essential background
information, are also treated.

Chapter 3 - Quadrature rules for a Gaussian chain polymer

density functional in 3D

The cubic lattice model for the copolymer as it is originally used in the
dynamic mean-�eld density functional theory is shown to lead to unphys-
ical singularities in the inverse structure factor. In order to be able to
do calculations in 3D, an essentially o�-lattice algorithm should be used
for calculating the (co)polymer density functional. New quadrature rules
(stencil operators) are presented for the e�cient integration of Gaussian
chain polymer density functionals on a uniform 3D grid for di�erent ra-
tios of the Gaussian bond length parameter and the mesh width. The
quadrature rules are such that the isotropy on the grid is maximal. The
long length scaling of the numerical functionals is identical to analytical
results and a good accuracy is achieved in the entire frequency domain.
Comparison to other commonly used numerical integration techniques is
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provided. The quadrature rules that are described in this chapter are
currently being used for all dynamic mean-�eld density functional calcu-
lations of isotropic complex polymer liquids in which viscoelastic e�ects
are of less importance.

Chapter 4 - Application of free energy expansions to mesoscopic

dynamics of copolymer melts using a Gaussian chain molecular

model

The dynamic mean-�eld density functional method is computationally
quite intensive mainly because the dynamics is implicit in the densities.
This chapter discusses the feasibility of an explicit expression for the dy-
namics, in which an analytical expression for the external potential as
a function(al) of the densities would be required. An expansion of the
external potential is introduced, similar to free energy expansions. This
expansion is valid for both compressible and incompressible multicom-
ponent copolymer melts using a Gaussian chain model. The expansion
is similar to the well-known Random Phase Approximation (RPA) but
di�ers in some important aspects. Also, the application of RPA-like free
energy expansions to dynamics is new. The derivation in this chapter
leads to simple expressions for the vertex coe�cients, which makes nu-
merical calculation of their full wave vector dependence possible, without
assuming an ordered morphology as is common practice in most equilib-
rium studies of copolymer melts. The mathematically derived fourth
order vertex is found to be negative for some wave vectors which has
important consequences for especially the simulation of mesoscopic dy-
namics. Fitting the vertex coe�cients by a special procedure to overcome
the expensive calculation of the expansion is shown to also provide ana-
lytical parameters for a gradient free energy expansion. This allows for
a whole new class of phase separation models to be de�ned. In principle
the ideas in this chapter lead to new free energy models that may look
phenomenological, but that have parameters which can be directly de-
rived from molecular polymer properties. The free energy functional as
it is used in the dynamic mean-�eld density functional method hence en-
compasses most phenomenological free energy models and is much richer
in behaviour.

Chapter 5 -Mesoscopic phase separation dynamics of compress-

ible copolymer melts

In this chapter the dynamic mean-�eld density functional method is
extended to the mesoscopic dynamics of compressible polymer liquids.
Although most polymer melts are only slightly compressible, some phe-
nomena may be observed in experiments that are due to excluded volume
e�ects. One example is the 'density dip' at domain interfaces. Di�erent
classes of compressibility models are discussed and compared: exactly
incompressible, Helfand's harmonic penalty model and a cell model. Nu-
merical results are discussed which show that the penalty model is a very
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practical and easy-to-use solution, which correctly reproduces experimen-
tally observable compressibility e�ects. In the current nV T -ensemble
dynamics algorithms application of the cell model leads to a variation of
the pressure and, depending on conditions, the system develops liquid-
gas transitions. The morphology of a phase separated diblock copolymer
melt around a gas bubble has intruiging structures, with lamellar phases
oriented towards the gas-liquid interface. Similar morphologies can be
observed in systems with solid particles, where lamellae are oriented per-
pendicular to the interfaces,9 depending on the size of the pores between
particles.

Chapter 6 - External potential dynamics: nonlocal kinetic cou-

pling in mesoscopic dynamics of copolymer melts

Nonlocal kinetic coupling is applied to the dynamic mean-�eld density
functional method, which in its �rst version only incorporated a local
coupling approximation. Experimental results show that the Onsager
coe�cient is dependent on spatial frequencies. The general theory of
time evolution of density variables with general kinetic coe�cients that
was developed by Kawasaki and Sekimoto is discussed in this chapter.
The limits of the theory that yield the local coupling approximation,
the collective Rouse dynamics model and the reptation dynamics model
are treated. A simple approximation to the Rouse dynamics model is
shown to lead to a feasible numerical model that includes the essential
physical features of nonlocal kinetic coupling. This results in a dynamic
equation for the external potential instead of the density which allows for
calculations of microphase separation in copolymer melts with increased
relevance to experimental results. As might be expected from a numerical
model that includes nonlocal kinetic coupling, the numerical results show
less defects in the �nal morphology and a faster increase of the order
parameter compared to local kinetic coupling.

Chapter 7 - Equation of state and stress tensor in inhomoge-

neous compressible copolymer melts

In order to study rheological properties of copolymer melts and npT -
ensemble simulations, the pressure and stress components have to be
calculated. In this rather theoretically oriented chapter, an expression for
the global stress in inhomogeneous complex copolymer liquids is derived
by applying the principle of virtual work to the free energy as de�ned in
the dynamic mean-�eld density functional method. This method auto-
matically provides the full stress tensor (deviatoric and isotropic parts)
and hence an equation of state for inhomogeneous compressible copoly-
mer melts. The excluded volume interactions and cohesive interactions
between chains have been explicitly taken into account. Therefore the
expressions for the stress and thermodynamic pressure have a wide range
of validity. The connectivity of the chains is automatically accounted for
and the free energy adapts very well to changes in the molecular proper-
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ties. In the limiting case of homogeneous systems it simpli�es to known
results. In this chapter it is also shown how the pressure and stress can
be numerically evaluated during simulations using a Green propagator al-
gorithm, instead of having to calculate the time dependent con�guration
distribution function explicitly from a Smoluchowski equation. A numer-
ical simulation illustrates how the pressure changes during microphase
separation. In principle the results from this chapter can be used in a
pressure coupling method to perform npT -ensemble simulations of mi-
crophase separation, which are more realistic. Moreover, the expression
for the stress tensor enables the study of the stress-strain relationship in
a phase separating copolymer melt under shear.

Chapter 8 - Hydrodynamic e�ects in 3D microphase separation

of block copolymers

An important step towards incorporating processing conditions in the
numerical simulations of industrial complex liquids is the inclusion of hy-
drodynamic e�ects. The e�ect of shear alone was already demonstrated
in Ref. 10. In this chapter it is shown that it is justi�ed to use Darcy's
approximation for the velocity �eld. This simple model accounts for a
velocity �eld that is proportional to an e�ective local friction force and
reproduces both the increased domain growth and the faster removal of
defects that are a result of hydrodynamics. A simulation of a diblock
copolymer melt is performed to study the viscous e�ects in 3D. The free
energy is shown to decrease twice as fast as in a simulation which only
includes di�usion. The hydrodynamics are shown to be of second or-
der nature and to become important only in the later stages of phase
separation as is also predicted from theoretical analysis. The separation
process proceeds faster because the growth of bulk domains is accelerated
compared to the purely di�usive case.

Chapter 9 - Viscoelastic e�ects in 3D microphase separation of

block copolymers

In this chapter, the dynamic mean-�eld density functional method is ex-
tended to account for viscoelastic e�ects in polymer liquids under shear.
In rheological ow experiments of polymer liquids a number of unusual
e�ects such as shear-thinning and normal stress e�ects can be observed.
Rheologists aim at understanding these phenomena from a microscopic
point of view. In this chapter, the e�ect of simple steady shear on polymer
orientation and elongation is taken into account by adapting the polymer
con�guration distribution function. We propose a simpli�ed model for
Gaussian chains in a simple steady shear ow in which the connected
beads in the chain respond to the ow as independent dumbbells. It is
shown numerically that this model correctly reproduces expected confor-
mational changes. The conformational e�ect is demonstrated to be of
importance only for high viscosity liquids and/or high shear rates.
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Chapter 10 - Outlook to the future

In this thesis, the current status of the dynamic mean-�eld density func-
tional method is described. The area of applications of the method seems
to be growing ever faster due to its �rm basis in thermodynamics and
statistical mechanics and its versatility. In this concluding chapter, I in-
dicate what application areas may be expected in the near future and, in
more detail, in what ways the method has to be extended and adapted
to account for polymerization processes and semi-crystalline materials
which are of great industrial interest.
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2 DYNAMIC MEAN-FIELD DENSITY

FUNCTIONAL THEORY

2.1 Summary

In this chapter the dynamic mean-�eld density functional theory is ex-
plained in more detail. Since the next chapters are based on articles that
were published as a result of my research, the contents of the present
chapter will return a few times in condensed form. The interested reader
can refer to this chapter for the details of the method that rely on sta-
tistical mechanics and thermodynamics. The basic underlying model for
the dynamics is also discussed. Some aspects of the method, such as
parameterization and numerics that are not the topic of this thesis, but
may be considered essential background information, are also treated.

2.2 Introduction

An important question in chemical industry is: 'How do processing con-
ditions such as component concentrations, temperature and mixing con-
ditions, inuence material properties?' The importance of the answer to
this question may be illustrated by HIPS (High Impact PolyStyrenes),
which are currently being produced in great quantities (O(106) tons/year)
because of their wide application area (food, pharmaceutical packaging).
As is shown in Fig. 2.1 the observed HIPS morphologies after processing
are numerous and range from 'droplet' structures to 'labyrinthine' struc-
tures. The resulting mesoscale morphology, which is a result of reaction
and microphase separation processes taking place simultaneously, deter-
mines the strength, elasticity and other material properties to a large
extent. Another example of industrially important mesoscale structures
is provided by composite polymer membranes (Fig. 2.2). These versa-
tile synthetic membranes have applications in e.g. �ltration and dialysis
and are formed through phase separation processes. The asymmetric
membrane morphology dictates the precise permeation and separation.
Being able to predict these mesoscale structures, using only the process-
ing conditions as a priori information, is clearly of utmost importance.

Since the mesoscale structures are a result of dynamic processes, they
are full of defects, irregularly structured and, most of the time, frozen
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Figure 2.1 Di�erent morphologies as observed in High Impact PolyStyrenes.

in a morphology far from thermodynamic equilibrium. The standard
approach to determine polymer phase diagrams of ordered structures at
equilibrium, is to solve some set of Gaussian chain self-consistent �eld
equations for a pre-supposed structure of ideal symmetry (e.g. lamellar,
hexagonal, bcc, gyroid) by minimizing the free energy with respect to
the mesophase lattice parameters.12{15 Because of its inherent assumed
symmetries, this approach fails to describe the irregular structures full of
defects that develop dynamically during industrial processes. To assess
the defect structures one must clearly study their dynamic development
as a result of di�usive, reactive and viscoelastic phenomena.

In the past few years, several groups have developed coarse-grained
models that incorporate the di�usive and hydrodynamic phenomena in
phase separation dynamics, in order to develop simulation tools that
can aid chemical engineers in their task of developing new materials
(see e.g. Refs. 16{18). Typically, the models are of generalized time-
dependent Ginzburg-Landau form.19,20 The prototype of these types of
coarse-grained models is a Z-component functional Langevin equation for
conserved order parameters (modi�cation of model B21) of the following
general form:22

@�I(r)

@t
=

ZX
J=1

Z
V
DIJ (r; r1)�J(r1)dr1

� ��1
ZX
J=1

Z
V

�DIJ (r; r1)

��J (r1)
dr1 + �I (r; t) ;

DIJ (r; r1) = rr � �IJ (r; r1)rr1 ; (2.1)
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Figure 2.2 Composite polymer membrane.11

with particle concentration �elds �I(r) (I = 1; : : : ; Z), transport coe�-
cients �IJ , intrinsic chemical potentials �I � �F=��I (r) (F is the free
energy), ��1 = kBT and noise �elds �I (r; t). The noise distribution is dic-
tated by a uctuation-dissipation theorem.22{24 Notice that the reaction
phenomena are usually neglected in these studies (see also the discussion
in Chap. 10). Most computer simulations that are based on model (2.1)
are limited to two-component incompressible complex (polymer, surfac-
tant) liquids with linear (local) transport coe�cients and simple phe-
nomenological (fourth order) expansion models for the free energy (see
also Chap. 4). An important disadvantage of phenomenological free en-
ergies is that they fail to describe speci�c systems. The link between the
phenomenological parameters and the particular molecules under con-
sideration is often missing and one has to resort to �tting experimental
data.

In contrast to these traditional phenomenological free energy expan-
sion methods,25{27 the dynamic mean-�eld density functional method7,28

does not truncate the free energy at some level, but retains the full poly-
mer path integral by a numerical procedure. A combination of Gaus-
sian mean-�eld statistics and the well-known Ginzburg-Landau model
for time evolution of conserved order parameters allows for a descrip-
tion of the mesoscopic dynamics of speci�c complex liquids without con-
stantly adjusting the parameters. Density functional theory as such is
well established in e.g. condensed matter physics and chemical physics
(see e.g. Refs. 29{31). Applying a dynamic density functional theory
to complex polymer systems7,28 is new however. Recently, other groups
have also started to use this approach.32,33 The strength of the dynamic
mean-�eld density functional method has recently been illustrated by an
application to a Pluronic/water phase diagram.34

The work in this thesis is a compilation and extension of ideas, con-
cepts and theories that are known and that have, in some cases, been
around for decades. Dynamic models to describe (micro)phase separa-
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tion based on a free energy description were already proposed by Cahn
and Hilliard,25 de Gennes27 and Oono and Puri.26,35 Modeling a com-
plex polymer liquid using ideal chain statistics in a mean-�eld is an idea
of Flory and Huggins.36,37 The Gaussian chain path integral was pro-
posed by Edwards.38 A thorough description of current theories and
ideas on stress and rheology in polymer systems is given in the excel-
lent book of Doi and Edwards.37 Other concepts and theories such as
the Random Phase Approximation of de Gennes,39 the Green propagator
algorithm39,40 and the kinetic models that were studied extensively by
Kawasaki and Sekimoto41,42 also form an essential part of the dynamic
mean-�eld density functional method.

2.3 Theory

Thermodynamics

General

Generally speaking, the system under consideration consists of a con-
tainer with a lot of polymer molecules, which are modeled as Gaussian
chains. In the simplest case, beads are connected by springs in an open
necklace (see Fig. 2.3). Suppose the necklace consists of two blocks with
di�erent properties (black and grey) such that the black and grey beads
do not like each other (cf. water and oil). Now if the blocks are dis-
connected and the temperature of the system is lowered, the black and
grey beads will macrophase separate and a binary system will result with
one black phase and one grey phase (cf. oil-layer on top of water-layer).
However, the blocks are connected and the system can not macrophase
separate. Instead, a complex irregular structure will develop as a result
of microphase separation, in which the black and grey domains are as
large as possible with as little interface between them as possible (see
Fig. 2.3). Depending on the architecture and branching of the polymer
chain, the structure may be e.g. lamellar, hexagonal, or bicontinuous.
The more components (polymers or surfactants, solvents or solutes) are
added, the more diverse the structures can get. Including viscoelastic
phenomena further complicates this process.

In order to develop a model that can accurately describe this phe-
nomenon, the description must be formalized.28 Suppose a 3D melt of
volume V is studied, which contains n Gaussian chains consisting of N
beads connected in an arbitrary fashion. The bead numbers are indexed
by s. A bead is a statistical unit consisting of a uctuating string of 5-15
monomers. There are Z density �elds �I(r) (I = 1 � � �Z). The system
is studied on a coarse-grained time scale such that it is in local thermo-
dynamic equilibrium. The distribution function 	(R11 � � �RnN) of the
system is always optimal. Here Rs is the position of bead s of chain .
In this time regime, at any instant of time a collective density �eld �0I(r)
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Figure 2.3 Schematic description of quenching a diblock copolymer melt.

Depending on the relative lengths of the blocks a lamellar, hexagonal or other

more or less structured morphology may form. Locally, on a microscopic scale,

the morphologies are ordered very speci�cally. Although the individual chains are

not visible in the analysis in this thesis, statistical methods can indicate the most

probable orientation of individual chains.

can be observed, which serves as a reference level. Given the distribution
function 	, a collective density �eld �I(r) can be de�ned as the ensemble
average of a microscopic density operator:

�I [	](r) �
1

n!�3nN

nX
=1

NX
s=1

�KIs

Z
V nN

	(R11 � � �RnN)

� �(r�Rs)dR11 � � �dRnN ; (2.2)

where �KIs is a Kronecker delta with value 1 if bead s is of type I and
0 otherwise, � is the de Broglie thermal wave length. The microscopic
density operator

Pn
=1

PN
s=1 �

K
Is�(r�Rs) counts all occurrences of beads

of type I at position r by checking all chains and all beads consecutively.
The integration over momentum space is omitted because in the slowly
relaxing liquid the interactions do not depend on momentum. Now the
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density �0I(r) that is observed should be the same as �I [	](r). This puts a
constraint on the distribution function. In order to �nd the free energy of
this system, an intrinsic free energy is de�ned on the set of all distribution
functions 	 based on principles from statistical mechanics and optimized
under the constraint that �0I(r) = �I [	](r). The free energy F consists
of a Helmholtz free energy A = E � TS, where E is the internal energy
and S the entropy, for ideal Gaussian chains and a non-ideal free energy
F nid for the interchain interactions:

F [	] �
1

n!�3nN

Z
V nN

	H iddR

+
1

n!�3nN

Z
V nN

kBT	 ln	dR+F nid[�0]; (2.3)

here dR =dR11 � � �dRnN . The �rst (energy) term is the ensemble average
of the Gaussian ideal chain Hamiltonian:

H id =
nX

=1

HG
 =

nX
=1

3

2�a2

NX
s=2

(Rs �R;s�1)
2; (2.4)

here a is the Gaussian bond length parameter. The second (entropy)
term is the Gibbs entropy S of the distribution:

S = �kB
1

n!�3nN

Z
V nN

	 ln	dR: (2.5)

The third term in Eq. (2.3) is the mean-�eld contribution, which is by
de�nition independent of 	. The key approximation in the dynamic
mean-�eld density functional method is the assumption that the system
is considered in a time regime where the distribution function is always
optimal i.e. the free energy is always minimal. Hence, 	 is independent
of the history of the system and is fully determined by the constrained
optimization of the free energy. Notice that 	 is also normalized. By
adding the constraints to the free energy F , the functional F

0

to be
optimized over all 	 becomes:

F
0

[	] � F [	] +
X
I

Z
V
UI(r)

h
�I [	](r)� �0I(r)

i
dr

+ �
�

1

n!�3nN

Z
V nN

	dR� 1
�
: (2.6)

Here � and the external potential �elds UI(r) are introduced as Lagrange
multiplier(s) (�elds). The last constraint in Eq. (2.6) is added to normal-
ize the distribution function 	. The variational principle �F

0

=�	 = 0
leads to the optimal distribution function 	0:

	0 = e��[H
id+
Pn

=1

PN

s=1
Us(Rs)]�

1

n!�3nN

Z
V nN

e��[H
id+
Pn

=1

PN

s=1
Us(Rs)]dR : (2.7)
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This automatically introduces the density functional �I [U ](r) as
�I [	

0](r). In 1965 Mermin29 showed that the ��U relationship for inho-
mogeneous electron gas functionals is bijective. The same holds for the
polymer functional. The one-to-one relationship is a crucial property to
enable the numerical integration of the Langevin equations. The distri-
bution function of the n ideal Gaussian chains factorizes exactly, leading
to a 'simple' single-chain density functional:

�I [U ](r) = n
NX
s=1

�KIs
1

�3N

Z
V N

 �(r�Rs)dR1 � � �dRN : (2.8)

The integration is now limited to the coordinates of one chain only and
 is the single-chain distribution function:

 =
1

�
e��[H

G+
PN

s=1
Us(Rs)]; (2.9)

where � is the single-chain partition function:

� =
1

�3N

Z
V N

e��[H
G+
PN

s=1
Us(Rs)]dR; (2.10)

and HG is the Gaussian chain Hamiltonian of one chain. The normaliza-
tion should now be read as:

�3N ! �3

 
2�a2

3

!3=2(N�1)

: (2.11)

The free energy also follows in a straightforward way by re-insertion of
the optimal distribution function in Eq. (2.3):

F [�] = �
1

�
ln
�n

n!
�
X
I

Z
V
UI(r)�I(r)dr+ F nid[�]: (2.12)

The intrinsic chemical potentials are de�ned by the functional derivatives
of the free energy:

�I (r) �
�F

��I (r)
=

�F nid

��I (r)
� UI : (2.13)

The free energy as it is formulated above, based on principles from ther-
modynamics and statistical mechanics, leads to a very exible model.
The basic idea behind the dynamic mean-�eld density functional method
is that known theories should be used whenever possible. As an exam-
ple, many di�erent known models and theories can be employed to �nd
a model for the nonideal free energy that remains to be de�ned (see also
Chap. 5).

In classical RPA studies (see e.g. Ref. 12) the mean-�eld is usually
local, i.e.

F nid
RPA[�] =

1

2

X
IJ

Z
V
�IJ�I(r)�J(r)dr; (2.14)
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where �IJ is a constant interaction parameter, making an equilibrium
analysis of the phase diagram tractable. However, since the mean-�eld
must account for interchain interactions, a nonlocal mean-�eld seems
more justi�able. A model can be introduced that takes interactions on
the physical length scale of the statistical units of the chains into account.
This seems reasonable since the statistical unit samples a volume � a3.
On longer length scales � a, the e�ect of the nonlocal interactions is
negligible. This leads to:

F nid[�] =
1

2

X
IJ

Z
V

Z
V
�IJ (jr� r0j) �I(r)�J(r

0)drdr0; (2.15)

where �IJ
����r� r

0

���� is a cohesive interaction, de�ned by the same Gaus-
sian kernel as in the ideal chain Hamiltonian:

�IJ
����r� r

0

���� � �0IJ

�
3

2�a2

�3=2
e�3=(2a

2)(r�r
0

)2 : (2.16)

In this case, �0IJ is the constant cohesive interaction parameter for beads
I and J . Notice however, that this particular choice for F nid[�] is again
just one of many.

Ideal single beads

Although the equations above may look rather complicated to the unex-
pecting reader, expressions that are well known from statistical mechanics
can be recovered for limiting cases.

For example, for ideal molecules which can be represented as single
beads, ideal gas fundamentals can be retrieved. In this case, there are
no interactions between the molecules and F nid[�] = 0. The Gaussian
chain Hamiltonian is also zero because there is no connectivity between
the beads. In case there is only one bead type in the system, the free
energy for an inhomogeneous system of single beads simpli�es to:

F [�]sb = �
1

�
ln
�n
sb

n!
�
Z
V
U(r)�(r)dr; (2.17)

where the partition function is now given by:

�sb =
1

�3

Z
V
e��U(r)dr: (2.18)

Naturally, the density functional for this system becomes:

�[U ](r) =
n

�3

Z
V
e��U(r

0

)�(r� r
0

)dr
0

=�sb

= ne��U(r)=
Z
V
e��U(r)dr: (2.19)

Notice that U is simply an external �eld that constrains the density. In
this particular case, the density functional (2.19) can be inverted analyt-
ically to:

U(r) = �
1

�
ln��(r) + cst: (2.20)

16 DYNAMIC MEAN-FIELD DENSITY FUNCTIONAL THEORY



Here � is a constant determined by the number of particles in the system
and cst is a constant �eld. This result can be checked by straightforward
insertion into Eq. (2.19) and clearly shows that the external potential is
only determined up to a constant level. Considering the homogeneous

ideal gas of single bead molecules where U = 0, leads to:

F [�]sb,hom = �
1

�
ln
�n
sb,hom

n!
; (2.21)

with the partition function:

�sb,hom =
V

�3
: (2.22)

Now the density is given by:

�(r) =
n

�sb,hom�3

Z
V
�(r� r

0

)dr
0

=
n

V
; (2.23)

which is exactly the number of beads (molecules) per volume as might
be expected in a homogeneous ideal gas.

Dynamics

Just as the model for the nonideal interactions is more or less arbi-
trary, the model for the dynamics can be chosen from a whole class
of models. The basic choice one has to make here is which physical
phenomena should be represented accurately. Eq. (2.1) is taken as a
starting point and the higher order contribution of the (drift) term on
the right-hand side of Eq. (2.1) is neglected. This term can be proven
to be zero for the simplest kinetic models. Models which are based on
the functional Langevin equation (2.1) incorporate di�usion-driven re-
laxation processes, which di�er only in the choice for the Onsager kinetic
coe�cients �IJ (r; r1) (see Chap. 6). To incorporate convection-driven
processes as well, the model has to be extended to include viscoelas-
tic phenomena (see Chap. 8). Another class of models can account for
reactive phenomena. These models are briey discussed in Chap. 10.

In equilibrium �I (r) is constant, which leads to the classical self-
consistent �eld equations for Gaussian chains. When the system is not
in equilibrium however, the gradient of the intrinsic chemical potential
�r�I (r) acts as a thermodynamic driving force for collective relaxation
processes. Eq. (2.13) illustrates the fact that in an ideal system (where
�F nid=�� = 0), the constraining external potential U acts as a counterbal-
ance for the e�ective thermodynamic force �. One of the simplest models
to consider for the di�usional relaxation process is the Local Coupling
Approximation, which leads to the following dynamics:

@�I
@t

=Mrr � �I (r; t)rr�I (r; t) + �I (r; t) : (2.24)
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Here, the mobility coe�cientM is the same for all bead types. M = �D,
where D is the di�usion coe�cient. In this equation (neglecting the noise
for the moment) the familiar mass-balance (continuity) equation can be
recognized (JI is a mass ux):

@�I
@t

= �rr � JI (r; t) ; (2.25)

JI (r; t) = �M�I (r; t)rr�I (r; t) ; (2.26)

where Eq. (2.26) is a generalization of Fick's law of di�usion. These
equations form a well-established model to describe relaxation dynam-
ics in (co)polymer melts.27,43,44 More complex models that account for
nonlocal kinetic phenomena such as reptation are extensively discussed
in Chap. 6.

To simulate an incompressible system, a constraining pressure func-
tional can be added to the intrinsic chemical potential. The implicit
density uctuations in Eq. (2.24) are then constrained by imposing the
condition �A (r; t) + �B (r; t) = 1=�. Here a two-component system is
chosen as an example, where � is the molecular volume. In this case, the
incompressibility constraint leads to exchange Langevin equations:28

@�A
@t

= M�rr � �A�Brr[�A��B] + �; (2.27)

@�B
@t

= M�rr � �A�Brr[�B��A]� �: (2.28)

A much more elegant and exible method to incorporate the compress-
ibility of the complex liquid into the simulation is by adding a separate
term to the nonideal free energy that accounts for excluded volume in-
teractions (see Chap. 5).

Parameterization

The strength of the dynamic mean-�eld density functional method is also
one of its hardest problems. Being able to predict properties of speci�c
(co)polymer melts or solutions or polymer/surfactant mixtures, implies
that very careful parameterization is crucial. In the method as it is de-
scribed in this chapter, there are two main parameterization problems.
The �rst puzzle is to �nd out which Gaussian chain accounts best for the
behaviour of the 'real' polymer. The second puzzle is to determine the
cohesive interaction strengths of the di�erent beads. For details of the
parameterization I refer to Ref. 34, but a rough outline of the parame-
terization procedure is given here.

There are two 'degrees of freedom' in the parameterization of the
Gaussian chain. One is the architecture of the chain (linear or branched,
A3B4A6 or e.g. A2B5A5) and the other one is the bond length param-
eter a, which more or less determines the exibility of the chain in the
current model. The challenge now is to �nd a Gaussian chain which is
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similar to the real chain. This implies that a similarity measure has to
be used, which determines when two chains may be considered 'equal'.
Since the interest of the chemical engineer is clearly in the dynamic be-

haviour of the system under consideration, a relevant measure should
incorporate a behavioral property of the chains. In polymer physics, a
property which comes to mind immediately is the single-chain structure
factor S0

q. This function is determined by the response of the density
to a small uctuation in the external �eld and can be shown to be pro-
portional to a two-body correlator (see also Chap. 4). The two-body
correlator can simply be calculated analytically for any Gaussian chain.
For any real chain the two-body correlator, which is the probability of
�nding one monomer in the chain at a particular position, given that a
second monomer is at another position, can be calculated using a Monte
Carlo technique combined with a good (this is not trivial) force �eld.
The procedure then consists of �nding the Gaussian chain which best
matches the characteristics of the structure factor of the real polymer
chain. For higher order matching between two systems with di�erent
intrachain Hamiltonians (based on e.g. the Gaussian chain approxima-
tion or the Monte Carlo force �eld approach), expansion methods can be
used.8 Di�erent Gaussian chains can represent the same 'real' polymer,
because of scaling arguments. For the sake of computational e�ciency,
the chain with the least number of beads is used in practice.

For the parameterization of the cohesive mean-�eld parameters �0IJ , as
much data as possible is derived directly from vapor pressure measure-
ments (for the pure components in solution), surface tension measure-
ments or group contribution methods (for the non-mixing components).
In principle, since an explicit free energy functional (Eq. (2.12)) is known
for the system, any experimental measurement of thermodynamic data
can be used to derive the cohesive interaction parameters, given all other
parameters.

Numerics

There are a number of important topics in the numerical integration
of Eq. (2.24). Some of these topics have been studied in separate pa-
pers, such as the numerical implementation of the noise such that it is,
both analytically and numerically, distributed according to a uctuation-
dissipation theorem.22 Another issue that turned out to be especially
important in going from two to three dimensions, is the numerical calcu-
lation of the density functional (see also Chap. 3). The previously used
lattice models that restrict the set of conformations of the chain molecules
by placing the beads on a lattice, lead to unphysical singularities in the
inverse structure factor. This distorts the analytical one-to-one relation-
ship between the densities and the external potentials. Moreover, the
cubic lattice chain structure factor has strong anisotropies on the grid,
whereas the Gaussian kernel in the density functional (2.8) is intrinsi-
cally isotropic. Turning to an essentially o�-lattice algorithm for the
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density functional calculation (which, via a Green propagator algorithm,
involves repeated calculation of a 3D integral) solved both these problems
(see Chap. 3).

Heuristically, a very simple method that has proved to be most ef-
�cient in integrating Eq. (2.24) is the Crank-Nicolson scheme combined
with a steepest descent method for iteration of the inner loop. After dis-
cretizing Eq. (2.24) on a cubic grid with mesh size h, we �nd the following
Crank-Nicolson equations for each component I:

�k+1Ip � !��zk+1p = �kIp + (1� !)��zkp + �kIp; (2.29)

zp =
X
�

X
q

d�[D��ID�]pq�Iq: (2.30)

Here, all variables are dimensionless; �I = ��I (density), �I = ��I (chem-
ical potential) and � = ��1Mh2t (time). The dimensionless time step ��
should roughly be chosen between 0 and 1 for numerical stability. No-
tice that the Crank-Nicolson scheme is unconditionally stable for linear

problems. The Crank-Nicolson parameter ! is usually 1=2. zkp denotes
the discretized di�usion term at time level k and grid position p, where
D� is the discretized di�usion operator in grid direction � and �Iq is
evaluated at grid position q. The initial system can be either homoge-
neous (for simulation of cooling or quenching experiments) or any other
starting con�guration. The noise is always applied at each time level in
an explicit fashion.

The variable that is iterated on in the Crank-Nicolson loop (Eqs. (2.29)
and (2.30)) is the dimensionless external potential �UI instead of the den-
sity �. From any particular external potential �eld, the corresponding
density �eld can be calculated via the density functional. Once the den-
sity �eld is known, the nonideal contribution to the chemical potential
can also be calculated. In the �rst step of the iteration that will take
the system from time level k to time level k + 1, an estimate is found
(via a steepest descent method, or in some cases a Conjugated Gradient
method) for the external potential at time level k + 1, after which the
di�erence between the left- and right-hand side of Eq. (2.29) is calculated
in some norm. This procedure is repeated until the di�erence drops be-
low a threshold which is the CN-error. The spatial discretization of �[U ]
has been shown to conserve the bijective relation between the densities
and external potentials (see Chap. 3). The temporal discretization of the
di�usion equation as in Eqs. (2.29) and (2.30) however, may disturb this
relation for large values of !��zk+1p . A thorough numerical analysis may
further clarify the temporal discretization error in Eqs. (2.29) and (2.30).
From experience it is known that by taking the CN-error and time steps
small enough, the numerical solution to the di�usion equation converges.

The numerical integration procedure involves a number of dimension-
less parameters as well. The noise scaling parameter 
 = ��1h3 roughly
accounts for the number of beads per grid cell and should be larger than
10. If 
 is lower, the noise level is higher and stable structures are
less likely to form. If, on the other hand, 
 is much higher, the sys-
tem will freeze in too soon. The parameter 
 immediately determines

20 DYNAMIC MEAN-FIELD DENSITY FUNCTIONAL THEORY



which length scales can be handled by the dynamic mean-�eld density
functional method. For example, micelle formation of small surfactants
is below the resolution of the method. This phenomenon can only be
observed if there are a few beads per grid cell, which would lead to a
huge increase in the noise. The grid scaling a=h is optimally chosen to
be 1.15430 (see Chap. 3) and the dimensionless interaction parameters
are �IJ = ��IJ=�. Both a and h are typically in the order of nanometers,
but may be much larger.

In principle there are many methods that may make a good candi-
date for integration of Eq. (2.24). However, the complicated, nonlinear,
high-dimensional nature of the equations, makes analysis of any numer-
ical method quite hard. Understanding of the discretized equations is
therefore highly dependent on systematic trial and error. The current
method that is used for integrating the dynamic mean-�eld density func-
tional theory is the result of about �ve years of experience with di�erent
systems. The calculation of a 64�64�64 system with three components
may be done in a couple of days on an 8-processor Silicon Graphics Power
Challenge, Cray-YMP or IBM SP2. It can not be ruled out however, that
by application of more clever integration methods (Krylov subspace iter-
ation, incomplete Newton iteration and/or higher order time integration
methods) the computational e�orts can be reduced considerably. As can
be deduced from this section, the numerical integration of Eq. (2.24) is
especially time-consuming because of the repeated inversion of the den-
sity functional (U [�] instead of �[U ] is required). In Chap. 4 free energy
expansions are studied as a means to obtain an explicit expression of the
external potential U as a function(al) of the density �. Although trun-
cated free energy expansions can serve as preconditioners, they can not
incorporate all intricacies of the full inverse density functional. To �nd
an explicit expression for the inverse density functional remains an open
problem.

2.4 Extensions

The model as it is described in this chapter is not full-grown. It functions
as the basis for extensions towards a model which can account for many
di�erent physical phenomena that are of importance in the processes
that take place when a complex liquid is quenched, mixed, extruded or
engineered in any other way. A couple of extensions to the model are
dealt with in this thesis, where the emphasis is always on increasing
the relevance of the numerical results compared to experimental results.
The compressibility of the system can be included via an addition to
the nonideal free energy that accounts for excluded volume interactions
(Chap. 5). Physically more relevant kinetic models, such as the Rouse
model which includes nonlocality, are discussed in Chap. 6. The deriva-
tion of the stress tensor (and hence the pressure) in Chap. 7 allows for
simulations under constant pressure conditions instead of constant vol-

DYNAMIC MEAN-FIELD DENSITY FUNCTIONAL THEORY 21



ume simulations. Simulations in an npT -ensemble resemble experimental
conditions more closely. The inclusion of hydrodynamics via a very sim-
ple force balance, provides a �rst step towards representing mixing and
shearing of a complex liquid (see Chap. 8), which is of major importance
in many industrial processes. A more extensive discussion of shearing
copolymer melts can be found in Ref. 10. The inclusion of viscoelas-
tic e�ects which account for most rheological properties, is discussed in
Chap. 9. Some topics that are of relevance for further increasing the ap-
plication area of the dynamic mean-�eld density functional method are
treated in Chap. 10.
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3QUADRATURE RULES FOR A GAUSSIAN

CHAIN POLYMER DENSITY FUNCTIONAL

IN 3D

This chapter was previously published as:
'Simple Numerical Quadrature Rules for Gaussian Chain Polymer
Density Functional Calculations in 3D and Implementation on

Parallel Platforms'.
N.M. Maurits, J.G.E.M. Fraaije, P. Altevogt and O.A. Evers,

Computational and Theoretical Polymer Science,
6(1-2), 1996, p. 1-8.

3.1 Summary

We present new quadrature rules (stencil operators) for the e�cient in-
tegration of Gaussian chain polymer density functionals on a uniform 3D
grid for di�erent ratios between the Gaussian bond length parameter and
the mesh width. The algorithm is in essence o�-lattice. The quadrature
rules are such that the isotropy on the grid is maximal. Also the long
length scaling of the numerical functionals is guaranteed to be identical
to analytical results. Furthermore, we achieve a good accuracy in the
entire frequency domain. A comparison with existing lattice models is
included. It is shown that the traditional cubic lattice chain model may
lead to unphysical singularities in copolymer melt inverse structure fac-
tors. Finally, we briey discuss the implementation of stencil operations
on parallel platforms.

3.2 Introduction

In this paper we present e�cient and accurate quadrature rules for Gaus-
sian polymer density functionals in 3D. Polymer density functionals arise
in a variety of Self Consistent Field models for polymers at interfaces,
polymer materials, and in general all kinds of complex liquids contain-
ing chain molecules. We use polymer density functionals for mesoscopic
dynamic simulations of microphase separation in polymer materials.7

QUADRATURE RULES 23



Many more applications can be found in several textbooks and major
articles.12,37,39,45,46

A particularly important Self Consistent Field model with consider-
able success is that of Scheutjens and Fleer.40,47 The model belongs to
the class of 1D or 2D lattice models, originating from ideal lattice chain
statistics models of the 1970's.48 These lattice models restrict the set of
conformations of the chain molecules by placing the beads on a lattice
(Fig. 3.1a). In this case the quadrature (or numerical integration) rule

h

(b)(a)

Figure 3.1 Diagram of lattice chain model and continuum Gaussian chain

model. In (a) is a polymer lattice chain conformation. The joints of the chain are

collocated on the lattice points, the bond length is the lattice spacing h. In (b)

is a conformation of a Gaussian chain in a continuum model. The beads can be

placed freely, the bond length is variable. The grid in (b) does not restrain the

polymer conformations.

for the density functional reduces to the weighted summation of all con-
formations that satisfy a constraint, which may e.g. �x a certain bead at
a certain lattice point. Since the number of conformations is �nite, the
summation amounts to an exact enumeration. The Wageningen school
has shown that lattice models are relatively simple, rapid and that they
can easily be adapted to a wide range of systems.40,45,47,49,50
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However, after some preliminary 3D standard cubic lattice calcula-
tions of structure factors of copolymer melts we found that it is necessary
to re-evaluate the basic numerical aspects of the standard lattice mod-
els. First, we found that the conformation restriction inherent in the
lattice models can lead to unphysical singularities in the inverse struc-
ture factor for copolymer melts (see Section 3.4). As a consequence, the
mapping between density �eld and external potential may have a null
space. Second, we found that the cubic lattice chain structure factor
for copolymer melts has strong intrinsic anisotropies, especially on bond
length scales (see Fig. 3.2). The anisotropies are an important source for
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Figure 3.2 Inverse structure factors for the symmetric Gaussian chain block

copolymer melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a

h
= 1.

( ) continuous inverse structure factor, ( ), cubic lattice chain

inverse structure factor in direction (jqj; 0; 0), ( ) cubic lattice chain

inverse structure factor in direction (jqj=p2; jqj=p2; 0), ( ) cubic lattice

chain inverse structure factor in direction (jqj=p3; jqj=p3; jqj=p3). Notice that

because of the singularity, we have plotted a limited domain with respect to the
domains used in Figs. 3.3 to 3.5.

the well-known numerical plague of lattice models, the so-called `lattice-
artefacts'.

