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The paper describes the numerical coupling challenges in multiphysics problems like 
the simulation of blood flow in compliant arteries. In addition to an iterative coupling 
between the fluid flow and elastic vessel walls, i.e. fluid-structure interaction, also the 
coupling between a detailed 3D local (arterial) flow model and a more global 0D model 
(representing a global circulation) is analyzed. Most of the coupling analysis is formulated 
in the more abstract setting of electrical-network models. Both, weak (segregated) 
and strong (monolithic) coupling approaches are studied, and their numerical stability 
limitations are discussed. Being a hybrid combination, the quasi-simultaneous coupling 
method, developed for partitioned problems in aerodynamics, is shown to be a robust and 
flexible approach for hemodynamic applications too.

© 2022 The Author(s). Published by Elsevier B.V. on behalf of IMACS. This is an open 
access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Multiphysics systems in hemodynamics

When modeling complex systems such as air flow around airplane wings, electrical networks or blood flow in the human 
circulatory system, often a modular approach is chosen employing different mathematical models in different parts of the 
system. In the literature such systems are usually referred to as multiphysics and/or partitioned systems, e.g. [24,35,109]. 
As examples of multiphysics problems, fluid-structure interaction simulations require separate submodels for fluid dynamics 
and solid dynamics [18], and in aerodynamic boundary-layer modeling an inviscid external flow domain is coupled to a 
viscous boundary layer [64]. When there is a physical two-way interaction between the subsystems, i.e. they influence each 
other mutually, the numerical coupling between them becomes a serious issue.

In this paper, we will analyze the numerical coupling stability for partitioned, multiphysics systems related to the cardio-
vascular circulation. In particular, the hemodynamic aspect models arterial flow in compliant blood vessels, like the carotid 
arteries which are susceptible to atherosclerosis [114]. Because of its pathological relevance, the modeling of elastic arte-
rial walls has become one of the driving applications of cardiovascular simulation methods, in particular for fluid-structure 
interaction (FSI) [50,69,77]. The numerical coupling issues will be studied in a more abstract setting by describing the 
phenomena in terms of electrical networks, which are often used to model hemodynamic aspects [17,54,78].

In the paper we focus on the numerical coupling issues of such FSI methods. These depend only globally on the chosen 
models in the subdomains; details of the models have only limited influence on the coupling characteristics. Therefore, we 
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Fig. 1. Electric model for the systemic circulation coupled to a CFD model of an elastic artery, composed of a varying elastance capacitor C1(t) (modeling 
the left ventricle), a resistor-capacitor combination R1C2 Rin (modeling the ascending aorta and aortic arch), a 3D CFD model of blood flow (modeling the 
common carotid artery), and a single Windkessel terminal RoutC3 R3 (modeling the total peripheral resistance and systemic arterial compliance) [90].

will restrict our modeling of flow and vessel wall to simple descriptions of the flow physics and the arterial physiology 
involved (e.g., we exclude complete collapse of vessel walls). The specific model we will study here is a 3D-0D partitioned 
system [29,31,72,118], where the part of interest is modeled by a detailed 3D compliant CFD-FSI model, coupled to the 
global systemic circulation described by a 0D model represented as an electrical network.

In the literature, the influence of compliance on the numerical coupling stability between flow and vessel wall has 
first been studied in academic model problems of flow in flexible tubes. Simulations of compliant arteries followed, e.g. 
[36,56,76,113,117]. Similar coupling-related numerical FSI issues are encountered in biomedical applications like heart valves 
[20,46,63,69], cerebral aneurysms [4], coronary by-passes [43,48], vocal folds [67] and the respiratory system [53]. The 
(additional) influence of peripheral resistance was studied in [70]. Although physiologically these phenomena can be quite 
different, mathematically they possess similar FSI and/or 3D-0D coupling issues, which are the focus of this paper.

Thus, fluid-structure interaction has been one of the main drivers of numerical coupling methods for partitioned sys-
tems; see the review papers by Park and Felippa [24,81]. It was found that the concept of added mass was very useful 
to understand the stability problems of the coupling approaches [42]. In the mid-2000s, several researchers in FSI studied 
the possibly destabilizing influence of the added mass [3,10,12,33,57]. In naval engineering this concept was known much 
longer [9,75,111], and exploited for example in numerical coupling methods for floating objects [22,23]. A recent industrial 
maritime application, prominently featuring the analysis of added-mass effects, can be found in [49,105–107]. To place this 
in a historical perspective, the basic concept of added mass was already known to Bessel in 1828 [6,92].

Outline of the paper The paper focuses on the behavior of coupling methods for hemodynamic multiphysics systems. Phys-
iological accuracy, e.g. by refining the used mathematical models, is not of primal concern; neither is a study of numerical 
discretization errors. We relate our investigations to the coupling problems encountered in schematized global circulation 
models represented by electrical networks as shown in Fig. 1. Here, a 3D detailed flow model of part of the circulation plays 
a central role, as the latter is not only coupled with an elastic model for the vessel wall, but also with a simple 0D model 
for the other parts of the circulation. We will study the algorithmic implications of this partitioned (i.e., non-monolithic) 
approach in a step-by-step manner.

Section 2 presents a short overview of existing coupling methods. In this context, the quasi-simultaneous coupling ap-
proach, originally developed to simulate aerodynamic boundary-layer interaction [13,97] is described. In this approach, an 
approximate formulation of the physics in the adjacent subdomain is solved simultaneously with the subdomain under 
investigation. The quasi-simultaneous approach is compared to more familiar weak and strong coupling approaches.

In Section 3 a 3D model of fluid flow through an elastic tube is subdivided into a model of fluid flow and a model of 
tube wall elasticity, together featuring fluid-structure interaction. The fluid flow is governed by the Navier–Stokes equations, 
and simulated using the comflo method [65]. The elastic wall dynamics are described by a simplification of the well-known 
Navier model: the independent rings model [14,84]. The latter is used as a boundary condition for the flow equations. The 
numerical coupling of these two model ingredients is discussed in Section 4, but no coupling with the remainder of the 
circulation is made yet. In particular, the latter section discusses a weak coupling between the flow and the elastic pipe 
wall. It is shown that theoretical stability limits derived from a simplified 1D flow model give a very useful indication of 
the stability limits found in numerical simulations with a full 3D CFD-FSI model.

In Sections 5 and 6 the coupling with the global circulation is pursued. Starting from a simple 0D-0D model, it is shown 
how the hemodynamics-related properties of the electrical model (resistance, inertia and compliance) influence the stability 
of numerical coupling algorithms. In particular, it is shown that compliance can lead to even bigger problems than the 
above-mentioned added-mass issues; the instability can become stronger upon time-step refinement when the coupling 
method is not well designed. After explaining the cause of these numerical coupling problems, we show how the quasi-
simultaneous approach can stabilize the coupling process in an efficient way. Finally, Section 7 discusses and summarizes 

the findings in the paper.
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Fig. 2. Weak coupling between subdomains, exchanging displacements (d) and forces ( f ).

2. Coupling methods for partitioned systems

2.1. Short overview of coupling approaches

In a multiphysics system, the computational domain is split into two or more subdomains, and in each of the subdomains 
a separate mathematical model is defined and discretized in space and time. In each time step, information is needed from 
the adjacent subsystem(s). This information is exchanged at the interface of the domains, in terms of the interface variables. 
To understand the challenges of numerical coupling methods, consider the following abstract notation of a two-domain 
partitioned, multiphysics system in terms of its interface variables f and d:

subsystem 1: f = M1 d; subsystem 2: − f = M2 d. (1a,b)

In principle, we could have included the influence of interpolations between the interface variables on both sides of the 
interface by distinguishing f1, d1 and f2, d2, respectively, and adding interpolation relations for f and for d. But in this 
paper we want to concentrate on the essential coupling issues.

Typically, in a mechanical context of moving objects (solid bodies or fluids), f denotes forces and d represents displace-
ments or accelerations. M1 and M2 represent the equations of motion of the objects, with the dominant contribution 
constituted by their inertial properties (i.e. mass and moments of inertia). In terms of domain decomposition, one may 
consider these relations as time-dependent Dirichlet-to-Neumann maps (also termed Poincaré-Steklov maps [58]) of the 
respective subsystems.

The numerical solution of a multiphysics system can be obtained broadly in two ways: either via a monolithic or via a 
segregated approach [47]. The latter is also known as staggered, hierarchical [81] or partitioned [24]. In a monolithic solution 
method, the equations forming the subsystems are combined and solved as a single, unified system. When parts of the 
system are only available as a black-box (e.g., because they are commercial software), such a monolithic procedure is not 
possible [19].

