
Chapter 2

Overview of sampling theory

To provide the necessary background for this thesis we give an overview of sampling theory.
In Section 2.1 we start with a brief introduction to signals and systems, including definitions of
sampling and reconstruction. Then, in Section 2.2, we discuss Shannon’s sampling theorem in
detail, and spend some words on earlier contributions leading to Shannon’s formulation of the
theorem. This section also addresses some topics relating to sampling, like bandlimitedness, the
ideal low-pass filter, and aliasing effects. Section 2.3 is devoted to extensions of the sampling
theorem. Amongst others we discuss generalized sampling theorems of Kramer and Papoulis.
We also investigate errors which occur if a signal is not properly sampled. Finally, Section 2.4
deals with some related topics in other fields.

2.1 Signals and systems

This section gives a global overview of signals and systems theory. The reader is referred
to [KS91] for more information.

In order to give more explicit definitions of A/D- and D/A-conversion we must have a mathemat-
ical notion of the concept ‘signal’. A signal is defined as an entity describing the time-behavior
of a physical quantity. It is, therefore, not a single value of this quantity, but the result of a con-
tinuous monitoring process, e.g., the temperature in a room as a function of time, the frequency
variations of the AC-current generated in a power-station, etc. We need a more mathematical
framework, and adopt the following definition:

Definition 2.1 (Signal) Let A be a set, and let T � R, then any mapping x : T! A is a signal.
A is the range of the signal, and T its time-axis (or domain).

The time-axis is defined here as a subset of the set of real numbers. This is done to give the
time-axis all properties of these numbers. The set of all mappings T! A is called the signal set.
Every individual signal is an element of this set.

Depending on the characteristics of the sets A and T we can make some distinctions. The
signal’s range A can be either finite, countably infinite, or uncountable. For example, the range
of binary signals is the set A = ffalse, trueg. Examples of uncountable ranges are A = R, or
A = [�1, 1]. A similar distinction can be made for the time-axis. The time-axis is continuous if
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it consists of an interval ofR. Examples of continuous time-axes are [a, b], (�∞, b], [a, ∞) and
(�∞, ∞) (a, b 2 R, b > a). Signals defined on a continuous time-axis are called continuous-
time signals. The time-axis is discrete if it is a finite or countable subset of R. The elements of
this subset are called sampling times. Signals defined on a discrete time-axis are called discrete-
time signals.

If the sampling times are equidistantly spaced, i.e., Td = fk∆gk2Z, a signal is called uniformly
sampled. Such a signal can be interpreted as a sequence xk := x(k∆). The constant ∆ is called
sampling interval.

In addition, we distinguish two more types of signals:

� Analog signals are continuous-time signals with an uncountable range.

� Digital signals are discrete-time signals with a finite range.

Systems are objects relating certain signals. We restrict ourselves to dynamic input-output sys-
tems (IO systems) that are driven by input signals and produce output signals, and define:

Definition 2.2 (Input-output systems) An input-output system is defined by the signal set X, the
input set, and the signal set Y, the output set, and a subset R of the product set X� Y. The set R
is called rule of the system. Any pair of signals (x, y) 2 R is an input-output pair of the system.

If there exists a mapping F : X ! Y , then the IO system is called an input-output mapping
system (IOM system). An IOM system is linear if the mapping F is linear, i.e., if(

F(a + b) = F(a) + F(b)
F(λa) = λF(a)

holds for signals a and b (a, b 2 X), and λ 2 C .

A system whose input and output signals are continuous-time signals is called a continuous-time
system. If both signals are discrete-time signals then we are dealing with a discrete-time system.
Finally, if one of the signals is continuous-time, and the other one is discrete-time, the system
is said to be a hybrid system.

A linear, continuous-time IOM system with mapping F and time-axis R can also be described
by

y(t) =
Z ∞
�∞

k(t, t 0) x(t 0) dt 0. (2.1)

The function k(t, t 0) is called kernel of the system. For discrete-time systems with time-axis
T = fn∆gn2Za similar description holds:

y(t) = ∆ ∑
t 02T

k(t, t 0) x(t 0), 8t 2 T.

A system is called memoryless if the output y(t) at a certain time instant t only depends on the
input at the same time instant.

A system is said to be time-invariant if its properties do not change with time. To define this
more precisely, consider the time-axis T with the property that if t 2 T and τ 2 T then t+τ 2 T.
Now define the shift operator στ for t, τ 2 T, by

στx(t) = x(t + τ).
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Using this shift operator we can define:

Definition 2.3 (Linear time-invariant IOM systems) A linear IOM system is time-invariant if
the system mapping F commutes with the shift-operator στ , i.e.:

F(στx) = στF(x).

