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Chapter 1

Introduction

During the past two decades, the importance of digital signal processing grew considerably
in many areas. For example, in consumer audio devices, signals are stored and processed in
the digital domain. Only in the final amplifier, signals are converted to analog currents and
fed into speakers. Our television set is still an analog device, but many digital techniques are
already used to improve the quality of the received image. Also, the large field of (scientific)
image processing is totally driven by digital processing. Another major field is industrial process
control. In this area, the effects of failure are relatively high: uncontrollable processes may
lead to large costs, or even dangerous situations. Therefore, new techniques are adopted only
after intensive testing in other fields. Nevertheless, digital control systems are being used on
an increasingly large scale, because of their reliability and insensitivity to noise. Also here,
the ability of digital processing stimulated the development of new control strategies which are
beyond the possibilities of traditional (analog) controllers.

Controllers communicate with the outside world through sensors and actuators. Sensors measure
physical quantities and convert them to (electrical) signals. Since most of the quantities are of
analog nature, most sensors produce analog signals as well. These signals cannot be processed
directly by digital systems, but must be converted into digital signals. This conversion is com-
monly known as Analog-to-Digital conversion or shortly A/D-conversion. On the other hand,
the processor output will be used to control processes by means of actuators. Most actuators
are controlled by analog voltages or currents, which require conversion from the digital to the
analog stage: Digital-to-Analog Conversion or D/A-conversion.

A/D- and D/A-converters cannot simply be each other’s inverse, because it is not possible to
specify all characteristics of analog signals in digital terms. In other words, the set of all possible
digital signals is smaller than the set of analog signals. As a consequence, information is lost
during A/D-conversion. The quality of an A/D-converter depends on its ability to preserve all
relevant signal properties. For D/A-conversion, the situation is different. It is easy to find an
analog signal for each digital signal, preserving all properties. In fact, many such signals can
be found, allowing selection according to additional criteria.

An easy way to test whether all properties are preserved is to study the composition of A/D-
conversion and D/A-conversion as a single operation, see Figure 1.1. This can be seen as a
mapping from the set of analog signals to itself. The difference between an original and its
image represents the quality of the overall conversion. For ideal conversion, this difference
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D/AdigitalA/Danalog analog

FIGURE 1.1: A composition of A/D- and D/A-converters considered as a single operation.

should be zero and, hence, the mapping should be the identity.

The common way of A/D-conversion is to take point measurements of a signal and, sub-
sequently, to map the measured values to the nearest computer word in fixed length or floating
point binary numbers. The first process is called sampling, the latter quantization. The point
measurements (samples) are taken at equidistant time instants (uniform sampling) to avoid stor-
age of the measuring times. It has to be noted, however, that not every A/D-conversion method
involves a sampling process.

For D/A-conversion, a similar distinction can be made: on the one hand the mapping of the
computer words to real-valued quantities and on the other hand the conversion of the sequence
of numbers to a signal. However, such a distinction is less obvious than in the case of A/D-
conversion, since most D/A-converters carry out both operations simultaneously. The second
operation can be seen as the counterpart of sampling and will be denoted as reconstruction. A
popular D/A-conversion method is the zero-order hold: Every computer word is mapped to an
analog value, which remains constant until the next measurement is processed. The result is a
staircase-like analog signal. Other methods involve interpolation of values to obtain an analog
signal.

The question how to minimize the errors of A/D- and D/A-conversion is extensively studied in
the literature. In most cases sampling and quantization are dealt with separately. An important
result for uniform sampling is known as the Nyquist criterion:

The sampling frequency, which is the inverse of the time between two subsequent
samples must, at least, be twice as high as the highest frequency occurring in a
signal.

If this criterion is met, it is guaranteed that the measurements (the samples) represent the signal
well, i.e., contain all necessary information about the signal. Note that the frequency contents
of the signal must be bounded, i.e., there must be a frequency fmax such that for frequencies
j f j > fmax the frequency spectrum is zero. Signals having this property are called bandlimited.

An even stronger result is attributed to Shannon [Sha49]. The so-called sampling theorem states
that

if
1. a signal x(t) is sampled by point measurements at equidistant time instants,

2. the signal is bandlimited,

3. the signal is sampled according to the Nyquist criterion
(the sampling frequency exceeds 2 fmax), and

4. the signal is observed during infinitely long time,

then, the signal is fully determined by the samples thus obtained.
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This means that the analog signal can be retrieved from the samples without loss of informa-
tion. In other words, neglecting the effects of quantization, the composition of A/D- and D/A-
conversion is the identity mapping.

In practical A/D-converters it is assumed that the sampling theorem holds. Going through the
conditions of the sampling theorem, however, it is easily concluded that these conditions cannot
be met in practice. First, an electronic circuit is not able to take point measurements due to
internal capacitances. Instead, signals are integrated during a (short) interval. Secondly, signals
are (and can be) observed during finite time intervals only. Thirdly, not all signals of interest
are bandlimited. In particular, it can be shown that a signal, which is nonzero during a finite
time only, can never be bandlimited. For those signals it is not possible to meet the Nyquist
criterion.

We can conclude that there is a certain gap between the sampling theorem and practical A/D-
conversion. Nevertheless, this theorem is the basis for commercially available devices. Since
there are (infinitely) many methods for signal sampling, we could pose the following question,
which is the basic question in this thesis:

Is it possible to find methods for A/D- and D/A-conversion for which a similar
theorem holds whose conditions can be satisfied by practical devices?

Emphasis will be on sampling, because we believe that most improvements can be made here.
The matter of quantization will only be discussed in global terms.

The conversions are of major significance for the overall performance of a system, since analog
devices are sensitive to noise and other electrical disturbances. Moreover, the first component
in a pipeline of processing units is an A/D-converter. Disturbances introduced at this point
will propagate through the rest of the system. Often, much effort is spent at a later stage to
recover from these disturbances. This could be reduced if the disturbances were suppressed at
the source.

Objectives

Many researchers have addressed the theory of signal sampling, which resulted in an extensive
number of publications. However, most of their research is concentrated on the mathematics of
the sampling theorem and its extensions, which does not provide a suitable climate for techniques
directly applicable in process control. For example, non-uniform sampling, or simultaneous
sampling of a signal and its derivative, both discussed in the next chapter, are very elegant
extensions to the sampling theorem, but cannot be used for our purpose.

Instead we are looking for a straightforward sampling method which can be used for data ac-
quisition in process control. For this reason we attempt to satisfy, as much as possible, the
following requirements:

Linearity. The sampling operator should be linear. Only in this case, linear operations on an
analog signal can be approximated by linear operations on the sampled signal.
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Time-invariance. As it is not economical to have a different procedure for each of the samples,
the sampling should be implemented using a single procedure, initiated at different times.

Equidistant evaluation. In order to prevent additional timing data to be stored with the samples,
the procedure should be repeated at equidistant times.

Finite time interval. The sampling procedure is only carried out during a finite time interval.
In combination with the previous requirement this leads to a finite number of samples.

We try to find an alternative sampling theorem based on the requirements above. To enable
this, we have to take the problem to a more abstract level. Motivated by Shannon’s original
paper [Sha49], we consider signals as vectors in a certain space, which we denote as the signal
space. Any signal is represented by a unique vector in this space. Sampling is generalized to
extraction of numbers. These numbers can be used as coefficients to a set of vectors in the
signal space, which yields a second vector in a subspace of the signal space. This vector can be
considered as a reconstruction of the signal. The numbers are now representative if the distance
between the original vector and the reconstructed vector in the subspace is sufficiently small.

We use the vector space setting to find general sampling and reconstruction operators. Then, the
requirements above are employed to select appropriate operators. These operators are further
evaluated for their applicability in process control. This involves assessment of the quality of
the samples in terms of reconstruction errors and of the robustness with respect to internal and
external disturbances. Finally, we need to evaluate the implementability of the operators, either
as stand-alone hardware modules or in combination with software modules.

Overview of this thesis

The thesis starts with an overview of sampling theory in Chapter 2. Concepts of signals and
systems are briefly presented. An important part of this chapter is devoted to Shannon’s sampling
theorem, from a mathematical as well as an engineering viewpoint. There are many extensions
to the basic sampling theorem, of which the most important ones are included. Moreover, the
chapter discusses some selected topics related to sampling.

In Chapter 3, signal sampling is formulated on an abstract level, namely in the context of vec-
tor spaces. An alternative, geometrical interpretation of signal sampling is presented, in which
sampling plus reconstruction, considered as a single operation, is generalized to an approxima-
tion in a suitable subspace of the signal space. This leads to a large class of alternative sampling
operators. Special attention is paid to Hilbert spaces, for which the approximation problem
leads to a unique solution [Pow81]. It is shown that Shannon’s sampling theorem fits well in
this setting. The set of candidate operators is reduced by considering practical requirements,
which finally leads to our general sampling scheme. This is a model of the sampling and re-
construction operation very similar to Shannon’s scheme (Figure 2.6). It consists of a pre-filter,
δ-modulation and a post-filter. The filters can be chosen to meet additional requirements.

The choice of the filters is the main topic of Chapter 4. We are searching for filters such that the
general sampling scheme yields an optimal approximation. It appears that the recently developed
theory of wavelets and multiresolution analysis provides a convenient framework for this search.
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The first sections of Chapter 4 serve as an introduction to these topics. Then, the sampling
theorem is reformulated in terms of multiresolution analysis. Daubechies’ scaling functions
and specific polynomial splines appear to be promising alternative filters, since they share a
number of advantageous properties.

There is no globally optimal combination of pre- and post-filters. The filter combinations of
Chapter 4 constitute an optimal approximation in a subspace determined by a post-filter selec-
ted, but this subspace may be more or less suitable depending on the signals to be sampled.
A set of experiments is conducted to evaluate the approximation quality of different combina-
tions. Moreover, their stability with respect to noise and other disturbances present in real-world
environments is investigated. These experiments are discussed in Chapter 5.

In Chapter 6 the alternative sampling schemes are embedded in a closed-loop control system.
The main issue here is how the signal representations, resulting from these alternative sampling
schemes, affect the behavior of the control system. The control system is analyzed theoret-
ically, adopting methods of sampled data control system analysis and multirate digital signal
processing. Moreover, simulations are carried out to measure the response in terms of time-
domain transient parameters.

Chapter 7 deals with implementations of the sampling scheme. Special attention is paid to B-
spline filters, since they can be directly realized by analog hardware. An architecture is presented
for an A/D-converter with B0-spline filtering, the so-called local integral sampling. The quality
of conversion is experimentally determined. In this chapter we also discuss front-end software
for signal representation by B-splines, developed for the analysis of gas-chromatograms.

Finally, Chapter 8 gives conclusions, an overview of achievements of this thesis, and suggestions
for future research.



6 Introduction



Chapter 2

Overview of sampling theory

To provide the necessary background for this thesis we give an overview of sampling theory.
In Section 2.1 we start with a brief introduction to signals and systems, including definitions of
sampling and reconstruction. Then, in Section 2.2, we discuss Shannon’s sampling theorem in
detail, and spend some words on earlier contributions leading to Shannon’s formulation of the
theorem. This section also addresses some topics relating to sampling, like bandlimitedness, the
ideal low-pass filter, and aliasing effects. Section 2.3 is devoted to extensions of the sampling
theorem. Amongst others we discuss generalized sampling theorems of Kramer and Papoulis.
We also investigate errors which occur if a signal is not properly sampled. Finally, Section 2.4
deals with some related topics in other fields.

2.1 Signals and systems

This section gives a global overview of signals and systems theory. The reader is referred
to [KS91] for more information.

In order to give more explicit definitions of A/D- and D/A-conversion we must have a mathemat-
ical notion of the concept ‘signal’. A signal is defined as an entity describing the time-behavior
of a physical quantity. It is, therefore, not a single value of this quantity, but the result of a con-
tinuous monitoring process, e.g., the temperature in a room as a function of time, the frequency
variations of the AC-current generated in a power-station, etc. We need a more mathematical
framework, and adopt the following definition:

Definition 2.1 (Signal) Let A be a set, and let T � R, then any mapping x : T! A is a signal.
A is the range of the signal, and T its time-axis (or domain).

The time-axis is defined here as a subset of the set of real numbers. This is done to give the
time-axis all properties of these numbers. The set of all mappings T! A is called the signal set.
Every individual signal is an element of this set.

Depending on the characteristics of the sets A and T we can make some distinctions. The
signal’s range A can be either finite, countably infinite, or uncountable. For example, the range
of binary signals is the set A = ffalse, trueg. Examples of uncountable ranges are A = R, or
A = [�1, 1]. A similar distinction can be made for the time-axis. The time-axis is continuous if
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it consists of an interval ofR. Examples of continuous time-axes are [a, b], (�∞, b], [a, ∞) and
(�∞, ∞) (a, b 2 R, b > a). Signals defined on a continuous time-axis are called continuous-
time signals. The time-axis is discrete if it is a finite or countable subset of R. The elements of
this subset are called sampling times. Signals defined on a discrete time-axis are called discrete-
time signals.

If the sampling times are equidistantly spaced, i.e., Td = fk∆gk2Z, a signal is called uniformly
sampled. Such a signal can be interpreted as a sequence xk := x(k∆). The constant ∆ is called
sampling interval.

In addition, we distinguish two more types of signals:

� Analog signals are continuous-time signals with an uncountable range.

� Digital signals are discrete-time signals with a finite range.

Systems are objects relating certain signals. We restrict ourselves to dynamic input-output sys-
tems (IO systems) that are driven by input signals and produce output signals, and define:

Definition 2.2 (Input-output systems) An input-output system is defined by the signal set X, the
input set, and the signal set Y, the output set, and a subset R of the product set X� Y. The set R
is called rule of the system. Any pair of signals (x, y) 2 R is an input-output pair of the system.

If there exists a mapping F : X ! Y , then the IO system is called an input-output mapping
system (IOM system). An IOM system is linear if the mapping F is linear, i.e., if(

F(a + b) = F(a) + F(b)
F(λa) = λF(a)

holds for signals a and b (a, b 2 X), and λ 2 C .

A system whose input and output signals are continuous-time signals is called a continuous-time
system. If both signals are discrete-time signals then we are dealing with a discrete-time system.
Finally, if one of the signals is continuous-time, and the other one is discrete-time, the system
is said to be a hybrid system.

A linear, continuous-time IOM system with mapping F and time-axis R can also be described
by

y(t) =
Z ∞
�∞

k(t, t 0) x(t 0) dt 0. (2.1)

The function k(t, t 0) is called kernel of the system. For discrete-time systems with time-axis
T = fn∆gn2Za similar description holds:

y(t) = ∆ ∑
t 02T

k(t, t 0) x(t 0), 8t 2 T.

A system is called memoryless if the output y(t) at a certain time instant t only depends on the
input at the same time instant.

A system is said to be time-invariant if its properties do not change with time. To define this
more precisely, consider the time-axis T with the property that if t 2 T and τ 2 T then t+τ 2 T.
Now define the shift operator στ for t, τ 2 T, by

στx(t) = x(t + τ).
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Using this shift operator we can define:

Definition 2.3 (Linear time-invariant IOM systems) A linear IOM system is time-invariant if
the system mapping F commutes with the shift-operator στ , i.e.:

F(στx) = στF(x).

Linear, time-invariant IOM systems are of special interest. Systems of this kind can be either
described by differential equations (continuous-time) or by difference equations (discrete-time)
with constant coefficients. Another property of time-invariant systems is that the kernels k(t, t 0)
reduce to functions h(t � t 0). With this, (2.1) becomes a convolution integral:

y(t) =
Z ∞
�∞

h(t � t 0) x(t 0) dt 0 = (h � x)(t),

where h is called a system’s impulse response. Linear, time-invariant IOM systems are also
known as convolution systems. Impulse responses serve as an alternative characterization of
systems. For uniformly sampled discrete-time systems, we obtain a convolution sum:

yn = ∑
k2Z

hn�k xk,

where xk = x(k∆) and so on. For general discrete time axes T, the convolution sum is defined
as

y(t) = ∑
t 02T

h(t � t 0) x(t 0).

A system is causal if the output signal at time instant t 0 does not depend on future values of
the input signal. More formally: Given a time instant t 0 and two input signals x1 and x2 such
that for all t < t 0 : x1(t) = x2(t), then a system is causal iff y1(t 0) = y2(t 0).

There is another characterization of linear, time invariant IOM systems obtained by Fourier
techniques. For continuous-time systems, the Fourier transform of the impulse response gives
the transfer function H(ω), which defines the system response as a function of the angular fre-
quency ω . For details of the Fourier transform, and for its discrete-time equivalent, we refer to
Appendix A.

A filter is a linear time-invariant IOM system, designed to alter specific parts of the frequency
spectrum. For example, a low-pass filter does not affect the low frequency components, but
suppresses the high frequency components of a signal.

Using the above definitions, we can define some operations:

� Sampling
Sampling is an operation which only affects the time-axis of a signal. Given a signal x
defined on a continuous time-axis Tc and range A, the result is a signal y on a discrete
time-axis Td and the same range A, such that x(t) = y(t) for t 2 Td. It is required that
Td � Tc.

The sampler can be seen as a system, mapping the input x to the output y. Since the input
has a continuous time-axis whereas the output has a discrete time-axis, the system is a
hybrid system. The system is linear, but not time-invariant.
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� Interpolation
Interpolation of a signal x with a discrete time-axis Td and range A results in a continuous-
time signal y on Tc and the same range, such that y(t) = x(t) for t 2 Td. Again, Td � Tc.
An interpolator is a linear hybrid time-invariant system.

� Reconstruction or Approximation
Reconstruction is a conversion from a discrete-time signal x to a continuous-time signal y
for which the restriction of interpolation (y(t) = x(t) for t 2 Td) does not necessarily hold.
Approximation comes into play when the discrete-time signal is obtained by sampling a
continuous-time signal w. Then the reconstructed signal y can be seen as an approximation
of w.

� Quantization
Quantization is a transformation Q : A ! A0 of the range of a signal, such that the
resulting range is finite. Given a signal x with infinite range A, a new signal is defined
as y(t) = Q(x(t)). From the viewpoint of system theory, a quantizer is a nonlinear time-
invariant memoryless system.

Focusing on the definition of interpolation, it is clear that the definition does not specify the
values of a signal at the times which are not contained in Td. Thus, interpolation is not unique.
To overcome this problem, a continuous-time signal is reconstructed according to additional
constraints. In this thesis we will discuss several reconstruction techniques, for instance the one
according to Shannon’s sampling theorem.

Moreover, the definition given above does not allow smooth interpolation of a signal defined on
a finite (or discrete) range, since the output signal may only take values in the same range. For
example, linear interpolation of a set of samples is not covered by this definition. Therefore,
the definition is usually relaxed, allowing the output range to be a superset of the input range.

The sampling operator is the true inverse of the interpolation operator, i.e., a discrete-time sig-
nal (A, Td), first interpolated to a continuous-time signal (A, Tc) and then sampled on Td, is
unchanged (see Figure 2.1). Note that the opposite is not true.

Td

x(t) y(t) z(t)

Interpolation Sampling

TcTd

FIGURE 2.1: Sampling is the inverse of interpolation: z(t) = x(t).

In order to obtain a digital signal from an analog signal, both sampling and quantization must be
carried out. A/D-conversion is therefore defined as composition of sampling and quantization.

Before finishing this section, we present two more definitions.

� Harmonic signals
A signal x with uncountable range A � R and continuous or discrete time-axis T is har-
monic if

x(t) = a cos(2π f t + φ),
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with amplitude a 2 R+, frequency f 2 R, and phase φ 2 [0, 2π). The signal’s range is
A = [�a, a] � R. In addition the complex harmonic is defined as

x(t) = a ei2π f t ,

with amplitude a 2 C , and frequency f 2 R. The signal takes complex values on the
circle in the complex plane with radius jaj around the origin.

� Periodic signals
A signal x with range A and time-axis T = fk∆gk2Zor T = R is periodic if there exists
a T 2 T such that

x(t + T ) = x(t) for all t 2 T.

When the real number T is the smallest number for which the above relation holds, T is
called period of the signal.

Harmonic signals on a continuous time-axis are periodic with period T = 1= f . For the discrete-
time case, things are a little more complicated: a discrete harmonic is periodic if and only if
the frequency f is a rational multiple of 1=∆.

2.2 Basic sampling theory

In this section, we address some topics related to sampling theory. These topics appear in almost
every textbook on signal processing, but could not be discarded in this introduction. We start
with a short history of the theory, and present the sampling theorem in its most common form.
Then, we formulate the sampling theorem in terms of systems theory, which provides a link to
practice. Finally, we discuss a phenomenon related to signal sampling, namely aliasing, which
is a kind of distortion occurring if a signal is not sampled properly.

2.2.1 History

In the engineering community, Shannon became famous for his sampling theorem. Indeed, he
was the first who introduced the sampling theorem to information theory, but the basis for the
theorem was laid by several others. A comprehensive overview of the history of the sampling
theorem is given in [Jer77]. We shortly mention some milestones of this trajectory only.

E.T. Whittaker [Whi15] studied the problem of finding an analytic expression of a function,
whose values at ft0 + n∆gn2Zare known. It is obvious that the sequence of points does not
uniquely define a function. Whittaker therefore called all functions through these points co-
tabular, and the function with the lowest harmonic constituents cardinal function. This function
can be defined as the sum of the cardinal series:

+∞
∑

n=�∞
x(t0 + n∆)

sin π
∆(t � t0 � n∆)

π
∆(t � t0 � n∆)

. (2.2)
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Further developments of the theorem were due to Ferrar and J.M. Whittaker, who gave conditions
for the convergence of cardinal series (see [Jer77]). The latter related the convergence to Fourier
integrals and thereby revealed the notion of bandlimited functions.

The developments so far were of theoretical nature. In 1928, the sampling problem showed up in
communication engineering by a contribution of Nyquist [Nyq28]. He stated that the minimum
bandwidth required for transmission equals the ‘signaling speed’, i.e., the maximum frequency
in the spectrum of a signal. Nowadays this statement is known as the Nyquist criterion and
formulated as:

Theorem 2.1 (Nyquist criterion) To sample a bandlimited signal with maximum frequency fmax,
the sampling frequency fs should be at least 2 fmax.

Another expression for the Nyquist criterion is

∆ � π
ωmax

, (2.3)

where ωmax is the maximum angular frequency and ∆ the sampling distance, and ωmax=π = fmax

is called Nyquist frequency.

The problem of signal sampling and reconstruction is well formulated by Shannon in his land-
mark paper [Sha49]. Shannon’s famous theorem, which is included in every tutorial on signal
processing, was originally formulated as:

Theorem 2.2 (Shannon’s sampling theorem) If a function f (t) contains no frequencies higher
than W cps, it is completely determined by giving its ordinates at a series of points spaced1=2W
seconds apart.

This theorem guarantees exact reconstruction of a bandlimited signal f by a sequence consisting
of point-measurements at equidistantly spaced points. Moreover, the density of points to be used
is related to the maximum frequency.

In the Russian literature an equivalent statement was given by Kotelnikov. Therefore, the
sampling theorem is sometimes referred to as the WKS sampling theorem, after both Whit-
takers, Kotelnikov and Shannon.

2.2.2 Shannon’s sampling theorem

In order to gain more insight into the sampling theorem, we reformulate it and give a simple
proof in terms of Fourier analysis.

Theorem 2.3 (Sampling theorem) A bandlimited function x with maximum frequency fmax

sampled at equidistantly spaced points with a frequency � 2 fmax is retrieved from its samples
using the cardinal series (2.2).

Proof:
Assume the signal is sampled at the Nyquist frequency: fs = 1=∆ = 2 fmax. Furthermore,
assume x 2 L2(R), the space of square-integrable functions, and its Fourier transform:

X(ω) =
Z ∞
�∞

x(t)e�iωt dt (2.4)
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exists. Since the function x is bandlimited, the support of X is in the interval [�ωmax, ωmax]
with ωmax = 2π fmax. The function X lies in the space L2[�ωmax, ωmax] and can, therefore, be
written in terms of a Fourier series:

X(ω) =
∞
∑

n=�∞
cn e�inπω=ωmax, (2.5)

where

cn =
1

2ωmax

Z ωmax

�ωmax
X(ω) einπω=ωmax dω . (2.6)

Extending the integration bounds towards infinity, and recalling the definition of the inverse
Fourier transform

x(t) =
1

2π

Z ∞
�∞

X(ω) eiωt dω ,

we obtain from (2.6)

cn =
π

ωmax
x(

nπ
ωmax

) =
π

ωmax
x(n∆). (2.7)

Recall that a periodic function is completely determined by its Fourier coefficients cn and, ac-
cording to (2.7), by its samples at t = n∆.

To obtain an explicit formula for the reconstruction we take the inverse Fourier transform
of (2.5), and interchange summation and integration. This gives:

x(t) =
1

2ωmax

∞
∑

n=�∞
x(n∆)

Z ωmax

�ωmax
eiω(t�n∆) dω

=
1

2ωmax

∞
∑

n=�∞
x(n∆)

eiω(t�n∆)

i(t � n∆)

�����
ωmax

�ωmax

=
1

2ωmax

∞
∑

n=�∞
x(n∆) 2

sin (ωmax(t � n∆))
(t � n∆)

=
∞
∑

n=�∞
x(n∆) sinc

�ωmax

π
(t � n∆)

�
(2.8)

Here, we used the sinc-function as defined in (A.9) of Appendix A. A graph of this function
is shown in Figure 2.2. Equation (2.8) is identical to the cardinal series (2.2), with t0 = 0.

If the sampling frequency is higher, say fs = 1=∆0, ∆0 < ∆, we can find an ω 0
max := π

∆0 > ωmax.
Since the signal is bandlimited to ωmax, it is certainly bandlimited with respect to ω 0

max. For
this case the sampling theorem was proven. This implies that (2.8) holds with ω 0

max � ωmax. 2

There are several other proofs of the sampling theorem, see [BSS88] for a summary.

2.2.3 System interpretation

In most engineering textbooks, interpolation with Whittaker’s cardinal series is interpreted as
filtering with an ideal low-pass filter. We shortly present this viewpoint of the sampling problem.

In Figure 2.1 of Section 2.1 the sampler was visualized as a switch, closing at the sampling
times t = n∆. For a system interpretation, sampling is modelled as multiplying the signal by
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FIGURE 2.2: A graph of sinc(t) := sin(πt)=(πt).

Dirac δ-distributions, centered at the specified times. A uniformly sampled signal can now be
expressed as:

x�(t) =
∞
∑

n=�∞
x(n∆) δ(t � n∆). (2.9)

This process is known as δ-modulation, which can also be seen as a multiplication with an
impulse train:

x�(t) = x(t) � I∆(t),

with

I∆(t) =
∞
∑

n=�∞
δ(t � n∆). (2.10)

Though a δ-modulated signal takes non-zero values at the sampling times only, it is still a
continuous-time signal, allowing the use of continuous transforms such as the Fourier-transform.
This enables to relate the spectrum of a sampled signal to its original spectrum, which we shall
carry out below.

The Fourier transform of x�(t) is

X�(ω) =
Z ∞
�∞

∞
∑

n=�∞
x(n∆)δ(t � n∆)e�iωt dt (2.11)

=
∞
∑

n=�∞
x(n∆)e�iωn∆ . (2.12)

The Fourier transform (2.12) is a trigonometric polynomial and, therefore, periodic in ω with
period 2π=∆. Moreover, we can relate X�(ω) to X(ω) using the Poisson summation for-
mula (A.20) (see Appendix A), which gives:

X�(ω) =
1
∆

∞
∑

n=�∞
X(ω + n

2π
∆
). (2.13)

Thus, the spectrum of the sampled signal consists of duplications of the original frequency
spectrum, shifted in frequency. This is illustrated in Figure 2.3.
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FIGURE 2.3: Spectra of (a) original signal. Of signals (b) sampled with ωs > 2ωmax, and (c) with
ωs < 2ωmax.

