
2. Modelling of viscoelastic uids

In the previous chapter some typical non-Newtonian uid characteristics have been de-

scribed and in this chapter some mathematical models are introduced which purport to

describe this behaviour. Before doing this some results and notational conventions, based

on a continuum mechanical approach will be described in the �rst section as well as the

laws which represent the conservation of mass and the conservation of linear momentum.

In the second section some general principles are given which a constitutive equation has
to obey, in particular objectivity of tensors and its derivatives. In the third section some

models will be discussed. Since objective time derivatives may be interpreted as material
derivatives with respect to a time dependent coordinate system the momentum equation
will be re-written in the fourth section with respect to this time dependent coordinate
system. The �nal section gives a short overview of the ideas and models discussed in this
chapter.

2.1 Continuum Mechanical preliminaries

This section gives a short overview of the continuum mechanical framework which will be

used to describe viscoelastic uids. For a more general treatment of continuummechanics
see for instance [56] or [28].
Continuum mechanics describes the motion and deformation of objects in a void, subject
to internal and external forces. The space in which the body moves is called the material
space U . First one has to make clear what is meant by a continuous body, i.e. a piece of

solid or an amount of liquid. A continuous body is a closed subset B of U ' R
3 for which

the indicator function � > 0, whereas for U n B, � = 0. The subset B is called the set of
material points of the body. Since B is isomorphic to a subset of S � R

3 one can label the

material points of B by the coordinates ~x = (x1; x2; x3) 2 R3 at a certain time t. A motion

of the body is a mapping from B to U , which is isomorphic to a mapping of the subset
S � R

3�R to R3, ~y = (y1; y2; y3) = ~�(~x; t). The subset S0 at a certain time t0 is called the

reference con�guration, whereas St = Im (~�t0(S0; t)) is called the temporal con�guration
at time t0 + t. The superscript t0 in ~�t0 indicates that the con�guration at time t0 is

taken as the reference con�guration. A material point at time t0+ t may be identi�ed by
the position it held at time t0, called the material or Lagrangian coordinates, or by the

coordinates the material point is located at time t0 + t, ~y = ~�(~x; t), which are called the

spatial or Eulerian coordinates. Consequently every material point may be regarded as

a function of ~x and t or as a function of ~y and t, if one requires that the displacement

mapping ~� is continuous and invertible, which means that velocity of the material point
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is �nite and that no material points are mapped to a set of measure zero.

The material coordinates are usually used in linear elasticity in which the reference con-

�guration is the undeformed state, which is, apart from rigid body motions, well de�ned,

and the deformed shape of the body is assumed to be close to this undeformed state. So

a description in terms of ~x and t is quite natural in this case, whereas for uids one usu-

ally employs the spatial coordinates, in which one follows the material point through the

ow, without bothering what its position initially was. In viscoelastic uids1 the material

behaves somewhere in between a viscous uid and an elastic material. The description

is accordingly; material coordinates are employed and the actual con�guration is taken

as the reference con�guration. Since past deformations inuence the behaviour of the

material one has to know the con�gurations at previous moments. These con�gurations

are also given by ~�, by setting ~�t(~x; t) = ~x and ~�t(~x; t � s) denotes the postion of the

material point ~x, which is located at ~x at time t, s time units prior to t. It may be a

bit confusing that a material point is labeled with ~x and its position is given by ~x at

time t, on the other hand it reects the isomorphy between the material space U and the

con�guration space R3.
It is useful to know how to translate the relative displacement mapping with respect to
the con�guration at time t to the relative displacement mapping at time t�. This relation
is given by

~�t(~x; t� s) = ~�t�(~�t(~x; t�); t� s) : (2.1)

So the displacement s time units prior to time t with respect to the con�guration at time t

is equal to the displacement at time t� with respect to the con�guration at time t followed
by the displacement s time units prior to t with respect to the con�guration at time t�.
It turns out that relativity with respect to di�erent con�gurations at di�erent reference
times plays a crucial role in the modelling of viscoelastic uids and in the numerical
treatment of the time discretization to be developed in chapter 5.

During deformation the distance between two neighbouring material points will change.
Two such material points, labeled P and Q, which in a certain reference con�guration
are separated by a small distance k ~Hk are assumed to remain close to each other after
the deformation. The distance between P and Q in the deformed con�guration will be
~h = F ~H + o( ~H), where F = r~x~�(~x; t), the deformation gradient. If no superscript

on ~� is given it is assumed that this displacement mapping is with respect to a �xed

con�guration. The relative deformation gradient, denoted by F t is the gradient of the
relative displacement mapping. The relation between relative deformation gradients with
respect to di�erent reference times follows from (2.1) and is given by

F t(t� s) = F t�(t� s)F t(t�) :

The determinant J of F is a measure for the local change of volume. In order to preclude

compression to zero the determinant has to be non-zero and since reection contradicts
the �nite speed of the material points the determinant has to be strictly positive and thus