Linear, time-invariant IOM systems are of special interest. Systems of this kind can be either
described by differential equations (continuous-time) or by difference equations (discrete-time)
with constant coefficients. Another property of time-invariant systems is that the kernels k(t, t 0)
reduce to functions h(t � t 0). With this, (2.1) becomes a convolution integral:

y(t) =
Z ∞
�∞

h(t � t 0) x(t 0) dt 0 = (h � x)(t),

where h is called a system’s impulse response. Linear, time-invariant IOM systems are also
known as convolution systems. Impulse responses serve as an alternative characterization of
systems. For uniformly sampled discrete-time systems, we obtain a convolution sum:

yn = ∑
k2Z

hn�k xk,

where xk = x(k∆) and so on. For general discrete time axes T, the convolution sum is defined
as

y(t) = ∑
t 02T

h(t � t 0) x(t 0).

A system is causal if the output signal at time instant t 0 does not depend on future values of
the input signal. More formally: Given a time instant t 0 and two input signals x1 and x2 such
that for all t < t 0 : x1(t) = x2(t), then a system is causal iff y1(t 0) = y2(t 0).

There is another characterization of linear, time invariant IOM systems obtained by Fourier
techniques. For continuous-time systems, the Fourier transform of the impulse response gives
the transfer function H(ω), which defines the system response as a function of the angular fre-
quency ω . For details of the Fourier transform, and for its discrete-time equivalent, we refer to
Appendix A.

A filter is a linear time-invariant IOM system, designed to alter specific parts of the frequency
spectrum. For example, a low-pass filter does not affect the low frequency components, but
suppresses the high frequency components of a signal.

Using the above definitions, we can define some operations:

� Sampling
Sampling is an operation which only affects the time-axis of a signal. Given a signal x
defined on a continuous time-axis Tc and range A, the result is a signal y on a discrete
time-axis Td and the same range A, such that x(t) = y(t) for t 2 Td. It is required that
Td � Tc.

The sampler can be seen as a system, mapping the input x to the output y. Since the input
has a continuous time-axis whereas the output has a discrete time-axis, the system is a
hybrid system. The system is linear, but not time-invariant.
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� Interpolation
Interpolation of a signal x with a discrete time-axis Td and range A results in a continuous-
time signal y on Tc and the same range, such that y(t) = x(t) for t 2 Td. Again, Td � Tc.
An interpolator is a linear hybrid time-invariant system.

� Reconstruction or Approximation
Reconstruction is a conversion from a discrete-time signal x to a continuous-time signal y
for which the restriction of interpolation (y(t) = x(t) for t 2 Td) does not necessarily hold.
Approximation comes into play when the discrete-time signal is obtained by sampling a
continuous-time signal w. Then the reconstructed signal y can be seen as an approximation
of w.

� Quantization
Quantization is a transformation Q : A ! A0 of the range of a signal, such that the
resulting range is finite. Given a signal x with infinite range A, a new signal is defined
as y(t) = Q(x(t)). From the viewpoint of system theory, a quantizer is a nonlinear time-
invariant memoryless system.

Focusing on the definition of interpolation, it is clear that the definition does not specify the
values of a signal at the times which are not contained in Td. Thus, interpolation is not unique.
To overcome this problem, a continuous-time signal is reconstructed according to additional
constraints. In this thesis we will discuss several reconstruction techniques, for instance the one
according to Shannon’s sampling theorem.

Moreover, the definition given above does not allow smooth interpolation of a signal defined on
a finite (or discrete) range, since the output signal may only take values in the same range. For
example, linear interpolation of a set of samples is not covered by this definition. Therefore,
the definition is usually relaxed, allowing the output range to be a superset of the input range.

The sampling operator is the true inverse of the interpolation operator, i.e., a discrete-time sig-
nal (A, Td), first interpolated to a continuous-time signal (A, Tc) and then sampled on Td, is
unchanged (see Figure 2.1). Note that the opposite is not true.

Td

x(t) y(t) z(t)

Interpolation Sampling

TcTd

FIGURE 2.1: Sampling is the inverse of interpolation: z(t) = x(t).

In order to obtain a digital signal from an analog signal, both sampling and quantization must be
carried out. A/D-conversion is therefore defined as composition of sampling and quantization.

Before finishing this section, we present two more definitions.

� Harmonic signals
A signal x with uncountable range A � R and continuous or discrete time-axis T is har-
monic if

x(t) = a cos(2π f t + φ),
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with amplitude a 2 R+, frequency f 2 R, and phase φ 2 [0, 2π). The signal’s range is
A = [�a, a] � R. In addition the complex harmonic is defined as

x(t) = a ei2π f t ,

with amplitude a 2 C , and frequency f 2 R. The signal takes complex values on the
circle in the complex plane with radius jaj around the origin.