In a segregated solution method, the solvers for the subsystems are coupled by (input/output) interface variables [18,24,
50,81]. Having been re-invented many times, various other names exist for this type of approach, like ‘modular simulation’ 
[55] or ‘co-simulation’ [5]. From a software point of view, the segregated method is clearly attractive, as it allows the 
(flexible) use of existing solvers for each of the separate subsystems. But the numerical stability, hence robustness, of the 
coupling process may be lost, e.g. [19].

When the interface variables are exchanged only once per time step, the coupling is called weak [81], explicit [18] or loose
[44]. Such a weak coupling approach resembles a Gauss–Seidel-type time integration, and is usually simple to implement (a 
schematic of this approach is shown in Fig. 2).

subsystem 1: f old = M1 dold −→ subsystem 2: − dnew = M−1
2 f old. (2a,b)

The weak approach can be efficient also, since both subsystems are solved only once per time step. Stability problems arise 
when the spectral radius of the amplification matrix satisfies ρ(M−1

2 M1) > 1. In mechanical solid-fluid systems, the latter 
ratio is termed the ‘added-mass ratio’, i.e. the ratio of the added mass (= the amount of fluid that moves with the object) 
versus the mass of the object. Because of this analogy, also in other types of coupled partitioned systems, we will use 
similar terminology. Note that, in general, this ratio is a ‘parasitic’ or ‘spurious’ eigenvalue (root) of the amplification matrix, 
in the sense that it has no physical meaning (physical roots behave like 1 + O(δt)). It is solely created because solving the 
problem has been partitioned in two (or more) segregated solves which then have to be ‘glued’ together.

By changing the order of the iterations the inverse approach is obtained, with an inverse iteration operator. It is guaran-
teed to diverge when the above direct approach converges, but it may converge when the direct approach diverges. Often 
both approaches will diverge, as some eigenvalues may be greater than one and others smaller than one. Preventing the 
instabilities when the added-mass ratio is too large requires more powerful coupling methods.

One solution to this problem is to apply some form of (under)relaxation [33,57]. But relaxation can only be applied to 
subiterations within one time step without jeopardizing the numerical time accuracy, e.g., via dual time-stepping or subcy-
cling [86]. Such a form of strong (or implicit [18]) coupling seriously increases the computational ‘price’. Hence the challenge 
is to design a cost-efficient method that stabilizes the time-integration process of a weakly coupled system without increas-

ing the computational effort too much.
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Fig. 3. Quasi-simultaneous coupling between subdomains: an intermediate approach between weak and monolithic coupling. Also model 1 may be com-
bined with an approximation of model 2.

From various view points, each with their own philosophy, useful approaches have been developed. We mention 
Aitken/Richardson relaxation [33,57], reduced-order models [109], approximate Dirichlet-to-Neumann interface operators 
[68,93], Robin–Robin or Robin–Neumann conditions [3,11,25,27,39,44,76], and mortar elements (FETI) [59,91]. The added-
mass view gives suggestions on how to design these and similar approaches. Degroote [18,19] presents excellent overviews 
of the quasi-Newton ideas that have been proposed for FSI over the years. Recent developments can be found in the intro-
ductory section of [74].

2.2. The quasi-simultaneous coupling method

History In this paper we will discuss the quasi-simultaneous coupling method [51,95,97,103]. It has been developed in the 
late 1970s for aerodynamic viscous-inviscid (boundary-layer) interaction, which provides a particularly challenging example 
of partitioned systems because of its high non-linearity. Cebeci’s monograph [13] describes its use in the aerodynamic 
analysis of airfoils and wings; application to wind turbine blades can be found in [7,8]. It was introduced into the general 
CFD community in [28, Ch. 16].

The starting point of the quasi-simultaneous method is the formulation in interface variables as symbolized in (1a,b). 
At locations where the flow in the boundary layer separates from the airfoil surface, the operator M2 becomes singular 
[95,98,101]. As a result, one or more eigenvalues of the iteration operator M−1

2 M1, and hence the (equivalence of the) 
added-mass ratio, move towards infinity: the ‘added-mass ratio’ may even change sign. That makes this viscous-inviscid 
interaction problem harder than any of the other applications mentioned above. It will not be surprising that it took half a 
century to develop an appropriate coupling approach; a historical account of this ‘quest’ for a suitable approach is presented 
in [99].

The quasi-simultaneous method has been used initially in a steady aerodynamic setting as sketched above. Later, the 
unsteady version was developed to be used in maritime applications, e.g., [22,49,107]. Here we will demonstrate its potential 
in unsteady calculations in hemodynamics. The quasi-simultaneous method can be considered a precursor ante litteram of 
the coupling methods for black-box systems that have been developed during the last decades [18].

In the quasi-simultaneous approach a simple approximation of one of the submodels is utilized and solved simultane-
ously with the other submodel(s) (Fig. 3). This so-called interaction law [97] is selected on physical insight, and interacts 
simultaneously with the other subsystem. It is a good strategy to base it on models that were in use in the days when 
computer performance was less powerful. These models do have a large physical content and nowadays are easy to solve. 
We will see below that they are ideal candidates to be used as an interaction law.

In its ‘maiden’ application, the interaction law that approximately describes the inviscid reaction to the viscous thickening 
(displacement effect) of the boundary layer, has been based on a classical thin-airfoil model [73,110]. This choice can 
also be motivated by asymptotic triple-deck theory for high-Reynolds number boundary layers [96,99]. The latter theory 
reveals that also in the singular-perturbation sense a strong interaction exists between boundary layer and inviscid flow, 
with a corresponding reversal of hierarchy [60]. Because of the elliptic character of the inviscid flow, in this application 
the coupling performance can be analyzed theoretically [100] using the one-century-old Perron–Frobenius theory for non-
negative matrices [94].

In modern domain-decomposition terminology, the quasi-simultaneous approach would be associated with a Robin–
Neumann or Robin–Robin coupling [27], an approximate Dirichlet-to-Neumann map [93], or a reduced-order model [109]. 
The interaction law would nowadays be called an interface or transmission condition, but we like to stick to its original 
name as given more than four decades ago. It would be interesting to compare the outcome of the recent optimizations of 
the coefficients of Robin–Robin conditions [38] with the well-established physical models used as interaction law.

In the literature there does not seem to be much knowledge exchange between the aerodynamic boundary-layer simu-
lations in the airplane industry, and the fluid-structure interaction in biomedical applications, although mathematically the 
coupling aspects are similar. Also, it seems that the design criteria and analysis techniques of the coupling approaches have 

a different flavor. In what follows, we will try to improve the knowledge dissemination between these areas.
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Mathematical formulation By implementing an interaction law, the partitioning of the system changes only slightly: part 
of one subsystem (an approximation of it) becomes part of the other subsystem, usually as a boundary condition. Such an 
interaction law reads

interaction law: f = f old + M̃1(d − dold) = M1 dold + M̃1(d − dold) (3)

and has the structure of a quasi-Newton linearization. But, as we will see below, the pseudo-Jacobian M̃1 does not need to 
be very accurate.

In formulas, the quasi-simultaneous method can be described as

subsystem 1: f old = M1 dold; (4a)

interaction law:

subsystem 2:

f − M̃1 dnew = f old − M̃1 dold,

− f −M2 dnew = 0.

}
(4b)

By eliminating f , a splitting (M2 + M̃1)dnew = (M̃1 − M1)dold of the original system (1) is obtained, which can be stud-
ied theoretically [94,100]. As mentioned above, the interaction law (3) can be seen as a (quasi-Newton) linearization of 
subsystem 1 around the ‘old’ dold from (4a). Thus M̃1 is an approximation of the operator M1. Observe that the choice 
M̃1 = 0 gives the weak coupling method, whereas the choice M̃1 =M1 corresponds with a fully monolithic approach. So, 
heuristically, the quasi-simultaneous method is somewhere in between the weak (segregated) and the strong (monolithic) 
approach.

Effectively, the stability criterion for the quasi-simultaneous approach becomes

ρ
[
(M2 + M̃1)

−1(M̃1 −M1)
] ≤ 1.

