
7. Conclusions

In the theory of viscoelastic uid modeling a new time derivative is introduced: the

convected time derivative. This derivative satis�es the principle of objectivity. Several

forms are feasible: the corotated form, the upper convected form and for instance the

lower convected form. These derivatives have been discussed in chapter 2. It was stressed

in that chapter that although the derivative itself may be objective, the di�erence quotient

from which this derivative is obtained will in general not be objective. In order to �nd an
approximation of the deformation gradient which satis�es the incompressibility constraint

the MCSH approximation has been introduced in that chapter.
In the next chapter the type of the set of partial di�erential equations which describe
viscoelastic uids is determined. It turns out that the characteristic quantity which is
convected along the streamlines is the determinant by the tensor � +(�=�)I . This tensor
has to remain positive de�nite in order to prevent the set of partial di�erential equations

from becoming unstable. If the determinant of this tensor is positive initially and positive
at the boundaries, then it will be positive throughout the domain. A positive lower bound
on the determinant of this tensor has been given in section 3.8.
The reason that the tensor � +(�=�)I has to be positive de�nite is contained in the other
characteristic equations. They constitute a non-linear wave equation in which the the

square of the elastic velocities is given by the aforementioned tensor. Solving the set of
equations corresponding to this non-linear wave equation numerically generally requires
a hyperbolic integration scheme.
However, incorporating the methods designed to solve hyperbolic schemes such as the
Euler equations is not straightforward, since

� The equations are not in conservation form. This is particularly disadvantageous

since for non-linear hyperbolic equations discontinuities in the solution or its deriva-

tives may develop in �nite time, even if the initial solution is smooth. If the set
of equations could be written in conservation form proper shock relations could be

imposed on the numerical solution.

� The set of partial di�erential equations is not totally hyperbolic, it also contains
an elliptic part. The presence of the elliptic part prevents one from rewriting the

system in a set of characteristic equations. However, in numerical algorithms one

usually determines the pressure such that the resulting velocity �eld satis�es the
incompressibility constraint. The remaining equations then form a totally hyper-

bolic set of equations. The characteristic equations in a certain direction ~� of this

remaining set of equations has been given at the end of section 3.2. In section 3.5
the elastic wave equation is analyzed and it can be seen that if De is small the wave
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equation is essentially governed by a di�usion equation. Only if De exceeds unity

the genuine wave character comes into play. This may be the reason why many

numerical codes break down when De exceeds unity.

� In contrast to the Euler equations the elastic shear wave velocity is anisotropic,

whereas in the Euler equations the speed of the compression waves (sound) is the

same in every direction. The amount of anisotropy is given by the normal stress

di�erences, which can be quite large.

In chapter 4 a short overview has been given of some work on numerical simulations of

viscoelastic uids, both for steady state algorithms and time dependent codes. For the

time dependent codes the time step decreases dramatically if the limiting Weissenberg

number is reached. No such thing has been encountered in this work.

In chapter 5 a �nite volume method is described to solve the Upper Convected Maxwell

model. Use has been made of a staggered grid. In certain respects the use of a staggered
grid is advantageous, since the location of the unknowns satisfy the equivalence principle
as was shown in section 5.1.2. In section 5.3 it has been demonstrated that the wave part
in the x- and y-direction is naturally discretized due to the staggering.
Unfortunately, the convection along the streamlines cannot be recovered from the set of
discretized equations, since it is not possible to discretize the shear rates in the normal

stress equations similar to the shear rates in the shear stress equations. Furthermore, due
to the staggering the tensor �A in the wave operator need not be symmetric as has been
shown in section 5.5.
A discrete version of the MCSH approximation to the deformation gradient has been given
in section 5.6. The remaining sections in chapter 5 deal with the numerical boundary