� Periodic signals
A signal x with range A and time-axis T = fk∆gk2Zor T = R is periodic if there exists
a T 2 T such that

x(t + T ) = x(t) for all t 2 T.

When the real number T is the smallest number for which the above relation holds, T is
called period of the signal.

Harmonic signals on a continuous time-axis are periodic with period T = 1= f . For the discrete-
time case, things are a little more complicated: a discrete harmonic is periodic if and only if
the frequency f is a rational multiple of 1=∆.

2.2 Basic sampling theory

In this section, we address some topics related to sampling theory. These topics appear in almost
every textbook on signal processing, but could not be discarded in this introduction. We start
with a short history of the theory, and present the sampling theorem in its most common form.
Then, we formulate the sampling theorem in terms of systems theory, which provides a link to
practice. Finally, we discuss a phenomenon related to signal sampling, namely aliasing, which
is a kind of distortion occurring if a signal is not sampled properly.

2.2.1 History

In the engineering community, Shannon became famous for his sampling theorem. Indeed, he
was the first who introduced the sampling theorem to information theory, but the basis for the
theorem was laid by several others. A comprehensive overview of the history of the sampling
theorem is given in [Jer77]. We shortly mention some milestones of this trajectory only.

E.T. Whittaker [Whi15] studied the problem of finding an analytic expression of a function,
whose values at ft0 + n∆gn2Zare known. It is obvious that the sequence of points does not
uniquely define a function. Whittaker therefore called all functions through these points co-
tabular, and the function with the lowest harmonic constituents cardinal function. This function
can be defined as the sum of the cardinal series:

+∞
∑

n=�∞
x(t0 + n∆)

sin π
∆(t � t0 � n∆)

π
∆(t � t0 � n∆)

. (2.2)
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Further developments of the theorem were due to Ferrar and J.M. Whittaker, who gave conditions
for the convergence of cardinal series (see [Jer77]). The latter related the convergence to Fourier
integrals and thereby revealed the notion of bandlimited functions.

The developments so far were of theoretical nature. In 1928, the sampling problem showed up in
communication engineering by a contribution of Nyquist [Nyq28]. He stated that the minimum
bandwidth required for transmission equals the ‘signaling speed’, i.e., the maximum frequency
in the spectrum of a signal. Nowadays this statement is known as the Nyquist criterion and
formulated as:

Theorem 2.1 (Nyquist criterion) To sample a bandlimited signal with maximum frequency fmax,
the sampling frequency fs should be at least 2 fmax.

Another expression for the Nyquist criterion is

∆ � π
ωmax

, (2.3)

where ωmax is the maximum angular frequency and ∆ the sampling distance, and ωmax=π = fmax

is called Nyquist frequency.

The problem of signal sampling and reconstruction is well formulated by Shannon in his land-
mark paper [Sha49]. Shannon’s famous theorem, which is included in every tutorial on signal
processing, was originally formulated as:

Theorem 2.2 (Shannon’s sampling theorem) If a function f (t) contains no frequencies higher
than W cps, it is completely determined by giving its ordinates at a series of points spaced1=2W
seconds apart.

This theorem guarantees exact reconstruction of a bandlimited signal f by a sequence consisting
of point-measurements at equidistantly spaced points. Moreover, the density of points to be used
is related to the maximum frequency.

In the Russian literature an equivalent statement was given by Kotelnikov. Therefore, the
sampling theorem is sometimes referred to as the WKS sampling theorem, after both Whit-
takers, Kotelnikov and Shannon.

2.2.2 Shannon’s sampling theorem

In order to gain more insight into the sampling theorem, we reformulate it and give a simple
proof in terms of Fourier analysis.

Theorem 2.3 (Sampling theorem) A bandlimited function x with maximum frequency fmax

sampled at equidistantly spaced points with a frequency � 2 fmax is retrieved from its samples
using the cardinal series (2.2).

Proof:
Assume the signal is sampled at the Nyquist frequency: fs = 1=∆ = 2 fmax. Furthermore,
assume x 2 L2(R), the space of square-integrable functions, and its Fourier transform:

X(ω) =
Z ∞
�∞

x(t)e�iωt dt (2.4)
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exists. Since the function x is bandlimited, the support of X is in the interval [�ωmax, ωmax]
with ωmax = 2π fmax. The function X lies in the space L2[�ωmax, ωmax] and can, therefore, be
written in terms of a Fourier series:

X(ω) =
∞
∑

n=�∞
cn e�inπω=ωmax, (2.5)

where

cn =
1

2ωmax

Z ωmax

�ωmax
X(ω) einπω=ωmax dω . (2.6)

Extending the integration bounds towards infinity, and recalling the definition of the inverse
Fourier transform

x(t) =
1

2π

Z ∞
�∞

X(ω) eiωt dω ,

we obtain from (2.6)

cn =
π

ωmax
x(

nπ
ωmax

) =
π

ωmax
x(n∆). (2.7)

Recall that a periodic function is completely determined by its Fourier coefficients cn and, ac-
cording to (2.7), by its samples at t = n∆.