Here, we present new stencil algorithms which avoid many of the
drawbacks of the classic lattice models, while the extra computational
cost is modest. (Another word for stencil is `computational molecule'.)
The stencil is derived for the Gaussian chain model. In contrast to the
classic lattice models, the grid does not restrain the polymer conforma-
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tions (see Fig. 3.1b). The derivation consists of �nding a unique and
optimal set of stencil coe�cients for a convolution with a Gaussian ker-
nel, adapted to the special case of polymer density functional calcula-
tions. Stencil coe�cients are the multipliers of the function values at
corresponding grid points. We have considered both the optimal ratio
between the bond length parameter a and the mesh width h and smaller
values of a

h
(see Section 3.5). The stencil coe�cients can of course also

be used in 1D or 2D calculations by simple projection from 3D. We de-
rive the coe�cients with a particular system, the copolymer melt, in
mind. Extension to multicomponent mixtures is trivial. Likewise, there
should be no di�culty in incorporating the new algorithms in existing
Self Consistent Field computer programs.

The stencil algorithms are very accurate, isotropic, rapid, and in
essence o�-lattice. Because of the Gaussian chain statistics built directly
into the algorithm, the calculations with the new stencil may be com-
pared immediately to the currently popular RPA expansion methods12,39

and general Gaussian density functional calculations.46,51{53 Almost all
of these methods are also based on the Gaussian chain model.

Since we use polymer density functionals to calculate microphase sep-
aration in large 3D systems, we have also investigated the parallelization
(using domain decomposition methods) and optimization (exploiting the
symmetry of the Gaussian kernel) of stencil operations on multiprocessor
systems with distributed memory.

3.3 Gaussian chain model

The properties of the Gaussian chain model are well documented.37,39

Consider a copolymer chain of N beads, in a certain conformation spec-
i�ed by the coordinates of the beads fR1; � � � ;RNg. The statistical dis-
tribution function is

	 (R1; � � � ;RN) = e�[ 3

2a2

P
N

s=2
(Rs�Rs�1)

2+�
P

N

s0=1
U
s0 (Rs0 )]: (3.1)

The external �elds Us0 are in units kT and a is the Gaussian bond length
parameter. The ensemble average density �s(r) of a certain bead s at
position r in space is the statistical average of the delta operator �(r�Rs):

�s[U ](r) /
Z
V N

	(R1; � � � ;RN) �(r�Rs)dR1 � � �dRN : (3.2)

The notation convention is that �s[U ](r) denotes a functional of the ex-
ternal �elds fU1(r); � � � ; UN(r)g, and as such a function of the spatial co-
ordinate r. The familiar Feynman decomposition of the Gaussian chain
path integral results in the well known `modi�ed di�usion' algorithm.37,39

In our case, where sequence space is discrete, the density functional reads:

�s(r) / Gs(r)�[G
inv
s+1](r): (3.3)
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The sets of (once integrated) Green functions Gs(r) and Ginv
s (r) are re-

lated by the recurrence equations

Gs(r) = e��Us(r)�[Gs�1](r);

Ginv
s (r) = e��Us(r)�[Ginv

s+1](r); (3.4)

with G0(r) = Ginv
N+1(r) = 1. The linkage operator � is de�ned as a

convolution with a Gaussian kernel:

� [f ] (r) �
�

3

2�a2

� 3

2
Z
V
e�

3

2a2
(r�r0)2f(r0)dr0: (3.5)

Notice that the Green propagator method to calculate the density func-
tional (3.2) yields an exact answer. Now, the crucial point of the new
algorithm is a numerical representation of the linkage operator �, given a
cubic uniform grid with mesh width h, which is both e�cient and accu-
rate. E�ciency is crucial, since the linkage operation has to be repeated
2 (N � 1) times for a single density functional calculation. Furthermore,
if the numerical representation of the linkage operator is not accurate,
its repeated application will result in error accumulation, especially in
the small q-range, i.e. on chain length scales. Large errors in the high
q-range are also undesirable, since they may disturb the bijectivity of
the mapping between density �eld and external potential (see Section
3.2). Bijectivity means that there belongs exactly one potential to each
density �eld and vice versa.

In principle, since the linkage operator is a convolution operator, it
may be calculated using Fast Fourier Transforms. This has several dis-
advantages. First, FFT's are slow on parallel computers because the
operation is global. Second, the kernel is spherically symmetric and this
property is not utilized by the FFT. Another possibility would be to
use classical quadrature rules with equally spaced abscissas.54 To ob-
tain a quadrature rule with the same accuracy as our method, one has
to choose h � a, and represent the linkage operator by a large stencil
with many coe�cients. This is not practical for large scale operations
with V � (Na)3. Gaussian quadrature rules are in general very accu-
rate (and even exact for classes of polynomials of a certain degree) using
only a few abscissas, but the abscissas are not equally spaced.54,55 This
makes this method not applicable. Quadrature rules based on �nite ele-
ment principles (by representing the function f locally by a �nite number
of basis functions, such as cardinal basisfunctions, B-splines or trigono-
metric functions) may also be used. Unfortunately, if a 27-points stencil
is used, this method yields quadrature rules of little accuracy. Especially
the error in the small q-range remains rather large.

We propose a method that enables us to represent the linkage oper-
ator e�ciently and accurately with simple compact stencil operators by
utilizing its spherical symmetry. Two cases are discussed in detail: (1)
a 27-points stencil which is optimal in the sense that the value of a

h
is

determined by constraints and (2) variable stencils with free values of a
h
.

In case (1) we �nd that the linkage operator � is accurately represented
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in the entire discrete Fourier space, i.e. all continuous functions f that
can be represented accurately by a (�nite) discrete Fourier series on the
grid, can be integrated with a very high accuracy.

3.4 Derivation optimal Gaussian stencil coe�cients

The goal is to �nd a stencil operator that accurately represents the link-
age operator � such that: i) the small frequency scaling is identical to
known analytical scaling behaviour for the Gaussian chain (to assure ac-
curate physical behaviour), ii) the large frequency scaling is identical to
known analytical scaling behaviour for the Gaussian chain (to assure bi-
jectivity of the density-external potential mapping) and iii) the isotropy
is maximal on the grid. A 27-points stencil is the most compact stencil
that meets all constraints.

First, we reduce the number of parameters by invoking symmetry
rules, similar to the polyhedra rules used in multidimensional integration
of symmetric kernels.54 We restrict the linkage operator to a uniform
grid:

�[f ] = c0f(r) +
X
i

ci
2
[f(r+ ri) + f(r� ri)]; (3.6)

where f is an arbitrary �eld, ri is a lattice vector and ci is a stencil
coe�cient. It is easy to see that due to the symmetry of the linkage
operator, there is considerable redundancy in the stencil coe�cients. For
a 27-points stencil only 4 reduced coe�cients remain; a central coe�cient
c0 and three coe�cients for each symmetry-reduced stencil direction; c1
in direction (1; 0; 0), c2 in direction (1; 1; 0) and c3 in direction (1; 1; 1).

Second, we guarantee maximum isotropy on the grid and bijectivity of
the density-external potential mapping by imposing that the continuum
and discrete (gridrestricted) linkage operators are identical for

q 2 f(0; 0; 0); (
�

h
; 0; 0); (

�

h
;
�

h
; 0); (

�

h
;
�

h
;
�

h
)g: (3.7)

Notice that the latter three points give the maximum frequencies in all
symmetry-reduced stencil directions. In Fourier space the linkage opera-
tor is: Z

V
�(f)e�iq�rdr = �qfq; (3.8)

where the Fourier multipliers �q are given by

�q =

8>><
>>:

e�
a
2jqj2

6 continuum
3P

i=0
ci

diP
j=1

cos[q � rij] discrete
: (3.9)

Here, di is the number of independent lattice vectors in symmetry-reduced
stencil direction i (e.g. d0 = 1 and d3 = 4), rij denotes the j-th lattice
vector in stencil direction i (e.g. r01 = 0, r12 = (0; h; 0), r23 = (0; h; h)
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and r34 = (h;�h;�h)). The maximum isotropy condition leads to a set
of four linear equations in six unknowns.

Notice that we could also choose the parameters such that

X
qion grid

(�disc
qi

� �cont
qi

)2; (3.10)

is minimized. Since the error is then spread over the entire Fourier space,
this method does not ensure an accurate approximation in the small and
large q-range.

Finally, we guarantee that the long length scalings of the continuum
and discrete Fourier multipliers are identical by also equating the cur-
vatures in the point q = (0; 0; 0): Because of symmetry, it is su�cient
to equate the two curvatures in direction (1; 0; 0), which gives a �fth
relation.

The four relations from the isotropy condition and the relation from
the scaling condition together determine the four stencil coe�cients c0,
c1, c2, c3, and the grid mesh width h (in units a). The stencil coe�cients
for other values of a

h
will be discussed in Section 3.5. The nonlinear

equations can easily be solved numerically. The unique solution is (6
digits accuracy):

c0 = 0:171752;

c1 = 0:137231;

c2 = 0:0548243;

c3 = 0:0219025;
a

h
= 1:15430: (3.11)

In Fig. 3.3 we plotted the inverse structure factor of an athermal A50B50

block copolymer melt, using the new quadrature rule and known analyt-
ical results from RPA. We recall the formula for the structure factor:12

So�1 =
So
AA + So

AB + So
BA + So

BB

So
AAS

o
BB � So

ABS
o
BA

; (3.12)

where (for discrete sequence space):

So
IJ =

1

N

NX
s=1

NX
s0=1

�Is�Js0�
js�s0j
q : (3.13)

By using the quadrature rule to calculate the (inverse) structure factor
we can check if repeated application does not lead to error accumula-
tion. From Fig. 3.3 it is immediately clear that the quadrature rule is
extremely accurate. The di�erence with exact results is very small in the
entire q-range, and the isotropy is excellent. In contrast, in Fig. 3.2 we
compare the inverse structure factor of the exact continuum Gaussian
chain model with that of the cubic lattice chain. (Using the Fourier mul-
tiplier of the cubic lattice chain �q =

1
3
(cos [qxh] + cos [qyh] + cos [qzh]).)
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Figure 3.3 Inverse structure factors symmetric Gaussian chain block copolymer

melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a
h
optimal. ( )

continuous inverse structure factor, ( ) discrete inverse structure factor

(27-points stencil) in direction (jqj; 0; 0), ( ) discrete inverse structure

factor (27-points stencil) in direction (jqj=p2; jqj=p2; 0), ( ) discrete

inverse structure factor (27-points stencil) in direction (jqj=p3; jqj=p3; jqj=p3).

The discrete inverse structure factors have been plotted for all discrete frequencies.

Clearly, the di�erence between the two chain models is enormous, es-
pecially for the high q-values. The cubic lattice chain inverse structure
factor is even in�nite for the highest grid frequency (�

h
; �
h
; �
h
) where its

Fourier multiplier equals -1. This is the singularity referred to in Section
3.2. It can easily be understood that the singularity introduces a null
space in the mapping between density �eld and external potential. If we
would add any external potential of the type cos[n�x

h
] cos[m�y

h
] cos[ l�z

h
] (=

3D checkerboard �eld) to a homogeneous melt, the cubic lattice chain
model would predict that the net response of the densities (given by the
structure factor) is zero. In this case, the discrete density-external po-
tential mapping is not bijective, because several potentials map onto the
same density. Also, it is evident that the cubic lattice chain is not a very
isotropic model, since the behaviour along the various stencil directions
is quite di�erent (see Fig. 3.2).
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3.5 Stencil coe�cients for other values of a
h

An important general reason to study discrete approximations of the
Gaussian chain Fourier multiplier for other values of a

h
than the optimal

value of 1.15430 is that we would like to use coarse-grained stencils in
case of small gradients. In general, the mesh width should be chosen such
that the phenomenon of interest can be observed, i.e. if there is a spatial
structure, then the mesh width should be much smaller than the structure
size. More accurate bounds on the ratio a

h
for symmetric block copolymer

melts of di�erent lenghts N were obtained by numerically evaluating the
optimum jqj = q� of the structure factor (3.12) and demanding that the
domain size D� = �

q�
in equilibrium is larger than 4h. This yields:

N q� D�
�
a
h

�
min

50 0:675=a 4:655a 0:859
100 0:477=a 6:590a 0:607
200 0:337=a 9:322a 0:429
400 0:238=a 13:18a 0:303

In choosing h beforehand, we lose one degree of freedom in the quadrature
rule. There are several properties that the coarse-grained stencil (with
a
h
< 1:15430) must possess: i) the small frequency scaling behaviour of

the stencil and the Gaussian chain Fourier multiplier must be similar, ii)
the stencil must be as isotropic as possible to avoid lattice artefacts and
iii) bad scaling in the high q domain must also be avoided, since this may
introduce a null space in the mapping between density �eld and external
potential (see Section 3). A practical computational demand is that the
stencil must be as small as possible in terms of the number of grid layers
that is involved (for easier parallelization using domain decomposition,
see Section 5) and as small as possible in terms of the number of grid
directions that is involved.

The stencils that are considered are the 27-points stencil described
earlier, a 33-points stencil with 5 reduced coe�cients where c4 is the
coe�cient for the symmetry-reduced stencil direction (2; 0; 0) and a 125-
points stencil with 10 reduced coe�cients that are de�ned in a similar
way.

The stencils leave us with respectively 4, 5 and 10 degrees of freedom.
Two degrees of freedom are immediately determined by the following
demands that assure good scaling behaviour and isotropy in the small
q-domain: i) the stencil and the Gaussian chain multiplier must have
the same value in the origin and ii) the stencil and the Gaussian chain
multiplier must have the same curvature in the origin.

For the 27-points stencil with 4 degrees of freedom, we found that
the following approach yields the most accurate quadrature rule: i) the
discrete and continuous Gaussian chain multipliers must have the same
value in the origin, in q = (3�

4h
; 3�
4h
; 0) and in q = (3�

4h
; 3�
4h
; 3�
4h
) and ii) the

stencil and the Gaussian chain multiplier must have the same curvature
in the origin. Other approaches, including �ts in other points, have been
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considered. They either generate an unsolvable set of linear equations
or a quadrature rule which has a worse accuracy in a larger part of the
domain. The approach described above gives an excellent �t for small q
and the best overall accuracy and isotropy for a 27-points stencil. For
example, for a

h
= 0:607, we �nd by solving a set of 4 linear equations:

c0 = 0:597281;

c1 = 0:131354;

c2 = 0:00859723;

c3 = �0:0107317: (3.14)

In Fig. 3.4 we plotted the inverse structure factor of an athermal A50B50

block copolymer melt, using the 27-points stencil and the known analyt-
ical results for a

h
= 0:607. Since the accuracy in the (1; 0; 0) direction
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Figure 3.4 Inverse structure factors symmetric Gaussian chain block copolymer

melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a
h
= 0:607. ( )

continuous inverse structure factor, ( ) discrete inverse structure factor

(27-points stencil) in direction (jqj; 0; 0), ( ) discrete inverse structure

factor (27-points stencil) in direction (jqj=p2; jqj=p2; 0), ( ) discrete

inverse structure factor (27-points stencil) in direction (jqj=p3; jqj=p3; jqj=p3).

The discrete inverse structure factors have been plotted for all discrete frequencies.

is not yet optimal, we use the extra degree of freedom of the 33-points
stencil to obtain a better �t here. Other approaches have been tried out,
but the best overall accuracy is again obtained by a straightforward ex-
tension of the 4-degrees of freedom �t; now we also �t the stencil to the
Gaussian chain multiplier in q = (3�

4h
; 0; 0).
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We then �nd by solving a set of 5 linear equations in 5 unknowns for
a
h
= 0:607:

c0 = 0:590284;

c1 = 0:124758;

c2 = 0:0118953;

c3 = 0:00121149;

c4 = �0:0135922: (3.15)

The result for the inverse structure factor for a
h
= 0:607 is plotted in

Fig. 3.5. We achieve a very good accuracy in the entire q domain and a
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Figure 3.5 Inverse structure factors symmetric Gaussian chain block copolymer

melt A50B50 as a function of Na2q2

6 , jqj is in units 1
h
, a
h
= 0:607. ( )

continuous inverse structure factor, ( ) discrete inverse structure factor

(33-points stencil) in direction (jqj; 0; 0), ( ) discrete inverse structure

factor (33-points stencil) in direction (jqj=p2; jqj=p2; 0), ( ) discrete

inverse structure factor (33-points stencil) in direction (jqj=p3; jqj=p3; jqj=p3).

The discrete inverse structure factors have been plotted for all discrete frequencies.

maximum isotropy on the grid. For very small values of a
h
the value of

c4 becomes negligible.
We have also considered a 125-points stencil with two full grid lay-

ers. Despite the extra 5 degrees of freedom, there is no special bene�t
compared to the 33-points stencil in using a large 125-points stencil. In
most of the cases that were considered we ended up with similar �ts in
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the three main grid directions and some extra accuracy in the additional
grid directions. Also, there was no noticeable improvement in isotropy of
the stencil. If extra demands are made concerning higher order deriva-
tives in the origin, we �nd that we are not able to �t well in the (1; 0; 0)
direction.

Thus, for many practical purposes, if the number of grid layers must
be minimal by using a 27-points stencil, then the proposed �tting pro-
cedure yields reasonable good quadrature rules for all values of a

h
. In

special cases, when a higher accuracy is required, the best quadrature
rule is obtained using the �tting procedure for the 33-points stencil.

3.6 Implementation of stencil operations on parallel platforms

Optimization of the single-node stencil operation

The basic idea of our optimization strategy is to exploit the isotropy

of the stencil operation and to reuse various terms once they have been
calculated. Because of the symmetry of the stencil operation, the number
of memory loads and operations can be reduced considerably within the
inner loop. The price we have to pay for this optimization consists of
some setup operations outside the inner loop and more complex code.
The results (see Table 3.1) seem to justify these inconveniences.

implementation of IBM RS/6000 IBM RS/6000 SGI Power
stencil operation 590� 390� Challenge�

Fortran C Fortran C Fortran C

\standard" 0.78 0.87 0.86 1.06 0.73 1.99
optimized 0.32 0.44 0.38 0.55 0.50 1.10
optimized { 0.30 { 0.39 { 0.47
(using \disjoint" (IBM)
and -OPT:alias=restrict (SGI))
\cshift" 38 { 44 { {

Table 3.1 Measured times on various workstations for the 27-point stencil

operation on a 128x128x128 lattice (in seconds).

The Fortran compiler assumes all arrays to be static and nonover-

lapping and can therefore use much more aggressive optimization tech-
niques56 than a C compiler. As can be concluded from the second row in
Table 3.1, this yields much better results for the Fortran compiler.

If we explicitly tell the C compiler that the new and old �elds for the
density are disjoint we obtain results that are very competitive to the ones
measured using Fortran. This may be done by applying the disjoint

directive (either as a #pragma statement or as a compiler directive) for
the IBM \C for AIX" compiler (release 3.1.1)57,58 and by applying the
-OPT:alias=restrict compiler directive for the Irix C compiler.

Other remarkable results are obtained by using Fortran90 cshift

operations, showing that this results in a performance degradation of
about 2 orders of magnitude.

34 QUADRATURE RULES



Parallelization of the stencil operation

We parallelized the stencil operation on MIMD systems using domain
decomposition methods.59,60 The cubic uniform lattice is divided into
sublattices which are each associated with one processor. On each sub-
lattice the optimized stencil operation is performed and the data at the
boundaries of each sublattice needed by neighbouring processors are sent
via messages and stored using \ghost points" on each processor. It is es-
sential in this approach, that on each of the processors only the memory
to store the local sublattice (including it's \ghost points") is allocated,
thus allowing the size of the global lattice to scale with the number of
processors.

The code has been implemented on an IBM 9076 SP2 multiprocessor
system with thin nodes using the Argonne National Laboratory/Mis-
sissippi State University MPICH implementation of the MPI message
passing library.59,61 Table 3.2 shows the times measured for various lat-
tice sizes and various numbers of processors. The number of processors is
denoted by the product of the number of processors in each grid direction.

total no. division lattice sizes
of procs. of procs. 128� 128� 128 256� 256� 256
1 1� 1� 1 0.386 (100%) 3.088 (8�0:386, 100%)
2 2� 1� 1 0.228 (84%) | (due to memory limits)
4 4� 1� 1 0.128 (75%) 0.980 (78%)
8 8� 1� 1 0.077 (62%) 0.510 (75%)
16 8� 2� 1 0.048 (50%) 0.267 (72%)
16 16� 1� 1 0.051 (47%) 0.293 (65%)
27 3� 3� 3 0.042 (34%) 0.227 (50%)
32 32� 1� 1 0.052 (23%) 0.191 (50%)
32 8� 4� 1 0.030 (40%) 0.144 (67%)
42 7� 3� 2 0.029 (31%) 0.130 (56%)
48 4� 4� 3 0.030 (26%) 0.130 (49%)
49 7� 7� 1 0.025 (31%) 0.106 (59%)
50 5� 5� 2 0.025 (30%) 0.116 (53%)
56 8� 7� 1 0.024 (25%) 0.104 (46%)

Table 3.2 Measured times (in seconds) and e�ciencies (between brackets) for

the parallelization of the 27-points stencil on an IBM 9076 SP2 (thin nodes)

multiprocessor system for various lattice sizes.

The scalability of the parallelization as presented in Table 3.2 could
drastically be increased by overlapping communication and computation.
This can be done by using the nonblocking communication modes of
MPI59,61 and must be supported by the multiprocessor system.

3.7 Conclusion

A few simple considerations lead to new stencil algorithms for the e�-
cient calculation of Gaussian chain polymer density functionals in 3D.
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The stencil algorithms (quadrature rules) are essentially o�-lattice. The
unique optimal stencil coe�cients result in a maximally isotropic and
exact long length scaling behaviour of the numerical polymer density
functionals. The boundary conditions on the stencil coe�cients and the
shape of the stencil can easily be adapted to other applications. The
quadrature rules can easily be incorporated in existing Self Consistent
Field and dynamic density functional computer programs. We have also
shown that some simple arguments lead to e�cient optimization and par-
allelization of stencil operations on parallel platforms.

The following terms, denoted by an asterisk (*) at their �rst occurrence in this chap-

ter, are trademarks or registered trademarks as follows:

RISC System/6000 Scalable POWERparallel Systems IBM
IBM 9076 SP2 IBM
T3D Cray Research Inc.
Power Challenge Silicon Graphics Inc.
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4 APPLICATION OF FREE ENERGY

EXPANSIONS TO MESOSCOPIC

DYNAMICS OF COPOLYMER MELTS

USING A GAUSSIAN CHAIN MOLECULAR

MODEL

This chapter was previously published as:
'Application of free energy expansions to mesoscopic dynamics of

copolymer melts using a Gaussian chain molecular model'.
N.M. Maurits, J.G.E.M. Fraaije,
Journal of Chemical Physics,
106 (16), 1997, p. 6730-6743.

4.1 Summary

The present paper deals with some mathematical aspects of generalized
time-dependent Ginzburg-Landau theories for the numerical simulation
of mesoscale phase separation kinetics of copolymer melts. We shortly
discuss the underlying theory and introduce an expansion of the external
potential, to be used in the dynamics algorithm, which is similar to free
energy expansions. This expansion is valid for both compressible and
incompressible multicomponent copolymer melts using a Gaussian chain
model. The expansion is similar to the well-known Random Phase Ap-
proximation but di�ers in some important aspects. Also, the application
of RPA-like free energy expansions to dynamics is new. Our derivation
leads to simple expressions for the vertex coe�cients, which enables us
to numerically calculate their full wave vector dependence, without as-
suming an ordered morphology. We �nd that our fourth order vertex is
negative for some wave vectors which has important consequences for the
simulation of mesoscopic dynamics. We propose a �tting procedure for
the vertex coe�cients to overcome the computationally expensive calcu-
lation of the linear and bilinear expansion terms in the expansion. This
procedure provides analytically derived parameters for a gradient free
energy expansion, which allows for a whole new class of phase separation
models to be de�ned.
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4.2 Introduction

General

The present paper deals with some important mathematical aspects of
generalized time-dependent Ginzburg-Landau theories for the numerical
simulation of mesoscale phase separation kinetics of copolymer melts.
A few recent references of groups working in this �eld are Refs. 16{18;
two modern reviews of coarse-grained time-dependent Ginzburg-Landau
and related models are in Refs. 19, 20. The prototype of these types of
coarse-grained models is a Z-component functional Langevin equation
for conserved order parameters of the following general form:22

@�I(r)

@t
=

ZX
J=1

Z
V
DIJ (r; r1)�J(r1)dr1

� ��1
ZX
J=1

Z
V

�DIJ (r; r1)

��J (r1)
dr1 + �I (r; t) ;

DIJ (r; r1) = rr � �IJ (r; r1)rr1
; (4.1)

with particle concentration �elds �I(r) (I = 1; : : : ; Z), transport coe�-
cients �IJ , intrinsic chemical potentials �I � �F=��I (r) (F is the free
energy), ��1 = kBT and noise �elds �I (r; t). The noise has a Gaussian
distribution with moments dictated by a uctuation-dissipation theo-
rem.22{24

In the review papers and references one can �nd ample examples
of computer simulations of time-dependent Ginzburg-Landau models for
two-component incompressible liquids with linear transport coe�cients
and simple fourth order phenomenological expansion models for the free
energy.

It is important to realize how our approach di�ers from the usual
phenomenological expansion methods. To this end, we will briey reca-
pitulate popular expansion models. Recently, Seul and Andelman pre-
sented an elegant overview of fourth order phenomenological free energy
expansions, summarizing a large variety of pattern formation models for
many di�erent physical systems.1 These expansions contain only the bare
ingredients necessary to describe the basic physics of competing interac-
tions. Restricted to the special case of incompressible copolymer melts,
an example of such a simpli�ed fourth order expansion for the free energy
reads:

F [�] =
Z
V

�
1

2
��2 +

1

4
u�4 +

1

2
bjr�j2

�
�2

2

Z
V

� (r)� (r1)

jr� r1j
dr1

#
dr, (4.2)

where � � �A � �B is the order parameter and � , u, b and � are phe-
nomenological coe�cients. The expansion consists of a fourth order (Lan-
dau) expansion in �, a Cahn-Hilliard penalty on spatial gradients and a
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term which introduces e�ective long range interactions due to the con-
nectivity of the copolymer blocks. Depending on the choice of the pa-
rameters, this expansion may predict the geometry of various kinds of
complex patterns in copolymer melts. Some time ago, Oono and Shiwa
introduced a time-dependent Ginzburg-Landau model to calculate the
formation of patterns, using essentially the same free energy expansion:

@�

@t
= Lr2 �F

��
= Lr2

�
��+ u�3 � br2�

�
� �2�: (4.3)

This model has been thoroughly studied, both theoretically62,63 and nu-
merically.64{66 Since the right-hand side of Eq. (4.3) is explicit in the or-
der parameter and the nonlinearity is rather modest, the numerical inte-
gration poses no particular problems and can be accomplished with either
standard methods, or the so-called cell-dynamical systems method.26,35,67

Despite the elegance of the phenomenological approach and the sim-
plicity of the resulting equations, it also has an obvious drawback. The
method is ill-suited for dealing with the enormous variety of di�erent
molecular interactions which are typically found in complex liquids. There
is little practicality in �tting phenomenological parameters to each dif-
ferent system. In addition the limited expansion may not include the
pertinent symmetries of the system under investigation.

In view of the practical importance of working with more realistic
molecular models, an extension of the theoretical and simulation meth-
ods to general nonlinear transport models and free energy functionals is
clearly needed.

Application of free energy expansions

In our group we are investigating the practical application of the Langevin
equations to the phase separation of polymer and surfactant mixtures,
using a free energy functional derived for a collection of Gaussian chains
in a mean-�eld environment. In this approach we try to retain as much
as possible of the underlying molecular properties, i.e. the architecture
and composition of the chains are important parameters. In previous pa-
pers we have studied the random term,22 the numerical calculation of the
Gaussian chain density functional68 and we have presented some results
of numerical calculations of phase separation in block copolymer melts,28

using a local exchange form for the transport coe�cients. The latter
paper also contains a full density functional derivation of the free energy
functional and the Gaussian chain density functional for inhomogeneous
o�-equilibrium copolymer melts. In addition, a study of appropriate
nonlocal transport coe�cients is in progress.

During a simulation, the external potential, which can be derived from
the free energy, has to be calculated repeatedly from the density. This was
previously done using an iterative (time-consuming) inversion method.
Here, we study the possibility of using more sophisticated explicit fourth
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order free energy expansions for speeding up the calculations. The fourth
order expansion is derived from a functional Taylor expansion of the free
energy functional, which di�ers in some subtle but important aspects
from the older Random Phase Approximation (RPA) of Leibler.12 In
our approach, the simple scalar coe�cients of the phenomenological free
energy models that were introduced in the �rst part of this section, are
replaced by compound spatial operators, the so-called second, third and
fourth order vertex coe�cients.

There are three prerequisites for the practical applicability of fourth
order expansion methods as accurate explicit inversion algorithms. First,
the expansion must be such that the second and fourth order vertices are
both positive in the entire frequency domain, in order to ensure that
the fourth order free energy expansion is su�cient to describe phase
separation. Secondly, the expansion must account reasonably well for
molecular details of the chain molecules, in particular chain architecture
and composition. Thirdly, the expansion must indeed lead to (much)
faster numerical inversion algorithms.

We conclude that the fourth order expansion scheme as de�ned in
this paper, is not yet suited for our purpose, even if we retain all spatial
properties of the second, third and fourth order vertex coe�cients. The
main reason is that in the block copolymer melt, it turns out that the
fourth order vertex is negative for certain wave vectors. Hence, a fourth
order free energy expansion is not necessarily su�cient to describe phase
separation in these cases.

However, we also show that the fourth order vertex coe�cient is pos-
itive for most wave vectors. This implies that a fourth order free energy
expansion is su�cient for studying the relative stability of most ordered
phases in order to derive a mean-�eld phase diagram,12,69{71 depending
on which lattice wave vectors are taken into account. Using the present
expansion for dynamic simulations however, requires at least a sixth or-
der expansion in some cases. The second reason why expansion methods
are not well suited for the dynamic simulations is purely on the compu-
tational side. The fourth order expansion is cast in the form of linear,
bilinear and trilinear operators, which are convolutions in direct space in
respectively 3, 6 and 9 dimensions. These high-dimensional convolutions
are extremely expensive computationally and cannot be used as such in
numerical simulations. For the second and third order vertex coe�cient
we have succeeded in implementing a simple and accurate �tting proce-
dure, which reduces the convolution kernels to a generalized rotationally
symmetric gradient expansion in direct space. For the fourth order vertex
coe�cients our proposed �tting scheme is no longer practical. However,
our �tting scheme leads to a whole new class of phase separation mod-
els, with nonphenomenological parameters that are based on microscopic
information.
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Outline of the paper

In Section 4.3 we briey recapitulate the background of the free energy
functional and the Gaussian chain density functional, in the framework of
a highly simpli�ed Langevin model. For sake of argument we limit most
of the discussions to the case of a (block) copolymer melt. The extension
of the arguments to more general multicomponent mixtures is trivial. In
Section 4.4 we present the fourth order expansions and we make some
comparison to and show the di�erences with RPA free energy expansions.
In Section 4.5 we discuss new properties of the vertex coe�cients. In
Section 4.6 we discuss the �tting procedure and the transformation to
direct space gradient expansions.

4.3 Theory

Suppose we have a copolymer melt of volume V , containing n diblock
copolymer chains, each of length N = NA + NB. We assume that the
kinetic coe�cients are constant (�AA = �BB = �). We neglect any cross
kinetic terms (�AB = �BA = 0) and set the noise to zero. In this highly
simpli�ed scheme the Langevin Eqs. (4.1) reduce to a set of two coupled
di�usion equations

@�A
@t

= �r2�A; (4.4)

@�B
@t

= �r2�B: (4.5)

These equations look very simple, but are highly nonlinear and strongly
coupled through the Gaussian chain density functional. The density func-
tional gives a closing set of relations between the chemical potentials and
the density �elds. The relation can easily be derived from the intrinsic
free energy functional of the system, which is (for details see Ref. 28):

F [�A; �B] = �
1

�
ln

�n

n!
�
X
I

Z
V
UI (r) �I (r) dr+F

nid; (4.6)

� is the partition functional, the sum
P

I is over component types I (A or
B) and UA (r) and UB (r) are external potentials, conjugate to the parti-
cle density �elds �A (r) and �B (r). The nonideal free energy functional
F nid contains the mean-�eld (excluded volume and cohesive) interac-
tions between the chains. Since in this paper we are only concerned with
the relation between the external potential and the density �elds, and
the mean-�eld contains by de�nition only the density �elds, the precise
form of the nonideal interactions is inconsequential. Notice however that
in comparing our results to Leibler's RPA free energy expression,12 we
must remember that the RPA results are derived including the mean-
�eld, which adds a Flory-Huggins interaction term to the second order
vertex coe�cient of the free energy expansion. It is important to realize
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that we do not assume incompressibility at this stage; the expansion is
derived for a compressible melt.

The Gaussian chain density functional is de�ned by

�I [UA; UB] (r) = nTrc ( �̂I (r)) ; (4.7)

where �̂I (r) is a single-chain microscopic density operator, de�ned by

�̂I (r) �
NX
s=1

�KIs� (r�Rs) ; (4.8)

�KIs is a Kronecker delta function, with value 1 if bead s is of type I (A
or B) and 0 otherwise, Rs is the coordinate of bead s. The single-chain
trace Trc is the integration over the coordinate space of one chain only

Trc (�) �
1

N

Z
V N

(�)
NY
s=1

dRs; (4.9)

where N is a normalisation constant with dimension (length)3N. The
single-chain distribution function  and the partition functional � are
de�ned by

 �
1

�
e��[H

G+
PN

s=1
Us(Rs)]; (4.10)

� � Trce
��[HG+

PN

s=1
Us(Rs)]: (4.11)

HG is the standard Edwards Hamiltonian for the Gaussian chain37,39

HG =
��13

2a2

NX
s=2

(Rs �Rs�1)
2; (4.12)

where a is the Gaussian bond length parameter. Finally, the intrinsic
chemical potentials �I are related to the external potentials via

�I =
�F

��I
=
�F nid

��I
� UI : (4.13)

The density functional (4.7) is a bijective relation between the external
potentials and the conjugate density �elds.29 In our previous work we
inverted the density functional numerically by an iteration technique,28

which is very time-consuming. Here, the problem is to �nd an explicit
expression for the external potentials in terms of the density �elds by an
analytical Taylor expansion method, which can be used in the dynamics
algorithm.

4.4 Expansion method

We consider deviations from the homogeneous state, for which �I (r) =
�oI , and UI = 0. The fourth order Taylor expansion of the free energy in
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powers of the external potential is (cf. Ref. 12):

F = F nid + F id
o +

4X
k=1

(��)k�1

k!

X
fIgk

Z
V k
G

(k)
fIgk

(r; � � � ; rk�1)

� UI0 (r) � � �UIk�1 (rk�1) dr � � �drk�1: (4.14)

The summations
P

fIgk
are over all component types, i.e. fIg1 = I, fIg2 =

IJ , fIg3 = IJK and fIg4 = IJKL, and Ik = I; J , K or L. The
superscripts indicate the order of the kernels. The Taylor coe�cients of
the expansion are n-body correlators which reduce to n-particle densities
in the limit n!1:

G
(1)
I (r) = n h�̂Ii0 = �oI ; (4.15)

G
(2)
IJ (r; r1) = n h�̂I (r) �̂J (r1)i0 ; (4.16)

G
(3)
IJK (r; r1; r2) = n h�̂I (r) �̂J (r1) �̂K (r2)i0 ; (4.17)

G
(4)
IJKL (r; r1; r2; r3) = n h�̂I (r) �̂J (r1) �̂K (r2) �̂L (r3)i0 : (4.18)

The averages h�i0 � [��1Trc (�)]U=0 are single-chain ensemble averages,
using the distribution function of the Gaussian chain in the homogeneous
melt. Since the homogeneous melt is translationally invariant, we can set

G
(2)
IJ (r; r1) = G

(2)
IJ (r� r1) ; (4.19)

G
(3)
IJK (r; r1; r2) = G

(3)
IJK (r� r1; r� r2) ; (4.20)

G(4)
IJKL (r; r1; r2; r3) = G(4)

IJKL (r� r1; r� r2; r� r3) : (4.21)

Employing the translational invariance at this stage simpli�es the deriva-
tion of the inverse density expansion compared to RPA considerably, as
can be seen from Eqs. (4.26) to (4.28). The expansion of the density
functional reads:

~�I (r) =
3X

k=1

(��)k

k!

X
fIgk

Z
V k
G

(k+1)
fIgk+1

(r� r1; � � � ; r� rk)

� UI1 (r1) � � �UIk (rk) dr1 � � �drk; (4.22)

where ~�I (r) is the deviation from homogeneous density

~�I (r) � �I (r)� �oI : (4.23)

Notice that we have as many order parameters as there are component
types, which are retained throughout the calculations. The inverse ex-
pansion for the external potential is given by:

UI (r) = �kBT
3X

k=1

1

k!

X
fIgk

Z
V k

�
(k+1)
fIgk+1

(r� r1; � � � ; r� rk)

� ~�I1 (r1) � � � ~�Ik (rk) dr1 � � �drk; (4.24)
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which introduces the second, third and fourth order vertex coe�cients
�
(2)
IJ , �

(3)
IJK and �

(4)
IJKL respectively. By integration of the chemical poten-

tials (4.13) we obtain the free energy expansion in the density �elds:

F = F nid + F id
o + kBT

4X
k=2

1

k!

X
fIgk

Z
V k

�
(k)
fIgk

(r� r1; � � � ; r� rk�1)

� ~�I0 (r) � � � ~�Ik�1 (rk�1) dr � � �drk�1; (4.25)

where we have set the average of the external potentials to zero
(
R
V UI (r) dr = 0).
The vertex coe�cients and the n-body correlators are convolution

kernels in 3, 6 and 9 dimensions. Hence the expansions have a sim-
pler representation in Fourier space. We de�ne the Fourier transform
of a function f by f(q) �

R
V
eiq�rf(r)dr and the inverse transform by

f(r) � 1
(2�)3

R
V
e�iq�rf(q)dq. We then apply a one-step iteration technique

(substituting the expansions for UI in the expansions for ~�I) to obtain
analytical relations between the vertex coe�cients and the n-body corre-
lators in Fourier space. For simpli�cation, we can use a matrix notation
(indicated with subscript M) which may be compared to formulas (III-14)
to (III-16) in Ref. 12, but is structurally di�erent.

IM = G(2)
M (q)�(2)

M (q); (4.26)

0M = G
(2)
M (q1 + q2)�

(3)
M (q1;q2)

+ G
(3)
M (q1;q2)�

(2)
M (q1)
 �

(2)
M (q2); (4.27)

0M = G
(2)
M (q1 + q2 + q3)�

(4)
M (q1;q2;q3)

+ G
(4)
M (q1;q2;q3)�

(2)
M (q1)
 �

(2)
M (q2)
 �

(2)
M (q3)

+
3

2
G

(3)
M (q1;q2 + q3)�

(2)
M (q1)
 �

(3)
M (q2;q3)

+
3

2
G

(3)
M (q1 + q2;q3)�

(3)
M (q1;q2)
 �

(2)
M (q3): (4.28)

Here 
 denotes a Kronecker or direct matrix product,72 which is de�ned
in the following way. If A is an m � n-matrix and B is a p � q-matrix,
then A
B is an mp� nq-matrix given by:

A
 B =

2
664
a11B � � � a1nB
...

. . .
...

am1B � � � amnB

3
775 ; (4.29)

0M is the zero-matrix, IM is the identity-matrix. The matrices contain
all expansion kernels in a logical order component-wise, e.g. the fI; Jg{

element of G
(2)
M (q) is given by G

(2)
IJ (q). The n-body correlators can be

calculated in Fourier space according to the formulas given in Appendix
4.8. Relations (4.26) to (4.28) must hold for all q, q1, q2 and q3.

Notice that the expression for relating �(4) to the n-body correlators
G(2), G(3) and G(4) is di�erent from the usual RPA-expression (Appendix
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4.8). The relation for �(4) as obtained from a straightforward application
of the one-step iteration technique, does not necessarily possess all phys-
ical symmetries (such as rotational symmetry in its wave vectors). The
relation can easily be symmetrized for a one-order parameter system as is
done in Ref. 12, but symmetrization of the relations for a multicomponent
compressible system leads to very complex expressions. (See Appendix
4.8 for explanation.) However, our nonsymmetric relations lead to an
expansion for the external potential of the same accuracy and can hence
be used to study the applicability of fourth order expansions to the meso-
scopic dynamics algorithms. In that case, the physical symmetries of �(4)

are in principle not signi�cant, as opposed to the symmetries of �4 in the
study of the stability of ordered phases.