When the operators M1, M2 and M̃1 have the same set of eigenvectors, i.e. they commute, then the above condition can 
be considered for each of these eigenvectors separately. Hereto, consider one of those eigenvectors and let the corresponding 
eigenvalues be denoted by λ1, λ2 and λ̃1, respectively. In particular we consider those eigenvectors for which |λ1/λ2| > 1. 
Then the amplification factor for the quasi-simultaneous approach becomes (λ2 + λ̃1)

−1(λ1 − λ̃1). In this case, the stability 
criterion can be reformulated as∣∣∣∣λ1 − λ̃1

λ2 + λ̃1

∣∣∣∣ ≤ 1 ⇔ λ̃1 ≥ 1

2
(λ1 − λ2). (5a,b)

And hence, assuming both λ1 and λ2 are positive, this analysis indicates that it is sufficient when λ̃1 > 1
2 λ1 for the ‘critical’ 

eigenvectors. It is important that the approximation in the interaction law is simple, so that it can be solved together with 
the other subsystem relatively easily. Models used in the days of modest computing power are likely to satisfy this criterion. 
Moreover, being the high-fidelity models of their time, they will be sufficiently accurate to satisfy the condition (5); hence 
they are good candidates for the role of interaction law.

Apart from discretization errors, the numerical coupling stability only depends on the physical content of the interac-
tion law, and not on the way the subdomain equations are solved (finite differences/elements/volumes, etc.). Heuristically 
formulated, (5b) states that it only needs to contain ‘one half’ of the essential physics of the problem, in particular half of 
the highest-order time derivative, as the other terms are at least one order δt smaller. The criterion (5) can also be used 
to explain the behavior of other Robin–Robin (Neumann) coupling conditions. Recall that the amplification factor in (5a) is 
caused by the numerical partitioning of the system, and has no physical meaning.

The above analysis gives clues on how to design the interaction law: it should contain those eigenvectors/eigenspaces that 
give rise to an instability of the weak coupling method. E.g., in FSI simulations involving (non-linear) offshore constructions, 
the interaction law is built from the lowest structural modes of a linear Euler-Bernoulli beam model as these have the 
largest modal added mass [49,107]. In the late 1970s, this also motivated the terminology “quasi-simultaneous”: the most 
important part of the interacting physics is treated in a simultaneous way. This idea has recently been re-invented as the 
“quasi-monolithic” method (compare the titles of the papers [97] and [41]). See also the deliberations in [26, p. 797] fore 
motivating a “semi-implicit” approach. Also, Lemma 5.4 in [77] describes a condition similar to (5), while page 462 states 
“...the use of Robin boundary conditions allows us to incorporate the structure equation as a boundary condition for the 
fluid...”. This quote describes exactly the motivation for developing the quasi-simultaneous method [95].

The unsteady quasi-simultaneous method can also be considered as a mixture of explicit and implicit time integration. 
In modern terminology it is a generalized IMEX (implicit-explicit) time-integration method [1,18], where the term “gen-
eralized” reflects that also the highest-order time derivative is split over two (or more) time levels. From this point of 
view, also approximating the operator M2 is a natural step to make (a Robin–Robin coupling). Furthermore, the general-
ization to partitioned systems with more than two subsystems becomes straightforward, and useful in situations when the 
software describing the subsystems is only available as ‘black boxes’ [19]. Similar to the well-known generalized Crank–
Nicolson method (a.k.a. θ -method [61, p. 244]), it suffices when ‘half of the equation’, in particular the highest-order time 

derivative, is treated implicitly, as expressed by (5). This IMEX view makes the quasi-simultaneous method a (generalized) 
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time-integration scheme; indeed, we will demonstrate in Sec. 5.3 that its accuracy can be controlled by selecting the time 
step. Thus, the quasi-simultaneous coupling method is a robust method, and efficient because the interaction law can be 
kept simple.

3. Modeling of fluid flow in compliant tubes

In this section we will model the flow in elastic arteries by means of pulsatile flow in an elastic, compliant tube. In 
the text to follow we shortly describe the models for the fluid flow and for the tube wall. Also, the main lines of their 
discretization are sketched. Numerical coupling issues will follow in Section 4.

3.1. Fluid dynamics - Navier–Stokes

Assuming the fluid to be Newtonian and incompressible with constant density ρ f and dynamic viscosity μ [82,83], 
its motion can be described by the incompressible Navier–Stokes equations, written as conservation laws for mass and 
momentum: ∮

∂V

u · n dS = 0, (6a)

∫
V

∂u

∂t
dV +

∮
∂V

uu� · n dS = − 1

ρ

∮
∂V

(p I 3 − μ∇u) · n dS. (6b)

Here n is the normal on the boundary ∂V of the control volume V and I 3 denotes the 3 × 3 identity matrix. Further, u is 
the velocity vector, p the pressure, and μ is the molecular viscosity.

Discretization The forces from the elastic tube wall - which basically is a straight pipe for geometric simplicity - exerted 
onto the fluid are implemented using a member of the large immersed boundary family [71], herewith following the spirit 
of the biomedical landmark paper by Peskin [85]; see also [40]. In particular, the CFD simulations have been performed 
using the side-branch comflo of the finite-volume simulation method for free-surface flow ComFLOW, e.g. [37,52,104,112]. 
This side-branch is specially adapted for applications related to hemodynamics [65,66,70]. A short overview of this CFD 
method is given below; for more information we refer to the ComFLOW website [16].

A symmetry-preserving [102,108] finite-volume discretization of the Navier–Stokes equations (6) on a rectilinear (Carte-
sian) grid is employed. Applications with arbitrary complex (3D) geometries are enabled by means of an immersed boundary 
method, in particular a cut-cell approach [15,21,115]. Cell and edge apertures are used that denote the fraction of the cell 
that is occupied by fluid, and the fraction of a cell face that is open to flow, respectively (similar to the ‘open area ratios’ of 
Yokoi et al. [115]).

The fluid equations (6) are solved on a staggered rectangular grid [45]. The control volume V for the discretization of 
the continuity equation (6a) is the open part (occupied by fluid) of the computational cell (Fig. 4 (left)). For the momentum 
equation (6b) the control volume is defined by the union of half of the left-hand cell and half of the right-hand cell 
(Fig. 4 (right)). The finite-volume discretization of the convective and diffusive terms takes account of the open apertures 
[37,65,70]. In this way, the (energy-preserving) skew symmetry of the convective operator is retained after discretization 
[21,108].

We denote the vector of all (discrete) velocities by u. Similarly, p is a vector containing the unknown pressures. Using 
the explicit forward Euler method for the time discretization, the finite-volume discretized Navier–Stokes equations can be 
written as

Mun+1 = wn+1; V
un+1 − un

δt
+ C un = − 1

ρ f
(G pn+1 − μDun). (7a,b)

Here M is the coefficient matrix of the discrete continuity equation; V is a diagonal matrix containing the size of the 
control volumes for each component of u; C , D and G are the coefficient matrices of the discretized convective, diffusive 
and pressure terms, respectively; and the vector wn+1 contains the mass flux of the moving arterial wall. Substituting (7b)
into Eq, (7a) gives a Poisson equation for the pressure:

M V −1G pn+1 + ρ f wn+1

δt
= M

(
ρ f un

δt
+ Rn

)
, (8)

where Rn = V −1(μD −ρ f C)un contains the convective and diffusive terms. Important is that the matrix M in the continuity 
equation (7a) and the matrix G in the pressure gradient in (7b) are related by G = −MT (discretely mimicking the analytic 
relation between the ‘div’ and ‘grad’ operators), hence M V −1G = −M V −1/2(M V −1/2)T is a symmetric negative-definite 
matrix. Together with the skew-symmetric convective discretization, this makes the resulting semi-discrete system stable 

[21,108].
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Fig. 4. Control volumes (gray) for mass (left) and momentum (right) near a boundary (black). The arrows indicate the positions where the horizontal and 
vertical velocity components are defined.

Fig. 5. The Navier equation models the tube wall as a thin-walled linear elastic, isotropic material (membrane) that can be locally transformed in radial (η) 
and longitudinal (s) direction.

The mass-flux vector wn+1 in the Poisson equation needs a model of arterial wall elasticity relating loads and displace-
ments, thus effectively yielding an implicit boundary condition; therefore it has been written on the left-hand side of (8). 
This will be elaborated upon in the next subsection. The Poisson equation is solved by a preconditioned Krylov solver. Once 
the pressure pn+1 is known, the velocity un+1 follows from (7b).