If the signal is bandlimited to [�ωmax, ωmax], and sampled at the Nyquist rate ∆ = π=ωmax, the
different duplicates do not overlap, i.e.,

X(ω) = X�(ω) for jωj � ωmax.

In this case the spectrum X(ω) can be easily retrieved by filtering with an ideal low-pass filter,
i.e., a filter with transfer function

H(ω) = rect(
πω

ωmax
) =

(
1 ω � ωmax

0 elsewhere

where the rect-function is defined in (A.10). This filter is sometimes called reconstruction filter.
A system for sampling and reconstruction is shown in Figure 2.4.

LP y(t)x�(t)x(t)

I∆(t)

FIGURE 2.4: System interpretation of Whittaker’s interpolation formula. LP denotes the ideal low-pass
filter. The bandlimited signal x is δ -modulated and filtered. According to the sampling theorem the output
y equals x.

It remains to relate this concept to the reconstruction formula (2.8). Using the standard Fourier
transform pair (see Appendix A):

sinc(t)
F ! rect(ω)

we find the impulse response of the ideal low-pass filter:

h(t) = sinc(
ωmax t

π
).
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Using the convolution integral and (2.9), we can express the output y of the ideal filter as

y(t) = (x� � h)(t)

=
Z ∞
�∞

∞
∑

n=�∞
x(n∆) δ(τ � n∆) h(t � τ)dτ

=
∞
∑

n=�∞
x(n∆) h(t � n∆)

=
∞
∑

n=�∞
x(n∆) sinc

�ωmax

π
(t � n∆)

�
(2.14)

obtaining the reconstruction formula (2.8).

In [NW91] this system interpretation is related to the sampling theorem, using a mathematically
rigid proof based on distribution theory.

Note that the ideal low-pass filter is not a causal system.

2.2.4 Aliasing

If the Nyquist criterion is not met, either by sampling a non-bandlimited signal, or by choosing
the sampling frequency too low (undersampling), the reconstruction process yields a special
kind of error which is called aliasing. This effect is illustrated in Figure 2.5, where the original
signal is a sine-wave with a period T , drawn with a dashed-dotted line. According to the Nyquist
criterion samples must be taken at a frequency � 2=T . Instead, the sampling frequency used is
3

2T . If one tries to reconstruct the signal with the cardinal series, the result is a sine with period
2T (dotted).

FIGURE 2.5: Undersampling of a signal, causing aliasing.

Referring to the system interpretation, if a signal contains frequencies > π=∆, the different
duplicates in (2.13) overlap, and the original spectrum can no longer be retrieved. High fre-
quency components are mirrored around ω = π=∆ and are reconstructed as lower frequency
components.

Another viewpoint to aliasing is to consider two continuous-time harmonics

x(t) = ei2π f t , y(t) = ei2π( f+n=∆)t, n 2Z.
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If these signals are sampled on the time-axis Td = fk∆gk2Z the two harmonics become
identical. This follows directly if we rewrite the equation of the second signal:

y(t) = ei2π f t ei2πnt=∆

The second term vanishes, because nt=∆ is integer for all t 2 Td.

To prevent aliasing, a signal can be filtered prior to sampling. If an ideal low-pass filter is used,
the signal becomes bandlimited and can be sampled properly, see Figure 2.6. This filter is called
an anti-alias filter.

y�(t) z(t)x(t)
LP LP

I∆(t)

y(t)

FIGURE 2.6: Alias prevention by pre-filtering. The blocks named LP stand for ideal low-pass filters. The
signal x which is not bandlimited is filtered to obtain the bandlimited signal y. The output z is identical to y.

2.3 Extensions to the sampling theorem

Shannon’s sampling theorem and its applications and extensions have been the subject of in-
tensive research, both by mathematicians and by communication engineers. We cover the most
important extensions to this basic theorem.

2.3.1 Kramer’s generalized sampling theorem

An important extension to the basic theorem was contributed by Kramer [Kra59], but independ-
ently Weiss (see [Jer77]) obtained the same results. Instead of the usual Fourier transform, he
considered other integral transforms of the form:

X(ω) =
Z

I
ρ(t)K(ω , t) x(t) dt (2.15)

where X(ω) is square-integrable and K(ω , t) is a complete orthogonal set on the integration
interval I with respect to a weight function ρ(t), and the bar denotes the complex conjugate.
It is easy to recognize that the Fourier transform is a special case in this general setting, with
ρ(t) = 1 and K(ω , t) = eiωt . Integral transforms of this type have the following inverse:

x(t) =
Z

I
ρ(ω)K(ω , t)X(ω) dω .

The notion of bandlimitedness can be generalized as well. A signal x is called transform-limited
if the integration interval in (2.15) is finite. The generalized sampling theorem gives the fol-
lowing sampling expansion for transform-limited signals:

x(t) = lim
N!∞ ∑

jnj�N
x(tn)Sn(t), (2.16)
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with the interpolation function Sn:

Sn(t) = S(t, tn) =
R
I ρ(ω)K(ω , t)K(ω , tn) dωR

I ρ(ω) jK(ω , tn)j2 dω
. (2.17)

This theorem offers a general representation of a signal by its samples at t = tn. Note that
these time instants are not necessarily equidistant. The Shannon case is: tn = n∆ and S(t, tn) =
sinc

�
ωmax

π (t � tn)
�
.

A proof of Kramer’s theorem can be found in [Kra59, Jer77, Jer93]. The kernel K(ω , t) has to
satisfy additional conditions, whose discussion, however, is beyond the scope of this chapter.
Instead, we illustrate the generalized sampling theorem using the Hankel-transform, which is
the most common transform besides the Fourier transform. The (inverse) J0-Hankel (-Bessel)
transform is defined by

x(t) =
Z b

0
ωJ0(ωt)X(ω)dω ,

where the kernel K(ω , t) = J0(ωt) equals the 0th-order Bessel function of the first kind. Note
that x is transform-limited with respect to this transform. The signal can be expanded by (2.16),
with interpolation function

S(t, tn) = S
�

t,
j0,n

b

�
=

R b
0 ω J0(ωt) J0(ω j0,n=b) dωR b

0 ω J2
0(ω j0,n=b) dω

=
2 j0,n J0(bt)

b2( j2
0,n=b2 � t2) J1( j0,n)

, (2.18)

where tn = j0,n=b and f j0,ng are the zeros of the Bessel function J0.

In Section 2.2.3, where we discussed the system interpretation of Shannon’s sampling theorem,
interpolation is carried out by filtering with the ideal low-pass filter. In the case of the gener-
alized sampling theorem, the interpolation can also be interpreted as a filter, but the impulse
response S(t, tn) is now time-varying. This system interpretation can be developed further in
analogy to the system interpretation of Shannon’s theorem [Jer93].

In the literature, Kramer’s generalized sampling is sometimes referred to as the WKSK sampling
theorem, to distinguish it from the standard WKS sampling theorem.

2.3.2 Papoulis’ generalized sampling theorem

Another major extension was formulated by Papoulis [Pap77, Pap84, Che93]. It unifies a broad
class of extensions including non-uniform sampling, band-pass sampling, and sampling of in-
tegrated or differentiated signals.

The general setting is that a signal x is processed by a linear, time-invariant system H . The
signal is to be retrieved from the samples of the system output y (see Figure 2.7).

The following relation holds

x(t) =
∞
∑

n=�∞
y(n∆)g(t � n∆),

where

g(t) =
1

2ωmax

Z ωmax

�ωmax

1
H(ω)

eiωt dω .
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H y(n∆)x(t) y(t)

t = n∆

FIGURE 2.7: Signal to be retrieved from the values y(n∆).

Suppose now that x is a common input to m systems. Each output is sampled at a rate of 1=m
times the Nyquist rate. The overall sampling rate still satisfies the Nyquist criterion. Papoulis
showed that the signal can be retrieved from a combination of these samples. Let the output of
the kth system be:

yk(t) =
1

2π

Z ωmax

�ωmax
X(ω)Hk(ω) eiωt dω ,

which is sampled at the rate
1
∆

=
ωmax

mπ
.

For each system, we must derive an interpolation function g. To this end, the spectrum of
x is divided in m equal parts with size c = 2ωmax=m = 2π=T . This partitioning is shown
in Figure 2.8.

c
! ω

ωmax�ωmax

FIGURE 2.8: Partitioning of the spectrum X(ω) in m equal-sized slices of width c = 2ωmax=m.

The interpolation functions are then found by

gk(t) =
1
c

Z �ωmax+c

�ωmax
Gk(ω , t)eiωt dω , (2.19)

where the Gk(ω , t) are solutions to the following linear system:266664
H1(ω) H2(ω) � � � Hm(ω)

H1(ω + c) H2(ω + c) � � � Hm(ω + c)
...

...
...

H1(ω + (m� 1)c) H2(ω + (m � 1)c) � � � Hm(ω + (m� 1)c)

377775
266664

G1(ω, t)
G2(ω, t)

...
Gm(ω, t)

377775 =

266664
1

eict

...
ei(m�1)ct

377775
(2.20)

in which t is arbitrary and �ωmax < ω < �ωmax + c. Existence of a solution requires that the
Hk’s are never identically zero on the interval [�ωmax, ωmax].

The signal can now be reconstructed by means of the interpolation formula:

x(t) =
∞
∑

k=1

∞
∑

n=�∞
yk(n∆) gk(t � n∆).

The system interpretation of Papoulis’ generalized sampling expansion is schematically presen-
ted in Figure 2.9.
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t = n∆

t = n∆

ym(n∆)

t = n∆

z(t)x(t)

Hm(ω)

H2(ω)

H1(ω) G1(ω , t)

G2(ω , t)

Gm(ω , t)

y1(n∆)

y2(n∆)

FIGURE 2.9: Papoulis’ general sampling expansion. The signal is fed to m subsystems, and to be retrieved
from the values y(n∆).

This generalized sampling theorem possesses some interesting special cases, like derivative
sampling [CM85, Pap84], or bunched sampling [Pap84]. We now present an example of de-
rivative sampling (after [Pap84]).

Assume we sample a signal x and its derivative x 0 at half of the Nyquist rate 1
∆ = ωmax

2π . The
signal is fed into two systems with H1(ω) = 1 and H2(ω) = (iω), giving y1(t) = x(t) and
y2(t) = x 0(t), respectively. The system (2.20) now takes the form(

G1(ω , t) + iωG2(ω , t) = 1
G1(ω , t) + i(ω + ωmax)G2(ω , t) = eiωt

Solving this system gives

G1(ω , t) = 1� ω
ωmax

(eiωmaxt � 1), G2(ω , t) =
1

iωmax
(eiωmaxt � 1).

Using (2.19) yields the following interpolation functions:

g1(t) =
4 sin2(ωmaxt=2)

ω2
maxt2 , g2(t) =

4 sin2(ωmaxt=2)
ω2

maxt
,

and the total interpolation formula becomes

x(t) = 4 sin2 ωmaxt
2

∞
∑

n=�∞

 
x(n∆)

(ωmaxt � 2nπ)2 +
x 0(n∆)

ωmax(ωmaxt � 2nπ)

!
.

It is easy to verify that Shannon’s sampling theorem is obtained by using a single system with
H1(ω) = 1.

It is interesting to mention that Shannon already stated the possibility to reconstruct a signal from
knowledge of the signal itself and its derivative, sampled every other point. A reformulation of
this proposition together with a proof was given in [JF56].
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Another interesting phenomenon shows up if we extend derivative sampling to m derivatives.
This would reduce the required sampling frequency to 1=m. Taking the limit m ! ∞ would
give an expansion of the signal x in terms of its derivatives at a single point. Indeed, there is an
expansion using these values: the Taylor series. This would imply that the mth order derivative
sampling and the mth order Taylor expansion converge to the same limit. As far as we know,
this is still an open question.

2.3.3 Other extensions

There are many extensions and other contributions related to the sampling theorem. We refer to
the overview article by Jerri [Jer77] and Butzer et al. [BSS88], or to the book of Marks [Mar93a]
for a recent bibliography. The most important extensions are listed below.

� Band-pass sampling
Papoulis’ general sampling includes the so-called band-pass sampling. A signal is called
a band-pass signal if its spectrum X(ω) lies within the set [�ωmax,�ωmin][ [ωmin, ωmax].
Such a signal can, of course, be treated as a bandlimited signal, but this would give a
redundant representation. Band-pass sampling is discussed in [SF92, Jer77]. In Chapter 4,
we will incorporate band-pass sampling in the general concept of multiresolution analysis.

� Non-uniform sampling
Non-uniform sampling [Mar93b, Jer77] is a generic term for all sampling methods in
which the sampling times are not equidistantly spaced. It is often encountered in medical
applications, where the sampling times are triggered by specific events, like heart-beats.
There are other application areas where non-uniform sampling is inevitable, like data re-
corded on a tape with speed variations. In this case one could assume that the samples
are approximately uniform, with a small perturbation (jitter). This is known as jittered
sampling. Other examples of non-uniform sampling are periodic non-uniform sampling
and sampling with skips, i.e., loss of some samples.

There exist sampling theorems for certain classes of non-uniform sampling, see [Mar93b,
Jer77]. Note that Kramer’s sampling theorem with the Bessel function is a kind of non-
uniform sampling as well.

� Sampling theorems for stochastic processes
The sampling theory can easily be extended to stochastic processes. The bandlimitedness
then concerns the spectral density functions of these processes. If the influence of noise
and other random disturbances is to be predicted, a stochastic setting can be useful [RM85].
An introduction to sampling for stochastic processes is given in [BSS88].

� Reconstruction from past samples
It is interesting to ask whether a signal at a given time instant t can be reconstructed
from its past samples only. Obviously, this is a problem of prediction or forecasting.
Under certain conditions on the signal, exact reconstruction is possible. This topic was
extensively studied by Butzer et al. See [BSS88, BS93, Bro72].
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2.3.4 Errors in signal sampling

Considering the WKS sampling theorem and its reconstruction, there are the following sources
of error.

Truncation error: It occurs if a finite number of samples is used in reconstruction, hence if
the cardinal series (2.2) is truncated to jnj � N.

Aliasing error This is the error that occurs if a signal which is not bandlimited is sampled as
if it were bandlimited.

Amplitude error This kind of error is caused by an uncertainty in sample values, either due to
noise, round-off errors or quantization.

Jitter error Jitter is an error in sampling times. Instead of sampling at t = n∆, samples are
taken at t = n∆ + δ , were δ is small compared to ∆. The resulting reconstruction error
is called jitter error.

The truncation error has been studied rather extensively, because series are always truncated in
applications. The truncation error signal is defined as:

et(t) =
∞
∑

n=�∞
x(n∆) sinc

�ωmax

π
(t � n∆)

�
�

N

∑
n=�N

x(n∆) sinc
�ωmax

π
(t � n∆)

�
= ∑

jnj>N
x(n∆) sinc

�ωmax

π
(t � n∆)

�
.

Various bounds are given in the literature, see [Jer77, BSS88]. All bounds assume certain decay
conditions of the signal.

If a non-bandlimited signal x is sampled with sampling interval ∆, the aliasing error signal is
defined as:

ea(t) = x(t) �
∞
∑

n=�∞
x(n∆) sinc

�1
∆
(t � n∆)

�
.

It is plausible that ea(t) becomes small as ∆ goes to zero. However, convergence of the
series (2.2) is only guaranteed under certain regularity conditions on the signal x [BSS88]. Sev-
eral bounds for this error are summarized in [Jer77, BSS88].

Another view on aliasing and truncation errors is given by Slepian [Sle76]. He introduced the
concepts ‘essential bandlimitedness’ and ‘essential timelimitedness’ by considering signals that
are indistinguishable of bandlimited (or timelimited, respectively) functions. This results in a
sampling expansion with 2ωmaxT samples (T is the time-interval).

An amplitude error may be caused by noise or round-off and quantization effects. In the first
case, the error is mostly estimated by stochastic methods. If the error is due to rounding-off or
quantization, deterministic methods are used as well, since the maximum error that can occur
is then known a-priori. The amplitude error is further discussed in [Jer77, BSS88]. Bounds are
given as well.

Jitter error is often considered as a random distortion of sampling times. Stochastic methods
are then the best tool. However, if the jitter δ is bounded, deterministic analysis can also be
helpful [BSS88].
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2.3.5 Inverse problems and stability

Reconstruction according to the WKS sampling theorem is well-posed, i.e., it is stable with
respect to a small amount of noise superimposed on the data. A number of extensions, which
are derived from Papoulis’ generalized sampling theorem are ill-posed, i.e., noise may cause
reconstruction to be unstable [CM85]. For example, consider signal-derivative sampling, dis-
cussed in Section 2.3.2. Here, a signal x and its derivative x 0 are sampled at half the Nyquist
rate. In [CM85] is shown that this kind of sampling is well-posed. However, if the samples of
x and x 0 are not taken at the same times, the problem becomes ill-posed. Oversampling, i.e.,
increasing the sampling frequency, is often seen as a way to improve stability, but this is not a
solution in all cases.

A thorough treatment of the stability of sampling expansions was carried out by Bertero et
al. [BdMP85, BdMP88]. They considered general linear inverse problems and their stability with
respect to noise. Signal sampling is a special kind of an inverse problem and can, therefore, be
treated by the methods and tools in this field. The problem setting in [BdMP85] is in terms of
function spaces. Further discussion of their work will be postponed to the next chapter, where
we formulate the problem in a similar setting.

2.4 Related work in other fields

Here, we discuss topics in other fields that have a certain relation with Shannon’s sampling
theory.

2.4.1 Interpolation problems and approximation theory

Whittaker’s cardinal series defines a function which interpolates between the (equidistantly
spaced) data points. It offers a solution to the general interpolation problem: given a set of
points, find a (smooth) curve through these points.

In this light, the sampling theorem is closely related to classical interpolation techniques. It
is therefore strange that the cardinal series is never mentioned in introductory textbooks on
interpolation theory.

Interpolation is a special case of approximation. We already mentioned that signal sampling
can be seen as an approximation problem: given the samples of a signal x, try to approximate
this signal as closely as possible. This does not necessarily imply that the samples must be
interpolated. Indeed we will see that, in general, interpolation does not give an optimal approx-
imation. In Chapter 3 we will discuss sampling in relation to approximation theory in detail.
For an introduction to approximation theory, see [Pow81].

2.4.2 Multirate digital signal processing

Multirate digital signal processing is a special field of digital signal processing (DSP), in which
more than one sampling rate is present in a system. It is an important part of modern telecom-



24 Overview of sampling theory

munications theory, since digital transmission systems are required to handle data at several
rates (e.g., teletype, facsimile, speech, video). Sampling rate conversion is naturally the most
important issue in multirate DSP. This conversion has a high degree of similarity to continuous-
time signal sampling, including anti-alias filtering, interpolation, etc. The digital equivalent of
sampling is down-sampling (decimation, sub-sampling). A sampling theorem exists for this
case too.

An application where sampling rate conversion itself is the main goal is professional digital
audio. Various digital audio formats exist, each with different sampling rates. Conversion from
one format to another is preferably to be done in the digital domain, i.e., without interference
of analog equipment.

In Chapter 5 we will actually use multirate DSP techniques to simulate sampling and recon-
struction schemes. The book [CR83] is a introduction to multirate DSP.

2.4.3 Digital control

The importance of sampling in digital control systems has been stressed before. Sampling is
required to provide a digital representation of analog signals. The main difference to other
signal processing applications is that sampling and reconstruction affect the behavior of control
systems in a decisive manner. The choice of sampling rates is important to ensure stability and
proper response to external stimuli.

For an introduction to digital control systems, we refer to [FPEN94, FPW90].



Chapter 3

Abstraction of the sampling problem

To analyze sampling and reconstruction, we formulate these operations in the context of vector
spaces. We consider signals as elements of a normed linear space. Sampling and reconstruction
are then operators, which are mappings between vector spaces. This abstraction proves to be
very useful to generalize the problem and to find expressions for alternative sampling and recon-
struction operators. The vector space setting was already proposed by Shannon and thereafter
widely adopted in the mathematical literature, but is not commonly known in the engineering
community.

In Section 3.1, we introduce vector spaces, and we discuss the abstract vector space of signals.
The theory of normed linear spaces and Hilbert spaces is presented in Sections 3.2 and 3.3,
respectively. This material is rather basic but included to make this thesis self-contained. Using
the concepts of vector spaces, we formulate sampling and reconstruction as abstract operators
and the composite operator as a projection on a certain subspace of the signal space, which we
discuss in Section 3.4. Then, in Section 3.5, we formulate the most general operators that do the
job, and reduce the set of candidate operators guided by practical considerations. This leads to
a general sampling scheme, which models the composition of sampling and reconstruction. The
scheme has two filters which must serve additional criteria to achieve a good approximation.
In Section 3.6, we state some results from approximation theory, which may help us to find
good filters.

3.1 Signals as vectors

A vector space over a scalar field K (K = R or C ) consists of a set X which is closed for two
dyadic operations: vector addition and multiplication by a scalar. The addition is an operation
+ : X � X ! X , and the scalar multiplication is an operation � : K � X ! X , such that the
following axioms hold (x, y, z 2 X , a, b 2 K):

(x + y) + z = x + (y + z) associativity
x + y = y + x commutativity
x + 0 = x zero element
x + (�x) = 0 inverse element
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a(bx) = (ab)x associativity
a(x + y) = ax + ay distributivity
(a + b)x = ax + bx distributivity
1x = x identity

The space is denoted as fX , +, �g, or just X . The Euclidian space Rn, with vector addition
x + y = (x1 + y1, . . . ,xn + yn) and multiplication ax = (ax1, . . . ,axn) is the most common
example of a vector space.

In Chapter 2 we defined a signal as a mapping x : T ! A. Such signals can be considered as
vectors in a linear space, defining vector addition (x+y)(t) = x(t)+y(t) and scalar multiplication
as (ax)(t) = a x(t). In order to guarantee closedness for addition and scalar multiplication, it is
sufficient1 that signals are either real or complex valued, i.e., the signal range A = R or A = C .
It is easy to verify that the axioms given above indeed hold.

In practice, a signal is observed during a finite time interval, say [0, T ]. Moreover, we assume
that a real-world signal can be adequately modelled by a continuous and bounded function. The
natural space to consider therefore appears to be Cb[0, T ], the space of real-valued, continuous
and bounded functions defined on [0, T ].

3.2 Normed linear spaces

In this section, we give an overview of normed linear spaces, i.e., vector spaces furnished with
a norm. We start with the basic concepts of normed spaces and then address the theory of linear
operators defined on them.

3.2.1 Basic concepts

A norm generalizes the length of a vector in Rn. It is an operation k � k : X ! R with the
following properties:

� kxk � 0

� kxk = 0, x = 0

� kaxk = jaj � kxk, a 2 K

� kx + yk � kxk+ kyk (triangle inequality)

The pair (X ,k � k) is called a normed linear space. A norm induces a metric d(x, y) = kx� yk.
A metric is a generalization of the distance in Rn, and satisfies the following properties:

� d(x, y) � 0, real valued and finite

� d(x, y) = 0, x = y

1A necessary condition is that the signal range itself is a linear space.
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� d(x, y) = d(y, x) (symmetry)

� d(x, y) � d(x, z) + d(z, y) (triangle inequality)

It is clear that the metric induced by a norm satisfies these properties, and, hence, all normed
linear spaces are metric spaces.

Examples of normed linear spaces are Rn with norm kxk2 =
�

∑k jxkj2
�1=2

, or Rn with norm
kxk∞ = maxk jxkj. Note that the latter norm does not conform with our usual notion of vector
length. However, it is a valid norm. An example of an abstract space is C[a, b], the space
of all continuous functions defined on the interval [a, b], with norm kxk∞ = supt2[a,b] jx(t)j.
Another important space is l∞, whose elements are bounded sequences x = (xk)k2K , for which
xk < ∞. Here K is a countable index set (e.g., K = N or K =Z). The corresponding norm is
kxk∞ = supk2K jxkj. Note that the elements of l∞ can be seen as bounded discrete-time signals.

A normed linear space X is called complete if every Cauchy sequence converges in X , i.e., has
its limit in X . We recall the definition of a Cauchy sequence:

(8ε > 0) (9N = N(ε)) (8m, n > N) (kxm � xnk < ε) .

Complete normed linear spaces are called Banach spaces. The examples given above are all
Banach spaces. A normed space which is not complete can be completed. An example of an
incomplete space is C[0, 1] with the norm

kxk1 =
Z 1

0
jx(t)j dt.

To illustrate this, consider the functions xm shown in Figure 3.1. They form a Cauchy sequence,
since d(xm, xn) < ε when m, n > 1=ε . However, the functions converge to a step function, which
does not belong to C[0, 1]. Hence, the space (C[0, 1],k � k1) is not complete.

1/2

1

0 1

1=m

FIGURE 3.1: A sequence of continuous functions xm converging to a discontinuous function.

If a subset Y of a vector space X is closed for vector addition and scalar multiplication, it is
called a linear subspace. A subspace is not necessarily complete. If X is a Banach space, a
subspace Y is complete if and only if the set Y is closed in X . Often, subspaces are defined in
terms of linear combinations of vectors. Consider a finite, non-empty subset S of the space X :
S = fx1, x2 . . . ,xng. A linear combination is given by

x =
n

∑
k=1

ck xk, ck 2 C . (3.1)

The set of all linear combinations is a subspace of X , as it is closed for + and �. This subspace
is the span of the vectors and denoted by spanfx1, . . . ,xng.
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A set of vectors x1, . . . ,xn is called linearly dependent if there is a finite linear combination with
scalars ci not all zero, such that

n

∑
k=1

ck xk = 0.

If such a combination cannot be found, the set is called linearly independent. If a space is
spanned by n linearly independent vectors, the space is called finite dimensional and has dimen-
sion n. Those n vectors form a basis of X . Any vector can be uniquely represented by a linear
combination of the basis vectors

x =
n

∑
k=1

ck xk.

A finite dimensional subspace of a normed space X is always closed in X and hence complete. It
can be shown that every vector space X 6= f0g has a basis. For the case of infinite dimensional
spaces, suppose we can find a sequence fxkgk=1..n, such that

lim
n!∞ kx�

n

∑
k=1

akxkk = 0

with a unique combination of scalars ak, then fxkgk=1..n is called a Schauder basis. In a Schauder
basis, the ordering of the xk may be important for convergence of the sum. A basis for which
the ordering does not matter is called an unconditional basis. Not all Banach spaces have un-
conditional bases, e.g., L1(R) and L∞(R) do not.

A space X is separable if there is a countable subset which is dense2 in X . If a normed space
has a Schauder basis, then it is separable, but the opposite is not true [Kre78].

To end this section we list some commonly used Banach spaces:

� l p

The spaces l p with 1 � p < ∞ consists of real- or complex-valued sequences fxkgk2K
such that ∑k2K jxkjp < ∞. The corresponding norm is

kxkp =

 
∑

k2K
jxkjp

!1=p

The space l2 is a direct generalization of the Euclidian space Rn. All l p spaces are separ-
able. Note that, in general, the l p spaces can be used as spaces of discrete-time signals.

� l∞
The space l∞ was already discussed. Its norm is

kxk∞ = sup
k2K
jxkj.

The space l∞ is not separable [Kre78].

2A subset S is said to be dense in a space X if its closure equals X .
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� Lp(R)
The spaces Lp(R) with 1 � p < ∞ are other examples of function spaces. Their elements

are functions x defined over the reals with
�R∞�∞ jx(t)jp dt

�1=p
< ∞. The norms are:

kxkp =
�Z ∞

�∞
jx(t)jp dt

�1=p
.

The Lp spaces are formally defined within the Lebesgue theory3.