Comparison with RPA

We want to stress that the above analysis contains some important dif-
ferences with Leibler's RPA results.12 From the onset, we assume that
the system is a compressible collection of Gaussian chains in a mean-�eld
environment, whereas in Leibler's RPA the system is incompressible, and
the Gaussian chain approximation is made only after the expansion. This
implies that here we have retained two relations between two density
�elds and two external potentials, rather than a single relation between
one order parameter and one e�ective external potential as in the Leibler
RPA. However, the underlying molecular model of ideal Gaussian chains
in a mean-�eld is the same. In fact, from a technical point of view we
�nd that the route to the incompressible systems via the compressible
expansion of Gaussian chain statistical behaviour is much easier to han-
dle than solving the RPA set directly, mainly because we make use of the
translational invariance of the melt before Fourier transformation. This
procedure also leads to di�erent expressions for the free energy expansion
and its vertex coe�cients.

For a two-component incompressible system, the separate vertex co-
e�cients can easily be connected to the vertex coe�cients for a one order
parameter system. In the incompressible system we de�ne �(r) � ~�A(r)
as the order parameter. By substituting U(r) � UA(r) � UB(r) and
~�B(r) � � ~�A(r) we de�ne:

�(2) � �
(2)
AA � �

(2)
AB � �

(2)
BA + �

(2)
BB; (4.30)

�(3) � �(3)
AAA � �(3)

AAB � �(3)
ABA + �(3)

ABB

� �
(3)
BAA + �

(3)
BAB + �

(3)
BBA � �

(3)
BBB; (4.31)

�(4) � �
(4)
AAAA � �

(4)
AAAB � �

(4)
AABA + �

(4)
AABB

� �
(4)
ABAA + �

(4)
ABAB + �

(4)
ABBA � �

(4)
ABBB

� �
(4)
BAAA + �

(4)
BAAB + �

(4)
BABA � �

(4)
BABB

+ �
(4)
BBAA � �

(4)
BBAB � �

(4)
BBBA + �

(4)
BBBB : (4.32)
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Our combined vertex coe�cients �(2) and �(3) may now be linked to the
Leibler coe�cients of the free energy expansion �2 and �3 in Ref. 12 in
the following manner:

�(2)(q) = �2(q;�q) (� = 0); (4.33)

�(3)(q1;q2) = �3(q1 + q2;�q1;�q2): (4.34)

These relations follow from a direct comparison of Eqs. III-22 and III-23
in Ref. 12 to (4.26) and (4.27) keeping both free energy expressions in
mind. Notice that the relations for �(2) and �(3) are unique and auto-
matically possess all physical symmetries. We explain how �(4) can be
symmetrized in Appendix 4.8.

4.5 Properties of vertex coe�cients

For a diblock copolymer compact Debye type formulas can be derived
for G

(2)
IJ , G

(3)
IJK and G

(4)
IJKL, in terms of N , NA and NB by simply writing

out all summations (see Appendix 4.8). We have calculated the n-body
correlators both for arbitrary chain length and all q and also for the limit
of very long chains and small q (that is, when N !1, a2q2=6! 0 and
Na2q2=6 remains �nite, which is the limit considered by the RPA). The
vertex coe�cients are obtained by inserting the formulas for the n-body
correlators in the inversion relations. The formulas can in our approach
readily be calculated by computational algebra methods because they do
not involve summations over wave vectors. However, especially the for-
mulas for the higher order vertex coe�cients are unwieldy, and therefore
they will not be included here. A Mathematica script for generating the
analytical formulas for the n-body correlators and the vertex coe�cients
is available on request from the authors. As far as we know, the full
wave vector dependence has not been calculated before for �(3) and �(4).
We will now briey discuss each of the combined vertex coe�cients for
the incompressible system, which is especially important for understand-
ing how an accurate and calculatable explicit inverse density expansion
must be derived that includes all wave vector dependencies. Discussing
the separate vertex coe�cients is also possible, but is cumbersome and
does not allow comparison with low order RPA free energy expansions.

�(2)

This coe�cient is well known and can be related to �2 in Ref. 12 (see
Fig. 4.1 for a few examples). �(2) (see Eqs. (4.26) and (4.30)) is singular
and scales with q�2, hence density uctuations on scales larger than the
polymer coil size are unfavorable. Here we notice an additional property
on monomer length scales which is not usually discussed, but is never-
theless important for numerical applications. We have:

lim
jqj!1

�(2)(q) =
N2

NANB
: (4.35)
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Figure 4.1 N�(2) in the limit of very long chains as a function of Na2q2=6 for

di�erent compositions. f = 1
2 ( ), f = 1

4 ( ).

Hence this limit is �nite for any chain length. Physically, the limiting
value indicates that if the external potential has a period that gradually
decreases to monomer length scales, the response of the chain does not
further change. As we will see in Section 4.6, the behaviour of �(2) in
general and especially the inuence of the limiting value for large jqj can
not be neglected in a gradient free energy expansion for systems with
widespread density spectra.

�(3)

Assume �rst, without loss of generality, that q1 = q2 = q. We approxi-
mate:

e�
a2q2

6 � 1�
a2q2

6
+
a4q4

72
�
a6q6

1296
: (4.36)

Employing the inversion relation (4.27) and Eq. (4.31) this yields:

lim
jqj!0

�(3)(q;q) = �N(N2
B �N2

A)(6 + 30N2 +NANB (4.37)

� (3 + 23N2 � 5NANB))=(4NANB(1 + 2NANB)
3):

Hence, we �nd that �(3) is not singular near the origin, in contrast to
�(2). We may investigate the limit in in�nity for q1 = q2 = q and check
that the result agrees with well-known results from e.g. Ref. 69. We �nd
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Figure 4.2 N�(3) in the limit of very long chains as a function of Na2q21=6 and

Na2q22=6, q1 � q2 = 0: (a) f = 1=4, (b) f = 1=8, (c) f = 1=16.

that

lim
jqj!1

�(3)(q;q) = �
N3

N2
AN

2
B

(NB �NA): (4.38)

Also notice that this limit does not depend on chain length, but only on
the ratio f � NA

NB
. In the limit of very long chains, �(3) strongly depends

on f as can be seen in Fig. 4.2, where �(3) is plotted for three di�erent
values of f .

We see that the optimum becomes more distinct if the asymmetry of
the chain increases. Notice that the full wave vector dependence of �(3)

is depicted.

�(4)

First, we again emphasize that �(4) is only comparable to the RPA fourth
order vertex function �4 after the extra symmetrization step (Appendix
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(a)
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(c)

(d)

(e)

(f)

Figure 4.3 Isosurfaces of N�(4) in the limit of very long chains as a function of

Na2q21=6, Na2q22=6 and Na2q23=6. q1, q2 and q3 are parallel, 0 � Na2q2i =6 �
9:5 (small irregularities are due to the isosurface calculation which is based on

1000 data points) (a) f = 1=2, isosurface N�(4) = 0, (b) f = 1=2, isosurface
N�(4) = 550, (c) f = 1=2, isosurface N�(4) = 1000, (d) f = 1=4, isosurface
N�(4) = 0, (e) f = 1=4, isosurface N�(4) = 250, (f) f = 1=4, isosurface
N�(4) = 5000.

4.8). Here we study the bare unsymmetric �(4) coe�cient which was
derived directly from the one-step iteration method. In calculating �(4)

in the limit of very long chains and small q (see Fig. 4.3, q1, q2 and q3

are parallel) we �nd that if q1 and q2 or q2 and q3 are small, �(4) is
negative and if q1 and q3 are small, �(4) is positive. Near the origin, �(4)

is positive and singular.

From these results we conclude that �(4) is not necessarily positive in
the entire Fourier domain. In calculating �(4) for other orientations of
the three frequencies, we �nd that �(4) changes sign in many more cases.
From Fig. 4.3 we conclude that the area where �(4) is negative becomes
larger if the chain becomes more symmetric (in the limit of very long
chains). The behaviour of �(4) seems to be singular for q1 and q3 small,
but along the other axes the function seems to decrease only linearly.
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We realize however that these results may be inuenced by the par-
ticular choice for �(4), i.e. which particular symmetry is chosen. We
have not performed the calculations of the symmetrized �(4) because of
the complexity, but intend to do so for a multicomponent compressible
system in the near future.

Remarks

In a Ginzburg-Landau fourth order model for the free energy the second
order term must have a negative sign and the fourth order term must
have a positive sign in order to obtain the two minima that are necessary
to describe a phase separated system.73 If we translate this concept
to the case of copolymer melts, the second and fourth order terms in
the inverse density expansion must preferably have the same sign. The
second order term changes sign if the melt is quenched (which e�ectively
instantaneously increases the interaction parameter �), which shifts part
of �(2)(q) to negative values.

Since the expansion we consider here is more complex than a sim-
ple polynomial (because the full wave vector dependence is considered
and the expansion terms consist of high-dimensional integrals), we must
carefully examine the consequences of the above remarks in the di�erent
limits. In the weak segregation limit, the density may be approximated
by a single Fourier component for an ordered structure. This Fourier
component is determined by the optimum q� of �(2). In order to describe
phase separation,

Z
V 4

�(4) (r� r1; r� r2; r� r2)� (r)�(r1)�(r2)�(r3)drdr1dr2dr3

=
1

(2�)9

Z
V 3

�(4) (q1;q2;q3)�(�q1 � q2 � q3)

� �(q1)�(q2)�(q3)dq1dq2dq3; (4.39)

must be positive (remember that in the incompressible system the order
parameter � (r) = ~�A (r)). Since the sign of the coe�cient �(4) changes
depending on q�, the sign of the integral (4.39) will depend on the density
spectrum. In the weak segregation limit jq1j = jq2j = jq3j = jq�j and
jq � q1 � q2 � q3j = jq�j, but the angles between these vectors are still
free and are determined by the ordered mesophase under consideration.

In the strong segregation limit and for nonordered structures, the
density spectrum is much more widespread. In this case it is a very bad
approximation to represent the density by a single harmonic or even by
multiple harmonics. Many authors have mentioned this before in the
context of the study of the relative stability of ordered structures (see
e.g. Refs. 70, 71, 74, 75). In Self Consistent Field approximations it is
also noted that an increasing number of basis functions is needed in the
strong segregation limit (see e.g. Refs. 76{78). The widespread density
spectrum in numerical simulations of ordering processes in metastable
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irregular structures, implies that there may exist a negative contribution
from Eq. (4.39) now, caused by the Fourier components of the density
in the part of the spectrum where �(4) is negative. Depending on the
balance between positive and negative contributions, a fourth order func-
tional Taylor expansion may no longer be su�cient to describe the phase
separated system in a simulation. In these cases, a sixth order functional
Taylor expansion may have to be made to obtain an explicit expression
for the inverse density (external potential) expansion. The fourth order
external potential expansion may however serve as a preconditioner in
the previously used iterative inversion schemes (see e.g. Refs. 7 and 28).
As mentioned before, we intend to study the sign of the symmetrized �(4)

in the near future.

4.6 Fitting procedure

Now we return to the simpli�ed Langevin model (4.4) and (4.5). We
recall that our main goal is to calculate the r2�I terms as e�ciently
as possible for numerical simulations of microphase separation, given
the analytical Fourier transforms of the vertex coe�cients. We do not
restrict the system to incompressibility, and hence we must examine each
of the individual coe�cients �

(2)
IJ , �

(3)
IJK, �

(4)
IJKL separately. Since the

expansion of the external potential (4.24) consists of linear, bilinear and
trilinear terms, which are multidimensional convolutions, one expects the
numerical calculations to become easier in Fourier space. This is partly
true. The linear term is simply a multiplication in Fourier space, but
the bilinear term still involves a complicated integration in 3 dimensions.
This is not well suited for numerical integration. This applies even more
so to the trilinear terms which are 6 dimensional integrations in Fourier
space. In this form the external potential expansion is not yet suited for
application in the dynamics algorithms.

The main principle of the method we propose here is that the vertex
coe�cients are �tted by well-chosen polynomial series of wave vectors.
The polynomial series can easily be inverse Fourier transformed, which
results in relatively compact gradient expansions. These gradient ex-
pansions can then be discretized by traditional methods and calculated
numerically, which allows for application of the external potential ex-
pansion in the mesoscopic dynamics algorithms. The linear, bilinear and
trilinear terms will now be discussed in detail.

Linear term

The complexity of the linear terms consists of two parts. All �
(2)
IJ scale

with q�2 near the origin and all �
(2)
IJ have a plateau region for large q (see

Eq. (4.35)). These properties make it hard to calculate an accurate and
compact discrete representation in the entire q-domain. We remove the
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singularity by considering the expansion for r2UI instead of UI , i.e. in
Fourier space we expand �q2UI (q) = �q2P

J �
(2)
IJ (q) ~�J (q) + � � �. We

have found that q2�
(2)
IJ (q) can be approximated by a series expansion of

the form
Pl

i=0 ciIJq
2i. For �

(2)
IJ we employ a least squares �tting proce-

dure, using 10 datapoints (taking into account spherical symmetry) and
a varying number of �t functions. If the length of the chain increases,
the optimum of �(2) shifts towards lower frequencies, the optimum be-
comes more distinct and the plateau, that was discussed in Section (4.5),
becomes a larger part of the �t domain. Because the plateau is hard
to �t with a limited number of �t functions, the number of �t functions
increases with increasing chain length.

0 1 2 3 4 5

2:5

5

7:5

10

12:5

15

17:5

20�
(2)

jqj

Figure 4.4 Analytical ( ) and �tted ( ) �(2) for A8B6 as a

function of jqj.

In Fig. 4.4 we check the accuracy by comparing the analytical and
�tted combined vertex coe�cient �(2) for the chain A8B6 for the incom-
pressible athermal melt. We see that the accuracy is perfect, albeit at
the cost of a rather large number of �t functions (8 in this case). We can
now inverse Fourier transform the linear term in the inverse expansion
and �nd the approximation in direct space:

r2
X
J

Z
V
�
(2)
IJ (r� r1) ~�J (r1) dr1

�
X
J

c0 �r
2(c1 �r

2(c2 � : : :))~�J : (4.40)

The coe�cients ci are di�erent for each combination IJ .
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Bilinear term

We restrict ourselves to a demonstration of principle and discuss only the
�tting of �

(3)
IJK of a single chain architecture: A8B6. Other architectures

and longer chains can be treated using the same �tting procedure. Com-
pared to �

(2)
IJ the number of functions to be approximated now increases

by a factor 2 (from 4 to 8). Because of symmetry, only six functions have
to be approximated e�ectively.

Although the combined �(3) shows rather simple nonsingular behav-
iour, the independent �

(3)
IJK show more complex and even singular be-

haviour, which makes them harder to �t. Again we consider r2UI which
implies that we have to �t (q1 + q2)

2�
(3)
IJK(q1;q2). We �nd that the

pre-multiplication removes the singularity in (q1 +q2)
2�

(3)
AAA(q1;q2) and

(q1+q2)
2�

(3)
BBB(q1;q2). (q1+q2)

2�
(3)
AAB and (q1+q2)

2�
(3)
BBA are still sin-

gular in one coordinate and (q1 + q2)
2�

(3)
ABB and (q1 + q2)

2�
(3)
BAA remain

singular in both coordinates.
Compared to �

(2)
IJ the number of datapoints for the least squares �t

per function now increases from 10 to 180. The set of datapoints is
chosen such that it represents the characteristics of the behaviour of
each function su�ciently. The number of �t functions depends on the
singularity in �

(3)
IJK. We �nd that the bilinear terms may be �tted using

the �t functions indicated in Table 4.1.
The accuracy of the �t results is considerable, some examples for

�
(3)
AAA, �

(3)
AAB and �

(3)
ABB are given in Fig. 4.5. The results for the other

�
(3)
IJK are similar. The global behaviour of the analytical and �tted results

is the same and the range of the values agrees in all cases. In Fig. 4.6
we have plotted the analytical and �tted results for (q1+q2)

2�(3)(q1;q2)

which show that even though the �
(3)
IJK are �tted independently, the com-

binations �(3) agree very well.
We can now again inverse Fourier transform the bilinear terms in the

approximation of the inverse density expansion. For �(3)
AAA and �(3)

BBB this
yields an expansion of the following form:

r2
Z
V 2

�
(3)
IJK(r� r1; r� r2)~�J(r1)~�K(r2)dr1dr2

� c0~�J ~�K + c1~�K(r
2~�J) + c2~�K(r

4~�J) + c3~�J(r
2~�K)

+ c4(r
2~�J)(r

2~�K) + c5~�J(r
4~�K)

+ c6r
2(~�J ~�K) + c7r

2(~�K(r
2~�J)) + c8r

2(~�J(r
2~�K))

+ c9r
2(r2~�Jr

2~�K) + c10r
4(~�J ~�K): (4.41)

As before, the polynomial coe�cients ci are di�erent for each combination
IJK. For other �

(3)
IJK that have been �tted some extra nonlocal and

gradient terms are added to the expansion, e.g. r(r2~�J) � r(r2~�K),
rzJ � r~�K and rzJ � r(r2~�K). Here

zI(r) �
Z
V

~�I(r1)

jr� r1j
dr1: (4.42)

The use of zI implies that the singularity has not disappeared completely.
Together this yields a rather complex rotationally symmetric gradient
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�t function �
(3)
AAA

�
(3)
AAB

�
(3)
ABB

1 32720.0 -588.2 6177.0
q21 -1071.0 -104.4 24.03
q41 33.45 3.397 -4.438
q22 -1365.0 64.89 8.611
q21q

2
2 -26.59 -2.409 -4.495

q42 34.33 -0.7804 -3.139
(q1 + q2)2 -27570.0 260.0 -406.8
q21(q1 + q2)2 -143.1 -6.717 7.686
q22(q1 + q2)2 -127.3 -7.791 6.968
q)21q

2
2(q1 + q2)2 5.734 0.3438 -0.1505

(q1 + q2)4 0.4985 -1.670 2.825
q1 � q2 0.0 149.7 -219.7
q21(q1 � q2) 0.0 -3.852 8.309
q22(q1 � q2) 0.0 -2.301 7.301
(q1 � q2)2 0.0 6.286 -10.76
q21q

2
2(q1 � q2) 0.0 0.1835 -0.7737

q1 � q2=q21 0.0 -2247.0 2996.0
q22(q1 � q2)=q

2
1 0.0 80.66 -107.5

(q1 � q2)2=q21 0.0 8.571 -5.936
q1 � q2=q22 0.0 0.0 3139.0
q21(q1 � q2)=q

2
2 0.0 0.0 -120.1

(q1 � q2)2=q22 0.0 0.0 -7.317

�t function �
(3)
BAA

�
(3)
BBA

�
(3)
BBB

1 4872.0 -961.3 55430.0
q21 33.99 -127.5 -1811.0
q41 -3.548 4.061 57.22
q22 18.77 47.87 -2305.0
q21q

2
2 -5.963 -1.148 -46.35

q42 -2.472 -0.09591 58.35
(q1 + q2)2 -283.5 309.1 -49237.0
q21(q1 + q2)2 4.398 -7.388 -244.1
q22(q1 + q2)2 3.963 -8.714 -217.1
q)21q

2
2(q1 + q2)2 -0.02024 0.3587 9.789

(q1 + q2)4 2.154 -2.127 0.8540
q1 � q2 -168.1 194.4 0.0
q21(q1 � q2) 6.954 -5.151 0.0
q22(q1 � q2) 6.199 -3.735 0.0
(q1 � q2)2 -8.129 7.937 0.0
q21q

2
2(q1 � q2) -0.6904 0.3123 0.0

q1 � q2=q21 2247.0 -2996.0 0.0
q22(q1 � q2)=q

2
1 -80.66 107.5 0.0

(q1 � q2)2=q21 -5.352 12.49 0.0
q1 � q2=q22 2354.0 0.0 0.0
q21(q1 � q2)=q

2
2 -90.08 0.0 0.0

(q1 � q2)2=q22 -6.512 0.0 0.0

Table 4.1 Coe�cients times 104 in for �tted (q1 + q2)
2�

(3)
IJK for A8B6.

expansion. The coe�cients ci strongly depend on the architecture and
composition of the chain. The expansion automatically includes the sym-
metries of the system under investigation.

Trilinear term

Initially we devoted a considerable e�ort to �nding a systematic �tting
scheme for the �

(4)
IJKL functions, but unfortunately we failed to do so. The

reason is simply that there are too many special cases to consider, and
all of them need careful evaluation. The magnitude of the problem may
be appreciated if it is realised that the number of independent vertex
coe�cients increases from 8 in the bilinear term to 16 in the trilinear
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term in a binary system. Each coe�cient now depends on three wave
vectors. It is also very hard, because of the increased number of degrees
of freedom (from 3 to 6 in comparison to �(3)), to decide which datapoints
and �t functions to use.
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Figure 4.5 (q1+q2)
2�(3) for A8B6 as a function of x and y. (a) Analytical result

(q1 + q2)
2�

(3)
AAA, q1 � q2 > 0, q1 = x(1; 1; 1)t , q2 = y(1; 1; 1)t . (b) Fitted result

(q1 + q2)
2�

(3)
AAA, q1 � q2 > 0. (c) Analytical result (q1 + q2)

2�
(3)
AAB, q1 � q2 < 0,

q1 = x(�1; 0; 1)t, q2 = y(1; 1;�1)t. (d) Fitted result (q1 + q2)
2�

(3)
AAB,

q1 � q2 < 0. (e) Analytical result (q1 + q2)
2�

(3)
ABB , q1 � q2 = 0, q1 = x(1; 0; 1)t ,

q2 = y(0; 1; 0)t . (f) Fitted result (q1 + q2)
2�

(3)
ABB , q1 � q2 = 0.

Approximations for �
(4)
IJKL that can be used in deriving new phase

separation models, must be derived in such a way that the combined
�(4) is positive in the entire frequency domain. This approach does not
contradict the conditions necessary for a su�cient description of phase
separation and may well be a very practical solution.

A practical approximation for the trilinear term might be a simple
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factorization of the following form

r2
Z
V 3

�
(4)
IJK(r� r1; r� r2; r� r3)

� ~�J(r1)~�K(r2)~�L(r3)dr1dr2dr3

� c0IJKLr
2~�J(r)~�K(r)~�L(r) + c1IJKLr

2zI (r) zJ (r) zK (r) :(4.43)

The �rst term replaces �
(4)
IJK by its average in the nonsingular domain,

and the second term is added to capture some of the complex singular
behaviour of �

(4)
IJKL.

4.7 Discussion and conclusions

The �rst question we must ask ourselves is whether the extensive math-
ematical analysis is really necessary to describe the dynamics of phase
separation, or if a simple phenomenological model can be used just as
well. We �nd that if we restrict ourselves to the basic physics of the
problem and concentrate on the behaviours on a coarse-grained length
scale (e.g. polymer coil size), the simpli�ed phenomenological approaches
outlined in the introduction are su�cient. However, phase separation is
in principle a process on multiple length scales. The second order vertex
coe�cient clearly shows that we must try to account for both density
uctuations on the polymer coil size length scale as well as for monomer
scale gradients in the interfacial regions between domains. The latter
behaviour is especially important in the strong segregation limit and for
the irregular metastable structures in our simulations, where the density
spectrum becomes broad. Hence, for the description of the physics of the
complete multiple length scale problem we really need the full analysis.

Next, we ask ourselves if the expansion approach provides an accurate
and fast dynamical simulation. We recall from the introduction that
there are three prerequisites for the practical applicability of the fourth
order expansion: (i) the expansion must be su�cient to guarantee phase
separation, i.e. the fourth order contribution must be positive, (ii) it must
take the molecular details of the chain molecules into account and (iii)
it must lead to faster numerical algorithms. We have shown that even
for a simple linear copolymer melt the fourth order vertex coe�cient as
calculated in the present paper, is negative for some wave vectors. In a
study of the relative stability of ordered phases in order to derive a mean-
�eld phase diagram, this need not be consequential, depending on the
lattice vectors that are considered in the analysis. If the lattice vectors
are in the negative part of the frequency domain, the ordered phase is
unstable for this particular approximation. If the lattice vectors are in
the positive part of the frequency domain, the ordered phase is stable
for this particular approximation. However, in a dynamic simulation
the system is in principle free to choose its `own' preferred mesophase
structure, which may have a very widespread density spectrum. In that
case, a negative fourth order contribution to the free energy may lead to
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ampli�cation of completely arti�cial structures. Hence, we must conclude
that the fourth order expansion is not su�cient for dynamic simulations.

There are some practical di�culties in taking molecular detail into
account. In principle the vertex coe�cients can be calculated for any ar-
chitecture (e.g. branched or comb copolymers) and chain composition.79

However, the analytical formulas for the vertex coe�cients become very
complex unless the chain has a very high symmetry (such as a block
copolymer). Their complexity makes the analytical formulas rather im-
practical to use unless severe simpli�cations are made.

We are not yet conclusive about the increased speed of the numerical
calculations if we employ the fourth order expansion. We must �rst ob-
tain a free energy expansion that guarantees phase separation; either by
extending the expansion to sixth order or by employing a phenomenolog-
ical (symmetrized) approximation of the fourth order vertex coe�cient.
On the other hand, the gradient expansion shows that in direct space
the bilinear term becomes more compact than the linear term, and this
is rather favorable from a computational point of view.

1 2 3 4 5

�250

�200

�150

�100

�50

jq1j

(q1 + q2)
2�3

Figure 4.6 Analytical ( ) and �tted ( ) (q1 +q2)
2�(3)(q1;q2)

for A8B6 as a function of jq1j where q1 = q2.

Returning to the phenomenological free energy models for incompress-
ible systems outlined in the introduction, our expansion for the bilinear
term may perhaps point to an entirely new class of simpli�ed phase sep-
aration models for bicontinuous systems. It is known that asymmetric
chains may lead to bicontinuous phases when the interactions are not
too strong.28,76{78,80 From the data in Table 4.1, we see that in case
of the asymmetric chain all cross terms have extra inner product terms
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q1 � q2 and variants thereof, which are absent in the pure coe�cients
�
(3)
AAA and �

(3)
BBB . From symmetry considerations, we expect that the in-

ner products are also important for the combined vertex coe�cient �(3)

in the incompressible system. For example, if we functionally integrate
the term containing the q1 � q2 �t function over the order parameter, we
�nd the integral

Fbc =
c

3

Z
V
�r2�2dr; (4.44)

which could provide a �rst order approximation for bicontinuity in sim-
pli�ed phenomenological models. Further work to verify this conjecture
is in progress.

4.8 Appendix

n-body correlators

The Fourier forms of the n-body correlators read

G
(2)
IJ (q) =

n

V

NX
i=1

NX
j=1

�KiI �
K
jJ!

ji�jj; (4.45)

G
(3)
IJK(q1;q2) =

n

V

NX
i=1

NX
j=1

NX
k=1

�KiI �
K
jJ�

K
kKfijk(q1;q2); (4.46)

G
(4)
IJKL(q1;q2;q3) =

n

V

NX
i=1

NX
j=1

NX
k=1

NX
l=1

�KiI �
K
jJ�

K
kK�

K
lLgijkl(q1;q2;q3);

(4.47)

fijk(q1;q2) =

8>><
>>:
!
ji�jj
12 !

jk�jj
2 if i � j � k or k � j � i

!
jk�ij
12 !

jk�jj
1 if i � k � j or j � k � i

!
ji�jj
1 !

jk�ij
2 if j � i � k or k � i � j

; (4.48)

gijkl(q1;q2;q3)

=

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

!
ji�jj
123 !

jk�jj
23 !

jk�lj
3 if i � j � k � l or l � k � j � i

!
ji�jj
123 !

jl�jj
23 !

jk�lj
2 if i � j � l � k or k � l � j � i

!
jk�ij
123 !

jk�jj
13 !

jl�jj
3 if i � k � j � l or l � j � k � i

!
jk�ij
123 !

jk�lj
13 !

jl�jj
1 if i � k � l � j or j � l � k � i

!jl�ij123 !
jj�lj
12 !jk�jj2 if i � l � j � k or k � j � l � i

!
jl�ij
123 !

jk�lj
12 !

jk�jj
1 if i � l � k � j or j � k � l � i

!
ji�jj
1 !

ji�kj
23 !

jk�lj
3 if j � i � k � l or l � k � i � j

!
ji�jj
1 !

ji�lj
23 !

jk�lj
2 if j � i � l � k or k � l � i � j

!
ji�kj
2 !

jj�ij
13 !

jj�lj
3 if l � j � i � k or k � i � j � l

!
jk�jj
2 !

jj�ij
12 !

ji�lj
3 if l � i � j � k or k � j � i � l

!
jj�lj
1 !

ji�lj
13 !

ji�kj
2 if j � l � i � k or k � i � l � j

!
jj�kj
1 !

ji�kj
12 !

ji�lj
3 if j � k � i � l or l � i � k � j

;(4.49)
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! = e�
a2q2

6 ; (4.50)

!i = e�
a2q2

i
6 ; (4.51)

!ij = e�
a2(qi+qj )

2

6 ; (4.52)

!ijk = e�
a2(qi+qj+qk)

2

6 : (4.53)

In the calculations we have omitted an unimportant molecular volume
parameter and have set n=V = 1=N .

One-step iteration technique and symmetrization procedure

For a one-dimensional function the one-step iteration technique leads to
very simple expressions. Suppose the one-dimensional functions y and x
are expanded to third order:

y = ax + bx2 + cx3; (4.54)

x = dy + ey2 + fy3: (4.55)

We can relate the expansion coe�cients of x and y by inserting the
expression for x in y and equating powers of y to third order. This leads
to

1 = ad; (4.56)

0 = ae+ bd2;

0 = af + 2bde+ cd3;

if all coe�cients commute. These relations are unique. For a functional
expansion to third order however, the relations need no longer all be
unique. This can be illustrated by the one order parameter density and
external potential expansions. We now have the following expansions in
Fourier space (cf. Eqs. (4.22) and (4.24)):

~�(q) = ��G(2)(q)U(q) +
�2

2

Z
V

G(3)(q� q2;q2)

� U(q� q2)U(q2)dq2

�
�3

6

Z
V

Z
V

G(4)(q� q2 � q3;q2;q3)

� U(q� q2 � q3)U(q2)U(q3)dq2dq3; (4.57)

U(q) = �
1

�
�(2)(q)~�(q)�

1

2�

Z
V

�(3)(q� q2;q2)

� ~�(q� q2)~�(q2)dq2

�
1

6�

Z
V

Z
V

�(4)(q� q2 � q3;q2;q3)

� ~�(q� q2 � q3)~�(q2)~�(q3)dq2dq3: (4.58)
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We now insert the expression for U(q) in the expression for ~�(q) and
equate integrals of the same power in ~�. This yields:

~�(q) = G(2)(q)�(2)(q)~�(q); (4.59)

0 =
Z
V

h
G(2)(q)�(3)(q� q2;q2) +G(3)(q� q2;q2)

� �(2)(q� q2)�
(2)(q2)

i
~�(q� q2)~�(q2)dq2; (4.60)

0 =
Z
V

Z
V

h
G(2)(q)�(4)(q� q2 � q3;q2;q3)

+ G(4)(q� q2 � q3;q2;q3)�
(2)(q� q2 � q3)

� �(2)(q2)�
(2)(q3) +

3

2
G(3)(q� q2 � q3;q2 + q3)

� �(2)(q� q2 � q3)�
(3)(q2;q3)

+
3

2
G(3)(q� q3;q3)�

(3)(q� q2 � q3;q2)�
(2)(q3)

�
� ~�(q� q2 � q3)~�(q2)~�(q3)dq2dq3: (4.61)

Su�cient conditions for these integral equations to hold are (cf. Eqs. (4.26)
and (4.56)):

1 = G(2)(q)�(2)(q); (4.62)

0 = G(2)(q1 + q2)�
(3)(q1;q2)

+ G(3)(q1;q2)�
(2)(q1)�

(2)(q2); (4.63)

0 = G(2)(q1 + q2 + q3)�
(4)(q1;q2;q3)

+ G(4)(q1;q2;q3)�
(2)(q1)�

(2)(q2)�
(2)(q3)

+
3

2
G(3)(q1;q2 + q3)�

(2)(q1)�
(3)(q2;q3)

+
3

2
G(3)(q1 + q2;q3)�

(3)(q1;q2)�
(2)(q3): (4.64)

Now, the fourth order relationship is not unique. In any of the integral
Eqs. (4.59) to (4.61) we can transform the integration variables before
equating the integral kernels. For the second and third order relation-
ships, this does not lead to di�erent relationships, but it does change the
fourth order relationship. Since the integral Eq. (4.61) is of the form

0 =
Z
V

Z
V

kernel(q� q2 � q3;q2;q3)

� ~�(q� q2 � q3)~�(q2)~�(q3)dq2dq3; (4.65)

we can employ either of the following variable transforms for another
su�cient relation:

q3 := ~q2; q2 := ~q3; (4.66)

q2 := q� ~q2 � q3; (4.67)

q2 := ~q3; q3 := q� ~q2 � ~q3; (4.68)

q3 := ~q2; q2 := q� ~q2 � ~q3; (4.69)

q3 := q� q2 � ~q3: (4.70)
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If we average the six resulting relationships and employ the lower order
symmetries for G(3) and G(4) we arrive at the following relationship for
�(4) in a one order parameter system in terms of n-body correlators:

0 = G(2)(q1 + q2 + q3)�
(4)(q1;q2;q3)

+ G(4)(q1;q2;q3)�
(2)(q1)�

(2)(q2)�
(2)(q3)

+ G(3)(q1;q2 + q3)�
(2)(q1)�

(3)(q2;q3)

+ G(3)(q1 + q2;q3)�
(3)(q1;q2)�

(2)(q3)

+ G(3)(q1 + q3;q2)�
(3)(q1;q3)�

(2)(q2): (4.71)

This automatically yields a symmetric �(4), which is directly comparable
to �4 of Leibler.12 Hence, if we use the di�erent representations of the
fourth order integral equation, we simply symmetrize the fourth order
relationship. Notice however that the physical symmetries of �(4) do not
automatically follow from the one-step iteration technique. In principle
we could use a similar procedure to symmetrize �(4) in a multiple order
parameter system. Since the lower order symmetries are now much more
complex (G(4) is a 16-element matrix in a binary system) the symmetrized
expression for �(4) can not easily be simpli�ed and a very unwieldy and
hard to calculate expression remains.

FREE ENERGY EXPANSIONS 61



5 MESOSCOPIC PHASE SEPARATION

DYNAMICS OF COMPRESSIBLE

COPOLYMER MELTS

This chapter was previously published as:
'Mesoscopic phase separation dynamics of

compressible copolymer melts'.
N.M. Maurits, B.A.C. van Vlimmeren, J.G.E.M. Fraaije,

Physical Review E,
56 (1), 1997, p. 816-825.

5.1 Summary

In this paper we extend the dynamic mean-�eld density functional meth-
od, derived from generalized time-dependent Ginzburg-Landau theory, to
the mesoscopic dynamics of compressible polymer liquids. We discuss and
compare di�erent classes of compressibility models: exactly incompress-
ible, Helfand's harmonic penalty model and a cell model. We present
numerical results and show that the penalty model is a very practical
and easy-to-use solution. In the current nV T -ensemble dynamics algo-
rithms, application of the cell model leads to a variation of the pressure
and, depending on conditions, the system develops liquid-gas transitions.
We show that the morphology of a phase separated diblock copolymer
melt around a gas bubble has intruiging structures, with lamellar phases
oriented towards the gas-liquid interface.

5.2 Introduction

General

The dynamic mean-�eld density functional model provides a numerical
method for the simulation of coarse-grained morphology dynamics in
polymer liquids.28 The theory is a modi�cation of model B19,21 i.e. a
generalized time-dependent Ginzburg-Landau theory for conserved order
parameter.
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In Refs. 16{21 and references cited therein, one can �nd numerous
examples of computer simulations of time-dependent Ginzburg-Landau
models for two-component incompressible liquids with linear transport
coe�cients and fourth order phenomenological expansion models for the
free energy. In general, the goal of mesoscopic polymer modelling is to
obtain a theory of coarse-grained ordering phenomena in polymer liq-
uids, based on a molecular description. We use a free energy functional,
derived for a collection of Gaussian chains in a mean-�eld environment.
In this approach we try to retain as much as possible of the underly-
ing molecular detail, i.e. the architecture and composition of the chain
molecules are important parameters. To this end, we do not use an ex-
pansion of the free energy in the order parameters, as is commonly done in
Ginzburg-Landau models, but rather use a single-chain inverse density
functional description for intrinsic chemical potentials. Previously, we
studied the random term,22 the Gaussian chain density functional68 and
the relation with fourth order expansions.81 Some results of numerical
calculations of phase separation in incompressible block copolymer melts
and concentrated surfactant solutions were discussed in Refs. 28 and 82
respectively. Further studies of kinetic coe�cients and the relation with
microscopic force �eld models are in progress.

In this paper our main objective is to consider existing models for
the compressibility of polymer liquids and especially their application in
the mesoscopic dynamics algorithms. We discuss three models: exactly
incompressible, Helfand's harmonic penalty model and a cell model. In
the homogeneous equilibrium limit we �nd an equation of state similar,
but not identical, to the Flory-Orwoll-Vrij (FOV) theory.83

Equations of state for polymer liquids and their application to dynamic

density functional theory

A large number of equations of state are based on lattice models.84 The
Simha-Somcynski theory85{87 can be represented in terms of reduced pV T
parameters, which is convenient for parameter selection.88,89 The lattice-
uid model of Sanchez and Lacombe and modi�cations thereof90{92 ac-
curately predict liquid-vapor transitions but they do not seem suited for
the liquid state.93,94 A big disadvantage of all lattice models is that they
severely underestimate the pressure.95

The FOV equation of state83,96{98 is a cell model, fundamentally of
the van der Waals type, in which the cohesive interactions are indepen-
dent of the excluded volume interactions. It is widely used in polymer
applications.94,99 Since the most frequently used equations of state for
polymer liquids seem to be derived either from the FOV cell model or
lattice models, we propose to use a slightly modi�ed FOV cell model for
the numerical calculation of morphology dynamics in this paper.

A di�erent class of models is based on integral equation approaches.100

In the future the Polymer Reference Interaction Site Model101{103 may
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o�er an accurate `ab initio' calculation of compressibility e�ects in poly-
mer liquids. However, integral equation theories have inherent serious
inconsistencies in the pressure calculations.100 The numerical aspects are
also cumbersome; solving the complex integral equations together with
our dynamic equations does not seem possible at present. In contrast,
the simple modi�ed FOV compressibility model that we propose here, is
not computationally intensive and describes the most important physical
excluded volume e�ects reasonably accurate.

Finally, in the polymer engineering world a number of empirical equa-
tions of state are also used,104,105 e.g. that of Spencer and Gilmore106 (an
adapted van der Waals model) and the Tait equation (see e.g. Refs. 93 and
105). Empirical equations of state often yield very good approximations
of experimental pV T data.93 The disadvantage of empirical equations is
of course that it is di�cult to predict the parameters from physical mod-
els. The parameters involved in the cell model and Helfand's penalty
function can be derived from experimental data which makes the models
very well �t for numerical calculations.

We will show that in numerical applications it is sometimes more con-
venient to use a penalty function for high densities than the proposed cell
model. The penalty function combines the e�ects of cohesive interactions
(which favor clustering) and excluded volume interactions (which favor
homogeneity). A harmonic penalty for density uctuations about the
mean bulk density was used by Helfand107 and later by many others (see
e.g. Ref. 108).

The paper is organized as follows. We briey recall the dynamic
mean-�eld density functional method and discuss the connection with the
cell model and Helfand's harmonic penalty function. We show how the
various models a�ect the microphase separation dynamics and in addition
present results of numerical calculations of microphase separation in a
compressible diblock copolymer melt, using the penalty and cell model.
We compare the results with those obtained from an earlier simulation
of phase separation dynamics in an incompressible system with similar
composition.