3.2. Tube wall dynamics - independent rings

The tube wall dynamics can be modeled by the ‘classical’ Navier equation of linear elasticity [84,87]. This equation 
models the tube wall as a thin-walled linear elastic, isotropic material (membrane), that can be locally transformed in radial 
and longitudinal direction (Fig. 5).

In our simulations we will use a further simplified version of the Navier equation: the independent rings model [14,30,
84]:

ρsh
∂2η

∂t2
+ Eh

(1 − ν2)

η

r2
0

= p. (9)

Here, E is Young’s modulus, ν is the Poisson ratio, ρs is the density of the tube wall, h is the thickness of the tube wall, p
is the fluid pressure load, and η is the radial displacement of the tube wall with undisturbed radius r0 .

The independent rings model provides a relatively simple description of the (axisymmetric) radial displacement η(z, t), 
independently for every z. Cross-sectional rings act independently of each other and effects of longitudinal stress are ne-
glected. This is a reasonable assumption since the longitudinal motion of vessel walls is small; also, it allows to set ν = 0
[84]. E.g., in [14] the model is used to describe wall elasticity in CFD simulations of blood flow in the carotid arteries. As 
mentioned above, for our study of numerical coupling (in)stability such a model suffices: coupling stability is fairly inde-
pendent of physiological accuracy. For modern, more advanced, models of elastic blood vessels the analysis to follow in 
essence will not change. The same numerical coupling strategy can be followed, yielding a comparable ‘amount’ of stability. 
We will next explain how the combination of this wall model with the equations for the fluid motion can be solved in a 
stable manner.

Discretization In discretized form, the independent rings model (9), can be written as

ρsh
η̇n+1 − η̇n

δt
+ Eh

r2
0

ηn = pn+1, (10)

with η̇ the radially-directed velocity of the moving tube wall. The (linearized) connection with the velocity of the fluid flow 
is given by

un+1 · n|wall = η̇n+1. (11)

The independent rings model is implemented locally, i.e. the wall acceleration η̈ is calculated from the local fluid pressure 

and wall position.
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In a weak coupling, the pressure is input to the independent rings model (10). The resulting velocity η̇ of the tube wall 
is then fed back to the flow simulation via (11). In a strong coupling, the elastic wall model (10) is considered as an implicit 
boundary condition for the Poisson equation for the pressure (8). Observe that the Poisson equation contains a vector wn+1

representing the mass flux of the moving wall. Through (11), this term can be related to the discrete independent rings 
model (10), and thus expressed in terms of the pressure pn+1 (hence its presence in the left-hand side of (8)).

4. Fluid-structure interaction - weak coupling

We start our exploration of coupling methods for fluid-structure interaction in compliant tubes by studying the weak 
coupling approach between the 3D models for flow and elastic wall as described in the previous section. To allow for a 
theoretical analysis of the coupling approach, also a simplified 1D flow model will be studied which can be analyzed by 
means of “pencil and paper”. This model only contains the physical ingredients that play an essential role in the numerical 
stability of the coupling, which in our case comprises the compliance of the tube wall. Effects from viscosity or geometric 
details can safely be ignored in this analysis. Its stability predictions will then be compared with the numerical stability 
found with the full 3D CFD-FSI flow model. The good correspondence found will show the usefulness of this simplified 
analysis, while at the same time it justifies ignoring in the analysis parts of the physics that have less influence on numerical 
stability.

4.1. Simplified 1D flow model for a compliant tube

For the simplified fluid equation, we consider a one-dimensional inviscid flow in a straight elastic tube, with only a 
longitudinal velocity component. The longitudinal velocity u(z, t), pressure p(z, t), radius r(z, t) and surface area A(z, t) =
πr2 of the cross-section of the tube are functions of the axial coordinate z and time t only. The equations for conservation 
of mass and momentum are given by (see [2,34], for example):

∂ A

∂t
+ ∂

∂z
(u A) = 0; ∂u

∂t
+ u

∂u

∂z
+ 1

ρ f

∂ p

∂z
= 0, (12a,b)

in which ρ f is the density of the fluid. To obtain a direct relationship between the interface variables p and r, we will 
assume small deformations (η ≡ r − r0 
 r0; neglect quadratic terms) and eliminate the velocity u:

2

r0

∂2η

∂t2
= 1

ρ f

∂2 p

∂z2
. (13)

Thus, in terms of fluid dynamics, ∂2 p/∂z2 is the driving force of lumen expansion.
Together with the independent rings model (9) we have now obtained a simple FSI model for compliant tube flow. 

Though it does not provide detailed information on the velocity field, it describes the dynamics of the interface, thus 
representing the important physical aspects. As such, this simple FSI model is suitable to investigate the numerical stability 
of the weak coupling approach for fluid-structure interaction.

4.2. Effect of wall elasticity on stability

Applying the weak coupling method (2) to the FSI model (9)+(13), using wall acceleration η̈ as input for the fluid 
subsystem and pressure p as input for the wall subsystem, results in:

fluid:

(
∂2 p

∂z2

)n+1

= 2ρ f

r0

(
∂2η

∂t2

)n

, (14)

implicit tube wall: ρsh

(
∂2η

∂t2

)n+1

+ Eh

r2
0

ηn+1 = pn+1. (15)

In the wall equation, the acceleration term ∂2η/∂t2 depends on the pressure p obtained from the fluid equation and on 
the elasticity term Eh/r2

0 η. There are two ways of solving the wall equation for the wall position η: with an implicitly 
discretized elastic term (time level n + 1), as above in (15), or with an explicitly discretized elastic term (time level n), as in

explicit tube wall: ρsh

(
∂2η

∂t2

)n+1

= pn+1 − Eh

r2
0

ηn. (16)

The stability analysis considers Fourier modes ηn = aneiκz and pn = bneiκz , for which the spatial dimension and the 

pressure can be eliminated from the FSI model (14)+(15), leading to
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Fig. 6. Stability of the discretized FSI model in terms of the mass ratio ∼ 1/G and wall stiffness ∼ K .

ρsh

(
∂2a

∂t2

)n+1

+ Eh

r2
0

an+1 = − 2ρ f

κ2r0

(
∂2a

∂t2

)n

.

In the limit δt → 0, the coefficients of the second-order time derivatives determine the zero-stability [61] of the coupling: 
the coefficient for time level n + 1 should be larger than (or equal to) the coefficient for time level n:

ρsh ≥ 2ρ f

κ2r0
∀κ

κ=π/�−→ ρsh ≥ 2ρ f �
2

π2r0
,

where we considered the smallest wave number κ = π/� (with period 2�). This condition, also found by Causin et al. [12]
in a 2D setting, provides an estimate of the order of magnitude of the fluid-structure mass ratio for which the method is 
stable. Note that the condition is independent of the time step δt , and cannot be satisfied by decreasing the time step. It is 
an example of an added-mass type instability as discussed in Section 2. A detailed analysis of such stability conditions for 
FSI can be found in, e.g., [33].

For non-zero time step, the amplification behavior follows after discretization in time, and yields the characteristic equa-
tions

explicit tube wall: λ3 − (2 − G − K )λ2 + (1 − 2G)λ + G = 0, (17a)

implicit tube wall: (1 + K )λ3 − (2 − G)λ2 + (1 − 2G)λ + G = 0, (17b)

for the explicit (16) and implicit (15) treatment of the tube wall, respectively. The abbreviations G and K are given by

G = 2ρ f

κ2r0hρs
; K = δt2 E

r2
0ρs

, (18)

where G represents the mass ratio between fluid and wall subsystems, and K represents the stiffness of the arterial wall. 
Stability boils down to all roots lying inside the unit circle: |λ| ≤ 1. Working out this condition leads to the requirements

explicit wall: 0 ≤ K ≤ 4 − 4G; implicit wall: K ≥ 4G − 4 ≥ 0. (19a,b)

Fig. 6 shows the stability regions in the (K , 1/G)-plane, in a lay-out which makes it compatible with Fig. 7 below. The 
curves K = ±(4G − 4) divide the region in three regions, separated by curves of neutral stability where the spectral radius 
ρ = 1. In the bottom region both implicit and explicit methods are unstable (ρ > 1); in the middle region only the implicit 
method is strictly stable (ρ < 1); whereas in the top-left region both methods are stable. For K → 0 (i.e. δt → 0) the 
mass ratio ∼ 1/G must be limited from above to achieve stability, which leads to the condition for zero-stability found in 
Section 4.2. For non-zero values of K , an explicit treatment of the elasticity decreases the G-interval for stability, whereas 
an implicit treatment improves stability. In Sections 5 and 6 we will see another example where the compliance of the tube 
wall can have a destabilizing effect on numerical coupling methods.