� L∞(R)
The space L∞(R) consists of bounded functions with norm

kxk∞ = sup
t2R
jx(t)j.

This norm is also referred to as the supremum norm.

� Lp[a, b] and L∞[a, b]
The spaces Lp[a, b] consist of functions defined on the interval [a, b] with norm

kxkp =
�Z b

a
jx(t)jp dt

�1=p
.

Similarly we can define L∞[a, b] with norm kxk∞ = supt2[a,b] jx(t)j.

In Section 3.1 we motivated the choice of the space Cb[0, T ] of continuous and bounded func-
tions on [0, T ] as signal space. This space is not complete. If a complete space is required
for any reason, the space must be completed. Depending on the choice of the norm, we have
different completions: L∞[0, T ] for the supremum norm and Lp[0, T ] for the k � kp norm.

3.2.2 Linear operators and functionals

An operator is a mapping between two spaces. Typical operators in the Euclidian spaceR2 are
rotation and projection. Of special interest are linear operators:

Definition 3.1 (Linear operator) A linear operator4 T is a mapping such that:

1. the domain D(T) of T is a vector space over a scalar field K, and the range R (T) lies in a
vector space over the same field,

2. for all x, y 2 D(T) and scalars a holds:(
T(x + y) = Tx + Ty

T(ax) = aTx

3Lp(R) consists of Lebesgue measurable functions, such that the Lebesgue integral
�R∞

�∞ jx(t)jp dt
�1=p is finite.

The formal definition is required to prove completeness, but in most cases one can treat the integrals as Riemann
integrals.

4Operators will be denoted in boldface capitals.
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An example is the identity operator I : X ! X which gives Ix = x for all x 2 X . Denoting
by P [a, b] the space of all polynomials on [a, b], we can define the differentiation operator D :
P [a, b]! P [a, b], Dx(t) = x 0(t).

An operator is called bounded if there is a real number c such that

kTxk � ckxk. (3.2)

It is obvious that the identity operator is bounded. The differentiation operator is not bounded,
e.g., let xn 2 P [0, 1] with norm kxk = maxt2[0,1] x(t), xn(t) = tn where n 2 N. Then kxnk = 1
and kDxnk = n. Since n is arbitrary, there is no real number c such that (3.2) holds.

An operator is continuous in x0 if for every sequence xn tending to x0 follows that Txn �!
Tx0. The operator is continuous if it is continuous for every x0 2 D(T). For linear operators,
continuity and boundedness coincide.

A functional 5 is an operator from a vector space X into the reals R or the complex numbers C .

For example, the point evaluation functional on the space C[a, b] is defined as:

ft : C[a, b]! R, ft(x) = x(t), t 2 [a, b].

It is a bounded linear functional. Another example is the norm k � k : X ! R, which is not
linear.

3.3 Hilbert spaces

In a special class of linear spaces, we can define an inner product, which is a generalization of
the scalar product in the Euclidian space. The inner product is denoted as h�, �i : X � X ! R,
and satisfies the following properties:

� hx + y, zi = hx, zi + hy, zi
� hax, yi = ahx, yi
� hx, yi = hy, xi
� hx, xi � 0, hx, xi = 0, x = 0

Here, the bar denotes complex conjugation. For real vector spaces, the third property reduces
to the symmetry property: hx, yi = hy, xi. The combination (X , h�, �i) is called an inner product
space or pre-Hilbert space. A complete inner product space is called a Hilbert space. The inner
product induces a norm:

kxk = hx, xi1=2.

Hence, Hilbert spaces are special cases of Banach spaces.

An example of an inner product space is the space Rn with inner product hx, yi = ∑n
k=1 xkyk.

5Functionals will be denoted in lowercase: f : X ! R.
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In the Euclidian spaces R2 or R3 the inner product of two vectors is related to the angle between
them. In particular, two vectors are parallel if their angle is zero, and perpendicular if the angle
is 90 degrees. This can be generalized to an inner product space: Two vectors x and y are said
to be perpendicular or orthogonal if their inner product is zero:

x ? y, hx, yi = 0.

Vectors in an inner product space satisfy the so-called Cauchy-Schwarz inequality

jhx, yij � kxk kyk Cauchy-Schwarz inequality.

More examples of Hilbert spaces are:

� the sequence space l2 with inner-product hx, yi =
∞
∑

k=�∞
xk yk,

� the function space L2(R) with inner product hx, yi =
Z ∞
�∞

x(t) y(t) dt,

� and L2[a, b] with inner product hx, yi =
Z b

a
x(t) y(t) dt.

3.3.1 Orthogonal systems and bases

Suppose we have a countable set of vectors fxkgk2K in a Hilbert space H . Here K is a count-
able index set, e.g., N. The set fxkgk2K is called a system (or indexed set, family). An
orthogonal system fekg is a system for which em ? en, m 6= n. If all ek have norm 1,
then the system is orthonormal. In this case we have hem, eni = δmn. For example, the vectors
e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1) are an orthonormal system in R3.

We give some more definitions:

� A system fxkg is linearly independent if none of the vectors xk is contained in the closed
linear span of the others. Any orthonormal system is linearly independent.

� A system is complete6 (or total), if its span is dense in a normed space X , i.e.:

clos (spanfxkg) = X .

� A system fxkg forms a basis for a Hilbert space H if every vector x 2 H can be uniquely
written as

x = ∑
k2K

ck xk, ck 2 C . (3.3)

6This notion of completeness is not to be confused with completeness of normed linear spaces.



32 Abstraction of the sampling problem

� A system fxkg is a Riesz basis (or unconditional basis7) if it can be mapped onto an or-
thonormal basis fekg by a bounded invertible linear operator T. In addition to the defin-
ition of a basis above, the coefficients ck must satisfy:

Akxk2 � ∑
k
jckj2 � Bkxk2,

for constants A and B with 0 � A � B < ∞. Recall that the ordering of the xk does not
matter.

If a system is a basis, it is independent and complete. The opposite is not true, see [Zwa91, p.
12] for a counterexample. However, a complete orthonormal sequence is always a basis. Every
separable Hilbert space has a complete orthonormal system8.

For any orthonormal system in an inner product space X , we have

∑
k2K
jhx, ekij2 � kxk2 Bessel inequality, (3.4)

which turns into equality for a complete orthonormal sequence:

∑
k2K
jhx, ekij2 = kxk2 Parseval relation. (3.5)

Given a vector x and an orthonormal basis fekg, the corresponding coefficients in (3.3) can be
obtained by simply taking inner products with the ek:

x = ∑
k2K
hx, eki ek. (3.6)

Note that, by the Parseval relation, every orthonormal basis is a Riesz basis with A = B = 1.

Example 3.1 The space of bandlimited functions Bωmax, consisting of the functions whose Four-
ier transform is zero outside the interval [�ωmax, ωmax], is a separable Hilbert space. The func-
tions

ek(t) =
sin ωmax(t � k∆)

ωmax(t � k∆)

form a complete orthogonal system in this space.

According to the Paley-Wiener theorem [Pap84], a bandlimited signal is an entire9 function of
exponential type, i.e., there exist two constants A and σ such that

x(t) < Aeσjtj .

For an entire function its Taylor expansion converges for all t. Hence, we have two different
series expansions which fully determine the signal. �

7The name Riesz basis is reserved for Hilbert spaces.
8Every Hilbert space (not necessarily separable) has a complete orthonormal set, but for non-separable spaces

this set is not countable, hence it is not a system.
9An entire function x(t) is (complex) analytic for all t .
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To find the coefficients to a non-orthonormal basis fxkg 2 H , the situation is not so simple.
However, a relation similar to (3.6) can be found using the so-called bi-orthogonal basis (also
dual or reciprocal basis). Two systems fxkg and f�xkg are called bi-orthogonal if

hxm,
�xni = δmn, m, n 2 K.

If fxkg is a basis, then f�xkg is a basis, too, and any x 2 H can be written as

x = ∑
k2K
hx, xki �xk

or
x = ∑

k2K
hx,

�xki xk.

The bi-orthogonal system can be calculated from the original system. Introducing the
Gram-matrix10:

Gmn = hxm, xni,
the bi-orthogonal system is expressed by

�xm = ∑
k
(G�1)mn xn.

3.3.2 Representation of functionals on Hilbert spaces

A feature distinguishing Hilbert spaces over ordinary Banach spaces is that bounded linear func-
tionals can be represented as inner products:

Theorem 3.2 (Riesz’s theorem) For every bounded linear functional f on a Hilbert space H
there is a unique element z 2 H such that f can be represented in terms of the inner product:

f (x) = hx, zi,
where z depends on f , and has the norm

kzk = k fk.

3.3.3 Projections

The general approximation problem of finding an element in a subspace Y of X , which is closest
to a given element x 2 X , is of major importance. In case of X being a Hilbert space H , the
problem is solved by orthogonal projection of this element x on the subspace Y . We now discuss
projection.

Definition 3.2 A vector space X is the direct sum of two subspaces Y and Z if each x 2 X has a
unique representation

x = y + z, y 2 Y, z 2 Z.

The direct sum is written as
X = Y

�
+ Z.

10In statistics, the Gram-matrix is known as the covariance matrix.
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A special representation of a Hilbert space is the decomposition in a closed subspace Y and its
orthogonal complement:

H = Y
�
+ Y?

where Y? is the orthogonal complement of Y in H :

Y? = fz 2 H j z ? Yg. (3.7)

Here, the vector z is orthogonal to the subspace Y , denoted by z ? Y , if it is orthogonal to all
elements y 2 Y .

The mapping P : H ! Y which yields an y 2 Y such that x = y + z, z 2 Y?, is an
orthogonal projection of H onto Y . The projection operator is idempotent, i.e. P2 = P. The
null-space11 N (P) of the orthogonal projection is Y?.

Let an element x 2 H be projected on the subspace Y . Using (3.7), we have the following
relation:

hx � y, yi = 0, (3.8)

where y is the image of the projection. If Y is a finite dimensional space, and fykg is a basis
in Y, then we have the unique representation:

y = a1y1 + a2y2 + � � �+ anyn.

The condition (3.8) leads to n equations:

hym, x � yi = hym, x � ∑ akyki = 0.

which can be solved for ak. The infinite dimensional case is similar and will be discussed in
section 3.6.2.

3.3.4 Reproducing kernel Hilbert spaces

In this section we discuss a special class of Hilbert spaces called reproducing kernel Hilbert
spaces. These spaces are completely characterized by a single quantity: the reproducing kernel.
The reason for our attention is that Shannon’s sampling theorem, as well as the generalized
theorems, can be formulated in this context.

Definition 3.3 (Reproducing kernel Hilbert space) A Hilbert space H of functions x defined on
the set T (time axis) is called a reproducing kernel Hilbert space (RKHS) if all point evaluation
functionals ft(x) are continuous (bounded).

According to Riesz’s theorem there exists a unique element rt 2 H such that

ft(x) = x(t) = hx, rt i.

Similarly, let rs 2 H be the element corresponding to fs(x). Every RKHS has a function
R(s, t) := hrt , rsi, called the reproducing kernel, such that

11The null-space of an operator T is the set of all x 2 D(T) such that Tx = 0. It is denoted by N (T).
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1. R(�, t) � rt 2 H

2. x(t) = hx, R(�, t)i12

Note that rt(s) = R(s, t). This means that all evaluation functionals are determined by the kernel
R(s, t).

The reproducing kernel is unique, Hermitian, i.e., R(s, t) = R(t, s), and positive definite.
On the other hand, for every Hermitian and positive definite R, there is a unique RKHS =
spanfR(�, t)gt2T, denoted by H R [Mát89].

A (trivial) example of an RHKS is the space l2. Its kernel is R(k, n) = δkn. It is easy to verify
that the space L2[a, b] is not an RHKS. A more interesting example is the Paley-Wiener space
Bωmax of bandlimited signals. This is an RHKS with kernel

R(s, t) =
sin ωmax(s� t)

ωmax(s� t)
. (3.9)

An RKHS has the following properties:

� If R(t, t) is a bounded function, then every x 2 H R is a continuous function.

� If R is a continuous function, then H R is separable. Hence, H R is generated by a count-
able subset fR(�, t)gt2T with rational coordinates.

� Every closed subspace M of an RKHS is also an RKHS.

Construction of the kernel is simple if we have a complete orthonormal system in the space. In
particular, if fekgk2K is a complete orthonormal system in the space H R, then the kernel has
the form

R(s, t) =
∞
∑

k=1
ek(s)ek(t). (3.10)

Moreover, we have the following projection theorem:

Theorem 3.3 (Projection on RKHS) If H is a Hilbert space and M is an RKHS subspace ofH ,
then for every x 2 H

ProjM x(t) = hRM(�, t), xi (3.11)

where ProjM is the projection operator onto M and RM is the reproducing kernel of M.

For example, projection on the space Bωmax takes the following form:

(ProjBωmax
x)(t) =

*
sin ωmax(� � t)

ωmax(� � t)
, x

+
=

Z ∞
�∞

x(s)
sin ωmax(s� t)

ωmax(s� t)
ds (3.12)

12The dot is used here to denote a dummy variable, e.g., for the L2(R) inner product hx, R(�, t)i =R∞
�∞ x(s)R(s, t)ds.



36 Abstraction of the sampling problem

Also the sampling theorem itself can be formulated in an RKHS context. We know that
fR(�, tk); tk = k∆; k 2 Zg is a complete orthogonal system. Using (3.6) any x 2 Bωmax can
be written as

x(t) = ∑
k2Z
hx, R(�, tk)iR(t, tk)

which is the sampling theorem, since hx, R(�, tk)i = x(tk).

The sampling theorem can be generalized to other RKHS [Mát89, NW91]:

Theorem 3.4 Let R(t, s) be a Hermitian, positive definite function and let ftkg be a sequence of
points such that

1. fR(�, tk)g generates the space H R,

2. R(tm, tn) = 0 for m 6= n, and R(tm, tm) > 0.

Then every x 2 H R can be written as

x(t) = ∑
k

x(tk)
R(t, tk)
R(tk, tk)

.

In [NW91] examples are given for Kramer’s generalized sampling theorem and for non-
orthogonal sampling expansions. Moreover, the authors provide bounds on the different
sampling-errors in the L2-sense.

3.4 A geometrical perspective of signal sampling

In the previous sections we gave a brief introduction to vector spaces. With this knowledge,
we now discuss sampling and reconstruction in this context, which will lead to a generalized
notion of both operations.

Sampling a signal x 2 Cb[0, T ] means extracting a finite number, say N, of real-valued paramet-
ers from it (the samples). Now consider a collection of N independent vectors fφ1, . . . ,φNg, φk 2
Cb[0, T ]. The vectors span an N-dimensional subspace of Cb[0, T ]. Using the parameters as
weights to these vectors, we obtain a vector in this subspace

bx =
N

∑
k=1

ck φk, ck 2 R.

This vector bx serves as a reconstruction of the signal. Sampling plus reconstruction, considered
as a single operator, is therefore an approximation in an N-dimensional subspace V of Cb[0, T ].
The quality of the overall operator is the difference d(x, bx) = kx� bxk, see Figure 3.2.

Perfect reconstruction can only be achieved if the signal x lies in the subspace. In this case the
composition of the sampling/reconstruction operator should not affect x. Hence, the composite
operator must be a projection.

The construction of a general sampling operator involves three steps:
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kx� bxk
signal space

subspacebx

x

FIGURE 3.2: Approximation of x by a vector bx in a subspace of the signal space.

� Select an appropriate subspace V ;

� Find a basis fφ1, . . . ,φNg in the subspace V ;

� Calculate the coefficients with respect to this basis.

The steps are, however, not independent, because the overall operator must satisfy the projection
property.

The first, and most important choice is the subspace V , for it will determine the approximation
quality. The best reconstruction that can be achieved is a vector in V with the smallest distance
to the original signal. Hence, it is difficult to optimize the quality of a sampling/reconstruction
operator in the general case, because the signals to be sampled can lie anywhere in the signal
space. We must, therefore, assume that we have a-priori knowledge about the source of signals
which enables us to estimate the location of the signals in the signal space. The subspace must
then be chosen in such a way that the average distance to the region of interest is small.

Next, a projection on the subspace V is to be implemented. This involves the choice of a
basis and a method to extract signal parameters which serve as coefficients to the basis vectors.
This is a common problem in approximation theory which can provide us with tools to solve
this problem in many cases. For example, within the framework of a Hilbert space, the best
projection operator is the orthogonal projection which minimizes the error d(x, bx). In other
spaces, an optimal operator may be hard to find, and the optimal operator will, in general, not
be unique.

At first we will leave aside the projection requirement, and consider the sampling and reconstruc-
tion operators on their own. This is motivated by the fact that in practice sampling/reconstruction
is not a single operation, and, hence, must be chosen independently. The choices can, however,
be guided by the overall goal: to develop a good projection operator. After we will have dis-
cussed both operators we will return to the projection property of the composite operator.

3.5 The general sampling scheme

In this section we formulate requirements for the sampling and reconstruction operator, which
are motivated by practice. We search for the most general operators that satisfy these require-
ments. The composition of the general sampling operator and the general reconstruction operator
forms the general sampling scheme.
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3.5.1 Requirements for the sampling operator

In standard sampling, N samples are obtained by taking point measurements at N equidistant
points in the interval [0, T ]. However, there is no reason to leave other methods aside. A
‘sample’ can be obtained by applying any functional:

f : Cb[0, T ]! R

This statement is very general. For example, we could consider the first N Fourier coefficients
as samples of a signal. However, this can hardly be seen as a sampling operator. In order to
select a suitable functional, we now reduce the set of possible functionals as guided by practical
considerations. We therefore assume the following requirements for the sampling operator, and
thereby for the N different functionals f ftkgk=1,...,N:

� Linearity
The functionals should be linear. This requirement has its origin in the fact that the
sampled signal is subject to further (digital) processing. In order to have a transparent
relation between the signal and its samples it is best to establish a linear relationship
between them.

� Boundedness
A bounded signal must give bounded samples. This implies that the functionals should
be bounded, i.e., there exists a real number c such that:

j f (x)j � c kxk, for all x 2 X .

� Independence
The N functionals should be independent. If the functionals are dependent, then at least
one of them, say fm, can be written as a linear combination of the others:

fm = ∑
k 6=m

ck fk, ck 2 R.

If this is the case, the corresponding sample is redundant, because it does not provide new
information about the signal.

� Time-invariance
It is not economical to have a different procedure for each of the N samples. This would
require N different hardware or software modules. Instead, it is recommended to imple-
ment the sampling operator with a single procedure, initiated at N different times.

� Equidistant evaluation
In order to prevent additional timing data to be stored with the samples, the procedure
should be repeated at equidistant time instants. This implies that

tk = k∆, ∆ =
T
N

.
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We realize that the last two requirements are major limitations to the sampling operator.
Of course, there are many situations where non-uniform sampling or adaptive (time-variant)
sampling will do a better job. However, in the fields of data acquisition and process control,
we require simple and robust devices and, therefore, we assume the requirements above.

In the next sections, we will analyze the requirements and finally come to the general sampling
operator, i.e., the most general operator satisfying the requirements.

3.5.2 Bounded linear functionals

The set of all linear functionals defined on a vector space X can itself be made into a vector
space. This space is denoted by X� and is called the algebraic dual space of X . The sum of
two functionals is defined as

( f1 + f2)(x) = f1(x) + f2(x),

and the product of a scalar α and the functional f as

(α f )(x) = α f (x).

The set of all bounded linear functionals on a normed linear space X constitutes a normed space
X 0 with norm defined by

k fk = sup
x2X ,x 6=0

j f (x)j
kxk = sup

x2X ,kxk=1
j f (x)j.

This space X 0 is called the dual space13. It is always a Banach space, whether or not the original
space X is complete. Since we are looking for a bounded linear functional, we have to examine
the space X 0 further. Depending on the type of the original space, we can be more explicit about
the character of the elements in X 0.

If X is Hilbert space, Riesz’s theorem (Theorem 3.2) states that every bounded linear functional
f on X can be represented in terms of the inner product. Hence, all elements of X 0 are of the
following form

f (x) = hx, λi. (3.13)

If X is a Banach space, the situation is less straightforward. However, for the case X = C[a, b]
there is another theorem by Riesz. First, we define:

Definition 3.4 (Bounded variation) A function x defined on [a, b] is of bounded variation on
[a, b] if its total variation Var(x) on [a, b] is finite, where

Var(x) = sup
n

∑
k=1
jx(tk)� x(tk�1)j,

and the supremum is over all partitions:

a = t0 < t1 < � � � < tn = b.

13On a finite dimensional space, the algebraic dual equals the dual, since every linear operator on a finite di-
mensional space is bounded.
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Theorem 3.5 (Riesz’s theorem (functionals on C[a,b])) Every bounded linear functional f on
C[a, b] can be represented by a Riemann-Stieltjes integral:

f (x) =
Z b

a
x(t) dw(t) (3.14)

where w is of bounded variation on [a, b] and has the total variation

Var(w) = k fk.

In case the function w is differentiable, (3.14) reduces to

f (x) =
Z b

a
x(t)w0(t) dt. (3.15)

Note the similarity between (3.15) and (3.13). Motivated by these two special situations we
restrict ourselves to functionals that can be written as14

f (x) =
Z b

a
x(t) λ(t) dt, (3.16)

where λ is a sum of a piecewise continuous function and at most countably many Dirac distribu-
tions. The Dirac distributions are included to cover point functionals in the general expression.
Recall that, δ being the Dirac distribution,

x(t) =
Z b

a
x(s) δ(t) dt.

Functionals that are not covered by this representation (3.16) will no longer be considered,
because they are not interesting for practical purposes.

3.5.3 Time-invariance

According to representation (3.16), each functional fk is fully determined by a function λk.
Requiring a time-invariant sampling operator, the kth function λk must be a time-shifted copy
of a standard function λ :

λk(t) = λ(t � tk).

Defining the reflection x_ of a function x as

x_(t) = x(�t),

and introducing the function xe:

xe(t) =

(
x(t) if t 2 [0, T )
0 otherwise

14This representation (3.16) can be proven to hold in the space of distributions as well, with λ being a distribution.
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we can express the kth functional as

fk(x) =
Z T

0
x(t) λk(t) dt

=
Z ∞
�∞

xe(t) λk(t) dt

=
Z ∞
�∞

xe(t) λ(t � tk) dt

=
Z ∞
�∞

xe(t) λ_(tk � t) dt

= (xe � λ_)(tk) (3.17)

This implies that we can obtain all functionals by filtering the signal with a filter having impulse
response λ_ , and sampling the output at the times tk. Equidistant evaluation is obtained by
setting

tk = k∆, k = 1 . . . N.

3.5.4 The general sampling operator

The general sampling operator meeting our requirements can be regarded as a filter, followed
by an ideal sampler, sampling at equidistant times, see Figure 3.3.

t = k∆

PREx(t) f (t) f (k∆)

FIGURE 3.3: The general sampling operator. The filter PRE has the impulse response λ_ . The filter yields
a continuous-time signal f . Its samples f (k∆) give the functionals fk.

3.5.5 The reconstruction operator

Reconstruction will be obtained by using the N samples taken according with the functionals
defined in (3.17) as coefficients to a set of vectors V = fφ1, . . . ,φNg in the space Cb[0, T ]:

z(t) =
N

∑
k=1

fk φk(t). (3.18)

The question remains which functions φk to use.

For reconstruction, we again have a list of requirements:

� Linearity
The reconstruction operator should be linear. Like in the case of a sampling operator, it
is preferred to have a linear relationship between samples and reconstructed signal.

� Boundedness
Bounded samples must give a bounded reconstruction.
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� Independence
In order to avoid redundancy, the N reconstruction functions should be independent.

� Time-invariance
For economical reasons, the reconstruction operation must be implemented as a single
procedure, initiated at N different times.

� Equidistant evaluation
Equidistant activation of the procedure avoids storage of timing data.

By using a linear combination of N functions in Cb[0, T ], we automatically have a linear rela-
tionship between samples and reconstruction. Moreover, the linear combination will lie in the
space Cb[0, T ], hence it is bounded.

The time-invariance implies that the reconstruction functions are time-shifted copies of a func-
tion φ , i.e., we can express the kth reconstruction function as:

φk(t) = φ(t � tk)

and again, for equidistant evaluation, tk = k∆.

The problem now reduces to finding conditions on φ such that V = fφ1, . . . ,φNg constitutes
a basis in a certain subspace of Cb[0, T ]. Note that by choosing φ , the subspace is implicitly
defined.

The general reconstruction method can also be interpreted as a filter. Considering the sequence
of functionals fk, and introducing the weighted δ-sequence:

f �(t) =
N

∑
k=1

fk δ(t � k∆) = f (k∆) � I∆(t)

where I∆(t) is the impulse train as defined in (2.10), the reconstruction (3.18) can be written
as:

z(t) =
N

∑
k=1

fk φ(t � k∆)

= ( f � � φ)(t) (3.19)

The general reconstruction operator is shown in Figure 3.4.

f (k∆)

I∆(t)

POSTf �(t) z(t)

FIGURE 3.4: The general reconstruction operator. The filter POST has the impulse response φ . Note that
by choosing φ , the subspace is implicitly defined.
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3.5.6 The general sampling scheme

In Figure 3.5 we have combined the sampling operator of Figure 3.3 with the reconstruction
operator of Figure 3.4. The ideal switch is omitted here, since direct multiplication with the
impulse train has the same effect:

f �(t) = I∆(t) � f (k∆) = I∆(t) � f (t).

We will refer to this scheme as the general sampling scheme (GSS). Note the resemblance to the
scheme of the sampling theorem (Figure 2.6 in Chapter 2). The choices left are the sampling
rate ∆ and the two filters PRE and POST.

z(t)x(t)

I∆(t)

f (t) f �(t)PRE POST

FIGURE 3.5: A combination of sampling and reconstruction operator. This scheme will be referred to as
the general sampling scheme. The subspace is determined by the choice of the post-filter.

Note the similarity between this scheme and Shannon’s sampling with anti-alias filtering, shown
in Figure 2.6 of Section 2.2.4. There, the pre-filter and the post-filter are both ideal low-pass
filters. We will come back to this similarity in Section 3.6.4.

3.6 Approximation property of the general sampling scheme

The filters in the sampling and reconstruction operators of the previous section must be tuned
in such a way that the combined operator constitutes a projection on the space spanned by the
N basis functions φk. How can this be achieved? For this question to be answered, we have to
focus on approximation theory.

3.6.1 Approximation theory

The general approximation problem in a normed space can be formulated as: Let X = (X , k � k)
be a normed space and Y a subspace. A given x 2 X is to be approximated by a y 2 Y .

The distance between x and the subspace Y is by definition:

d(x,Y ) = inf
y2Y
kx � yk

Definition 3.5 (Best approximation) An element y0 2 Y is called a best approximation of x if

kx � y0k = d(x,Y )

This best approximation does not always exist. Moreover, it is not unique in general. However,
the existence is guaranteed in the finite dimensional case:



44 Abstraction of the sampling problem

Theorem 3.6 If Y is a finite dimensional subspace of a normed space X, then for each x 2 X
there exists a best approximation in Y .

The problem of uniqueness is related to convexity. A subset A of a vector space X is called
convex if all points of the ‘straight line’ between two points a and b (a, b 2 A) are in A, i.e.,
for every a, b 2 A, the set L := fλa + (1 � λ)b j 0 � λ � 1g is a subset of A, see Figure 3.6.

a a

b

a) b)

b

FIGURE 3.6: An example of a convex set (a) and a non-convex set (b).

Definition 3.6 (Strictly convex norm) A strictly convex norm is a norm such that for all x, y of
norm 1,

kx + yk < 2, x 6= y.