5.3 Theory

General

We shortly repeat the main part of the theory of the mesoscopic dynam-
ics algorithms. For more details see Ref. 28. For simplicity, we focus
here on binary diblock copolymer melts. Extensions to multicomponent
copolymer mixtures are trivial. We consider a melt of volume V , con-
taining n Gaussian chains, each of length N = NA +NB. There are two
concentration �elds �A (r) and �B (r), two external potentials UA (r) and
UB (r) and two intrinsic chemical potentials �A (r) and �B (r).

Imagine that on a coarse-grained time scale, there is a certain collec-
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tive concentration �eld �I (r) of the beads of type I (A or B). A bead
is a statistical unit consisting of a uctuating string of (usually 5 to 15)
monomers.37,39 Given this concentration �eld a free energy functional
F [�] can be de�ned as follows:

F [�] = �
1

�
ln

�n

n!
�
X
I

Z
UI (r) �I (r) dr+ F nid[�]: (5.1)

Here � is the partition functional for the ideal Gaussian chains in the
external �eld UI , and F nid[�] is the contribution from the nonideal in-
teractions. The free energy functional is derived from an optimization
criterion28 which introduces the external potential as a Lagrange mul-
tiplier �eld. The external potentials and the concentration �elds are
related via a density functional for ideal Gaussian chains:

�I [U ](r) = n
NX

s0=1

�KIs0Trc ( � (r�Rs0)) : (5.2)

Here �KIs0 is a Kronecker delta function with value 1 if bead s0 is of type
I and 0 otherwise. The trace Trc is limited to the integration over the
coordinates of one chain

Trc (�) = N
Z
V N

(�)
NY
s=1

dRs; (5.3)

N is a normalization constant.  is the single-chain con�guration distri-
bution function

 =
1

�
e��[H

G+
PN

s=1
Us(Rs)]; (5.4)

where HG is the Gaussian chain Hamiltonian

�HG =
3

2a2

NX
s=2

(Rs �Rs�1)
2; (5.5)

with a the Gaussian bond length parameter. The density functional is
bijective; for every set of �elds fUIg there is exactly one set of �elds f�Ig.
Thus there exists a unique inverse density functional UI [�]. There is no
known closed analytical expression for the inverse density functional, but
for our purpose it is su�cient that the inverse functional can be calculated
e�ciently by numerical procedures.

We split the nonideal free energy functional formally into two parts

F nid[�] = F c[�] + F e[�]; (5.6)

where F e contains the excluded volume interactions, and F c the cohesive
interactions. The intrinsic chemical potentials �I are de�ned by the
functional derivatives of the free energy:

�I (r) �
�F

��I (r)
= �UI (r) +

�F c

��I (r)
+

�F e

��I (r)

= �UI (r) + �cI (r) + �eI (r) : (5.7)
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Here we have introduced the cohesive potential �cI (r) and the excluded
volume potential �eI . For the cohesive interactions we employ a two-body
mean-�eld potential:

F c[�] =
1

2

X
IJ

Z Z
�IJ(jr� r

0j)�I(r)�J(r
0)drdr0; (5.8)

�cI(r) �
�F c

��I
=
X
J

Z
V
�IJ(jr� r

0j)�J(r
0)dr0; (5.9)

where �IJ(jr� r
0j) = �JI(jr� r

0j) is a cohesive interaction between beads
of type I at r and J at r0, de�ned by the same Gaussian kernel as in the
ideal Gaussian chain Hamiltonian

�IJ(jr� r
0j) � �0IJ

�
3

2�a2

� 3
2

e�
3

2a2
(r�r0)2 : (5.10)

Existing (compressibility) models that account for excluded volume in-
teractions will be discussed in the next sections. In equilibrium �I (r) is
constant; this yields the familiar self consistent �eld equations for Gaus-
sian chains, given a proper choice for F nid. When the system is not in
equilibrium the gradient of the intrinsic chemical potential �r�I acts
as a thermodynamic force which drives collective relaxation processes.
When the Onsager coe�cients are local the stochastic di�usion equa-
tions are of the following form

@�I
@t

= �r � JI ; (5.11)

JI = �Mr�I + eJI ; (5.12)

where M is a mobility coe�cient and eJI is a noise �eld, distributed
according to a uctuation-dissipation theorem.22 Nonlocal forms for the
Onsager coe�cients will be discussed in a future publication.

Incompressible systems

In Ref. 28, we discussed incompressible systems. In this special limit
there is an additional dynamic constraint which conserves the total space
packing in every point in space at all times:27X

I

r � �IJI = 0: (5.13)

Here, �I is the molecular volume of bead I. Now the intrinsic chemical
potential is given by �I = �UI + �cI + �, where the Lagrange multiplier
�eld � replaces �eI . Combining (5.12) and (5.13), and leaving out the
noise we obtain

r� = �
1P
I �I

X
I

�Ir[�UI + �cI ]: (5.14)
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This result is most easily obtained if constraint (5.13) is applied in Fourier
space. Reinsertion of the expression for r� in (5.11), shows that the dy-
namics is governed by exchange thermodynamic forces only. In a binary
mixture the forces are of the form

�r(�A � �B) = �r(�UA + UB + �cA � �cB): (5.15)

The cohesive interaction parameters enter the dynamic equations through
the exchange parameter �:

� �
�

2

h
��1
B �0AB + ��1

A �0BA � ��1
A �0AA � ��1

B �0BB
i
: (5.16)

It must be realized that in this limit the e�ective contribution from ex-
cluded volume interactions is a purely mathematical arti�ce. The con-
straining �eld � is obtained from a dynamic constraint, and not from an
underlying microscopic interaction model.

A simple cell model

We make the following simplifying assumptions: (i) cohesive and ex-
cluded volume interactions are local and independent and (ii) do not
depend on chain length. Assumption (i) is the standard van der Waals
approximation. The assumptions are (very) crude in the light of modern
molecular theory,100 but we believe that for engineering purposes they
are su�cient. The derivation of the free energy is straightforward. There
is however a subtle e�ect which deserves special attention. In our free
energy functional for the Gaussian chains there is already an ideal gas
contribution included, via the partition functional for the ideal chains in
the external �eld. In the van der Waals approximation we use here, the
excluded volume e�ect can be cast in a correction factor C, such that
Qliquid = CQgas, where Q is the number of accessible states in an ideal
liquid (Qliquid) and the ideal gaseous state (Qgas) respectively. Hence,
the free energy for the excluded volume interactions is the excess free
energy of the liquid over the gas, with �F e = � lnC = �m ln c, where
m is the total number of beads and c is the correction factor or insertion
probability for each bead separately. Here, we have made explicit use
of assumption (ii). Extending this de�nition to inhomogeneous liquids,
and assuming that the insertion probability does not depend on concen-
tration gradients (making a �rst order approximation), we �nd the free
energy functional:

F e [�] = �
1

�

X
I

Z
V
�I (r) ln c(r)dr: (5.17)

The insertion probability is interpreted as the e�ective fraction of free
space. The lower the fraction of free space, the lower the insertion prob-
ability and the higher the excess free energy. In principle we could use
here any of the excess free energy functions that have been proposed for
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liquids.100 As we argued in the introduction, the (modi�ed) cell model
(of van der Waals type) is most widely used in polymer applications, it is
not computationally demanding and of reasonable accuracy. The simple
Carnahan-Starling equation is based on an integral equation approach
and of very high accuracy in the entire phase diagram. Therefore, we
only consider the following three simple models here:

c =

8>>><>>>:
1� f van der Waals�
1� f

1
3

�3
Cell Model

e
�
f(4�3f)

(1�f)2 Carnahan-Starling

: (5.18)

The corresponding excluded volume potentials are

��eI � �
�F e

��I

=

8>>><>>>:
� ln(1� f) + fI

1�f
van der Waals

� ln
�
1� f

1
3

�3
+ fI

f
2
3�f

Cell Model

f(4�3f)
(1�f)2

+ fI
2(2�f)
(1�f)3

Carnahan-Starling

: (5.19)

The concentration variables are de�ned by

�I � �I�I ; (5.20)

f �
X
I

�I ; (5.21)

fI � �I
X
J

�J =
X
J

�I
�J
�J : (5.22)

Here �I is a relative concentration and f is the total packing fraction.
There are a two interesting limiting behaviours:
1. In Figs. 5.1 and 5.2 we plotted ��eI and the insertion probability

c against f for the three packing models. We have set �I = �. Near
f = 1 ��eI diverges, and the insertion probability drops to zero (ln c !
�1), because it is impossible to �ll space over 100 %. In the range
of typical values of f in liquid mixtures (f � 0:4 � 0:7), �cI is about
10-30 kT, and the insertion probability is already very small (in the cell
model and Carnahan-Starling model). The excluded volume e�ect is
thus very strong, in fact about as strong as the opposing cohesive energy
interactions.104

From Fig. 5.2 it follows that the packing penalty in the van der Waals
model is much too low, while in the liquid range the cell model behaves
similar to the Carnahan-Starling model. The best choice for the excluded
volume potential in hard sphere liquids is the Carnahan-Starling equa-
tion,100 but we believe that for polymer liquids this choice gives a false
impression of accuracy. We must remember that in the Gaussian chain
model a single bead, or statistical unit, represents a uctuating string of
monomers, and these strings probably have a lower packing penalty than
individual hard spheres. We will therefore concentrate on the cell model
in the dynamic simulations.
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Figure 5.1 ��eI as a function of the packing faction f with �I = � for the van der
Waals model ( ), the cell model ( ) and the Carnahan-Starling
model ( ).

2. In a homogeneous equilibrium system the external potential U is
zero by de�nition, therefore �[U = 0] = �0 = V=�3, �I [U = 0] = �0I =
nNI=V and the free energy functional is given by:

F [U = 0] = F0 = �
1

�
ln

V n

�3n!

�
nN

�
ln c0 +

1

2

X
IJ

�0IJnNI�0J : (5.23)

The equation of state is given by

p0 � �

 
@F0

@V

!
T

= pid0 + pe0 + pc0; (5.24)

with separate contributions from the entropy of the ideal gas of chain
molecules �pid0 = n=V , the cohesive interactions pc0 = 1

2

P
IJ �

0
IJ�0I�0J ,

and the excluded volume interactions. For the cell model we have

�pe0 =
f

1
3
0�

1� f
1
3
0

�X
I

�0I : (5.25)
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Figure 5.2 ln c as a function of the packing faction f with �I = � for the van der
Waals model ( ), the cell model ( ) and the Carnahan-Starling
model ( ).

Thus, the pressure of the homogeneous system does not depend on the
sequence of the beads. If we set �I = �, as above, then f0 = �

P
I �0I =

�nN=V and the equation of state simpli�es to

��p0 =
1

N
f0 +

f
4
3
0�

1� f
1
3
0

� + ��pc0: (5.26)

This equation of state is almost identical to the equation obtained from
the FOV model:83

��pFOV =
f0�

1� f
1
3
0

� + ��pc0: (5.27)

The di�erence with the FOV model can be explained as follows. By
de�nition, the excluded volume free energy is an excess free energy. Since
in our approach we take the excess of ideal chain liquid over ideal chain
gas, the equation of state correctly reduces to the ideal gas equation for
low concentration of chains, �p = n=V . In the FOV model the excess
is erroneously taken with respect to a gas of free beads, and for low
concentration of chains �p = nN=V . This is the ideal gas law for a
system in which all beads would be disconnected, which is of course not
correct. For practical purposes the di�erence between the two models is
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small however; in the ideal case (�0IJ = 0) the maximal relative di�erence

of (p0=pFOV � 1) = f
1
3
0 � 1 is found for N =1: This amounts to ca. 16%

for a typical liquid packing fraction of f0 = 0:6.
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Figure 5.3 ��p0 as a function of the packing faction f0 for the van der Waals
model ( ), the Flory-Orwoll-Vrij model ( ), the cell model (

) and the Carnahan-Starling model ( ).

For comparison we have plotted the pressure of the homogeneous
liquid according to the van der Waals model, cell model, FOV model and
Carnahan-Starling model in Fig. 5.3, using �I = �, N !1 and �0IJ = 0:

��p0 =

8>>>>>>>>>><>>>>>>>>>>:

f0
(1�f0)

van der Waals
f0�

1�f
1
3
0

� Flory-Orwoll-Vrij

f
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3
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1�f
1
3
0
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f0(1+f0+f
2
0�f

3
0 )

(1�f0)3
Carnahan-Starling

: (5.28)

As can be concluded from Fig. 5.3 the FOV model and the cell model
di�er little, while the Carnahan-Starling model predicts a substantial
larger pressure. We argued already that the Carnahan-Starling model is
probably not applicable to polymer liquids.
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Helfand's penalty function

The application of the cell model in the current algorithms for the dy-
namic simulation leads to a special problem. Each system possesses an
optimum equilibrium space packing in which it will try to settle locally
during the simulations. Due to the conservative set of equations, the
total amount of material is preserved. Since the volume is constant, the
mesoscopic dynamics model simulates an nV T -ensemble, in which the
pressure varies. Hence, if the initial volume fraction is chosen too low
the system develops a liquid-gas phase transition, with gas bubbles and
condensed phases dispersed throughout the system (Fig. 5.9c). In an
npT -ensemble, the system volume will adjust to compensate for changes
in pressure.

We could add a pressure coupling to the dynamics algorithms, simi-
lar to the pressure coupling algorithms developed for molecular dynamics
simulations, but this will increase the complexity of the algorithms and
will be postponed to a future publication. Here, we consider as an alter-
native a very simple but practical solution, which resolves the problem
albeit at the cost of further approximations. The idea is originally from
Helfand.107 The ansatz is that in a liquid mixture the density uctua-
tions are small and harmonic, so that for the purpose of calculating phase
separation the bare cohesive energy interactions �IJ may e�ectively be
replaced by exchange interactions ��IJ (with ��II = 0 and ��IJ 6=I � 0).
The Helfand free energy is similar to:

F nid[�] = F c;ex[�] +
�H
2

Z
(
X
I

�I�I �
X
I

�I�0I)
2dr; (5.29)

where �H is a compressibility parameter. F c;ex is the free energy re-
sulting from the cohesive interactions, which now contains the exchange
parameters only. The intrinsic chemical potential is now given by

�I (r) = �UI (r) +
X
J

Z
V
��IJ (jr� r

0j) �J (r
0) dr0

+�H�I
X
J

�J�J (r) ; (5.30)

where we have omitted an unimportant constant term
P

J �J�0J . In gen-
eral, a penalty function will allow small density uctuations around the
mean bulk density. In this approach, �H is a global constant, independent
of composition, that can be related to experimental values of isothermal
compressibility.108 If the compressibility of the pure components is very
di�erent, e�ective composition-dependent �H have to be introduced.
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5.4 Comparison of dynamic behaviour

Analytical results

The three dynamic models for the excluded volume e�ects (incompress-
ible, cell model and Helfand penalty) each involve the integration of
highly coupled nonlinear equations. It is therefore not easy to see how
the various approximations a�ect the dynamic behaviour. However, it
is illustrative to compare the consequences of the three models for the
stability of the packing fraction �eld f . Suppose that in the block copoly-
mer melt the molecular volumes of the two species are the same. We re-
place the interaction kernels �IJ (jr� r

0j) by delta functions �0IJ� (r� r
0)

(local interactions only). Furthermore, we assume that the cohesive en-
ergy parameters for the individual components are also the same, with
��0AA�

�1 = ��0BB�
�1 = �, and a weak di�erence between A and B

��0AB�
�1 = ��0BA�

�1 = � + �. Typically, � is between �10 and �50,
while � � O(1). We de�ne the local order parameter by

� � �A � �B:

The dynamic Eqs. (5.11) for each of the two components A and B can
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Figure 5.4 �CM as a function of f0 for � = �10 ( ), � = �30 (
) and � = �50 ( ).

be rewritten to a dynamic equation for � and a dynamic equation for
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f . In Fourier space the equations are as follows (neglecting the noise in
order to simplify the analysis):

@�q
@t

= �Dq2[�Uq � ��q]; (5.31)

@fq
@t

=

8><>:
0 Incompressible
�Dq2[

P
Uq + (2�0H + �)fq] Penalty

�Dq2[
P
Uq +

P
�cq +

P
�eq] Cell Model

;(5.32)

with D = M�=�, �Uq = ��(UAq � UBq),
P
Uq = ��(UAq + UBq),P

�iq = �(�iAq + �iBq) and �
0
H = ���H . In all three models, the driving

force for microphase separation is generated by �U � ��q. In Helfand's
penalty model the packing fraction f may change, depending on the
parameters. In a typical situation

P
U � O(1=N), so that the penalty

function in the evolution equation for f dominates, provided �0H � 1. In
this case the total packing fraction has an ideal di�usive behaviour 

@fq
@t

!
Penalty

� �q22�0HDfq; (5.33)

and hence any inhomogeneity in the total packing fraction, whether neg-
ative or positive, will di�use rapidly back to a homogenous packing state
with di�usion constant 2�0HD.

In the cell model this is slightly more complicated. The time evo-
lution for the order parameter in the cell model is the same as in the
penalty and incompressible models. However, in this case packing inho-
mogeneities can arise spontaneously, as we already remarked earlier. For
small deviations from homogeneity we can approximateX

�eq +
X

�cq = (2�CM + �)fq; (5.34)

�CM = � +
4� 3f

1
3
0

3
�
�1 + f

1
3
0

�2

f
2
3
0

: (5.35)

In Fig. 5.4 �CM is plotted against f0 for various values of the cohesive
interaction parameter �.

Clearly, if the initial packing fraction is low and/or the cohesive energy
parameter is strongly negative, �CM is negative and this implies that
an inhomogeneity in the total packing fraction will grow spontaneously
(depending on the precise value for

P
Uq � 1=N). The system then

develops regions with low and high density condensed phases. If �CM is
weakly positive a phase transition is still possible, leading to nucleation
phenomena in the binodal regime (see e.g. Fig. 5.9a). If we select the
conditions such that �CM � 1 the cell model reduces to a penalty model
with nonconstant but positive penalty coe�cient.

Notice that in the above analysis we have assumed an nV T -ensemble,
and thus the pressure is allowed to vary. When the pressure is kept con-
stant, the microphase separation dynamics in the cell model can be con-
siderably di�erent from the penalty or incompressible model. A precise
analysis of the stability conditions in the cell model including pressure
e�ects is quite involved and will be postponed to a future publication.
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Figure 5.5 Time evolution of volume-averaged order parameter w as a function
of � in an A8B8 block copolymer melt for the incompressible model ( )
and the Helfand penalty model with �

0

H = 10 ( ). The quench from
� = 0 to � = 1 is at � = 50.

Numerical results

We performed a number of numerical simulations, using the various ex-
cluded volume interaction models. To make a comparison with previous
simulation results,28 we have used the same linear mobility coe�cient
(which di�ers from the approximation in (5.11)) JI = �M�Ir�I + eJI ,
and studied the microphase separation dynamics in an A8B8 copolymer
melt. The initial system is always homogeneous. Numerically, after dis-
cretizing the dynamic equations on a grid (cf. Eq. (5.11)), we have the
following Crank-Nicolson equations for each component I:

�k+1
Ir � !��zk+1

Ir = �kIr + (1� !)��zkIr + �kIr: (5.36)

Here, �kIr is the noise which is distributed according to a uctuation-
dissipation theorem.22 Notice that the noise is applied at every time
step. zkr denotes the discretized di�usion part at time level k and (cubic)
grid position r:

zr =
X
�

X
q

d� [D��ID�]rq ��Iq: (5.37)

D� is the discretized di�usion operator in grid direction � and �Iq is
evaluated at grid position q. ! is the Crank-Nicolson parameter and ��
is a scaled time step. The Crank-Nicolson equations are solved iteratively
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(a) (b)

Figure 5.6 Morphology of an A8B8 block copolymer melt at � = 1500 according
to the penalty model with �

0

H = 10. The melt was quenched at � = 50 from
� = 0 to � = 1. (a) �, values range from -0.94 to 0.94 (black to white). (b) f ,
values range from 0.96 to 1.04 (black to white).

at every time step using a steepest descent method. We de�ne an average
measure of the order in the system by

w �
1

V

Z
V
(�2A + �2B)dr =

1

2V

Z
V
(f 2 + �2)dr; (5.38)

w captures the e�ects of a change in order due to microphase separation
and/or total density uctuations.

In Fig. 5.5 we plotted the time evolution of w in a simulation using
the incompressible model (all parameters as in Ref. 28) and Helfand's
penalty model (�0H = 10). The phase separation was initiated with a
quench from � = 0 to � = 1:0 at � = 50. Fig. 5.5 clearly shows that
the models have the same dynamic performance (the penalty model was
followed over a longer period of time for stability tests). Notice that in
the incompressible model, the numerical errors e�ectively allow density
uctuations of the same order as in the penalty model. In the interfacial
regions the packing fraction has a dip of a few per cent (illustrated in
Fig. 5.6), which was absent in the incompressible model simulations. The
depth of the dip strongly depends on the compressibility parameter; the
larger �H , the smaller the dip.

More interesting e�ects are observed in simulations using the cell
model. In Fig. 5.7 the time evolution of the average order parameter
is plotted for three di�erent simulations. In the three cases ��0IJ�

�1 =
�20:0 initially. In simulations A and B the interactions are quenched
to ��0AB�

�1 = ��0BA�
�1 = �18:57 and ��0AB�

�1 = ��0BA�
�1 = �18:0

respectively at � = 50. The initial volume fractions are f0 = 0:7 (A)
and f0 = 0:5 (B and C). The quenched interaction values correspond to
��0B = 0:5 e�ectively, as in the incompressible system. In simulation C
the system is not quenched.

Fig. 5.7 clearly shows a fast increase of the order parameter after
the quench at � = 50 for simulations A and B; a sign of microphase
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Figure 5.7 Time evolution of volume-averaged order parameter w as a function
of � in an A8B8 block copolymer melt for the cell model at di�erent volume
fractions. (A) f = 0:7 ( ) quenched at � = 50, (B) f = 0:5 (
) quenched at � = 50 and (C) f = 0:5 ( ) not quenched.

separation. In case B the order parameter does not increase smoothly;
the inection points correspond to gas bubble nucleation. The increase
of the order parameter in case C is not due to microphase separation, but
is a result of gas bubble development in the binodal regime (�CM = 0:13
(see Eq. (5.35)) in both simulations B and C), due to the excluded volume
e�ects at low packing fraction.

Figs. 5.8 to 5.10 are illustrations of the di�erent morphologies at � =
1500 for the three simulations. Because the system can not adapt its
volume to pressure changes, gas bubbles develop if the initial packing
fraction is too low (Figs. 5.9a and 5.10a). Figs. 5.8b and 5.9b show
the packing fraction at � = 1500 for the three simulations. In comparing
Figs. a and b we see that the black regions in Figs. 5.8b and 5.9b indicate
density dips at domain interfaces. The interface e�ects are much less
in the cell model simulations than in the penalty model simulations.
Notice that the e�ective �CM = 25:0 and is hence much higher in the cell
model simulations than in the penalty model simulations. The maximum
packing fraction is increased with respect to the initial packing fraction
in simulations B and C because of the nucleation phenomena.

From Figs. 5.9a, 5.9c and 5.11 we conclude that the microphase sepa-
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Figure 5.8 [Illustration of simulation A.] Morphology of anA8B8 block copolymer
melt at � = 1500 according to the cell model. Interaction parameters are explained
in the text. The melt was quenched at � = 50 from � = 0 to � = 1. (a) �,
values range from -0.65 to 0.69 (black to white). (b) f , values range from 0.66
to 0.76 (black to white).

rated domains have an orientation towards the gas-liquid interface, rather
than an adjacent or parallel orientation. We will further investigate this
orientation in future simulations.

5.5 Conclusion

In this paper we have examined the e�ects of di�erent compressibility
models on numerical simulations of copolymer melts using the dynamic
mean-�eld density functional method. Our results clearly show that a
cell model (a modi�cation of the FOV model) can be used, which exhibits
physical excluded volume e�ects (density dips at domain interfaces). The
usage of the cell model also causes gas bubble nucleation at low initial
packing fractions in nV T -simulations. This e�ect will not be present
in npT -simulations, where the system will adapt its volume to pressure
changes. The resulting morphologies show intruiging structures, with
lamellar phases oriented towards the gas-liquid interface. The interface
e�ects are even more clear if the phenomenological penalty model is used,
which is mathematically and numerically very simple and shows no gas-
liquid transitions.
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(c)

Figure 5.9 [Illustration of simulation B.] Morphology of anA8B8 block copolymer
melt at � = 1500 according to the cell model. Interaction parameters are explained
in the text. The melt was quenched at � = 50 from � = 0 to � = 1. (a) �,
values range from -0.62 to 0.62 (black to white). (b) f , values range from 0.0
to 0.66 (black to white). (c) Isosurface representation of UA + UB = 0, values
range from -0.61 to 1.54.
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(b)(a)

Figure 5.10 [Illustration of simulation C.] Morphology of an A8B8 block
copolymer melt at � = 1500 according to the cell model. Interaction parameters
are explained in the text. The melt was not quenched, the excluded volume
e�ects cause gas bubble nucleation. (a) �, values range from -0.06 to 0.06 (black
to white). (b) f , values range from 0.0 to 0.65 (black to white).

Figure 5.11 Isosurface representation of f = 0:6 at � = 1500 in simulation B.
(See Fig. 5.9a for parameters.) The gas bubbles are clearly visible.
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6 EXTERNAL POTENTIAL DYNAMICS:

NONLOCAL KINETIC COUPLING IN

MESOSCOPIC DYNAMICS OF

COPOLYMER MELTS

This chapter was previously published as:
'Mesoscopic dynamics of copolymer melts.

From density dynamics to external potential dynamics
using nonlocal kinetic coupling.'
N.M. Maurits, J.G.E.M. Fraaije,
Journal of Chemical Physics,
107 (15), 1997, p. 5879-5889.

6.1 Summary

In this paper we apply nonlocal kinetic coupling to the dynamic mean-
�eld density functional method, which is derived from generalized time-
dependent Ginzburg-Landau theory. The method is applied to the meso-
scopic dynamics of copolymer melts, which was previously simulated us-
ing a local coupling approximation. We discuss the general theory of
time evolution of density variables with general kinetic coe�cients devel-
oped by Kawasaki and Sekimoto and especially the limits of the theory
that yield the local coupling approximation, the collective Rouse dynam-
ics model and the reptation dynamics model. We show how a simple
approximation to the Rouse dynamics model leads to a feasible numeri-
cal model that includes the essential physical features of nonlocal kinetic
coupling. This results in a dynamic equation for the external potential in-
stead of the density which allows us to perform calculations of microphase
separation in copolymer melts with increased relevance to experimental
results. As might be expected from a numerical model that includes
nonlocal kinetic coupling, the numerical results show less defects in the
�nal morphology and a faster increase of the order parameter compared
to local kinetic coupling.
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6.2 Introduction

The dynamic mean-�eld density functional theory provides a numerical
method for the calculation of polymer liquid morphology dynamics in
3D.28 The method is a modi�cation of model B19,21 i.e. a generalized
time-dependent Ginzburg-Landau theory for conserved order parameter
of the following general form:22

@�I(r)

@t
=

ZX
J=1

Z
V
DIJ (r; r1)�J(r1)dr1

� ��1
ZX

J=1

Z
V

�DIJ (r; r1)

��J (r1)
dr1 + �I (r; t) ; (6.1)

DIJ (r; r1) = rr � �IJ (r; r1)rr1 ; (6.2)

with particle concentration �elds �I(r) (I = 1; : : : ; Z), Onsager kinetic
coe�cients �IJ , intrinsic chemical potentials �I � �F=��I (r) (F is the
free energy), ��1 = kBT and noise �elds �I (r; t). The noise has a Gaus-
sian distribution with moments dictated by a uctuation-dissipation the-
orem.22{24

In 16{21 and references cited therein, one can �nd numerous exam-
ples of computer simulations of time-dependent Ginzburg-Landau models
for two- or three-component incompressible liquids with linear transport
coe�cients and relatively simple phenomenological models for the free
energy. The goal of mesoscopic modeling is to obtain a theory of order-
ing phenomena in polymer liquids, based on a molecular description. We
use a free energy functional, derived for a collection of Gaussian chains
in a mean-�eld environment. In this approach we try to retain as much
as possible of the underlying molecular detail, i.e. the architecture and
composition of the chain molecules are important. To this end, we do
not use an expansion of the free energy in the order parameters, as is
commonly done in Ginzburg-Landau models, but rather use a single-
chain inverse density functional description for the chemical potentials.
The chemical potential is split into an ideal part; the external potential
resulting from Gaussian single-chain statistics, and a nonideal part; the
mean-�eld potential resulting from interchain interactions. The density
(particle concentration) �elds and external potential �elds are coupled
bijectively through the density functional. Previously, we studied the
random term,22 the Gaussian chain density functional68 and the relation
with fourth order expansions.81 Some results of numerical calculations of
phase separation in incompressible block copolymer melts were discussed
in Ref. 28. In Ref. 109 the method was extended to compressible polymer
systems.

In this paper we improve upon the important assumption of a lo-
cal exchange kinetic mechanism in the dynamic mean-�eld density func-
tional method. The local exchange form for the Onsager kinetic coef-
�cients was mainly used in Ref. 28 because of its simplicity and com-
putational e�ciency. The local form mimics the exchange e�ects in
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the nonlinear regime. However, the assumption of locality is not rig-
orously correct as is shown in a number of theoretical27,43,44,110{113 and
experimental studies.114{117 The kinetic coe�cient is predicted to have
a decay-length of roughly the coil size in both the case of reptation41,42

and Rouse dynamics.44,113 In Refs. 114{116 the early state of spinodal
decomposition is studied experimentally for various homopolymer blends
by small angle neutron (SANS) or X-ray (SAXS) scattering, which allows
observation of the dynamic structure factor. For large spatial frequen-
cies the normalized Onsager coe�cient behaviour is found to be similar
to predictions from Cahn-Hilliard-Cook (CHC) theory in the reptation
regime.27,43,44,110,114,115,117 In Ref. 114 deviations from exponential be-
haviour occur that are attributed to the measurement being close to the
glass transition temperature. In Ref. 115 the range of the Onsager coef-
�cient is found to be time-dependent and increases to values larger than
Rg, due to entanglement e�ects. The Onsager coe�cient is studied over a
wider range of spatial frequencies in Ref. 116; the results clearly demon-
strate the q-dependence of the coe�cient, in semi-quantitative agreement
with theoretical predictions. In Ref. 117, the Onsager coe�cient is found
to agree very well with predictions from Ref. 43 over a large frequency
range, whereas the agreement with predictions from Refs. 42 and 118 is
only found for very high frequencies. Several other authors have stud-
ied the ordering process of block (co)polymers using SANS or SAXS
techniques119{125 but only a few of them have made the connection to
linearized CHC theory as explained in Refs. 27, 43 and 44. In Ref. 120
no apparent q-dependence is found for the Onsager coe�cient whereas
in Ref. 121 a reasonable correspondence is found to estimated values for
the Onsager coe�cient that were extracted from CHC theory. It is ar-
gued in Ref. 123 that in general experimental results are hard to compare
to (linearized) CHC theory because there are several severe theoretical
limitations.

In the near future we intend to study the dynamic structure factor
numerically and compare our results to the experiments mentioned above,
especially with regard to the later stages of demixing where classical
linear theory is not applicable. Since experimental results show that
kinetic coupling is nonlocal, we require an e�cient method to include non-
local kinetic coupling in our computational algorithms. Such a method
is demonstrated in the present paper.

We employ the general dynamical theory of polymer melt morphol-
ogy that was derived by Kawasaki and Sekimoto.41,42,118 The Kawasaki-
Sekimoto derivation is based on a rigorous projection formalism and ne-
glects elastic e�ects. For a detailed discussion of the projection for-
malism applied to collective concentration and stress variables we refer
to Ref. 126. By choosing di�erent forms for the mobilities, the local
coupling approximation, the collective Rouse dynamics model and the
reptation dynamics model can be derived.

The collective Rouse dynamics model has been described in detail,37

but has to our knowledge never been used before in its full extent to
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describe phase separation dynamics in inhomogeneous copolymer melts.
We show how an approximation to the Rouse dynamics model leads to
a feasible numerical model that avoids calculation of two-body correla-
tors at every time step. The new model describes the dynamics of the
external potential �eld instead of the density �eld and will be called the
External Potential Dynamics (EPD) model. The new model possesses
all the relevant features of nonlocal kinetic coupling, and can readily be
applied to both homogeneous and inhomogeneous systems of any poly-
mer composition. We have not yet succeeded in complementing the new
model with an equally e�cient algorithm for calculating the correlated
Langevin noise. The Langevin noise should have a precise correlation,
dictated by a uctuation-dissipation theorem. In the new EPD model the
noise correlation is formally described by an inverse correlation function
which is di�cult to calculate numerically at the moment (see Section 6.6).
In the calculations we now use uncorrelated white noise sources. Despite
this drawback, we believe that the new EPD model has great promise
for the future and provides a step towards increasing the relevance of our
calculations to experimental results.

For demonstration purposes we tested the EPD model on the mor-
phology dynamics in a diblock copolymer melt - this is a system we
studied previously with a local kinetic coupling model.28,109 The results
indicate that the nonlocal coupling is computationally more e�cient and
leads to faster morphology dynamics, compared to the earlier local coup-
ling model. The overall features of the morphology on length scales larger
than the coil size are conserved and the number of defects decreases as
might be expected if nonlocal kinetic coupling e�ects are added to the
dynamics model.

6.3 Theory

Derivation of dynamic equations with nonlocal kinetic coupling

Mean-�eld density functional theory

We �rst recapitulate part of the dynamic mean-�eld density functional
theory as explained in detail in Ref. 28.

We consider a melt of volume V , containing n Gaussian chains, each
of length N . There are Z particle concentration �elds �I (r) (I = 1 � � �Z),
Z external potentials UI (r) and Z intrinsic chemical potentials �I (r).

Imagine that on a coarse-grained time scale, there is a certain col-
lective particle concentration �eld �I (r) of the beads (statistical units
consisting of a uctuating string of 5-15 monomers) of type I. Given this
concentration �eld, a free energy functional F [�] is de�ned as follows:

F [�] = �
1

�
ln

�n

n!
�
X
I

Z
UI (r) �I (r) dr+ F nid[�]; (6.3)
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F nid[�] is the mean-�eld contribution from the nonideal interactions. �
is the partition functional for the ideal Gaussian chains in the external
�eld UI given by:

� � Trce
��[HG+

P
N

s=1
Us(Rs)]; (6.4)

where HG is the Gaussian chain Hamiltonian

HG =
��13

2a2

NX
s=2

(Rs �Rs�1)
2; (6.5)

with a the Gaussian bond length parameter. The trace Trc is limited to
the integration over the coordinates of one chain

Trc (�) = N
Z
V N

(�)
NY
s=1

dRs: (6.6)

N is a normalization constant. The free energy functional is derived
from an optimization criterion28 which introduces the external potential
�eld UI as a Lagrange multiplier �eld. The relation between the external
potentials and the concentration �elds is bijective and given by a density
functional for ideal Gaussian chains:

�I [U ](r) = n
NX

s0=1

�KIs0Trc ( � (r�Rs0)) ; (6.7)

�KIs0 is a Kronecker delta function with value 1 if bead s0 is of type I and
0 otherwise.  is the single-chain con�guration distribution function

 =
1

�
e��[H

G+
P

N

s=1
Us(Rs)]: (6.8)

The intrinsic chemical potentials �I are de�ned by the functional
derivatives of the free energy:

�I (r) �
�F

��I (r)
= �UI (r) +

�F nid

��I (r)
: (6.9)

Formally, the nonideal free energy can be split into two parts

F nid[�] = F c[�] + F e[�] (6.10)

where F e contains the excluded volume interactions, and F c the cohesive
interactions. In Ref. 109 we have discussed di�erent models to account
for the excluded volume interactions. In the present paper (cf. Ref. 109),
we employ an idea which is originally from Helfand107 for the nonideal
free energy. The Helfand free energy is similar to:

F nid[�] = F c;ex[�] +
�H
2

Z
(
X
I

�I�I �
X
I

�I�0I)
2dr; (6.11)

where �H is a compressibility parameter and �I the bead volume. F c;ex is
the free energy resulting from the cohesive interactions, which contains
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the exchange parameters ��IJ (with ��II = 0 and ��IJ 6=I � 0) only.
The intrinsic chemical potential is now given by

�I (r) = �UI (r) +
X
J

Z
V
��IJ (jr� r0j) �J (r

0) dr0

+ �H�I
X
J

�J�J (r) : (6.12)

In general, a penalty function will allow small density uctuations around
the mean bulk density. In this approach, �H is a global constant, inde-
pendent of composition, that can be related to experimental values of
isothermal compressibility.108 For the rest of this discussion, �I = �.

Equations for morphology dynamics

We study the dynamic equation

@�I(r;t)

@t
= �

X
J

Z
V
MIJ(r; r

0)�J(r
0)dr0; (6.13)

where

MIJ(r; r
0) = n

*
@�̂I
@R

� M̂ �
@�̂J
@R

+

= nN
Z
V N

 

0
BBBBBB@

@
@R1

NP
s=1

�KIs�(r�Rs)

...

@
@RN

NP
s=1

�KIs�(r�Rs)

1
CCCCCCA

�

0
BB@

M̂11 � � � M̂1N
...

...

M̂N1 � � � M̂NN

1
CCA

�

0
BBBBBB@

@
@R1

NP
s0=1

�KJs0�(r
0 �Rs0)

...

@
@RN

NP
s0=1

�KJs0�(r
0 �Rs0)

1
CCCCCCA
dR1 � � �dRN : (6.14)

h: : :i = Trc : : :  is the (normalized) ensemble average over the single-
chain distribution function  . Eq. (6.14) is obtained from the general
Eq. (2.20) in Kawasaki's and Sekimoto's �rst paper41 by chain-wise diag-
onalizing the master ensemble averaged mobility �rr0 f�(t)g (Eq. (2.18)
from Ref. 41). In the following section we briey recall the various chain
dynamics regimes that determine the choice for the mobility coe�cients
M̂ss0 .

The Langevin noise can be added formally by application of the
uctuation-dissipation theorem for collective uctuations. For a brief
discussion of the calculation issues we refer to the numerical section be-
low.
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Approximations in di�erent chain dynamics regimes

In the local coupling model M̂ is the identity matrix times a constant
mobility Mbead = �Dlca, so that all nondiagonal terms Ms;s0 6=s are zero.
Mbead does not depend on the chain length N and the kinetic coupling
between di�erent beads is completely neglected. This is the approxima-
tion used in our previous papers22,28,68,81,109 and also in earlier estimates
for the Onsager coe�cient in Rouse dynamics.127 Many dynamic models
based on Ginzburg-Landau type free energy functionals (Cahn-Hilliard,
Flory-Huggins-de Gennes, or variants thereof for block copolymers) make
use of an even simpler approximation in which the Onsager coe�cient is
assumed to be a constant (for references see Ref. 81).

The local coupling theory (using the instantaneous bare mobility ma-
trix in Rouse dynamics as in Ref. 127) leads to a very simple expression
for the collective dynamics (see below), but it must be stressed that
this approximation is not physically consistent. A physically consistent
model requires that the mobility matrix M̂ is a constant matrix M1,
such that Mss0 = Mchain = �Dro. In the Rouse model the total friction
of a chain moving in an external force �eld scales with the chain length
N ; hence we expect that Mchain � N�1. Since we have coarse-grained
time with respect to the internal chain correlation times, the details of
the internal forces play no role whatsoever for the collective dynamics.
Therefore any single chain model (Gaussian, Freely Jointed Chain etc.)
must yield the same functional form for the Onsager coe�cient.44 This
is the regime of collective Rouse dynamics which was described in detail
(for homogeneous systems) in Ref. 37.

The reptation regime is also relatively simple, since in this case the
beads are constrained to move along the polymer tube axis. This regime
is studied extensively in Refs. 42 and 118.