F is invertible. If the material is incompressible or isochoric, the local volume does not

change during deformation, which leads to the constraint J � 1 on F . For a rigid body
motion F = Q(t), Q 2 SO(3), so it is convenient to decompose F in a rigid body motion

1
Viscoelastic solids, i.e. elastic materials with viscosity, are not treated in this thesis.
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and a genuine deformation. This is established by the polar decomposition of F given

by F = RU = V R, in which R 2 SO(3) and U and V are positive de�nite, symmetric

tensors. It can be shown that R accounts for the rigid body motion, whereas U or V

represent the genuine deformation of the material, since the square of the length of ~h is

determined by

dl2 = (~h;~h) = (RU ~H;RU ~H) = (UTRTRU ~H; ~H) = (U 2 ~H; ~H):

So the extension of the vector ~H is due to U and independent of R. It follows that

U2 is a measure of the deformation. This tensor is denoted by C = U2 = F TF and is

called the right Cauchy-Green tensor, whereas B = V 2 = FF T is usually called the left

Cauchy-Green tensor. It is also customary to call C the Cauchy strain and B the Finger

strain. Similarly one can show that

dL2 = ( ~H; ~H) = (B�1~h;~h):

Not only the deformation itself, but also the (time) rate of deformation is important to

describe uids. Therefore one needs the velocity of a material point given by

~v(~y) =
@~y

@t
j~x = @~�(~x; t)

@t
:

So the velocity of a material point in the present con�guration is the time rate of change
of the material point which was in position ~x in the reference con�guration. Since in
deformable bodies not only the velocity, but also the relative velocity between nearby
points is important the velocity gradient L is introduced. Suppose the material point P

has velocity ~v(P ) and a point Q at a distance ~H from P has velocity ~v(Q) then their

relative velocity may be approximated to o( ~H) by

~v(Q)� ~v(P ) = L ~H :

The relation between the velocity gradient and the deformation gradient may be given
heuristically by the following argument: in a small time interval �t the material point P
moves from position ~xP approximately to ~xP +�t~vP and so does the material point Q.

If initially their relative distance was ~H = ~xQ�~xP , then their relative distance after �t

time units is
~h � (I +�tL) ~H � F ~H ;

So the deformation gradient may be approximated up to o(�t) by

F � I +�tL :

A more rigorous relation between L and F follows from

L =
@

@~y

"
@~y

@t

#
~x

=
@

@~x

"
@~y

@t

#
~x

� @~x
@~y

=
@

@t

"
@~y

@~x

#
t

� @~x
@~y

= _F � F �1 : (2.2)

As described above the deformation gradient can be decomposed by means of the polar

decomposition in a part which represents a rigid body motion and a genuine deformation.
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The same can be done with the velocity gradient L. dl2 = (C ~H; ~H) gives for the time

rate of change for dl2:

d

dt
dl2 = (

d

dt
C ~H; ~H) = ( _F

T
F ~H; ~H) + (F T _F ~H; ~H) =

((F�1)T _F
T
FF�1~h;~h) + ((F�1)TF T _FF�1~h;~h) =

�
(LT +L)~h;~h

�
= 2(D~h;~h) ;

where D is the symmetric part of L. The above relation states that if D = 0 then

the relative distances between material points do not change in time, so there is no

deformation. On the other hand if there is no deformation thenD = 0, so a decomposition

of L in L = D +W , where D accounts for the deformations and is called the velocity

deformation gradient, and W represents the rotation of material points, which is called

the spin tensor, seems appropriate.

2.1.1 Conservation Laws

With the deformation gradient and the velocity tensor de�ned in this section one is able
to write down the laws which describe conservation of mass and linear momentum.

Conservation of mass

The function �, which was used to de�ne a material body from now on indicates the mass
density per unit volume. Suppose V0 is a small volume at the reference time t0 which
contains �0(~x)V0 of mass. During the deformation the volume changes but contains the
same number of material points. This is expressed at a certain time t as

�(~�(~x; t); t)Vt = �0(~x)V0 :

Since Vt = JV0 and the fact that this equality should hold for all volumes V0, gives

�(~�(~x; t); t)) detF (~x; t) = �0(~x) :

Taking the material derivative of this equation gives

D�(~�(~x; t); t))

Dt
J + �(~�(~x; t); t))

DJ

Dt
= 0 :

Using the identity
DJ

Dt
= J div~y~v = J trL ;

and division by J leads to
D�

Dt
+ �div~y~v = 0 :

For an incompressible material J � 1 and DJ=Dt = 0, so mass conservation reduces to

div~y~v = trL = 0 :



19

Conservation of linear momentum

In Eulerian coordinates the balance of linear momentumcontains the Cauchy stress tensor