A normed space with such a norm is called a strictly convex normed space. For example, any
Hilbert space is strictly convex, whereas the space C[a, b] is not [Pow81]. We have the following
theorem:

Theorem 3.7 (Uniqueness theorem ) In a strictly convex normed space X there is at most one
best approximation to a given point x in the subspace Y.

In the following sections, we consider two types of approximations:

� uniform approximation in C[a, b] (Chebyshev approximation),

� least squares approximation in Hilbert spaces.

3.6.2 Approximation in Hilbert spaces

Since Hilbert spaces are strictly convex, there is at most one best approximation. The uniqueness
is therefore guaranteed. The existence is given by the following theorem:

Theorem 3.8 For every x in a Hilbert space H and closed subspace Y of H , there is a unique
best approximation: y = ProjY x, where ProjY is the orthogonal projection onto Y.

How to determine the best approximation? For the case that Y is a reproducing kernel Hilbert
space, the projection was given by (3.11). Given an orthonormal basis fekgk2K of the subspace
Y , this projection is easily calculated. We have

ProjY x = ∑
k2K
hx, ekiek.
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In the general case of a Riesz-basis fykgk2K , the projection is given by

ProjY x = ∑
k2K
hx,

�ykiyk,

where f�ykgk2K is the dual basis.

Approximation in a Hilbert space is also called mean square approximation. It minimizes the
distance induced by the norm, which in turn is induced by the inner product. For example,
approximation in the space L2(R) minimizes the distance

d(x,Y ) = inf
y2Y

�Z ∞
�∞
jx(t) � y(t)j2 dt

�1=2
.

3.6.3 Approximation in C[a, b]

Approximation in C[a, b] with the sup-norm is also called minimax approximation. Indeed, the
distance between two elements of C[a, b] is given by the maximum difference for all t 2 [a, b].
The existence of a best approximation in a general subspace of C[a, b] cannot be proven. For
finite dimensional subspaces, however, the existence is guaranteed by Theorem 3.6. A sufficient
condition for uniqueness is Haar’s condition [Pow81]:

Definition 3.7 (Haar’s condition) A finite dimensional subspace Y of the real space C[a, b] is
said to satisfy Haar’s condition if every y 2 Y, y 6= 0, has at most n� 1 zeros in [a, b], where
n = dimY.

This condition is used in the following uniqueness theorem:

Theorem 3.9 (Haar’s uniqueness theorem) Let Y be a finite dimensional subspace of the space
C[a, b]. Then the best approximation in Y of every x 2 C[a, b] is unique if and only if Y satisfies
Haar’s condition.

A way to find a good approximation is to start with a trial approximation. This trial approx-
imation can be improved iteratively, via the so-called exchange algorithm. If Y satisfies Haar’s
condition, convergence is guaranteed.

The exchange algorithm yields a sequence of approximations. We can consider the approxima-
tion as an operator Appr, so that we have a sequence fApprnxgn2N. This operator lacks favor-
able properties. It may be non-linear and does not always have the projection property [Pow81].

We have to conclude that in the case of approximations on C[a, b], a systematic search for the
best operator lies beyond the scope of this work. We can, however, evaluate the approximation
properties of operators that are obtained by other means.

3.6.4 Example: Shannon’s sampling scheme

Recalling that the space of bandlimited functions Bωmax is a separable Hilbert space, spanned
by the orthonormal basis

ek(t) =
sin ωmax(t � k∆)

ωmax(t � k∆)
,
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the orthogonal projection onto this space becomes

(ProjBωmax
x)(t) = ∑

k
hx, eki ek(t). (3.20)

The basis has the special property that it is shift-invariant, i.e., ek(t) = e(t � k∆). Therefore,
following a similar reasoning as in (3.17), the inner product can be interpreted as a convolution
evaluated at t = k∆:

hx, eki = (x � e)(k∆),

where the reflection symbol is left out, since e is symmetric (e(�t) = e(t)). The inner products
will be produced by the system of Figure 3.3 with the pre-filter being the ideal low-pass filter.
Also the reconstruction can be regarded as a convolution (see (3.19)), where the post-filter is
the ideal low-pass filter. Hence, (3.20) fits into the general sampling scheme of Figure 3.5
and, moreover, is equal to Shannon’s scheme with anti-alias filter as given in Figure 2.6. We
conclude that the latter scheme constitutes an orthogonal projection onto the space Bωmax.

In Section 3.3.4 we encountered another expression for projection on Bωmax, namely:

(ProjBωmax
x)(t) =

*
sin ωmax(� � t)

ωmax(� � t)
, x

+
=

Z ∞
�∞

x(s)
sin ωmax(s� t)

ωmax(s� t)
ds.

This expression has the form of a convolution:

(ProjBωmax
x)(t) = (x � λ)(t),

with

λ(t) =
sin ωmaxt

ωmaxt
.

Hence, pre-filtering with the ideal low-pass filter already gives the projection on Bωmax, in other
words the output y of the pre-filter is equal to the output z of the general sampling scheme
(see Figure 3.5). From the engineer’s point of view this is nothing new: the filter removes all
high-frequency components, yielding a bandlimited signal. And from the sampling theorem we
know that a bandlimited signal is reconstructed without error. However, the fact that y = z is
rather unique. In the general case it holds y 6= z.

Summary

Sampling and reconstruction were formulated as abstract operations, mapping signals of a vector
space onto another vector space. Samples are taken by applying functionals on a signal. The
outcomes of these functionals serve as coefficients in the expansion with respect to a certain
basis of a subspace. Suitable functionals were selected based on practical requirements. These
functionals can all be modelled by a filter followed by point measurements. For reconstruction
we have a similar outcome. Time-invariance implies that the reconstruction functions, which
together span the subspace, must be time-shifted copies of a single function. The reconstruc-
tion process can also be seen as a filter with impulse response φ . This filter characterizes the
subspace. In order to guarantee that samples represent a signal well, we require that the com-
position of sampling and reconstruction yields a good approximation of the signal. If sampling
is studied in the context of Hilbert spaces, this approximation problem can be solved uniquely.
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In other cases we did not find a systematic method for constructing an optimal approximation
operator.

The approach we followed is similar to that of Bertero et al. [BdMP85, BdMP88]. They consider
the so-called linear inverse problem with discrete data: Given a class X of functions, a set
f fn; 1 � n � Ng of linear functionals defined on X , and a set fgn; n = 1 � n � Ng of values
of such functionals, then find in X an object x such that

fn(x) = gn, n = 1, . . . N.

This setting includes interpolation of sampled data, where the functionals are the point evaluation
functionals, but also recovery of a function from its first N Fourier coefficients. Their work was
restricted to Hilbert spaces.
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Chapter 4

Sampling and multiresolution analysis

From the previous chapter we know that we are looking for linear spaces that are spanned by time
translates of a single function. We already know such a space, namely bandlimited functions
which are spanned by translates of the sinc-function. Are there any alternatives? Indeed there are
many of them: the concept of multiresolution analysis revealed a large class of spaces satisfying
this property. On the other hand, multiresolution analysis is closely related to the construction
of wavelets. Therefore, we will examine these fields to find a concrete sampling method.

We begin this chapter with a short introduction to wavelet analysis (Section 4.1) and multiresol-
ution analysis (Section 4.2). A multiresolution analysis consists of a sequence of nested spaces,
which are each spanned by translates of a single function, the scaling function φ . Such scal-
ing functions have the properties that we require for the general sampling scheme introduced
in the previous chapter. In Section 4.3 we will consider the construction of such functions.
There is a close relation between sampling and multiresolution analysis, which will be dis-
cussed in Section 4.4. We will obtain a large class of functions that satisfies the requirements
we have set. In Section 4.5 we shall consider additional requirements, which finally leads to
alternative filters in the general sampling scheme.

Throughout this chapter we assume that if a continuous-time signal x is sampled, the samples are
taken at the integers, i.e., sampling is uniform with the sampling interval ∆ = 1. This simplifies
the expressions involved, without loosing generality.

4.1 Overview of wavelet analysis

Wavelet analysis is a method of signal decomposition, using special functions called wavelets.
The decomposition is similar to Fourier transform, where a signal is decomposed on a basis
of harmonics with different frequencies. Analogously, the wavelet transform decomposes on a
basis of wavelets. A major distinction is that wavelets are local in time and frequency, which
gives rise to a so-called time-frequency decomposition.

Let us study this a little further. Consider a music signal consisting of a recording of the fol-



50 Sampling and multiresolution analysis

lowing notes:

G S ! ! ! ! ! ! " !
��

! !
HH

! ! ! ! ! "

1

From a graph of the signal vs. time we would be able to detect the transitions between two
different notes, but we would not be able to characterize the frequencies contained. The Fourier
transform, on the other hand, provides the frequency distribution of the signal, i.e., it generates a
function of the frequency f or angular frequency ω . In this case all the notes (frequencies) would
be distinguishable as separate peaks in a graph of the Fourier transform, but the time-transition
information is coded in the phase information and cannot be seen from this graph. What is
needed instead is a three-dimensional graph, where the energy distribution is plotted as a function
of time and frequency. Note that the musical notation already gives such a representation.

A time-frequency decomposition can be obtained using the windowed Fourier trans-
form [Chu92a, Gab46] (also short time Fourier transform). Here a signal is multiplied with
a time-window prior to applying the Fourier transform, see Figure 4.1. If this time-window
is compactly supported1, the Fourier transform contains only information around the position
of the window. Shifting the window gives other local spectra, thus yielding a time-frequency
decomposition. An alternative method is the wavelet transform to be introduced below.

signal window windowed signal

FIGURE 4.1: The principle of the windowed Fourier transform. A signal x is multiplied with a window
function w to obtain a signal local in time.

4.1.1 Continuous wavelet transform

Definition 4.1 (Wavelet) A wavelet ψ(t) is a square integrable function such that the following
admissibility condition holds:

Cψ :=
Z ∞
�∞
jΨ(ω)j2
jωj dω < ∞, (4.1)

where Ψ(ω) is the Fourier transform of ψ(t).

1A function f is said to have compact support if the set where f is non-zero is compact.
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FIGURE 4.2: Left: The Mexican hat wavelet ψ with dilation factor a = 1 and translation factor b = 0.
Right: The translated and dilated version with a = 2 and b = 5.

If we assume continuity of Ψ at ω = 0, the condition implies that Ψ(0) = 0. This, in turn,
implies that the function must change sign.

From this wavelet we can produce a whole family of equally shaped functions by shifts in time
(translation) and scaling (dilation):

ψa,b(t) =
1q
jaj

ψ(
t � b

a
) a 6= 0, b 2 R

The effect of translation and dilation is that wavelets are shifted to a certain location in the
time-frequency plane (actually, time-scale plane).

Example 4.1 An example of a wavelet is the so-called Mexican hat function

ψ(t) = (1 � t2) e�
1
2 t2

,

which is the second derivative of a Gaussian. The name comes from the fact that its graph looks
like the transverse section of a Mexican hat. The Mexican hat wavelet is shown in Figure 4.2,
together with a translated and dilated version. The admissibility condition (4.1) holds with
Cψ = 2π . �
A signal can be decomposed in terms of the members of this family by applying the
continuous wavelet transform [Chu92a]:

(Wψx)(a, b) =
Z ∞
�∞

x(t) ψa,b(t) dt, (4.2)

which can also be seen as an L2-inner product:

(Wψx)(a, b) = hx, ψa,bi.
The transform (Wψx)(a, b) gives a time-scale decomposition, where the scale parameter a is
inversely proportional to the frequency.

The original signal x can be recovered from the wavelet transform by

x(t) =
Z ∞
�∞

Z ∞
�∞

(Wψx)(a, b) ψa,b(t)
da db

a2 . (4.3)
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4.1.2 Time-frequency localization

Time-frequency decomposition yields the energy density at a certain point in the time-frequency
plane. To obtain this, the wavelets used should be localized in time and frequency. In the ideal
situation, every wavelet should cover a single point in time and a single point in frequency.
However, this is not possible, which is immediately clear from the following reasoning. If we
know a signal only at a single time instant, nothing can be said about its local frequency behavior
and vice versa. Indeed, there is an uncertainty principle, analogous to the Heisenberg relation
in quantum mechanics.

The time-frequency localization can be characterized using the concept of a window function.

Definition 4.2 A window function is a square integrable function w with the special property
that t �w(t) is square integrable as well. Such a function is well localized in time. The positionµw

and the radius σw of the window function w are defined as:

µw =
1
kwk2

2

Z ∞
�∞

t jw(t)j2 dt (4.4)

σw =
1
kwk2

2

�Z ∞
�∞

(t � µw)
2 jw(t)j2 dt

� 1
2

(4.5)

where k � k2 denotes the L2-norm.

Let W(ω) be the Fourier transform of w(t). Similarly, µW and σW can be defined as position
and radius in frequency, i.e.:

µW =
1
kWk2

2

Z ∞
�∞

ω jW(ω)j2 dω

σW =
1
kWk2

2

�Z ∞
�∞

(ω � µW )2 jW(ω)j2 dω
�1

2

The window function is said to be localized in the time-frequency window:

[µw � σw, µw + σw]� [µW � σW , µW + σW ]. (4.6)

This is a rectangle in the time-frequency plane (see Figure 4.3), whose area has a lower bound
due to the uncertainty principle [Chu92a]:

σw σW � 1
2

. (4.7)

Equality can only be obtained using a Gaussian as window function.

Example 4.2 The Fourier transform of The Mexican hat wavelet (Figure 4.2) is

Ψ(ω) =
p

2π ω2e�
1
2 ω2

Its time-frequency window is determined by the following values

µψ = 0, σψ =
7 π

1
4p

3
, µΨ =

2
3
p

π
, σΨ ' 1.92586.

�
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FIGURE 4.3: A time-frequency window in the time-frequency plane.

Translating and dilating a wavelet with factors of b and a respectively will change position and
size of the time-frequency window into

[b + aµψ � aσψ , b + aµψ + aσψ ]� [1
a µΨ � 1

a σΨ, 1
a µΨ + 1

aσΨ].

Note that the width of the frequency window decreases with increasing a, whereas the width of
the time window increases. However, the area of the time-frequency window remains constant
at 4σψ σΨ.

4.1.3 Wavelet series

The continuous wavelet transform introduces redundancy, because a one-dimensional signal is
transformed into a two-dimensional ‘coefficient space’. The question arises whether it is possible
to recover the original signal from a discrete set of wavelet coefficients, i.e., samples of the
continuous wavelet transform. This is indeed possible, but we have to be more restrictive on
the choice of a wavelet ψ in (4.2). In [Chu92a] recovery from (Wψx)(a, b) is discussed in the
following cases:

1. positive scales: a > 0, b 2 R
2. dyadic scales: a = 1

2 j , b 2 R, ( j 2Z)
3. a = 1

2 j , b = k
2 j b0, ( j, k 2Z, b0 > 0)

4. a = 1
2 j , b = k

2 j

Here we only discuss the last case. The family of wavelets now becomes

ψ j,k(t) =
1p
2� j

ψ(
t � 2� jk

2� j ) =
p

2 jψ(2 jt � k), ( j, k 2Z). (4.8)

A sufficient condition for reconstruction is that the family of scaled and shifted copies forms an
orthonormal basis in the space of square integrable functions L2(R). If this holds, any function
x 2 L2(R) can be written as:

x(t) =
∞
∑

j,k=�∞
hx, ψ j,kiψ j,k(t). (4.9)
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This representation (4.9) is referred to as a wavelet series2 with the wavelet coefficients hx, ψ j,ki.
The orthonormality condition is, however, too strong. It suffices to have a Riesz basis of L2(R)
(see [Chu92a]). If fψ j,kg j,k2Zis a Riesz basis of L2(R), there exists a unique Riesz basis fψ j,kg
which is dual to fψ j,kg:

hψ j,k, ψ l,mi = δ jl � δkm.

where δkm = 1 if k = m and δkm = 0 elsewhere. A function can now be written as

x(t) =
∞
∑

j,k=�∞
hx, ψ j,kiψ j,k(t).

However, it is not guaranteed that this dual basis is also formed of translated and dilated copies
of a single function. If this is the case, i.e., if we can find a function

�ψ 2 L2(R), such that

hψ j,k,
�ψ l,mi = δ jl � δkm,

then the wavelet ψ is called an R -wavelet, and we have

x(t) =
∞
∑

j,k=�∞
hx, ψ j,ki

�ψ j,k(t), (4.10)

which is a proper wavelet series. Note that the role of ψ and
�ψ can be interchanged, leading to

x(t) =
∞
∑

j,k=�∞
hx,

�ψ j,kiψ j,k(t).

We will discuss these dual wavelets in detail in Section 4.3.2.

4.1.4 Decomposition of L2(R)

Let ψ be an R -wavelet, and consider the Riesz basis fψ j,kg. Now define the wavelet spaces

Wj := clos
�
spanfψ j,kgk2Z

�
(4.11)

where the closure is with respect to L2(R). The space L2(R) can be decomposed as the direct
sum of the space Wj:

L2(R) = � � � �
+ W�1

�
+ W0

�
+ W1

�
+ � � �

If ψ is a orthogonal wavelet, i.e., hψ j,k, ψl,mi = δ jl � δkm, the subspaces Wj are mutually ortho-
gonal. The decomposition becomes an orthogonal decomposition and the direct sum becomes
an orthogonal sum:

L2(R) = � � � �W�1 �W0 �W1 � � � �
yielding an orthogonal decomposition of L2(R).

2Sometimes (4.9) is called a discrete wavelet transform. However, this is confusing, because the same name is
used for the transform of a digital signal. The term ‘wavelet series’ corresponds to ‘Fourier series’.
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4.2 Multiresolution analysis

Multiresolution analysis (MRA) is a method for L2-approximation of functions with arbitrary
precision. MRA gives approximations on different scales in such a way, that an approxima-
tion on a fine scale can be obtained by adding the ‘details’ to an approximation on a coarse
scale. MRA was originally formulated by Mallat [Mal89a, Mal89b] and later extended to non-
orthogonal bases [CDF92].

A multiresolution analysis (MRA) consists of a sequence of nested spaces Vj with the following
properties:

1. f0g � . . . � V�1 � V0 � V1 � . . . � L2(R),

2. clos
�S

j2ZVj

�
= L2(R) and

T
j2ZVj = f0g,

3. f (t) 2 V0 , f (t � k) 2 V0, 8k 2Z,

4. f (t) 2 Vj , f (2t) 2 Vj+1, j 2Z,

5. 9φ 2 V0 such that fφ(� � k)gk2Zis a Riesz basis for V0.

(4.12)

The function φ is called the scaling function3. The properties imply that fφ j,kgk2Zare Riesz
bases in Vj as well. Property (4.12.2) ensures approximation in L2(R) with arbitrarily small
error by projection on the subspaces Vj. Spaces Vj with large positive j are said to be fine scales
or high resolution scales, and have high approximation quality. For negative j, the scales become
coarser, with low approximation quality (low resolution scales). The nesting property (4.12.1)
means that an approximation on a coarse scale can be obtained from an approximation on a
finer scale without knowing the original function.

As an example, consider the space of piecewise constant functions, i.e., functions which are
constant on the intervals [k, k + 1), k 2Z. This space is spanned by integer translations of the
indicator function of [0, 1):

χ[0,1)(t) =

(
1 if t 2 [0, 1)
0 otherwise

Thus, property (4.12.5) is satisfied with φ = χ[0,1). Since two different basis functions do not
overlap, their inner product is

hφ(� � k), φ(� �m)i = δkm,

which means that the basis is orthonormal, thus it is a Riesz basis. The space V1 is spanned by
the basis fφ1kg where

φ1k(t) = χ[0,1=2)(t � k).

Proceeding this way, we obtain an MRA. Every function x 2 V0 is also in Vj, j > 0. Since the
basis is orthonormal, the L2-approximation on any Vj can be found by orthogonal projection:

ProjVj
x =

∞
∑

k=�∞
hx, φ j,kiφ j,k,

3Also known as the father wavelet.
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FIGURE 4.4: A function x and its MRA approximation on the scales V0 and V1

where
φ j,k(t) =

p
2 jφ(2 jt � k), ( j, k 2Z). (4.13)

Moving to finer scales, the approximation becomes better, see Figure 4.4.

In general, the spaces Vj, defined as

Vj = Wj�1
�
+ Wj�2

�
+ Wj�3

�
+ � � �

with the wavelet spaces as defined in (4.11), form an MRA. The wavelet space Wj contains the
difference of two approximations in Vj+1 and Vj. Hence, the wavelet space Wj can be seen as
the complement of Vj in Vj+1. Summarizing, we have the following structure:

� � � ! V�1 ! V0 ! V1 ! � � �
% % %

W�1 W0 W1

where Vj is spanned by fφ j,kgk2Zand Wj by fψ j,kgk2Z.

4.2.1 Two-scale relations

The special structure of an MRA establishes a construction method for a scaling function φ and
a wavelet ψ . The fact that fφ(2t � k)gk2Zis a basis in V1, and V0 � V1, gives:

φ(t) = ∑
k

pk φ(2t � k), (4.14)

where pk is an l2 sequence. A similar relation holds for the wavelet ψ which is also in V1:

ψ(t) = ∑
k

qk φ(2t � k) (4.15)

The sequences pk and qk cannot be chosen arbitrarily. Integrating both sides of (4.14), and
dividing by the non-vanishing integral of φ , we obtain:

∑
k

pk = 2
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The sequences are related by:
qk = (�1)k p1�k.

These relations (4.14) and (4.15) are called the two-scale relations4. They are usually written
in the following way:

φ(t) =
p

2 ∑
k

hk φ(2t � k)

ψ(t) =
p

2 ∑
k

gk φ(2t � k)
(4.16)

where hk = pk=
p

2 and gk = qk=
p

2, hence

gk = (�1)k h1�k. (4.17)

Another form of the two-scale relations is obtained by Fourier transforming the left and the
right-hand side of (4.16):

Φ(2ω) = 1p
2
H(ω)Φ(ω)

Ψ(2ω) = 1p
2
G(ω)Φ(ω)

(4.18)

In the remaining of this chapter we will often use these two-scale relations to derive properties
of scaling functions and wavelets.

4.2.2 Examples

0 1 1/20 1 1/20 11/2

φ(t)

+ =

t tt

1 1 1
φ(2t) φ(2t � 1)

FIGURE 4.5: Construction of the Haar scaling function φ by means of the two-scale relation (4.16).

Going back to our example with the MRA of piecewise constant functions, the scaling function
φ can be constructed of its dilated versions, which is depicted in Figure 4.5. From this figure it is
easy to see that the hk’s in (4.16) are h0 = h1 = 1=

p
2 and zero for other k. The corresponding

gk’s are: g0 = 1=
p

2, g�1 = �1=
p

2 and zero for other k, giving the wavelet ψ:

ψ(t) =

8><>:
1 if t 2 [0, 1=2)
�1 if t 2 [1=2, 1)
0 otherwise

This wavelet is known as the Haar wavelet, see Figure 4.6. It is left to the reader to verify that
the Haar wavelets fψ j,kgk2Zconstitute an orthonormal basis in Wj.

4Also: dilation equations or refinement equations.
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FIGURE 4.6: The Haar scaling function φ (left) and wavelet ψ (right).

The sinc-function, which we have used previously in a number of examples, is also a scaling
function generating an MRA. For it the two-scale relation (4.16) holds with

hk =
sin kπ=2

kπ=2
.

The corresponding wavelet is the Shannon wavelet given by

ψ(t) =
sin 2πt � sin πt

πt
.

The Shannon scaling function and wavelet are shown in Figure 4.7. The scaling function cor-
responds to the ideal low-pass filter with ωmax = π . As could be expected, the Shannon wavelet
corresponds to the ideal band-pass filter:

Ψ(ω) =

(
1, π < jωj < 2π
0, otherwise

The MRA-space V0 is thus equal to Bπ . Here it is clear that a signal in the space V1 = B2π can
be constructed by combining the information of V0 and W0.
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FIGURE 4.7: Shannon scaling function φ (left) and wavelet ψ (right).

The two examples above are two extreme cases in wavelet analysis. The Haar wavelet has,
due to its compact support, a very good time localization, but a poor frequency localization.



4.2 Multiresolution analysis 59

The Shannon wavelet has a very poor decay, thus a poor time-localization, but its frequency
localization is excellent. In wavelet analysis, one tries to find a compromise, i.e., a wavelet that
has reasonable localization properties in both time and frequency.

4.2.3 Orthogonal multiresolution analyses

Special cases of MRA’s are the orthogonal MRA’s. An MRA is orthogonal if the wavelet spaces
Wj are defined as the orthogonal complement of Vj in Vj+1. A sufficient condition is V0 ?W0,
or,

hψ , φ(� � k)i = 0, k 2Z.

The properties of orthogonal MRA’s are derived most easily if we assume that Vj is spanned
by the orthonormal basis fφ j,kgk2Zand Wj by the orthonormal basis fψ j,kgk2Z. In this case we
have:

ProjVj+1
x = ProjVj

x + ProjWj
x (4.19)

∑
k
hx, φ j+1,kiφ j+1,k = ∑

k
hx, φ j,kiφ j,k + ∑

k
hx, ψ j,kiψ j,k (4.20)

expressing that the L2-approximation on a fine scale Vj+1 can be obtained by adding the approx-
imation on the wavelet space Wj to the approximation on the coarser scale Vj. In other words,
the wavelet coefficients hx, ψ j,ki fully determine the difference between the approximations on
two successive scales.

We already mentioned that an approximation on a coarse scale can be obtained from the ap-
proximation on a finer scale, without knowledge of the original signal x. Indeed we have:

φ j,k(t)
= [ definition of φ j,k (4.13) ]p

2 jφ(2 jt � k)
= [ Two-scale relation (4.14) ]p

2
p

2 j ∑
n

hnφ(2 j+1t � 2k � n)

= [ rearranging terms ]p
2 j+1 ∑

n
hnφ(2 j+1t � (2k + n))

= [ substitute l = 2k + n ]p
2 j+1 ∑

l
hl�2kφ(2 j+1t � l)

= [ definition of φ j,k ]

∑
l

hl�2kφ j+1,l(t).

An analogous equation can be derived for ψ j,k. This implies:

hx, φ j,ki = ∑
l

hl�2khx, φ j+1,li, (4.21)

hx, ψ j,ki = ∑
l

gl�2khx, φ j+1,li. (4.22)
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Equations (4.21) and (4.22) express that the coefficients for the approximation on scale j can be
obtained from those on scale j + 1. Both formulae have the structure of a discrete convolution
followed by down-sampling. Defining the up-sampling operator on a sequence fckg as

("Mc)k =

(
ck=M, k = lM, l 2Z
0, otherwise

(4.23)

and the down-sampling operator as

(#Mc)k = cMk, (4.24)

(4.21) becomes
hx, φ j,ki =

�
#2[h_ � hx, φ j+1,li]

�
k

, (4.25)

where h_

k = h�k is the reflection of hk. According to (4.25), simple digital filter schemes can
be used to calculate the successive approximations.

Proceeding the other line, from a coarse scale to a fine one, is expressed by (4.20). In particular,
φ(2t) 2 V1 is equal to the sum of its projections on V0 and W0, respectively:

φ(2t) = ∑
k
hφ(2t), φ(t � k)i φ(t � k) + ∑

k
hφ(2t), ψ(t � k)iψ(t � k).

We take a closer look at the inner product in the first term:

hφ(2t), φ(t � k)i
= [ Two-scale relation ]*

φ(2t),
p

2 ∑
l

hl φ(2(t � k)� l)

+
= [ linearity inner product ]p

2 ∑
l

hlhφ(2t), φ(2t � (2k + l))i
= [ orthonormal basis ]

1
2

p
2 ∑

l
hlδ2k+l

= [ definition of δk ]
1
2

p
2 h�2k.