The various approximations lead to the following collective dynamics:

@�I
@t

= �Dlcarr � �I(r; t)rr�I(r; t) Local Coupling;

(6.15)

@�I
@t

= �Dro

X
J

rr �
Z
V
PIJ(r; r

0)rr0�J(r
0)dr0 Rouse; (6.16)

@�s
@t

= ��Dc

Z
V

NZ
0

"
@2

@s@s0
Pss0(r; r

0)

#
�s0(r

0)ds0dr0 Reptation:(6.17)

The reptation Eq. (6.17) is taken from Ref. 42 for a continuous chain;
the other equations can be derived by insertion of M̂ in Eq. (6.13). The
equation for local coupling dynamics is the same as we used before,28 the
general equation for collective Rouse dynamics (6.16) reduces to the equa-
tion for Rouse dynamics as given in Ref. 37 for homogeneous systems.
Dc is the di�usion constant along the tube axis as de�ned in Ref. 42. The
friction constant of reptative motion is given by kBT=Dc. As is known
from Refs. 37 and 43 Dc � N�1. In Ref. 41 Kawasaki and Sekimoto have
derived the general master equation for morphology dynamics (6.13). In
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Ref. 42 they have given a simpler derivation for reptation dynamics. In
the appendix we show that a similar derivation can be given for the col-
lective Rouse dynamics model. Pss0 and PIJ are two-body correlators
de�ned by (cf. Ref. 42):

Pss0 (r; r
0) � n h�(r�Rs)�(r

0 �Rs0)i ; (6.18)

PIJ(r; r
0) �

NX
s=1

NX
s0=1

�KIs�
K
Js0Pss0 (r; r

0) : (6.19)

In the homogeneous melt the two-body correlators PIJ (r; r
0) are given

by P 0
IJ(jr� r0j), with Fourier transform

P 0
IJ(q) =

n

V

NX
s=1

NX
s0=1

�KIs�
K
Js0!

js�s0j; (6.20)

! = e�a
2q2=6: (6.21)

As far as we know there has been no attempt to use the full equation for
Rouse dynamics for inhomogeneous phase separating systems due to the
computational burden of calculating PIJ(r; r

0) at every time step. In the
next section we show how a feasible numerical model can be derived that
incorporates all important physical features of nonlocal kinetic coupling.

The dynamic equations are closed by the expression for the intrinsic
chemical potential (6.9), which includes the highly nonlinear and nonlocal
inverse density functional U [�] (see Eq. (6.7)). An explicit expression for
the inverse density functional is not known , so that even in the simplest
case of the local coupling model a general analytical solution for the
dynamics is impossible to give.

We briey recapitulate the limit of the homogeneous system for the
di�erent dynamics models. In case of weakly inhomogeneous polymer
melts relations for the Onsager coe�cient can be derived by linearization
in all models. Using translational invariance, and denoting q = jqj, the
dynamic equations in Fourier space are then given by

@�I(q)

@t
= �q2

X
J

�IJ(q)
�J(q)

kT
; (6.22)

which de�nes the Onsager coe�cient �IJ . According to the three dy-
namic models the Onsager coe�cient for a homogeneous homopolymer
melt is given by:

�(q) =

8>><
>>:
Dlca�0 Local Coupling

Dro�0N
2(x+e�x�1)

x2
Rouse

Dc
a2�0
6

2(1�e�x)
x

Reptation

: (6.23)

Here, x = Na2q2=6 and �0 = nN=V is the initial average density. The
Debye function (x + e�x � 1)=x2 in the Onsager coe�cient for Rouse
dynamics applies to large chains where N � 1. For homopolymer
chains of arbitrary length the geometric sum in Eq. (6.20) amounts to

90 EXTERNAL POTENTIAL DYNAMICS



�0(2!
N+1�2!2�2N!+N +N!2)=[N(!�1)2]. The Onsager coe�cient

for the collective Rouse dynamics model is discussed in detail in Ref. 37.
Notice that the reptation Eq. (6.17) reduces to

@�

@t
=

NZ
0

@�s
@t

ds =
�Dc

kBT

Z
�(r0) [PNN � P0N � PN0 + P00] (r; r

0)dr0;

(6.24)
for a homopolymer. From the Onsager coe�cients for the three dynamic
models in a homogeneous homopolymer melt, we can conclude that, given
a certain chemical potential gradient, the dynamics is essentially propor-
tional to �0 for both the local coupling approximation and the Rouse
model. In the reptation regime, the change of the density is proportional
to �0=N and the dynamics is slower.

The functional forms of Pincus43 and Kawasaki and Sekimoto42,112,118

for �(q) in the reptation regime are the same. Binder44 and later Leibig
and Fredrickson113 (who used the Kawasaki-Sekimoto expression) have
found the same Onsager coe�cient for Rouse dynamics as in Eq. (6.23).
Binder argues that both for Rouse and reptation dynamics �(q) is pro-
portional to the Debye function, but this is not in agreement with our
�ndings. However, the q-dependencies of the two di�erent nonlocal forms
for reptation and Rouse dynamics do not di�er very much, as can be seen
from the normalized Onsager coe�cients �(q)=�(0) in Fig. 6.1. Almost
all experimental results for q-dependent Onsager coe�cients (see Section
6.2) are compared to Cahn-Hilliard-Cook theory in the reptation regime.
It would be interesting to make a systematic comparison to the theory
for collective Rouse dynamics as well.

6.4 External potential dynamics model.

We will further study the collective Rouse dynamics model in order to
derive a tractable numerical model for phase separation dynamics. This
will allow us to increase the relevance of our numerical calculations to
experimental results which show that kinetic coupling is nonlocal instead
of local. We have not yet found a way to cast the collective reptation
dynamics in a similarly e�cient numerical model. From a computa-
tional point of view, the equation for the collective Rouse dynamics as in
Eq. (6.16) has a major drawback. It requires the renewed calculation of
the correlators Pss0 (r; r

0), which are N2 six-dimensional functions, each
time step. This procedure is computationally very intensive and requires
more storage than is available on most contemporary computers.

Here, the objective is to derive an equation of motion for the auxiliary
�eld U from the collective dynamics of the concentration �eld �. As
we will make clear below, the additional approximations are modest,
while the new model leads to an enormous reduction in computational
costs compared to the full collective Rouse dynamics model and possesses
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Figure 6.1 Normalized Onsager coe�cients �(q)=�(0) in a homogeneous

homopolymer melt for Rouse dynamics ( ) and reptation dynamics (

) as a function of Na2q2=6.

the essential physical features of nonlocal kinetic coupling. We use two
important properties from density functional theory as summarized in
the beginning of the theory section: (i) The density functional �[U ] is
bijective, which means that there also exists a bijective transformation
of the dynamics between U and � space. Therefore we can select the
space which is most convenient for calculations. (ii) Furthermore, the
derivative of the density functional with respect to the external potential
is the two-body correlator PIJ , which is precisely the nonlocal transport
coe�cient in the dynamics equation:

��I (r)

�UI (r0)
� ��PIJ (r; r

0) : (6.25)

The collective Rouse dynamics is transformed from � to U space by
application of the chain rule:

@�I(r; t)

@t
=

X
J

Z ��I(r; t)

�UJ(r0; t)

@UJ(r
0; t)

@t
dr0

= ��
X
J

Z
PIJ(r; r

0)
@UJ(r

0; t)

@t
dr0: (6.26)

Combining this result with Eq. (6.16) we �nd for the collective Rouse
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dynamics

X
J

Z
PIJ(r; r

0)
@UJ(r

0; t)

@t
dr0

= �Dro

X
J

rr �
Z
PIJ(r; r

0)rr0�J(r
0)dr0: (6.27)

We can rewrite Eq. (6.27) in operator notation for all I as follows:

P
@U

@t
= �Dror �Pr�: (6.28)

Here the elements PIJ of matrix P are linear operators de�ned by:

PIJ (�) �
Z
PIJ(r; r

0) (�) dr0: (6.29)

U � fU1 (r) ; � � � ; UZ (r)g
T and � � f�1 (r) ; � � � ; �Z (r)g

T . The operator
Eq. (6.28) is still exact. Since the correlator matrix P occurs both on
the left and right hand side of Eq. (6.28), essentially both the forces
and the uxes are transformed from U to � space. In the linear regime
the operators r and Pr commute for the dot inner product since the
two-body correlators are translationally invariant and Eq. (6.28) reduces
to

P
@U

@t
= �DroPr

2
�: (6.30)

The entire relation can now be expressed in U space by applying the
inverse operator P�1 which exists since the ��U relationship is bijective.
This results in

@U

@t
= �Dror

2
�: (6.31)

We can extend the application area of Eq. (6.31) to nonlinear regimes
if we assume that the gradients of the two coordinates in the two-body
correlators are opposite:

rrPIJ(r; r
0) = �rr0PIJ(r; r

0): (6.32)

Approximation (6.32) also results in Eq. (6.31) as can be most easily
understood as follows. If we apply assumption (6.32), the right-hand
side of Eq. (6.27) can be rewritten to:

rr �
Z
PIJ(r; r

0)rr0�J(r
0)dr0

=
Z
[rrPIJ(r; r

0)] � rr0�J(r
0)dr0

= �
Z
[rr0PIJ(r; r

0)] � rr0�J(r
0)dr0

= �
Z
rr0 � [PIJ(r; r

0)rr0�J(r
0)] dr0

+
Z
PIJ(r; r

0)r2
r0�J(r

0)dr0

=
Z
PIJ(r; r

0)r2
r0�J(r

0)dr0: (6.33)
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Figure 6.2 Illustration of the gradients (indicated by arrows) rrPIJ(r; r
0) and

rr0PIJ(r; r
0) in a homogeneous system (left �gure) and in an inhomogeneous

system (right �gure). In the inhomogenous case two symmetric polymers (of

which one is oriented perpendicular with respect to the interface) and one

asymmetric polymer are indicated.

For the �nal step in this derivation we have applied Gauss theorem and
omitted the surface integral. Hence, approximation (6.32) also leads to
Eq. (6.30) and thus to Eq. (6.31).

Fig. 6.2 helps to understand the physics behind approximation (6.32).
In a homogeneous phase the correlations only depend on the distance
jr� r0j due to the translational invariance and the gradients are exactly
opposite. Therefore, approximation (6.32) is exact in the linear regime.
In a (nonlinear) phase separated system positions (r; r0) exist for which
r and r0 are in di�erent phases. If neither r nor r0 is in the interface, the
gradients in Eq. (6.32) are always opposite (although they may di�er in
size, depending on the symmetry of the chain) and approximation (6.32)
is justi�able.

Since the linear regime is automatically included as a limiting case,
it is ensured that the proper Onsager coe�cients for the homogenous
systems (6.23) are contained in the new model.

Precise estimates for the errors that are introduced by approximation
(6.32) are not easy to give, except for some simple systems. For the
collective di�usion of polymers of length N = 1 (i.e. free monomers)
P11 (r; r

0) = � (r0) � (r� r0), and the approximation amounts to replacing
1
�
r��r� = r2�+r ln � �r� by r2�. This is quite reasonable in regions

where concentration deviations relative to the homogeneous background
are small (��=�0 < 1), i.e. in regions away from interfaces.

In conclusion, we now arrive at the external potential dynamics (EPD)
model:

@UI
@t

= �Dror
2�I : (6.34)

This is the desired equation of motion for the external potential �eld U ,
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which replaces the equation of motion (6.16) for the density �eld �. Even
though this model has a remarkably simple structure, it still possesses all
the important features of nonlocal kinetic coupling. Notice that the On-
sager coe�cients are local and diagonal in U space. Hence, the kinetics
is ideal in this space. This increases the speed of the numerical computa-
tions considerably because the cumbersome calculation of the correlators
is not necessary. Although some problems remain with respect to the
Langevin noise (see the discussion in Section 6.6), we believe that the
external potential dynamics model is very useful to incorporate the ef-
fects of nonlocal kinetic coupling in mesoscopic dynamics algorithms and
will get us one step closer to correctly reproducing experimental results.

6.5 Analysis

In the following three examples we will employ linearization and pertur-
bation analysis to gain further insight into the various dynamics models.
We also show that the Rouse dynamics model and especially the simpli-
�ed EPD model exhibit the physical features of nonlocal kinetic coupling.

Incompressible melts. First consider the classical case of an incom-
pressible blend of homopolymers A and B. Since the system is incom-
pressible, a uctuation in one of the concentration variables has to be
compensated by an opposite uctuation in the other variable. This intro-
duces very special dynamic correlations. The collective Rouse dynamics
is governed by two equations

@�A
@t

= �Dror �
Z
PAA (r; r

0)r[�A (r
0) + � (r0)]dr0; (6.35)

@�B
@t

= �Dror �
Z
PBB (r; r0)r[�B (r

0) + � (r0)]dr0: (6.36)

Notice that the cross-correlators PAB and PBA are zero in the single-chain
mean-�eld model. We have introduced an additional Lagrange parameter
�eld � in order to apply the incompressibility constraint:

r � (JA + JB) = 0: (6.37)

Here, JI is the ux of component I, given by��Dro

R
PII (r; r

0)r[�I (r0)+
� (r0)]dr0. For simplicity, we have assumed that the molecular volumes
and individual friction coe�cients of all beads are the same. The set of
equations can be solved for � (as in Refs. 27, 42) which results in the
exchange dynamics

@(�A � �B)

@t
= 2�Dror �

Z
P (r; r0)r[�A � �B](r

0)dr0; (6.38)

@(�A + �B)

@t
= 0: (6.39)
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Here �A � �B is the order parameter, �A � �B is the exchange chemical
potential and P is the exchange transport coe�cient de�ned byZ

P (r; r0) f(r0)dr0

=
Z
PAA (r; r

0) [PAA + PBB]
�1 (r0; r00)

� PBB (r00; r000) f(r000)dr0dr00dr000: (6.40)

It is obvious that in the general nonlinear case Eqs. (6.38) and (6.39)
cannot be solved numerically. However, in the linear regime Eq. (6.38)
reduces to a very simple equation. The Onsager coe�cient for the di�u-
sion of the order parameter (cf. Eq. (6.22)) is essentially proportional to
the structure factor of the homogeneous ideal melt (as can easily be seen
if the incompressibility constraint is applied in Fourier space):

2Dro

� (q)
=

1

P 0
AA

+
1

P 0
BB

: (6.41)

By following a similar procedure, we �nd that the Onsager coe�cient for
the di�usion of the order parameter in a phase separating copolymer melt
is given by:

2Dro

� (q)
=
P 0
AA + P 0

AB + P 0
BB + P 0

BB

P 0
AAP

0
BB � P 0

ABP
0
BA

= S0�1
q ; (6.42)

where S0�1
q is the inverse structure factor. Hence, expression (6.42) allows

for direct comparison between our numerical calculations and experimen-
tal results. So far the analysis is traditional. The form of Eqs. (6.38) and
(6.39) is the same as for incompressible reptation dynamics.42 Notice
however that the precise q-dependence is di�erent, see Eq. (6.23). We
stress that the simpli�ed EPD model yields exactly the same result, since
in the linear regime the original collective Rouse dynamics model (6.23)
and EPD model are identical.

At the moment it is not yet possible to use the exchange Eqs. (6.38)
and (6.39) for numerical calculations directly. The transport coe�cients
in the full Rouse model cannot be evaluated in any way. We have found
that it is much more convenient to introduce a compressibility in the free
energy model, either by a well-chosen equation of state or a harmonic
penalty function.107,109 Both models remove the instantaneous dynamic
correlation imposed by the Lagrange parameter �eld �. We will return
to this topic in the discussion in Section 6.6.

Block copolymer interfaces. Next consider a segregated A � B block
copolymer melt. Suppose that the system is initially in equilibrium in
a state segregated strongly enough to exclude all A-type beads from
the B-phase and all B-type beads from the A-phase. In that case, the
probability that two A-type beads of a single chain are in separate phases
is zero; PAA(rA; rB) = 0 for all rA in the A-phase and all rB in the B-
phase. Similarly, PBB(rA; rB) = 0, PAB(rA; rB) 6= 0 and PBA(rB; rA) 6= 0.
Since uctuations can be passed from one phase to another by the two-
body correlators PAB and PBA only, these terms control the interface
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dynamics both in the collective Rouse model and the reptation model.118

Suppose that the chemical potential �A(r) of component A is perturbed
by ��A(r) = �(r). In the original collective Rouse dynamics model
(6.16) this results in a response of the concentration variables after a
small time interval �t of

��A (rA) / �trrA �
Z
PAA(rA; r

0
A)rr0

A
�(r0A)dr

0
A; (6.43)

��B (rB) / �trrB �
Z
PBA(rB; r

0
A)rr0

A
�(r0A)dr

0
A; (6.44)

while according to the simpli�ed external potential dynamics model
Eq. (6.30)

��A (rA) / �t
Z
PAA(rA; r

0
A)r

2
r0
A

�(r0A)dr
0
A; (6.45)

��B (rB) / �t
Z
PBA(rB; r

0
A)r

2
r0
A

�(r0A)dr
0
A: (6.46)

Since approximation (6.32) seems reasonable in the case of a strongly
segregated block copolymer melt, Eqs. (6.43-6.44) and (6.45-6.46) are
practically identical. Notice that the two-body correlators PIJ are those
of the inhomogeneous system. Hence, we expect that the interface dy-
namics is reproduced correctly in the EPD model.

Block copolymer melt near wall. Finally, consider a homogeneous
block copolymer melt (above the microphase transition) which is sud-
denly brought into contact with a wall at time t = 0. Such a situation
arises when colloidal particles are dispersed in the melt, or when the melt
is exposed to air or other uids. We suppose that the A block adsorbs
preferentially over the B block, such that an adsorption pro�le develops
eventually. Equilibrium adsorption pro�les for polymers adsorbed from
solution have been calculated extensively by the Wageningen school using
self consistent �eld lattice models.45 In this case, the equilibrium pro�le
is decaying sinusoidally, with alternating A and B blocks. The ordering
decreases towards the bulk and the A block is in contact with the sur-
face. Similar pro�les have been obtained using Monte Carlo and Cluster
Growth Probability models (see e.g. Refs. 128{130). It is illustrative to
see what the di�erent dynamics models predict for the di�usion towards
the surface. The equilibrium adsorption pro�les for the di�erent models
are sketched in Fig. 6.3.

First consider the local coupling model. A adsorbs rapidly to the
surface and forms an adjacent depletion layer. Since the coupling is
local, the initial depletion layer has a monomer length scale. Due to
the decreased A concentration, the B concentration locally increases and
starts to act as a barrier for further di�usion of A. The �nal state is
metastable and consists of an A monomer layer and repeating blocks of B
and A. We have performed some simulations in our group (using the local
coupling model) that support this result (data not shown). Although
the �nal pro�le is in equilibrium, it is not physically relevant; to our
knowledge there are no experimental results of preferential adsorption
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Figure 6.3 Equilibrium adsorption pro�les for a diblock copolymer melt near a

wall in case of local coupling (upper �gure) and Rouse dynamics (lower �gure).

The A block adsorbs preferentially.

where the adsorbed block forms a monomer size adsorption layer. The
experiments always indicate that the �rst layer has a thickness of the
order of the radius of gyration of the adsorbed block (see references in
Ref. 45). Hence we conclude that the local coupling model is not valid
for interface problems.

Next consider the predictions of the collective Rouse dynamics model.
This model incorporates nonlocal kinetic coupling on a polymer coil
length scale. The immediate response of the A block has the same length
scale. The depletion layer now starts at a distance � aN

1

2 away from
the surface. The �nal pro�le is a decaying sinusoidal as might be ex-
pected, where the �rst layer is an A domain of approximately the (block)
coil size. Hence, the collective Rouse dynamics (and the simpli�ed EPD
variant) correctly predicts the physically relevant result.

6.6 Numerical results and discussion

We performed a numerical simulation, using the EPD model (6.34) that
incorporates nonlocal kinetic coupling. In our calculations, we neglect
the higher order contribution of the second (drift) term on the right-
hand side of Eq. (6.1), which can even be proved to be zero for the
simplest kinetic models. As we mentioned earlier, it is convenient to
perform a compressible simulation. To make a comparison with previous
simulation results, we have studied the compressible microphase separa-
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tion dynamics in an A8B8 copolymer melt, using Helfand's penalty model
(�0

H = 10).109 The initial system is always homogeneous. Numerically,
after discretizing the dynamic Eqs. (6.34) on a grid, we use the follow-
ing dimensionless Crank-Nicolson equations for each component I (for
details see the earlier papers Refs. 28 and 109):

(�U)k+1
Ir �

1

2
��zk+1

Ir = (�U)kIr + (1�
1

2
)��zkIr + �kIr: (6.47)

Here, zkr denotes the discretized di�usion part at time level k and (cubic)
grid position r

zr =
X
�

X
q

d� [D�D�]rq ��Iq: (6.48)

D� is the discretized di�usion operator in grid direction � and �Iq is
evaluated at grid position q. �� is a scaled time step (� = Droh

2t or
� = Dlcah

2t where h is the grid size). The Crank-Nicolson equations are
solved iteratively at every time step using a steepest descent method.
The dimensionless variables for the time integration are the noise scaling
parameter 
 = ��1h3 = 100 (the number of beads per grid cell), �� =
0:5, � = 0:0 or 1:0 (� is the exchange parameter that accounts for the
cohesive interactions as de�ned in Refs. 28 and 109) and a=h = 1:15430.
�kIr is the numerical noise. The actual (continuous) noise distribution for
the EPD model

@UI
@t

= �Dror
2�I + �I ; (6.49)

according to the uctuation-dissipation theorem, can be shown to be (in
operator notation):

< �I(r; t) > = 0; (6.50)

< �I(r; t); �J(r
0; t0) > = �2��2Dror

2
rP

�1
IJ (r; r

0)�(t� t0): (6.51)

At the moment it is impossible to calculate the noise according to the
above distribution for inhomogeneous melts. Therefore, we apply �kIr
with correlations according to local coupling kinetics. Although we real-
ize that, in principle, we violate the uctuation-dissipation theorem, we
argue that the inuence of the noise is small due to the relatively large
value of 
. Notice that the noise is applied at every time step. We de�ne
an average measure of the order in the system by

w �
1

V

Z
V
(�2A + �2B)dr: (6.52)

Here, �I = ��I is the dimensionless density �eld where � is the molecular
volume. The e�ects of a change in order due to microphase separation
and/or total density uctuations are captured by w.

In Fig. 6.4 we plotted the time evolution of w in a simulation using
the local coupling approximation (all parameters as in Ref. 109) and the
nonlocal coupling approximation in the Rouse dynamics regime. The
phase separation was initiated with a quench from � = 0 to � = 1:0
at � = 50. We �nd that the simulation in the Rouse dynamics regime

EXTERNAL POTENTIAL DYNAMICS 99



0.0 200.0 400.0 600.0 800.0 1000.0
τ

0.50

0.55

0.60

0.65

0.70

w

Figure 6.4 Time evolution of volume-averaged order parameter w as a function

� of in a compressible A8B8 block copolymer melt (using Helfand's penalty model

with �
0

H = 10) for the local kinetic coupling model ( ) and the external

potential dynamics model ( ).

remains stable and that the order parameter increases faster shortly after
the quench and stabilizes at a higher value than in the simulation that
uses a local coupling approximation.

The pictures of the simulation results indeed show larger structures
and less defects (see Fig. 6.5) as might be expected if nonlocal kinetic
coupling e�ects are included in the dynamics model. Because of the
increased simulation times and the disappearance of defects, the inuence
of the periodic boundary conditions becomes apparent. We have made
sure that all operators are discretized isotropically (see also Ref. 68),
therefore the patterns do not show any preference for grid directions.

Since we use a Crank-Nicolson scheme, it is not so evident that this
method should lead to increased computational e�ciency, compared to
the original density dynamics algorithms. However, we �nd in our nu-
merical experiments that the nonlocal kinetic coupling algorithm requires
less iterations to converge than the local kinetic coupling algorithm. We
also performed some simulations using explicit integration schemes. They
also remained stable and converged (data not shown).
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(a) (b)

Figure 6.5 Morphology of a compressible A8B8 block copolymer melt at � = 800

(using Helfand's penalty model with �0
H = 10). The melt was quenched at � = 50

from � = 0 to � = 1:0. (a) Local kinetic coupling model. (b) External potential

dynamics model.

6.7 Conclusion

In this paper we have recapitulated some existing models for density
dynamics that incorporate nonlocal kinetic coupling e�ects. A general
model by Kawasaki and Sekimoto has been analyzed for di�erent dynam-
ics models (local coupling regime, Rouse dynamics regime and reptation
regime). The Rouse dynamics model can not be used as such for numer-
ical calculations, since it involves the repeated calculation of two-body
correlators which is computationally too intensive. We have shown how-
ever how a simple approximation leads to a feasible numerical model that
includes all important physical features of nonlocal kinetic coupling. We
�nd that the new model describes the dynamics in terms of the external
potential instead of the density. This model has been used to study the
e�ects of nonlocal kinetic coupling on numerical simulations of compress-
ible copolymer liquids using the dynamic mean-�eld density functional
method. Sofar, we have not yet succeeded in implementing the noise ac-
cording to the uctuation-dissipation theorem for the external potential
dynamics. However, we found that we can use noise that is distributed
according to local coupling dynamics (and even (small) white noise) for
practical calculations.

We �nd that compared to earlier simulations that only took local
coupling e�ects into account, the nonlocal coupling e�ects cause the
system to form less defects and larger structures. The order parame-
ter increases faster and the �nal ordering of the melt is increased with
respect to local coupling simulations. Hence, the external potential dy-
namics model allows us to perform calculations of microphase separation
in copolymer melts with increased relevance to experimental results. In-
corporating nonlocal coupling e�ects also leads to an increase in com-
putational e�ciency, due to faster numerical convergence in the time
integration methods.
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In conclusion, we have succeeded in incorporating nonlocal coupling
e�ects, based on the Rouse dynamics model into our simulations. We
have not only improved the physical relevance of our mesoscopic simu-
lations in this way, but have also found a very simple numerical model
for external potential dynamics that leads to improved computational
e�ciency.

6.8 Appendix

Derivation collective Rouse dynamics model

In this section we present a simple derivation of the collective Rouse
dynamics model (6.16), along the lines set out for reptation dynamics in
the second paper by Kawasaki and Sekimoto.42 Suppose a polymer chain
is under the inuence of an external force �eld fs, where the force may

be di�erent for each bead s. The total force equals
NP
s=1

fs. In the Rouse

regime the correlations due to internal forces relax (much) faster than
the coarse-grained collective dynamics. Hence, after a certain time that
is much larger than the internal relaxation time, the chain will drift with
a constant velocity vdrift, according to (cf. Eq. (5.6) in Ref. 131)

vdrift =
M0

N

NX
s=1

fs: (6.53)

Here we have assumed that the total friction is linear in N ; there is no
hydrodynamic interaction between the beads and the solvent ows freely
through the polymer coil. It is important to realize that all beads have
the same systematic velocity on average.

Next we de�ne the microscopic density variable

�̂s(r) � �(r�Rs): (6.54)

By application of the chain rule, the microscopic analogue of the equation
of continuity is

@�̂s(r)

@t
= �rr � �(r�Rs)

@Rs

@t
: (6.55)

Given the external force �eld fs, we replace the velocity
@Rs
@t

by the drift
velocity vdrift for the entire chain (this is a valid procedure for the Rouse
regime) and we obtain

@�̂s(r)

@t
= �

M0

N
rr � �(r�Rs)

NX
s0=1

fs0(Rs0): (6.56)

In the thermodynamic limit, the microscopic variables can be replaced
by collective variables (cf. Eq. (2.11) in Ref. 42)

�̂s(r)! h�̂s(r)i = �s(r) = N
Z
V N

 �̂s(r)dR1 : : : dRN ; (6.57)
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which leads to

@�s(r)

@t
= �

M0N

N
rr �

Z
V N

 �(r�Rs)
NX

s0=1

fs0(Rs0)dR1 : : : dRN : (6.58)

Similarly, in the thermodynamic limit, the external force �eld fs can be
replaced by minus the gradient of the chemical potential (cf. Eq. (2.11)
in Ref. 42) which results in

@�s(r)

@t
=
M0N

N
rr �

Z
V N

 �(r�Rs)
NX

s0=1

@�s0(Rs0)

@Rs0
dR1 : : : dRN : (6.59)

The concentration of I-type particles is given in Eq. (6.7) by

�I(r) = n

*
NX
s=1

�KIs�̂s(r)

+
: (6.60)

Therefore

@�I(r; t)

@t
= n

NX
s=1

�KIs

*
@�̂s(r)

@t

+

= n
NX
s=1

�KIs
@�s(r)

@t

= n
NX
s=1

�KIs
M0N

N
rr �

Z
V N

 �(r�Rs)

�
NX

s0=1

@�s0(Rs0)

@Rs0
dR1 : : : dRN : (6.61)

Notice that a derivative with respect to a 3D coordinate should be inter-
preted as a gradient operator. We use the identities

X
J

NX
s0=1

�KJs0
@�J(Rs0)

@Rs0
=

NX
s0=1

@�s0(Rs0)

@Rs0
; (6.62)

and Z
�(r0 �Rs0)f(r

0)dr0 = f(Rs0); (6.63)

to rewrite Eq. (6.61) to

@�I(r; t)

@t
= n

NX
s=1

�KIs
M0N

N
rr �

Z
V N

 �(r�Rs)

�
NX

s0=1

X
J

�KJs0
@�J(Rs0)

@Rs0
dR1 : : : dRN

= n
NX
s=1

�KIs
M0N

N
rr �

Z
V N

Z
V
 �(r�Rs)

�
NX

s0=1

X
J

�KJs0�(r
0 �Rs0)rr0�J(r

0)dr0dR1 : : : dRN
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=
M0

N

X
J

rr �
Z
V
n

NX
s=1

NX
s0=1

�KIs�
K
Js0

� h�(r�Rs)�(r
0 �Rs0)irr0�J(r

0)dr0

=
M0

N

X
J

rr �
Z
V
PIJ(r; r

0)rr0�J(r
0)dr0: (6.64)

Here we have employed the de�nition for the two-body correlator PIJ(r; r
0)

as given in Eq. (6.19). Since M0

N
= �Dro this result is exactly the same

as the expression for collective Rouse dynamics in Eq. (6.16).
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7 EQUATION OF STATE AND STRESS

TENSOR IN INHOMOGENEOUS

COMPRESSIBLE COPOLYMER MELTS

This chapter was previously published as:
'Equation of state and stress tensor in inhomogeneous compressible
copolymer melts. Dynamic mean-�eld density functional approach'.

N.M. Maurits, A.V. Zvelindovsky, J.G.E.M. Fraaije,
Journal of Chemical Physics,
108 (6), 1998, p. 2638-2650.

7.1 Summary

We have derived an expression for the global stress in inhomogeneous
complex copolymer liquids. We apply the principle of virtual work to
the free energy as de�ned in the dynamic mean-�eld density functional
method. This method automatically provides the full stress tensor (devi-
atoric and isotropic parts) and hence an equation of state for inhomoge-
neous compressible copolymer melts. The excluded volume interactions
and cohesive interactions between chains have been explicitly taken into
account. Therefore the expressions for the stress and thermodynamic
pressure have a wide range of validity. The connectivity of the chains
is automatically accounted for and the free energy adapts very well to
changes in the molecule properties. In the limiting case of homogeneous
systems it simpli�es to known results. In order to study rheological prop-
erties of copolymer melts and npT -ensemble simulations, the pressure and
stress components have to be calculated at any given moment in time.
We show how the pressure and stress can be numerically evaluated during
simulations using a Green propagator algorithm, instead of having to cal-
culate the time-dependent con�guration distribution function explicitly
from a Smoluchowski equation. We provide illustrative numerical results
that indicate how the pressure changes during microphase separation.
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7.2 Introduction

General

The dynamic mean-�eld density functional method is a method for nu-
merically calculating the phase separation dynamics of copolymer liquids
in 3D. It predicts morphologies and has recently been successfully used
to predict part of a Pluronic/water phase diagram.34 The method is
based upon a generalized time-dependent Ginzburg-Landau theory for
conserved order parameter of the following general form:19,21,22

@�I(r)

@t
=

ZX
J=1

Z
V
DIJ (r; r1)�J(r1)dr1

� ��1
ZX

J=1

Z
V

�DIJ (r; r1)

��J (r1)
dr1 + �I (r; t) ; (7.1)

DIJ (r; r1) = rr � �IJ (r; r1)rr1 ; (7.2)

with particle concentration �elds �I(r) (I = 1; : : : ; Z), Onsager kinetic
coe�cients �IJ , intrinsic chemical potentials �I � �F=��I (r) (F is the
free energy), ��1 = kBT and noise �elds �I (r; t). The noise has a Gaus-
sian distribution with moments dictated by a uctuation-dissipation the-
orem.22{24

The goal of mesoscopic modeling is to obtain a theory of ordering phe-
nomena in polymer liquids, based on a 'molecular' description. We use
a free energy functional for a collection of Gaussian chains in a mean-
�eld environment.37,132 In this approach we try to retain as much as
possible of the underlying molecular detail, such as the architecture and
composition of the chain molecules. To this end, we do not use a phe-
nomenological expansion of the free energy in the order parameters, as
is commonly done in Ginzburg-Landau models,16{21 but de�ne an intrin-
sic free energy functional based on a density distribution function that
results from a minimization criterion.28 This introduces external poten-
tials as Lagrange multiplier �elds. The density (particle concentration)
�elds and external potential �elds are coupled one-to-one through the
density functional. In this approach the free energy immediately reects
changes in the molecular properties which enables practical application
of the method. Some results of numerical calculations of phase separa-
tion in incompressible block copolymer melts and concentrated surfac-
tant solutions were already discussed in Refs. 28 and 82. The method
has been extended to include compressible melts109 and nonlocal kinetic
coe�cients.133

In this paper we have derived an expression for the global stress in
inhomogeneous complex copolymer liquids which, in the limiting case of
homogeneous systems, is analogous to the expression for the stress tensor
that was derived by Doi and Edwards.37 (This expression was obtained
from a con�gurational average of microscopic stresses where the distri-
bution function results from a Smoluchowski equation in the presence of
homogeneous ow.) To this end, we employ the principle of virtual work
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on the free energy as de�ned in the dynamic mean-�eld density functional
method. This method provides an expression for the total stress tensor
and hence from its trace an expression for the thermodynamic pressure,
i.e. an equation of state for inhomogeneous copolymer melts. Before we
explain the details of the derivation, we �rst discuss previous studies
on equations of state and stress tensors for (in)homogeneous copolymer
melts.

Equations of state

Equations of state for chain molecules are usually limited to homogeneous
systems and often contain severe simpli�cations regarding connectivity.
In Ref. 83, the connectivity is taken into account by allowing only a lim-
ited number of degrees of freedom (less than 3) for chain elements, by use
of the so-called Prigogine parameter c. In this cell model, the Prigogine
parameter determines the expression for the free volume per chain. Sev-
eral authors have tried to improve the cell model by including geometry
factors in the free volume expression,134 by using di�erent expressions
for the mean potential energy per mer135 or by including the possibility
of empty sites.87 The lattice-uid model developed in Ref. 90 that puts
chains on a lattice in order to be able to calculate the partition function,
is improved in Ref. 92 by including molecular shape di�erences and in
Ref. 91 by including entropy contributions.

The lattice theories of Flory and Huggins136,137 are generalized to
continuous space in Ref. 95. The complete disregard for chain structure
is �rst improved in Ref. 138 by relating the compressibility factor of an
n-mer uid to compressibility factors of monomer and dimer uids at
the same volume fraction. In Ref. 139 the theory in Ref. 138 is further
improved by including structural information for a diatomic uid, us-
ing site-site correlation functions at contact, which results in a modi�ed
thermodynamic perturbation theory. These studies are all restricted to
athermal homogeneous melts.

Monte Carlo simulations of lattice models for polymer melts are em-
ployed in Refs. 140 and 141 to measure the chemical potential by a
particle-insertion method. This enables calculation of the osmotic pres-
sure by thermodynamic integration.

Stress tensor

Expressions for the stress in a viscoelastic material usually serve the
purpose of analyzing theoretical and experimental results.132,142 Many
authors study stress-strain relationships in order to access the rheological
properties of the material. The methods that are used to derive expres-
sions for the stress (given a Hamiltonian) date back to the sixties and
seventies. A few di�erent approaches can be discerned.
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In Ref. 21 stochastic equations are given for low molecular weight
uids. These equations (or other hydrodynamic equations valid for u-
ids in a two-phase region143) can be combined with the uid momentum
balance equation. This allows for a relationship to be derived between
the Hamiltonian of the system and the divergence of the stress tensor.
If the Hamiltonian is a spatial average of a local function, a compatible
local stress tensor can be derived143{150 which is unique up to a diver-
gence free �eld. The local stress tensor can be spatially averaged to
obtain an expression for the average shear stress.145,151,152 Similar ex-
pressions are also used in inhomogeneous systems as a measure of the
spatial anisotropy of domains distorted by shear ow.147,153,154 The av-
erage shear stress may also be expressed in terms of the nonequilibrium
structure factor.147,151,155 The total stress of the material is often com-
posed of this 'anisotropy' factor, a separate viscous contribution and a
(hydrodynamic) pressure contribution.146,147,153,154,156,157

Another approach to viscoelasticity is to consider the viscoelastic
polymeric material as a collection of particles suspended in a viscous
solvent. The stress is then composed of the usual viscous solvent part
and a microscopic contribution due to the forces between interacting par-
ticles.37,126,158,159

A more thermodynamic approach is taken in Ref. 160 for solutions of
rodlike polymers, in Ref. 155 for homogeneous polymer melts, in Ref. 161
for liquid crystals and in Ref. 162 for critical liquids. Here the principle of
virtual work is applied to �nd the stress tensor by calculating the elastic
response of a material to a small deformation.

In this paper we generalize the expression for the stress tensor37 to
the case of compressible inhomogeneous complex copolymer liquids. The
dynamical free energy A as considered in Ref. 37 accounts for entropy
e�ects of ideal beads and energy e�ects due to the potential �eld H:

A �
Z
dR (kBT ln +H): (7.3)

Here,  is the distribution function of the beads. According to the prin-
ciple of virtual work, the stress �

(p)
�� due to the particles is related to a

change in the dynamical free energy. The formal application of the prin-
ciple of virtual work is not hard since the dynamical free energy is simple
(ideal polymers only) and an expression for the variation of the distribu-
tion function  can be obtained from a simpli�ed Smoluchowski equation
that is dominated by the velocity gradients due to the deformation. This
leads to37,159

�(p)�� = �
1

V

X
m

hFm�Rm�i ; (7.4)

which is also found by considering the microscopic forces between beads.
Fm� is the �-component of the nonhydrodynamic forces acting on bead
m, Rm� is the �-component of the position of bead m and the con�gura-
tional average h�i is taken with respect to  . If the interaction potential
between beads is harmonic (Gaussian chain model), the particle contri-
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bution to the stress is given by

�
(p)
�� =

3n

V a2�

N�1X
n=1

h(Rn+1 �Rn)�(Rn+1 �Rn)�i : (7.5)

Since only incompressible uids are considered, isotropic stress contri-
butions are dropped. Excluded volume potentials only a�ect the stress
expression through the distribution function  . A basic assumption in
the derivation is that even in the highly entangled state the 'short-time'
polymer dynamics (which completely determine the stress tensor) is gov-
erned by the Rouse model.

Present paper

We apply the principle of virtual work to the free energy functional as
de�ned in the dynamic mean-�eld density functional theory7,28 to ob-
tain an expression for the stress tensor in compressible inhomogeneous
copolymer melts. In the limit of homogeneous systems, we obtain an
expression analogous to Eq. (7.5). Moreover, employing the principle of
virtual work immediately leads to an expression for the diagonal compo-
nents of the stress tensor as well and therefore to an expression for the
pressure (equation of state).

We show that our mathematical procedures are consistent by deriving
the pressure not only by using the principle of virtual work, but also by
calculating the change in free energy that results from an in�nitesimal
volume change. To our knowledge there have been no attempts to de�ne
an equation of state that includes molecular detail for general inhomo-
geneous compressible copolymer melts. In our model the connectivity of
the chains is automatically accounted for and the free energy adapts very
well to changes in the molecule properties. The free energy functional
contains both excluded volume and cohesive interactions. The inhomo-
geneity of the system introduces an external potential as a Lagrange
multiplier �eld from an optimization criterion (for details see Ref. 28).
This external potential does not explicitly contribute to the expression
for the stress tensor but changes the distribution function as will be ex-
plained in Section 7.3.