4.3. Stability of full 3D simulations

The above theoretical stability conditions of the FSI model will be compared to the stability of the full 3D CFD simulations 
of fluid flow in an elastic tube. Hereto, we first rewrite the stability conditions in terms of the flow parameters. After 
substitution of the expressions for G and K given by (18), with κ = π/� (the smallest Fourier mode), the stability condition 
(19a) of the FSI model with explicitly discretized wall motion (14)+(16), and the stability condition (19b) with implicitly 

discretized wall motion (14)+(15), respectively, read:
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Fig. 7. Approximate theoretical FSI-stability limit (20) (solid line) and numerically found stability limit of the full CFD simulations (circles) in an elastic 
tube. Explicit (a) and implicit (b) discretization of wall stiffness. The stable region lies above the curve in the (Eh/r2

0, ρsh)-plane - note the logarithmic 
horizontal axis; see also Fig. 6.

explicit wall: ρsh − δt2

4

Eh

r2
0

≥ 2�2ρ f

π2r0
; implicit wall: ρsh + δt2

4

Eh

r2
0

≥ 2�2ρ f

π2r0
. (20a,b)

To test the predictive quality of these theoretical stability conditions, we have performed unsteady CFD-FSI simulations of 
pulsatile fluid flow in a compliant tube, using the finite-volume CFD model of Section 3.1 and the independent rings model 
of Section 3.2. A weak coupling approach is followed, in which the fluid model provides the wall model with the pressure, 
and the wall model feeds back the displacement of the arterial wall. To generate pulsatile flow, a sinusoidal inflow pressure 
is prescribed as Pin = 5 · 103 + 2 · 103[sin(2π(10t − 1/4)) + 1], and the outflow pressure is set constant at Pout = 5 · 103.

Simulations have been set up for various values of the wall stiffness and for increasing values of the wall mass to find 
the parameter values for which the simulation is just stable (neutral stability). The wall density ρs and Young’s modulus 
E are the parameters that are varied; the fluid density ρ f , the geometry parameters �, r0 and h and the time step δt
are kept constant. The neutral stability points in the (Eh/r2

0, ρsh)-plane thus found are plotted in Fig. 7 together with the 
theoretical bounds from (20); compare also Fig. 6. As can be seen, the theoretical condition for the simplified model, where 
physical effects that are less important for the numerical coupling have been ignored to make a “pencil-and-paper” analysis 
feasible, does a very good job of predicting the performance of the detailed CFD-FSI simulations. The graphs in Fig. 6 show 
a clear transition from a mass-dominated to a stiffness-dominated system. Obviously, it is not wise to explicitly discretize 
a dominant (stiff) elastic tube wall, as is confirmed by the left-hand graph. It is far better to treat it in an implicit manner 
(right-hand graph).

The latter can be achieved by a quasi-simultaneous approach. Several options can be imagined to choose the approximate 
wall model to be solved simultaneously with the fluid equations. An option is to build the interaction law from the lower 
elastic modes, as these have the largest modal added mass. This option has been pursued in our simulations of wave 
impact against elastically deforming offshore constructions (based on Euler-Bernoulli beams) [49,107]. Based on the useful 
(quantitative) prediction of the stability limits by the simplified model, a reader can decide how to resolve a potential 
instability caused by compliance.

In what follows we will focus on the 3D-0D partitioning of the CFD-FSI model coupled with an electric system represent-
ing the global systemic circulation. In doing so, we will choose the FSI interaction law equal to the ‘full’ elastic model, i.e., 
we follow a monolithic approach inside the CFD-FSI simulations. In this way we can concentrate on the numerical coupling 
with the 0D circulation model, in particular on the disturbing stability effect that compliance can have on numerical 3D-0D 
coupling stability. We will do so in two steps, starting with a 0D-0D analysis.

5. Model problem with 0D-0D coupling

Our next step concerns the coupling of the model from the previous section to an electrical network model as indicated 
in Fig. 1 [17,32,78,88], which is meant to represent the global cardiovascular circulation. In such an electric model the 
resistor R represents the (mainly viscous) resistance that the fluid flow experiences and is accompanied by a pressure drop, 
the inductor L mimics the effects of inertia (mass) of the flowing fluid, whereas the capacitance C represents the effect 
of an elastic (expanding and contracting) tube wall. A small part of the circulation is described by the more detailed 3D 
CFD model comflo, in combination with the independent rings model (see Section 3). Based on the findings in Section 4, 
the latter two models are strongly coupled, hence we have eliminated possible instabilities from the FSI between flow and 

tube wall. In this way, our attention can be focused on the coupling between the CFD-FSI model and the global circulation, 
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Fig. 8. Model problem of the partitioned system in Fig. 1. The RLC circuit represents the CFD model of compliant pipe flow, and the three-element 
Windkessel circuit Rout Cwk Rwk is the same as the Windkessel element RoutC3 R3 in the full model.

which is called a 3D-0D coupling [29,31,118]. We will study this coupling in two steps. First, in this section we will couple 
a simple 0D model for the CFD-FSI problem to the 0D model representing global circulation, to understand the nature of 
this type of coupling. Thereafter, in Section 6, we will couple the 3D CFD-FSI model to the circulation.

This two-step approach is motivated by our observations of a large difference in the numerical coupling stability de-
pendent on whether the tube wall is rigid or compliant. Therefore, we will start the presentation of our findings with a 
theoretical stability analysis of 0D-0D coupling methods in rigid and compliant situations. This analysis will be carried out 
for a simplified model problem, and will provide further understanding of the factors that determine whether or not a 
0D-0D or 3D-0D coupling method is numerically stable.

5.1. Definition of a simplified model

To allow for a theoretical stability analysis, we introduce a simplified version of the 3D CFD model of compliant pipe flow 
as in the left-hand part of Fig. 8: an RLC circuit representing a schematized version of our CFD model. The three-element 
Windkessel [62,80] model in the right-hand part of Fig. 8 is the same as in the full systemic circulation model in Fig. 1. The 
voltage pout and current qout are the interface variables of the partitioned model problem. The RLC subsystem is governed 
by

pin − pout = Rqin + L
dqin

dt
, C

dpout

dt
= qin − qout, (21a,b)

whereas the equations of the Windkessel subsystem are given by [62]

pout − pwk = Routqout, Cwk
dpwk

dt
= qout − pwk

Rwk
.

To obtain the description of the 0D-0D partitioned system in terms of the interface variables pout and qout (which allows 
to study the stability of the system), qin in the RLC system and pwk in the Windkessel model can be eliminated, resulting in

RLC
subsystem: pin −

(
1 + RC

d

dt
+ LC

d2

dt2

)
pout =

(
R + L

d

dt

)
qout, (22a)

Windkessel
subsystem:

(
1 + Cwk Rwk

d

dt

)
pout =

(
Rout + Rwk + Cwk Rout Rwk

d

dt

)
qout. (22b)

5.2. Weak coupling

We now first apply the weak coupling method, using the voltage drop pout − pin as input for the RLC subsystem, and the 
current qout as input for the Windkessel subsystem (for convenience we set pin = 0). This entails taking the inverse of some 
of the operators in (22). In the reformulation of these equations below, the output values of both subsystems are written 
on the left-hand side; the input values and the operators acting on them are written on the right-hand side:

RLC: qn+1
out = −

[(
R + L

d

dt

)−1

+ C
d

dt

]
pn

out (23a)

Windkessel: pn+1
out =

[
Rwk

(
1 + Cwk Rwk

d

dt

)−1

+ Rout

]
qn+1

out . (23b)

If we would have chosen the inverse hierarchy for the weak coupling, i.e. the current q as input for the RLC subsystem and 

the voltage p as input for the Windkessel subsystem, the operators in (23) would have come out in the inverse order.
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Table 1
Behavior of the parasitic amplification factor as δt → 0 for a weak 
coupling of an RLC-subsystem (23a) with a Windkessel model 
Rout Cwk Rwk (23b). Either, the RLC-subsystem is solved with pre-
scribed pressure drop p and the Windkessel system with pre-
scribed flux q (first row), or the system is solved in the inverse 
coupling order (second row).