T , which is a measure of the force per unit area in the present con�guration. The balance

of linear momentum reads

�
D~v

Dt
= div~yT + �~b ;

where ~b is a body force per unit mass. Balance of angular momentum requires that the

stress tensor T is symmetric. Conservation of linear momentum can also be translated

to the reference con�guration in which the �rst Piola-Kirchho� stress tensor S appears,

which is related to the Cauchy stress tensor by

S(~x; t) = JT (~�(~x; t); t)F�T (~x; t) :

The second Piola-Kirchho� stress tensor appears quite naturally in the material formula-

tion of balance of energy. This tensor ~S is related to the Cauchy stress tensor by

~S = JF�1(~x; t)T (~�(~x; t); t)F�T (~x; t) :

A generalized version of the second Piola-Kirchho� stress tensor, also known as the body
stress is given by

�
S= F�1(~x; t)T (~�(~x; t); t)F�T (~x; t) : (2.3)

If one assumes that the material is incompressible, i.e. J � 1, the second Piola-Kirchho�
stress tensor and the body stress tensor coincide. In the next section it will be shown that

if the material time derivative is taken of
�

S or ~S in the case J � 1, the Upper Convected
time derivative is obtained.
The two conservation laws contain 10 unknowns, mass density, three velocity components
and six stress coe�cients, for 4 equations, so the conservation laws have to be supple-
mented by constitutive equations or rheological equations of state, which relate the stress

variables to the deformation. These constitutive relations are believed to obey some
general principles, to be discussed in the next section.

2.2 General principles for constitutive equations

Suppose the constitutive equation is given by T (F ) then it has to obey the principle of

frame indi�erence or material objectivity. This principle states that the constitutive equa-

tion is invariant under rigid body rotations. For the Cauchy stress tensor this requirement

is ful�lled if

QT (F )QT = T (QF ) 8Q 2 SO(3) :

and for the second Piola-Kirchho� stress and the body stress this yields

S(F ) = S(QF ) 8Q 2 SO(3) ;

in which S is ~S or
�
S, so these tensors only depend on the right stretch tensor U , or

equivalently, only on the Cauchy strain tensor. The principle of objectivity should hold
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even if Q = Q(t) for all t and Q 2 SO(3). Although a tensor may be objective at a

certain instant, its time derivative may not be objective. If a tensor P transforms under

a time rotation to Q(t)P (t)QT (t), its material time derivative is given by

D

Dt

�
QPQT

�
=

DQ

Dt
PQT +Q

DP

Dt
QT +QP

DQT

Dt
; (2.4)

which will in general be di�erent from Q _PQT . In order to remedy this de�ciency con-

vected time derivatives are introduced. There are essentially two ways of introducing

these derivatives, either by de�ning a new derivative or by de�ning a new tensor to be

di�erentiated [5]. The latter approach will be adopted here.

Suppose a tensor P is objective, but its material time derivative is not, then one may de�ne

an associated relative tensor ~P which is objective and possesses an objective material time

derivative, furthermore ~P (t) = P (t).

Some very well known associated relative tensors are

� the 'corotated form of P ':

~P (t� � ) = RTP (t� � )R ;

in which R 2 SO(3) appearing in the polar decomposition of F t(~x; t� � ).

� the 'lower convected form of P ':

~P (t� � ) = (F t(~x; t� � ))TP (t� � )F t(~x; t� � ) :

� the 'upper convected form of P ':

~P (t� � ) = (F t(~x; t� � ))�1P (t� � )(F t(~x; t� � ))�T :

Since F t(~x; t) is the unit tensor ~P (t) = P (t) is satis�ed. Before showing that the ma-
terial derivatives of these associated relative tensors are indeed objective, these material

derivatives are computed in terms of the relative tensors themselves.
The material derivative of the upper convected form of P is given by

lim
�!0

~P (t)� ~P (t� � )

�
= lim

�!0

P (t)� (F t(~x; t� � ))�1P (t� � )(F t(~x; t� � ))�T

�
: (2.5)

Now (F t(~x; t� � ))�1 = I + �L+ o(� ), so for � ! 0 this may be approximated by

(F t(~x; t� � ))�1 � I + �L : (2.6)

The velocity deformation gradient L is not labeled with t�� since this tensor is evaluated
at time t. Ignoring terms of o(� ) gives

~P (t� � ) � P (t� � ) + �LP (t� � ) + �P (t� � )LT : (2.7)

Warning! If the tensor P is di�erentiable with respect to time the material derivative of
~P is well de�ned. The di�erence quotient used in de�ning the convected time derivative is
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objective and det ~P (t�� ) is equal to detP (t�� ) 8� � 0, since the material is assumed to

be incompressible. However with the approximation (2.6) for (F t(~x; t�� ))�1 this property
is violated, unless L2 = 0, since det(I + �L) 6= 1. If, however, the approximation to F is

performed conscientiously in terms of L, then the approximation of the material di�erence

quotient of ~P should possess the same properties as the original di�erence quotient and

hence the convected time derivative. If, in the case of constitutive equations of viscoelastic

uids, the tensor P is replaced by the stress tensor � , it will be shown in the next chapter

that the tensor �A = � + �=�I , in which � and � are positive constants, should be

positive de�nite if the upper convective derivative is used. However, if the numerical

approximation of the convected derivative is such that the tensor is transformed into a

tensor with a di�erent determinant, then there is no way of controlling the sign of det�A.