Previous simulations of phase separation in block copolymer melts
using dynamic density functional theory (see e.g. Ref. 28) were always
performed in an nV T -ensemble, since the volume of the simulation box
remained constant. Simulations in an npT -ensemble will increase the
relevance of numerical experiments compared to laboratory experiments,
which are usually performed under constant pressure conditions. We in-
tend to use a pressure coupling algorithm during simulations to keep the
pressure constant. We show that the pressure for a homogeneous melt
may be calculated analytically and can hence be used as the reference
pressure in a pressure coupling algorithm in the near future. We shortly
discuss an algorithm for numerically evaluating the pressure during a
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simulation that uses Green propagators. As a proof of concept, we show
some numerical results that indicate how the pressure changes during mi-
crophase separation. The Green propagator algorithm avoids the use of a
Smoluchowski equation to determine the con�guration distribution func-
tion and can just as well be used to calculate the stress. The expression
for the stress will be used in a future publication to study stress-strain
relationships in a sheared melt.

7.3 Theory

Dynamic mean-�eld density functional theory

We shortly repeat the main part of the theory of the mesoscopic dynamics
algorithms in order to be able to explain the detailed derivation of the
stress tensor and the results of the numerical calculations. We consider a
melt of volume V , containing n diblock copolymers modeled as Gaussian
chains, each of length N = NA + NB. There are two concentration
�elds �A (r) and �B (r). Given these concentration �elds a free energy
functional F [�] can be de�ned as follows:28

F [�] = �
1

�
ln

�n

n!
�
X
I

Z
UI (r) �I (r) dr+ F nid[�]: (7.6)

Here F nid[�] is the contribution from the nonideal interactions and � is
the partition functional for the ideal Gaussian chains in the external �eld
UI ,

� � N
Z
V N

e��[H
G+
PN

s0=1
Us0(Rs0 )]dR1 � � �RN ; (7.7)

where N is a normalization constant equal to 1
�3

�
3

2�a2

� 3
2
(N�1)

, Ri =

(Xi; Yi; Zi) is the position of the i-th bead in the chain and HG is the
Gaussian chain Hamiltonian (cf. H in Eq. (7.3))

HG =
3

2�a2

NX
s=2

(Rs �Rs�1)
2; (7.8)

with a the Gaussian bond length parameter. The dynamical free energy
as used in Doi and Edwards37 (Eq. (7.3)) is equal to the �rst term in
Eq. (7.6) except that the external �eld now inuences the distribution
function. The free energy functional is derived from an optimization cri-
terion28 which introduces the external potential as a Lagrange multiplier
�eld. Notice that the inhomogeneity of the melt is reected in the value
of the external potentials. The external potentials and the concentra-
tion �elds are related via a bijective density functional for ideal Gaussian
chains:28

�I [U ](r) =
nN

�

NX
s0=1

�KIs0
Z
V N

� (r�Rs0)

� e��[H
G+
PN

s0=1
Us0(Rs0)]dR1 � � �RN : (7.9)
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Here �KIs0 is a Kronecker delta with value 1 if bead s
0 is of type I and 0 oth-

erwise, exp(��[HG+
PN

s0=1 Us0 (Rs0)])=� is the single-chain con�guration
distribution function.

The nonideal free energy functional is formally split into two parts:28

F nid[�] = F c[�] + F e[�]; (7.10)

where F e contains the excluded volume interactions, and F c the cohesive
interactions. The intrinsic chemical potentials �eI and �

c
I are de�ned by

the functional derivatives of the free energy:

�I (r) �
�F

��I (r)

= �UI (r) +
�F c

��I (r)
+

�F e

��I (r)

= �UI (r) + �cI (r) + �eI (r) : (7.11)

For the cohesive interactions we employ a two-body mean-�eld potential:

F c[�] =
1

2

X
IJ

Z
V

Z
V
�IJ(jr� r0j)�I(r)�J(r

0)drdr0; (7.12)

where �IJ(jr� r0j) = �JI(jr� r0j) is a cohesive interaction between beads
of type I at r and J at r0, de�ned by the same Gaussian kernel as in the
ideal Gaussian chain Hamiltonian

�IJ(jr� r0j) � �0IJ

�
3

2�a2

� 3
2

e�
3

2a2
(r�r0)2 : (7.13)

In Ref. 109 we have shown that a very simple cell model can be used for
excluded volume e�ects. In this case

F e[�] = �
1

�

X
J

Z
V
�J(r)ln(1� (

X
K

�K�K(r))
1
3 )3dr: (7.14)

Here �K is the bead volume. Notice that the models for F c and F e are not
unique.109 However, the principle of virtual work can be applied to any
model for the free energy and the resulting expression for the stress tensor
will be model dependent. For practical applications, a Helfand penalty
potential107,109 can be used, which allows for small density uctuations
around the mean bulk density. In this case the nonideal free energy
functional is given by

F nid[�] =
1

2

X
IJ

Z
V

Z
V
��IJ(jr� r0j)�I(r)�J(r

0)drdr0

+
�H
2

Z
V

 X
I

�I�I(r)�
X
I

�I�
0
I

!2

dr; (7.15)

where �H is a compressibility parameter, �0I is the density of component
I in the homogeneous melt and ��IJ = 1

2
(�IJ + �JI � �II � �JJ) is an

exchange interaction parameter.
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In equilibrium �I (r) is constant. This yields the familiar self consis-
tent �eld equations for Gaussian chains, given a proper choice for F nid.
When the system is not in equilibrium the gradient of the intrinsic chem-
ical potential �r�I acts as a thermodynamic force which drives collec-
tive relaxation processes. When the Onsager coe�cients are constant the
stochastic di�usion equations are of the following form

@�I
@t

= �r � JI ; (7.16)

JI = �Mr�I + eJI ; (7.17)

where M is a mobility coe�cient and eJI is a noise �eld, distributed
according to a uctuation-dissipation theorem.22 Nonlocal forms for the
Onsager coe�cients have been studied in Ref. 133.

Principle of virtual work

A complex liquid or viscoelastic material possesses both elastic and vis-
cous properties. If we apply an external force to a polymeric material
the response of the system is related to the internal stress which is, in
principle, a complex interplay between viscous and elastic stresses. In
principle the viscous and elastic stresses can not easily be separated and
several constitutive equations have been proposed to relate the stress
tensor to the history of the applied strains (or strain rates) via complex
stress relaxation functions.163,164 Constitutive equations are needed to
calculate the ow of a uid when an external force is applied. If the sys-
tem is in the regime of linear viscoelasticity, the stress is small and the
constitutive equation is a linear relationship between stress and strain.
However, the scope of this paper is not to show how to calculate the
dynamic behaviour of a copolymer melt in an external ow �eld. We will
postpone this discussion to a future publication.

The stress tensor �ij, of which the ij-component describes the i-
component of the force per unit area perpendicular to the xj-axis, can
be de�ned by considering the work done by internal stresses if a body
is undergoing a small deformation (the principle of virtual work, see
e.g. Ref. 37). Suppose the deformation displaces the point r� on the
material to r� + ����r�. Here, ��� = @u�=@r� is the ��-component of
the (unsymmetrized) strain tensor and u is the displacement vector.165

Then it can be shown that the related change in free energy F is given
by:

�F = �������V: (7.18)

Hence, by applying a small deformation to a body and calculating the
change in free energy in the limit of this deformation going to zero, we
can calculate the stress tensor �ij given the free energy F . Notice that
the deformation must be applied slowly enough to ensure that before
and after the deformation the system is in thermodynamic equilibrium,
i.e. the distribution function  changes but remains optimal.
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The stress tensor as de�ned in (7.18) can be rewritten in terms of the
symmetrized strain tensor u�� �

1
2
(��� + ���):

165

�ij �
1

V

 
�F

�uij

!
T

: (7.19)

Notice that we have explicitly indicated the volume here.

The stress tensor and pressure in inhomogeneous compressible copoly-

mer melts

Calculation of the stress tensor from �rst principles

The ij-component of the stress tensor �ij can be derived by employ-
ing the principle of virtual work (7.18). We consider a cubic volume
V with a density pattern f�Ig. If we consider the special deformation

(a)

(b)

α

V V

V V

V

V

V

V

VV

V
1/3
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1/3
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x’,y’,z’

Figure 7.1 (a) Virtual deformation applied to a cubic volume V in order to

calculate �xy. The volume V is preserved. (b) Virtual deformation applied to a

cubic volume V in order to calculate �xx. The volume V is not preserved.

of the cubic volume as sketched in Fig. 7.1a, �xy is the only element of
the (unsymmetrized) strain tensor which is not zero. Since � is small
we have �xy = tan� = �. This deformation allows us to calculate �xy.
Since the system is in thermodynamic equilibrium before and after the
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deformation (but not necessarily in a free energy minimum), the distri-
bution function  changes to remain optimal. Hence the densities and
the external potentials are di�erent before and after the deformation.

In Appendix 7.6 we show that the principle of virtual work applied
to the nonideal free energy (7.10) due to the cohesive interactions (using
the cell model) leads to

�F nid = F nid[~�]� F nid[�]

= �
3

2a2
X
IJ

Z
V

Z
V
�IJ(jr1 � r2j)

� �(x1 � x2)(y1 � y2)�I(r1)�J(r2)dr1dr2: (7.20)

The excluded volume interactions, which are local, only inuence the
isotropic stress (see also Ref. 37) because the deviatoric stress is com-
pletely determined by intra- and intermolecular nonlocal forces.

The principle of virtual work applied to the ideal free energy leads to
(see Appendix 7.6)

�F id =
nN

��

Z
V N

e�
3

2a2

PN

s=2
(Rs�Rs�1)

2
��
PN

s0=1
Us0(Rs0)

�
3�

a2

NX
s=2

(Xs �Xs�1)(Ys � Ys�1)dR1 � � �dRN

=
3n�

a2�

*
NX
s=2

(Xs �Xs�1)(Ys � Ys�1)

+
: (7.21)

Here, the ensemble average hi is taken with respect to the Boltzmann
weight exp[� 3

2a2
PN

s=2(Rs�Rs�1)
2��

PN
s0=1 Us0(Rs0)] which includes the

external potential so that the inhomogeneity of the system is automat-
ically taken into account. Since, by de�nition, we have for the special
deformation under consideration

�F = �xy��xyV = �xy�V; (7.22)

we �nd the �nal result

�xy =
3n

a2�V

*
NX
s=2

(Xs �Xs�1)(Ys � Ys�1)

+

�
3

2a2V

X
IJ

Z
V

Z
V
�IJ(jr1 � r2j)

� (x1 � x2)(y1 � y2)�I(r1)�J(r2)dr1dr2: (7.23)

Notice that �xy explicitly depends on the entire density pro�le f�Ig
but only implicitly on the external potential fUIg via the Boltzmann
weight. The other nondiagonal components of the stress tensor are very
similar; for �xz the term (Xs � Xs�1)(Ys � Ys�1) must be replaced by
(Xs �Xs�1)(Zs � Zs�1) and for �yz by (Ys � Ys�1)(Zs � Zs�1) etcetera.
The second part of �xy results from the nonlocal mean-�eld interactions,
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the �rst part of �xy results from the connectivity of the chains (ori-
entation of the bond vectors) and is analogous to the result obtained
for homogeneous concentrated polymer solutions.37 Notice however that
the con�gurational average in Eq. (7.23) is taken with respect to the
Boltzmann factor  that includes the external potential which accounts
for the inhomogeneity in the system. The distribution function  in
Eq. (7.3) is obtained from a Smoluchowski equation37 for a macroscopic
velocity �eld using a Rouse dynamics model. In Section 7.4 we show
how Eq. (7.23) can be calculated in our framework of a generalized
time-dependent Ginzburg-Landau model without explicitly considering
a Smoluchowski equation for  . If the Helfand penalty potential instead
of the cell model is considered, the interaction parameters �IJ have to be
replaced by exchange interaction parameters ��IJ .

To determine the diagonal components of the stress tensor we consider
deformations as indicated in Fig. 7.1b. This particular deformation yields
�xx since �xx = � and all other components of the unsymmetrized strain
tensor are zero. The details of the derivation of the diagonal components
of the stress tensor are outlined in Appendix 7.6.

In case of the cell model we get both an excluded volume and a
cohesive interaction contribution from the nonideal free energy to �xx.
The ideal free energy now gives a contribution from the connectivity
of the chains and an ideal gas contribution We �nd for the diagonal
component of the stress tensor (see Appendix 7.6)

�xx = �
nN

�V
+

3n

a2�V

*
NX
s=2

(Xs �Xs�1)
2

+

�
3

2a2V

X
IJ

Z
V

Z
V
�IJ(jr1 � r2j)

� (x1 � x2)
2�I(r1)�J(r2)dr1dr2

�
1

�V

X
I

Z
V
�I(r)

(
P

I �I�I(r))
1
3

1� (
P

I �I�I(r))
1
3

dr: (7.24)

The stress tensor components �yy and �zz are very similar in that
(Xs�Xs�1)

2 must be replaced everywhere by (Ys�Ys�1)
2 and (Zs�Zs�1)

2

respectively, etcetera. In case the Helfand penalty model is considered
the contribution from the nonideal free energy to the diagonal component
of the stress tensor is given by:

�nidxx = �
3

2a2V

X
IJ

Z
V

Z
V
��IJ(jr1 � r2j)

� (x1 � x2)
2�I(r1)�J(r2)dr1dr2

�
�H
2V

Z
V

 X
I

�I�I(r)�
X
I

�I�
0
I

!2

dr: (7.25)

In Ref. 81 we have shown that most phenomenological free energy
models (e.g. Oono-Puri or Cahn-Hilliard) can be obtained from the free
energy (7.6) by a functional Taylor expansion that is truncated at dif-
ferent places. The free energy that is used in e.g. Refs. 144 and 148 to
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derive an expression for the stress is also contained in Eq. (7.6). Since the
principle of virtual work can be applied to any free energy (functional)162

the expression for the stress tensor as found in Refs. 144 and 148 is au-
tomatically contained in our expressions (7.23) and (7.24). In principle,
a direct (Taylor) expansion of (7.23) or (7.24) combined with a �tting
procedure should also yield phenomenological expressions for the stress.
This procedure is rather cumbersome however and will not be dealt with
in the present article.

Comparison trace of stress tensor and pressure

The operational de�nition of pressure is given by165,166

Tr�ij = �3p: (7.26)

For compressible materials p is also the thermodynamic pressure. This
does not hold for incompressible materials where the pressure is merely
a Lagrange multiplier (see also the discussion in Ref. 109). In an in-
compressible uid, the isotropic part of the stress tensor is determined
by external conditions only and therefore irrelevant in the discussion on
viscoelastic properties of materials. The thermodynamic pressure (in
nV T -ensembles) is de�ned as follows

pt � �

 
@F

@V

!
N;T

: (7.27)

We can check the consistency of our mathematical procedures for calcu-
lating the stress tensor by comparing the result for the pressure resulting
from the thermodynamic de�nition (7.27) to the result for the pressure
as obtained from (7.26). In Appendix 7.6 we show (for the cell model)
that indeed �1

3
(�xx + �yy + �zz) = pt as might be expected.

Homogeneous limiting case

Expression (7.62) allows us to analytically calculate the pressure of a
homogeneous copolymer melt (UI = 0, �I (r) =

nNI

V
). For the cohesive

interactions we employ28 �IJ(jr � r0j) = �0IJ
�

3
2�a2

� 3
2 exp(� 3

2a2
(r� r0)2)

and hence:

ph =
n

�V
+

1

2

X
IJ

�0IJ
n2NINJ

V 2
+

1

�

P
I

nNI

V
(
P
J
�J

nNJ

V
)
1
3

1� (
P
I
�I

nNI

V
)
1
3

: (7.28)

Here, NI is the number of beads of type I in one copolymer. In a homo-
geneous copolymer melt the nondiagonal components of the stress (7.23)
are all zero because the distribution function is always assumed to be
optimal. In an npT -simulation, expression (7.28) provides us with a ref-
erence pressure which may be used in a pressure coupling algorithm. A
similar expression is easily obtained for the Helfand penalty potential
(see also Section 7.4).
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7.4 Numerical model

Calculation of stress tensor and pressure

In our group we are presently studying the inuence of shear on mi-
crophase pattern formation in copolymer melts. In order to study the
relationship (e.g. the elasticity moduli) between shear strain and stress
(which is linear for purely elastic materials) we need to calculate the
stress components numerically.

Also, because we aim at performing npT -ensemble simulations to
study microphase separation processes under constant pressure condi-
tions, we need to be able to calculate the pressure at any given moment
in time numerically.

In order to be able to calculate the pressure and stress numerically, we
de�ne a Green propagator algorithm for calculating the ensemble aver-
age of the ideal Gaussian chain Hamiltonian and the ensemble average of
the combined orientation of the bond vectors. This algorithm is slightly
modi�ed with respect to the algorithm that is used in calculating the
density from the external potential. Notice that we do not employ a
Smoluchowski equation for the time evolution of the single-chain distri-
bution function. Instead we obtain the external potential UI implicitly
from the dynamics equation for the density (7.16).

De�ne:

Ginv (r; N + 1) � G (r; 0) � 1; (7.29)

Ginv (r; s) � e��Us(r)
Z
V

e�
3

2a2
(r�r0)2�

2�a2

3

� 3
2

Ginv (r0; s+ 1) dr0; (7.30)

G (r; s) � e��Us(r)
Z
V

e�
3

2a2
(r�r0)2�

2�a2

3

� 3
2

G (r0; s� 1) dr0: (7.31)

Then

2n

3V

D
HG

E
�

n

V ��3�

NX
s=2

Z
V

Z
V
Ginv (r; s)

�
e�

3

2a2
(r�r0)2 (r� r0)2

a2
�
2�a2

3

�3
2

G (r0; s� 1) drdr0: (7.32)

Similarly

3n

a2�V

*
NX
s=2

(xs � xs�1)(ys � ys�1)

+

�
3n

V ��3�

NX
s=2

Z
V

Z
V
Ginv (r; s)

�
e�

3

2a2
(r�r0)2 (x� x0) (y � y0)

a2
�
2�a2

3

� 3
2

G (r0; s� 1) drdr0: (7.33)
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� can easily be calculated by integrating the total density once more over
the volume. Any integration over the volume is performed numerically
by adding the values over all gridpoints and multiplying by the grid
cell volume. The calculation of (7.32) only requires the evaluation of
O(N) integrals. The integrals Ginv (r; s) and G (r; s) can be calculated
beforehand and stored in memory. The other parts in the de�nitions of
the pressure and the stress are evaluated without much computational
e�ort and are either simple integrals or can be evaluated using the discrete
stencil operator that is derived in Appendix 7.6. In Ref. 68 we derived a
stencil operator for numerically evaluating (7.30) and (7.31). Similarly,
we have derived a stencil operator for numerically evaluating

� [f ] (r) �
1

a2

�
3

2�a2

� 3
2

�
Z
V

e�
3

2a2
(r�r0)2 (r� r0)

2
f (r0) dr0; (7.34)

in Appendix 7.6. Since

�ij [f ] (r) �
1

a2

�
3

2�a2

� 3
2

�
Z
V

e�
3

2a2
(r�r0)2 (ri � r0i)

�
rj � r0j

�
f (r0) dr0; (7.35)

with Fourier transform

�
a2

9
jqijjqjje

�
a2q2

6 fq; (7.36)

does not possess spherical symmetry anymore it is hard to �nd an ap-
propriate stencil operator to calculate the integral. The obvious discrete
stencil to represent the particular symmetry of (7.36) would be (i = x,
j = y)

(�xy;q)disc � c0 + c1[cos (qxh) + cos (qyh) + cos (qzh)]

+ c2[cos (qxh� qyh) + cos (qxh + qyh)]

+ c3[cos (qxh� qzh) + cos (qxh+ qzh)

+ cos (qyh� qzh) + cos (qyh + qzh)] +

+ c4[cos (qxh� qyh� qzh) + cos (qxh + qyh� qzh)

+ cos (qxh� qyh + qzh) + cos (qxh+ qyh+ qzh)]: (7.37)

However, there are only 6 degrees of freedom in this stencil (including
a
h
) which is not su�cient to represent the rather complex behaviour of

expression (7.36) accurately. Since Eq. (7.35) only has to be calculated
for analysis purposes we suggest to evaluate the integral in Fourier space.

Numerical results

As a proof of concept, we have performed a simulation of an aqueous
Pluronic L64 ((EO)13(PO)30(EO)13) solution34 (60 % polymer surfac-
tant), during which we have calculated the pressure at every time step.
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We have used the Helfand penalty potential. For the Pluronic solution
the dimensionless pressure is given by

��p �
X
I

�0I �
fP
P
I
�0I

N�3�P

NX
s=2

Z
V

Z
V
Ginv (r; s)

�
e�

3

2a2
(r�r0)2 (r� r0)2

a2
�
2�a2

3

�3
2

G (r0; s� 1) drdr0

+
1

2V a2

Z
V

Z
V

X
IJ

�IJ

�
3

2�a2

� 3
2

� e�
3
a2

(r�r0)2(r� r0)2�I(r)�J(r
0)drdr0

+
�0

H

2V

Z
V

"X
I

(�(r)� �0I )

#2
dr: (7.38)

The solvent ideal bead contribution has explicitly been included. fP is
the fraction of polymer surfactant in the solution, �I = ��I and �P is
the Pluronic partition functional. �0

H is the dimensionless compressibility
parameter and the �IJ are dimensionless exchange interaction parame-
ters. The Pluronic molecule is modeled as an A3B9A3 (N = 15) Gaussian
chain (see Ref. 34) and the solvent molecules are modeled as single beads
S. Numerically, after discretizing the dynamic equations on a grid, we
have the following Crank-Nicolson equations for each component I:

�k+1
Ir � !��zk+1

Ir = �kIr + (1� !)��zkIr + �kIr: (7.39)

Here, �kIr is the noise which is distributed according to a uctuation-
dissipation theorem.22 Notice that the noise is applied at every time
step. zkr denotes the discretized di�usion part at time level k and (cubic)
grid position r:

zr =
X
�

X
q

d� [D��ID�]rq ��Iq: (7.40)

D� is the discretized di�usion operator in grid direction � and �Iq is
evaluated at grid position q. ! is the Crank-Nicolson parameter and ��
is a scaled time step. The Crank-Nicolson equations are solved iteratively
at every time step using a steepest descent method for 1000 scaled time
steps on a 64�64�64 cubic grid. The initial system is homogeneous and
is quenched at � = 0. The compressibility parameter �0

H = 10, the grid
scaling d = a

h
= 1:15430 and the total density

P
I �

0
I = 1. In the present

simulation �AB = 3, �AS = 1:4 and �BS = 1:7. All other parameters are
taken as in Ref. 34. Isosurface representations of �PO = 0:5 at � = 100,
� = 200 and � = 1000 are given in Fig. 7.2.

The microphase separation process in the PL64 solution is proceeding
very fast; the main structures have already been formed at � = 200.

The pressure in the homogeneous melt can easily be calculated ana-
lytically:

��phom �
X
I

�0I �
nP(N � 1)�

V
+

1

2

X
IJ

�IJ�
0
I�

0
J

= 1:0784: (7.41)
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(a) (b)

(c)

Figure 7.2 Isosurface representation of �PO = 0:5 in a microphase separating

aqueous Pluronic L64 ((EO)13(PO)30(EO)13) solution (60% polymer surfactant).

(a) � = 100, (b) � = 200, (c) � = 1000.

Notice that nPN�
V

= fP. In Fig. 7.3 we show the time development of the
global pressure in the melt. For comparison, we have plotted the time
evolution of the volume-averaged order parameter w de�ned by:

! �
1

V

Z
V
(�2A + �2B + �2S)dr; (7.42)

in the same �gure. It is clearly visible that the pressure decreases as
the order parameter increases. The pressure stabilizes once the main
structures in the melt have been formed. Since the pressure decreases
in the present constant volume simulation, the corresponding constant
pressure simulation would show a (small) decrease in volume. In many
cases, microphase separation corresponds to a quench in temperature,
and hence a decreasing volume should indeed be expected at constant
pressure. The total decrease of the dimensionless pressure is about 6%
(this number will depend on the choice for �0

H). This corresponds to a
small change in the volume at constant pressure. A rough estimate of the
volume change at constant pressure can be obtained from the de�nition
of the isothermal compressibility �:

� � �
1

V

 
@V

@p

!
T

: (7.43)
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Figure 7.3 Time-dependent microphase separation of an aqueous Pluronic L64

((EO)13(PO)30(EO)13) solution (60% polymer surfactant). The volume-averaged

order parameter ! ( ) and dimensionless pressure ��p ( ) have

been plotted as a function of the dimensionless time � .

Since the change in the dimensionless pressure is approximately 0:067
and the dimensionless compressibility is equal to � = 1=�0

H = 0:1 we
have that

�V

V
� ���p = �0:0067: (7.44)

Hence the volume decrease at constant pressure is less than one percent.
It will be interesting to study the volume changes in phase separation in
more detail. To this end we require more experimental data.

We will not further report on pressure coupling results in the present
paper. However, since the pressure changes only slightly during mi-
crophase separation a stable pressure coupling algorithm (as used e.g. in
molecular dynamics167) should be feasible.

7.5 Conclusion and outlook

In this paper we have shown that an expression for the global stress
in inhomogeneous complex copolymer liquids can be obtained which is
analogous to the known expression for the stress in homogeneous com-
plex uids. We employ the principle of virtual work on the free energy
as de�ned in the dynamic mean-�eld density functional method. This
method was derived earlier in our group from generalized time-dependent
Ginzburg-Landau theory. The free energy is derived for a collection of
Gaussian chains in a mean-�eld environment and includes both cohesive
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and excluded volume interactions. The connectivity of the chains is au-
tomatically accounted for and changes in the molecular properties are
immediately reected in the free energy and hence in the stress. The
principle of virtual work leads to an expression for the full stress ten-
sor. Since the trace of the stress tensor is related to the thermodynamic
pressure, we immediately obtain an equation of state for inhomogeneous
copolymer melts with the same exible properties. The parametrizations
of both the Gaussian chain molecular model and the mean-�eld interac-
tions are crucial in this theory. A manuscript about improved parameters
is currently in preparation.

We have developed a Green propagator algorithm to evaluate the
expression for the thermodynamic pressure and used it to provide a
global measure of pressure changes during a numerical simulation of a
microphase separation process. The expression for the stress tensor will
be used in a future publication to study the stress-strain relationship in a
phase separating copolymer melt under shear. The analytical expression
for the pressure in a homogeneous copolymer melt provides us with a
reference pressure that can be used in a pressure coupling method. This
allows us to perform npT -ensemble simulations of microphase separation
in the near future.

The expression for the pressure that was derived in this paper is
global. For our purposes an expression for the global pressure (and stress)
is su�cient. In literature there is ample discussion (see e.g. Refs. 168{
171) about the extent to which we can de�ne uniquely local thermo-
dynamic functions in an inhomogeneous system (at equilibrium). This
can be done if the length scale of the inhomogeneity is macroscopic, but
can not be done unambiguously if the characteristic length scale is on
the scale of intermolecular forces, as in our systems. This is of interest,
because we soon intend to include hydrodynamic e�ects into our simu-
lations. The hydrodynamic e�ects will be discussed in detail in a future
publication.

7.6 Appendix

Virtual work principle: Derivation of the nondiagonal components of

the stress tensor

We have

~�I(x
0; y0; z0) = ~�I(x + ytan�; y; z)

= �I(x; y; z); (7.45)
~UI(x

0; y0; z0) = ~UI(x + ytan�; y; z)

� UI(x; y; z) + �UI(x; y; z); (7.46)

where ~ denotes �elds and 0 coordinates in the deformed volume ~V
(Fig. 7.1a). As is shown below, there is no need to further specify the
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deviation �UI(x; y; z) since it drops out of the calculations. We also have
for small �:

(r01 � r02)
2 = (r1 � r2)

2 + 2�(x1 � x2)(y1 � y2): (7.47)

Using this we �nd for the principle of virtual work applied to the nonideal
free energy (7.10) due to the cohesive interactions

F nid[~�] =
1

2

X
IJ

Z
V 0

Z
V 0

�IJ(jr
0

1 � r02j)~�I(r
0

1)~�J(r
0

2)dr
0

1dr
0

2

=
1

2

X
IJ

�0IJ

�
3

2�a2

� 3
2

�
Z
V

Z
V
e�

3

2a2
(r1�r2)

2

(1�
3

a2
�(x1 � x2)

� (y1 � y2))�I(r1)�J(r2)dr1dr2; (7.48)

for small � and

�F nid = F nid[~�]� F nid[�]

= �
3

2a2
X
IJ

Z
V

Z
V
�IJ(jr1 � r2j)�(x1 � x2)

� (y1 � y2)�I(r1)�J(r2)dr1dr2: (7.49)

A similar procedure gives �F e = 0.
Now we consider the contribution to �xy from the ideal free energy in

detail. First of all, we have for small �
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(
3�
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NX
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(Xs �Xs�1)(Ys � Ys�1)

+ �
NX

s0=1

�Us0(Rs0)

)
dR1 � � �dRN) : (7.50)

Therefore the deviation of the �rst part of the ideal free energy in (7.6)
leads to

�(�
n

�
ln�) = �

n

�
ln
�0

�

STRESS TENSOR 123



=
nN

��

Z
V N

e�
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where we have used that ln(1 + �) = � for small �.
Following a similar procedure and taking into account Eq. (7.9) we

�nd for the deviation of the second part of the ideal free energy in
Eq. (7.6) (notice that there is no contribution from 1

�
lnn!)
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This result exactly cancels the second term in Eq. (7.51). Hence, for
small deformations, the principle of virtual work applied to the ideal free
energy leads to

�F id =
nN

��

Z
V N

e�
3

2a2

PN

s=2
(Rs�Rs�1)

2
��
PN
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a2�

*
NX
s=2

(Xs �Xs�1)(Ys � Ys�1)

+
: (7.53)

Here, the ensemble average h� � �i is taken with respect to the Boltzmann
weight exp[� 3

2a2
PN

s=2(Rs �Rs�1)
2 � �

PN
s0=1 Us0(Rs0)].

Virtual work principle: Derivation of the diagonal components of the

stress tensor

We now use that

~�I(x
0; y0; z0) = ~�I((1 + �)x; y; z)

=
1

1 + �
�I(x; y; z); (7.54)

124 STRESS TENSOR



~UI(x
0; y0; z0) = ~UI((1 + �)x; y; z)

� UI(x; y; z) + �UI(x; y; z); (7.55)

and also for small �

(r01 � r02)
2 = (r1 � r2)

2 + 2�(x1 � x2)
2: (7.56)

Notice that the deviation �UI(x; y; z) is di�erent from the deviation we
used in deriving the nondiagonal components of the stress tensor. The
deformation under consideration now changes the volume. The volume
element dx0dy0dz0 is equal to (1 + �)dxdydz.

In this case we get both an excluded volume and a cohesive interaction
contribution from the nonideal free energy to �xx
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dr: (7.57)

Similarly, the ideal free energy now gives a contribution from the con-
nectivity of the chains and an ideal gas contribution

�F id = �
nN�

�
+

3n�

a2�

*
NX
s=2

(Xs �Xs�1)
2

+
: (7.58)

Thermodynamic pressure de�nition

Notice that de�nition (7.27) implies a constant amount of species I and
constant temperature T in a copolymer melt.

The ideal part of the thermodynamic pressure is given by:
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: (7.59)

We apply the following coordinate transformation, which is also used in
deriving the virial equation172,173

x = V
1
3 ex;

y = V
1
3 ey; (7.60)

z = V
1
3 ez:
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Now ex, ey and ez are volume independent and the integration limits are
set to 0 and 1 (valid for a cube). However, the reduced volume may
have any shape. Furthermore, since the total amount of species I is con-
served, V �I(V

1
3 ex; V 1

3 ey; V 1
3 ez) � f�I(ex; ey; ez) is independent of the volume

for in�nitesimal volume changes which retain the structure in the melt.
Hence:
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We have not explicitly written out all coordinate transformations. Notice
that the last two terms in the line before the last in Eq. (7.61) cancel. The
nonideal part of the pressure can be calculated in a similar way which
results in the following expression for the pressure in an inhomogeneous
copolymer melt:
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If we now compare Eqs. (7.24) and (7.62) we see that indeed �1
3
(�xx+

�yy + �zz) = pt as expected.
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Stencil operators

We de�ne a stencil operator for numerically evaluating

� [f ] (r) �
1

a2

�
3

2�a2

� 3
2

�
Z
V

e�
3

2a2
(r�r0)2 (r� r0)

2
f (r0) dr0; (7.63)

with Fourier transform

(�qfq)cont �

 
1�

a2q2

9

!
e�

a2q2

6 fq: (7.64)

The Fourier transformed stencil operator is given by:68

(�q)disc � c0 + c1[cos (qxh) + cos (qyh) + cos (qzh)]

+ c2[cos (qxh� qyh) + cos (qxh+ qyh)

+ cos (qxh� qzh) + cos (qxh+ qzh)

+ cos (qyh� qzh) + cos (qyh+ qzh)]

+ c3[cos (qxh� qyh� qzh) + cos (qxh+ qyh� qzh)

+ cos (qxh� qyh+ qzh) + cos (qxh+ qyh+ qzh)]: (7.65)

We now have 5 degrees of freedom (c0 , c1 , c2 , c3 and
a
h
) which are deter-

mined by �tting the discrete stencil operator (�q)disc and the continuous
operator (�q)cont to each other in the points (0; 0; 0), (�

h
; 0; 0), (�

h
; �
h
; 0),

(�
h
; �
h
; �
h
) and ( �

2h
; �
2h
; �
2h
) in Fourier space. Notice that (�

h
; �
h
; �
h
) is the

maximum frequency that is represented on the grid. This results in:

c0 = 0:108833;

c1 = 0:137502;

c2 = 0:0628806;

c3 = 0:0253439;
a

h
= 0:91758: (7.66)

Other �tprocedures result in less accuracy over the entire frequency
range. Unfortunately, the ratio a

h
now di�ers from the optimum value

a
h
= 1:15430 that resulted from accurately trying to evaluate (7.9). Also,

the user is free to choose a value for a
h
, which will, from the viewpoint of

computational e�ciency, most likely be smaller than 1:15430. There-
fore, we have studied optimal discrete stencil operators for values of
a
h
= 1:15430 and a

h
= 1:26973 (10% higher). Notice that a

h
= 0:91758 is

already more than 20% below the optimal value. We found that �tting
the discrete and continuous operators to each other in the points (0; 0; 0),
(�
h
; 0; 0), (�

h
; �
h
; 0) and (�

h
; �
h
; �
h
) results in general in an accurate represen-

tation. The optimal values for the stencil coe�cients are in these cases
given by:
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a
h

1.15430 1.26973
c0 0.0960917 0.0997763
c1 0.122149 0.119996
c2 0.0669248 0.0665782
c3 0.0339781 0.0351918
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8 HYDRODYNAMIC EFFECTS IN 3D

MICROPHASE SEPARATION OF BLOCK

COPOLYMERS

This chapter was previously published as:
'Hydrodynamic e�ects in 3D microphase separation of block

copolymers. Dynamic mean-�eld density functional approach'.
N.M. Maurits, A.V. Zvelindovsky, J.G.E.M. Fraaije,

Journal of Chemical Physics,
108 (21), 1998, p. 9150-9154.

8.1 Summary

The dynamic mean-�eld density functional method is used to describe
phase separation including hydrodynamic e�ects in speci�c 3D compress-
ible copolymer liquids. We show that it is justi�ed to use Darcy's approx-
imation for the velocity �eld. This simple model enables us to reproduce
both the increased domain growth and the faster removal of defects that
are a result of hydrodynamics. We perform a simulation of a diblock
copolymer melt to study the viscous e�ects in 3D. The free energy is
shown to decrease twice as fast as in a simulation which only includes
di�usion. The hydrodynamics are shown to become important only in
the later stages of phase separation as is also predicted from theoretical
analysis. The separation process proceeds faster because the growth of
bulk domains is accelerated compared to the purely di�usive case.

8.2 Introduction

If a complex uid is quenched into the unstable region of its phase dia-
gram, spinodal decomposition causes the system to spontaneously form
and grow domains of di�erent phases. This domain growth is controlled
by a variety of transport mechanisms such as mass, momentum and heat
transport.21 The determination of domain growth exponents has been
the object of a lot of experimental (see references in Ref. 16) and theo-
retical174 research and has led to a number of theoretical approaches to
(micro)phase separation in the presence of hydrodynamic interactions.
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Most numerical studies are limited to two-dimensional systems where
the computational e�orts are reasonable. Flow e�ects are incorporated
in a modi�ed Cahn-Hilliard model to study spinodal decomposition in a
Hele-Shaw cell by the cell dynamical system approach in Refs. 67 and
175. In Refs. 176{178 a Langevin uid model with conserved order pa-
rameter and current which are coupled as in the standard model H,21 is
studied computationally. The same principles, using a time-dependent
Ginzburg-Landau formulation, are followed in Ref. 179. In Ref. 180 the
computational complexity of this approach is simpli�ed by studying the
vorticity-streaming function formulation which can be done for incom-
pressible 2D systems only. A di�erent approach to modeling the hy-
drodynamics of phase separation in 2D is provided by the lattice Boltz-
mann technique181{183 which is well suited to investigate phenomena on
a hydrodynamic length and time scale, but is extremely computationally
demanding in 3D. An extensive discussion about lattice gas and lattice
Boltzmann methods in 2D and 3D can be found in Ref. 184. Another
recent method to simulate hydrodynamic behaviour in 2D and 3D is dissi-
pative particle dynamics.185 This method can also be applied to polymer
liquids.186

It is known that other physical mechanisms become relevant in 3D174

which results in di�erent domain growth. Since the early nineties, sev-
eral (numerical) methods have therefore been developed to access the
physical phenomena related to phase separation in 3D. In Ref. 16 a 3D
Langevin uid model which incorporates full hydrodynamic coupling is
studied. In Refs. 18, 187 and 188 a more simpli�ed 3D model is de-
scribed; the inertia terms in the incompressible Navier-Stokes equation
are neglected giving the Stokes equation, which results in Oseen tensor
hydrodynamics. These equations are integrated using the cell dynamics
method. In Ref. 189 the Cahn-Hilliard theory of phase separation is ex-
tended to include hydrodynamics by use of a volumetric body force in the
Stokes equation. All methods described above employ phenomenological
free energies to describe the system under consideration and therefore
fail to describe speci�c systems. In the present paper we employ the
dynamic mean-�eld density functional method to describe phase sepa-
ration including hydrodynamic e�ects in speci�c 3D copolymer liquids.
The relevance of our numerical experiments compared to laboratory ex-
periments will be further improved by including hydrodynamic e�ects.
It is known that, especially for low viscosity liquids or at later times,
hydrodynamic ows enable the system to remove its topological defects.
In general, the phase separation process proceeds faster (the growth of
bulk domains is accelerated) in the presence of hydrodynamic modes. By
applying shear10,190 or, to some extent, by inclusion of thermal uctu-
ations, structural disorder can also be removed. In this paper we show
that inclusion of hydrodynamic e�ects into the 3D dynamic mean-�eld
density functional method in a simpli�ed way enables us to reproduce
both the increased domain growth and removal of defects.

