
Chapter 4

Sampling and multiresolution analysis

From the previous chapter we know that we are looking for linear spaces that are spanned by time
translates of a single function. We already know such a space, namely bandlimited functions
which are spanned by translates of the sinc-function. Are there any alternatives? Indeed there are
many of them: the concept of multiresolution analysis revealed a large class of spaces satisfying
this property. On the other hand, multiresolution analysis is closely related to the construction
of wavelets. Therefore, we will examine these fields to find a concrete sampling method.

We begin this chapter with a short introduction to wavelet analysis (Section 4.1) and multiresol-
ution analysis (Section 4.2). A multiresolution analysis consists of a sequence of nested spaces,
which are each spanned by translates of a single function, the scaling function φ . Such scal-
ing functions have the properties that we require for the general sampling scheme introduced
in the previous chapter. In Section 4.3 we will consider the construction of such functions.
There is a close relation between sampling and multiresolution analysis, which will be dis-
cussed in Section 4.4. We will obtain a large class of functions that satisfies the requirements
we have set. In Section 4.5 we shall consider additional requirements, which finally leads to
alternative filters in the general sampling scheme.

Throughout this chapter we assume that if a continuous-time signal x is sampled, the samples are
taken at the integers, i.e., sampling is uniform with the sampling interval ∆ = 1. This simplifies
the expressions involved, without loosing generality.

4.1 Overview of wavelet analysis

Wavelet analysis is a method of signal decomposition, using special functions called wavelets.
The decomposition is similar to Fourier transform, where a signal is decomposed on a basis
of harmonics with different frequencies. Analogously, the wavelet transform decomposes on a
basis of wavelets. A major distinction is that wavelets are local in time and frequency, which
gives rise to a so-called time-frequency decomposition.

Let us study this a little further. Consider a music signal consisting of a recording of the fol-
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From a graph of the signal vs. time we would be able to detect the transitions between two
different notes, but we would not be able to characterize the frequencies contained. The Fourier
transform, on the other hand, provides the frequency distribution of the signal, i.e., it generates a
function of the frequency f or angular frequency ω . In this case all the notes (frequencies) would
be distinguishable as separate peaks in a graph of the Fourier transform, but the time-transition
information is coded in the phase information and cannot be seen from this graph. What is
needed instead is a three-dimensional graph, where the energy distribution is plotted as a function
of time and frequency. Note that the musical notation already gives such a representation.

A time-frequency decomposition can be obtained using the windowed Fourier trans-
form [Chu92a, Gab46] (also short time Fourier transform). Here a signal is multiplied with
a time-window prior to applying the Fourier transform, see Figure 4.1. If this time-window
is compactly supported1, the Fourier transform contains only information around the position
of the window. Shifting the window gives other local spectra, thus yielding a time-frequency
decomposition. An alternative method is the wavelet transform to be introduced below.

signal window windowed signal

FIGURE 4.1: The principle of the windowed Fourier transform. A signal x is multiplied with a window
function w to obtain a signal local in time.

4.1.1 Continuous wavelet transform

Definition 4.1 (Wavelet) A wavelet ψ(t) is a square integrable function such that the following
admissibility condition holds:

Cψ :=
Z ∞
�∞
jΨ(ω)j2
jωj dω < ∞, (4.1)

where Ψ(ω) is the Fourier transform of ψ(t).

1A function f is said to have compact support if the set where f is non-zero is compact.
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FIGURE 4.2: Left: The Mexican hat wavelet ψ with dilation factor a = 1 and translation factor b = 0.
Right: The translated and dilated version with a = 2 and b = 5.

If we assume continuity of Ψ at ω = 0, the condition implies that Ψ(0) = 0. This, in turn,
implies that the function must change sign.

From this wavelet we can produce a whole family of equally shaped functions by shifts in time
(translation) and scaling (dilation):

ψa,b(t) =
1q
jaj

ψ(
t � b

a
) a 6= 0, b 2 R

The effect of translation and dilation is that wavelets are shifted to a certain location in the
time-frequency plane (actually, time-scale plane).

Example 4.1 An example of a wavelet is the so-called Mexican hat function

ψ(t) = (1 � t2) e�
1
2 t2

,

which is the second derivative of a Gaussian. The name comes from the fact that its graph looks
like the transverse section of a Mexican hat. The Mexican hat wavelet is shown in Figure 4.2,
together with a translated and dilated version. The admissibility condition (4.1) holds with
Cψ = 2π . �
A signal can be decomposed in terms of the members of this family by applying the
continuous wavelet transform [Chu92a]:

(Wψx)(a, b) =
Z ∞
�∞

x(t) ψa,b(t) dt, (4.2)

which can also be seen as an L2-inner product:

(Wψx)(a, b) = hx, ψa,bi.
The transform (Wψx)(a, b) gives a time-scale decomposition, where the scale parameter a is
inversely proportional to the frequency.

The original signal x can be recovered from the wavelet transform by

x(t) =
Z ∞
�∞

Z ∞
�∞

(Wψx)(a, b) ψa,b(t)
da db

a2 . (4.3)
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4.1.2 Time-frequency localization

Time-frequency decomposition yields the energy density at a certain point in the time-frequency
plane. To obtain this, the wavelets used should be localized in time and frequency. In the ideal
situation, every wavelet should cover a single point in time and a single point in frequency.
However, this is not possible, which is immediately clear from the following reasoning. If we
know a signal only at a single time instant, nothing can be said about its local frequency behavior
and vice versa. Indeed, there is an uncertainty principle, analogous to the Heisenberg relation
in quantum mechanics.

The time-frequency localization can be characterized using the concept of a window function.

Definition 4.2 A window function is a square integrable function w with the special property
that t �w(t) is square integrable as well. Such a function is well localized in time. The positionµw

and the radius σw of the window function w are defined as:

µw =
1
kwk2

2

Z ∞
�∞

t jw(t)j2 dt (4.4)

σw =
1
kwk2

2

�Z ∞
�∞

(t � µw)
2 jw(t)j2 dt

� 1
2

(4.5)

where k � k2 denotes the L2-norm.

Let W(ω) be the Fourier transform of w(t). Similarly, µW and σW can be defined as position
and radius in frequency, i.e.:

µW =
1
kWk2

2

Z ∞
�∞

ω jW(ω)j2 dω

σW =
1
kWk2

2

�Z ∞
�∞

(ω � µW )2 jW(ω)j2 dω
�1

2

The window function is said to be localized in the time-frequency window:

[µw � σw, µw + σw]� [µW � σW , µW + σW ]. (4.6)

This is a rectangle in the time-frequency plane (see Figure 4.3), whose area has a lower bound
due to the uncertainty principle [Chu92a]:

σw σW � 1
2

. (4.7)

Equality can only be obtained using a Gaussian as window function.

Example 4.2 The Fourier transform of The Mexican hat wavelet (Figure 4.2) is

Ψ(ω) =
p

2π ω2e�
1
2 ω2

Its time-frequency window is determined by the following values

µψ = 0, σψ =
7 π

1
4p

3
, µΨ =

2
3
p

π
, σΨ ' 1.92586.

�
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FIGURE 4.3: A time-frequency window in the time-frequency plane.

Translating and dilating a wavelet with factors of b and a respectively will change position and
size of the time-frequency window into

[b + aµψ � aσψ , b + aµψ + aσψ ]� [1
a µΨ � 1

a σΨ, 1
a µΨ + 1

aσΨ].

Note that the width of the frequency window decreases with increasing a, whereas the width of
the time window increases. However, the area of the time-frequency window remains constant
at 4σψ σΨ.