In chapter 4 it will be shown that the loss of positive de�niteness of �A, and thus a change

in sign of det�A is believed to be the source of the numerical problems encountered at

high Weissenberg numbers. At the end of this section an improved approximation to F

will be given, but for the moment (2.6) will su�ce, since attention will be focused on the

case � ! 0.
If P is di�erentiable in time the limit of the di�erential quotient (2.5) for � ! 0 yields
the upper convected time derivative, given by

r

P :=
DP

Dt
�LP � PLT : (2.8)

Analogously the lower convected time derivative may be derived from the lower convected
form of P and is given by

�

P :=
DP

Dt
+ PL+LTP : (2.9)

And �nally the corotational time derivative or Jaumann derivative is derived from the
corotated form of P

o

P :=
DP

Dt
�WP + PW ; (2.10)

where W is the spin tensor. These three derivatives may be combined in one formula
given by

�
P :=

DP

Dt
�WP + PW � a(DP + PD) ; (2.11)

where D is the symmetric part of the velocity deformation gradient. In this derivative

a 2 [�1; 1] and the derivative contains as special cases the upper convected time derivative

if a = 1, the lower convected time derivative if a = �1 and the corotational time derivative
if a = 0, but other values of a also lead to frame indi�erent time derivatives.
It remains to show that these convected time derivatives are indeed frame indi�erent.

First one has to know how the individual tensors which appear in the convected derivative,

transform. The assumption is that P is objective, so the transformed form of this tensor

is related to the original tensor by

P � = Q � P �QT :

Furthermore it is quite straightforward to show that

W � =
DQ

Dt
�QT +Q �W �QT ;
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which shows that W is not objective, and

D� = Q �D �QT ;

indicating thatD is objective. Inserting these values in the general convected time deriva-

tive and using the fact that _QQT +Q _Q
T
= _(QQT ) = _I = 0 gives

�

QPQT= Q
�
P QT : (2.12)

So this time derivative is indeed objective, in contrast to (2.4). A very special tensor is

the unit tensor I, which is independent of time, however the convected time derivative of

I is usually not equal to zero. It turns out that the Cauchy strain is the lower convected

form of the unit tensor, whereas the inverse of the Cauchy strain is the upper convected

form of the unit tensor. Accordingly one �nds that

�

I= 2D ;

and
r
I= �2D ;

which illustrates that the convected derivatives of the unit tensor are not equal to zero if
the body deforms.

2.2.1 An improved approximation for the deformation gradient

Having shown that the above introduced convected time derivatives are indeed objective,
an improved approximation for (F (~x; t � � ))�1 has to be sought in order that the dif-
ference quotient replacing the convected time derivative in numerical schemes will also
be objective and possesses the property that det ~P (t � � ) =detP (t � � ), for all � 2 R.
Instead of taking the convected time derivative of the tensor P itself, the time derivative

of the tensor component P i;j is taken. Although this notation suggests that this is a
covariant tensor, this is not the case. P i;j = ~eTi P~ej where no explicit reference to contra-

or covariant coordinates is assumed. The next assumption is that the basis ~ei = ~ei(t) is

time dependent. Now calculating the material derivative of this tensor component yields

DP i;j

Dt
=
D(~eTi P~ej)

Dt
= ~eTi

DP

Dt
~ej +

D~eTi
Dt

P~ej + ~eTi P
D~ej

Dt
:

Comparing this result with the upper convected derivative leads to the conclusion that
the basis vectors transform as

D~eTi
Dt

= �~eTi L and consequently
D~ej

Dt
= �LT~ej ;

with solution

~ej(t) = e�L
T
t~ej(0) ; if

DL

Dt
= 0 :



23

Flows which satisfy _L = 0 are called Motions with a Constant Stretch History (MCSH)

ows or substantially stagnant ows. This means that the ow history does not depend

on the instant of observation t, but only on the time interval s = t � � . Although

many ows encountered do not satisfy this assumption the operator exp(L� ) gives a

better approximation to (F (~x; t � � ))�1 than I + �L. The approximation of F by the

exponential operator is from now on called the MCSH-approximation.

� De�nition of eA

First one has to de�ne the tensor valued exponential function. This may be done in

several ways, for instance by

eA =
1X
k=0

Ak

k!
: (2.13)

� In a viscometric ow e�L = I + �L

A constant stretch history ow is called viscometric if

L2 = 0 and L 6= 0 :

So if the power series expansion of the exponential operator is used it is immediately seen
that

e�L = I + �L :

� det
�
e�L

�
= 1

One of the objectives to chose another approximation for (F (~x; t � � ))�1 was to ensure
that det(F (~x; t � � ))�1approx = 1. This will be shown in 2 space dimensions, although
similar results hold in 3 dimensions. The operator L has 2 eigenvalues �1;2 which satisfy
�1 + �2 = trL = 0, since the uid is assumed to be incompressible. If both eigenvalues
are equal to zero, then either L is the zero tensor or L constitutes a viscometric ow.