For the second inner product a similar relation can be derived. We thus obtain:

φ(2t) = 1
2

p
2 ∑

k
(h�2kφ(t � k) + g�2kψ(t � k)) (4.26)

Relation (4.26) is called the decomposition relation. Analogously, a more general relation can
be derived:

φ j+1,m = ∑
k

�
hm�2kφ j,k + gm�2kψ j,k

�
. (4.27)

Note that the factor 1
2

p
2, which occurred in the equation for φ(2t), is now hidden in the defini-

tion of φ j+1,m. With this result, we find the coefficients for the approximation on the scale Vj+1
by

hx, φ j+1,mi = ∑
k

�
hm�2khx, φ j,ki+ gm�2khx, ψ j,ki

�
. (4.28)

Again, there exists a digital filtering viewpoint of (4.28), which involves the following steps:
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1. Up-sampling of the hx, φ j,ki,
2. Convolution of this up-sampled sequence with the filter coefficients hk,

3. Up-sampling of hx, ψ j,ki, and convolution with gk,

4. Addition of the two results.

In a formula:
hx, φ j+1,mi =

�
h � "2hx, φ j,ki

�
m
+
�

g � "2hx, ψ j,ki
�

m
. (4.29)

Summarizing, the orthogonal MRA provides L2-approximation on every scale Vj. Starting from
the approximation on a certain scale Vj, the approximation can be degraded by projection on
Vi, i < j, or upgraded to scale Vl, l > j, by adding the projections on the wavelet spaces
Wj+1 . . . Wl�1.

In this section we assumed the existence of orthonormal bases in both Vj and Wj. This condi-
tion is, however, unnecessarily strong for having an orthogonal MRA. It suffices to have semi-
orthogonal wavelets, i.e., wavelets which satisfy:

hψ j,k, ψl,mi = 0, j 6= l.

In Section 4.3.2 we will discuss semi- and bi-orthogonality in detail.

Orthogonal MRA’s and reproducing kernel Hilbert spaces

There is a close relation between orthogonal MRA’s and reproducing kernel Hilbert spaces. If
we have a φ such that fφ(t � k)gk2Zconstitutes an orthonormal basis in V0, we can find the
reproducing kernel of V0 by (3.10) on p. 35:

R(s, t) =
∞
∑

k=�∞
φ(s� k) φ(t � k).

Moreover, all Vj are RKHS with reproducing kernel

Rj(s, t) = 2 j R(2 js, 2 jt).

The reproducing kernel for Wj can be constructed in a similar way.

4.3 Construction of MRA’s

To find a scaling function φ and the corresponding wavelet ψ , the two-scale relations (4.16)
can be used, starting with a sequence hk. Since this sequence determines a scaling function,
certain requirements on hk will result in certain characteristics of the scaling function. For
example, starting with a finite-length sequence hk will lead to a compactly supported scaling
function [Dau88]. A real-valued sequence yields a real-valued scaling function.

In this section we discuss several properties of scaling functions and the wavelets, together with
the necessary conditions on the hk’s. From now on we assume real sequences: hk 2 R.
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4.3.1 Construction with orthogonal wavelets

A first condition on hk was already given by the relation ∑k pk = 1, which is equivalent to

∑
k

hk =
p

2. (4.30)

Taking the discrete to continuous Fourier transform (DCFT, see (A.14)) of hk, we obtain an
equivalent relation

H(0) =
p

2. (4.31)

Moreover, the fact that the scaling function constitutes orthonormal bases fφ j,kgk2Z in Vj is
equivalent to:

hφ j,k, φ j,mi = δkm.

This immediately implies a second condition on hk:

δk
=
hφ(t), φ(t � k)i

= [ two-scale relation (4.16) ]

2
Z �

∑
n

hnφ(2t � n)
� 

∑
l

hlφ(2(t � k)� l)

!
dt

= [ interchange summation and integration ]

2 ∑
n

∑
l

hnhl

Z
φ(2t � n)φ(2t � (2k + l)) dt

= [ orthonormality of φ j,k ]

2 ∑
n

∑
l

hnhl
1
2 δn,2k+l

= [ definition of δk,m ]

∑
n

hnhn�2k

giving
∑
n

hnhn�2k = δk. (4.32)

Also here, an equivalent condition can be given in the frequency domain. Applying the
Poisson summation formula (A.21), the orthogonality condition on φ gives

∑
k
jΦ(ω + 2kπ)j2 = 1. (4.33)

This implies
∑
k
jΦ(2ω + 2kπ)j2 = 1.

Substituting the two-scale relation (4.18), we obtain

1
2∑

k
jH(ω + kπ)j2jΦ(ω + kπ)j2 = 1.

Note that the function H(ω) is 2π-periodic. Regrouping the terms for k = 2l and k = 2l + 1
and using (4.33) gives

jH(ω)j2 + jH(ω + π)j2 = 2. (4.34)
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The two conditions (4.31, 4.34) are not sufficient to guarantee orthogonality. A sufficient con-
dition is given in [Mal89a]. We first state a definition:

Definition 4.3 A function x 2 L2(R) is said to be regular if it is continuously differentiable and
satisfies

jx(t)j � C
1 + t2 , jx 0(t)j � C

1 + t2

for some constant C > 0 and every t 2 R. An MRA is called regular if the generating function φ
is regular.

Theorem 4.3 (Mallat) Consider a sequence hk and its Fourier transform H(ω) satisfying (4.31)
and (4.34). Moreover, assume that

1. jhkj = O(1 + k2)�1,

2. jH(ω)j 6= 0 for ω 2 [�π
2 , π

2 ].

Then the function defined by

Φ(ω) :=
∞
∏
i=1

2�1=2H(2�iω)

is the Fourier transform of a scaling function φ such that fφ(t � k)gk2Zis an orthonormal basis
of V0. If φ is regular, then it generates an MRA.

Note that Theorem 4.3 requires regularity of φ to guarantee the existence of an MRA. We prefer
explicit conditions on the coefficient sequence hk that guarantee regularity of φ . The following
theorem, after Daubechies [Dau88], gives sufficient conditions for this.

Theorem 4.4 (Daubechies) Consider a sequence hk and its Fourier transform H(ω) satisfy-
ing (4.31) and (4.34), and ∑k jhkjjkjε < ∞ for some ε > 0. Suppose also that H(ω) can be written
as:

H(ω) =
p

2 [1
2(1 + e�iω )]NF(ω), (4.35)

where F(ω) is the Fourier transform of a sequence fn, with

1. ∑k j fkjjkjε < ∞ for some ε > 0,
2. supω2RF(ω) < 2N�1.

Again, Φ(ω) := ∏∞
i=1 2�1=2H(2�iω). Then the φ j,k define a regular MRA. The fφ j,kgk2Zare an

orthonormal basis in Vj and the fψ j,kgk2Z, as defined in (4.16), form an orthonormal basis in
L2(R).

This theorem provides a method to construct orthonormal wavelets, which will be discussed
in Section 4.5.2.

4.3.2 Construction with bi-orthogonal wavelets

The orthonormality conditions on φ and ψ are rather strong. They can be relaxed giving rise to
bi-orthogonal scaling functions and wavelets. This concept was known for a long time in the
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theory of perfectly reconstructing filter banks, but later recovered in wavelet theory [CDF92].
Dropping the orthogonality gives more freedom to choose other properties, like symmetry of
the scaling function.

In the bi-orthogonal case, a dual scaling function
�

φ and a dual wavelet
�ψ exist, which generate

a dual multiresolution analysis with spaces
�

V j and
�

W j such that

�

V j ?Wj and Vj ? �

W j. (4.36)

Consequently,
�

W j ?Wl, j 6= l. (4.37)

Note that the functions (φ , ψ) and their duals (
�

φ ,
�ψ) do not generate the same MRA. Hence,

f �

φ j,kgk2Zis not a dual Riesz basis to the Riesz basis fφ j,kgk2Zof Vj! A similar argument holds

for the spaces Wj. Nevertheless, the dual Riesz basis to fψ j,kg j,k2Zof L2(R) is f �ψ j,kg j,k2Z.
Examples of bi-orthogonal MRA’s are given in [CDF92].

The (non-orthogonal) projections on Vj and Wj are:

ProjVj
x =

∞
∑

k=�∞
hx,

�

φ j,ki φ j,k, (4.38)

ProjWj
x =

∞
∑

k=�∞
hx,

�ψ j,kiψ j,k. (4.39)

Since these projections are non-orthogonal, the MRA does not provide L2-optimal approximation
on the individual scales. However, the optimal approximation property must be present for
our alternative sampling theorems, hence we must restrict ourselves to orthogonal MRA’s. An
orthogonal MRA may be generated by a non-orthogonal scaling function, provided that the
wavelet ψ is semi-orthogonal:

hψ j,k, ψl,mi = 0, j 6= l. (4.40)

In other words, orthogonality holds across scales, but not within scales. This implies that the
Wj subspaces are mutually orthogonal. Combining this with (4.37) gives

Wj ? �

Wl and Wj ?Wl, j 6= l,

and we obtain that Wj =
�

W j and Vj =
�

V j. Hence, in the semi-orthogonal case, the pair (φ , ψ)

and their duals (
�

φ ,
�ψ) generate the same MRA.

Aldroubi et al. [AU93, AU92] state general conditions on the hk giving rise to a non-orthogonal
scaling function that generates an orthogonal MRA. Their result is summarized in the following
theorem [AU92]:

Theorem 4.5 Consider a sequence hk and its Fourier transform H(ω). If H(ω) satisfies:

1. jH(0)j = p2,
2. jH(ω)j � p2,
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3. H(ω) 6= 0, ω 2 [�π
2 , π

2 ],

4. Φ(ω) :=
∞
∏
i=1

2�1=2H(2�iω) = O(jωj�1�ε), ε > 0,

then Φ(ω) is the Fourier transform of a scaling function φ generating an orthogonal MRA.

The conditions for this theorem are the same as those given by Mallat for an orthogonal MRA in
Theorem 4.3, except that the orthogonality condition (4.34) is dropped and a regularity condition
is added which implies the continuity of the scaling function φ .

As in the orthogonal case, additional properties of hk are inherited by φ . If hk has a finite number
of non-zero elements, the scaling function has compact support. Moreover, if the hk are real
and symmetric, the scaling function is real and symmetric5 as well.

The corresponding wavelet ψ is generated by (4.16) using a coefficient sequence gk, which is
related to hk as follows:

gk = (h̃_ � ã)k+1,

where a is the sampled autocorrelation function of φ :

ak := (φ � φ_)(k), (4.41)

and ãk = (�1)k ak. Note that for orthogonal scaling functions holds ak = δk, giving

gk = (h̃_ � δ)k+1 = (h̃_)k+1 = (�1)k+1h1�k

which is, up to a factor �1, equivalent to the relation (4.17) we have found in Section 4.2.

The space V0 is spanned by integer translates of φ . However, this φ is not unique. It can be
shown [AU93] that a whole family of scaling functions φ 0 with

φ 0 = p � φ (4.42)

generate the same space. Here, ‘�’ denotes the mixed convolution operator (see (A.3) in Ap-
pendix A), and p 2 l2 is a sequence such that

� its Fourier transform P(ω) 2 L∞(R),

� ess inf jP(ω)j = m > 0,6

then p defines an invertible convolution operator from l2 onto l2, and

p � (p)�1 = δ ,

where (p)�1 denotes the convolution inverse. All scaling functions obtained by (4.42) form an
equivalence class, because they all generate V0. Moreover, they have the same decay properties

5A function x is said to be symmetric if x(�t) = x(t)
6The essential infimum is defined as: ess inf f = inffα : jfξ : f (ξ) � αgj > 0g, where jAj is the Lebesgue

measure of A � R. For continuous functions, inf and ess inf coincide.
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TABLE 4.1: Generating sequences for scaling functions and wavelets. The sequence a is the sampled
autocorrelation function of φ , defined in (4.41), and bk is defined in (4.44). The sequence (a)�1 denotes the
convolution inverse of a, and (a)�1=2 the convolution inverse square root, i.e., (a)�1=2 � (a)�1=2 � a = δ .

Name Symbol Generating sequence p or q

basic scaling function φ —

basic wavelet ψ —

dual scaling function
�

φ (a)�1

orthogonal scaling function φ? (a)�1=2

interpolating scaling function φI (b)�1

dual interpolating scaling function
�

φI (a)�1 � b

dual wavelet
�ψ (a � #2[ã � a])�1

orthogonal wavelet φ? (a � #2[ã � a])�1=2

interpolating wavelet ψI (#2[h̃
_ � ã � b])�1

dual interpolating wavelet �ψI — (see text)

as the original scaling function φ . There is a similar relationship for the wavelets. The wavelets
ψ 0,

ψ 0 = q � ψ (4.43)

where q is an invertible convolution operator, all generate the same wavelet space W0.

With these relations, we are able to construct scaling functions and wavelets having additional
properties. According to [AU93], we summarize in Table 4.1 the construction rules for orthonor-
mal and interpolating7 scaling functions and wavelets with their duals. In the last column the
table contains the generating sequences p and q, to generate the scaling functions from the basic
scaling function by means of (4.42) and the wavelets from the basic wavelet (4.43), respect-
ively. The sequence bk used in the table is defined as the sequence obtained by integer sampling
of φ :

bk := φ(k). (4.44)

There is no explicit formula given for the dual interpolating wavelet, but this wavelet can be
found using the general dual formula:

(a � #2[ã � a])�1

where a is now the sampled autocorrelation function of the interpolating scaling function φI .

This general construction method will be illustrated with spline functions in Section 4.5.3.

7A function x is called interpolating if x(0)=1 and x(k) = 0, k 6= 0, k 2Z.
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4.4 Sampling theorems in multiresolution analyses

In Section 4.2.2 we have seen that the sinc-function used in the WKS sampling theorem is
embedded in an MRA, and that the Shannon-wavelet generates a basis in the complementary
wavelet spaces. In this case, the space V0 is spanned by the orthonormal basis fsinc(t � k)gk2Z
with the sampling interval ∆ = 1. Hence, by (2.3), every function x 2 V0 is bandlimited to
ωmax = π .

Since the space Bπ is a RKHS with kernel R(t, s) = sinc(t� s), we have hx, sinc(t � k)i = x(k),
and the expansion to the orthogonal basis (see (3.6)) gives the sampling theorem in V0 = Bπ:

x(t) = ∑
k

x(k) sinc(t � k). (4.45)

The opposite question, whether every MRA has an embedded sampling expansion8, was posed
and answered by G. Walter in [Wal92]. In the same period, this problem was studied by
A. Aldroubi, M. Unser and M. Eden (see [AU92, AU94]). Indeed, a sampling expansion exists
under very general conditions.

Notations

By fx(n)gn2Zwe denote the sequence obtained by sampling a continuous-time signal x at the
integers. As a shorthand notation, fx(n)g expresses the same sequence.

The DCFT of this sequence fx(n)g is written as

X�(ω) = ∑
n

x(n)e�inω .

The function X�(ω) is 2π-periodic and related to the continuous Fourier transform X(ω) by the
Poisson summation formula (A.20):

X�(ω) =
∞
∑

n=�∞
X(ω + n2π)

Recall that X�(ω) was previously defined as the continuous Fourier transform of a δ-modulated
signal x�(t), but the result is the same.

4.4.1 Sampling expansions with orthonormal scaling functions

Throughout this section, we assume a real-valued signal x 2 V0, real-valued coefficient se-
quences and a real-valued scaling function φ . The derivation of a sampling expansion imposes
the following conditions on φ [Wal92]:

1. φ generates an MRA with fφ(t � k)g an orthonormal basis in V0,

8A sampling expansion is an expansion of a function in terms of a certain basis, in which the coefficients are
samples of the function, e.g., (4.45)
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2. φ(t) = O(jt�1�εj) for t !∞ (decay),

3. Φ�(ω) = ∑k φ(k)e�ikω does not vanish.

We need the following lemma [Wal92]:

Lemma 4.6 Let φ be a scaling function which satisfies the conditions above. Then the map
Tx = fx(n)g is a continuous invertible linear transformation from V0 onto l2 and, hence, T�1 is
continuous.

Proof:
We show first that fx(n)g is an l2-sequence.

The fact that x 2 V0 implies that x can be written as a linear combination of the basis vectors:

x(n) = ∑
k

akφ(n � k) (4.46)

with ak 2 l2 and fφ(k)g 2 l1 by condition 2. This has the structure of a discrete convolution.
The DCFT gives

X�(ω) = A(ω)Φ�(ω). (4.47)

Since A(ω) 2 L2(0, 2π) and Φ�(ω) is continuous and 2π-periodic, X�(ω) 2 L2(0, 2π) and,
hence, its Fourier coefficients fx(n)g are in l2.

The linearity of T is obvious. T is a bounded transformation:

kTxk2

=

∑
n
jx2(n)j

= [ Parseval relation (A.7) ]Z 2π

0
jX�(ω)j2 dω

= [ (4.47) ]Z 2π

0
jA(ω)j2jΦ�(ω)j2 dω

� [ Triangle inequality and Parseval ]

(∑
k
jφ(k)j)2

Z 2π

0
jA(ω)j2 dω

= [ Parseval and ∑k jφ(k)j2 independent of x ]

C ∑
k

a2
k

= [ Bessel inequality and fφgk2Zorthonormal basis ]

C kxk2

Moreover, T is one-to-one, since if Tx = 0 then X�(ω) = 0 almost everywhere (a.e.)9, and
since Φ�(ω) 6= 0, A(ω) = 0 a.e., which, in turn, implies that ak = 0 and, by (4.46), x = 0.

For each fx(n)g there is a corresponding A(ω) 2 L2(0, 2π) and, hence, a g 2 V0, g(t) =
∑k akφ(t� k), such that g(n) = x(n). Hence, the range of T is the whole of l2 and, by the open
mapping theorem10, T�1 is continuous as well. 2

9‘Almost everywhere’ (a.e.) is defined as: everywhere except on a set of Lebesgue measure zero.
10The open mapping theorem says that the inverse of a bijective bounded linear operator is continuous, thus

bounded [Kre78].
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Let R(t, s) be the reproducing kernel of V0. Let ΦΦ denote the doubly infinite matrix ΦΦ =
[φ(i� j)]i, j2Z, and R = [R(i, j)]i, j2Z.

Lemma 4.7 The matrices ΦΦ and R are bounded invertible linear transformations from l2 into l2,
and R = ΦΦΦΦT .

Proof:
Let a 2 l2 and define

S : l2 ! V0, (S a)(t) = ∑
n

anφ(t � n).

Then ΦΦ = TS and, since both T and S are bounded invertible linear transformations, so is ΦΦ.
The same holds for R, because (for real-valued φ):

R(i, j) = ∑
k

φ(i � k)φ( j � k) = ∑
k

φ(i � k)φ_(k � j),

where φ_(t) = φ(�t). Hence, R = ΦΦΦΦT . 2

Proposition 4.8 The sequence of functions fR(t, n)gn2Z is a Riesz basis of V0 having a
bi-orthogonal Riesz basis, which will be denoted as fSn(t)gn2Z.

Proof:
The mapping T�1 of Lemma 4.6 maps Riesz bases onto Riesz bases. By Lemma 4.7,fR(m, n)g
is a Riesz basis of l2. Hence, fT�1R(m, n)g = fR(t, n)g is a Riesz basis of V0. All such bases
have bi-orthogonal bases. 2

Theorem 4.9 (Walter) Let V0 be generated by an orthonormal scaling function φ satisfying the
conditions given at the beginning of this section. Furthermore, R(t, s) be the reproducing kernel of
V0, and fSn(t)g be the basis bi-orthogonal to fR(t, n)g. Finally, let x 2 V0. Then Sn(t) = S(t�n),
where S(t) is defined via its Fourier transform bS(ω)

bS(ω) =
Φ(ω)

Φ�(ω)
. (4.48)

Now the following sampling expansion holds

x(t) = ∑
n

x(n) S(t � n), (4.49)

where the convergence is uniform onR.

Proof:
Since R(t, n) = R(t � n, 0), it follows that S0(t � n) must also be a bi-orthogonal sequence,
which must be equal to Sn(t) because of the uniqueness of the Riesz dual. The expansion with
respect to Sn(t) is:

x(t) = ∑
n
hx, R(�, n)i Sn(t)

= ∑
n

x(n) S(t � n),

where we used the properties of the reproducing kernel. Substituting φ for x in (4.49) and taking
the Fourier transform gives:

Φ(ω) = Φ�(ω)bS(ω),
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which is solved for bS(ω) to obtain (4.48). Uniform convergence of (4.49) is shown by:�����x(t) � N

∑
n=�N

x(n)S(t � n)

����� =

�����
Z ∞
�∞

R(t, s)

"
x(s) �

N

∑
n=�N

x(n)S(s � n)

#
ds

�����
�

�Z
jR(t, s)j2ds

�1=2
x� N

∑
n=�N

x(n)Sn

 .

It holds R(t, t) =
R jR(t, s)j2ds = ∑n φ2(t � n). Hence, R(t, t) is periodic in t and it must,

therefore, be uniformly bounded. 2

If the signal x is not in V0, it must be projected onto the space V0 first (anti-aliasing). Accord-
ing to Theorem 3.3 the inner product with the kernel provides an orthogonal projection on V0.
Therefore, the expansion bx(t) = ∑

n
hx, R(�, n)i S(t � n)

can be considered as a general sampling scheme, with R(�, 0) as pre-filter and S as post-filter,
depicted in Figure 4.8. Here y is the projection of x onto V0, y� its samples at the integers
and z the reconstructed signal. Since S is defined as the Riesz dual of R, the overall scheme
constitutes an orthogonal projection as well, which implies that y = z. Moreover, if x 2 V0, it
is not affected by the pre-filter, hence x = y = z.

z(t)x(t)

I(t)

y(t) y�(t)
R(�, 0) S(�)

FIGURE 4.8: The general scheme for approximation sampling in V0.

4.4.2 Sampling expansions with non-orthogonal scaling functions

Any L2-optimal sampling scheme must give an (orthogonal) projection in a subspace of L2(R).
In the sampling expansions discussed so far, this projection was already obtained by the pre-
filter, leading to the special situation that a signal, which lies in the subspace, is not affected,
i.e., the coefficients in the expansion are true samples of the signal x.

In the sampling scheme to be discussed now this is not the case. Consider the subspace of
L2(R) spanned by a Riesz basis fφ(t � k)gk2Z, which we denote by V(φ):

V(φ) =
(

v : v(t) = (c � φ)(t) =
∞
∑

k=�∞
ckφ(t � k), c 2 l2

)
.

The projection onto V(φ) is given by

(ProjV (φ) x)(t) = ∑
k
hx, φ0,kiφ(t � k).

If the Riesz dual basis φ0,k also consists of translated copies of a single function, i.e., φ0,k(t) =
�

φ 0,k(t) =
�

φ(t � k), then the coefficients ck = hx,
�

φ(� � k)i meet our requirements of the general
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sampling operator as discussed in Section 3.5.1. Given an orthonormal basis, this is guaranteed
since an orthonormal basis is self-dual. Sufficient conditions on a non-orthogonal φ to have a
translation invariant dual are given in [AU94]:

Theorem 4.10 (Generalized sampling) If the Fourier transform Φ(ω) of a real function φ 2 L1

is such that Φ(ω) = O(jωj�r) for some r > 1
2 , then the function ∑k jΦ(ω � 2kπ)j2 is periodic and

continuous. Define the following sets:

Ai := fω 2 [0, 2π) : Φ(ω � 2π i) = 0g.

If
T

i Ai = /0, then

� 9m > 0 such that ∑k jΦ(ω � 2kπ)j2 � m,

� V(φ) is a closed subspace of L2(R) and fφ(t � k)gk2Zforms a Schauder basis of V(φ),

� there exists a unique function
�

φ 2 V(φ) such that the orthogonal projection of a function
x 2 L2(R) onto V(φ) is given by

(ProjV (φ) x)(t) = ∑
k
hx,

�

φ(� � k)i φ(t � k).

So far, the φ and the space V (φ) were not related to a scaling function and an MRA. However,
we have the following theorem [AU93] to relate the two:

Theorem 4.11 A scaling function obtained as in Theorem 4.5 is in L1(R) and satisfies all the
conditions of Theorem 4.10. The associated wavelet ψ is also in L1(R).

Combining these two results allows a sampling scheme with scaling functions
�

φ
_

as pre-filter
and φ as post-filter. This scheme is shown in Figure 4.9.

z(t)x(t)

I(t)

y(t) y�(t)�

φ _

φ

FIGURE 4.9: The general scheme for approximation sampling in V(φ)

It was noted that other scaling functions, constructed according to (4.42), generate the same
space V0. Hence, the scheme of Figure 4.9 provides the orthogonal projection on V0, regardless
of the actual choice of φ .

In contrast to the scheme of Figure 4.8, the pre-filtered signal y is not an orthogonal projection
of x onto V(φ), whereas the reconstructed signal z is. For a particular choice of the filters it is
possible to obtain direct projection by pre-filtering: Choose the interpolating scaling function
φI as post-filter and the corresponding dual

�

φI (see Table 4.1) as pre-filter. This result is not
surprising if we compare (4.48) with the expression for φI in Table 4.1:

φI = (b)�1 � φ .
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Recalling definition (4.44) of bk, and applying the Fourier transform directly gives (4.48).
Hence, we may conclude that the dual interpolating scaling function

�

φI(t � s) is equal to the
reproducing kernel R(t, s) of V0.

With this particular choice we have a true sampling expansion, i.e., if a signal belongs to the
subspace, the coefficients in the expansion are true samples (point measurements) of the signal.

4.5 Alternative filters for the general sampling scheme

In the previous section we discussed sampling theorems in the MRA framework. The schemes
fit in the general scheme proposed in Section 3.5.5, and provide optimal L2-approximation if
a pair of bi-orthogonal filters is used. A particular choice of pre- and post-filters implies the
space to project onto. This means that, in order to obtain a good approximation, a sampled
signal should have a small distance to the space. Hence, a-priori knowledge of the signal is
required. In Chapter 5 we will carry out simulations to investigate whether a group of signals
from the same source is closer to a particular MRA-space than to other ones.

We have seen that there are multiple scaling functions that generate the same space. Hence, we
can choose one of them without affecting approximation quality. This choice can be guided by
additional properties, which will be the subject of the next section. Then we will discuss two
particular families of scaling functions and wavelets: the Daubechies family and the B-spline
family.

4.5.1 Desired properties of filters

Given a certain MRA, we can use the freedom to select a generating function φ to ensure ad-
ditional properties. We list some properties of filters, which may be useful in our application:

Orthonormality Orthonormality of the filters implies that the same filter can be used for both
pre-filtering and post-filtering. Another advantage is that the projection on a subspace with
an orthonormal basis is well conditioned, which is important for numerical processing.

Compact support It is desirable, but not necessary, for a sampling operator to have compact
support. Hence, the influence of erroneous samples remains local. If the support cannot be
compact, the filter must decay rapidly. In case of digital processing, a compactly supported
filter can be efficiently realized with a finite impulse response (FIR) filter. Moreover, a
compactly supported filter will bound the truncation error (cf. Section 2.3.4) to a finite
interval.

Symmetry Symmetrical filters do not introduce phase distortion. Therefore, these filters are
often used in signal and image processing. For example, in image processing, phase dis-
tortion causes edges to be blurred. Symmetrical filters are said to have linear phase.

Causality For real-time applications, filters can only be implemented if the impulse response is
causal, i.e., future values are not used. If the time conditions are weak, also semi-causal
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filters are allowed. These filters use only a finite part of the future input signal, which
can be realized by delaying the input.

Interpolation (cardinality) A filter is said to be cardinal if it has the interpolation property:
φI(k) = δk (see also Section 2.1). An interpolating post-filter gives rise to a true sampling
expansion.