4.1.3 Wavelet series

The continuous wavelet transform introduces redundancy, because a one-dimensional signal is
transformed into a two-dimensional ‘coefficient space’. The question arises whether it is possible
to recover the original signal from a discrete set of wavelet coefficients, i.e., samples of the
continuous wavelet transform. This is indeed possible, but we have to be more restrictive on
the choice of a wavelet ψ in (4.2). In [Chu92a] recovery from (Wψx)(a, b) is discussed in the
following cases:

1. positive scales: a > 0, b 2 R
2. dyadic scales: a = 1

2 j , b 2 R, ( j 2Z)
3. a = 1

2 j , b = k
2 j b0, ( j, k 2Z, b0 > 0)

4. a = 1
2 j , b = k

2 j

Here we only discuss the last case. The family of wavelets now becomes

ψ j,k(t) =
1p
2� j

ψ(
t � 2� jk

2� j ) =
p

2 jψ(2 jt � k), ( j, k 2Z). (4.8)

A sufficient condition for reconstruction is that the family of scaled and shifted copies forms an
orthonormal basis in the space of square integrable functions L2(R). If this holds, any function
x 2 L2(R) can be written as:

x(t) =
∞
∑

j,k=�∞
hx, ψ j,kiψ j,k(t). (4.9)
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This representation (4.9) is referred to as a wavelet series2 with the wavelet coefficients hx, ψ j,ki.
The orthonormality condition is, however, too strong. It suffices to have a Riesz basis of L2(R)
(see [Chu92a]). If fψ j,kg j,k2Zis a Riesz basis of L2(R), there exists a unique Riesz basis fψ j,kg
which is dual to fψ j,kg:

hψ j,k, ψ l,mi = δ jl � δkm.

where δkm = 1 if k = m and δkm = 0 elsewhere. A function can now be written as

x(t) =
∞
∑

j,k=�∞
hx, ψ j,kiψ j,k(t).

However, it is not guaranteed that this dual basis is also formed of translated and dilated copies
of a single function. If this is the case, i.e., if we can find a function

�ψ 2 L2(R), such that

hψ j,k,
�ψ l,mi = δ jl � δkm,

then the wavelet ψ is called an R -wavelet, and we have

x(t) =
∞
∑

j,k=�∞
hx, ψ j,ki

�ψ j,k(t), (4.10)

which is a proper wavelet series. Note that the role of ψ and
�ψ can be interchanged, leading to

x(t) =
∞
∑

j,k=�∞
hx,

�ψ j,kiψ j,k(t).

We will discuss these dual wavelets in detail in Section 4.3.2.

4.1.4 Decomposition of L2(R)

Let ψ be an R -wavelet, and consider the Riesz basis fψ j,kg. Now define the wavelet spaces

Wj := clos
�
spanfψ j,kgk2Z

�
(4.11)

where the closure is with respect to L2(R). The space L2(R) can be decomposed as the direct
sum of the space Wj:

L2(R) = � � � �
+ W�1

�
+ W0

�
+ W1

�
+ � � �

If ψ is a orthogonal wavelet, i.e., hψ j,k, ψl,mi = δ jl � δkm, the subspaces Wj are mutually ortho-
gonal. The decomposition becomes an orthogonal decomposition and the direct sum becomes
an orthogonal sum:

L2(R) = � � � �W�1 �W0 �W1 � � � �
yielding an orthogonal decomposition of L2(R).

2Sometimes (4.9) is called a discrete wavelet transform. However, this is confusing, because the same name is
used for the transform of a digital signal. The term ‘wavelet series’ corresponds to ‘Fourier series’.
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4.2 Multiresolution analysis

Multiresolution analysis (MRA) is a method for L2-approximation of functions with arbitrary
precision. MRA gives approximations on different scales in such a way, that an approxima-
tion on a fine scale can be obtained by adding the ‘details’ to an approximation on a coarse
scale. MRA was originally formulated by Mallat [Mal89a, Mal89b] and later extended to non-
orthogonal bases [CDF92].

A multiresolution analysis (MRA) consists of a sequence of nested spaces Vj with the following
properties:

1. f0g � . . . � V�1 � V0 � V1 � . . . � L2(R),

2. clos
�S

j2ZVj

�
= L2(R) and

T
j2ZVj = f0g,

3. f (t) 2 V0 , f (t � k) 2 V0, 8k 2Z,

4. f (t) 2 Vj , f (2t) 2 Vj+1, j 2Z,

5. 9φ 2 V0 such that fφ(� � k)gk2Zis a Riesz basis for V0.

(4.12)

The function φ is called the scaling function3. The properties imply that fφ j,kgk2Zare Riesz
bases in Vj as well. Property (4.12.2) ensures approximation in L2(R) with arbitrarily small
error by projection on the subspaces Vj. Spaces Vj with large positive j are said to be fine scales
or high resolution scales, and have high approximation quality. For negative j, the scales become
coarser, with low approximation quality (low resolution scales). The nesting property (4.12.1)
means that an approximation on a coarse scale can be obtained from an approximation on a
finer scale without knowing the original function.

As an example, consider the space of piecewise constant functions, i.e., functions which are
constant on the intervals [k, k + 1), k 2Z. This space is spanned by integer translations of the
indicator function of [0, 1):

χ[0,1)(t) =

(
1 if t 2 [0, 1)
0 otherwise

Thus, property (4.12.5) is satisfied with φ = χ[0,1). Since two different basis functions do not
overlap, their inner product is

hφ(� � k), φ(� �m)i = δkm,

which means that the basis is orthonormal, thus it is a Riesz basis. The space V1 is spanned by
the basis fφ1kg where

φ1k(t) = χ[0,1=2)(t � k).

Proceeding this way, we obtain an MRA. Every function x 2 V0 is also in Vj, j > 0. Since the
basis is orthonormal, the L2-approximation on any Vj can be found by orthogonal projection:

ProjVj
x =

∞
∑

k=�∞
hx, φ j,kiφ j,k,

3Also known as the father wavelet.
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FIGURE 4.4: A function x and its MRA approximation on the scales V0 and V1

where
φ j,k(t) =

p
2 jφ(2 jt � k), ( j, k 2Z). (4.13)

Moving to finer scales, the approximation becomes better, see Figure 4.4.

In general, the spaces Vj, defined as

Vj = Wj�1
�
+ Wj�2

�
+ Wj�3

�
+ � � �

with the wavelet spaces as defined in (4.11), form an MRA. The wavelet space Wj contains the
difference of two approximations in Vj+1 and Vj. Hence, the wavelet space Wj can be seen as
the complement of Vj in Vj+1. Summarizing, we have the following structure:

� � � ! V�1 ! V0 ! V1 ! � � �
% % %

W�1 W0 W1

where Vj is spanned by fφ j,kgk2Zand Wj by fψ j,kgk2Z.

4.2.1 Two-scale relations

The special structure of an MRA establishes a construction method for a scaling function φ and
a wavelet ψ . The fact that fφ(2t � k)gk2Zis a basis in V1, and V0 � V1, gives:

φ(t) = ∑
k

pk φ(2t � k), (4.14)

where pk is an l2 sequence. A similar relation holds for the wavelet ψ which is also in V1:

ψ(t) = ∑
k

qk φ(2t � k) (4.15)

The sequences pk and qk cannot be chosen arbitrarily. Integrating both sides of (4.14), and
dividing by the non-vanishing integral of φ , we obtain:

∑
k

pk = 2
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The sequences are related by:
qk = (�1)k p1�k.

These relations (4.14) and (4.15) are called the two-scale relations4. They are usually written
in the following way:

φ(t) =
p

2 ∑
k

hk φ(2t � k)

ψ(t) =
p

2 ∑
k

gk φ(2t � k)
(4.16)

where hk = pk=
p

2 and gk = qk=
p

2, hence

gk = (�1)k h1�k. (4.17)

Another form of the two-scale relations is obtained by Fourier transforming the left and the
right-hand side of (4.16):

Φ(2ω) = 1p
2
H(ω)Φ(ω)

Ψ(2ω) = 1p
2
G(ω)Φ(ω)

(4.18)

In the remaining of this chapter we will often use these two-scale relations to derive properties
of scaling functions and wavelets.

4.2.2 Examples

0 1 1/20 1 1/20 11/2

φ(t)

+ =

t tt

1 1 1
φ(2t) φ(2t � 1)

FIGURE 4.5: Construction of the Haar scaling function φ by means of the two-scale relation (4.16).