In the latter case L may be represented in a suitable coordinate system by the Jordan

normal form

L =

 
0 _
0 0

!
;

which immediately shows that L2 = 0 and

det

�
e�L

�
= det (I + �L) =

����� 1 _
0 1

����� = 1 :

If �1;2 6= 0 then L is diagonizable by

L = C�1 �� � C ;

so e�L may be written as

e�L = e�C
�1
���C =

1X
k=0

C�1 �
k�k

k!
C = C�1

 
e��1 0

0 e��2

!
C :
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With this representation of the exponential operator it is readily shown that

det

�
e�L

�
= det

�
C�1

� ����� e
��1 0

0 e��2

�����det (C) = etrL = 1 :

� Objectivity of approximated di�erence quotient

Another requirement is that the approximate di�erence quotient is objective. In order to

show that this is indeed the case one has to know how the exponential operator transforms.

This transformation rule is obtained from

~ei(t� � ) = e�L
T

~ei(t) :

In a di�erent reference frame this equation is given by

~e�i (t� � ) =

�
e�L

T
��
~e�i (t) ;

in which

~e�i (t� � ) = QT (t� � )~ei(t� � ) and ~e�i (t) = Q
T (t)~ei(t) :

Objectivity now requires that the exponential operator transforms as

e�L
T

= Q(t� � )
�
e�L

T
��
QT (t) ;

and consequently

e�L = Q(t)
�
e�L

��
QT (t� � ) :

Since P �(t� � ) transforms as

P �(t� � ) = Q(t� � )P (t� � )QT (t� � ) 8� ;
this gives, after inserting in the approximated convected time derivative

lim
�!0

P �(t)�
�
e�L

��
P �(t� � )

�
e�L

�T�
�

=

lim
�!0

Q(t)P (t)QT (t)�Q(t)e�LP (t� � )e�L
T

QT (t)

�
=

lim
�!0

Q(t)
P (t)� e�LP (t� � )e�L

T

�
QT (t) :

So the approximate expression for F�1 leads to an objective di�erence quotient.

The approximation satis�es L = _FF �1

If F (t)�1 may be approximated by exp(�tL), then exp(tL) approximates F (t). This

gives
_FF�1 = LetLe�tL = L ;

since L obviously commutes with itself, so this approximation also satis�es (2.2), which
the usual approximation F�1 = I + �L does not.
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Characterization of exp(�L)

An important qualitative di�erence between the transformation of P 7! ~P may be given

in terms of the eigenvalues of the velocity deformation gradient L and in the case of

two dimensional ow in terms of detL. It was shown that either the two eigenvalues

form a pair of conjugate purely imaginary numbers �â� or two real numbers �a. In the

former case detL > 0 and exp(�L)2 SO(2), in the latter case detL � 0 and one may

�nd a coordinate system in which exp(�L)= diag(a;�a). If detL > 0 then the operator

exp(�L) may be contracted in the general time dependent rotation tensor Q(t), which

was used in the de�nition of objectivity and the principle of objectivity states that the

constitutive equation remains the same in the rotated coordinate system. In the case

where det(L) < 0 the coordinate system is rotated and stretched in a certain direction.

Again, the rotation may be incorporated in Q(t), but the stretching of the coordinate

system changes the form of ~P relative to P . To give an example, suppose P is symmetric

and given by

P =

 
p11 p12
p12 p22

!
:

Then, if det(L) > 0, then ~P is similar to P in the sense that it represents the same
linear transformation T with respect to di�erent bases. However if det(L) < 0 then the
operator exp(�L) is no longer unitary and ~P is not similar to P . Suppose L is given by
diag(a;�a), a > 0 2 R then exp(�L) is given by

e�L =

 
e�a 0
0 e��a

!
;

and ~P is given by

~P =

 
e2�ap11 p12
p12 e�2�ap22

!
:

So if the ow is a constant stretch history ow j~p11j grows exponentially in time (unless
p11 = 0), whereas j~p22j decays exponentially to zero, for � !1. The o�-diagonal terms
are una�ected by this transformation. If P was positive de�nite, then ~P is positive

de�nite, but the eigenvalues of ~P di�er from the eigenvalues of P , since trP 6= tr ~P . In

fact, one of the eigenvalues grows exponentially in time, whereas the other other decays

exponentially to zero. In rheological equations of state there has to be a term which
opposes this exponential growth or a constant stretch history ow with detL < 0 is

impossible.