RLC solved with C = 0 C = 0
all LL = 0 L = 0

p prescribed − Rout

R
− Routδt

L
− Rout C

δt

q prescribed − R

Rout
− L

Routδt
− δt

Rout C

Equations (23a) and (23b) are solved successively: starting from an ‘old’ initial value pn , a ‘new’ qn+1 is computed by 
the RLC subsystem, after which a ‘new’ pn+1 is computed by the Windkessel subsystem. To analyze the stability of this 
iterative process, we must consider the operators in the right-hand sides of (23). For strict stability the eigenvalues of the 
amplification factor, which is the product of the operators in (23a) and (23b), must lie inside the unit circle for sufficiently 
small time step δt . Thus, let us now look closer at the behavior of these operators for small values of δt . In doing so, 
it is important to realize that after discretization in time, a first-order time derivative generates a term O(1/δt) in the 
amplification factor.

Unless L = 0, in the RLC-subsystem the term between round parenthesis in (23a) behaves as 1/δt , producing an inverse 
which is O(δt). This makes this term ‘innocent’ for δt → 0. Only in the degenerate case L = 0 it is O(1). As long as C = 0, 
the second term dominates being O(1/δt). A similar reasoning holds for the Windkessel subsystem. Unless Cwk Rwk = 0, the 
first term in (23b) is O(δt). In the exception case it is O(1) when δt → 0, making it as large as the second term.

Table 1 summarizes the behavior of the product of these operators, in the general case Cwk Rout = 0. It indicates the 
parasitic (= non-physical) amplification for two weak coupling methods:

• The first row corresponds with solving the RLC-system with prescribed voltage (pressure) drop p, and the Windkessel 
system with prescribed current (flux) q.

• The second row corresponds with the inverse exchange of information.

The table reveals a significant change in behavior depending on whether C = 0 or C = 0. In the first case, corresponding 
with a rigid tube wall, solving the RLC-system with prescribed voltage drop is either zero-stable (L = 0) or shows an added-
mass type behavior (L = 0). But when C = 0, i.e. when the tube wall is compliant, this weak coupling is unstable with 
an amplification factor that can become arbitrary large – decreasing δt makes the instability worse – suggesting that the 
inverse weak coupling order is the better choice (but then the inertia-term L is highly unstable). Yet, we will show below 
that the quasi-simultaneous method can deal with this highly unstable weak coupling.

5.3. Quasi-simultaneous coupling

To show the performance of the quasi-simultaneous coupling approach, we will next try to stabilize the most unstable 
coupling situation for the model studied above. Table 1 reveals two cases where the amplification factor grows like O(1/δt):

1. When the RLC model is solved with prescribed pressure (voltage) drop and C = 0;
2. When the RLC circuit is solved with prescribed flux (current) and C = 0 while L = 0.

We will now show how the first case can be solved using a quasi-simultaneous approach; the second case can be handled 
similarly. To make the analysis even simpler, we set all coefficients that do not appear in Table 1 equal to zero: Cwk = 0 =
Rwk . Then a quasi-simultaneous treatment of the above system would look like

RLC :
(

R + L
d

dt

)
qn+1

out + L̃C
d2

dt2
pn+1

out = −
(

1 + RC
d

dt
+ (LC − L̃C)

d2

dt2

)
pn

out, (24a)

Windkessel : pn+1
out − Routq

n+1
out = 0. (24b)

Many other forms can be used: the essence is that the second-order time derivative in the right-hand side of (24a) is 
‘controlled’. In fact, this is the essence of the added-mass instability: the highest time-derivative appears at two (or more) 
different time levels. In the quasi-simultaneous method, L̃C plays the central role. It should provide an estimate of the 
compliance LC of the tube wall, and be treated in an implicit way. For small δt , the coupling stability is then determined 

by (L̃C − LC)/L̃C , hence (asymptotically) L̃C > 1

2 LC suffices for stability (compare (5)).
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Fig. 9. (a) The amplification factor of the coupling iterations (24) as a function of the chosen coefficient L̃C in the interaction law and the time step δt . (b) 
Sensitivity of the discrete solution to the choice of the coefficient L̃C: smaller values of L̃C are more unstable.

Stability To illustrate the stability of the system (24) we eliminate qout and apply the usual backward discretizations of 
the time derivatives. A third-degree characteristic equation is formed; its details are not relevant to present here, as we 
will solve it numerically. For simplicity, in our example we take R = Rout = 1, L = 1 and C = 1. One free parameter is 
left: the quasi-simultaneous coefficient L̃C . We will vary the time step δt to study the largest absolute root of the above 
characteristic equation as a function of the quasi-simultaneous coefficient and the time step. Fig. 9 shows the results for 
this largest root, which equals the amplification factor per time step. Observe that for small δt and small L̃C the behavior 
as C/δt from Table 1 is visible. The figure also shows the contour line equal to 1 of the amplification factor; it is located 
quite close to L̃C = 1

2 LC , perfectly showing the relevance of Crank–Nicolson’s unconditional stability limit θ = 1
2 .

The amount of instability also shows when looking at the solution. Fig. 9(b) displays the behavior as a function of time 
(using fixed time steps δt = 0.02) of solutions at various values of the coefficient L̃C/LC just below the stability limit. The 
graphs show that the further L̃C/LC is away from this limit, the earlier the instability becomes visible for the human eye. 
The sawtooth behavior in time indicates that the eigenvalue leading to instability is smaller than -1. This gives a sharp 
transition from stable to unstable, as usual for diffusion-type stability limits.

Remark The above analysis implicitly assumes that the coefficients R , L and C are bounded, such that for small enough 
δt the highest-order derivative becomes dominant. When a tube wall is gradually collapsing and blocking the flow, the 
corresponding R will grow, and (24a) suggests to also include an approximation of the RC-term in the interaction law.

Accuracy Another issue influenced by the choice of the interaction law is the accuracy of the time-dependent solution. For 
the Crank-Nicolson method a value of θ just above 1

2 shows close to second-order accuracy in time, but for larger values of 
θ the accuracy drops down to first-order (we are not aware of studies with θ � 1 in the literature). For stability reasons it 
is wise to choose the coefficients in the interaction law as large as possible, but this might deteriorate the accuracy: let us 
try to quantify this. Thus, let us study the above test problem (24), starting at t = 0 with pout(0) = 1, and let the solution 
tend to the limit for large t: pout(∞) = 0.

Fig. 10 shows a time-step study of solutions at a moderate value of L̃C/LC = 1 corresponding with an implicit (backward-
Euler type) coupling of the second-order derivative, and solutions at a quite large value of L̃C/LC = 5. The latter solutions 
are clearly less accurate, but they do nicely converge (first-order) to the exact solution when the time step is refined.

Summarizing, Figs. 9 and 10 show that a too small value of the quasi-simultaneous interaction coefficient leads to 
instability, but a value that is very large does not do critical harm. This gives much flexibility when the processes are highly 
non-linear and estimates for the parameters R , L and C in the interaction law are only roughly predictable. Yet, an estimate 
on the high side will preserve numerical stability and only time accuracy might suffer (but in a repairable way).

6. Cardiovascular circulation - quasi-simultaneous 3D-0D coupling

6.1. Electrical model for the global circulation

After having studied a 0D-0D coupling problem, we are ready to combine our experiences to study partitioned coupling 
approaches for the larger electrical system shown in Fig. 1. This system, which has more features of the global cardiovascular 

circulation, is partitioned into two parts: (i) a 3D CFD-FSI model as studied above, and (ii) a three-compartment electrical 
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Fig. 10. Time-step refinement of the solution pout(t) at (a) a moderate value L̃C/LC = 1, and (b) a quite large value L̃C/LC = 5.

model representing the global circulation. The system has internal variables p = [ p1 p2 p3 ]T and q = [ q1 q3 ]T , and 
interface variables

p I = [ pin pout ]T and q I = [ qin qout ]T . (25)

• The model for the 3D flow part, including the FSI with the tube wall, is abbreviated as q = F [p]; details have been 
described in the previous sections.

• The global circulation part is represented by an electrical network governed by

q = max(A p,0),
d(K p)

dt
= Bq + DqI , G p I = H p + q I , (26a,b,c)

with parameter matrices

A =
[

1/R1 −1/R1 0
−1/R3 0 1/R3

]
,

K =
⎡⎣ C1(t) 0 0

0 1 0
0 0 1

⎤⎦ , B =
⎡⎣ −1 1

1/C2 0
0 −1/C3

⎤⎦ , D =
⎡⎣ 0 0

−1/C2 0
0 1/C3

⎤⎦ ,

G =
[ −1/Rin 0

0 1/Rout

]
, H =

[
0 −1/Rin 0
0 0 1/Rout

]
. (27)

The matrices G and K should not be confused with the variables of the same name in Section 4.2.