Going back to our example with the MRA of piecewise constant functions, the scaling function
φ can be constructed of its dilated versions, which is depicted in Figure 4.5. From this figure it is
easy to see that the hk’s in (4.16) are h0 = h1 = 1=

p
2 and zero for other k. The corresponding

gk’s are: g0 = 1=
p

2, g�1 = �1=
p

2 and zero for other k, giving the wavelet ψ:

ψ(t) =

8><>:
1 if t 2 [0, 1=2)
�1 if t 2 [1=2, 1)
0 otherwise

This wavelet is known as the Haar wavelet, see Figure 4.6. It is left to the reader to verify that
the Haar wavelets fψ j,kgk2Zconstitute an orthonormal basis in Wj.

4Also: dilation equations or refinement equations.
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FIGURE 4.6: The Haar scaling function φ (left) and wavelet ψ (right).

The sinc-function, which we have used previously in a number of examples, is also a scaling
function generating an MRA. For it the two-scale relation (4.16) holds with

hk =
sin kπ=2

kπ=2
.

The corresponding wavelet is the Shannon wavelet given by

ψ(t) =
sin 2πt � sin πt

πt
.

The Shannon scaling function and wavelet are shown in Figure 4.7. The scaling function cor-
responds to the ideal low-pass filter with ωmax = π . As could be expected, the Shannon wavelet
corresponds to the ideal band-pass filter:

Ψ(ω) =

(
1, π < jωj < 2π
0, otherwise

The MRA-space V0 is thus equal to Bπ . Here it is clear that a signal in the space V1 = B2π can
be constructed by combining the information of V0 and W0.
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FIGURE 4.7: Shannon scaling function φ (left) and wavelet ψ (right).

The two examples above are two extreme cases in wavelet analysis. The Haar wavelet has,
due to its compact support, a very good time localization, but a poor frequency localization.
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The Shannon wavelet has a very poor decay, thus a poor time-localization, but its frequency
localization is excellent. In wavelet analysis, one tries to find a compromise, i.e., a wavelet that
has reasonable localization properties in both time and frequency.

4.2.3 Orthogonal multiresolution analyses

Special cases of MRA’s are the orthogonal MRA’s. An MRA is orthogonal if the wavelet spaces
Wj are defined as the orthogonal complement of Vj in Vj+1. A sufficient condition is V0 ?W0,
or,

hψ , φ(� � k)i = 0, k 2Z.

The properties of orthogonal MRA’s are derived most easily if we assume that Vj is spanned
by the orthonormal basis fφ j,kgk2Zand Wj by the orthonormal basis fψ j,kgk2Z. In this case we
have:

ProjVj+1
x = ProjVj

x + ProjWj
x (4.19)

∑
k
hx, φ j+1,kiφ j+1,k = ∑

k
hx, φ j,kiφ j,k + ∑

k
hx, ψ j,kiψ j,k (4.20)

expressing that the L2-approximation on a fine scale Vj+1 can be obtained by adding the approx-
imation on the wavelet space Wj to the approximation on the coarser scale Vj. In other words,
the wavelet coefficients hx, ψ j,ki fully determine the difference between the approximations on
two successive scales.

We already mentioned that an approximation on a coarse scale can be obtained from the ap-
proximation on a finer scale, without knowledge of the original signal x. Indeed we have:

φ j,k(t)
= [ definition of φ j,k (4.13) ]p

2 jφ(2 jt � k)
= [ Two-scale relation (4.14) ]p

2
p

2 j ∑
n

hnφ(2 j+1t � 2k � n)

= [ rearranging terms ]p
2 j+1 ∑

n
hnφ(2 j+1t � (2k + n))

= [ substitute l = 2k + n ]p
2 j+1 ∑

l
hl�2kφ(2 j+1t � l)

= [ definition of φ j,k ]

∑
l

hl�2kφ j+1,l(t).

An analogous equation can be derived for ψ j,k. This implies:

hx, φ j,ki = ∑
l

hl�2khx, φ j+1,li, (4.21)

hx, ψ j,ki = ∑
l

gl�2khx, φ j+1,li. (4.22)
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Equations (4.21) and (4.22) express that the coefficients for the approximation on scale j can be
obtained from those on scale j + 1. Both formulae have the structure of a discrete convolution
followed by down-sampling. Defining the up-sampling operator on a sequence fckg as

("Mc)k =

(
ck=M, k = lM, l 2Z
0, otherwise

(4.23)

and the down-sampling operator as

(#Mc)k = cMk, (4.24)

(4.21) becomes
hx, φ j,ki =

�
#2[h_ � hx, φ j+1,li]

�
k

, (4.25)

where h_

k = h�k is the reflection of hk. According to (4.25), simple digital filter schemes can
be used to calculate the successive approximations.

Proceeding the other line, from a coarse scale to a fine one, is expressed by (4.20). In particular,
φ(2t) 2 V1 is equal to the sum of its projections on V0 and W0, respectively:

φ(2t) = ∑
k
hφ(2t), φ(t � k)i φ(t � k) + ∑

k
hφ(2t), ψ(t � k)iψ(t � k).

We take a closer look at the inner product in the first term:

hφ(2t), φ(t � k)i
= [ Two-scale relation ]*

φ(2t),
p

2 ∑
l

hl φ(2(t � k)� l)

+
= [ linearity inner product ]p

2 ∑
l

hlhφ(2t), φ(2t � (2k + l))i
= [ orthonormal basis ]

1
2

p
2 ∑

l
hlδ2k+l

= [ definition of δk ]
1
2

p
2 h�2k.

For the second inner product a similar relation can be derived. We thus obtain:

φ(2t) = 1
2

p
2 ∑

k
(h�2kφ(t � k) + g�2kψ(t � k)) (4.26)

Relation (4.26) is called the decomposition relation. Analogously, a more general relation can
be derived:

φ j+1,m = ∑
k

�
hm�2kφ j,k + gm�2kψ j,k

�
. (4.27)

Note that the factor 1
2

p
2, which occurred in the equation for φ(2t), is now hidden in the defini-

tion of φ j+1,m. With this result, we find the coefficients for the approximation on the scale Vj+1
by

hx, φ j+1,mi = ∑
k

�
hm�2khx, φ j,ki+ gm�2khx, ψ j,ki

�
. (4.28)

Again, there exists a digital filtering viewpoint of (4.28), which involves the following steps:
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1. Up-sampling of the hx, φ j,ki,
2. Convolution of this up-sampled sequence with the filter coefficients hk,

3. Up-sampling of hx, ψ j,ki, and convolution with gk,

4. Addition of the two results.

In a formula:
hx, φ j+1,mi =

�
h � "2hx, φ j,ki

�
m
+
�

g � "2hx, ψ j,ki
�

m
. (4.29)

Summarizing, the orthogonal MRA provides L2-approximation on every scale Vj. Starting from
the approximation on a certain scale Vj, the approximation can be degraded by projection on
Vi, i < j, or upgraded to scale Vl, l > j, by adding the projections on the wavelet spaces
Wj+1 . . . Wl�1.

In this section we assumed the existence of orthonormal bases in both Vj and Wj. This condi-
tion is, however, unnecessarily strong for having an orthogonal MRA. It suffices to have semi-
orthogonal wavelets, i.e., wavelets which satisfy:

hψ j,k, ψl,mi = 0, j 6= l.

In Section 4.3.2 we will discuss semi- and bi-orthogonality in detail.

Orthogonal MRA’s and reproducing kernel Hilbert spaces

There is a close relation between orthogonal MRA’s and reproducing kernel Hilbert spaces. If
we have a φ such that fφ(t � k)gk2Zconstitutes an orthonormal basis in V0, we can find the
reproducing kernel of V0 by (3.10) on p. 35:

R(s, t) =
∞
∑

k=�∞
φ(s� k) φ(t � k).

Moreover, all Vj are RKHS with reproducing kernel

Rj(s, t) = 2 j R(2 js, 2 jt).

The reproducing kernel for Wj can be constructed in a similar way.