The dynamic mean-�eld density functional theory7,28 models the be-

130 HYDRODYNAMIC EFFECTS



haviour of complex uids by combining Gaussian mean-�eld statistics
with a coarse-grained Ginzburg-Landau model for time evolution of con-
served order parameters. In contrast to traditional phenomenological free
energy expansion methods25{27 we do not truncate the free energy at a
certain level, but rather retain the full polymer path integral by a numer-
ical procedure.28,68,109 At present, density functional theory is well estab-
lished in various areas of condensed matter physics and chemical physics,
from electron gas theory to the theory of liquids (see e.g. Ref. 31). We
develop a dynamic density functional theory applied to complex polymer
systems.7,28 Recently, other groups have also started to use this ap-
proach.32,33 Although the repeated calculation of the polymer path inte-
gral is computationally very intensive, this approach allows for a descrip-
tion of the mesoscopic dynamics of speci�c complex liquids without con-
stantly adjusting the parameters. Changes in the molecular properties
are immediately reected in the free energy, which enables practical ap-
plication of the method. Recently, the dynamic mean-�eld density func-
tional method has been successfully used to reproduce a Pluronic/water
phase diagram.34

In the dynamic mean-�eld density functional approach a polymer
solution is modeled as a compressible system of ideal Gaussian chain
molecules. The free energy functional is given by:28,109

F [f�Ig] = �kT ln�
np�ns

np!ns!
�X

I

Z
V
UI(r)�I(r)dr

+
1

2

X
IJ

Z
V 2

�IJ(jr� r0j)�I(r)�J(r0)drdr0

+
�H
2

Z
V

 X
I

�I(�I(r)� �0I)

!2

dr; (8.1)

where np (ns) is the number of polymer (solvent) molecules, � is the
intramolecular partition function, I is a component index and V is the
system volume. The external potentials UI are conjugate to the density
�elds �I via the Gaussian chain density functional. The average density
is �0I and �I is the bead volume. The cohesive interactions between chains
have kernels �IJ / �0IJexp [�3=(2a2)(r� r0)2] and �H is the Helfand com-
pressibility parameter.109

8.3 Hydrodynamic e�ects

To account for hydrodynamic e�ects, one can employ a generalized Lan-
gevin equation of the following form177

@�I
@t

=
X
J

�IJ
�F [f�g]
��I

+ VI[f�g] + gdI : (8.2)

The �rst term in the right-hand side accounts for thermal di�usion and
viscous drag e�ects and the second term are the streaming velocities
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which in our case represent simple convection terms. A general deriva-
tion is given by Farrell and Valls177 who calculate the streaming veloci-
ties using Poisson brackets. The noise term gdI is distributed according
to a uctuation-dissipation theorem. The generalized Langevin equation
(8.2) leads to a di�usion-convection equation for the density �elds. Sub-
stituting a local coupling approximation for the kinetic coe�cients133 in
Eq. (8.2) results in

@�I
@t

= MIr � �Ir�I �r � (�Iv) + gdI ; (8.3)

where MI is a mobility coe�cient and �I � �F
��I

is the chemical potential.

The noise term �I is distributed according to:22D
gdI (r; t)

E
= 0;D

gdI (r; t); g
d
J(r

0; t0)
E

= �2kT�IJMIr � �Ir�(r� r0)�(t� t0):

In principle, the velocity �eld v can be obtained from the Navier-
Stokes equation:191,192

�

"
@v

@t
+ (v � r)v

#
= �f + ��v + (� +

1

3
�)rr � v; (8.4)

where � is the total density �eld, v the velocity �eld, f the external
force per volume and � and � are viscosity coe�cients. For practical
purposes and to limit the computational intensity of our algorithms we
approximate Eq. (8.4). At low Reynolds numbers, the inertial term can
be neglected. We neglect the acceleration, assuming that the velocity
relaxation takes place more rapidly than the relaxation of concentration
uctuations. We consider systems which are slightly compressible. In this
case, (� + 1

3
�)rr � v is small compared to ��v in a low order approx-

imation. The resulting Stokes equation can be solved explicitly which
results in the velocity being proportional to a weighted nonlocal average
of the force (Oseen tensor hydrodynamics188). If we further assume that
this averaging is local (a delta function Oseen tensor) we �nd that the
local velocity is proportional to the local body force (see also Ref. 67):

�v(r) = f(r): (8.5)

This is basically Darcy's law for permeable media,191 which states that
the uid ux through a piece of porous medium is proportional to the
pressure gradient applied across it. Darcy's law has already been applied
to complex uids in the cell dynamical system approach67,175 to describe
the e�ective local friction force. In this case, the proportionality factor
� is related to the reduced monomer mobility.193,194 Intuitively, we can
understand the application of Darcy's law in copolymer melts as follows.
If a natural copolymer system is considered on a mesoscopic scale, it
is highly inhomogeneous and consists of many domains which are rich
in one of the components. The di�erent domains will, in general, have
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di�erent viscosities. Since the 3D mesoscale structure acts as a topolog-
ical constraint to large scale hydrodynamic ow and as hydrodynamics
is more important in the lower viscosity regions, the Oseen tensor is ef-
fectively shielded on the length scale of domains. In the limit where a
polymer solution can be treated as a network containing close packed
(solvent) capillaries it can be shown that � scales as �=�2 where � is a
characteristic size.191,195 The scaling factor can be determined in the
limit where each polymer chain can be treated as a sequence of blobs.
In this case the Stokes friction factor can be applied to each blob and
� = 6��=�2. Since the viscosity of most liquids (e.g. water, oil, glycerol)
varies between 1 and 1000 cp at room temperature and the characteristic
size can be estimated to be between 1 and 100 nm, � is in the order of
1011 � 1018 kg

ms
.

Using approximation (8.5) for the velocity �eld v the basic features of
the microscopic nonlocal hydrodynamic interactions between the polymer
chains are conserved. Model (8.5) also correctly shows that ow e�ects
are less dominant in highly viscous liquids. In principle, a stochastic
noise term gv has to be added to the right-hand side of Eq. (8.5) which
in this case is distributed according to:

hgv(r; t)i = 0

hgv(r; t); gv(r0; t0)i = �2kT��(r� r0)�(t� t0)

However, there is ample discussion about the inuence of noise in numer-
ical simulations. There is some evidence that for deep quenches, ther-
mal noise can be neglected because in the late stages of domain growth
convective e�ects are dominant.180,187,189 Noise is by itself ine�ective in
bringing the system to global equilibrium,183 but it facilitates reorganiza-
tion of domain structure and causes domains to grow more rapidly.16,179

Therefore, we choose to apply the di�usive noise gdI only. Since hydro-
dynamics is mainly of importance for the late stages of phase separation
where the noise is less inuential, it is justi�ed to neglect the contribution
of the convective noise for the moment.

The driving force per volume f in Eq. (8.5) can be obtained by
a virtual work principle.188 In a compressible system, an in�nitesi-
mal displacement r ! r + u(r) induces a change in the density of
��(r) = �u(r) � r�(r) � �(r)r � u(r). Now the decrease in the free
energy can be equated to the work done on the uid body by f(r):Z

V
f(r) � u(r)dr � ��F [f�g]

= �
Z
V

�F

��(r)
��(r)dr

=
Z
V
�(r)u(r) � r�(r)dr+

Z
V
�(r)�(r)r � u(r)dr

=
Z
V
�(r)u(r) � r�(r)dr�

Z
V
r(�(r)�(r)) � u(r)dr: (8.6)

Here we have used that r � (��u) = ��r � u + u � r(��) and u = 0
at in�nity. Generalizing this derivation to multiple component systems,
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since u is arbitrary, we have that

f(r) = �X
I

�I(r)r�I(r); (8.7)

for compressible systems. This result shows that the local force density
associated with local stresses is simply a weighted average of the ther-
modynamic driving forces �I . This is consistent with the Gibbs-Duhem
equation. Hence, the resulting convection-di�usion model is given by:

@�I
@t

= MIr � �Ir�I +
1

�
r � �I

X
J

�Jr�J

+
1

�
r � �Igv + gdI : (8.8)

Eq. (8.8) shows that the convection adds (nonlinear) di�usional relax-
ation to the process. This e�ect increases with increasing inhomogeneity.
Hydrodynamics clearly acts as a renormalization of di�usion.196 For a
two-component system: 

MAr � �Ar 0
0 MBr � �Br

!

!
 

MAr � �Ar+ 1
�
r � �2Ar 1

�
r � �A�Br

1
�
r � �A�Br MBr � �Br+ 1

�
r � �2Br

!
:(8.9)

The additional terms are quadratic in the order parameters �A and �B.
The renormalization therefore reects the second order nature of the
hydrodynamics. It is easy to show that the convection term further
decreases the free energy in this model (neglecting the noise):

@F

@t
=

Z
V

X
I

�F

��I

@�I
@t

dV

= �
Z
V

X
I

�Ir � (�Iv)dV

=
1

�

X
IJ

Z
V
�Ir � (�I�Jr�J)dV

= � 1

�

X
IJ

Z
V
�I�Jr�I � r�JdV

= � 1

�

Z
V

�����
X
I

�Ir�I

�����
2

dV � 0: (8.10)

The dynamic Eqs. (8.8) are closed by the expression for the free energy
(8.1) and the Gaussian chain density functional.

8.4 Numerical results

In order to study viscous e�ects in 3D we have chosen an A8B8 polymer
melt. The dimensionless interaction parameters are ��0AA=� = ��0BB=� =
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Figure 8.1 Dimensionless order parameter ! as a function of dimensionless time

� .

0:0 and ��0AB=� = 1:0 where � = 1=(kBT ). The dimensionless com-
pressibility parameter ��H� = 30:0. All mobility coe�cients M and
bead volumes � are identical. The dimensionless densities �I = ��I are
integrated numerically by a Crank-Nicolson scheme on a 32 � 32 � 32
cubic grid for 2500 dimensionless time steps �� = ��1Mh�2�t. Here
h is the grid size and �t is the discretized time step. We have per-
formed a simulation with only di�usion (1=(�M�) = 0) and a simulation
for the convection-di�usion model Eq. (8.8) where the dimensionless ve-
locity factor is 1=(�M�) = 1:62. Here we applied the Stokes friction
factor to estimate �: � = 1000 cp which is reasonable for rather viscous
liquids and the characteristic length scale � = 1 nm. All other parame-
ters and details on the numerical integration procedure can be found in
Refs. 22 and 28. As can be observed from Fig. 8.1 in which the order
parameters ! � 1

V

R
V (�

2
A(r)� �20;A)dr have been plotted, there is a cross-

over to a hydrodynamic regime after � � 250. This clearly illustrates
that hydrodynamics are only important during the later stages of (mi-
cro)phase separation which is also predicted by analytical arguments.174

For the simulation of the convection-di�usion model, the ordering (do-
main growth) proceeds faster after � � 250 and more defects are removed.
The order parameter stabilizes at a higher value (! = 0:088) than in the
simulation with only di�usion (! = 0:081) which implies that the aver-
age domain size is larger. The inuence of hydrodynamic ows on the
later stages of domain growth is clearly visible, but the e�ect is limited
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Figure 8.2 Free energy F in units kT as a function of dimensionless time � .

as we may expect in the rather viscous polymer melt. The inuence of
hydrodynamic ows clearly depends on the parameter �. As we showed
analytically (Eq. (8.10)), the free energy is always lower and decreases
faster (in fact almost twice as fast for this choice of �) in the simulation
which includes convective ows (Fig. 8.2). Fig. 8.2 also clearly shows
that the inclusion of hydrodynamic e�ects damps the uctuations to a
large extent. When hydrodynamic modes are present, the frustration in
the system is alleviated and the separation process proceeds faster be-
cause the growth of bulk domains is accelerated compared to the purely
di�usive case.179,180,183 In Fig. 8.3 we show isosurface representations
of the A8B8 diblock copolymer melt at � = 1000 and at � = 2500 for
the simulation with only di�usion and the simulation of the convection-
di�usion model. This �gure also illustrates that hydrodynamic e�ects
enhance the removal of defects and that domain growth proceeds faster
if hydrodynamics is included. The morphologies at � = 1000 for the
simulation of the convection-di�usion model and at � = 2500 for the
simulation with only di�usion are almost the same, stressing again that
the process of microphase separation is speeded-up considerably by hy-
drodynamic ow. The morphology at � = 2500 for the simulation of the
convection-di�usion model is clearly further developed towards a lamellar
morphology.

The inuence of hydrodynamics on phase separation can also be ob-
served from the time-dependent structure factor, which was calculated as
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Figure 8.3 Isosurface representations of the A8B8 diblock copolymer melt for

�A = 0:5 at � = 1000 (top) and � = 2500 (bottom) for the simulation with only

di�usion (left) and the simulation of the convection-di�usion model (right).

the angle average of j�A(k)j, where �A(k) is the Fourier transform of the
density �A(r). Notice that high frequencies are undersampled because of
the limited box size. The maximum frequency in the box is h�1

p
3=2. In

Fig. 8.4 the structure factor is plotted at di�erent time levels for the sim-
ulation of the convection-di�usion model of the A8B8 diblock copolymer
melt. We clearly observe the shift of the peak to lower frequencies as time
proceeds, which corresponds to growth of the domains. The higher order
Bragg peaks that might be expected from a lamellar morphology have
not yet developed in this short simulation, although a slight shoulder can
already be observed for � = 2500. Fig. 8.5, in which structure factors of
both 3D simulations are plotted for comparison, also demonstrates that
the domain growth is faster if hydrodynamic e�ects are added to the pure
di�usion model.

8.5 Discussion and conclusion

In these numerical simulations we have shown that a very simple model
based on Darcy's law for permeable media can account for the physical ef-
fects that are caused by hydrodynamics. The domain growth is increased
and defects are removed faster. We realize that much more sophisticated
models could be used for the 3D velocity �eld.16 However, since we are
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Figure 8.4 Structure factors in arbitrary units for the A8B8 diblock copolymer

melt; simulation of the convection-di�usion model. Displayed are the structure

factors at � = 500, � = 1000, � = 1500 and � = 2500. The frequency is in units

1=h.

primarily interested in predicting phases for speci�c complex liquids, a
simple model already gives a good average picture of the inuence of
viscous e�ects. The precise position of domain boundaries is of less in-
terest for our purposes. The most rigorous approximation in our model
for the velocity �eld is to assume that it is proportional to the local force
density. The local approximation for the viscous friction force may be
justi�ed because in concentrated phase separated systems, the domains
shield the ow to a large extent. Moreover, the 3D mesoscale structure
itself acts as a topological constraint to large scale hydrodynamic ow
(see also Ref. 67). However, a full description of hydrodynamics should
take a concentration dependent viscosity into account.196 This will com-
plicate the description of the microphase separating melt to a limited
extent, and will be done in the near future. A second improvement to
our description would be to take the nonlocal character of hydrodynamic
ow explicitly into account. Notice that we already account for nonlo-
cality in the intramolecular model by the chain connectivity and in the
mean-�eld contribution to the free energy. We have also shown that it is
possible to account for nonlocality in the kinetic model133 and we intend
to study hydrodynamic e�ects in this regime as well. Another important
nonlocal e�ect in complex liquids is of (visco)elastic origin. In order to
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Figure 8.5 Structure factors in arbitrary units for the A8B8 diblock copolymer

melt; simulations of the convection-di�usion model and of the model with only

di�usion. Displayed for both simulations are the structure factors at � = 500 and

� = 2500. The frequency is in units 1=h.

be able to study rheological properties of these materials we are currently
investigating the incorporation of memory e�ects in our model.
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9 VISCOELASTIC EFFECTS IN 3D

MICROPHASE SEPARATION OF BLOCK

COPOLYMERS

This chapter was submitted as:

'Viscoelastic e�ects in 3D microphase separation of block copolymers.

Dynamic mean-�eld density functional approach'.

N.M. Maurits, A.V. Zvelindovsky, J.G.E.M. Fraaije,

Journal of Chemical Physics, 1998.

9.1 Summary

In the present paper, we extend the dynamic mean-�eld density func-
tional method which describes microphase separation phenomena in poly-
mer liquids, to account for viscoelastic e�ects. The e�ect of simple steady
shear on polymer orientation and elongation is taken into account by
adapting the polymer con�gurational distribution function. We propose
a simpli�ed model for polymer chains in a simple steady shear ow and
show numerically that this model correctly reproduces expected confor-
mational changes. The conformational e�ect is only of importance for
high viscosity liquids and/or high shear rates.

9.2 Introduction

General

Non-Newtonian uids, such as complex polymer liquids, show unusual
ow behaviour in the form of e.g. shear-thinning (decreasing viscosity
with increasing shear rate) and normal stress e�ects (die-swell and rod-
climbing). An important problem in rheology is to understand these
phenomena from the microscopic properties of the material. Heuristi-
cally, shear-thinning behaviour can be explained as follows. If a polymer
liquid is at rest, the polymers are random coil and the mobility of the con-
stituting molecules is limited. If a simple steady shear ow is applied,
the large polymer molecules align and orient with the ow direction,
making it easier for the constituting molecules to ow past each other,
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thereby e�ectively lowering the viscosity. The behaviour of the liquid
in response to a simple steady shear, de�nes its viscosity �( _)191,197 as
the ratio between the shear stress �12 and the shear rate _: �12 = �( _) _.
For complex liquids, the viscosity is in principle shear rate dependent.
The heuristic explanation for shear-thinning behaviour above shows that
in order to be able to understand and represent rheological phenomena
in complex liquids from the microscopic detail of the material using the
dynamic mean-�eld density functional method,28 at least the e�ect of
macroscopic ow should be included.37 A question that has already been
answered in a previous publication198 is how to calculate the stress tensor
���. In the present paper, we will also show how an external ow inu-
ences the stress tensor in an inhomogeneous polymer liquid. The stress
tensor gives access to mechanical properties of a(n) (in)homogeneous ma-
terial via the constitutive equation which relates the stress tensor to the
velocity gradient tensor ���. It is known that in polymeric liquids,37

the stress is mainly due to intramolecular force and directly related to
the polymer orientation. This provides another reason which makes it
important to account for polymer orientation and elongation due to an
externally applied steady simple shear �eld. Currently in the dynamic
mean-�eld density functional theory,28 the polymer chains do not re-
spond to externally applied ows, although their macroscopic response
to simple steady shear correctly reproduces experimental results.10,199

Until now, most theory to describe viscoelastic e�ects has been devel-
oped for liquids with slowly relaxing uctuations such as liquids near the
critical point and entangled polymers, for phase separating liquids such
as amphiphilic (A/B/AB) systems and for viscoelastic two-component
liquids such as polymer solutions, in which a dynamic coupling between
stress and di�usion due to di�erent viscoelastic properties takes place.190

Shear e�ects in liquids with complex internal structures such as block
copolymers have also been investigated using a phenomenological ap-
proach, both theoretically196,200,201 and numerically in 2D.149,150 The
�rst 3D simulations of a block copolymer system under shear based on
the dynamic mean-�eld density functional method were performed re-
cently.10,199 Until now, viscoelastic e�ects in sheared copolymer systems
(such as polymer orientation and elongation due to the ow) have not
explicitly been taken into account although it may be an important fac-
tor in explaining shear-thinning e�ects. In the present paper we take the
inuence of shear ow on polymer orientation into account by adapting
the polymer con�gurational distribution function.

The e�ects of shear on polymeric (binary) systems (such as enhanced
turbidity202 or the shear-induced spinodal shift203{205) have been studied
by application of a dynamic coupling mechanism,204,206 by incorporat-
ing a conformation tensor as an independent variable into a Ginzburg-
Landau scheme203,207 and by computer simulations208,209 that employ
a two-uid model193,204,206 to incorporate the dynamic stress-di�usion
coupling, and a viscoelastic Ginzburg-Landau free energy.207 Many of
these models provide a combination of a model H type mass/momentum
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balance,21 combined with a dynamic model for the stress or conforma-
tion tensor (e.g. upper convected Maxwell), a (linear) stress-strain re-
lation and a Ginzburg-Landau free energy augmented with an elastic
energy term.210 In Ref. 211 various properties of dilute polymer solu-
tions under steady shear are studied theoretically and calculated using
non-equilibrium molecular and Langevin dynamics. An order-disorder
transition is observed at very high shear rates and the strong e�ect of
shear on polymer orientation and elongation is reproduced.

In the present paper, we study viscoelastic e�ects in 3D microphase
separation in block copolymer melts using the dynamic mean-�eld density
functional approach. This approach provides a bridge between molecu-
lar properties and mesoscopic phase separation behaviour. In macro-
scopic viscoelastic ow modeling other methods are also used to couple
microscopic polymer properties to macroscopic (homogeneous) ow be-
haviour. The polymer contribution to the stress is in these cases deter-
mined by a closed-form constitutive equation such as an Oldroyd-B or
(upper convected) Maxwell model, which is measured from material re-
sponses to well-de�ned deformations.142 However, for these closed-form
models, discrepancies are found between calculations and experiments
and several bypasses for constitutive equations have been invented. Fi-
nite element techniques are combined with Brownian dynamics simula-
tions in the CONNFFESSIT approach in Ref. 212 and with the dynamics
of Brownian con�guration �elds in Ref. 213. Both techniques allow for
calculations of uid ows using polymer models for which no closed-
form constitutive equation is known. Unfortunately, this approach is
not straightforwardly applicable to the dynamic mean-�eld density func-
tional method. Instead, we model the inuence of an external shear ow
on the polymer orientation and elongation by direct adjustment of the
con�gurational distribution function.

Dynamic mean-�eld density functional theory

The dynamic mean-�eld density functional theory7,28 models the be-
haviour of complex liquids by combining Gaussian mean-�eld statistics
with a coarse-grained Ginzburg-Landau model for time-evolution of con-
served order parameters. In contrast to traditional phenomenological free
energy expansion methods25{27 the free energy is not truncated at a cer-
tain level. Instead the full polymer path integral is retained by employing
numerical algorithms.28,68,109 Recently, other groups have also started to
use this approach.32,33 Although the repeated calculation of the poly-
mer path integral is computationally very intensive, this approach allows
for a description of the mesoscopic dynamics of speci�c complex liquids
without constantly adjusting the parameters. Changes in the molecular
properties are immediately reected in the free energy, which allows for
practical application of the method.

In the dynamic mean-�eld density functional approach a polymer
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solution is modeled as a compressible system of ideal Gaussian chain
molecules. The free energy functional is derived on the basis of princi-
ples from thermodynamics and statistical mechanics and consists of an
internal energy term (the ensemble average of the intrachain Hamilto-
nian), an entropy term (the ensemble average of ln	 where 	 is the
con�gurational distribution function) and interchain interaction terms.
Assuming that the system can be observed on a coarse-grained time
scale such that the distribution function is always optimal and hence the
free energy always minimal, the free energy functional is then optimized
over all 	 under the constraint that the density that is observed in the
system is the ensemble average of a microscopic density operator. The
optimal single-chain con�gurational distribution function for a Gaussian
chain Hamiltonian is then given by:28

 =
1

�
e
�

3

2a2

NP
s=2

(Rs�Rs�1)
2
��

NP
s
0
=1

Us(Rs)

(9.1)

where � is the intramolecular partition function, a is the Gaussian bond
length parameter, ��1 = kBT and N is the number of beads in the chain.
The external potentials UI are conjugate to the density �elds �I via the
Gaussian chain density functional and are introduced in the optimization
of the free energy under constraint as Lagrange multiplier �elds. The free
energy functional is then derived to be:28,109
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dr; (9.2)

where n is the number of polymer molecules, I is a component index and
V is the system volume. The average density is �0I and �I is the bead
volume. The cohesive interactions between chains have kernels �IJ /
�0IJexp [�3=(2a2)(r� r0)2] where �0IJ is a constant interaction parameter
and �H is the Helfand compressibility parameter.109 Notice that the same
single-chain con�gurational distribution function (Eq. (9.1)) is found if
the Smoluchowski equation for the time evolution of the con�gurational
bead distribution function of a bead-spring system (a Gaussian chain)
under an external constraining �eld is solved (see e.g. Refs. 37 and 142).

9.3 Viscoelastic e�ects

Suppose we consider the bead-spring or Gaussian chain in solution. The
inuence of an external ow �eld on the orientation of the chain can
most easily be included via the single-chain con�gurational distribution
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function  which depends on the positions R1 � � �RN of all beads in the
chain and time t. In principle the time evolution of the distribution
function  is described by a Smoluchowski equation.37,142 For a good
description of linear viscoelastic phenomena, the Rouse description for
'freely draining' chains su�ces. In this case, the mobility matrix is simply
diagonal133 and no hydrodynamic interaction between the beads in one
chain is taken into account.

The ow �elds that are considered in this paper are homogeneous.
The positional dependence of the velocity gradient tensor ��� can be
eliminated because the stress at a certain uid element only depends
on previous values of the velocity gradient evaluated at that same uid
element. In this case it can be assumed that:37

v�(r; t) = ���(t)r� (9.3)

where v is the velocity �eld and � and � are Cartesian components. The
assumption of a homogeneous velocity �eld is reasonable except in cases
when the velocity gradient changes considerably over distances of the
order of the radius of gyration of the polymer molecules. Homogeneous
velocity �elds are rather general and include simple steady shear ows
and potential ows.

Instead of keeping the coordinates R1 � � �RN , the system is described
in terms of the center of mass and the connector vectors Qk = Rk+1 �
Rk.

142 For a homogeneous system and a bead-spring model, the Smolu-
chowski equation for a single bead-spring chain in an external ow can
be expressed in terms of connector vectors only:142
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Here, � is the friction coe�cient, the Aij are elements of the Rouse matrix
(2 on the diagonal, -1 on the super-/sub-diagonal and 0 elsewhere), Bj� =

�j+1;� � �j� and F
(c)
k = 3

�a2
Qk for the Gaussian chain.

For the Rouse model and Gaussian chains, the solution to the Smolu-
chowski equation (9.4) is known for any homogeneous ow �eld. The
solution is found by introducing normal coordinates Q0

j to decouple the
equations for the di�erent connector vectors and postulating that the dis-
tribution function  is a product of functions  k that depend on single
decoupled coordinates. Here Qk =

P
j

kjQ

0

k where 
 is an orthonormal

matrix that diagonalizes the Rouse matrix.142 This procedure leads to
N � 1 equations in one coordinate that are solved using Fourier trans-
forms.142,214 In normal coordinates the solution reads:142
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10 OUTLOOK TO THE FUTURE

10.1 Dreams and reality

In this thesis, the current status of the dynamic mean-�eld density func-

tional theory is described. This is by no means where it will end. On

the contrary, the area of applications of this method seems to be growing

ever faster.

The strength and versatility of the dynamic mean-�eld density func-

tional method is mainly in its �rm background of thermodynamics and

statistical mechanics. The open formulation of the (Helmholtz) free en-

ergy and the exible model for the dynamics allow for many di�erent

phenomena of interest in complex material formulation to be described.

The goal of a mesoscale chemical engineer is to be able to design process-

ing conditions in a rational way such that a particular mesoscale material

can be produced in bulk quantities. Interesting mesoscale structures are

the result of active processes. These structures are not only determined

by e.g. a careful choice of the weight ratio of constituting materials but

also by processing conditions. As this thesis illustrates, widening the area

of applications for the dynamic mean-�eld density functional method can

be achieved both by improving the description of the constituting ma-

terials (adding compressibility or viscoelasticity) and by extending the

description of processing conditions (allowing for nonlocal kinetic coup-

ling or including hydrodynamics).

Extensions, modi�cations and adaptations of the dynamic mean-�eld

density functional method are called for by practical problems and ap-

plications. An important example in industry is emulsion (co)polymer-

ization with applications in latexes and paints. In many cases (two-

stage) (seeded) emulsion polymerization leads to core-shell morphologies,

in which good properties of di�erent materials are combined. In this case,

a shell of one type of (co)polymer is grown around a core of another type.

For instance in paint formulations the core is made of a glassy polymer

to give gloss and mechanical stability. The shell is rubbery to enable the

latex particles to form a uniform surface coating. A number of extensions

must be made to the dynamic mean-�eld density functional method in or-

der to describe emulsion polymerization processes. First of all, for a good

description of the dynamics, reaction phenomena should be included on

the level of the dynamics. This also implies that, second, polydispersity

must be accounted for.

Another example from industry is thermoplastic polyurethane (TPU)
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which o�ers a broad range of physical properties and characteristics (high

tensile and tear strength, chemical and abrasion resistance and fabrica-

bility), making it a material which is produced in extremely large quan-

tities. The TPU chemistry consists of a series of block copolymers with

alternating hard and soft phases. The soft, exible segments are scat-

tered throughout the polymer chain. The ratio and molecular structure

of these segments determines the speci�c characteristics of a TPU grade,

which can range from a rigid material to a highly exible TPU. Because

of its di�erent constituting segments, TPU combines the mechanical and

physical properties of rubber with the advantages of thermoplasticity

and processability. The original TPU reaction was conceived in 1937

by Otto Bayer. During its rather long existence, strong experimental

knowledge has been built about TPU. During microphase separation un-

der processing conditions, the hard segments tend to align and make

hydrogen bonds with each other. Locally, the material hence becomes

lamellar (crystalline), whereas the material remains amorphous in other

domains. The hard/soft segment morphology is key to the TPU hardness

or softness (durometer) and toughness. The dynamic mean-�eld density

functional method in its current form can not describe semi-crystallinity

and partial sti�ness of polymers such as TPU in a straightforward way.

The molecular description should be improved such that sti� and exible

parts within one molecule can be accounted for.

Other interesting phenomena and material properties that should be

within range of the dynamic mean-�eld density functional description

of complex materials are of viscoelastic nature, or involve an improved

description of hydrodynamics. Recent work9 in our group, which is not

discussed in this thesis, entails the incorporation of con�ned geometries

in the dynamic mean-�eld density functional method. It is known from

applications in �lm casting,215 that the local thickness of the �lm de-

termines the observed morphology to a large extent. In SBS (styrene{

butadiene{styrene) �lms, the equilibrium hexagonal morphology leads

to an observed lamellar morphology in thick regions (where tubes orient

parallel to interfaces) and an observed hexagonal morphology in thin-

ner regions (where tubes orient perpendicular to interfaces) (Fig. 10.1).

Con�ned geometries are not only interesting for applications in �lm cast-

ing, but more importantly, combined with the dynamic mean-�eld den-

sity functional method, it will ultimately describe �ller particles (static or

dynamic) in complex liquids and polymer liquids in porous environments.

Within the MesoDyn ESPRIT project, the dynamic mean-�eld density

functional method will also be extended to account for electrostatic ef-

fects using Donnan electrostatics,216 which is based on the principle of

electroneutrality.

In the next two sections I will explain to a limited extent some ap-

proaches that can be taken in order to describe reaction processes and

semi-crystallinity within the dynamic mean-�eld density functional ap-

proach.
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Figure 10.1 AFM-picture of an SBS-�lm where di�erent morphology orientations

can be observed in areas with di�erent thicknesses. Courtesy of M. van Dijk,

Shell Research and Technology Centre, Amsterdam.

10.2 Polymer reaction processes

Emulsion polymerization methodology is not only commercially very im-

portant, it also provides a exible basis for future extensions of the dy-

namic mean-�eld density functional method to other applications in re-

active processing.

The simplest recipe for an emulsion polymerization consists of water,

surfactant in a concentration above the CMC, water-insoluble monomer

and water-soluble initiator. Usually, the system is �rst emulsi�ed. This

results in micelles swollen with monomer, surfactant stabilized monomer

droplets and initiator in the aqueous phase. The system is then agitated

e.g. by heating it. This leads to thermal decomposition of the initia-

tor and free radical polymerization starts. A latex comprising polymer

particles develops. The latex particles form a colloid, stabilized against

coalescence by surfactant.217

Emulsion polymerization usually takes place in batch processes. The

basic batch process consists of mixing all ingredients, stirring them and
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discharging all contents after polymerization. In semi-batch processes

(semi-continuous) a portion of the reactants is added at start-up and the

reactor is charged with the remaining reactants in a controlled manner

during the reaction cycle. The process which can best be simulated within

the dynamic mean-�eld density functional approach is the simple batch

process. An interesting idea is to incorporate morphological information

that can be derived from a MesoDyn simulation on micrometer length

scales into a macroscopic model for batch processing in a similar way as

is done already for turbulent reactive ow processes.218

Until now, the most often used predictive models for polymer reac-

tion engineering processes are based on kinetic models, which are treated

extensively in the books of Odian219 and Gilbert.217 Most kinetic mod-

els divide the emulsion polymerization process into three distinguishable

kinetic phases; a particle formation or nucleation interval and two par-

ticle growth intervals. The �rst particle growth interval is characterized

by rapid di�usion compared to propagation and so-called zero-one kinet-

ics.217 The formed oligomers are very mobile. The second particle growth

interval exhibits an increase in polymer weight fraction and viscosity and

as more monomer is consumed, the system exhibits the gel e�ect. At very

high conversions, the system becomes glassy. It is not so hard to incorpo-

rate the reactive processes during the second interval of zero-one kinetics

into the dynamic mean-�eld density functional method. Since the chain

propagates very fast in this interval due to the high monomer mobil-

ity, the stochastic reaction and microphase separation processes can be

treated separately in the numerical algorithm. The other kinetic inter-

vals are of less importance, since the speci�c morphology of the material

is determined mainly in the �rst particle growth interval.

In modeling a simultaneous reaction/phase separation process, the

di�erent time scales in the system and especially their relative sizes, are

of major importance. If di�usion is slow, as in a system with a very high

fraction of polymer, the overall rate coe�cient is given by that for di�u-

sion. If the chemical reaction is much slower than di�usion, the overall

rate coe�cient is determined by the chemical step. The dynamic equa-

tions of the dynamic mean-�eld density functional method can straight-

forwardly be extended with reaction terms by applying a terminal model

(�rst order Markov process219) in which the reaction probabilities are

time-independent. In this case, it may be necessary to explicitly distin-

guish chain end beads. Using the terminal model it is also possible to

keep track of the chain distribution, without having to perform complex

statistical analysis.

As can be concluded from the previous paragraphs, a number of exten-

sions must be made to the dynamic mean-�eld density functional method

in order to account for emulsion polymerization and generalized reactive

processes. Various types of molecules develop during the emulsion po-

lymerization. This e�ectively inuences the polydispersity in the system.

The di�erent types of polymers can be accounted for by introduction of

multiple polymer density functionals. In this case, separate density �elds
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for the radically active chain ends may also be necessary. This approach

to polydispersity implies a huge increase of memory requirements, but

ensures the one-to-one relationship between all densities and external

potentials. Other approaches such as modeling the dynamics of a given

distribution of polymer chain architectures are in principle feasible, but

too complex in practice.

If only a few of the intermediate products in an emulsion polymeri-

zation are represented in a model, it is harder to reproduce experimental

results. It has to be very carefully considered which part of the kinetics

can be left out without losing the important aspects of the phenomenol-

ogy.

10.3 Semi-crystalline polymer materials

Another possible future application of the dynamic mean-�eld density

functional method is to predict the phase diagram of (semi-)crystalline

materials. The object is to foresee material properties such as abrasion

resistance and tensile/tear strength, based on the molecular parameters

and process conditions. As an example, it is generally believed that the

hard segment length, volume fraction in the polymer and 'solubility' with

the soft segment of TPU are primarily responsible for the stress/strain

strength. The varying crystallinity in the material dictates its behaviour.

With the currently used Gaussian chain model in the dynamic mean-�eld

density functional method, partly sti� or crystalline polymers can not be

represented satisfactorily. However, by making use of the fact that �

interaction parameters consist of an enthalpic and an entropic part, it

may be possible to qualitatively describe crystallization behaviour by

detailed modeling of the temperature/density dependence of �.

In general, there are many models described in literature that devi-

ate from the Gaussian chain molecular model.37,73,220 In semi-exible

chains, the chain is modeled by the local coordinate and a local orien-

tational parameter, which provides a measure for the local bend.73 The

disadvantage of this approach is that it involves a six-dimensional order

parameter. In nematic liquid crystals, any good order parameter should

take into account that the local orientation has equal probability of point-

ing parallel or anti-parallel to a given direction. Since this property can

not be properly represented by vector order parameters, a tensor orienta-

tional order parameter is used. Some phenomenological equations for the

dynamics of the order parameter tensor were proposed by de Gennes.73

In principle, the full Smoluchowski equation for the dynamics is known,

but it is extremely hard to work with.
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Polymers with sti� and exible parts

The sti� parts of a semi-crystalline polymer will behave as (nematic)

liquid crystals. In microphase separation, they will orient parallel with

respect to each other. The exible parts of the polymer will behave as

'normal' Gaussian chains. A model for e.g. a TPU, to be included in

the dynamic mean-�eld density functional approach, should incorporate

both types of behaviour.

In the next paragraphs I propose an extension to the dynamic mean-

�eld density functional method that will make application of the method

to semi-crystalline polymer materials feasible. In order to describe a

polymer that combines the two types of behaviour, the persistence length

of the exible chain must �rst be made position dependent (this is were

the main intrinsic molecular information will be incorporated into the

model). The intrinsic Hamiltonian of the system becomes:

�H
intrinsic =

1

2

Z N

0

Ks

�����
@u(R(s))

@s

�����
2

ds; (10.1)

instead of the usual (discrete) Gaussian chain Hamiltonian

�H
GC =

3

2a2

NX
s=2

(Rs �Rs�1)
2
: (10.2)

To describe the semi-crystalline polymer chains within the dynamic

mean-�eld density functional method, two order parameters are now re-

quired:

�s(r) = n < �(r� r(s)) >; (10.3)

Ssij(r) = n < usiusj�(r� r(s)) >; (10.4)

where the average is taken with respect to the equilibrium Boltzmann

distribution, corresponding to the partition function. In this case s is

a continuous variable along the chain and S is newly introduced as a

second order tensor. In going from a discrete description of the chain

to a continuous description, the notation that is used in the previous

chapters of this thesis has to be adapted. The functional integration

Z
�Rs =

Z
dR

Z
dR

0

RN=RZ

R0=R0

�Rs; (10.5)

now replaces
R
dR =

R
dR1 � � �dRN . In order to determine the distribu-

tion function 	 the free energy F must be optimized for all 	 under a

constraint (cf. Chap. 2 for a single density species):

F
0[	] =

Z
�Rs	

1

2

NZ
0

Ks

�����
@us

@s

�����
2

ds+ kBT

Z
�Rs	ln	 + F

nid[�0]

+

Z
U(r[�[	](r)� �

0(r)]dr+

Z
T (r) : [S[	](r)� S

0(r)]dr

+ �

�Z
�Rs	� 1

�
: (10.6)
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Here an additional Lagrange multiplier tensor �eld T has been intro-

duced. The additional term to �F
0

=�	 resulting from the orientational

order parameter is now given by:

NZ
0

T (R(s)) : uuds: (10.7)

Hence the optimal distribution function 	 for a single density species is

given by:

	 / exp

8<
:��

2
41
2

NZ
0

Ks

�����
@u(R(s))

@s

�����
2

ds

+

NZ
0

U(R(s))ds+

NZ
0

T (R(s)) : uuds

3
5
9=
; : (10.8)

For more than one species in the system the optimal distribution function

becomes:

	 / exp

8<
:��

2
41
2

NZ
0

Ks

�����
@u(R(s))

@s

�����
2

ds (10.9)

+

NZ
0

Us(R(s))ds+

NZ
0

Ts(R(s)) : uuds

3
5
9=
; :

The density can again be calculated according to a Green propagator

algorithm.37 We now have the following expressions for the conjugate

external �elds U and Tsij:

�s(r) = �

1

�

�lnQ

�Us(r)
; (10.10)

Ssij(r) = �

1

�

�lnQ

�Tsij(r)
; (10.11)

where Q is the partition function of the ideal chain. The expression for

the free energy can be found by inserting a normalization of Eq. (10.9)

into Eq. (10.6) (without the constraining terms). The modeling of the

new kinetic models for the dynamics of both order parameters remains

to be done. From symmetry considerations, the general form however

will be given by:

@�(r; t)

@t
= ���

�F

��(r; t)
+ ��S :

�F

�S(r; t)
; (10.12)

@S(r; t)

@t
= �S�

�F

��(r; t)
+ �SS

�F

�S(r; t)
; (10.13)

where the �ij are appropriately chosen dynamic scalar/tensor operators.
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 (Q0N�1; t) =
N�1Y
k=1

 k(Q
0

k; t) (9.7)

where �j = �=(2Haj), H = 3=(�a2) and aj = 4sin2
�
j�
2N

�
(j-th eigenvalue

of the Rouse matrix). The operator ':' is the contraction operator for
tensors which is for two-dimensional tensors A and B de�ned by A :
B � P

ij
AijBij. Hence �

�1
j : Q0

jQ
0

j = Q0T
j �

�1
j Q

0

j.

The �nite strain tensor  [0] for steady simple shear ow (vx = _y) is
given by:142

[0](t; t
0) =

0
B@ �2  0

 0 0
0 0 0

1
CA =

0
B@ � _2(t0 � t)2 _(t0 � t) 0

_(t0 � t) 0 0
0 0 0

1
CA (9.8)

Here  is the shear strain. Solution (9.5) for the decoupled normalized
connector vectors describes the behaviour of a dumbbell (two-bead Gaus-
sian chain) in an external ow. The dumbbell Hamiltonian is adapted
to account for the elongation and orientation of the dumbbell due to the
external ow, via the tensor ��1

j . Notice that this tensor is the identity
matrix if no external ow is present.

