
Chapter 1

Introduction

During the past two decades, the importance of digital signal processing grew considerably
in many areas. For example, in consumer audio devices, signals are stored and processed in
the digital domain. Only in the final amplifier, signals are converted to analog currents and
fed into speakers. Our television set is still an analog device, but many digital techniques are
already used to improve the quality of the received image. Also, the large field of (scientific)
image processing is totally driven by digital processing. Another major field is industrial process
control. In this area, the effects of failure are relatively high: uncontrollable processes may
lead to large costs, or even dangerous situations. Therefore, new techniques are adopted only
after intensive testing in other fields. Nevertheless, digital control systems are being used on
an increasingly large scale, because of their reliability and insensitivity to noise. Also here,
the ability of digital processing stimulated the development of new control strategies which are
beyond the possibilities of traditional (analog) controllers.

Controllers communicate with the outside world through sensors and actuators. Sensors measure
physical quantities and convert them to (electrical) signals. Since most of the quantities are of
analog nature, most sensors produce analog signals as well. These signals cannot be processed
directly by digital systems, but must be converted into digital signals. This conversion is com-
monly known as Analog-to-Digital conversion or shortly A/D-conversion. On the other hand,
the processor output will be used to control processes by means of actuators. Most actuators
are controlled by analog voltages or currents, which require conversion from the digital to the
analog stage: Digital-to-Analog Conversion or D/A-conversion.

A/D- and D/A-converters cannot simply be each other’s inverse, because it is not possible to
specify all characteristics of analog signals in digital terms. In other words, the set of all possible
digital signals is smaller than the set of analog signals. As a consequence, information is lost
during A/D-conversion. The quality of an A/D-converter depends on its ability to preserve all
relevant signal properties. For D/A-conversion, the situation is different. It is easy to find an
analog signal for each digital signal, preserving all properties. In fact, many such signals can
be found, allowing selection according to additional criteria.

An easy way to test whether all properties are preserved is to study the composition of A/D-
conversion and D/A-conversion as a single operation, see Figure 1.1. This can be seen as a
mapping from the set of analog signals to itself. The difference between an original and its
image represents the quality of the overall conversion. For ideal conversion, this difference
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FIGURE 1.1: A composition of A/D- and D/A-converters considered as a single operation.

should be zero and, hence, the mapping should be the identity.

The common way of A/D-conversion is to take point measurements of a signal and, sub-
sequently, to map the measured values to the nearest computer word in fixed length or floating
point binary numbers. The first process is called sampling, the latter quantization. The point
measurements (samples) are taken at equidistant time instants (uniform sampling) to avoid stor-
age of the measuring times. It has to be noted, however, that not every A/D-conversion method
involves a sampling process.

For D/A-conversion, a similar distinction can be made: on the one hand the mapping of the
computer words to real-valued quantities and on the other hand the conversion of the sequence
of numbers to a signal. However, such a distinction is less obvious than in the case of A/D-
conversion, since most D/A-converters carry out both operations simultaneously. The second
operation can be seen as the counterpart of sampling and will be denoted as reconstruction. A
popular D/A-conversion method is the zero-order hold: Every computer word is mapped to an
analog value, which remains constant until the next measurement is processed. The result is a
staircase-like analog signal. Other methods involve interpolation of values to obtain an analog
signal.

The question how to minimize the errors of A/D- and D/A-conversion is extensively studied in
the literature. In most cases sampling and quantization are dealt with separately. An important
result for uniform sampling is known as the Nyquist criterion:

The sampling frequency, which is the inverse of the time between two subsequent
samples must, at least, be twice as high as the highest frequency occurring in a
signal.

If this criterion is met, it is guaranteed that the measurements (the samples) represent the signal
well, i.e., contain all necessary information about the signal. Note that the frequency contents
of the signal must be bounded, i.e., there must be a frequency fmax such that for frequencies
j f j > fmax the frequency spectrum is zero. Signals having this property are called bandlimited.

An even stronger result is attributed to Shannon [Sha49]. The so-called sampling theorem states
that

if
1. a signal x(t) is sampled by point measurements at equidistant time instants,

2. the signal is bandlimited,

3. the signal is sampled according to the Nyquist criterion
(the sampling frequency exceeds 2 fmax), and

4. the signal is observed during infinitely long time,

then, the signal is fully determined by the samples thus obtained.
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This means that the analog signal can be retrieved from the samples without loss of informa-
tion. In other words, neglecting the effects of quantization, the composition of A/D- and D/A-
conversion is the identity mapping.

In practical A/D-converters it is assumed that the sampling theorem holds. Going through the
conditions of the sampling theorem, however, it is easily concluded that these conditions cannot
be met in practice. First, an electronic circuit is not able to take point measurements due to
internal capacitances. Instead, signals are integrated during a (short) interval. Secondly, signals
are (and can be) observed during finite time intervals only. Thirdly, not all signals of interest
are bandlimited. In particular, it can be shown that a signal, which is nonzero during a finite
time only, can never be bandlimited. For those signals it is not possible to meet the Nyquist
criterion.

We can conclude that there is a certain gap between the sampling theorem and practical A/D-
conversion. Nevertheless, this theorem is the basis for commercially available devices. Since
there are (infinitely) many methods for signal sampling, we could pose the following question,
which is the basic question in this thesis:

Is it possible to find methods for A/D- and D/A-conversion for which a similar
theorem holds whose conditions can be satisfied by practical devices?