4.3 Construction of MRA’s

To find a scaling function φ and the corresponding wavelet ψ , the two-scale relations (4.16)
can be used, starting with a sequence hk. Since this sequence determines a scaling function,
certain requirements on hk will result in certain characteristics of the scaling function. For
example, starting with a finite-length sequence hk will lead to a compactly supported scaling
function [Dau88]. A real-valued sequence yields a real-valued scaling function.

In this section we discuss several properties of scaling functions and the wavelets, together with
the necessary conditions on the hk’s. From now on we assume real sequences: hk 2 R.
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4.3.1 Construction with orthogonal wavelets

A first condition on hk was already given by the relation ∑k pk = 1, which is equivalent to

∑
k

hk =
p

2. (4.30)

Taking the discrete to continuous Fourier transform (DCFT, see (A.14)) of hk, we obtain an
equivalent relation

H(0) =
p

2. (4.31)

Moreover, the fact that the scaling function constitutes orthonormal bases fφ j,kgk2Z in Vj is
equivalent to:

hφ j,k, φ j,mi = δkm.

This immediately implies a second condition on hk:

δk
=
hφ(t), φ(t � k)i

= [ two-scale relation (4.16) ]

2
Z �

∑
n

hnφ(2t � n)
� 

∑
l

hlφ(2(t � k)� l)

!
dt

= [ interchange summation and integration ]

2 ∑
n

∑
l

hnhl

Z
φ(2t � n)φ(2t � (2k + l)) dt

= [ orthonormality of φ j,k ]

2 ∑
n

∑
l

hnhl
1
2 δn,2k+l

= [ definition of δk,m ]

∑
n

hnhn�2k

giving
∑
n

hnhn�2k = δk. (4.32)

Also here, an equivalent condition can be given in the frequency domain. Applying the
Poisson summation formula (A.21), the orthogonality condition on φ gives

∑
k
jΦ(ω + 2kπ)j2 = 1. (4.33)

This implies
∑
k
jΦ(2ω + 2kπ)j2 = 1.

Substituting the two-scale relation (4.18), we obtain

1
2∑

k
jH(ω + kπ)j2jΦ(ω + kπ)j2 = 1.

Note that the function H(ω) is 2π-periodic. Regrouping the terms for k = 2l and k = 2l + 1
and using (4.33) gives

jH(ω)j2 + jH(ω + π)j2 = 2. (4.34)
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The two conditions (4.31, 4.34) are not sufficient to guarantee orthogonality. A sufficient con-
dition is given in [Mal89a]. We first state a definition:

Definition 4.3 A function x 2 L2(R) is said to be regular if it is continuously differentiable and
satisfies

jx(t)j � C
1 + t2 , jx 0(t)j � C

1 + t2

for some constant C > 0 and every t 2 R. An MRA is called regular if the generating function φ
is regular.

Theorem 4.3 (Mallat) Consider a sequence hk and its Fourier transform H(ω) satisfying (4.31)
and (4.34). Moreover, assume that

1. jhkj = O(1 + k2)�1,

2. jH(ω)j 6= 0 for ω 2 [�π
2 , π

2 ].

Then the function defined by

Φ(ω) :=
∞
∏
i=1

2�1=2H(2�iω)

is the Fourier transform of a scaling function φ such that fφ(t � k)gk2Zis an orthonormal basis
of V0. If φ is regular, then it generates an MRA.

Note that Theorem 4.3 requires regularity of φ to guarantee the existence of an MRA. We prefer
explicit conditions on the coefficient sequence hk that guarantee regularity of φ . The following
theorem, after Daubechies [Dau88], gives sufficient conditions for this.

Theorem 4.4 (Daubechies) Consider a sequence hk and its Fourier transform H(ω) satisfy-
ing (4.31) and (4.34), and ∑k jhkjjkjε < ∞ for some ε > 0. Suppose also that H(ω) can be written
as:

H(ω) =
p

2 [1
2(1 + e�iω )]NF(ω), (4.35)

where F(ω) is the Fourier transform of a sequence fn, with

1. ∑k j fkjjkjε < ∞ for some ε > 0,
2. supω2RF(ω) < 2N�1.

Again, Φ(ω) := ∏∞
i=1 2�1=2H(2�iω). Then the φ j,k define a regular MRA. The fφ j,kgk2Zare an

orthonormal basis in Vj and the fψ j,kgk2Z, as defined in (4.16), form an orthonormal basis in
L2(R).

This theorem provides a method to construct orthonormal wavelets, which will be discussed
in Section 4.5.2.

4.3.2 Construction with bi-orthogonal wavelets

The orthonormality conditions on φ and ψ are rather strong. They can be relaxed giving rise to
bi-orthogonal scaling functions and wavelets. This concept was known for a long time in the
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theory of perfectly reconstructing filter banks, but later recovered in wavelet theory [CDF92].
Dropping the orthogonality gives more freedom to choose other properties, like symmetry of
the scaling function.

In the bi-orthogonal case, a dual scaling function
�

φ and a dual wavelet
�ψ exist, which generate

a dual multiresolution analysis with spaces
�

V j and
�

W j such that

�

V j ?Wj and Vj ? �

W j. (4.36)

Consequently,
�

W j ?Wl, j 6= l. (4.37)

Note that the functions (φ , ψ) and their duals (
�

φ ,
�ψ) do not generate the same MRA. Hence,

f �

φ j,kgk2Zis not a dual Riesz basis to the Riesz basis fφ j,kgk2Zof Vj! A similar argument holds

for the spaces Wj. Nevertheless, the dual Riesz basis to fψ j,kg j,k2Zof L2(R) is f �ψ j,kg j,k2Z.
Examples of bi-orthogonal MRA’s are given in [CDF92].

The (non-orthogonal) projections on Vj and Wj are:

ProjVj
x =

∞
∑

k=�∞
hx,

�

φ j,ki φ j,k, (4.38)

ProjWj
x =

∞
∑

k=�∞
hx,

�ψ j,kiψ j,k. (4.39)

Since these projections are non-orthogonal, the MRA does not provide L2-optimal approximation
on the individual scales. However, the optimal approximation property must be present for
our alternative sampling theorems, hence we must restrict ourselves to orthogonal MRA’s. An
orthogonal MRA may be generated by a non-orthogonal scaling function, provided that the
wavelet ψ is semi-orthogonal:

hψ j,k, ψl,mi = 0, j 6= l. (4.40)

In other words, orthogonality holds across scales, but not within scales. This implies that the
Wj subspaces are mutually orthogonal. Combining this with (4.37) gives

Wj ? �

Wl and Wj ?Wl, j 6= l,

and we obtain that Wj =
�

W j and Vj =
�

V j. Hence, in the semi-orthogonal case, the pair (φ , ψ)

and their duals (
�

φ ,
�ψ) generate the same MRA.

Aldroubi et al. [AU93, AU92] state general conditions on the hk giving rise to a non-orthogonal
scaling function that generates an orthogonal MRA. Their result is summarized in the following
theorem [AU92]:

Theorem 4.5 Consider a sequence hk and its Fourier transform H(ω). If H(ω) satisfies:

1. jH(0)j = p2,
2. jH(ω)j � p2,
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3. H(ω) 6= 0, ω 2 [�π
2 , π

2 ],

4. Φ(ω) :=
∞
∏
i=1

2�1=2H(2�iω) = O(jωj�1�ε), ε > 0,

then Φ(ω) is the Fourier transform of a scaling function φ generating an orthogonal MRA.

The conditions for this theorem are the same as those given by Mallat for an orthogonal MRA in
Theorem 4.3, except that the orthogonality condition (4.34) is dropped and a regularity condition
is added which implies the continuity of the scaling function φ .

As in the orthogonal case, additional properties of hk are inherited by φ . If hk has a finite number
of non-zero elements, the scaling function has compact support. Moreover, if the hk are real
and symmetric, the scaling function is real and symmetric5 as well.