The explicit solution to Eq. (9.4) in case of steady simple shear
ow is found by inserting the expression for the �nite strain tensor  [0]

(Eq. (9.8)) in Eq. (9.5):
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where Q0

k = (q
0

k1; q
0

k2; q
0

k3). Notice that the solution to the Smoluchowski
equation is, in accordance with the applied steady ow, a steady solution
which no longer depends on time. Expressing this solution in terms of
the original connector vectors Qk leads to a coupled system again. The
coupling can easily be seen in the exponent of Eq. (9.10) if the orthonor-
mal transformation Qk =

P
j

kjQ

0

k between the connector vectors Qk

and the normal coordinates Q0

k is employed. This leads to the following
expression:

� 3

2a2

N�1X
k=1

�
�1
k : Q0

kQ
0

k = � 3

2a2

�
Q1 Q2 Q3

�
(9.11)
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Here, Qi is the 1� (N � 1) vector (q1i q2i � � � qN�1i) and P is the (N �
1) � (N � 1) matrix given by _�

2H
A�1 where A is the Rouse matrix.

Eq. (9.11) clearly shows that due to the externally applied shear ow
�eld all connector vectors in the Gaussian chain are explicitly coupled in
Q-space. The full con�gurational distribution function  (Eq. (9.10)) can
therefore not be used as such in the dynamic mean-�eld density functional
method. In the next two sections we show how an approximation to the
full con�gurational distribution function can be made using dumbbell
properties. This approximation preserves the elongation and orientation
behaviour of the con�gurational distribution function due to the ow.

Dumbbells

In case of a dumbbell, there are no coupled connector vectors and the
density of each bead type can be calculated using an adapted stencil
operation.68 For a Hookean (Gaussian) dumbbell in a simple steady shear
ow, the solution to the Smoluchowski equation for the con�gurational
distribution function of the connector vector Qk = Rk+1 � Rk is given
by (cf. Eq. (9.10)):

 (Q; t) =
�

3

2�a2

� 3

2 1q
1 + �2H _2

exp

(
� 3

2a2
1

1 + �2H _2
(9.12)
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1
CA : QQ
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where �H is the 'Rouse relaxation time' given by �H = �=(4H).
The usual basis operation in calculating the density in the dynamic

mean-�eld density functional method28 using a Green propagator algo-
rithm is the so-called linkage operator �:

� [f ] (r) �
�

3

2�a2

� 3

2
Z
V
e�

3

2a2
(r�r0)2f(r0)dr0 (9.13)

which is now replaced by the 'ow' linkage operator:

�ow [f ] (r) �
�

3

2�a2

� 3

2 1q
1 + �2H _2

Z
V
e�

3

2a2
�
�1:(r�r0)(r�r0)f(r0)dr0

(9.14)
where � is the matrix

� =

0
B@

1 + 2�2H _2 �H _ 0
�H _ 1 0
0 0 1

1
CA (9.15)
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This operator determines the elongation and orientation of the dumbbell
due to the externally applied ow. For easy analysis the ow linkage
operator �ow is transformed to Fourier space:Z

V
�ow(f)e�iq�rdr = �owq fq; (9.16)

where the Fourier multiplier �owq is given by

�owq = e�a
2
�:qq=6 (9.17)

The linkage operator � can easily be applied on a grid mainly because
the operator is isotropic. This reduces the e�ective number of degrees of
freedom in the stencil to 4, given a certain grid size h and bond length
a.68 The nonisotropic ow linkage operator �ow however, has many
more degrees of freedom. It can easily be checked that the minimum
representation of �ow in Fourier space on a 27-point stencil has 9 degrees
of freedom and must look as follows (in case vx = _y):�

�owq

�
grid

= c0 + c1cos(qxh) + c2 [cos(qyh) + cos(qzh)] (9.18)

+ c3cos [(qx + qy)h] + c4cos [(qx � qy)h]

+ c5 fcos [(qx + qz)h] + cos [(qx � qz)h]g
+ c6 fcos [(qy + qz)h] + cos [(qy � qz)h]g
+ c7 fcos [(qx + qy + qz)h] + cos [(qx + qy � qz)h]g
+ c8 fcos [(qx � qy + qz)h] + cos [(qx � qy � qz)h]g

Notice that the stencil depends explicitly on the ow direction. The size
of �H _ determines the amount of isotropy in the nonisotropic linkage
operator �ow. The size of �H _ = �a2 _�=12 can be roughly estimated.
Realistic values for the shear rate _ (1 < _ < 10 s�1), the friction coef-
�cient � (109 (water) < �� < 1013 (viscous liquid) m�2s) and the bond
length parameter a (10�18 < a2 < 10�14m2) lead to the large range of
0:083� 10�9 < �H _ < 0:083. It is known from experiments that Rouse
relaxation times can be of the order of microseconds, but also in the order
of seconds. Notice that the parameter �H _ is very similar in nature to
the Deborah number De which is well-known from rheology. The Debo-
rah number measures the relative importance of the deformation history
of the material by the ratio of the internal relaxation time and the time
scale of the ow. For viscoelastic ows De is O(1). In conclusion, even
for very viscous polymer liquids and rather high shear rates, the devi-
ation from the isotropic linkage operator is limited. We hence consider
�H _ = 0:01 and �H _ = 0:1, which are on the high end of the nonisotropy
scale.

The nonisotropic stencil
�
�owq

�
grid

can then be �tted to the non-

isotropic linkage operator �ow in the following points: (0; 0; 0), (0; �
2h
; 0),

( �
2h
; 0; �

2h
), (0; �

2h
; �
2h
), ( �

2h
; �
2h
; �
2h
) and ( �

2h
;� �

2h
; �
2h
) and to the curvature

in (0; 0; 0) in the directions (1; 0; 0), (0; 0; 1) and (1; 1; 0). Taking the op-
timal gridratio a=h = 1:15430 into account,68 this leads to the following
values for the coe�cients:
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�h _ = 0:1 �h _ = 0:01 �h _ = 0:001
c0 0.192288 0.193236 0.193246
c1 0.141963 0.141015 0.141006
c2 0.13832 0.140979 0.141005
c3 0.0521403 0.0413757 0.0404094
c4 0.0311521 0.0392582 0.0401977
c5 0.0527867 0.0514574 0.051444
c6 0.0390263 0.0402908 0.0403033
c7 0.039189 0.0332813 0.0327523
c8 0.0219061 0.0265492 0.0270658

Notice that in case of the isotropic stencil with only four degrees of
freedom, the coe�cients are ci0 = 0:171752, ci1 = 0:137231 (a combination
of c1 and c2), c

i
2 = 0:0548243 (a combination of c3, c4, c5 and c6) and

ci3 = 0:0219025 (a combination of c7 and c8). The proposed stencil devi-
ates slightly from the isotropic stencil, but gives a much better �t to the
nonisotropic linkage operator, especially in the small q-region. The co-
e�cients of the nonisotropic stencil vary continuously with varying �H _
and the coe�cients c1 and c2, c3, c4, c5 and c6 and c7 and c8 converge
as the stencil becomes more isotropic. Notice that the �tting procedures
(which are not unique) for the isotropic and nonisotropic stencil are dif-
ferent. Therefore the converged coe�cients of the nonisotropic stencil
are not exactly the same as the isotropic stencil coe�cients.

Viscoelastic model

As a �rst approximation to a Gaussian chain model in a simple steady
shear ow, we assume that the chain consists of connected dumbbells
that act independently with respect to the ow. The physical connec-
tivity of all beads is preserved. This approach overcomes the numerical
di�culties of calculating the full solution to the Smoluchowski equation
of a Gaussian chain in simple steady shear ow (Eq. (9.10)). For a 3-
bead chain (two dumbbells) the accuracy of this approximation can be
studied analytically. The full con�gurational distribution function  GC

of a 3-bead Gaussian chain in a simple steady shear ow (cf. Eqs. (9.9)
and (9.10)) is given by:
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where

AGC =
1

(9 + �2)(1 + �2)
(9.20)

�

0
BBB@

9 + 5�2 �4�2 �6�� 2�3 �3�+ �3 0 0
�4�2 9 + 5�2 �3�+ �3 �6� � 2�3 0 0

�6�� 2�3 �3� + �3 9 + 15�2 + 2�4 4�2 0 0
�3� + �3 �6�� 2�3 4�2 9 + 15�2 + 2�4 0 0

0 0 0 0 (9 + �2)(1 + �2) 0
0 0 0 0 0 (9 + �2)(1 + �2)

1
CCCA

and � = � _=(2H) = 2�H _. By taking the product of Eq. (9.12) with it-
self, the con�gurational distribution function of two noninteracting dumb-
bells connected in one chain that act independently with respect to the
ow is found to be:
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where

ADB =
1

1 + �2=4
(9.22)

�

0
BBB@

1 0 ��=2 0 0 0
0 1 0 ��=2 0 0

��=2 0 1 + �2=2 0 0 0
0 ��=2 0 1 + �2=2 0 0
0 0 0 0 1 + �2=4 0
0 0 0 0 0 1 + �2=4

1
CCCA

The two con�gurational distribution functions  DB (for two noninteract-
ing dumbbells that act independently with respect to the ow) and  GC

(for a 3-bead Gaussian chain that acts in its totality with respect to the
ow) di�er only in the matrices ADB and AGC and a prefactor. For the
largest value of � that is of interest to us (� = 0:2), the matrices AGC

and ADB are given by:

AGC =

0
BBBBBBBB@

0:9786 �0:017 �0:1293 �0:063 0 0
�0:017 0:9786 �0:063 �0:1293 0 0
�0:129 �0:063 1:0214 0:017 0 0
�0:063 �0:129 0:017 1:0214 0 0

0 0 0 0 1 0
0 0 0 0 0 1

1
CCCCCCCCA

(9.23)
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and

ADB =

0
BBBBBBBB@

0:99 0 �0:099 0 0 0
0 0:99 0 �0:099 0 0

�0:099 0 1:0099 0 0 0
0 �0:099 0 1:0099 0 0
0 0 0 0 1 0
0 0 0 0 0 1

1
CCCCCCCCA

(9.24)

This shows that approximating the 3-bead Gaussian chain by two nonin-
teracting dumbbells connected in one chain that act independently with
respect to the ow, implies that the coupling between the two connec-
tor vectors due to the ow is neglected as might be expected. Also, the
orientation of one of the connector vectors with respect to the ow is
smaller for the two dumbbells than for the Gaussian chain because the
orientation is not enhanced by coupling. As a �rst step towards incorpo-
rating the (viscoelastic) e�ects of ow in the dynamic mean-�eld density
functional method, the approach seems justi�ed however.

Notice that the dumbbell model is special in the sense that it is one
of the few polymer models for which a closed-form constitutive equation
(upper convected Maxwell model) can be derived.142 However, in the
approach taken here, we attempt to include the inuence of the ow on
polymer orientation directly in the con�gurational distribution function,
instead of extending the dynamics equations with an extra equation for
the stress tensor. Moreover, the stress tensor also changes in a thermo-
dynamic sense because of the adapted distribution function, compared
to Ref. 198. The expression for the stress tensor can again be evalu-
ated using the principle of virtual work. Instead of completely deriving
the expression for the stress tensor taking the adapted con�gurational
distribution function into account, we just show the result for the (ther-
modynamic) pressure:

p � �1

3
(�xx + �yy + �zz)

=
nN

�V
� 2n

3V

*
3

2�a2

NX
s=2

�
�1 : (Rs �Rs�1)(Rs �Rs�1)

+
+ pnid

The nonideal part of the pressure does by de�nition not depend on the
distribution function and is hence exactly the same as previously derived
in Ref. 198. The ensemble average h�i has to be taken with respect to
the adapted con�gurational distribution function. Clearly the expression
for the ideal pressure still consists of an 'ideal gas' contribution and a
contribution due to the ideal Hamitonian.

9.4 Numerical results

In order to study viscoelastic e�ects using the dumbbell approximation
to the Gaussian chain as described in the previous section, we have per-
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formed numerical simulations of the dynamic mean-�eld density func-
tional method. Notice that the solution to the Smoluchowski equation
for a Gaussian chain in a simple steady shear �eld and the approximate
viscoelastic model are derived for a homogeneous system. However, since
the external potential �eld U , that acts as a constraint on the densities,28

only depends on bead coordinates it is not explicitly inuenced by the
applied shear ow. It can be shown that the expression for the free energy
(9.2) is not changed by the change in the distribution function, except
that it has to be evaluated with respect to the new distribution function.
The density functional itself is also changed of course. The optimization
procedure for the free energy of an inhomogeneous system as described in
Ref. 28 does not explicitly depend on the precise form of the ideal Hamil-
tonianH id. The expression for the free energy in terms of the single-chain
distribution function assumes that H id factorizes in single-chain Hamil-
tonians. This assumption remains valid for the adapted con�gurational
distribution function. The only change in the numerical procedure is that
the adapted stencil for the ow linkage operator is used.

We have studied an A8B8 diblock copolymer melt under simple steady
shear. The dimensionless interaction parameters are ��0AA=� = ��0BB=� =
0:0 and ��0BB=� = 1:0. The dimensionless compressibility parameter
is ��H� = 30:0. All mobility coe�cients M and molecular volumes
� are identical. The dimensionless densities �I = ��I are integrated
numerically by a Crank-Nicolson scheme on a 32� 32� 32 cubic grid for
1000 dimensionless time steps �� = ��1Mh�2�t without shear. Here h
is the grid size and �t is the discretized time step. All other parameters
and details on the numerical integration can be found in Refs. 22 and
28. After � = 1000 the melt is sheared: vx = _y in which _ is the shear
rate. We have performed two simulations in which the dimensionless
shear rate ~_ = 0:01 and two simulations in which ~_ = 0:02. In the
�rst case the simulation box is shifted 0.32 grid cells per time step, in
the second case the simulation box is shifted 0.64 grid cells per time
step. For each value of ~_ we have performed a simulation in which the
con�gurational distribution function is the same as in earlier simulations
and a simulation in which the con�gurational distribution function is
adapted (using _�H = 0:01 and _�H = 0:1 for ~_ = 0:01 and ~_ = 0:02
respectively) to take the externally applied ow �eld into account as in
the dumbbell model (see Section 9.3.b).

As can be concluded from Fig. 9.1, there is a global e�ect on the
morphology if the adapted con�gurational distribution function is taken
into account. Even though the system is simulated for a longer period
(10700 time steps instead of 10000), it is not yet equilibrated (Fig. 9.1b).
Notice that the overall orientation is not signi�cant in these small boxes.
The inuence of the periodic boundary conditions is considerable. If the
system in Fig. 9.1a is simulated in a 64 � 64 � 64 cubic box, the orien-
tation becomes more perpendicular (unpublished results). Apparently,
the small changes in the density evolution due to the adapted con�gura-
tional distribution function, give rise to a di�erent preferred orientation
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Figure 9.1 Isosurface representations of the A8B8 diblock copolymer melt for
�A = 0:5, ~_ = 0:01. The arrows indicate the direction of the shear. (a)
Snapshot of the simulation box at � = 10000 for the simulation with the original
con�gurational distribution function. (b) Snapshot of the simulation box at
� = 10700 for the simulation with the adapted con�gurational distribution
function, _�H = 0:01.

in this small system. Moreover, for a proper representation of preferred
morphologies under shear, di�erent viscosities should be included in the
simulation (see also Ref. 10). Since the lamellae in Fig. 9.1b are oriented
more or less perpendicular, the possible e�ect of thinning of lamellae if
the polymers orient with the ow is not visible.

To analyze the inuence of the dumbbell viscoelastic model on the
actual polymer orientation, we have performed a conformational analysis.
Although individual polymers can not be distinguished in the dynamic
mean-�eld density functional method, a conformation analysis can give
the most probable position of beads given that one of the beads in the
chain is �xed at a certain position. The middle A-bead is �xed at a
position in the middle of an A-lamella which is closest to being parallel
to the shear, so that the e�ect of the model on polymer orientation can
be best observed. The isosurfaces of the probability density as indicated
in Fig. 9.2 are more or less as expected. The probability of �nding a
B-bead given that the middle A-bead is �xed in the middle of an A-
lamella, is high in the neighboring B-lamellae. The other A-beads are
most probably in the A-lamella itself.

In order to be able to see whether the polymers really orient with re-
spect to the ow, we have also calculated a conformational analysis taking
the original con�gurational distribution function into account. The po-
sition of the �xed A-bead remains the same. As can be concluded from
Fig. 9.3 the most probable polymer orientation is slightly tilted in the di-
rection of the ow for the viscoelastic dumbbell model. This orientation
can not be observed in Fig. 9.3b. In Fig. 9.3c an isosurface is plotted
of the di�erence between the two B-bead probability isosurfaces in Figs.
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Figure 9.2 Cropped isosurface for �A = 0:5, ~_ = 0:01, _�H = 0:01 at
� = 10700. The arrows indicate the direction of the shear. The A-bead which
is closest to the B-beads was �xed at discrete position (x; y; z) = (19; 20; 22)

(indicated by the origin of the axes) in the middle of an A-lamella. The probability
to �nd an A-bead or B-bead at a certain position given that this A-bead is �xed,
is indicated. The rounded isosurface is the boundary of the volume in which the
probability to �nd a B-bead is higher than 1/6, the disk-like isosurface is the
boundary of the volume in which the probability to �nd an A-bead is higher than
1/6. (a) Front view. (b) Perpendicular (with respect to shear direction) view.

9.3a and 9.3b. For this simulation at low shear rate we conclude that the
di�erence in orientation is present, but small as expected.

The results for the simulations at the higher shear rate of ~_ = 0:02
are in Figs. 9.4, 9.5 and 9.6. Although the simulation for the viscoelastic
dumbbell model (Fig. 9.4b) is only half as long as the simulation using the
original con�gurational distribution function (Fig. 9.4a), lamellae can be
clearly observed which makes a conformational analysis feasible. Notice
that the preferred orientation of the morphology at this high shear rate
in the small simulation box is parallel with respect to the shear.

We have again performed the conformational analysis by �xing an
A-bead at a position in the middle of an A-lamella which is closest to
being parallel to the shear. The probability of �nding a B-bead given
that the middle A-bead is �xed in the middle of an A-lamella, is again
high in the neighboring B-lamellae. The other A-beads are again most
probably in the A-lamella itself.

More detailed conclusions can be derived from the results in Fig. 9.6.
The e�ect of polymer orientation is, according to our analytical deriva-
tions, expected to be bigger in this simulation at high shear rate ( _�H is
ten times higher than in the simulation at low shear rate). The di�erence
is only very small however. The isosurface in Fig. 9.6c is only slightly
bigger than the isosurface in Fig. 9.3c.
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(a) (b) (c)

Figure 9.3 Probability isosurfaces. (a) Same isosurface as in Fig. 9.2. (b)
Probability isosurface as in Fig. 9.2., except that it was calculated with respect
to the original distribution function. (c) Isosurface of the di�erence between the
two B-bead probabilities in Fig. 9.3.a and Fig. 9.3.b. Indicated is a 3 percent
deviation. Larger deviations are infrequent.

9.5 Discussion and conclusion

In this paper, the dynamic mean-�eld density functional method is ex-
tended to account for viscoelastic e�ects. The e�ect of simple steady
shear on polymer orientation and elongation is taken into account by
adapting the polymer con�gurational distribution function. We derived
a simpli�ed model for polymer chains in a simple steady shear ow, based
on the solution to the full Smoluchowski equation for the con�gurational
distribution function of a Gaussian chain in homogeneous ow. A num-
ber of numerical simulations were performed on a diblock copolymer melt
which show that the proposed model correctly reproduces expected con-
formational changes in a qualitative sense. The conformational e�ect is
small, even for the high viscosity liquids and/or high shear rates that are
studied in this paper. The e�ect increases with increasing shear rates
and viscosities. The small changes in the density evolution due to the
adapted con�gurational distribution function, give rise to di�erent ori-
entations in small simulation systems. The e�ect of shear-thinning can
not be observed clearly from the present results. However, based on the
present results we expect that in large simulation boxes in which the
periodic boundary e�ect is negligible, shear-thinning can be reproduced
provided that the system is well-equilibrated. It may be important in
this respect, to account for di�erent viscosities of chain beads.
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Figure 9.4 Isosurface representations of the A8B8 diblock copolymer melt for
�A = 0:5, ~_ = 0:02. The arrows indicate the direction of the shear. (a)
Snapshot of the simulation box at � = 40000 for the simulation with the original
con�gurational distribution function. (b) Snapshot of the simulation box at
� = 18350 for the simulation with the adapted con�gurational distribution
function, _�H = 0:1.

Figure 9.5 Cropped isosurface for �A = 0:5, ~_ = 0:02, _�H = 0:1 at � = 18350.
The arrows indicate the direction of the shear. The A-bead which is closest to
the B-beads was �xed at discrete position (x; y; z) = (24; 12; 19) (indicated by
the origin of the axes) in the middle of an A-lamella. The probability to �nd
an A-bead or B-bead at a certain position given that this A-bead is �xed, is
indicated. The rounded isosurface is the boundary of the volume in which the
probability to �nd a B-bead is higher than 1/6, the disk-like isosurface is the
boundary of the volume in which the probability to �nd an A-bead is higher than
1/6. (a) Front view. (b) Perpendicular (with respect to shear direction) view.
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(a) (b) (c)

Figure 9.6 Probability isosurfaces. (a) Same isosurface as in Fig. 9.5. (b)
Probability isosurface as in Fig. 9.5., except that it was calculated with respect
to the original distribution function. (c) Isosurface of the di�erence between the
two B-bead probabilities in Fig. 9.6.a and Fig. 9.6.b. Indicated is a 3 percent
deviation. Larger deviations are infrequent.
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SUMMARY

Complex polymer liquids form a system in which active processes play
an important role. The constituting elements (polymers) are in princi-
ple very simple, but put together and quenched, mixed or sheared, they
form a variety of emergent patterns due to phase separation and reaction
processes. In principle, phase separation processes can be described and
modeled on di�erent levels, varying in scale from microscopic to macro-
scopic. The scale of interest in this thesis is mesoscopic. Many industri-
ally interesting polymer material properties are determined by mesoscale
morphologies. The model that is developed in this thesis should eventu-
ally lead to a tool that allows a chemical engineer to design processing
conditions such that a particular mesoscale structure can be made in
bulk quantities. To achieve this goal it is essential to incorporate both
microscopic properties of the polymers in the liquid or melt and the
processing conditions into the model. Models that are generally appli-
cable to mesoscale materials are at present still absent. In this thesis
it is shown how a mathematical model can be developed that incorpo-
rates static microscopic information and dynamic phenomena and that
predicts structures in industrially processed complex polymer liquids.

The basis of the mathematical model is the dynamic mean-�eld den-
sity functional method which is derived from principles based on thermo-
dynamics and statistical mechanics. A free energy description for an en-
semble of individual chains in a mean-�eld environment is used, in which
the architecture of the polymers, the connectivity of the monomers and
the cohesive interactions between chains are properly accounted for. The
free energy is not truncated at a certain level as in many phenomenolog-
ical models, but instead the full polymer path integral is retained using
a numerical procedure. The open formulation of the free energy and the
exible model for the dynamics allow for many di�erent phenomena of
interest to be described. The extensions and adaptations of the method
as described in this thesis are called for by practical problems and appli-
cations.

Some of the extensions are of numerical mathematical nature. Since
the method is computationally very intensive it is very important to op-
timize the numerical algorithms. Therefore new quadrature rules are
presented for the e�cient integration of Gaussian chain polymer density
functionals on a uniform 3D grid. Another considerable improvement
in the numerical e�ciency of the method would be furnished by an ex-
plicit expression for the dynamics in terms of the densities. The current
implicit formulation implies that the whole algorithm is iterative and
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hence time consuming. An expansion of the external potential is stud-
ied, similar to well-known expansions of the free energy. Although this
expansion does not directly lead to an explicit dynamics model, it pro-
vides analytical parameters for a gradient free energy expansion, giving
rise to a whole new class of phase separation models. It is also shown that
the free energy description in the dynamic mean-�eld density functional
method encompasses most phenomenological free energy models, being
much richer in behaviour.

The other extensions of the dynamic mean-�eld density functional
method that are described in this thesis aim at widening its application
area. Although most polymer melts are only slightly compressible, some
phenomena can be observed in experiments that are due to excluded vol-
ume e�ects. In order to represent these phenomena properly, di�erent
compressibility models are discussed and compared both analytically and
numerically. Currently, a penalty model is used which correctly repro-
duces experimental observations. The kinetic model of the method has
also been improved. Experimental results show that the Onsager coe�-
cient is nonlocal. Instead of using a simple local coupling approximation,
a model has been developed that includes the essential physical features
of nonlocal coupling in the Rouse model. Surprisingly, this model also
leads to di�erent (external potential) dynamics. As there is a lot of rhe-
ological interest in polymer liquids, an expression for the stress tensor
was derived analytically using a virtual work principle. This method au-
tomatically provides an equation of state, which can in principle be used
to perform constant pressure simulations. An important step towards
incorporating processing conditions in the dynamic mean-�eld density
functional method is the inclusion of hydrodynamic e�ects. It is shown
that it is justi�ed to use a simple approximation for the velocity �eld,
which incorporates an e�ective local friction force. This simple model
reproduces experimentally observable hydrodynamic e�ects. In order to
represent strange e�ects such as shear-thinning in rheological ow ex-
periments, the e�ect of simple steady shear on polymer orientation and
elongation is explicitly taken into account by adapting the polymer con-
�guration distribution function. A simpli�ed model is used in which the
connected beads in a polymer chain react to the ow as independent
dumbbells. This model correctly reproduces conformational changes.

Finally, a few application areas of the dynamic mean-�eld density
functional method are discussed which may be expected in the near fu-
ture.
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SAMENVATTING

Materiaaleigenschappen worden vaak bepaald door voor het blote oog
onzichtbare structuren. Bij het chemische bedrijf ICI bijvoorbeeld, wor-
den studies gedaan naar geluidsisolatie in auto's.221 De structuur van
het gebruikte isolatiemateriaal (poly-urethaan- of pur-schuim) wordt hier
zo aangepast dat het speci�eke geluidsfrequenties tegenhoudt. (Poly-
urethaan is een polymeer materiaal. Polymeren zijn de bouwstenen van
kunststo�en zoals plastics, synthetische vezels en rubbers.) Een com-
puter berekent wat voor inwendige structuur en daarmee stijfheid, het
schuim moet hebben om een bepaalde frequentie te blokkeren. De struc-
tuur van het schuim wordt be��nvloed door het polymerisatieproces (het
maken van de polymeren) te sturen. De polymerisatietijd, het molecu-
laire gewicht van de ketens en het aantal verbindingen daartussen zijn
variabel. Deze stap - het bepalen van het productieproces dat moet leiden
tot een speci�eke schuimstructuur - kan echter nog niet met een computer
worden gedaan. Dit gebeurt nu nog op basis van jarenlange ervaring
van wetenschappers met het maken en bewerken van poly-urethaan. De
structuren in het pur-schuim zijn een gevolg van een aantal verschillende
fenomenen, waaronder microfase scheiding en reacties.

Poly-urethaan wordt in erg grote hoeveelheden gemaakt en verkocht,
omdat het een heel scala aan gunstige eigenschappen, zoals slijtvastheid,
elasticiteit en sterkte, bezit. Omdat het polymeer bestaat uit exibele
delen, afgewisseld met stijvere delen (het polymeer is semi-kristallijn),
combineert het eigenschappen van rubber met eigenschappen van andere
makkelijk verwerkbare polymeren. De semi-kristalliniteit van het mate-
riaal zorgt ervoor dat er op microschaal gebiedjes gevormd worden waar
de stijvere delen oplijnen. Hier wordt het materiaal dus stugger. De
afwisseling van deze gebiedjes met exibeler stukken bepaalt het gedrag
van het materiaal. De schuimen die zo gemaakt worden, worden niet
alleen in de auto-industrie gebruikt, maar bijvoorbeeld ook verwerkt in
ski's, auto-spoilers, tennis rackets en warmte-isolatie. Al deze verschil-
lende toepassingen van �e�en materiaal worden mogelijk gemaakt door het
vari�eren van de condities waaronder het materiaal gemaakt en verwerkt
wordt. Welke microstructuur precies ontstaat in het schuim is van groot
belang omdat het op grotere lengte schalen bepaalt wat de materiaal
eigenschappen van het schuim zullen zijn.

Nu gaat het in mijn proefschrift niet over poly-urethaan. Het on-
derzoek dat in dit proefschrift wordt beschreven moet uiteindelijk leiden
tot een gereedschap in de vorm van een computerprogramma. Dit pro-
gramma kan een chemisch ingenieur gebruiken om van te voren te bepalen
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hoe een polymeer materiaal, zoals bijvoorbeeld het hierboven beschreven
poly-urethaan, moet worden gemaakt en verwerkt zodat een materiaal
met een speci�eke microstructuur en gedrag, zoals het pur-schuim, in
grote hoeveelheden kan worden geproduceerd.

Om tot zo'n computerprogramma te komen moet er wel het �e�en en
ander gebeuren. Het eigenlijke programmeren is hier een onderdeel van
dat het rekenmodel omzet naar instructies die de computer begrijpt. Het
onderzoek voor dit proefschrift bouwt voort op een bestaand model voor
het beschrijven van microfase scheiding in polymeer vloeisto�en; de 'dy-
namische dichtheids functionaal theorie'. Het mooie van deze theorie is
dat er niet erg veel van tevoren verondersteld is, waardoor het exibel
is en een goed uitgangspunt vormt voor het toepasbaar maken van het
model op bijvoorbeeld de pur-schuimen. Om zo'n speci�ek materiaal en
alles wat ermee gebeurt in het verwerkingsproces goed te kunnen repre-
senteren is het belangrijk om zowel het molekuul en zijn eigenschappen als
de verwerkingsprocessen op een goede manier te beschrijven. Daarnaast
moet het 'papieren' model vertaald worden naar een computermodel zo-
dat de computer het model ook inderdaad uitrekent (Hoofdstukken 3 en
4).

De andere hoofdstukken in dit proefschrift vertellen hoe het ma-
teriaal en de verwerkingsprocessen op een goede manier in het model
kunnen worden beschreven. Van belang is bijvoorbeeld om de samen-
drukbaarheid van het materiaal (Hoofdstuk 5), de manier waarop de
moleculen in een vloeistof zich voortbewegen (Hoofdstuk 6) en het ver-
band tussen een uitwendige vervorming (rekken of schuiven) van het sys-
teem en de inwendige gevolgen hiervan (Hoofdstuk 7) goed te beschrij-
ven. Een uitbreiding van het model zodat de gevolgen van stroming op
grote schaal in het systeem beter beschreven worden staat in Hoofdstuk
8. Hoofdstuk 9 tenslotte beschrijft een voorstel om reologische eigen-
schappen van polymeer vloeisto�en (ongewone stromingsverschijnselen
ten gevolge van de speciale samenstelling) beter te representeren.

Al deze uitbreidingen van de dynamische dichtheids functionaal theo-
rie hebben ertoe geleid dat de methode nu echt toepasbaar is op praktijk
problemen. Bovendien kan het aantal praktische, industri�ele toepassin-
gen ervan in de nabije toekomst nog veel groter worden (Hoofdstuk 10).
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NAWOORD

In 1994 begon ik aan dit promotieonderzoek. De methode die zou leiden
tot MesoDyn bestond eigenlijk nog maar net in zijn meest ruwe vorm en
zowel Hans als Bernard waren een jaar eerder begonnen met hun werk op
de RuG. Het project CAESAR was toegekend door de EG, met daarbij
een postdoc voor twee jaar voor Hans. Hij besloot daar echter een AIO
voor vier jaar mee te �nancieren. Ik zou met mijn numeriek wiskundige
achtergrond gaan werken aan het verbeteren van de numerieke technieken
die gebruikt werden en eigenlijk moest er een, liefst analytische, inversie
methode komen voor de dichtheidsfunctionaal.

Ik was net afgestudeerd in numerieke wiskunde en technische mecha-
nica en had een jaar stage gelopen op het Nationaal Lucht- en Ruimte-
vaart Laboratorium in Amsterdam. Ik had ervaring met computational
uid dynamics en software engineering. Mijn laatste scheikunde kennis
was er echter 8 jaar eerder in gegoten en ik wist niets van thermody-
namica, statistische mechanica of �uberhaupt van fasescheidingsprocessen.
Maar daar zijn boeken, artikelen, cursussen, studiegroepen (de SM-sessies
met Aldert, Jos, Emile en Bernard) en veel discussies met geduldige col-
lega's voor. Na een half jaar begon ik me een beetje thuis te voelen in
de materie en was ik volop aan het stoeien met wavelets met het idee
de hoeveelheid informatie in een simulatie te beperken en toch dezelfde
resultaten te krijgen. Ook keek ik naar Pad�e-expansies, die mogelijk
tot een directe inversiemethode konden leiden. Zo kwam ik uiteindelijk
terecht bij Taylor-expansies voor de vrije energie (al heel lang bekend uit
evenwichtsanalyses) die wel leidden tot mijn eerste artikel in JCP, maar
helaas niet tot een inversie methode. En die is er tot nu toe ook niet
gekomen. Ik raakte langzaam maar zeker betrokken bij het ontwikkelen
van de methode en zijn toepasbaarheid zelf en in mindere mate bij het
ontwikkelen van nieuwe numerieke technieken (veel succes op dit onzekere
pad, Agur). De uitdaging om steeds nieuwe experimentele gegevens en
processen met onze methode te kunnen representeren was en is enorm.

De afgelopen vier jaar waren voor mij niet alleen gekenmerkt door
het doen van onderzoek. Terugkijkend heb ik vooral een enorme vrijheid
genoten en veel contacten gelegd. Al in het begin liet Hans mij weten
dat ik, als ik naar een congres, symposium of workshop zou willen, zelf
aan de bel zou moeten trekken en dat heb ik volop gedaan. Natuurlijk
waren er de nodige reizen in het kader van de EG-projecten, de reizen
naar Burg Arras voor de jaarlijkse BIOMOS meeting met de groep van
Wilfred van Gunsteren uit Z�urich, de winterschools in Han-sur-Lesse en
de SON-bijeenkomsten in Lunteren, maar daarnaast was er nog veel en
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veel meer. In 1995 gaf ik presentaties op het Nederlands Mathematisch
Congres (toevallig) in Groningen en op ICIAM95 (International Congress
on Industrial and Applied Mathematics) met 5000 deelnemers (dat nooit
meer) in Hamburg. Het jaar daarop (de zomer van 1996) vertrok ik voor
een maand naar Santa Fe in New Mexico, voor de Complex Systems
Summerschool van het Santa Fe Institute. Deze vier weken waren enorm
stimulerend en hebben mij ervan overtuigd dat vernieuwend onderzoek
een grote kans op bloei heeft in een multi-disciplinaire omgeving. De
discussies tot in de laatste uurtjes, met economen, biologen, wiskundigen
en natuurkundigen (Ljuba, Amalie, Michael, Salvatore en Vassily) waren
vaak verhit, maar leidden meestal tot herkenning en begrip. Je kunt wel
degelijk van elkaar leren! De grote hoeveelheid lezingen en studiegroepen,
maar ook het Mexicaanse eten, de salsa, de Adobe-architectuur en het
prachtige landschap rond Santa Fe, hebben bijgedragen tot een voor mij
onvergetelijke maand. Ik heb ook nog kunnen rondkijken bij het Los
Alamos National Laboratory (maar had geen 'clearance' voor de meest
geheime gedeelten) en heb daar een voordracht gehouden in de groep van
John Pearson. In het voorjaar van 1997 bezocht ik eerst Florida voor een
Polymer Reaction Engineering Conference in het prachtige Palm Coast
resort, waar ik kennis maakte met Rodney Fox en via hem met de groep
van Prof. Chakrabarti. Tevens haalde Hans me over Splash en Space
Mountain in Disneyland uit te proberen ... In mei gaf ik, dankzij sponsor-
ing door Shell en NWO (dat ook eerder mijn reis naar Hamburg had ge-
�nancierd) een voordracht op een congres van SIAM in Philidelphia over
'Mathematical Aspects of Materials Science'. Tot mijn verbazing bleken
er veel wetenschappers te zijn waar ik artikelen van had gelezen. Ik had er
een pittige discussie met Prof. Muthukumar en sprak met Prof. Cahn en
medewerkers van Prof. Binder en Prof. Fredrickson. In juli verzorgden
Hans en ik samen een workshop bij de Royal Academy of Chemistry
in Londen over de theorie achter MesoDyn, waar we te gast waren bij
Dominic Tildesley. Ook dichter bij huis heb ik voordrachten gegeven;
op het minisymposium over 'Microstructure Formation in Polymer Sys-
tems' in Groningen, in Lunteren bij de SON-bijeenkomst, in Haren op
het GBB-symposium en bij Unilever Vlaardingen in de groep van Ja-
cob de Vlieg over 'Complex systems - ideas and applications'. Al deze
reizen en presentaties hebben er voor mij vooral toe bijgedragen dat ik
heb leren communiceren over wat ik doe op een, naar ik hoop duidelijke
manier. Ik ben er, door het steeds opnieuw aan anderen uit te leggen,
achter gekomen waarom ik eigenlijk doe wat ik doe en ik heb tientallen in-
spirerende wetenschappers (vaak ook op bezoek in Groningen) ontmoet.
Een recente ontwikkeling is de oprichting (mede door mij) van InterScale
in maart 1998. Met dit bedrijf hopen we advies te geven, contract on-
derzoek te verrichten en haalbaarheids studies te doen met betrekking
tot MesoDyn. Daarbuiten richt InterScale zich op het ontwikkelen en
bouwen van wetenschappelijke software voor de chemische industrie.

Buiten mijn onderzoek waren er de afgelopen vier jaar mijn activi-
teiten voor het vakgroepbestuur (wat met de invoering van de MUB
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o�cieel niet meer bestaat, maar nog steeds functioneert), het regelen
van de MD-group meetings en het (kort bestaande) MD-Group Quar-
terly. Buiten werktijd was er tijd voor klassiek ballet bij La Danse, be-
stuurswerkzaamheden bij de VVAO, squash, steps, model boetseren en
schilderen (liefst in Frankrijk). Ik kan niet anders concluderen dan dat
ik een fantastische vier jaar achter de rug heb. Mijn AIO-tijd stond voor
vier jaar vrijheid; vrijheid om te onderzoeken wat mijn belangstelling
had, vrijheid om te leren en cursussen te volgen waar dat nodig en/of
interessant was en vrijheid om te experimenteren, ook wanneer dit niet
altijd tot resultaten leidde.

Een heleboel mensen hebben ertoe bijgedragen dat ik op deze vier
jaar op zo'n positieve manier terug kan kijken. Hans verschafte de vrij-
heid en heel, heel erg veel ide�een, terwijl Herman Berendsen, Arthur
Veldman en Eugen Botta op de achtergrond aanwezig waren voor advies
waar dat nodig was. Bernard was eindeloos geduldig in het beantwoorden
van al mijn vragen en altijd in voor een 'bordsessie'. Frans wist altijd
wel een oplossing voor mijn Unix problemen en was een strenge doch
rechtvaardige C++ leermeester. De samenwerking en wetenschappelijke
discussies in de MesoDyn groep met Andrei, Agur, Bernard, Marten en
Alexander hebben tot veel goede ide�een geleid en me over dode punten in
mijn onderzoek heengeholpen. Emile heeft me vaak aangehoord en advies
gegeven als het over thermodynamica ging en op Peter kon ik terugvallen
voor LaTeX tips. Meerdere keren ben ik naar Polymeer Chemie gelopen
om met Henk, Karin en Christiaan van gedachten te wisselen over fase-
diagrammen. Margreet en Esther hebben talloze poststukken voor me
verzonden, me wegwijs gemaakt in de �nanci�ele wereld van de RuG en
reizen voor me geregeld. Kortom, zonder al deze mensen (en waarschijn-
lijk nog een aantal die ik hier vergeten ben) was ik niet binnen vier jaar
aan het einde van mijn promotietijd gekomen.
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