'Why bother, writing the deformation gradient in terms of the velocity gradient?', one may

question the foregoing discussion. The answer is that in uid calculations the unknows are

usually the velocity components and not the displacements, so the deformation gradient

has to be written in terms of the velocity components or its derivatives.
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2.3 Viscoelastic uid models

The most general framework in which to present (viscoelastic) uids is the theory of simple

uids with fading memory. Throughout this thesis the assumption is that the uids are

incompressible and the Cauchy stress is determined by

� (~x; t) = G�=t
�=�1

h
F t(� )

i
;

where G is a tensor valued functional which 'weights' all the past deformations and at-

tributes a value to � . There is no explicit dependence on ~x because one assumes that all

points with the same deformation history will yield the same stress tensor. Materials for

which this assumption holds are called homogeneous. The principle of frame indi�erence

now requires that

� (~x; t) = G�=t
�=�1

�
Ct(� );

�
Ct
��1

(� )

�
; (2.14)

where C t(� ) is the relative Cauchy strain. The functional G is believed to satisfy the

principle of fading memory, which states that deformations in the past inuence � less,
than more recent deformations. For a Newtonian uid this principle also holds, since
for these uids the stress tensor is only a�ected by the actual deformation and does not
depend on past deformations at all. The functional G however is much too general to
describe a viscoelastic uid, so one has to make a choice how to de�ne this functional. A
�rst order approximation is given by

� =
Z 1

0
m(s)Gt(s)ds ;

in which Gt(s) = I � Ct(s), which is used to reect the property that when
Ct � I =) � � 0 and m(s) is a positive monotone decreasing function de�ned for
s 2 [0;1). Physically this constitutive equation states that all past deformations as
measured by the Cauchy strain are multiplied by a weighting function and its value is at-
tributed to the present value of the stress tensor. This relation is in fact linear and follows

from the Boltzmann superposition principle in linear viscoelastic uids. Instead of the
Cauchy strain the inverse relative Cauchy strain may be used or a linear combination of
the Cauchy strain and its inverse. If the inverse relative Cauchy strain is used the tensor

Gt is de�ned as
Gt(s) =

�
Ct
��1

(s)� I :
So even when a speci�c choice of m(s) is made � still depends on the way the deformations

are being measured. In the limit of very small deformations all models reduce to the linear
viscoelastic constitutive equation. For a Couette ow Ct(s) is given by

Ct(s) =

0
B@

1 � _s 0

� _s 1 + _2s2 0

0 0 1

1
CA ;

whereas C�1t(s) is given by

C�1t(s) =

0
B@

1 + _2s2 _s 0

_s 1 0
0 0 1

1
CA :
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So the �rst model predicts for the Cauchy strain tensor

� =
Z 1

0
m(s)

0
B@

0 _s 0

_s � _2s2 0

0 0 0

1
CA ds ;

whereas when C�1t(s) is used instead of C t(s)

� =
Z 1

0
m(s)

0
B@

_2s2 _s 0

_s 0 0

0 0 0

1
CA ds :

The above constitutive equations lead to a shear-independent viscosity function given by

�( _) =
�12

_
=
Z 1

0
sm(s)ds ;

so this constitutive equation is not suitable to describe dilatant or pseudoplastic uids,
since �( _) is constant. The predicted �rst normal stress di�erence of the memory integral
containingCt(s) is equal, but opposite in sign to the second normal stress di�erence, which
is qualitatively in disagreement with the observed normal stress di�erences in Couette ow,

whereas the memory integral containing
�
C t
��1

predicts a positive �rst normal stress
di�erence and a second normal stress di�erence equal to zero, which may be justi�ed

by the Weissenberg hypothesis as was mentioned in the �rst chapter. Since the latter
integral qualitatively yields improved stress characteristics over the �rst in the sequel
only the latter integral will be used. What then remains is the freedom to chose the
memory function m(s). The function m(s) may be chosen as

m(s) = G
j=NX
j=1

1

�j
e
�s
�j ;

where G is a constant, called the elastic modulus and �j for j = 1 : : : N is a set of positive
real constants called the relaxation times. The special case where N = 1 gives

� =
G

�

Z 1

0
e
�s
�

h
C�1t(s)� I

i
ds :

The viscosity for this model is given by

� =
G

�

Z 1

0
se

�s
� ds = �G

Z 1

0
e
�s
� ds = G� :

So G = �=�. Di�erentiating this model with respect to time yields

@�

@t
+
�
~u; ~r

�
� �L� � �LT +

�

�
= 2GD : (2.15)

This model is called the Upper Convected Maxwell model (the UCM-model) because the

�rst four terms constitute the upper convected time derivative of � . Since the upper

convected time derivative of I is equal to �2D this model may be written as

r
�A +

�A

�
=

�

�2
I ; (2.16)
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where �A = � + (�=�)I . In order to remove the upper convected time derivative this

constitutive equation may be written in terms of the associated relative tensor of �A,

which leads to
D~�A

Dt
+
~�A

�
=

�

�2
~I :

And this �nally may be rewritten as

D~�B

Dt
+
~�B

�
= 0 ;

in which �B = �A + (�=�)Bt, where Bt is the relative Finger strain tensor. The upper

convected derivative of Bt is equal to zero, since the associated relative tensor ~B
t � I and

Bt(t) = I , so ~�B = ~� + �=�

��
Ct
��1

+ I

�
. After integration of this partial di�erential

equation along a streamline the integral expression emerges which led to the UCM-model.