The corresponding wavelet ψ is generated by (4.16) using a coefficient sequence gk, which is
related to hk as follows:

gk = (h̃_ � ã)k+1,

where a is the sampled autocorrelation function of φ :

ak := (φ � φ_)(k), (4.41)

and ãk = (�1)k ak. Note that for orthogonal scaling functions holds ak = δk, giving

gk = (h̃_ � δ)k+1 = (h̃_)k+1 = (�1)k+1h1�k

which is, up to a factor �1, equivalent to the relation (4.17) we have found in Section 4.2.

The space V0 is spanned by integer translates of φ . However, this φ is not unique. It can be
shown [AU93] that a whole family of scaling functions φ 0 with

φ 0 = p � φ (4.42)

generate the same space. Here, ‘�’ denotes the mixed convolution operator (see (A.3) in Ap-
pendix A), and p 2 l2 is a sequence such that

� its Fourier transform P(ω) 2 L∞(R),

� ess inf jP(ω)j = m > 0,6

then p defines an invertible convolution operator from l2 onto l2, and

p � (p)�1 = δ ,

where (p)�1 denotes the convolution inverse. All scaling functions obtained by (4.42) form an
equivalence class, because they all generate V0. Moreover, they have the same decay properties

5A function x is said to be symmetric if x(�t) = x(t)
6The essential infimum is defined as: ess inf f = inffα : jfξ : f (ξ) � αgj > 0g, where jAj is the Lebesgue

measure of A � R. For continuous functions, inf and ess inf coincide.
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TABLE 4.1: Generating sequences for scaling functions and wavelets. The sequence a is the sampled
autocorrelation function of φ , defined in (4.41), and bk is defined in (4.44). The sequence (a)�1 denotes the
convolution inverse of a, and (a)�1=2 the convolution inverse square root, i.e., (a)�1=2 � (a)�1=2 � a = δ .

Name Symbol Generating sequence p or q

basic scaling function φ —

basic wavelet ψ —

dual scaling function
�

φ (a)�1

orthogonal scaling function φ? (a)�1=2

interpolating scaling function φI (b)�1

dual interpolating scaling function
�

φI (a)�1 � b

dual wavelet
�ψ (a � #2[ã � a])�1

orthogonal wavelet φ? (a � #2[ã � a])�1=2

interpolating wavelet ψI (#2[h̃
_ � ã � b])�1

dual interpolating wavelet �ψI — (see text)

as the original scaling function φ . There is a similar relationship for the wavelets. The wavelets
ψ 0,

ψ 0 = q � ψ (4.43)

where q is an invertible convolution operator, all generate the same wavelet space W0.

With these relations, we are able to construct scaling functions and wavelets having additional
properties. According to [AU93], we summarize in Table 4.1 the construction rules for orthonor-
mal and interpolating7 scaling functions and wavelets with their duals. In the last column the
table contains the generating sequences p and q, to generate the scaling functions from the basic
scaling function by means of (4.42) and the wavelets from the basic wavelet (4.43), respect-
ively. The sequence bk used in the table is defined as the sequence obtained by integer sampling
of φ :

bk := φ(k). (4.44)

There is no explicit formula given for the dual interpolating wavelet, but this wavelet can be
found using the general dual formula:

(a � #2[ã � a])�1

where a is now the sampled autocorrelation function of the interpolating scaling function φI .

This general construction method will be illustrated with spline functions in Section 4.5.3.

7A function x is called interpolating if x(0)=1 and x(k) = 0, k 6= 0, k 2Z.
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4.4 Sampling theorems in multiresolution analyses

In Section 4.2.2 we have seen that the sinc-function used in the WKS sampling theorem is
embedded in an MRA, and that the Shannon-wavelet generates a basis in the complementary
wavelet spaces. In this case, the space V0 is spanned by the orthonormal basis fsinc(t � k)gk2Z
with the sampling interval ∆ = 1. Hence, by (2.3), every function x 2 V0 is bandlimited to
ωmax = π .

Since the space Bπ is a RKHS with kernel R(t, s) = sinc(t� s), we have hx, sinc(t � k)i = x(k),
and the expansion to the orthogonal basis (see (3.6)) gives the sampling theorem in V0 = Bπ:

x(t) = ∑
k

x(k) sinc(t � k). (4.45)

The opposite question, whether every MRA has an embedded sampling expansion8, was posed
and answered by G. Walter in [Wal92]. In the same period, this problem was studied by
A. Aldroubi, M. Unser and M. Eden (see [AU92, AU94]). Indeed, a sampling expansion exists
under very general conditions.

Notations

By fx(n)gn2Zwe denote the sequence obtained by sampling a continuous-time signal x at the
integers. As a shorthand notation, fx(n)g expresses the same sequence.

The DCFT of this sequence fx(n)g is written as

X�(ω) = ∑
n

x(n)e�inω .

The function X�(ω) is 2π-periodic and related to the continuous Fourier transform X(ω) by the
Poisson summation formula (A.20):

X�(ω) =
∞
∑

n=�∞
X(ω + n2π)

Recall that X�(ω) was previously defined as the continuous Fourier transform of a δ-modulated
signal x�(t), but the result is the same.

4.4.1 Sampling expansions with orthonormal scaling functions

Throughout this section, we assume a real-valued signal x 2 V0, real-valued coefficient se-
quences and a real-valued scaling function φ . The derivation of a sampling expansion imposes
the following conditions on φ [Wal92]:

1. φ generates an MRA with fφ(t � k)g an orthonormal basis in V0,

8A sampling expansion is an expansion of a function in terms of a certain basis, in which the coefficients are
samples of the function, e.g., (4.45)
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2. φ(t) = O(jt�1�εj) for t !∞ (decay),

3. Φ�(ω) = ∑k φ(k)e�ikω does not vanish.

We need the following lemma [Wal92]:

Lemma 4.6 Let φ be a scaling function which satisfies the conditions above. Then the map
Tx = fx(n)g is a continuous invertible linear transformation from V0 onto l2 and, hence, T�1 is
continuous.

Proof:
We show first that fx(n)g is an l2-sequence.

The fact that x 2 V0 implies that x can be written as a linear combination of the basis vectors:

x(n) = ∑
k

akφ(n � k) (4.46)

with ak 2 l2 and fφ(k)g 2 l1 by condition 2. This has the structure of a discrete convolution.
The DCFT gives

X�(ω) = A(ω)Φ�(ω). (4.47)

Since A(ω) 2 L2(0, 2π) and Φ�(ω) is continuous and 2π-periodic, X�(ω) 2 L2(0, 2π) and,
hence, its Fourier coefficients fx(n)g are in l2.

The linearity of T is obvious. T is a bounded transformation:

kTxk2

=

∑
n
jx2(n)j

= [ Parseval relation (A.7) ]Z 2π

0
jX�(ω)j2 dω

= [ (4.47) ]Z 2π

0
jA(ω)j2jΦ�(ω)j2 dω

� [ Triangle inequality and Parseval ]

(∑
k
jφ(k)j)2

Z 2π

0
jA(ω)j2 dω

= [ Parseval and ∑k jφ(k)j2 independent of x ]

C ∑
k

a2
k

= [ Bessel inequality and fφgk2Zorthonormal basis ]

C kxk2

Moreover, T is one-to-one, since if Tx = 0 then X�(ω) = 0 almost everywhere (a.e.)9, and
since Φ�(ω) 6= 0, A(ω) = 0 a.e., which, in turn, implies that ak = 0 and, by (4.46), x = 0.

For each fx(n)g there is a corresponding A(ω) 2 L2(0, 2π) and, hence, a g 2 V0, g(t) =
∑k akφ(t� k), such that g(n) = x(n). Hence, the range of T is the whole of l2 and, by the open
mapping theorem10, T�1 is continuous as well. 2

9‘Almost everywhere’ (a.e.) is defined as: everywhere except on a set of Lebesgue measure zero.
10The open mapping theorem says that the inverse of a bijective bounded linear operator is continuous, thus

bounded [Kre78].
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Let R(t, s) be the reproducing kernel of V0. Let ΦΦ denote the doubly infinite matrix ΦΦ =
[φ(i� j)]i, j2Z, and R = [R(i, j)]i, j2Z.