To obtain an explicit formula for the reconstruction we take the inverse Fourier transform
of (2.5), and interchange summation and integration. This gives:

x(t) =
1

2ωmax

∞
∑

n=�∞
x(n∆)

Z ωmax

�ωmax
eiω(t�n∆) dω

=
1

2ωmax

∞
∑

n=�∞
x(n∆)

eiω(t�n∆)

i(t � n∆)

�����
ωmax

�ωmax

=
1

2ωmax

∞
∑

n=�∞
x(n∆) 2

sin (ωmax(t � n∆))
(t � n∆)

=
∞
∑

n=�∞
x(n∆) sinc

�ωmax

π
(t � n∆)

�
(2.8)

Here, we used the sinc-function as defined in (A.9) of Appendix A. A graph of this function
is shown in Figure 2.2. Equation (2.8) is identical to the cardinal series (2.2), with t0 = 0.

If the sampling frequency is higher, say fs = 1=∆0, ∆0 < ∆, we can find an ω 0
max := π

∆0 > ωmax.
Since the signal is bandlimited to ωmax, it is certainly bandlimited with respect to ω 0

max. For
this case the sampling theorem was proven. This implies that (2.8) holds with ω 0

max � ωmax. 2

There are several other proofs of the sampling theorem, see [BSS88] for a summary.

2.2.3 System interpretation

In most engineering textbooks, interpolation with Whittaker’s cardinal series is interpreted as
filtering with an ideal low-pass filter. We shortly present this viewpoint of the sampling problem.

In Figure 2.1 of Section 2.1 the sampler was visualized as a switch, closing at the sampling
times t = n∆. For a system interpretation, sampling is modelled as multiplying the signal by
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FIGURE 2.2: A graph of sinc(t) := sin(πt)=(πt).

Dirac δ-distributions, centered at the specified times. A uniformly sampled signal can now be
expressed as:

x�(t) =
∞
∑

n=�∞
x(n∆) δ(t � n∆). (2.9)

This process is known as δ-modulation, which can also be seen as a multiplication with an
impulse train:

x�(t) = x(t) � I∆(t),

with

I∆(t) =
∞
∑

n=�∞
δ(t � n∆). (2.10)

Though a δ-modulated signal takes non-zero values at the sampling times only, it is still a
continuous-time signal, allowing the use of continuous transforms such as the Fourier-transform.
This enables to relate the spectrum of a sampled signal to its original spectrum, which we shall
carry out below.

The Fourier transform of x�(t) is

X�(ω) =
Z ∞
�∞

∞
∑

n=�∞
x(n∆)δ(t � n∆)e�iωt dt (2.11)

=
∞
∑

n=�∞
x(n∆)e�iωn∆ . (2.12)

The Fourier transform (2.12) is a trigonometric polynomial and, therefore, periodic in ω with
period 2π=∆. Moreover, we can relate X�(ω) to X(ω) using the Poisson summation for-
mula (A.20) (see Appendix A), which gives:

X�(ω) =
1
∆

∞
∑

n=�∞
X(ω + n

2π
∆
). (2.13)

Thus, the spectrum of the sampled signal consists of duplications of the original frequency
spectrum, shifted in frequency. This is illustrated in Figure 2.3.
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FIGURE 2.3: Spectra of (a) original signal. Of signals (b) sampled with ωs > 2ωmax, and (c) with
ωs < 2ωmax.

If the signal is bandlimited to [�ωmax, ωmax], and sampled at the Nyquist rate ∆ = π=ωmax, the
different duplicates do not overlap, i.e.,

X(ω) = X�(ω) for jωj � ωmax.

In this case the spectrum X(ω) can be easily retrieved by filtering with an ideal low-pass filter,
i.e., a filter with transfer function

H(ω) = rect(
πω

ωmax
) =

(
1 ω � ωmax

0 elsewhere

where the rect-function is defined in (A.10). This filter is sometimes called reconstruction filter.
A system for sampling and reconstruction is shown in Figure 2.4.

LP y(t)x�(t)x(t)

I∆(t)

FIGURE 2.4: System interpretation of Whittaker’s interpolation formula. LP denotes the ideal low-pass
filter. The bandlimited signal x is δ -modulated and filtered. According to the sampling theorem the output
y equals x.