conditions, the time integration and the solver for the Poisson equation.
In chapter 6 results of a numerical approximation of viscoelastic uids, which are modeled
by the Upper Convected Maxwell model, are given. The �nite volume/di�erence scheme
was developed which aimed to keep the tensor �A positive de�nite. The computations
have been performed on the staggered grid in which the pressure and the normal stress

components are de�ned in the middle of the cells, the shear stresses at the vertices of the

cells and the velocity components at the cells edges. In some respects it is advantageous
to chose a positioning of the unknowns in this way. For instance in the 4:1 contraction
problem, discussed in chapter 6, no normal stress values have to be approximated at the

re-entrant corner, the Poisson equation for the pressure is not fraught with unwanted

oscillations, and the wave part, which is contained in the set of PDEs leads to a natural
�nite di�erence stencil for the waves in the x- and y-direction. However, due to the

staggering it is impossible to retrieve the characteristic equation along the streamlines.
Furthermore, when a staggered grid is used the elliptic operator appearing in the wave

part of the set of PDEs is in general not symmetric. If the tensor �A which appears in this

operator has complex eigenvalues, then the problem becomes Hadamard unstable if the
imaginary parts exceed the damping part �=� which is contained in the constitutive

equation. By increasing the Weissenberg number, the extra stresses increase and so
will the imaginary parts of the eigenvalues, whereas the damping term decreases with

increasing Weissenberg. At a certain Weissenberg number the instabilities generated by

the improperly discretized wave operator will not be damped and instabilities arise.
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If all the unknowns are positioned at the same place in the computational domain this

problem may be circumvented, although this may require upwinding for the characteristic

quantities which are convected along the streamlines, as well as the quantities which are

part of the elastic wave equation. These characteristic equations have been given in

chapter 3.

Although the spatial discretization employed in this work should be improved in order

to reach converged solutions for higher Weissenberg numbers, the problem of the non-

symmetric wave operator has not been addressed before. It is worth investigating other

numerical scheme if they satisfy the symmetry condition, since this may well be the cause

of breakdown for many numerical schemes.

It has been noted that on a re�ned mesh the attainable Weissenberg number increases

in contrast to observations from the literature. This may be explained by the fact that

on a very �ne mesh, the di�erences between di�erent approximations for the shear rates

in the normal stress equations and the shear stress equations go to zero if the problem

does not contain discontinuities. This means that on a more re�ned grid the di�erence

between the characteristic equation along the streamlines and the approximate equation
on the staggered mesh goes to zero, in which case det�A should remain positive de�nite.
Furthermore, the asymmetry in the elliptic operator which is contained in the wave part
goes to zero if the extra-stress solution is continuous. Whether this is the case cannot be
deduced from calculations on only two meshes, but it gives a plausible explanation for

Delim � 11 on the 800x32 grid and Delim � 9:5 on a 400x16 grid.
Apart from the spatial discretization it has been shown that an improved approximation
for the deformation gradient also allows for higher Deborah numbers. As was discussed
in chapter 2 a linear approximation to the deformation gradient does not lead to an
objective di�erence quotient in time, whereas the MCSH-approach does. The numerical

simulations show clearly that incorporating more terms in the exponential series leads to
a higher Weissenberg limit.
The stationary results obtained by the MCSH approach always dependent on the time step
just as is the case for the steady state solutions obtained by the Lax-Wendro� method.
However, the stationary results obtained by di�erent time step are indistinguishable.
The results shown in chapter 6 for the planar 4:1 contraction show all the qualitative

features obtained in experiments; the small salient corner vortex at low Deborah numbers,

the growth of the salient corner vortex to the re-entrant corner and �nally the change of
shape from a concave to a convex vortex. After De = 11:28 the calculations were stopped,
because the tensor �A had become inde�nite in a region surrounding the re-entrant corner

and the convergence criterion could not be met.

It is to be expected that this numerical method will perform very well in smooth ge-
ometries. The di�culties encountered beyond De = 11 may also be attributed to the

singularity at the re-entrant corner.