Lemma 4.7 The matrices ΦΦ and R are bounded invertible linear transformations from l2 into l2,
and R = ΦΦΦΦT .

Proof:
Let a 2 l2 and define

S : l2 ! V0, (S a)(t) = ∑
n

anφ(t � n).

Then ΦΦ = TS and, since both T and S are bounded invertible linear transformations, so is ΦΦ.
The same holds for R, because (for real-valued φ):

R(i, j) = ∑
k

φ(i � k)φ( j � k) = ∑
k

φ(i � k)φ_(k � j),

where φ_(t) = φ(�t). Hence, R = ΦΦΦΦT . 2

Proposition 4.8 The sequence of functions fR(t, n)gn2Z is a Riesz basis of V0 having a
bi-orthogonal Riesz basis, which will be denoted as fSn(t)gn2Z.

Proof:
The mapping T�1 of Lemma 4.6 maps Riesz bases onto Riesz bases. By Lemma 4.7,fR(m, n)g
is a Riesz basis of l2. Hence, fT�1R(m, n)g = fR(t, n)g is a Riesz basis of V0. All such bases
have bi-orthogonal bases. 2

Theorem 4.9 (Walter) Let V0 be generated by an orthonormal scaling function φ satisfying the
conditions given at the beginning of this section. Furthermore, R(t, s) be the reproducing kernel of
V0, and fSn(t)g be the basis bi-orthogonal to fR(t, n)g. Finally, let x 2 V0. Then Sn(t) = S(t�n),
where S(t) is defined via its Fourier transform bS(ω)

bS(ω) =
Φ(ω)

Φ�(ω)
. (4.48)

Now the following sampling expansion holds

x(t) = ∑
n

x(n) S(t � n), (4.49)

where the convergence is uniform onR.

Proof:
Since R(t, n) = R(t � n, 0), it follows that S0(t � n) must also be a bi-orthogonal sequence,
which must be equal to Sn(t) because of the uniqueness of the Riesz dual. The expansion with
respect to Sn(t) is:

x(t) = ∑
n
hx, R(�, n)i Sn(t)

= ∑
n

x(n) S(t � n),

where we used the properties of the reproducing kernel. Substituting φ for x in (4.49) and taking
the Fourier transform gives:

Φ(ω) = Φ�(ω)bS(ω),
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which is solved for bS(ω) to obtain (4.48). Uniform convergence of (4.49) is shown by:�����x(t) � N

∑
n=�N

x(n)S(t � n)

����� =

�����
Z ∞
�∞

R(t, s)

"
x(s) �

N

∑
n=�N

x(n)S(s � n)

#
ds

�����
�

�Z
jR(t, s)j2ds

�1=2
x� N

∑
n=�N

x(n)Sn

 .

It holds R(t, t) =
R jR(t, s)j2ds = ∑n φ2(t � n). Hence, R(t, t) is periodic in t and it must,

therefore, be uniformly bounded. 2

If the signal x is not in V0, it must be projected onto the space V0 first (anti-aliasing). Accord-
ing to Theorem 3.3 the inner product with the kernel provides an orthogonal projection on V0.
Therefore, the expansion bx(t) = ∑

n
hx, R(�, n)i S(t � n)

can be considered as a general sampling scheme, with R(�, 0) as pre-filter and S as post-filter,
depicted in Figure 4.8. Here y is the projection of x onto V0, y� its samples at the integers
and z the reconstructed signal. Since S is defined as the Riesz dual of R, the overall scheme
constitutes an orthogonal projection as well, which implies that y = z. Moreover, if x 2 V0, it
is not affected by the pre-filter, hence x = y = z.

z(t)x(t)

I(t)

y(t) y�(t)
R(�, 0) S(�)

FIGURE 4.8: The general scheme for approximation sampling in V0.

4.4.2 Sampling expansions with non-orthogonal scaling functions

Any L2-optimal sampling scheme must give an (orthogonal) projection in a subspace of L2(R).
In the sampling expansions discussed so far, this projection was already obtained by the pre-
filter, leading to the special situation that a signal, which lies in the subspace, is not affected,
i.e., the coefficients in the expansion are true samples of the signal x.

In the sampling scheme to be discussed now this is not the case. Consider the subspace of
L2(R) spanned by a Riesz basis fφ(t � k)gk2Z, which we denote by V(φ):

V(φ) =
(

v : v(t) = (c � φ)(t) =
∞
∑

k=�∞
ckφ(t � k), c 2 l2

)
.

The projection onto V(φ) is given by

(ProjV (φ) x)(t) = ∑
k
hx, φ0,kiφ(t � k).

If the Riesz dual basis φ0,k also consists of translated copies of a single function, i.e., φ0,k(t) =
�

φ 0,k(t) =
�

φ(t � k), then the coefficients ck = hx,
�

φ(� � k)i meet our requirements of the general



4.4 Sampling theorems in multiresolution analyses 71

sampling operator as discussed in Section 3.5.1. Given an orthonormal basis, this is guaranteed
since an orthonormal basis is self-dual. Sufficient conditions on a non-orthogonal φ to have a
translation invariant dual are given in [AU94]:

Theorem 4.10 (Generalized sampling) If the Fourier transform Φ(ω) of a real function φ 2 L1

is such that Φ(ω) = O(jωj�r) for some r > 1
2 , then the function ∑k jΦ(ω � 2kπ)j2 is periodic and

continuous. Define the following sets:

Ai := fω 2 [0, 2π) : Φ(ω � 2π i) = 0g.

If
T

i Ai = /0, then

� 9m > 0 such that ∑k jΦ(ω � 2kπ)j2 � m,

� V(φ) is a closed subspace of L2(R) and fφ(t � k)gk2Zforms a Schauder basis of V(φ),

� there exists a unique function
�

φ 2 V(φ) such that the orthogonal projection of a function
x 2 L2(R) onto V(φ) is given by

(ProjV (φ) x)(t) = ∑
k
hx,

�

φ(� � k)i φ(t � k).

So far, the φ and the space V (φ) were not related to a scaling function and an MRA. However,
we have the following theorem [AU93] to relate the two:

Theorem 4.11 A scaling function obtained as in Theorem 4.5 is in L1(R) and satisfies all the
conditions of Theorem 4.10. The associated wavelet ψ is also in L1(R).

Combining these two results allows a sampling scheme with scaling functions
�

φ
_

as pre-filter
and φ as post-filter. This scheme is shown in Figure 4.9.

z(t)x(t)

I(t)

y(t) y�(t)�

φ _

φ

FIGURE 4.9: The general scheme for approximation sampling in V(φ)

It was noted that other scaling functions, constructed according to (4.42), generate the same
space V0. Hence, the scheme of Figure 4.9 provides the orthogonal projection on V0, regardless
of the actual choice of φ .

In contrast to the scheme of Figure 4.8, the pre-filtered signal y is not an orthogonal projection
of x onto V(φ), whereas the reconstructed signal z is. For a particular choice of the filters it is
possible to obtain direct projection by pre-filtering: Choose the interpolating scaling function
φI as post-filter and the corresponding dual

�

φI (see Table 4.1) as pre-filter. This result is not
surprising if we compare (4.48) with the expression for φI in Table 4.1:

φI = (b)�1 � φ .
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Recalling definition (4.44) of bk, and applying the Fourier transform directly gives (4.48).
Hence, we may conclude that the dual interpolating scaling function

�

φI(t � s) is equal to the
reproducing kernel R(t, s) of V0.

With this particular choice we have a true sampling expansion, i.e., if a signal belongs to the
subspace, the coefficients in the expansion are true samples (point measurements) of the signal.