Since the UCM-model in di�erential form and the memory integral containing (Ct)�1 are
di�erent ways of describing the same constitutive relation it may be shown from the
integral equation that the tensor �A should be positive de�nite. �A may be written as

�A =
�

�2

Z 1

0
e
�s
�

h
(Ct)�1(s)

i
ds :

Since (Ct)�1 is positive de�nite it follows that for all vectors ~�

~� � �A~� = �

�2

Z 1

0
e
�s
� ~� � (Ct)�1(s)~�ds > ck~�k2 :

This result will be used in the next chapter where this condition prevents the set of par-
tial di�erential equations to become Hadamard unstable. In fact, it will be shown in the
next chapter that if det�A > (�=�)2 at the boundary of the computational domain, then

det�A > (�=�)2 will eventually hold throughout the whole domain. This inequality is con-
�rmed by the numerical solutions presented in chapter 6 for a large range of Weissenberg
numbers.
Alternatively the Cauchy strain may be used in order to measure the deformations in
the past. Following the same line of reasoning the Lower Convected Maxwell model (the

LCM-model) will be obtained, given by

�
� +

�

�
=

�

�
D : (2.17)

This model may also be simpli�ed by introducing new tensors and switching from these

tensors to their relative associated tensor, but since the integral representation of the
LCM-model shows that the normal stresses do not behave in the way these stresses are
supposed to behave, the UCM-model is usually used in viscoelastic ow simulations.

Although the above models are derived from a special form of the functional G and a

suitable choice of the way the deformations are being measured the �nal di�erential form

suggests that the general objective time derivative de�ned in the previous section may be
used. This gives

�
� +

�

�
=

�

�
D : (2.18)



29

For a = 1 this yields the UCM-model, for a = �1 the LCM-model and for a 2 (�1; 1)
these models are called the Johnson-Segalman models (or in integral form the Gordon-

Schowalter model) and the parameter a is usually called the slip parameter since this is a

measure of the slip of the large constituents of the uid (polymers, for example) past the

surrounding solvent molecules.

If a distinction is made between the stress due to polymers in the ow and the stress due

to the solvent, the stress may be decomposed as

� = � el + � vis ;

where � vis is the Newtonian contribution to the stresses given by

� vis = 2�sD ;

in which �s is called the solvent viscosity and � el is the viscoelastic contribution given
by one of the above models. The viscous contribution may be inserted in the momentum
equation as is the case in the Navier-Stokes equations. The latter type of models are
usually called of Je�rey's type, whereas models with �s = 0 are called of Maxwell type.

The extra viscous contribution to the stress tensor may also be interpreted in terms of
another time constant known as the retardation time �2, in which case the relaxation time
is labeled �1. The retardation time is de�ned by

�2 =
�s

G
;

whereas the relaxation time in this case is de�ned by

�1 =
� + �s

G
:

The main di�erence is that for Maxwell type models a sudden deformation is convected

elastically through the material and damping is a lower order e�ect, whereas for Je�rey
type models the highest order term appearing in the set of di�erential equations is dis-
sipative and elastic e�ects are lower order e�ects. In common parlance: Maxwell type

models respond elastically to sudden deformations of the material, whereas Je�rey type
models respond viscously.
Instead of the source term �=�, which appears in the di�erential models discussed so far,

one may use another function of � , denoted by f (� ), such as

� f (� ) = �=�, the Maxwell and Je�rey model.

� f (� ) = c� 2, for c 2 [0; �=�) this model is called the Giesekus model and the speci�c
choice c = �=(2�) is called the Leonov model.

� f (� ) = h(tr� ) � � , where h : R ! R is a function of the trace of � . For h(x) =
exp(��x=�) this is the exponential Phan-Thien Tanner model and the approximation

h(x) = 1 + ��x=� yields the linear Phan-Thien Tanner model [47].
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2.4 The momentum equation revisited

The viscoelastic uid models introduced in the previous section all contain a convected

time derivative, which, when associated relative tensors are introduced, may be converted

to material time derivatives. The advantage of a material time derivative over the con-

vected time derivative is that the former is in conservation form, whereas the latter is

not. The exact de�nition of partial di�erential equations in conservation form will be

postponed until the next chapter where the mathematical structure of the viscoelastic

uid models will be discussed, but when discontinuities are present in the solution the

conservation form leads to proper shock relations, so it seems advantageous to use the

associated relative tensors instead of the the stress tensors. But using the associated rel-

ative tensor formulation is equivalent of using a time dependent coordinate system which

coincides with the cartesian system at time t� = t. Consequently it seems appropriate to

write the momentum equation in the same time dependent coordinate system. A compo-

nent of the velocity vector may be written as ui = (~u;~ei) so its material time derivative
is given by