The time-dependent parameter C1(t), a capacitor with a capacitance that changes over time, represents the heart action 
and is prescribed as [e(t)Ees + (1 − e(t))Eed]−1, with driver function e(t) = e−80(t−0.4)2

, and Ees and Eed the end-systolic and 
end-diastolic elastances, respectively [79,90,116]. The diodes (heart valves) ensure that q1 and q3 remain positive, which 
means that there is no backflow. Hence, if A pn in (26a) returns a negative value for q1 or q3, this value is set to 0. All other 
parameters are constants as given in Table 2. They have been chosen such that the compliance will not have much effect 
on the solution: physiologically it could be neglected. Yet, as we will see, it will have a dramatic effect on the behavior 
of the weak coupling method. In this way it forms a good test problem to demonstrate the numerical power of the quasi-
simultaneous coupling approach. Through this choice, these parameters will not be representative for the physiological 
situation; they are only used to study (critical) aspects of the numerical coupling behavior.

The above system (26) consists of three equations in four unknowns (p, q, p I and q I ), which after elimination of the 
internal variables p and q reduces to a relation between the interface variables p I and q I . We will denote this electrical 
network subsystem by E : p I = E[qI ].

6.2. Weak 3D-0D coupling

We will first investigate the behavior of a weak coupling between the two subsystems. Herein, first the equations (26)

of the electrical system E are solved successively:
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Table 2
(a) Physical parameters in the CFD system, and (b) electrical system parameters as used in simulating the 
model in Fig. 1.

(a) Parameters in CFD system [65].

Pipe length l 0.16 m
Pipe radius r0 8.0 · 10−3 m
Fluid density ρ 103 kg/m3

Kinematic viscosity ν 1 · 10−5 m2/s
Wall elasticity Eh/r2

0 1.0 · 107

(b)Parameters in electrical system [90].

Resistance R1 [Ns/m5] 1.0 · 106

Resistance R3 [Ns/m5] 1.0 · 106

Resistance Rin [Ns/m5] 0.1 · 106

Resistance Rout [Ns/m5] 0.1 · 106

Capacitance C2 [m5/N] 1 · 10−7

Capacitance C3 [m5/N] 1 · 10−7

End-systolic elastance Ees [N/m5] 10
End-diastolic elastance Eed [N/m5] 1

Fig. 11. Solid curves: Interface variables p and q of the partitioned system in Fig. 1 with a CFD model of rigid pipe flow, solved hierarchically (weak coupling 
method). Dashed curves: The same interface variables with a resistor-inductor combination as a simplified rigid pipe flow model, solved monolithically.

qn = max(A pn,0) −→ d(K p)

dt

n+1

= Bqn + Dqn
I −→ G pn+1

I = H pn+1 + qn
I . (28a,b,c)

Thus, given the current (flux) q a new value for the voltage (pressure) p is computed. The latter then is input for the 
CFD-FSI calculation. In this way, the weak coupling between the electrical network and the compliant flow model can be 
formulated as

pn+1
I = E[qn

I ] −→ qn+1
I = F[pn+1

I ]. (29a,b)

In words, the electrical system E receives the flux (current) at the interface as input, and provides the pressure (voltage) as 
output. Vice versa, the CFD-FSI system F calculates the flux q I from the pressure p I .

Rigid wall - weak 3D-0D coupling - simulations The parameter values for our simulations of the system in Fig. 1 are given 
in Table 2. Parameters for the CFD model (Table 2(a)) with a rigid tube wall were chosen according to [65]. Parameters of 
the electrical network (Table 2(b)) were taken from Smith [90], to have representative values to carry out the numerical 
coupling study. These parameters have been chosen such that numerically an interesting coupling situation is created, from 
which we can learn about critical numerical issues. In this way, we can also get a good impression of the numerical issues 
to be expected in the (less critical) physiological situations.

The simulation results are plotted in Fig. 11 as solid curves, showing the flux qin through the CFD pipe, and the inlet 
and outlet pressures pin and pout , respectively. The simulation results are stable; hence there is no need to implement a 
stronger coupling.

To give an idea of the time accuracy of the weak coupling method, we performed a simulation of the electrical network 
as a stand-alone model, as well (see the dashed curves in Fig. 11). For this purpose, a resistor/inductor combination was 
used as a rough approximation of the CFD model. Fig. 8 shows this simplified model inside the box labeled “Flow model”. 
Because of these two different models, the simulation results will not be exactly the same. But since the focus in this 
paper is on the numerical coupling stability, physiological time accuracy will not be studied in detail. A meaningful study of 
accuracy would need more sophisticated models of the physiology; yet, the numerical coupling behavior would be similar.

The simulation results in Fig. 11 show that the weakly coupled solution (solid lines) is quite similar to the monolithic 

solution (dashed lines). This confirms that for first-order time integration methods, the time accuracy of the weak coupling 
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Fig. 12. Instability of the flow interface variables of the partitioned system in Fig. 1 with a CFD model of compliant pipe flow, as solved with the weak 
3D-0D coupling method (29).

method is comparable to that of a monolithic method. The difference between the weak and monolithic solutions, which 
is most pronounced in the start-up phase of the flow, is caused by the lack of detail of the resistor/inductor combination 
compared to the 3D CFD model. So, for the simulation in this section, there are no signs of numerical difficulties, and in 
this case of a rigid tube wall the weak 3D-0D coupling method is a stable, efficient method to couple the two subsystems.

Compliant wall - weak 3D-0D coupling - simulations We will now add to the model of 3D CFD flow a model of tube wall 
elasticity, as compliance is a relevant aspect of cardiovascular physiology. Being interested in numerical coupling instability, 
we again use the simple independent rings model, which has been treated as an implicit boundary condition to the Navier–
Stokes equations using the comflo code (Section 3). Physiological accuracy can be obtained by using more sophisticated 
models.

The 0D-0D study in Section 5 suggests that a weak 3D-0D coupling will be unstable in the presence of compliance, and 
we first want to verify this theoretical prediction. Indeed, Fig. 12 shows the simulations to become unstable. Again, the 
results show the typical pattern of an amplification factor smaller than −1. As already expected, based on the analysis of 
the simplified problem in the previous section, the addition of wall elasticity destroys the stability of the weakly coupled 
3D-0D system. Note that the first few time steps the results follow the compliant results from the next section (Fig. 13) 
until the instability becomes visible (in particular in qout and pout).

6.3. Quasi-simultaneous 3D-0D coupling - compliant wall

Because the partitioned 3D-0D system in Fig. 1 with elastic tube walls could not be solved with the weak coupling 
method (see Fig. 12), we will demonstrate the way in which a quasi-simultaneous coupling method can do the job. Since it 
was the elasticity of the tube wall in the CFD model that caused the stability problems of the weak coupling method, we 
will use an interaction law that includes an approximation of the elasticity effects.

Choice of the 3D-0D interaction law We ignore that the electrical model for the global circulation (29a) is simple enough to 
be used as a boundary condition for the 3D CFD-FSI simulation (29b), which would lead to a monolithic approach without 
any coupling problems (hence, not interesting for the present study). But the situation changes when also the model for 
the cardiovascular circulation becomes complex, and we behave accordingly. The quasi-simultaneous approach handles this 
situation by adding a simple model for one of the subdomain problems as a boundary condition to the other subdomain 
problem. Here, we will add a simple model for the 3D CFD-FSI model F (29b) as a boundary condition for the electrical 
network model E (29a). A useful approximation which can be used as an interaction law F̃ has already been investigated 
in Section 5. The quasi-simultaneous approach then has the following structure; compare (4):

3D CFD-FSI model: qn
I = F[pn

I ]; (30a)

interaction law:

global circulation:

q∗
I − F̃[pn+1

I ] = qn
I − F̃[pn

I ],
E[q∗

I ] − pn+1
I = 0.

}
(30b)

Since the interaction law is, by design, a very simple model, the calculation of the solution of (30b) should cause no 

problems. As explained in Section 2, the implicit solution of F̃ together with E is meant to prevent the stability problems 
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associated with the weak solution method, by solving the ‘dominant’ physics of the 3D CFD-FSI model F simultaneously 
with the electrical system E .