4.5 Alternative filters for the general sampling scheme

In the previous section we discussed sampling theorems in the MRA framework. The schemes
fit in the general scheme proposed in Section 3.5.5, and provide optimal L2-approximation if
a pair of bi-orthogonal filters is used. A particular choice of pre- and post-filters implies the
space to project onto. This means that, in order to obtain a good approximation, a sampled
signal should have a small distance to the space. Hence, a-priori knowledge of the signal is
required. In Chapter 5 we will carry out simulations to investigate whether a group of signals
from the same source is closer to a particular MRA-space than to other ones.

We have seen that there are multiple scaling functions that generate the same space. Hence, we
can choose one of them without affecting approximation quality. This choice can be guided by
additional properties, which will be the subject of the next section. Then we will discuss two
particular families of scaling functions and wavelets: the Daubechies family and the B-spline
family.

4.5.1 Desired properties of filters

Given a certain MRA, we can use the freedom to select a generating function φ to ensure ad-
ditional properties. We list some properties of filters, which may be useful in our application:

Orthonormality Orthonormality of the filters implies that the same filter can be used for both
pre-filtering and post-filtering. Another advantage is that the projection on a subspace with
an orthonormal basis is well conditioned, which is important for numerical processing.

Compact support It is desirable, but not necessary, for a sampling operator to have compact
support. Hence, the influence of erroneous samples remains local. If the support cannot be
compact, the filter must decay rapidly. In case of digital processing, a compactly supported
filter can be efficiently realized with a finite impulse response (FIR) filter. Moreover, a
compactly supported filter will bound the truncation error (cf. Section 2.3.4) to a finite
interval.

Symmetry Symmetrical filters do not introduce phase distortion. Therefore, these filters are
often used in signal and image processing. For example, in image processing, phase dis-
tortion causes edges to be blurred. Symmetrical filters are said to have linear phase.

Causality For real-time applications, filters can only be implemented if the impulse response is
causal, i.e., future values are not used. If the time conditions are weak, also semi-causal
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filters are allowed. These filters use only a finite part of the future input signal, which
can be realized by delaying the input.

Interpolation (cardinality) A filter is said to be cardinal if it has the interpolation property:
φI(k) = δk (see also Section 2.1). An interpolating post-filter gives rise to a true sampling
expansion.

Smoothness The filters should have a certain degree of smoothness to give a smooth approx-
imation.

Rational coefficients If the pyramid algorithm11 is used to calculate filter response, a filter with
rational coefficients hk enhances the speed of computation.

Analytic expressions Analytic expressions allow symbolic calculations on the result of an ap-
proximation, like integration and differentiation.

Suppression of noise and other distortions An operator should possibly be insensitive to other
distortions commonly present in practical systems, such as noise or spikes. It was noted
before that a locally supported filter can assure this.

These properties cannot be satisfied all together simultaneously. For example, the box-function
(or B0-spline), is compactly supported, orthogonal, symmetric and interpolating. It can be
shown that this is the only function which shares these four properties. Another example is
the sinc-function, which is orthogonal, symmetric and interpolating, but has a very poor decay.

Other possible combinations are:

� orthonormal and compact support [Dau88],

� interpolating and compact support [GM94],

� orthonormal, interpolating and symmetric [XZ93].

In the next sections we discuss two families of scaling functions and wavelets, which share some
of the properties. The Daubechies family is orthonormal and has compact support; the B-spline
family is compactly supported, symmetric, and its members have a closed analytic expression.

4.5.2 Daubechies orthonormal scaling functions and wavelets with compact
support

The compactly supported Daubechies wavelets satisfy the conditions of Theorem 4.4 on p. 63.
As an example, for N = 4, we obtain the following conditions on hk

h2
0 + h2

1 + h2
2 + h2

3 = 1 (4.50)

h2 h0 + h3 h1 = 0 (4.51)

h3 � h2 + h1 � h0 = 0 (4.52)

0h3 � h2 + 2h1 � 3h0 = 0 (4.53)

11The pyramid algorithm will be defined in Section 5.2.
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The first two conditions can be easily derived from (4.32), the third and the fourth follow from
the divisibility of H(ω) by (1 + e�iω)2 (4.35). This system can be solved uniquely, except for
mirroring, giving:

h0 =
1 +
p

3

4
p

2
, h1 =

3�p3

4
p

2
, h2 =

3 +
p

3

4
p

2
, h3 =

1�p3

4
p

2
.

The corresponding scaling function and wavelet are known as the Daubechies D2 scaling
function12, and are drawn in Figure 4.10.
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FIGURE 4.10: Daubechies D2 scaling function and corresponding wavelet

For other N we obtain the DN=2 wavelets. The D2 wavelet lacks regularity, but the smoothness

increases with N. In particular, the Daubechies DN=2 wavelets are in CbλNc, with λ > 0, where
Ck is the space of k times continuously differentiable functions [Dau88]. A value of λ was given
by Meyer [Dau88, p. 983]

λ ' log 4=π
log 2

' 0.3485.

The D2 wavelet is able to reproduce first order (piecewise) polynomials without error, which is
hard to believe if compared to the irregular shape of the wavelet itself. To find the other DN=2
wavelets, (4.35) is rewritten as

H(ω) =
p

2[1
2(1 + e�iω )]NQ(e�iω ), (4.54)

where Q is a polynomial with real coefficients such that

jQ(e�iω)j2 =
N�1

∑
k=0

 
N � 1 + k

k

!
sin2k 1

2 ω .

The polynomial Q can be obtained from jQj2 by a process called spectral factorization [Dau92].
Finally, the coefficients hk can be calculated from (4.54).

The D6, D12 and D20 scaling functions, to be used in alternative sampling scheme experiments,
are given in Figures 4.11, 4.12 and 4.13, respectively.

Daubechies also introduced some variations of this original family, retaining orthogonality and
compact support:

12The index ‘2’ in the name D2 is from N=2.
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FIGURE 4.11: Daubechies D6 scaling function and corresponding wavelet
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FIGURE 4.12: Daubechies D12 scaling function and corresponding wavelet
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FIGURE 4.13: Daubechies D20 scaling function and corresponding wavelet
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� the nearly linear phase family,

� a family which is more regular, but has a larger support, and

� a family with a larger number of vanishing moments13(Coiflets).

In our experiments to be carried out in the next chapter, we will use the original family, because
this family is extensively used in other applications.

4.5.3 B-spline scaling functions and wavelets

Polynomial splines are quite popular in approximation problems [dB78]. In particular, splines
have been used for sampling expansions with promising results [Hum83, Hal84, BERS86,
Sch69]. Moreover, the so-called B-splines serve as scaling functions in an MRA [UA92]. For
these reasons we will concentrate on the use of splines for sampling expansions.

Polynomial splines of order n are piecewise polynomials, such that the overall function is n�1
times continuously differentiable. A spline S(t) on the interval [t0, tk] is characterized by a
sequence of nodal points t0, t1, . . . , tk, such that

� in each interval [ti, ti+1] S(t) is given by a polynomial of order n,

� S(t) and its n� 1 derivatives are continuous everywhere on the interval.

The set of nodal points may become (countably) infinite, yielding a spline over the whole real
line. Since we are particularly interested in those splines that generate an MRA, we must find
a subspace of L2(R) spanned by integer translates of a single function. It is for this reason, that
we restrict ourselves to spaces Sn of polynomial splines with equidistantly spaced nodal points
at distance 1. For this case, the basis of so-called B-splines was found by Schoenberg [Sch46].

The (centered) B-spline of order n is given by the recursive relation

β n(t) = (β 0 � β n�1)(t), (4.55)

where β 0(t) is the characteristic function on the interval [�1=2, 1=2). The B-splines of order
1,2, and 3 are depicted in Figure 4.14.

Any function x 2 Sn can now be written as

x = ∑
k

akβ n(t � k), a 2 l2. (4.56)

It is possible to derive a closed-form expression for the B-splines:

β n(t) =
1
n!

n+1

∑
k=0

(�1)k

 
n + 1

k

!�
t +

n + 1
2
� k

�n

+
, t 2 R, (4.57)

13The moments of a scaling function φ (or wavelet ψ) are defined as Mp =
R∞
�∞ t pφ(t) dt , p 2 N. If these

moments are zero up to a certain p, then the function is said to have p vanishing moments.
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FIGURE 4.14: The centered B-splines of order 1, 2, and 3.

in which:

(x)n
+ =

(
xn x � 0
0 x < 0

The B-splines have compact support, which is, in fact, minimal among all polynomial splines of
the same order. Moreover, due to the relatively simple analytic expression for the B-splines, it is
possible to perform analytic operations like integration and differentiation on a spline function
via its expansion on the basis of B-splines.