It remains to relate this concept to the reconstruction formula (2.8). Using the standard Fourier
transform pair (see Appendix A):

sinc(t)
F ! rect(ω)

we find the impulse response of the ideal low-pass filter:

h(t) = sinc(
ωmax t

π
).
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Using the convolution integral and (2.9), we can express the output y of the ideal filter as

y(t) = (x� � h)(t)

=
Z ∞
�∞

∞
∑

n=�∞
x(n∆) δ(τ � n∆) h(t � τ)dτ

=
∞
∑

n=�∞
x(n∆) h(t � n∆)

=
∞
∑

n=�∞
x(n∆) sinc

�ωmax

π
(t � n∆)

�
(2.14)

obtaining the reconstruction formula (2.8).

In [NW91] this system interpretation is related to the sampling theorem, using a mathematically
rigid proof based on distribution theory.

Note that the ideal low-pass filter is not a causal system.

2.2.4 Aliasing

If the Nyquist criterion is not met, either by sampling a non-bandlimited signal, or by choosing
the sampling frequency too low (undersampling), the reconstruction process yields a special
kind of error which is called aliasing. This effect is illustrated in Figure 2.5, where the original
signal is a sine-wave with a period T , drawn with a dashed-dotted line. According to the Nyquist
criterion samples must be taken at a frequency � 2=T . Instead, the sampling frequency used is
3

2T . If one tries to reconstruct the signal with the cardinal series, the result is a sine with period
2T (dotted).

FIGURE 2.5: Undersampling of a signal, causing aliasing.

Referring to the system interpretation, if a signal contains frequencies > π=∆, the different
duplicates in (2.13) overlap, and the original spectrum can no longer be retrieved. High fre-
quency components are mirrored around ω = π=∆ and are reconstructed as lower frequency
components.

Another viewpoint to aliasing is to consider two continuous-time harmonics

x(t) = ei2π f t , y(t) = ei2π( f+n=∆)t, n 2Z.
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If these signals are sampled on the time-axis Td = fk∆gk2Z the two harmonics become
identical. This follows directly if we rewrite the equation of the second signal:

y(t) = ei2π f t ei2πnt=∆

The second term vanishes, because nt=∆ is integer for all t 2 Td.

To prevent aliasing, a signal can be filtered prior to sampling. If an ideal low-pass filter is used,
the signal becomes bandlimited and can be sampled properly, see Figure 2.6. This filter is called
an anti-alias filter.

y�(t) z(t)x(t)
LP LP

I∆(t)

y(t)

FIGURE 2.6: Alias prevention by pre-filtering. The blocks named LP stand for ideal low-pass filters. The
signal x which is not bandlimited is filtered to obtain the bandlimited signal y. The output z is identical to y.

2.3 Extensions to the sampling theorem

Shannon’s sampling theorem and its applications and extensions have been the subject of in-
tensive research, both by mathematicians and by communication engineers. We cover the most
important extensions to this basic theorem.

2.3.1 Kramer’s generalized sampling theorem

An important extension to the basic theorem was contributed by Kramer [Kra59], but independ-
ently Weiss (see [Jer77]) obtained the same results. Instead of the usual Fourier transform, he
considered other integral transforms of the form:

X(ω) =
Z

I
ρ(t)K(ω , t) x(t) dt (2.15)

where X(ω) is square-integrable and K(ω , t) is a complete orthogonal set on the integration
interval I with respect to a weight function ρ(t), and the bar denotes the complex conjugate.
It is easy to recognize that the Fourier transform is a special case in this general setting, with
ρ(t) = 1 and K(ω , t) = eiωt . Integral transforms of this type have the following inverse:

x(t) =
Z

I
ρ(ω)K(ω , t)X(ω) dω .

The notion of bandlimitedness can be generalized as well. A signal x is called transform-limited
if the integration interval in (2.15) is finite. The generalized sampling theorem gives the fol-
lowing sampling expansion for transform-limited signals:

x(t) = lim
N!∞ ∑

jnj�N
x(tn)Sn(t), (2.16)
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with the interpolation function Sn:

Sn(t) = S(t, tn) =
R
I ρ(ω)K(ω , t)K(ω , tn) dωR

I ρ(ω) jK(ω , tn)j2 dω
. (2.17)

This theorem offers a general representation of a signal by its samples at t = tn. Note that
these time instants are not necessarily equidistant. The Shannon case is: tn = n∆ and S(t, tn) =
sinc

�
ωmax

π (t � tn)
�
.

A proof of Kramer’s theorem can be found in [Kra59, Jer77, Jer93]. The kernel K(ω , t) has to
satisfy additional conditions, whose discussion, however, is beyond the scope of this chapter.
Instead, we illustrate the generalized sampling theorem using the Hankel-transform, which is
the most common transform besides the Fourier transform. The (inverse) J0-Hankel (-Bessel)
transform is defined by

x(t) =
Z b

0
ωJ0(ωt)X(ω)dω ,

where the kernel K(ω , t) = J0(ωt) equals the 0th-order Bessel function of the first kind. Note
that x is transform-limited with respect to this transform. The signal can be expanded by (2.16),
with interpolation function

S(t, tn) = S
�

t,
j0,n

b

�
=

R b
0 ω J0(ωt) J0(ω j0,n=b) dωR b

0 ω J2
0(ω j0,n=b) dω

=
2 j0,n J0(bt)

b2( j2
0,n=b2 � t2) J1( j0,n)

, (2.18)

where tn = j0,n=b and f j0,ng are the zeros of the Bessel function J0.