As mentioned, we choose F̃ [p I ] to be the RLC circuit approximation of the CFD model of compliant pipe flow (29b)
as used in Section 5 (see Fig. 8). This is a straightforward choice, as the electrical circuit approximation is easy to solve 
together with the electrical system E . The values of the parameters for resistance, inductance and capacitance of compliant 
pipe flow are estimated from the above comflo simulations as [89]:

R̃ = 8 μl

πr4
0

; L̃ = lρ

πr2
0

; C̃ = 3lπr3
0

2Eh
, (31)

where the physical parameters are given in Table 2(a). Note that the capacitance C is an essential element, as in the 0D-0D 
coupling the elasticity in the CFD-FSI model of pipe flow made the weak coupling method fail (see Section 5).

The RLC approximation qI = F̃ [p I ] is given by the model in Section 5.1. In particular, to determine qin we use the 
basic equation (21a), whereas for qout we apply (23a). After time discretization of these equations, and only considering the 
higher-order time derivatives, we choose the interaction law as

F̃[pn+1
I ] ≡ M̃ pn+1

I + Ñ pn
I , (32)

with

M̃ =

⎡⎢⎢⎣
δt

δt R̃ + L̃

−δt

δt R̃ + L̃

δt

δt R̃ + L̃

−δt

δt R̃ + L̃
− C̃

δt

⎤⎥⎥⎦ , Ñ =
⎡⎢⎣ 0 0

0
C̃

δt

⎤⎥⎦ .

Also in this notation, the amplification factors collected in Table 1 are clearly recognizable, with a ‘leading’ role for the 
compliance term C̃/δt .

Now, let us return to the model (28) of the electrical system p I = E[q I ], in particular (28c) from which the output pn+1
I

is calculated:

G pn+1
I = H pn+1 +F[p I ]n, (33)

where the parameter matrices G and H are given as before in (27). We apply the interaction law (32) to the input qn
I =

F [pn
I ] of (33), i.e. add F̃ [pn+1

I ] − F̃ [pn
I ] (similar to (30b)), resulting in:(

G − M̃
)

pn+1
I = H pn+1 + (

F[pn
I ] − M̃ pn

I

) + Ñ
(

pn
I − pn−1

I

)
. (34)

With respect to (33), iteration (34) clearly shows that addition of the ‘mass/interaction law’ M̃ adds to the absolute value of 
the diagonal elements of G . In this respect, the minus sign in G − M̃ might be misleading, as the corresponding elements 
in G and M̃ are of opposite sign. The ‘heavier’ coefficient matrix in front of the interface variable pn+1

I means that the 
amplification when taking the inverse of G − M̃ to solve for pn+1

I is reduced, thus improving the stability of the iteration 
process. Also, in the right-hand side M̃ compensates part of F . Table 1 indicates that the inertia L does not play an 
important role when the CFD-FSI problem is solved with prescribed pressure, as we do in this example, and ̃L might as well 
be omitted in the interaction law. With compliance, and a sufficiently small time step, also R̃ could be omitted.

From the elements of M̃ we see that the capacitance term C/δt causes the largest contribution to the diagonal of M̃ for 
small δt . This confirms that the elasticity in the CFD model of pipe flow has great influence on the stability of the 3D-0D 
coupling between the electrical system E and the CFD-FSI model F , as was also the case in the 0D-0D model coupling 
discussed in Section 5.

Compliant wall - simulation results The simulation results of the system in Fig. 1 with a CFD-FSI model of compliant pipe 
flow, solved with the weak coupling method, were unstable (see Fig. 12). To stabilize the system, we applied the quasi-
simultaneous method described above. The simulation results are shown in Fig. 13, plotting the interface variables qin , pin

and pout (solid lines). Thanks to the addition of the RLC interaction law, the stability problems of the weak coupling method 
are gone: the quasi-simultaneous coupling is stable.

For comparison, the simulation results of the system with a CFD model of rigid pipe flow in Section 6.2 are shown as 
well in Fig. 13 (dashed curves). With the above parameter values, the addition of elasticity to the CFD model has little 
effect on the flow solution. This was chosen deliberately to show that adding negligible physiological effects, in this case 

compliance, can have a dramatic influence on algorithmic behavior of a weak coupling method.
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Fig. 13. Solid curves: Interface variables of the system in Fig. 1 with a CFD model of compliant pipe flow, solved with the quasi-simultaneous coupling 
method. Dashed curves: The same interface variables of the same CFD model, but now of rigid pipe flow and solved with the weak coupling method.

7. Concluding remarks

Coupling methods are needed when different models are used for different parts of a partitioned multiphysics problem 
like the cardiovascular system: in this paper we focus on the influence of tube compliance on the numerical coupling 
stability. We have explained by means of electrical models how the stability of the weak (segregated) coupling method is 
governed by a generalized added-mass ratio: decreasing the time step does not help, it can even worsen the situation.

We have presented the quasi-simultaneous approach to numerically couple the subdomains, by means of suitably chosen 
boundary conditions, which in the original aerodynamic setting are called interaction law (now: Robin-type transmission 
condition). This approach was developed several decades ago for aerospace applications coupling aerodynamic boundary 
layers to the inviscid flow around airplane wings. It has been analyzed here at the global level of the interface variables, 
focusing on the coupling process, and making it independent of the way in which the equations in the subdomains are 
solved.

Apart from discretization errors, the numerical coupling stability of the quasi-simultaneous method only depends on the 
physical content of the coupling relation: inequality (5) gives a sharp condition for an interaction law to be numerically 
stable. It roughly states that the coupling relation should contain at least “half of” the essential physics of the adjacent 
domain, in particular of the highest-order time derivative in the Dirichlet-to-Neumann map, and it has to be easy to solve 
as a boundary condition. This shows that a rough idea of the Dirichlet-to-Neumann maps of the subdomains suffices. 
Physical considerations, often based on ‘historic’ models that earned their merits in the early days of computer simulation, 
will lead to a useful choice for the interaction law. “Too much” physics will not jeopardize numerical stability. It may only 
deteriorate the time accuracy, which can be remedied by decreasing the time step. This gives much freedom in the choice 
of the coupling conditions. Only occasionally one sees mentioning of this factor “one half” outside the aerodynamic or 
maritime literature.

In most of the FSI literature the discussion of the coupling stability is entangled with a discussion on the discretization 
inside the subdomains, making the freedom that exists in the choice of the coupling condition less visible. By studying the 
coupling issues in terms of the interface variables only, we could move the interior solves to a deeper and less significant 
level. Thus, our study gives good guide lines to design the interaction law (transmission conditions), revealing that “one 
half of” the interacting physics suffices. This factor also appears when one considers a coupling method to be a special case 
of a generalized implicit-explicit (IMEX) time integration. From this point of view, the factor “one half” is similar to the 
unconditional stability limit for the generalized Crank-Nicolson method.

In this way, the quasi-simultaneous paradigm gives easily accessible insights, which will be helpful in developing nu-
merical strategies for more general, realistic computational hemodynamic coupling problems. Especially the IMEX view, 
interpreting the proposed method as a time-integration scheme, easily leads to stable coupling approaches for more complex 
electrical and hemodynamical networks: basically, by combining “more-than-one-half” approximations of the highest-order 
time derivatives into one ‘central’ system which is to be solved simultaneously, while the remaining terms are handled in a 
weakly-coupled fashion. We hope to report about such more general systems in the future.

Two examples of partitioned multiphysics problems have been presented that have relevance for hemodynamic applica-
tions: fluid flow in an elastic tube featuring FSI coupling, and the combination of a detailed 3D flow model with a global 
0D model. In both coupling problems tube compliance plays a dominant numerical role. After identifying the cause of the 

stability problems of the selected weak coupling method, the quasi-simultaneous approach could be applied to good effect. 
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While the demonstrated examples handle simple (and analyzable) models, like a membrane wall, the approach can easily 
be generalized towards modern models with more physiological sophistication (e.g. with more beam-like behavior).

As demonstrated, the advantage of the quasi-simultaneous coupling method over a simultaneous (monolithic) or strong 
coupling method is that it does not require an intensive merging of the two subprograms, nor the introduction of subit-
erations. Instead, with a simple approximation of one of the subsystems (based on physical insight), implemented as a 
boundary condition for the other subsystem, the method manages to stabilize the iterative coupling process within the ex-
isting structure of the weak coupling method. As such, the 40-year-old physics-based quasi-simultaneous coupling approach 
is still going strong, as it allows the use of existing solvers for subsystems, and requires little additional computational effort 
compared to weak coupling methods.
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