Smoothness The filters should have a certain degree of smoothness to give a smooth approx-
imation.

Rational coefficients If the pyramid algorithm11 is used to calculate filter response, a filter with
rational coefficients hk enhances the speed of computation.

Analytic expressions Analytic expressions allow symbolic calculations on the result of an ap-
proximation, like integration and differentiation.

Suppression of noise and other distortions An operator should possibly be insensitive to other
distortions commonly present in practical systems, such as noise or spikes. It was noted
before that a locally supported filter can assure this.

These properties cannot be satisfied all together simultaneously. For example, the box-function
(or B0-spline), is compactly supported, orthogonal, symmetric and interpolating. It can be
shown that this is the only function which shares these four properties. Another example is
the sinc-function, which is orthogonal, symmetric and interpolating, but has a very poor decay.

Other possible combinations are:

� orthonormal and compact support [Dau88],

� interpolating and compact support [GM94],

� orthonormal, interpolating and symmetric [XZ93].

In the next sections we discuss two families of scaling functions and wavelets, which share some
of the properties. The Daubechies family is orthonormal and has compact support; the B-spline
family is compactly supported, symmetric, and its members have a closed analytic expression.

4.5.2 Daubechies orthonormal scaling functions and wavelets with compact
support

The compactly supported Daubechies wavelets satisfy the conditions of Theorem 4.4 on p. 63.
As an example, for N = 4, we obtain the following conditions on hk

h2
0 + h2

1 + h2
2 + h2

3 = 1 (4.50)

h2 h0 + h3 h1 = 0 (4.51)

h3 � h2 + h1 � h0 = 0 (4.52)

0h3 � h2 + 2h1 � 3h0 = 0 (4.53)

11The pyramid algorithm will be defined in Section 5.2.
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The first two conditions can be easily derived from (4.32), the third and the fourth follow from
the divisibility of H(ω) by (1 + e�iω)2 (4.35). This system can be solved uniquely, except for
mirroring, giving:

h0 =
1 +
p

3

4
p

2
, h1 =

3�p3

4
p

2
, h2 =

3 +
p

3

4
p

2
, h3 =

1�p3

4
p

2
.

The corresponding scaling function and wavelet are known as the Daubechies D2 scaling
function12, and are drawn in Figure 4.10.
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FIGURE 4.10: Daubechies D2 scaling function and corresponding wavelet

For other N we obtain the DN=2 wavelets. The D2 wavelet lacks regularity, but the smoothness

increases with N. In particular, the Daubechies DN=2 wavelets are in CbλNc, with λ > 0, where
Ck is the space of k times continuously differentiable functions [Dau88]. A value of λ was given
by Meyer [Dau88, p. 983]

λ ' log 4=π
log 2

' 0.3485.

The D2 wavelet is able to reproduce first order (piecewise) polynomials without error, which is
hard to believe if compared to the irregular shape of the wavelet itself. To find the other DN=2
wavelets, (4.35) is rewritten as

H(ω) =
p

2[1
2(1 + e�iω )]NQ(e�iω ), (4.54)

where Q is a polynomial with real coefficients such that

jQ(e�iω)j2 =
N�1

∑
k=0

 
N � 1 + k

k

!
sin2k 1

2 ω .

The polynomial Q can be obtained from jQj2 by a process called spectral factorization [Dau92].
Finally, the coefficients hk can be calculated from (4.54).

The D6, D12 and D20 scaling functions, to be used in alternative sampling scheme experiments,
are given in Figures 4.11, 4.12 and 4.13, respectively.

Daubechies also introduced some variations of this original family, retaining orthogonality and
compact support:

12The index ‘2’ in the name D2 is from N=2.
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FIGURE 4.11: Daubechies D6 scaling function and corresponding wavelet
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FIGURE 4.12: Daubechies D12 scaling function and corresponding wavelet
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FIGURE 4.13: Daubechies D20 scaling function and corresponding wavelet
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� the nearly linear phase family,

� a family which is more regular, but has a larger support, and

� a family with a larger number of vanishing moments13(Coiflets).

In our experiments to be carried out in the next chapter, we will use the original family, because
this family is extensively used in other applications.

4.5.3 B-spline scaling functions and wavelets

Polynomial splines are quite popular in approximation problems [dB78]. In particular, splines
have been used for sampling expansions with promising results [Hum83, Hal84, BERS86,
Sch69]. Moreover, the so-called B-splines serve as scaling functions in an MRA [UA92]. For
these reasons we will concentrate on the use of splines for sampling expansions.

Polynomial splines of order n are piecewise polynomials, such that the overall function is n�1
times continuously differentiable. A spline S(t) on the interval [t0, tk] is characterized by a
sequence of nodal points t0, t1, . . . , tk, such that

� in each interval [ti, ti+1] S(t) is given by a polynomial of order n,

� S(t) and its n� 1 derivatives are continuous everywhere on the interval.

The set of nodal points may become (countably) infinite, yielding a spline over the whole real
line. Since we are particularly interested in those splines that generate an MRA, we must find
a subspace of L2(R) spanned by integer translates of a single function. It is for this reason, that
we restrict ourselves to spaces Sn of polynomial splines with equidistantly spaced nodal points
at distance 1. For this case, the basis of so-called B-splines was found by Schoenberg [Sch46].

The (centered) B-spline of order n is given by the recursive relation

β n(t) = (β 0 � β n�1)(t), (4.55)

where β 0(t) is the characteristic function on the interval [�1=2, 1=2). The B-splines of order
1,2, and 3 are depicted in Figure 4.14.

Any function x 2 Sn can now be written as

x = ∑
k

akβ n(t � k), a 2 l2. (4.56)

It is possible to derive a closed-form expression for the B-splines:

β n(t) =
1
n!

n+1

∑
k=0

(�1)k

 
n + 1

k

!�
t +

n + 1
2
� k

�n

+
, t 2 R, (4.57)

13The moments of a scaling function φ (or wavelet ψ) are defined as Mp =
R∞
�∞ t pφ(t) dt , p 2 N. If these

moments are zero up to a certain p, then the function is said to have p vanishing moments.
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FIGURE 4.14: The centered B-splines of order 1, 2, and 3.

in which:

(x)n
+ =

(
xn x � 0
0 x < 0

The B-splines have compact support, which is, in fact, minimal among all polynomial splines of
the same order. Moreover, due to the relatively simple analytic expression for the B-splines, it is
possible to perform analytic operations like integration and differentiation on a spline function
via its expansion on the basis of B-splines.

The B-splines of odd order n generate an MRA [JS94, AU93, UA92], satisfying the two-scale
relation

β n(t) = ∑
k
(un)k β n(2t � k),

where un is the nth row in Pascal’s triangle 14:

(un)k =

(
1
2n

�
n+1

k+(n+1)=2

�
jkj � (n + 1)=2

0 otherwise

The two-scale relation in this form does not hold for B-splines of even order n, because the
nodal points are (2k + 1)=2, jkj < n. Defining the B-splines in an alternative way, starting with
β 0 = χ[0,1) and using the same recursive relation (4.55), all the splines will have their nodal
points at the integers, and a two-scale relation will hold for even order n as well. In [Chu92a],
the B-splines are defined this way.

The B-spline scaling functions satisfy all conditions of Theorem 4.5. Hence, we can use the
general rules of Table 4.1 to construct other splines generating the same MRA. In the spline
case, the sampled autocorrelation function is given by

ak = (β n � β n_)(k) = β 2n+1(k)

and for the sequence bk holds bk = β n(k). The derived splines will be denoted as in Table 4.2.

The spline scaling functions of order 1 are depicted in Figure 4.15 and the corresponding wave-
lets in Figure 4.16. Figures 4.17 and 4.18 show the spline scaling functions and wavelets of
order 3.

14Also known as the binomial kernel of order n
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FIGURE 4.15: The spline scaling functions of order 1. Functions on the same line are each others duals.
The O-splines are self-dual, and therefore plotted twice. Note that in the first order case, the B-spline and
the C-spline are identical. Thereby, the D-spline and the DC-spline are identical as well.
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TABLE 4.2: Spline scaling functions and wavelets constructed according to Table 4.1 on p. 66. The functions
are given in bi-orthogonal pairs. The prefix ‘O’ stands for orthogonal, ‘C’ for cardinal (interpolating), and
‘D’ for dual. Note that the orthogonal functions are self-dual and, therefore, duplicated in the right columns.

Forward Dual

Name Symbol Name Symbol

B-spline scaling function φ = β n D-spline scaling function
�

φ

O-spline scaling function φ? O-spline scaling function φ?
C-spline scaling function φI DC-spline scaling function

�

φI

B-spline wavelet ψ D-spline wavelet
�ψ

O-spline wavelet ψ? O-spline wavelet ψ?
C-spline wavelet ψI DC-spline wavelet �ψI
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FIGURE 4.16: The spline wavelets of order 1.
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FIGURE 4.17: The spline scaling functions of order 3. Functions on the same line are each others duals.
The O-splines are self-dual, and therefore plotted twice.
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FIGURE 4.18: The spline wavelets of order 3.

The B-splines and the B-spline wavelets have compact support. The others have exponential
decay. All scaling functions and wavelets are symmetric, thus have linear phase. Some of
the spline functions were known before. For example, the C-spline scaling function is equal
to Schoenberg’s cardinal spline function [Sch69]. The O-spline scaling functions and wavelets
were introduced by Battle and Lemarié [Lem88].

A basic result of the central limit theorem is that the B-splines converge to Gaussians for n! ∞.
In [AU93] it is shown that the O-splines and the C-splines converge to the sinc-function. In other
words, a sampling scheme with a pair of O-splines, or with the pair C-spline and DC-spline,
tends to Shannon’s sampling theorem for large n. The corresponding wavelets converge to the
Shannon-wavelet.

4.6 Approximation in Cb[0, T ]

In this chapter we have searched for subspaces that are spanned by time translates of a single
function. So far this search was guided by multiresolution analysis. MRA consists of nested
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subspaces of the Hilbert space L2(R), and provides L2-optimal approximation. In addition, we
are interested in sampling schemes on the interval [0, T ] (subspaces of Cb[0, T ]), and optimal
approximation with respect to the supremum norm (L∞-optimal approximation).

Extension of MRA-theory is not straightforward. One can define wavelets on an interval pre-
serving the optimal approximation property, but these wavelets no longer consist of translated
and dilated copies of a single function [JS94]. We conclude that such wavelets are not suited
for our purpose. Alternatively, we could consider a signal on [0, T ] as periodic, i.e., defined on
a torus. MRA-theory can be easily extended to the torus, yielding periodic MRA’s. It is in-
teresting to mention that Shannon’s sampling theorem has been generalized within this setting
as well [Mod90, FT94]. However, there is no physical ground for periodization. Another alter-
native is to consider truncated sampling expansions on L2(R), thereby introducing a truncation
error as discussed in Section 2.3.4. If the scaling function has sufficient decay, this error can
be small. Both Daubechies functions and B-splines have a faster decay than the sinc-function.

The concept of MRA has also been generalized to Banach spaces [Zav94]. However, dilation
and translation must then be replaced by abstract algebraic objects, which is not interesting for
our purpose. The filters found so far can be used for L∞-approximation as well. In the case
of Daubechies and B-spline filters, the spaces spanned by the basis functions are subspaces
of Cb(R). Instead of L2-approximation, we can try to find L∞-approximations. As we noted
in Section 3.6.3, we were not able to perform this search systematically. For the space Sn of
polynomial splines, an approximation operator was proposed by Halang [Hal80, Hal84]. This
operator constitutes a representation in terms of B-spline bases, where the coefficients are ob-
tained by local signal integration. The composite operator Ln : Cb[0, T ]! Sn is defined as:

(Ln x)(t)!
N�1

∑
k=�n

1
∆

Z (k+1)∆

k∆
x(t) dt � β n

� t
∆
� k � n + 1

2

�
(4.58)

The n basis functions occurring additionally in this representation are necessary to achieve a
uniform approximation quality on [0, T ]. The corresponding coefficients must be calculated
from the signal outside [0, T ] or by other methods.

Some properties of Lm were proven in [Hal80]. We only list the most important ones:

1. Ln is linear and time-invariant,

2. Ln is positive,

3. kLn x � xk∞ � n+2
24 ∆2 k d2

dt2 x(t)k∞, for n � 1,

4. Ln is variation-diminishing,

5. Ln reduces the total variation.

The positivity of the operator is a necessary condition for properties 4 and 5. However, due to
positivity, the approximation error cannot be smaller than O(∆2).

Note that the operator is not a projection operator.
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This operator fits perfectly in the general sampling scheme. The post-filter is a B-spline of order
n. Local integration is functionally equivalent to pre-filtering with a zero-order B-spline followed
by point measurements. In the simulations to be discussed in Chapter 5, we will compare this
operator to the L2-optimal operators discussed before.

Summary

In Chapter 3 we concluded that all alternative sampling schemes can be studied in the frame-
work of the general sampling scheme. The scheme constitutes a projection onto a subspace
of the signal space. The subspace is spanned by translated copies of a single function and is
implicitly determined by the post-filter. The combination of the pre- and post-filter determines
the approximation quality.

In this chapter we concentrated on the choice of the pre- and post-filters. The concept of mul-
tiresolution analysis offered a theoretical framework and revealed subspaces of L2(R) which
are spanned by integer translates of a scaling function φ . The theory also covers the topic of
L2-approximation in these spaces. We then showed that Shannon’s sampling theorem, as well
as some of its extensions, can be formulated in terms of multiresolution analysis. In particu-
lar, Shannon’s sampling theorem is an incomplete formulation of the MRA generated by the
sinc-function. We then discussed two families of scaling functions: the Daubechies functions
and the B-splines, which can be used as alternative filters in the general sampling scheme. The
actual performance of the alternative filters will be empirically verified in the next chapter.
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Chapter 5

Digital simulation of alternative sampling
schemes

In Chapter 3 we introduced the general sampling scheme (see Figure 3.5), consisting of a pre-
filter, a δ-modulator modelling an ideal sampler, and a post-filter. The filters can be selected
such that the overall scheme constitutes a projection on a subspace of the signal space. In
Chapter 4 we have met filter combinations that lead to orthogonal projections, yielding optimal
approximations in the L2-sense.

The particular subspace, on which the signals are projected, is determined by the choice of the
post-filter. In the previous chapter we have discussed spline spaces and Daubechies’ wavelet
spaces as alternatives for the space of bandlimited signals. The question is now whether these
alternative spaces ensure a good representation of signals to be sampled. To answer this question
we will test the alternative schemes by means of digital simulation.

The central theme of the chapter is simulation of the general sampling scheme. Section 5.1 is
devoted to the objectives of and the motivations for the experiments. In Section 5.2 we dis-
cuss difficulties arising when simulating hybrid systems. Since the sampling scheme itself is
an interface between continuous and discrete time, is a discrete-time simulation representative?
We will introduce the general sub-sampling scheme as the discrete-time counterpart of the gen-
eral sampling scheme. In Section 5.3 we describe the experimental setup, including a number
of introductory experiments, the main experiment, test data, and filters used. The results are
presented in Section 5.4 and evaluated in Section 5.5.

5.1 Motivation and objectives

The main objective for simulation is to judge the usefulness of the alternative sampling schemes
in a practical sampling/reconstruction situation. Therefore the following two basic questions
must be answered:

� What is the approximation quality of the alternative schemes?

� What is the influence of internal/external disturbances?
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Regarding the first question, we have stressed the importance of a good approximation quality
in other parts of this thesis. The main problem is the choice of a subspace. Once this choice has
been made, approximation theory will guide us to find an optimal approximation in the selected
subspace. However, there are no theoretical grounds to favor a particular subspace over another.
Only if we would have a-priori knowledge about the signals to be sampled, there might be a
way to find the optimal subspace by statistical methods. Instead, we shall compare the different
subspaces empirically.

The approximation quality also comes in at another level. After a subspace has been selected,
the projection onto this space is determined by the choice of a pre-filter. The theory of Chapter 4
only deals with L2-optimal filter combinations, whereas we are also interested in the approx-
imation quality with respect to other norms, in particular the L∞-norm. In this case, there is
not a straightforward method for finding an optimal scheme. The only theoretical results we
have found were the basic theorems as in Section 3.6.3. Moreover, it is difficult to compare the
L2-approximation error to the L∞-error. For finite-length signals, the latter provides an upper
bound to the first, but this bound is very loose. This again emphasizes the need for an empirical
comparison.

The second question concerns the robustness of the alternative sampling schemes. It is clear
that if we have sampling schemes of comparable approximation quality, the sensitivity to dis-
turbances becomes an important criterion to judge the schemes. In particular, we are interested
in the sensitivity of a scheme to the following disturbances, which are important in real-life
environments:

� missing or erroneous samples (internal),

� noise (external),

� disturbances at the frequency of the power net (external).

Some of these topics have been dealt with by theoretical analysis in the previous chapters. For
the other issues, robustness is to be verified experimentally.

Expectations

Knowing that the general sampling scheme with properly selected filters yields a projection on a
subspace of the signal space, we would expect that the performance of a certain scheme totally
depends on the subspace that is implicitly chosen. If the original signal is close to this sub-
space, the approximation error will be small. It is, therefore, more interesting to investigate the
approximation quality of a certain scheme for a larger set of signals which are in different parts
of the signal space. Moreover, by checking all schemes for real-life signals, we can estimate
the ‘locations’ of these signals in the signal space.

5.2 Discrete-time simulation

As was pointed out in Chapter 1, the sampler is a hybrid system, i.e., it has continuous-
time and discrete-time parts. We might run into troubles if we are going to simulate the
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general sampling scheme in discrete time, since the interface between both domains is the main
issue. However, there is a discrete-time counterpart of the general sampling scheme with similar
features. In this section we state the discrete-time counterpart of the general sampling scheme
and motivate our assumption that the observations from discrete-time simulation also hold for
the original problem.

At first the discrete-time counterpart for the sampler is needed. This is the down-sampler, which
was introduced in 4.24 of Section 4.2.3. The down-sampler always corresponds to a uniform
sampler, and is characterized by a down-sampling factor M.

The ‘inverse’ of the down-sampler is the up-sampler, defined in (4.23). Here, we put the word
inverse between quotes, because the composition of down-sampling and up-sampling does not
yield the identity operator1. From (4.24) and (4.23), this composite operator is given by

("M#Mc)k =

(
ck, k = lM, l 2Z
0, otherwise

which serves as the discrete-time counterpart of the δ-modulation (2.9) in the general sampling
scheme.

Summarizing, we can consider the scheme of Figure 5.1 as the discrete-time counterpart
of the general sampling scheme of Figure 3.5. From now on it will be denoted as the
general sub-sampling scheme.

xk y�k zkPOSTPRE "M#M

yk

FIGURE 5.1: The general sub-sampling scheme. This scheme is the discrete-time counterpart of the general
sampling scheme. The scheme consists of a (digital) pre-filter, a down-sampler, an up-sampler and a
post-filter.

Does this scheme implement a projection operator? We will show that this is indeed the case.

Consider an orthogonal MRA generated by an orthogonal scaling function φ , and a signal x 2
L2(R) which is assumed to lie in a multiresolution space Vj for a certain j. This assumption
is very general, since MRA enables L2-approximation with arbitrarily small error. In this case
there is a unique sequence c j, such that

x(t) = ∑
k

c j
k φ j,k(t) (5.1)

with
c j

k = hx, φ j,ki.
On the other hand, for every sequence c j 2 l2(R) there is a signal x associated with it by (5.1).
In Section 4.2.3 we have seen that the coefficients of x in the projection on Vj�l, l 2 N, can be
obtained from c j by recursive application of (4.21). In other words, the sequence c j contains

1Note that the order of the operators is important: the composition of an up-sampler and a down-sampler does
provide the identity operator.
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all information for projection on Vj�l. For example, the projection on Vj�1, represented by the
sequence c j�1, is obtained from c j by (4.25)

c j�1 = #2[h
_ � c j]. (5.2)

Analogously, the sequence of wavelet coefficients d j�1, with d j�1
k := hx, ψ j�1,ki, can be derived

from c j:
d j�1 = #2[g_ � c j]. (5.3)

To return to the original signal Vj, we use (4.28)

c j = h � "2c
j�1 + g � "2d

j�1. (5.4)

There is no reason not to discard the underlying signal x, and consider the right-hand side
of (5.4) as a decomposition of the discrete-time signal c j. In order to obtain the sequencebc j, representing the projection of x on Vj�1, we simply discard the wavelet coefficient sequence
d j�1. Substituting (5.2) in (5.4) leads to

bc j = h � "2#2[h
_ � c j],

which is recognized as the scheme in Figure 5.1 with pre-filter h_ and post-filter h. In case of
bi-orthogonal scaling functions, a similar derivation leads to:

bc j = h � "2#2[
�

h
_ � c j],

where
�

h is the generating sequence for the dual scaling function
�

φ .

The equations (5.2), (5.3), and (5.4) are part of the so-called Pyramid algorithm or Mallat
algorithm [Mal89a, Mal89b, She92]. This algorithm recursively decomposes the discrete-time
signal c j according to the following scheme:

c j H! c j�1 H! c j�2 � � � c j�k+1 H! c j�k

&
G

&
G

&
G

d j�1 d j�2 d j�k

where H stands for filtering with h followed by down-sampling by a factor of 2, and G for
filtering with g followed by down-sampling by a factor of 2. For a signal, having a (finite)
length of 2k, k 2 Z, the algorithm stops after k steps, because the length of c j�k has become
one. The inverse algorithm follows by traveling towards the root of the tree using (5.4) as
composition rule. Mallat’s algorithm provides a link between MRA and perfectly reconstructing
filter banks [AH92].

For further use, we need the following rules for discrete convolution and up/down sampling.
Here a and b are discrete-time signals, and l and m are integers:

#m#la = #lma (5.5)

"m"la = "lma (5.6)

#m"ma = a (5.7)

"m[a � b] = "ma � "mb (5.8)

#m["ma � b] = a � #mb (5.9)



5.2 Discrete-time simulation 89

These relations are easy to verify.

Recursive application of (5.2) and (5.4) generalizes to higher down-sampling factors. For in-
stance, the sequence bc j, now corresponding to the projection of x onto scale Vj�2, is

bc j

= [ (5.4) ]
h � "2

bc j�1

= [ substitution of (5.2) in (5.4) ]
h � "2[h � "2#2[h_ � c j�1]]

= [ Rule 5.8 and rule 5.6 ]

h � "2h � "4#2[h
_ � c j�1]

= [ (5.2) ]
h � "2h � "4#2[h_ � #2[h_ � c j]]

= [ Rule 5.9 ]

h � "2h � "4#4["2h_ � h_ � c j]
= [ associativity of the convolution operator ]

(h � "2h) � "4#4[("2h_ � h_) � c j]

This, again, has the form of Figure 5.1, with pre-filter p = ("2h
_ � h_), up/down-sampling with

the factor M = 4, and post-filter q = (h � "2h). This result can be generalized for other down-
sampling factors M = 2l, l 2 N, giving the recursive equation

q = Fl(h), (5.10)

with
F0(h) = h, Fi(h) = h � "2[Fi�1(h)].

To summarize, the discrete-time signal c j, associated with a signal x 2 Vj, is fed into the general
sub-sampling scheme of Figure 5.1. This scheme maps c j to another discrete-time signal bc j,
which the latter being associated to the orthogonal projection of x onto Vj�l:

ProjVj�l
x = ∑

k
bc j

k φ j,k.

Hence, the digital filters p and q, used in the general subsampling scheme, provide an orthogonal
projection on a subspace of l2. The pair is said to be l2-optimal.

Example 5.1 Consider the MRA generated by the sinc-function (see Section 4.2.2). The hk
were found to be

hk =
sin kπ=2

kπ=2
= sinc(

k
2
).

Equation 5.10 can be solved for the post-filter q, yielding

qk = sinc(
k
M

).

This gives rise to a discrete version of Shannon’s sampling scheme (Figure 2.6). In [FT94],
Shannon’s sampling theorem is formulated for the discrete-time case. The family�

sinc(
n
M
� k)

�
k2Z

, n 2Z,
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is an orthogonal basis in l2, and the sampling expansion is given by

cn = ∑
k

ckM sinc(
n
M
� k).

�
The approximation error of x 2 Vj projected on Vj�l has an upper bound:

jx(t) � bx(t)j2
=

j∑
k

c j
kφ j,k(t)�∑

k
bc j

kφ j,k(t)j2

=

j∑
k

�
c j

k � bc j
k

�
φ j,k(t)j2

�
∑
k
jc j

k � bc j
kj2 jφ j,k(t)j2

�
kφ j,0k2

L∞ ∑
k
jc j

k � bc j
kj2

=

Cj kc j � bc jk2
l2

Here, Cj is a constant depending on the dilation factor j. We conclude that the sub-sampling
scheme is closely related to the general sampling scheme of Figure 3.5, and that the observations
and conclusions taken from the sub-sampling scheme hold for the sampling scheme as well,
provided that the assumption x 2 Vj is valid.

5.3 Experimental setup

5.3.1 The simulation environment

Our simulations were carried out in MATLAB2, originally a package for matrix algebra, but now
also widely used for signal processing applications. MATLAB offers vectorized programming,
which is very convenient for signal processing. Basic operations like convolution and FIR/IIR
filtering are included.

MATLAB’s basic data objects are matrices with floating point elements. Discrete-time signals of
length n are regarded as (1� n) or (n� 1) matrices. We assume quantization effects due to the
floating point arithmetic to be negligible.

In addition, we used the WAVELET TOOLBOX developed by J.C. Kantor [Kan92]. The toolbox
includes Mallat’s algorithm and routines for calculating the Daubechies wavelets. Moreover, a
SAMPLING TOOLBOX has been developed which, amongst others, has routines for up- and down
sampling and calculation of the different filters, see Appendix C.

2Copyright 1984-94 The MathWorks, Inc.
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A special test environment has been developed to test the general sub-sampling scheme, either
interactively or in batch mode. Included features are: filter selection, signal extension, corrup-
tion with noise, automatic storage, etc.

5.3.2 Filter types

The scheme was tested for different filters:

� sinc,

� Daubechies’ scaling functions (see Section 4.5.2),

� B-splines (see section 4.5.3),

� other splines (D, C, DC, and O) (see Table 4.2).

The sinc-filter and the filters of the fourth category have infinite support. To realize them as finite
impulse response (FIR) filters, the impulse response must be truncated at an appropriate position.
We carried out some introductory experiments to determine the influence of this truncation on
the overall result. These experiments will be discussed below.

The sinc-filters were initially truncated to the length of the signal. Extending the filters does
not make sense, since we are only interested in the convolution result on the interval on which
the signal is supported. In the experiments, we used sinc-filters of length 2048. The Daubech-
ies filters were calculated by recursive application of (5.2) and (5.4). The filter lengths are
summarized in Table 5.1.

TABLE 5.1: Filter length of the different Daubechies filters for the down-sampling factor M = 32. These
values are obtained by evaluating (5.10).

Order 1 2 3 4 5 6 12 20
Filter length 32 94 156 218 280 342 714 1210

The spline filters were deduced from the B-splines, using the method of [AU93] as summarized
in Table 4.1. The procedure also works in discrete time [AUE94], but instead of the continuous
B-spline one should use the sampled B-spline:

(bn
M)k := β n(k=M).

The other splines are now defined as

∑
k

pk (bn
M)MK = "M p � bn

M.

The convolution inverses used in this construction are infinite-length sequences. Again, trun-
cation is required to implement them by FIR filters. There is, however, another way to realize
the filters. In [UAE91] methods are given to split them into a causal and an anti-causal infinite
impulse response (IIR) filter.
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TABLE 5.2: Filter lengths of the different spline filters for the down-sampling factor M = 32. The filters
were truncated with a truncation loss fraction prec = 10�8.