In Section 2.2.3, where we discussed the system interpretation of Shannon’s sampling theorem,
interpolation is carried out by filtering with the ideal low-pass filter. In the case of the gener-
alized sampling theorem, the interpolation can also be interpreted as a filter, but the impulse
response S(t, tn) is now time-varying. This system interpretation can be developed further in
analogy to the system interpretation of Shannon’s theorem [Jer93].

In the literature, Kramer’s generalized sampling is sometimes referred to as the WKSK sampling
theorem, to distinguish it from the standard WKS sampling theorem.

2.3.2 Papoulis’ generalized sampling theorem

Another major extension was formulated by Papoulis [Pap77, Pap84, Che93]. It unifies a broad
class of extensions including non-uniform sampling, band-pass sampling, and sampling of in-
tegrated or differentiated signals.

The general setting is that a signal x is processed by a linear, time-invariant system H . The
signal is to be retrieved from the samples of the system output y (see Figure 2.7).

The following relation holds

x(t) =
∞
∑

n=�∞
y(n∆)g(t � n∆),

where

g(t) =
1

2ωmax

Z ωmax

�ωmax

1
H(ω)

eiωt dω .
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H y(n∆)x(t) y(t)

t = n∆

FIGURE 2.7: Signal to be retrieved from the values y(n∆).

Suppose now that x is a common input to m systems. Each output is sampled at a rate of 1=m
times the Nyquist rate. The overall sampling rate still satisfies the Nyquist criterion. Papoulis
showed that the signal can be retrieved from a combination of these samples. Let the output of
the kth system be:

yk(t) =
1

2π

Z ωmax

�ωmax
X(ω)Hk(ω) eiωt dω ,

which is sampled at the rate
1
∆

=
ωmax

mπ
.

For each system, we must derive an interpolation function g. To this end, the spectrum of
x is divided in m equal parts with size c = 2ωmax=m = 2π=T . This partitioning is shown
in Figure 2.8.

c
! ω

ωmax�ωmax

FIGURE 2.8: Partitioning of the spectrum X(ω) in m equal-sized slices of width c = 2ωmax=m.

The interpolation functions are then found by

gk(t) =
1
c

Z �ωmax+c

�ωmax
Gk(ω , t)eiωt dω , (2.19)

where the Gk(ω , t) are solutions to the following linear system:266664
H1(ω) H2(ω) � � � Hm(ω)

H1(ω + c) H2(ω + c) � � � Hm(ω + c)
...

...
...

H1(ω + (m� 1)c) H2(ω + (m � 1)c) � � � Hm(ω + (m� 1)c)

377775
266664

G1(ω, t)
G2(ω, t)

...
Gm(ω, t)

377775 =

266664
1

eict

...
ei(m�1)ct

377775
(2.20)

in which t is arbitrary and �ωmax < ω < �ωmax + c. Existence of a solution requires that the
Hk’s are never identically zero on the interval [�ωmax, ωmax].

The signal can now be reconstructed by means of the interpolation formula:

x(t) =
∞
∑

k=1

∞
∑

n=�∞
yk(n∆) gk(t � n∆).

The system interpretation of Papoulis’ generalized sampling expansion is schematically presen-
ted in Figure 2.9.



20 Overview of sampling theory

t = n∆

t = n∆

ym(n∆)

t = n∆

z(t)x(t)

Hm(ω)

H2(ω)

H1(ω) G1(ω , t)

G2(ω , t)

Gm(ω , t)

y1(n∆)

y2(n∆)

FIGURE 2.9: Papoulis’ general sampling expansion. The signal is fed to m subsystems, and to be retrieved
from the values y(n∆).

This generalized sampling theorem possesses some interesting special cases, like derivative
sampling [CM85, Pap84], or bunched sampling [Pap84]. We now present an example of de-
rivative sampling (after [Pap84]).

Assume we sample a signal x and its derivative x 0 at half of the Nyquist rate 1
∆ = ωmax

2π . The
signal is fed into two systems with H1(ω) = 1 and H2(ω) = (iω), giving y1(t) = x(t) and
y2(t) = x 0(t), respectively. The system (2.20) now takes the form(

G1(ω , t) + iωG2(ω , t) = 1
G1(ω , t) + i(ω + ωmax)G2(ω , t) = eiωt

Solving this system gives

G1(ω , t) = 1� ω
ωmax

(eiωmaxt � 1), G2(ω , t) =
1

iωmax
(eiωmaxt � 1).