Emphasis will be on sampling, because we believe that most improvements can be made here.
The matter of quantization will only be discussed in global terms.

The conversions are of major significance for the overall performance of a system, since analog
devices are sensitive to noise and other electrical disturbances. Moreover, the first component
in a pipeline of processing units is an A/D-converter. Disturbances introduced at this point
will propagate through the rest of the system. Often, much effort is spent at a later stage to
recover from these disturbances. This could be reduced if the disturbances were suppressed at
the source.

Objectives

Many researchers have addressed the theory of signal sampling, which resulted in an extensive
number of publications. However, most of their research is concentrated on the mathematics of
the sampling theorem and its extensions, which does not provide a suitable climate for techniques
directly applicable in process control. For example, non-uniform sampling, or simultaneous
sampling of a signal and its derivative, both discussed in the next chapter, are very elegant
extensions to the sampling theorem, but cannot be used for our purpose.

Instead we are looking for a straightforward sampling method which can be used for data ac-
quisition in process control. For this reason we attempt to satisfy, as much as possible, the
following requirements:

Linearity. The sampling operator should be linear. Only in this case, linear operations on an
analog signal can be approximated by linear operations on the sampled signal.
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Time-invariance. As it is not economical to have a different procedure for each of the samples,
the sampling should be implemented using a single procedure, initiated at different times.

Equidistant evaluation. In order to prevent additional timing data to be stored with the samples,
the procedure should be repeated at equidistant times.

Finite time interval. The sampling procedure is only carried out during a finite time interval.
In combination with the previous requirement this leads to a finite number of samples.

We try to find an alternative sampling theorem based on the requirements above. To enable
this, we have to take the problem to a more abstract level. Motivated by Shannon’s original
paper [Sha49], we consider signals as vectors in a certain space, which we denote as the signal
space. Any signal is represented by a unique vector in this space. Sampling is generalized to
extraction of numbers. These numbers can be used as coefficients to a set of vectors in the
signal space, which yields a second vector in a subspace of the signal space. This vector can be
considered as a reconstruction of the signal. The numbers are now representative if the distance
between the original vector and the reconstructed vector in the subspace is sufficiently small.

We use the vector space setting to find general sampling and reconstruction operators. Then, the
requirements above are employed to select appropriate operators. These operators are further
evaluated for their applicability in process control. This involves assessment of the quality of
the samples in terms of reconstruction errors and of the robustness with respect to internal and
external disturbances. Finally, we need to evaluate the implementability of the operators, either
as stand-alone hardware modules or in combination with software modules.

Overview of this thesis

The thesis starts with an overview of sampling theory in Chapter 2. Concepts of signals and
systems are briefly presented. An important part of this chapter is devoted to Shannon’s sampling
theorem, from a mathematical as well as an engineering viewpoint. There are many extensions
to the basic sampling theorem, of which the most important ones are included. Moreover, the
chapter discusses some selected topics related to sampling.

In Chapter 3, signal sampling is formulated on an abstract level, namely in the context of vec-
tor spaces. An alternative, geometrical interpretation of signal sampling is presented, in which
sampling plus reconstruction, considered as a single operation, is generalized to an approxima-
tion in a suitable subspace of the signal space. This leads to a large class of alternative sampling
operators. Special attention is paid to Hilbert spaces, for which the approximation problem
leads to a unique solution [Pow81]. It is shown that Shannon’s sampling theorem fits well in
this setting. The set of candidate operators is reduced by considering practical requirements,
which finally leads to our general sampling scheme. This is a model of the sampling and re-
construction operation very similar to Shannon’s scheme (Figure 2.6). It consists of a pre-filter,
δ-modulation and a post-filter. The filters can be chosen to meet additional requirements.

The choice of the filters is the main topic of Chapter 4. We are searching for filters such that the
general sampling scheme yields an optimal approximation. It appears that the recently developed
theory of wavelets and multiresolution analysis provides a convenient framework for this search.
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The first sections of Chapter 4 serve as an introduction to these topics. Then, the sampling
theorem is reformulated in terms of multiresolution analysis. Daubechies’ scaling functions
and specific polynomial splines appear to be promising alternative filters, since they share a
number of advantageous properties.

There is no globally optimal combination of pre- and post-filters. The filter combinations of
Chapter 4 constitute an optimal approximation in a subspace determined by a post-filter selec-
ted, but this subspace may be more or less suitable depending on the signals to be sampled.
A set of experiments is conducted to evaluate the approximation quality of different combina-
tions. Moreover, their stability with respect to noise and other disturbances present in real-world
environments is investigated. These experiments are discussed in Chapter 5.

In Chapter 6 the alternative sampling schemes are embedded in a closed-loop control system.
The main issue here is how the signal representations, resulting from these alternative sampling
schemes, affect the behavior of the control system. The control system is analyzed theoret-
ically, adopting methods of sampled data control system analysis and multirate digital signal
processing. Moreover, simulations are carried out to measure the response in terms of time-
domain transient parameters.

Chapter 7 deals with implementations of the sampling scheme. Special attention is paid to B-
spline filters, since they can be directly realized by analog hardware. An architecture is presented
for an A/D-converter with B0-spline filtering, the so-called local integral sampling. The quality
of conversion is experimentally determined. In this chapter we also discuss front-end software
for signal representation by B-splines, developed for the analysis of gas-chromatograms.

Finally, Chapter 8 gives conclusions, an overview of achievements of this thesis, and suggestions
for future research.