Order B-spline D-spline C-spline DC-spline O-spline
1 65 511 127 575 447
2 97 799 479 863 671
3 129 1087 575 1215 959

The convolution inverses were calculated via the built-in FFT routine of MATLAB. To this end,
the sequence to be inverted was first embedded in a relatively long sequence of zeros (zero-
padding) and then truncated to the nearest power of two. Next, the energy (l2-norm) was cal-
culated and the sequence was (symmetrically) truncated in such a way, that a given fraction of
the original energy is preserved in the truncated sequence. This procedure has two parameters:

� pad: controls the zero-padding, the resulting length is pad times the original length,

� prec: the truncation loss fraction, prec is the fraction of the energy that will be lost
after truncation.

Table 5.2 gives the lengths of the different spline filters, truncated with prec = 10�8. An
appropriate value of the parameters is to be found experimentally.

All filters within the MRA framework are l2-optimal. Combinations of B-spline-filters have
been tested, too, because of our interest in their L∞-performance.

5.3.3 Introductory experiments

A number of experiments were carried out to check some theoretical results and to find values
for some filter parameters. The experiments are:

Convolution inverse According to the definition of the convolution inverse given in Sec-
tion 4.3.2, the following relation should hold:

p � (p)�1 = δ ,

where δ is the Kronecker δ-sequence: δ0 = 1, and δk = 0 for k 6= 0. This was verified for
the case pk = β 3(k), k 2Z, whose convolution inverse is used to calculate the third-order
C-spline (see Tables 4.1 and 4.2). The l2-and l∞-norms of the error signal (p�(p)�1)�δ
were used as a quality measure. The sequence is truncated with:

� specified length,

� specified truncation loss (prec).

Orthogonality tests A bi-orthogonal filter pair for a given down-sampling factor M should sat-
isfy an orthogonality relation which, in the discrete-time case, becomes:�

#M[
�

φ
_ � φ ]

�
k
= δk. (5.11)
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This relation was tested for the (truncated) filters. Again, the l2-and l∞-norms of the error
signal served as a quality measure.

Comparison of different splines We have encountered different spline combinations, that all
give rise to the same MRA. The pre- and post-filter can be exchanged as well, without
affecting the MRA. This means that we have a number of filter combinations that should
lead to the same projection and, therefore, the same approximation quality. In particular,
we have the following combinations:

Pre-Filter Post-filter
D-spline B-spline
B-spline D-spline
C-spline DC-spline
DC-spline C-spline
O-spline O-spline

These combinations were tested in order to check whether they indeed give rise to the
same MRA.

Projection property The general sub-sampling scheme with l2-optimal filter combinations
should yield an orthogonal projection. Hence, by feeding the output of the scheme back
in, the scheme should act like the identity operator. This was tested for the different filters.

5.3.4 Test signals

The schemes were tested with synthetic test signals and physical signals. For every filter class a
synthetic signal was (randomly) generated in such a way that it was close to the corresponding
subspace. The following signal-categories were generated: sinc, spline0, spline1,
spline2, spline6, wvlet2, and wvlet12. Moreover, these signals were combined,
attempting to generate a signal far from all subspaces (category mixed). The synthetic signals
were oversampled by the factor 32.

For the ‘real-life’ data, we used the output of a gas-chromatograph and data from physiological
sensors. Both signals were already digitized, but could still be re-sampled to determine which
of the subspaces fits best. The gas-chromatographical signal was down-sampled by the factors
2, 4, and 8; the physiological signal by the factors 4, 8, 16, and 32.

5.3.5 Border effects

Filtering a finite-length signal causes problems at the boundaries of the signal, because the filter
crosses the signal borders. In order to overcome this problem, the signal is often extended. The
following signal extension methods are being used:

� zero padding,

� repeating the boundary values,
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� making the signal periodic,

� mirroring the values of the signal with respect to the boundaries.

The last two methods are of theoretical interest, since they allow perfect reconstruction in Mal-
lat’s algorithm [Bar94]. However, there is no physical reason for either periodization or mirror-
ing. The zero padding method is most straightforward, it assumes the signal to be zero outside
the interval on which it was originally defined. A drawback is that the discontinuities at the
end-points cause high frequency components in the signal. Processing of such a signal by the
general sampling scheme causes aliasing effects.

The method of repeating the boundary values offers a compromise. This type of extension can
be considered as a primitive form of prediction. It yields a continuous signal at the end-points,
but still leaves discontinuities in higher order derivatives. More advanced prediction techniques
can be used instead to remove the other discontinuities too, and thus reduce aliasing effects. In
the experiments, this method was used. The first and last value were repeated n times, were n
is the length of the longest filter of the filter pair which is tested.

5.3.6 Measure of approximation quality

For every combination of filters and signals the l1, l2, and l∞ norms of the error signal z � x
were computed. These error-norms were divided by the norm of the signal x, which gives the
relative norms of the error signal:

kekp,rel =
kz� xkp

kxkp
, p = 1, 2,∞. (5.12)

The average values of the relative norms over the 10 experiments serve as a measure of the
approximation quality for the l1, l2, and l∞-norm, respectively.

5.3.7 Disturbances

The synthetic signals were corrupted by white noise and spikes (also called shot noise, impulsive
noise, or Poisson noise), in order to test the sensitivity of the different filter combinations to
these disturbances.

Random noise, with a Gaussian density function, was generated by MATLAB. The noise variance
was related to the l2-norm of the signal to obtain a fixed signal-to-noise ratio, which was about
5 dB.

For the shot noise, the number of spikes was randomly chosen between 1 and 6, and the position
of each spike was randomly chosen in the time-interval of the signal. The amplitude of the spikes
was fixed, and related to the l∞-norm of the signal. Figure 5.2 gives an example of a disturbed
test-signal of the category ‘mixed’.
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FIGURE 5.2: An example of the added disturbances. The plain signal is of the category ‘mixed’. The upper
figure gives the plain signal, the middle figure the signal with random white noise, and the lower figure the
signal with shot noise.

Additional truncated filter tests

It is clear that the disturbances will negatively affect the overall approximation quality of the
schemes. However, in the case of shot noise or erroneous samples, the local behavior is at
least as important. We already stressed that the effect of an isolated error should be as small as
possible. In general, pre-filtering will spread out the region of influence of an isolated error. The
faster a filter decays, the smaller this region becomes. In the case of a compactly supported filter,
it can even be guaranteed that the influence-region is within certain limits, which are determined
by the support of the filter.

It is for this reason that we included an extra simulation with truncated filters, to investigate
the balance between the filter lengths and overall approximation error. Filters were truncated
stepwise, with a step size equal to the down-sampling factor. Pre- and post-filters were simul-
taneously truncated to the same lengths.
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5.4 Results

In this section we discuss the results of the experiments. We start with the introductory exper-
iments described in Section 5.3.3 and continue with the experiments concerning the approxim-
ation quality of the different schemes. Then we discuss the effects of added disturbances, and,
finally, the effects of truncating filters. The experiments are evaluated in Section 5.5.

5.4.1 Introductory experiments

Convolution inverse

The convolution inverse of the sequence p : p�1 = 1=6, p0 = 2=3, p1 = 1=6 was calculated
as described in Section 5.3.2, varying two parameters: the truncation loss fraction prec, and
the zero-padding factor pad. We summarize the results:

� The influence of pad on the resulting filter is negligible for pad � 8. For values < 4,
the periodic behavior of the FFT-algorithm heavily affects the result.

� There is a very good correlation (R = 0.99998) between l2 and l∞-norm of the error
signal.

� The truncation error in l∞-sense depends exponentially on the filter length, see Figure 5.3.

� The relationship between prec and the resulting filter length is almost logarithmic,
see Figure 5.4.

Based on these results, we have chosen a value of prec = 10�8, yielding a good compromise
between truncation error and filter length.

Orthogonality tests

We tested the relation (5.11) for (bi-)orthogonal filter pairs, truncating the filters to a fixed
length.

In Figure 5.5 we give the effect of truncation on the orthogonality of the D1/B1-spline filter
pair with the down-sampling factor M = 32. In general, both filters are truncated to the same
length. However, since the length of the B1-spline is 65 (Table 5.2), truncation to a length > 65
leaves the B1-spline intact.

In the figure, we see that, roughly speaking, the error falls exponentially with increasing filter
length. However, there is an oscillation with a periodicity of 64, which equals twice the down-
sampling factor M. This is an effect caused by the construction method of the D1-spline filter.
The D1-spline is obtained by

d1
M = "M p � b1

M.

Deleting the outer elements of p corresponds to a truncation of the resulting filter by 64 elements,
32 at each side. Apparently, the overall orthogonality is related to this.
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FIGURE 5.3: Truncation error of the convolution inversion procedure. The l∞-error is plotted against filter
length. The figure clearly shows an exponential relationship.
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FIGURE 5.4: The effect of the truncation loss fraction prec on filter length. The relationship is logarithmic,
except for a staircase-effect due to the integer-valued filter length.
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FIGURE 5.5: The effect of truncation on the orthogonality of the D1/B1-spline filter pair for down-sampling
factor M = 32. Roughly speaking, the error, i.e., the deviation from the δ -sequence, falls exponentially
with increasing filter length. The oscillation has a periodicity of 64, which is twice the down-sampling
factor. The l∞-error (solid line, max) and the l2-error (dashed line, m.s.) are highly correlated.

The results for the other spline filters were similar, and therefore not shown here. Results for
the Daubechies D2-filter and the sinc-filter are shown in Figures 5.6 and 5.7. The untruncated
Daubechies filter has a very small error, but a slight truncation heavily affects orthogonality. For
higher order Daubechies filters, the curve is smoother. The graph for the sinc-function shows
(again) an oscillation. The overall error is larger than in the other cases, due to the poor decay
of the sinc-function. Also remarkable is the larger difference between l2- and l∞-errors.

We conclude that the (compactly supported) Daubechies filters best conform to the orthogonality
relation. These filters and the different spline-filters outperform the sinc-filter with respect to
this criterion.

Comparison of different splines

The scheme is tested with the different spline combinations listed in Section 5.3.3. Since all
combinations give rise to the same MRA, they should have the same approximation error. This
was indeed the case, up to the third digit.

The combination DC-spline – C-spline is chosen for the main experiments, to be discussed in
Section 5.4.2.
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FIGURE 5.6: The effect of truncation on the orthogonality of the Daubechies D2-filter (down-sampling
factor M = 32). The solid line refers to the l∞-error and the dashed line to the l2-error.
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FIGURE 5.7: The effect of truncation on the orthogonality of the sinc-filter (down-sampling factor M = 32).
The solid line refers to the l∞-error and the dashed line to the l2-error.
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TABLE 5.3: Test of the projection property. The output of the scheme (driven with random input) is fed
back to the scheme. Theoretically, the l2-optimal schemes (printed in boldface) do not affect the signal,
i.e., give zero error. Border effects are limited by regarding only the middle part of the signal.

Filters l1-error l2-error l∞-error
snc-snc 9.184 � 10+00 2.671 � 10�01 1.860 � 10�02

snc-sp0 2.391 � 10+01 8.188 � 10�01 5.490 � 10�02

snc-sp1 2.841 � 10+01 1.184 � 10+00 1.200 � 10�01

snc-sp2 3.227 � 10+01 1.258 � 10+00 1.117 � 10�01

snc-sp3 3.186 � 10+01 1.229 � 10+00 8.891 � 10�02

sp0-snc 1.931 � 10+01 7.420 � 10�01 6.497 � 10�02

sp0-sp0 5.378 � 10�13 2.229 � 10�14 1.721 � 10�15

sp0-sp1 2.632 � 10+01 1.011 � 10+00 1.073 � 10�01

sp0-sp2 3.609 � 10+01 1.466 � 10+00 1.374 � 10�01

sp0-sp3 2.879 � 10+01 1.112 � 10+00 8.365 � 10�02

sp1-sp1 3.010 � 10+01 1.161 � 10+00 1.129 � 10�01

sp2-sp2 1.825 � 10+01 7.141 � 10�01 5.903 � 10�02

sp3-sp3 2.497 � 10+01 1.004 � 10+00 9.304 � 10�02

cs1-cs1 5.712 � 10�02 2.075 � 10�03 1.477 � 10�04

cs2-cs2 5.552 � 10�02 2.104 � 10�03 1.576 � 10�04

cs3-cs3 1.468 � 10�01 5.640 � 10�03 4.454 � 10�04

wv2-wv2 4.213 � 10�13 1.815 � 10�14 2.220 � 10�15

wv6-wv6 2.514 � 10�12 1.005 � 10�13 9.215 � 10�15

w12-w12 3.885 � 10�08 1.497 � 10�09 1.372 � 10�10

w20-w20 1.699 � 10�03 6.684 � 10�05 5.332 � 10�06

Projection property

It was investigated whether the l2-optimal schemes indeed constitute a projection. Therefore,
the scheme was tested with a random input signal, and the output signal was fed back to the
scheme. The latter operation should be the identity. This was tested for the different schemes.

In order to delimit the influence of border effects, an input signal of length 2048 was used, of
which the middle 1024 elements were used to calculate the norms of the error signal.

The results are listed in Table 5.3. This table includes all filter combinations that were used in
the main experiments. Filter combinations that are l2-optimal are typeset in boldface. Note that
several combinations can be l2-optimal, since they all constitute orthogonal projection on partic-
ular subspaces of the signal space. The combinations only differ with respect to the subspaces
they project onto.

The following observations can be made:

� According to our expectations, the errors of the (l2-optimal) bi-orthogonal combinations
are much smaller than those of the non-orthogonal ones.

� The schemes with compactly supported filters have very small errors (except for the
Daubechies filters D12 and D20, for which the results are most probably affected by the
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truncation at the boundaries).

� The errors of the bi-orthogonal spline-filter pairs are two orders of magnitude smaller than
that of the sinc-filter, probably due to the poor decay of the latter in combination with the
FIR-implementation.

5.4.2 Approximation quality

The results for undisturbed synthetic signals are summarized the Tables 5.4, 5.5, and 5.6, for
the l1, l2, and l∞-norms, respectively. Horizontally we list the different synthetic test signals,
vertically the filter combinations. Filter combinations in boldface are l2-optimal. For each
signal the best result (lowest error) is typeset in boldface and the second-best is underlined.

We summarize the observations, starting with the l2-norms of Table 5.5 and Figure 5.9:

� Filter combinations perform best for the signal they correspond to, e.g., the combination
sp0-sp0 performs best for the spline0-signal, wv2-wv2 for the wvlet2-signal, etc.
Note that the signal mixed has no corresponding filter combination.

� In general, the approximation errors of the cardinal spline and wavelet filters of higher
order are comparable to those of the sinc filters.

� The results of the wavelet filters of different order are very dissimilar. For example,
the wv2 filter pair has a large error for the wvlet12-signal, whereas the error for the
wvlet2-signal is small. On the other hand, the w12 combination has a high error on the
wvlet2-signal. For the different members of the spline-family the results show better
resemblance.

� In general, (bi-)orthogonal (l2-optimal) combinations performed significantly better than
non-orthogonal combinations. There is one exception: the non-orthogonal combination
sp0-snc performs remarkably good.

� For the signals of the category mixed the smooth l2-optimal combinations snc, w12,
w20, cs2, cs3 have similar performance, but again the combination sp0-snc does
well.

The results for the l1-norm (Table 5.4) are quite similar. Indeed, the l2-errors and the l1-errors
are highly correlated: R = 0.995 (see Figure 5.11). The correlation between the l2-errors and
the l∞-errors (Table 5.6) is smaller: R = 0.823. However, for the l∞-errors we can make
similar observations as we did for the l2-results above. Only the ranking order of performance
is slightly different than for the l2-norm, and the differences are smaller.

Figure 5.12 gives the l2-error norms for the signal mixed, based on 10 experiments with the
95% confidence intervals as determined by a standard t-test. The figure indicates the significance
of the results.
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TABLE 5.4: Approximation quality for synthetic signals. All values refer to the relative l1-norm (5.12)
of the error signal. Filter combinations are coded as follows: Pre-filter – Post-filter, where snc: sinc,
sp: B-spline, cs: DC/C-spline pair, and wv or w: Daubechies’ scaling function. Signal names are
straightforward, except for the signal mixed which is a combination of sinc, spline2, and wvlet12.

Filters Signal Type
sinc spline0 spline1 spline2 spline6 wvlet2 wvlet12 mixed

snc-snc 0.050 0.444 0.218 0.142 0.030 0.381 0.255 0.159
snc-sp0 0.432 0.184 0.311 0.297 0.221 0.600 0.580 0.483
snc-sp1 0.308 0.446 0.213 0.205 0.102 0.467 0.432 0.353
snc-sp2 0.382 0.523 0.283 0.270 0.136 0.483 0.446 0.403
snc-sp3 0.446 0.582 0.343 0.327 0.169 0.512 0.486 0.458
sp0-snc 0.172 0.440 0.220 0.153 0.057 0.448 0.329 0.242
sp0-sp0 0.428 0.004 0.307 0.285 0.216 0.530 0.487 0.442
sp0-sp1 0.384 0.367 0.236 0.239 0.140 0.482 0.458 0.406
sp0-sp2 0.449 0.464 0.306 0.303 0.173 0.526 0.505 0.465
sp0-sp3 0.502 0.539 0.364 0.357 0.203 0.558 0.542 0.511
sp1-sp1 0.449 0.523 0.312 0.311 0.173 0.508 0.497 0.463
sp2-sp2 0.545 0.627 0.416 0.405 0.230 0.583 0.571 0.550
sp3-sp3 0.609 0.692 0.482 0.471 0.277 0.633 0.624 0.610
cs1-cs1 0.275 0.341 0.008 0.094 0.073 0.428 0.412 0.323
cs2-cs2 0.209 0.322 0.087 0.016 0.037 0.416 0.363 0.267
cs3-cs3 0.179 0.357 0.110 0.051 0.026 0.404 0.348 0.250

wv2-wv2 0.333 0.458 0.258 0.236 0.121 0.081 0.425 0.364
wv6-wv6 0.245 0.348 0.162 0.123 0.054 0.265 0.394 0.301
w12-w12 0.198 0.544 0.287 0.209 0.044 0.421 0.024 0.175
w20-w20 0.169 0.530 0.274 0.197 0.039 0.395 0.087 0.160
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FIGURE 5.8: Approximation quality for synthetic signals measured in the l1-norm. Values from Table 5.4.
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TABLE 5.5: Approximation quality for synthetic signals. All values refer to the relative l2-norm of the error
signal. For the code of the filter combinations see Table 5.4.

Filters Signal Type
sinc spline0 spline1 spline2 spline6 wvlet2 wvlet12 mixed

snc-snc 0.071 0.484 0.217 0.147 0.047 0.385 0.246 0.167
snc-sp0 0.488 0.192 0.330 0.337 0.257 0.608 0.603 0.520
snc-sp1 0.329 0.472 0.225 0.213 0.118 0.478 0.446 0.367
snc-sp2 0.379 0.529 0.312 0.274 0.144 0.515 0.458 0.402
snc-sp3 0.440 0.583 0.370 0.330 0.176 0.551 0.494 0.452
sp0-snc 0.177 0.510 0.221 0.162 0.072 0.455 0.347 0.252
sp0-sp0 0.464 0.038 0.322 0.315 0.245 0.559 0.534 0.471
sp0-sp1 0.392 0.422 0.246 0.246 0.153 0.499 0.485 0.416
sp0-sp2 0.444 0.479 0.331 0.307 0.180 0.549 0.514 0.459
sp0-sp3 0.495 0.545 0.388 0.360 0.210 0.587 0.546 0.503
sp1-sp1 0.450 0.534 0.323 0.314 0.183 0.537 0.516 0.464
sp2-sp2 0.538 0.624 0.436 0.407 0.236 0.615 0.574 0.540
sp3-sp3 0.602 0.686 0.501 0.473 0.284 0.665 0.624 0.599
cs1-cs1 0.279 0.391 0.043 0.128 0.091 0.416 0.421 0.333
cs2-cs2 0.218 0.377 0.100 0.069 0.054 0.413 0.372 0.276
cs3-cs3 0.187 0.410 0.118 0.087 0.052 0.400 0.352 0.259

wv2-wv2 0.355 0.529 0.281 0.266 0.140 0.100 0.444 0.380
wv6-wv6 0.253 0.421 0.169 0.144 0.072 0.279 0.409 0.311
w12-w12 0.205 0.558 0.297 0.215 0.055 0.448 0.086 0.183
w20-w20 0.176 0.544 0.281 0.203 0.051 0.419 0.108 0.167
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FIGURE 5.9: Approximation quality for synthetic signals measured in the l2-norm. Values from Table 5.5.
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TABLE 5.6: Approximation quality for synthetic signals. All values refer to the relative l∞-norm of the
error signal. For the code of the filter combinations see Table 5.4.

Filters Signal Type
sinc spline0 spline1 spline2 spline6 wvlet2 wvlet12 mixed

snc-snc 0.271 0.838 0.316 0.343 0.253 0.498 0.413 0.440
snc-sp0 0.813 0.339 0.493 0.607 0.479 0.660 0.814 0.761
snc-sp1 0.433 0.748 0.319 0.346 0.263 0.531 0.501 0.479
snc-sp2 0.447 0.748 0.466 0.380 0.273 0.626 0.509 0.499
snc-sp3 0.496 0.762 0.518 0.414 0.290 0.664 0.539 0.524
sp0-snc 0.293 0.916 0.334 0.353 0.267 0.473 0.410 0.436
sp0-sp0 0.743 0.169 0.465 0.552 0.441 0.692 0.734 0.668
sp0-sp1 0.481 0.752 0.337 0.362 0.288 0.499 0.545 0.508
sp0-sp2 0.500 0.752 0.483 0.402 0.295 0.618 0.553 0.528
sp0-sp3 0.545 0.760 0.534 0.436 0.314 0.665 0.578 0.551
sp1-sp1 0.526 0.774 0.412 0.389 0.291 0.574 0.571 0.540
sp2-sp2 0.590 0.789 0.577 0.470 0.327 0.703 0.603 0.579
sp3-sp3 0.652 0.811 0.637 0.533 0.364 0.751 0.641 0.619
cs1-cs1 0.369 0.747 0.189 0.407 0.311 0.354 0.538 0.551
cs2-cs2 0.304 0.759 0.239 0.326 0.244 0.406 0.403 0.415
cs3-cs3 0.294 0.777 0.249 0.355 0.269 0.412 0.435 0.460

wv2-wv2 0.519 1.054 0.396 0.497 0.414 0.232 0.516 0.485
wv6-wv6 0.346 0.912 0.278 0.364 0.290 0.313 0.440 0.412
w12-w12 0.338 0.830 0.400 0.346 0.237 0.619 0.422 0.456
w20-w20 0.322 0.814 0.389 0.350 0.244 0.587 0.412 0.449
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FIGURE 5.10: Approximation quality for synthetic signals measured in the l∞-norm. Values from Table 5.6.
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FIGURE 5.11: Correlation between the different error-norms. The l2-errors and the l1-errors are highly
correlated: R = 0.995. The correlation between the l2-errors and the l∞-errors is smaller: R = 0.823.
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TABLE 5.7: Approximation quality for gas-chromatographical data. The table has both l2 and l∞errors
(relative norms). Results are given for different down-sampling factors (dsf). For the code of the filter
combinations see Table 5.4 For reasons of clarity, only l2-optimal filter combinations have been included.

Filters l2 l∞
dsf=2 dsf=4 dsf=8 dsf=2 dsf=4 dsf=8

snc-snc 0.0461 0.2209 0.5289 0.0461 0.2448 0.4878
sp0-sp0 0.1760 0.3606 0.5043 0.1981 0.5084 0.4830
cs1-cs1 0.0683 0.1876 0.4909 0.1008 0.2665 0.4837
cs2-cs2 0.0373 0.1706 0.5231 0.0578 0.2360 0.4909
cs3-cs3 0.0354 0.1715 0.5306 0.0506 0.2225 0.4841

wv2-wv2 0.0909 0.3147 0.4937 0.1196 0.4123 0.5043
wv6-wv6 0.0916 0.3411 0.5189 0.1256 0.3911 0.4557
w12-w12 0.0764 0.1857 0.5240 0.0745 0.2187 0.4577
w20-w20 0.0747 0.2857 0.5321 0.0807 0.3031 0.5172

TABLE 5.8: Approximation quality for physiological data. The table has both l2 and l∞errors (relative
norms). Results are given for different down-sampling factors (dsf). For the code of the filter combinations
see Table 5.4.

Filters l2 l∞
dsf=4 dsf=8 dsf=16 dsf=32 dsf=4 dsf=8 dsf=16 dsf=32

snc-snc 0.002 0.004 0.439 0.546 0.009 0.020 0.235 0.326
sp0-sp0 0.130 0.256 0.445 0.602 0.159 0.259 0.378 0.491
cs1-cs1 0.020 0.088 0.399 0.552 0.029 0.080 0.220 0.324
cs2-cs2 0.003 0.039 0.408 0.547 0.004 0.032 0.225 0.320
cs3-cs3 0.002 0.021 0.417 0.546 0.016 0.023 0.229 0.317

wv2-wv2 0.043 0.154 0.412 0.576 0.039 0.124 0.308 0.381
wv6-wv6 0.002 0.054 0.400 0.553 0.006 0.046 0.217 0.311
w12-w12 0.001 0.024 0.414 0.546 0.012 0.029 0.246 0.331
w20-w20 0.001 0.013 0.416 0.547 0.008 0.017 0.218 0.349

Table 5.7 shows the results for the gas-chromatographical data. From this table we see that:

� The w12, w20, cs2, cs3, and snc filters have comparable approximation qualities.

� The results for the different norms are highly correlated.

� The ranking order changes slightly for different down-sampling factors. The mutual de-
viations between the different filters are most significant for M = 2.

The results of the physiological data, presented in Table 5.8, show similar behavior.
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FIGURE 5.13: Influence of disturbances. The results are for the signals of category mixed. All values refer
to the relative l2-norm of the error signal. For the code of the filter combinations see Table 5.4.

5.4.3 Influence of disturbances

The experiments were repeated for the same signals, but corrupted by the disturbances described
in Section 5.3.7. Results for the signals of the category mixed are given in Figure 5.13.

Regarding the results from all experiments (not all shown here), we can make the following
observations:

� All filter combinations showing a small l2-error for a given signal are more sensitive to
disturbances. Filters with a larger error are less sensitive.

� For the non-orthogonal combinations of different B-splines, the sensitivity to random noise
is smaller than for the (bi)-orthogonal combinations. In some cases, the l2-error of the
approximation of a contaminated signal is even smaller than that of the plain signal.

� The shot noise has large influence on the l∞-norm, and less influence on the other norms.

� Summarizing the results for all (synthetic) signals, none of the filter combinations shows
a significantly lower sensitivity to the disturbances.
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FIGURE 5.14: Effect of truncation for the signals of the category mixed.

5.4.4 Filter truncation

We repeated the simulations with truncated filters. The filters were initially truncated to length
15M + 1, and then stepwise truncated to kM + 1 with k varying from 14 down to 1. We only
discuss the l2-error norm for signal-category mixed and M = 32. The results are presented
in Figure 5.14. For reasons of clarity, not all filter combinations are included.

For this signal category, we know that the filter-combination snc-snc has the smallest l2-
error. Reducing the filter length, the error of this combination gradually increases. The cardinal
spline combinations of orders two and three, on the other hand, start at a higher error, but
remain at this level for a longer time. At shorter lengths (less than 180) the cardinal spline
filters outperform the sinc-combination. At further reduction of length, the first order cardinal
spline combination shows the best approximation. A striking observation is that the Daubechies
w12-w12 combination starts oscillating, which is probably caused by the same effect as the
one we have encountered in the orthogonality tests.