Using (2.19) yields the following interpolation functions:

g1(t) =
4 sin2(ωmaxt=2)

ω2
maxt2 , g2(t) =

4 sin2(ωmaxt=2)
ω2

maxt
,

and the total interpolation formula becomes

x(t) = 4 sin2 ωmaxt
2

∞
∑

n=�∞

 
x(n∆)

(ωmaxt � 2nπ)2 +
x 0(n∆)

ωmax(ωmaxt � 2nπ)

!
.

It is easy to verify that Shannon’s sampling theorem is obtained by using a single system with
H1(ω) = 1.

It is interesting to mention that Shannon already stated the possibility to reconstruct a signal from
knowledge of the signal itself and its derivative, sampled every other point. A reformulation of
this proposition together with a proof was given in [JF56].
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Another interesting phenomenon shows up if we extend derivative sampling to m derivatives.
This would reduce the required sampling frequency to 1=m. Taking the limit m ! ∞ would
give an expansion of the signal x in terms of its derivatives at a single point. Indeed, there is an
expansion using these values: the Taylor series. This would imply that the mth order derivative
sampling and the mth order Taylor expansion converge to the same limit. As far as we know,
this is still an open question.

2.3.3 Other extensions

There are many extensions and other contributions related to the sampling theorem. We refer to
the overview article by Jerri [Jer77] and Butzer et al. [BSS88], or to the book of Marks [Mar93a]
for a recent bibliography. The most important extensions are listed below.

� Band-pass sampling
Papoulis’ general sampling includes the so-called band-pass sampling. A signal is called
a band-pass signal if its spectrum X(ω) lies within the set [�ωmax,�ωmin][ [ωmin, ωmax].
Such a signal can, of course, be treated as a bandlimited signal, but this would give a
redundant representation. Band-pass sampling is discussed in [SF92, Jer77]. In Chapter 4,
we will incorporate band-pass sampling in the general concept of multiresolution analysis.

� Non-uniform sampling
Non-uniform sampling [Mar93b, Jer77] is a generic term for all sampling methods in
which the sampling times are not equidistantly spaced. It is often encountered in medical
applications, where the sampling times are triggered by specific events, like heart-beats.
There are other application areas where non-uniform sampling is inevitable, like data re-
corded on a tape with speed variations. In this case one could assume that the samples
are approximately uniform, with a small perturbation (jitter). This is known as jittered
sampling. Other examples of non-uniform sampling are periodic non-uniform sampling
and sampling with skips, i.e., loss of some samples.

There exist sampling theorems for certain classes of non-uniform sampling, see [Mar93b,
Jer77]. Note that Kramer’s sampling theorem with the Bessel function is a kind of non-
uniform sampling as well.

� Sampling theorems for stochastic processes
The sampling theory can easily be extended to stochastic processes. The bandlimitedness
then concerns the spectral density functions of these processes. If the influence of noise
and other random disturbances is to be predicted, a stochastic setting can be useful [RM85].
An introduction to sampling for stochastic processes is given in [BSS88].

� Reconstruction from past samples
It is interesting to ask whether a signal at a given time instant t can be reconstructed
from its past samples only. Obviously, this is a problem of prediction or forecasting.
Under certain conditions on the signal, exact reconstruction is possible. This topic was
extensively studied by Butzer et al. See [BSS88, BS93, Bro72].
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2.3.4 Errors in signal sampling

Considering the WKS sampling theorem and its reconstruction, there are the following sources
of error.

Truncation error: It occurs if a finite number of samples is used in reconstruction, hence if
the cardinal series (2.2) is truncated to jnj � N.

Aliasing error This is the error that occurs if a signal which is not bandlimited is sampled as
if it were bandlimited.

Amplitude error This kind of error is caused by an uncertainty in sample values, either due to
noise, round-off errors or quantization.

Jitter error Jitter is an error in sampling times. Instead of sampling at t = n∆, samples are
taken at t = n∆ + δ , were δ is small compared to ∆. The resulting reconstruction error
is called jitter error.

The truncation error has been studied rather extensively, because series are always truncated in
applications. The truncation error signal is defined as:

et(t) =
∞
∑

n=�∞
x(n∆) sinc

�ωmax

π
(t � n∆)

�
�

N

∑
n=�N

x(n∆) sinc
�ωmax

π
(t � n∆)

�
= ∑

jnj>N
x(n∆) sinc

�ωmax

π
(t � n∆)

�
.

Various bounds are given in the literature, see [Jer77, BSS88]. All bounds assume certain decay
conditions of the signal.