Dui

Dt
=

D

Dt
(~u;~ei) =

 
D~u

Dt
;~ei

!
+

 
~u;
D~ei

Dt

!
:

In subsection 2.2.1 it has been shown that

D~ei

Dt
= �LT~ei ;

so the material time derivative of a vector component transforms as

Dui

Dt
=

 
D~u

Dt
;~ei

!
�
�
~u;LT~ei

�
=

 
D~u

Dt
�L~u;~ei

!
=

 
@~u

@t
;~ei

!
:

The momentum equation in the time dependent coordinate system will thus be given by

�
@~u

@t
+ ~r � ~p = div~� :

The variables marked with a tilde coincide with the unmarked variables at time t. If
�t! 0 in the time derivative the result is that the momentum equation becomes linear,
since the convective terms cancel exactly out against the change in the coordinate system

in time. Note however that this does not mean that the momentum equation is evaluated

in Lagrangian coordinates. This may be readily shown by taking the convected derivative
of any other vector, say the vector ~w. Then this derivative is given by

@ ~w

@t
+ (~u; ~r)~w �L~w ; (2.19)

which shows that for any other vector the convective terms do not vanish, so the convected

time derivative in the momentum equation is still an Eulerian description of the ow.

Instead of assuming that the coordinate system is time dependent one may also introduce
associated relative vectors, de�ned by

~~w = F �1 ~w � e�tL~w = ~w + �tL~w + o(�t) :
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Inserting this approximation in the material time derivative for ~w leads to Eq. (2.19)

again, which in the special case ~w = ~u reduces to

D~~u

Dt
=

@~u

@t
:

In general, the velocity vector plays a particular role in convected time derivatives. The

convective and deformation terms also cancel when the upper convected time derivative

is taken from ~u
 ~u
r

~u
 ~u =
@(~u
 ~u)

@t
:

Some numerical algorithms exploit this property and write the stress tensor in terms of

decomposable tensors, one of which is ~u
 ~u, see e.g. [32] and [51].

2.5 Summary

In this chapter a short introduction has been given to the continuum mechanical frame-
work used in modelling viscoelastic uids. The conservation laws have been derived.
Special emphasis is placed on the de�nition of the deformation gradient and the velocity
gradient and their relation, both in terms of a �xed reference con�guration and relative to

the present con�guration. Frame indi�erence is addressed and by introducing associated
relative tensors frame indi�erent time derivatives are introduced. It is argued that the
approximation of the associated relative tensors should contain some of the properties of
the associated relative tensor itself, such as objectivity and the fact that det ~P = detP
even in the case � 6= 0, since in numerical calculations one wishes that the di�erence
quotient behaves in the same way as the derivative in which � ! 0. Obviously, calcu-

lating the relative deformation gradient and the associated relative tensors would yield
the desired result, but since in uid calculations the unknowns are expressed in term of
the velocity and its derivatives instead of displacements and deformations a coupling has
to be established between the relative deformation gradient and the velocity gradient.
This relation is described in subsection 2.2.1, where the relative deformation gradient is

expressed by the MCSH-approximation. It was shown that this operator conserves some

properties of the upper convected time derivative, which are deemed essential.
A brief introduction to the simple uid theory of Truesdell and Noll and some assumptions
concerning the form of the functional G and the positive monotone decreasing function

m(s) led to the UCM-model and the LCM-model. Some extensions by including a solvent

viscosity and some non-linear source terms were mentioned. Many of the nonlinear exten-
sions of the UCM- and LCM-models are based on microrheological arguments, for which

we refer to [10] and [11]. A distinction was made between the Maxwell-type models, for
which �s = 0 and the Je�rey-type models, for which �s 6= 0. The Maxwell type models

have an elastic response to sudden deformations, whereas the Je�rey type models have a

viscous response2. It was also shown that by switching from the stress variable itself to

2
In numerical calculation it turns out that the main di�erence between the Je�rey type models and the

Maxwell type models is that the former responds viscously, whereas the latter, as far as the calculations

are concerned, responds more viciously
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its associated relative form, the constitutive equation is in conservation form. One has to

bear in mind that this conservation form is only applicable at time t. In the discrete case,

when one has moved the solution one time step ahead in conservation form, the associated

relative tensors have to be re-evaluated for the next time step in order to write the equa-

tions for that time step in conservation form. The use of associated relative tensors can

be interpreted as a time dependent coordinate system in which the constitutive equation

is written. In section 2.4 the momentum equation is written in this time dependent coor-

dinate system. It follows that the convective terms cancel out against the deformation of

the coordinate system. The resulting momentum equation becomes linear.