The B-splines of odd order n generate an MRA [JS94, AU93, UA92], satisfying the two-scale
relation

β n(t) = ∑
k
(un)k β n(2t � k),

where un is the nth row in Pascal’s triangle 14:

(un)k =

(
1
2n

�
n+1

k+(n+1)=2

�
jkj � (n + 1)=2

0 otherwise

The two-scale relation in this form does not hold for B-splines of even order n, because the
nodal points are (2k + 1)=2, jkj < n. Defining the B-splines in an alternative way, starting with
β 0 = χ[0,1) and using the same recursive relation (4.55), all the splines will have their nodal
points at the integers, and a two-scale relation will hold for even order n as well. In [Chu92a],
the B-splines are defined this way.

The B-spline scaling functions satisfy all conditions of Theorem 4.5. Hence, we can use the
general rules of Table 4.1 to construct other splines generating the same MRA. In the spline
case, the sampled autocorrelation function is given by

ak = (β n � β n_)(k) = β 2n+1(k)

and for the sequence bk holds bk = β n(k). The derived splines will be denoted as in Table 4.2.

The spline scaling functions of order 1 are depicted in Figure 4.15 and the corresponding wave-
lets in Figure 4.16. Figures 4.17 and 4.18 show the spline scaling functions and wavelets of
order 3.

14Also known as the binomial kernel of order n
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FIGURE 4.15: The spline scaling functions of order 1. Functions on the same line are each others duals.
The O-splines are self-dual, and therefore plotted twice. Note that in the first order case, the B-spline and
the C-spline are identical. Thereby, the D-spline and the DC-spline are identical as well.
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TABLE 4.2: Spline scaling functions and wavelets constructed according to Table 4.1 on p. 66. The functions
are given in bi-orthogonal pairs. The prefix ‘O’ stands for orthogonal, ‘C’ for cardinal (interpolating), and
‘D’ for dual. Note that the orthogonal functions are self-dual and, therefore, duplicated in the right columns.

Forward Dual

Name Symbol Name Symbol

B-spline scaling function φ = β n D-spline scaling function
�

φ

O-spline scaling function φ? O-spline scaling function φ?
C-spline scaling function φI DC-spline scaling function

�

φI

B-spline wavelet ψ D-spline wavelet
�ψ

O-spline wavelet ψ? O-spline wavelet ψ?
C-spline wavelet ψI DC-spline wavelet �ψI
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FIGURE 4.16: The spline wavelets of order 1.
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FIGURE 4.17: The spline scaling functions of order 3. Functions on the same line are each others duals.
The O-splines are self-dual, and therefore plotted twice.
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FIGURE 4.18: The spline wavelets of order 3.

The B-splines and the B-spline wavelets have compact support. The others have exponential
decay. All scaling functions and wavelets are symmetric, thus have linear phase. Some of
the spline functions were known before. For example, the C-spline scaling function is equal
to Schoenberg’s cardinal spline function [Sch69]. The O-spline scaling functions and wavelets
were introduced by Battle and Lemarié [Lem88].

A basic result of the central limit theorem is that the B-splines converge to Gaussians for n! ∞.
In [AU93] it is shown that the O-splines and the C-splines converge to the sinc-function. In other
words, a sampling scheme with a pair of O-splines, or with the pair C-spline and DC-spline,
tends to Shannon’s sampling theorem for large n. The corresponding wavelets converge to the
Shannon-wavelet.

4.6 Approximation in Cb[0, T ]

In this chapter we have searched for subspaces that are spanned by time translates of a single
function. So far this search was guided by multiresolution analysis. MRA consists of nested



82 Sampling and multiresolution analysis

subspaces of the Hilbert space L2(R), and provides L2-optimal approximation. In addition, we
are interested in sampling schemes on the interval [0, T ] (subspaces of Cb[0, T ]), and optimal
approximation with respect to the supremum norm (L∞-optimal approximation).

Extension of MRA-theory is not straightforward. One can define wavelets on an interval pre-
serving the optimal approximation property, but these wavelets no longer consist of translated
and dilated copies of a single function [JS94]. We conclude that such wavelets are not suited
for our purpose. Alternatively, we could consider a signal on [0, T ] as periodic, i.e., defined on
a torus. MRA-theory can be easily extended to the torus, yielding periodic MRA’s. It is in-
teresting to mention that Shannon’s sampling theorem has been generalized within this setting
as well [Mod90, FT94]. However, there is no physical ground for periodization. Another alter-
native is to consider truncated sampling expansions on L2(R), thereby introducing a truncation
error as discussed in Section 2.3.4. If the scaling function has sufficient decay, this error can
be small. Both Daubechies functions and B-splines have a faster decay than the sinc-function.

The concept of MRA has also been generalized to Banach spaces [Zav94]. However, dilation
and translation must then be replaced by abstract algebraic objects, which is not interesting for
our purpose. The filters found so far can be used for L∞-approximation as well. In the case
of Daubechies and B-spline filters, the spaces spanned by the basis functions are subspaces
of Cb(R). Instead of L2-approximation, we can try to find L∞-approximations. As we noted
in Section 3.6.3, we were not able to perform this search systematically. For the space Sn of
polynomial splines, an approximation operator was proposed by Halang [Hal80, Hal84]. This
operator constitutes a representation in terms of B-spline bases, where the coefficients are ob-
tained by local signal integration. The composite operator Ln : Cb[0, T ]! Sn is defined as:

(Ln x)(t)!
N�1

∑
k=�n

1
∆

Z (k+1)∆

k∆
x(t) dt � β n

� t
∆
� k � n + 1

2

�
(4.58)

The n basis functions occurring additionally in this representation are necessary to achieve a
uniform approximation quality on [0, T ]. The corresponding coefficients must be calculated
from the signal outside [0, T ] or by other methods.

Some properties of Lm were proven in [Hal80]. We only list the most important ones:

1. Ln is linear and time-invariant,

2. Ln is positive,

3. kLn x � xk∞ � n+2
24 ∆2 k d2

dt2 x(t)k∞, for n � 1,

4. Ln is variation-diminishing,

5. Ln reduces the total variation.

The positivity of the operator is a necessary condition for properties 4 and 5. However, due to
positivity, the approximation error cannot be smaller than O(∆2).

Note that the operator is not a projection operator.
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This operator fits perfectly in the general sampling scheme. The post-filter is a B-spline of order
n. Local integration is functionally equivalent to pre-filtering with a zero-order B-spline followed
by point measurements. In the simulations to be discussed in Chapter 5, we will compare this
operator to the L2-optimal operators discussed before.

Summary

In Chapter 3 we concluded that all alternative sampling schemes can be studied in the frame-
work of the general sampling scheme. The scheme constitutes a projection onto a subspace
of the signal space. The subspace is spanned by translated copies of a single function and is
implicitly determined by the post-filter. The combination of the pre- and post-filter determines
the approximation quality.

In this chapter we concentrated on the choice of the pre- and post-filters. The concept of mul-
tiresolution analysis offered a theoretical framework and revealed subspaces of L2(R) which
are spanned by integer translates of a scaling function φ . The theory also covers the topic of
L2-approximation in these spaces. We then showed that Shannon’s sampling theorem, as well
as some of its extensions, can be formulated in terms of multiresolution analysis. In particu-
lar, Shannon’s sampling theorem is an incomplete formulation of the MRA generated by the
sinc-function. We then discussed two families of scaling functions: the Daubechies functions
and the B-splines, which can be used as alternative filters in the general sampling scheme. The
actual performance of the alternative filters will be empirically verified in the next chapter.