If a non-bandlimited signal x is sampled with sampling interval ∆, the aliasing error signal is
defined as:

ea(t) = x(t) �
∞
∑

n=�∞
x(n∆) sinc

�1
∆
(t � n∆)

�
.

It is plausible that ea(t) becomes small as ∆ goes to zero. However, convergence of the
series (2.2) is only guaranteed under certain regularity conditions on the signal x [BSS88]. Sev-
eral bounds for this error are summarized in [Jer77, BSS88].

Another view on aliasing and truncation errors is given by Slepian [Sle76]. He introduced the
concepts ‘essential bandlimitedness’ and ‘essential timelimitedness’ by considering signals that
are indistinguishable of bandlimited (or timelimited, respectively) functions. This results in a
sampling expansion with 2ωmaxT samples (T is the time-interval).

An amplitude error may be caused by noise or round-off and quantization effects. In the first
case, the error is mostly estimated by stochastic methods. If the error is due to rounding-off or
quantization, deterministic methods are used as well, since the maximum error that can occur
is then known a-priori. The amplitude error is further discussed in [Jer77, BSS88]. Bounds are
given as well.

Jitter error is often considered as a random distortion of sampling times. Stochastic methods
are then the best tool. However, if the jitter δ is bounded, deterministic analysis can also be
helpful [BSS88].
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2.3.5 Inverse problems and stability

Reconstruction according to the WKS sampling theorem is well-posed, i.e., it is stable with
respect to a small amount of noise superimposed on the data. A number of extensions, which
are derived from Papoulis’ generalized sampling theorem are ill-posed, i.e., noise may cause
reconstruction to be unstable [CM85]. For example, consider signal-derivative sampling, dis-
cussed in Section 2.3.2. Here, a signal x and its derivative x 0 are sampled at half the Nyquist
rate. In [CM85] is shown that this kind of sampling is well-posed. However, if the samples of
x and x 0 are not taken at the same times, the problem becomes ill-posed. Oversampling, i.e.,
increasing the sampling frequency, is often seen as a way to improve stability, but this is not a
solution in all cases.

A thorough treatment of the stability of sampling expansions was carried out by Bertero et
al. [BdMP85, BdMP88]. They considered general linear inverse problems and their stability with
respect to noise. Signal sampling is a special kind of an inverse problem and can, therefore, be
treated by the methods and tools in this field. The problem setting in [BdMP85] is in terms of
function spaces. Further discussion of their work will be postponed to the next chapter, where
we formulate the problem in a similar setting.

2.4 Related work in other fields

Here, we discuss topics in other fields that have a certain relation with Shannon’s sampling
theory.

2.4.1 Interpolation problems and approximation theory

Whittaker’s cardinal series defines a function which interpolates between the (equidistantly
spaced) data points. It offers a solution to the general interpolation problem: given a set of
points, find a (smooth) curve through these points.

In this light, the sampling theorem is closely related to classical interpolation techniques. It
is therefore strange that the cardinal series is never mentioned in introductory textbooks on
interpolation theory.

Interpolation is a special case of approximation. We already mentioned that signal sampling
can be seen as an approximation problem: given the samples of a signal x, try to approximate
this signal as closely as possible. This does not necessarily imply that the samples must be
interpolated. Indeed we will see that, in general, interpolation does not give an optimal approx-
imation. In Chapter 3 we will discuss sampling in relation to approximation theory in detail.
For an introduction to approximation theory, see [Pow81].

2.4.2 Multirate digital signal processing

Multirate digital signal processing is a special field of digital signal processing (DSP), in which
more than one sampling rate is present in a system. It is an important part of modern telecom-
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munications theory, since digital transmission systems are required to handle data at several
rates (e.g., teletype, facsimile, speech, video). Sampling rate conversion is naturally the most
important issue in multirate DSP. This conversion has a high degree of similarity to continuous-
time signal sampling, including anti-alias filtering, interpolation, etc. The digital equivalent of
sampling is down-sampling (decimation, sub-sampling). A sampling theorem exists for this
case too.

An application where sampling rate conversion itself is the main goal is professional digital
audio. Various digital audio formats exist, each with different sampling rates. Conversion from
one format to another is preferably to be done in the digital domain, i.e., without interference
of analog equipment.

In Chapter 5 we will actually use multirate DSP techniques to simulate sampling and recon-
struction schemes. The book [CR83] is a introduction to multirate DSP.

2.4.3 Digital control

The importance of sampling in digital control systems has been stressed before. Sampling is
required to provide a digital representation of analog signals. The main difference to other
signal processing applications is that sampling and reconstruction affect the behavior of control
systems in a decisive manner. The choice of sampling rates is important to ensure stability and
proper response to external stimuli.

For an introduction to digital control systems, we refer to [FPEN94, FPW90].