The data for the mixed signals are representative for the other synthetic signals. The untrun-
cated sinc-combination does well in many cases, but after truncation the cardinal spline com-
binations perform better. The non-orthogonal B-spline combinations, not plotted in the figure,
all have a larger error than the (bi-)orthogonal combinations truncated to the same length. For
example, the longer filter in the combination sp0-sp2 has length 97. This filter pair yields an
l2-error of 0.459 which is higher than that of the combinations shown in Figure 5.14, truncated
to the same length.
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FIGURE 5.15: Effect of truncation for gas-chromatographical data.

For the gas-chromatographical data and the down-sampling factor M = 2, we observe a similar
behavior, see Figure 5.15. Here, also the Daubechies wv2-wv2 combination exhibits a good
balance between filter length and approximation error.

5.5 Evaluation

We summarize this chapter with some general conclusions drawn from our experiments:

� The experiment on the projection property (see Table 5.3) shows that the (bi-)orthogonal
filter combinations has a smaller approximation error than the other ones. For the l2-
norm this was to be expected, since these filters give rise to an l2-optimal approximation
in an MRA-space. However, the same conclusion may also be drawn with respect to
the l1- and l∞-norms, although the mutual differences are smaller in the latter case. This
observation is also made in the main experiments: For signals that are in a given subspace,
the filter combination that projects onto that particular subspace clearly outperforms the
other filters.

� Comparing the results for all (synthetic) signals, we can say that the l2-optimal combin-
ations with smooth filters, i.e., snc-snc, cs2-cs2, cs3-cs3, wv6-wv6, w12-w12,
and w20-w20, have comparable approximation qualities. The less smooth l2-optimal
combinations sp0-sp0 and wv2-wv2 do well on their ‘own’ signal, but produce large
errors for the others. Apparently, the subspaces they project onto have a larger distance
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to most signals. This can be seen from the signals as well: the graphs of spline0 and
wvlet2 signals are well recognizable.

� For the mixed signals, all smooth l2-optimal filter pairs have a similar performance,
which is better than the performance of the other filters. According to Figure 5.12 this
difference is significant, except for one outlier: the combination sp0-snc does better
than expected. Again the combinations sp0-sp0 and wv2-wv2 have relatively high
errors. An explanation may be that the mixed signals do not contain components which
lie in the corresponding subspaces.

Also for the real-life signals, the (smooth) l2-optimal combinations do well. We may
conclude that for use in the general sampling scheme the cardinal spline filters and the
higher order Daubechies wavelet filters are serious alternatives to the sinc-filter.

� The experiments with added disturbances do not suggest to favor a particular filter com-
bination over the others. In general, all filter combinations that have a low approximation
error are more sensitive to noise. Giving this a second thought, this is not strange. A
signal is projected onto the subspace corresponding to the filter-pair. If the error is small,
the signal was already close to this subspace. Consider a signal which lies in a certain
subspace. If we disturb this signal, it will move a certain distance in the signal space, and
will almost certainly move out of the subspace. For signals which are far away from a
certain subspace, there is also a probability that they will move closer to the subspace.

It has to be stressed that the measures used are global measures, which do not reflect the
influence of local disturbances around the time of occurrence. We can only state that this
influence will be smaller for filters with a small support or a fast decay.

� The truncation of filters affects the approximation error in a negative way. This could be
expected from the results of orthogonality tests: truncated filters are no longer l2-optimal.
However, the l2-optimal combinations still do better than the others. The sinc-filter is more
affected than the cardinal spline-filters. For shorter lengths, the spline-filters have lower
approximation errors than the sinc-filters. If the filters are to be realized as FIR-filters,
this property makes the splines very suitable for the general sampling scheme.

Hence, if one is to realize the general sampling scheme, it is not necessary to spend much
effort to approximate the ideal low-pass filter as closely as possible. Other filters, which are
easier to realize, also give l2-optimal approximation, and provide suitable approximation errors
in many cases. If one is mainly interested in the l∞-error of the scheme, the differences in
approximation quality are even smaller, allowing to select filters by other criteria. However, an
l2-optimal combination will most certainly provide better results than other filter combinations.

In our experiments we did not include other traditional filter designs such as Butterworth-filters.
This must certainly be done as well, before we can generalize the above conclusions.



Chapter 6

Sampling in closed loop control systems

Process control is the engineering discipline of causing the variables of a process to conform
to some desired values. In many modern control applications one uses the power of digital
processing techniques to perform desired control tasks. As was mentioned before in Chapter 1,
the majority of systems to be controlled are of analog nature, which implies that A/D- and D/A-
conversions are principal operations in digital control systems. In contrast to the situation in
signal processing, here the emphasis is not on optimal signal reconstruction, but on appropriate
control of processes.

In most digital control systems sampling is carried out by point measurements, with or without
pre-filtering, and reconstruction by zero-order hold devices. In the previous chapters we have
discussed several alternative sampling schemes, which provide L2-optimal signal representation.
These schemes can be used inside closed-loop control systems, and might improve their overall
performance. The central question in this chapter is to determine the effects of alternative filters
on this performance.

In Section 6.1, we discuss the signal reconstruction problem in the framework of a digital closed-
loop control system. This leads to a number of interesting questions, which form the motivation
for the work described in this chapter. Before going into this, we globally review control system
analysis and design in Section 6.2. Here we also present an example system which is used in our
further investigation, and discuss some specific topics related to digital control. Section 6.3 is
devoted to the analysis of a multirate sampled data system (MSDS), i.e., a discrete-time system
with multiple sampling frequencies. The problem to be analyzed is formulated in terms of an
MSDS. Then we are ready to return to the basic question given above. Control systems with
different filters are analyzed in Section 6.4, both by the methods developed in Section 6.3 and
by means of computer simulations. Finally, Section 6.5 presents concluding remarks.

6.1 Digital control and optimal signal reconstruction

In this section we discuss the role of optimal signal reconstruction in digital control systems.
From this point of view we motivate our experiments to be discussed later in this chapter.
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Introduction

A general control system consists of two subsystems: the plant G, i.e., the system to be con-
trolled, and the controller H, the system that performs the control task. The latter consists in
obtaining a satisfactory response to external inputs. In many applications, the goal is to main-
tain the plant’s output y to follow the reference input r, independent from varying system loads,
disturbances and other external effects. Such systems are called input tracking systems.

We consider closed-loop systems, in which the output of the plant is fed back to the controller,
giving the latter a notion of the effect of its actions. A simple closed-loop control system is
depicted in Figure 6.1. It consists of a controller and a plant. The controller drives the plant
by the actuating signal m. The plant’s output y is fed back and is combined with an external
reference input r to the so-called error signal e, which serves as input to the controller.

�
Plant

ye
Controller

mr

+

FIGURE 6.1: A closed-loop control system. Controller and plant are connected into a feedback configuration.
We distinguish the following signals: the reference input r, the actuating signal m and the plant’s output y.

Analysis of a control system involves the determination of the system response. This can be
carried out experimentally, or by estimating the response on the basis of a system model. Then,
it is the task of control system design to achieve a desired overall system response by modifying
the controller H .

Digital controllers

In digital control systems, the controller operation is implemented digitally. In the majority
of control applications, however, the plant is an analog system. Digital control then results in
hybrid systems, i.e., systems having both continuous-time and discrete-time parts. Such sys-
tems are also referred to as sampled data systems (SDS). Here the controller consists of three
subsystems: a sampler, a digital controller and a so-called hold device, see Figure 6.2. The
hold device converts a discrete-time signal to a continuous-time signal. In other words, it im-
plements a reconstruction operation as defined in Section 2.1. A commonly used hold device
is the zero-order hold (ZOH), which keeps the output constant at the value of the last input-
sample until the next sample becomes available. Other hold devices are mentioned in the liter-
ature [FPW90]. For example, the first-order hold uses the signal derivative to improve recon-
struction.

A drawback of digital control is that aliasing may occur. The continuous-time input of a con-
troller may be affected by high-frequency noise components, which turns into low-frequency
components after sampling. The controller will base its control strategy upon the disturbed sig-
nal and might drive the plant into an undesired state. In many designs, the sampler is preceded
by an anti-alias filter to avoid the effects of aliasing.

The scheme in Figure 6.2 shows some resemblance to the general sampling scheme, certainly if
the sampler is preceded by an anti-alias filter. Here, an interesting question arises: What happens
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FIGURE 6.2: The controller in a digital control system, consisting of a sampler, a digital controller, and a
hold-device.

if we embed the digital controller in the general sampling scheme? In particular, does choosing
one of the L2-optimal schemes improve the control system behavior, since the combination of
a ZOH and a zero-order B-spline pre-filter without further system modification already reveals
an L2-optimal signal reconstruction?

We expect the behavior to improve. Sampling and reconstruction according to the general
sampling scheme with L2-optimal filter combinations provide an optimal representation of a
signal in terms of its samples. Hence, the controller has optimal information about its input and
thereby about the state of the plant. It can, therefore, better adapt to the plant’s state, which
will result in a better control system performance.

Occurrence of delays in a system have destabilizing effects. Inserting filters in the control loop,
we also introduce extra delays, since causal filters (see Section 4.5) lead to phase shifts. Note
that the non-causal filters discussed in Chapter 5 cannot be used in control systems, because
the future values of their inputs, required to evaluate their outputs, are not available. Hence, we
have to translate the filter responses in time to make them causal. For example, the B-spline
filter of order 1 and down-sampling factor 2 has the following impulse response:

h�1 = 1=2, h0 = 1, h1 = 1=2.

The corresponding causal filter is:

h0 = 1=2, h1 = 1, h2 = 1=2.

Note that the first (non-causal) filter does not introduce a phase shift, whereas the second filter
does.

Research objectives

Summarizing, we are interested in the effect of inserting alternative filters in the sampling and
reconstruction part of digital controllers. These effects seem to go in opposite directions. On
the one hand, the filters may have a positive effect on the quality of the signal reconstruction,
and on the other hand, the filters may be destabilizing due to the time-delays involved.

More specifically, we pose the following questions:

� How is the overall system behavior affected by insertion of pre- and post-filters?

� Are there indeed positive and negative effects and do they cancel each other?
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� Which filter parameters are the most important ones?

� Does an L2-optimal combination improve system behavior compared to non-optimal com-
binations?

� Does this modification affect system analysis and design methods?

� What is the answer to the above questions if anti-alias filtering is required?

The literature on control systems is rather vague about the choice of filters in control loops.
We are not aware of any thorough analysis. In [FPW90] it is mentioned that the lagging effect
of more complex filters does not pay off in terms of enhanced system performance. It seems
that the choice of the ZOH is often based on common practice. Concerning anti-alias filters,
most references lead to a publication of Corripio et al. [CCP73]. They analyzed the effect of an
anti-alias filter on certain performance indices, but only focussed on the first-order lag filter and
its digital FIR and IIR approximations. We have not found any study in which both anti-alias
filter and reconstruction method (post-filter) were varied.

Therefore, we will analyze a simple control loop with different pre-and post-filters, presented
in Figure 6.3. Hereby we attempt to answer the questions stated above. The analysis is carried
out for a simple, second-order plant.

I∆(t)

y
+

�

H Q GPr e a b c d m

t = k∆

FIGURE 6.3: A feedback control system. The (digital) controller is embedded in the general sampling
scheme. Signals are denoted in lower case, systems in upper case. The different subsystems are pre-filter
P, controller H, post-filter Q, and plant G.

6.2 Review of control system analysis and design

In this section we briefly address analysis and design of control systems. We will illustrate this
by means of a simple plant model. For a thorough introduction to control systems we refer
to [FPEN94, Ana84].

6.2.1 System modelling

Control systems are often modelled as linear, time-invariant systems. A convenient analysis
tool is the Laplace transform. It is used in favor of the Fourier transform, since it is capable of
handling one-sided initial value problems (transients) and signals with exponential growth.

The (one-sided) Laplace transform of a signal x is given by

X(s) =
Z ∞

0
x(t) e�st dt,
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where s is the complex Laplace-variable, s = σ + iω . The Laplace representation of a system
(the transfer function H(s)) is obtained by Laplace transforming its impulse response h. Hence,
for a system H with input x and output y the transfer function is

H(s) =
Y (s)
X(s)

= (Lh)(s),

with X(s) the Laplace transform of the input signal, and Y(s) the Laplace transform of the output
signal.

The discrete-time equivalent of the Laplace transform is the Z-transform. The (one-sided) Z-
transform of a sequence xk is

X(z) =
∞
∑
0

xk z�k.

Here z is a complex variable: z = ρeiω∆, and ∆ is the sampling interval. Also in the discrete-time
case the transfer function of a system H(z) is obtained by transforming its impulse response hk.

For a discussion on convergence of the transform and for the inversion formulae for both trans-
forms we refer to Appendix A.

R(s) Y (s)Y (s)
H(s)

R(s) E(s)
K(s)

M(s)

+ �

G(s) �

FIGURE 6.4: A feedback control system and its equivalent system.

It is possible to calculate the overall transfer function of a system, which is composed of different
blocks. The overall transfer function of the closed-loop system in Figure 6.4 can be obtained
by block diagram reduction methods. In this case the closed-loop transfer function is

Y(s)
R(s)

=
G(s)H(s)

1 + G(s)H(s)
=: K(s). (6.1)

It is clear from (6.1) that the overall response K(s) can be altered by modifying the controller
H(s).

6.2.2 Response specification

The system response is often specified by certain parameters. We distinguish transient response
specification parameters, which describe the response to a transient input (e.g., a step), and the
steady state response parameters, which describe the system output after the transient has died
out. The most common transient response parameters are illustrated in Figure 6.5.

Another important parameter of control systems is bandwidth. Most control systems have a low-
pass character. The bandwidth is the frequency at which system output will track a harmonic
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FIGURE 6.5: Transient response parameters for step input.

input in a satisfactory manner. In general, the bandwidth of an overall closed-loop system is
quite different from the bandwidth of the plant, depending on the dynamics of the controller.

Other specification methods involve the so-called performance indices. These are quantitative
measures of system performance. The indices have in common that they provide a measure of
the error signal e (cf. Figure 6.1). Commonly used performance indices are listed in Table 6.1.
The upper limit of the integrals in commonly set to the settling time ts. A further important
specification parameter is sensitivity to internal parameter variations.

TABLE 6.1: Performance indices

Name Description Equation

ISE Integral of Square Error
Z T

0
e2(t) dt

IAE Integral of Absolute Error
Z T

0
je(t)j dt

ITAE Integral of Time-multiplied Absolute Error
Z T

0
t je(t)j dt

ITSE Integral of Time-multiplied Square Error
Z T

0
t e2(t) dt

6.2.3 System response

The response of a system can be deduced from the system’s transfer function. For this, there
are several methods, which can be divided into two categories:

� Frequency domain methods
In the frequency domain methods, systems are analyzed for harmonic inputs. System
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response can be visualized by Bode diagrams, Nyquist-diagrams or Nicholts charts. The
frequency domain methods also work for discrete-time systems.

� s-plane methods
In the s-plane methods, the system response is obtained from the location of the poles
and zeros of the transfer function in the complex s-plane. Especially the poles locations
determine the major characteristics of system response. A powerful method of this cat-
egory is the so-called root-locus method, which predicts the migration of the closed-loop
poles as function of varying system parameter. Discrete-time systems can be analyzed in
the z-plane by analogous methods.

6.2.4 The example system

Our example plant is a second-order system. It is motivated by a satellite tracking an-
tenna [FPW90, Appendix A]. The transfer function is:

G(s) =
4

s2 + 2.8 s
.

The system has two poles at s = �2.8 and at s = 0. The pole at the origin corresponds to pure
integration of the input signal. The system is not stable, but can be turned into a stable one
by applying feedback control with a proportional controller H = 1. The closed-loop transfer
function (6.1) then becomes

K(s) =
4

s2 + 2.8 s + 4
. (6.2)

This closed-loop system has two poles in the left half plane, at s = �1.4 � 1.4283 i, which
indicates that the system is stable. Its step response is plotted in Figure 6.6.

The transfer function of the general second-order system is commonly written as

K(s) =
ω2

n

s2 + 2ξ ωns + ω2
n

, (6.3)

with ωn the (undamped) natural frequency, i.e., the frequency at which the system oscillates,
and ξ the damping ratio which indicating how fast the oscillations die out: ξ = 0 corresponds to
no damping. Relating (6.2) to (6.3), we have ωn = 2 and ξ = 0.7. The damping ratio is smaller
than 1, which is in agreement with the small overshoot in the step response of Figure 6.6. The
bandwidth of the closed-loop system is ωB = 2 rad/sec.

For second-order systems, some of the response specification parameters are directly related to
ωn and ξ . For our example, the peak time tp is given by:

tp =
π

ωn

q
1� ξ 2

' 2.20 sec,

and the overshoot Mp by

Mp = exp(�πξ=
q

1� ξ 2) ' 4.59 %.
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FIGURE 6.6: The closed-loop step response of the second order system with H(s) = 1 and G(s) =
4=(s2 + 2.8 s).

6.2.5 Digital control

System analysis and design

Design of a digital control system is complicated due to the fact that systems are hybrid and
can, therefore, neither be analyzed by continuous-time methods nor by discrete-time methods.
There are two possible strategies (design methods) to overcome this problem [FPW90]:

� Emulation design
Design a continuous-time controller and analyze the system in the continuous domain,
using s-plane or frequency domain methods. If the design is satisfactory, ‘discretize’ the
controller, i.e., find a discrete-time controller, such that the overall system preserves its
characteristics.

� Discrete design
Discretize the plant. Now the whole system is discrete-time. Analysis and design can then
be carried out in the discrete-time domain, using z-plane or frequency domain methods.

Both methods have in common that continuous-time parts of sampled data systems have to be
discretized, for which several methods exist [FPW90, Chapter 3].

Sampling rate selection

Selection of sampling rates is an important issue. For economical reasons, sampling rates are
kept as low as possible: A lower rate means that there is more time available for control al-
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gorithm execution, which can thereby be carried out on slower computers. Digitizing well be-
haved analog control systems can heavily affect system response. If sampling frequencies is too
low, the systems may even become unstable. According to the Nyquist criterion, the sampling
frequency should at least be twice as high as the bandwidth of the error signal. This band-
width is bounded by the system bandwidth, hence ωs � 2 ωB. However, in order to guarantee
satisfactory response, a factor of 10 to 20 may be required [FPW90, Ch. 10].

Aliasing and pre-filtering

It was already mentioned that aliasing can have a dramatic effect on system performance. In-
troduction of anti-alias filters is the answer to this problem. The drawback is that such filters’
phase lag affects the overall system behavior.

A commonly used type of filter is a first order low-pass filter, or first-order lag filter (FOL),
with transfer function:

H(s) =
ω f

s + ω f
,

where ω f is the cut-off frequency of the filter. A Bode diagram of this filter response for ω f = 1
is given in Figure 6.7. For values below ω f , the response is flat, beyond ω f the slope is -20 dB
per decade. The attenuation at ω f is -3 dB. The cut-off frequency is chosen in such a way that the
suppression at the Nyquist frequency (ωs=2) is sufficiently high. For example, for a suppression
of 90% (-20 dB) at ωs=2, we obtain the requirement ωs = 20 ω f . On the other hand, the cut-off
frequency must exceed the system’s bandwidth, otherwise frequencies that occur naturally in the
system will be suppressed as well. As long as both ωs and ω f are sufficiently higher than the
closed-loop bandwidth ωB, the effects of the extra phase lag is relatively small and the anti-alias
filter can be ignored in the design procedure. This yields a lower limit on the sampling rate,
being 20 to 100 times the closed-loop bandwidth ωB [FPW90].

If ω f is chosen closer to the bandwidth, the system response will be affected by the extra phase
lag. Then the filter characteristics must be taken into account during the design procedure,
leading to a more complex design. The cut-off frequency can now be chosen equal to the system
bandwidth, allowing sample rates of 5 to 10 times the closed-loop bandwidth [FPW90].

According to the question what suppression is sufficient, the opinions differ. Franklin et
al. [FPW90] suggest that ωs is 5 to 10 times ω f , yielding a suppression of -8 to -14 dB at
the Nyquist frequency. Corripio et al. [CCP73] suggest a value of π times ω f , corresponding to
-5.4 dB.

Zero-order hold

It was already mentioned that the ZOH is a widely used reconstruction operator. Therefore it
will be investigated in more detail here.

We define the ZOH to be a hybrid system with discrete-time input and continuous-time output1.
The response of the ZOH to a discrete-time impulse is

h(t) =

(
1 0 � t < ∆
0 elsewhere

1In many textbooks, the ZOH is defined as a linear, time-invariant system with a rectangular impulse response.
In other words, (6.4) is used as characterization of the ZOH.
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FIGURE 6.7: Bode diagram of the first-order low-pass filter with ω f = 1 rad/sec.

Hence, the ZOH is functionally equivalent to δ-modulation of the input signal, followed by a
causal B-spline filter of order zero: β 0 = χ[0,1). The same composite operation is present in the
reconstruction part of the general sampling scheme. The Laplace transform of this filter action
can be easily derived: the impulse response can be decomposed as a step at t = 0 followed by
a negative step at t = ∆. This corresponds to:

H(s) =
1� e�s∆

s
. (6.4)

The corresponding magnitude response is

jH(iω)j = ∆
�����sin ω∆=2

ω∆=2

����� ,
and the phase is

6 H(iω) = �ω∆
2

.

The Bode diagram is given in Figure 6.8. We conclude that the ZOH acts as a low-pass filter.
The attenuation at the Nyquist frequency ω = π=∆ is -3.9 dB. Note that the filter’s response (6.4)
is completely determined by the sampling interval ∆.

The composition of sampling and reconstruction by a ZOH introduces a delay. The output of the
ZOH is a staircase-like signal, which, on average, lags ∆=2 behind compared to the continuous-
time input. This is illustrated in Figure 6.9.
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FIGURE 6.8: Bode diagram of the ZOH filter. ∆ = 1 , ωs = 2π.

FIGURE 6.9: The delay introduced by a ZOH. The solid curve is the continuous-time signal. The tiny circles
give the sample points (at distance ∆) and the horizontal lines the output of the ZOH. The dash-dotted line
is a smooth line drawn through the ZOH-output. The net delay is ∆=2.
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6.3 Analysis of multi-rate sampled data control systems

Our goal was to analyze the closed-loop system of Figure 6.3. For this purpose, it is interesting
to obtain the overall transfer function. However, due to the fact that sampler and δ-modulator are
time-variant systems, an overall transfer function does not exist in the general case. A structured
method for analysis of systems containing samplers inside the loop is given in [FPW90, Sc. 4.5.].

In order to stay close to our simulation results, we prefer an analysis of the system’s discrete-time
equivalent. In analogy to Chapter 5 we introduce two sampling rates: a fast rate for reliable
simulation of the time-continuous parts and a slow one for the controller. The system then
becomes a multirate sampled data system (MSDS). To facilitate the analysis, the higher rate
is chosen to be an integer multiple of the lower one, allowing conversion by up- and down-
sampling.

Discretization of the whole system of Figure 6.3 yields the discrete equivalent, shown
in Figure 6.10. The plant G, and the pre- and post-filters P, Q are discrete-time systems, op-
erating at the fast rate. The controller H operates on the slow rate. Sampling rate conversion
is carried out by the up- and down-sampler. The ratio between the two sampling rates is an
integer M. All continuous-time parts of Figure 6.3 can be discretized using one of the available
discretization methods [FPW90]. Since we assume a fast sampling rate, the error of this process
will be small.

QH GP M" ymdcbaer
+ � M#

FIGURE 6.10: A feedback control system with the general sub-sampling scheme. Signals are denoted in
lower case, systems in upper case. The different subsystems are pre-filter P, controller H, post-filter Q, and
plant G.

The analysis of an MSDS is still complicated due to the fact that down-sampling is a time-
varying operation. This also implies that the overall transfer function does not exist in all cases.
In the literature, there is hardly any reference to the analysis of an MSDS. In [FR58], a method
is given, but it switches forth and back between the z-domain and the time domain. Here, we
derive an input-output relation in terms of Z-transforms. The analysis is fully carried out in
the z-domain. Our analysis of MSDS can be regarded as the discrete-time counterpart to the
analysis of sampled data systems in [FPW90, Sc. 4.5.].

Up/down sampling

The two principal operations in an MSDS are up-sampling and down-sampling. The up-sampler
(see (4.23), p. 60) is characterized by the following relation between the Z-transforms of its
input x and its output y:

Y (z) := X(zM), (6.5)

where M is the up-sampling factor. Note that this relation cannot be represented in terms of a
transfer function.
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The corresponding relation for the down-sampler (see (4.24), p. 60) is more complicated:

Y (z) =
1
M

M�1

∑
k=0

X(e
�2 i k π

M z
1
M ), (6.6)

but for the case M = 2 the relation reduces to

Y(z) =
X(�pz) + X(

p
z)

2
.

It is easily verified that up-sampling followed by down-sampling is the identity. The composition
of down-sampling and up-sampling (discrete δ-modulation, see Section 5.2) becomes

Y(z) =
1
M

M�1

∑
k=0

X(e
�2 i k π

M z),

and, for M = 2, reduces to:
Y(z) = 1

2 (X(z) + X(�z)) .

Discrete δ-modulation can be interpreted as an operator on Z-transforms. We will denote this
operator as

M"# : X(z)! Y (z) : Y (z) =
1
M

M�1

∑
k=0

X(e
�2 i k π

M z). (6.7)

Controller position

In our case, the controller is embedded between the down-sampler and the up-sampler. Accord-
ing to relation (5.8) on p. 88, the controller and the up-sampler can be interchanged, but the
transfer function of the controller then becomes H(z2), see Figure 6.11.

H(z) M" � M# M"M# H(z2)

FIGURE 6.11: Changing the position of the controller (see text).

Overall system

Let us turn back to the closed loop MSDS in Figure 6.10. We derive the input-output relation
for the case M = 2. By inspection, we obtain the following equations:

Y(z) = G(z)Q(z)C(z2) (6.8)

C(z) = H(z)B(z) (6.9)

B(z2) = 1
2 (A(z) + A(�z)) (6.10)

A(z) = P(z)E(z) (6.11)

E(z) = R(z) �Y (z) (6.12)

To simplify notation, we introduce the following abbreviations:

A := A(z), A� := A(�z), A2 := A(z2).
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Solving for C gives:

C2 = H2 B2

= 1
2H2 fA + A�g

= 1
2H2 fPE + P�E�g

= 1
2H2 fPR� PY + P�R� � P�Y�g .

Noting that
Y (�z) = G(�z)Q(�z)C(z2),

we obtain
C2 = 1

2H2
n

PR� PGQC2 + P�R� � P�G�Q�C2
o
,

C2
n

1 + 1
2H2(PGQ + P�G�Q�)

o
= 1

2H2(PR + P�R�),

C2 =
1
2H2(PR + P�R�)

1 + 1
2H2(PGQ + P�G�Q�)

. (6.13)

Substituting (6.13) in (6.8) yields

Y =
1
2H2GQ(PR + P�R�)

1 + 1
2H2(PGQ + P�G�Q�)

.

This can be interpreted as a transfer function K(z) from the filtered and δ-modulated reference
signal r to the output y:

Y (z) = K(z) 1
2 [P(z)R(z) + P(�z)R(�z)]

with

K(z) =
H(z2)G(z)Q(z)

1 + 1
2H(z2) [P(z)G(z)Q(z) + P(�z)G(�z)Q(�z)]

. (6.14)

Using this transfer function K(z), the system of Figure 6.10 simplifies to the system
of Figure 6.12.

KPr y
M# M"

FIGURE 6.12: The loop-free equivalent of the system in Figure 6.10.

Using the discrete δ-modulation operator (6.7), this result can be generalized for down-sampling
factor M:

K(z) :=
Y (z)

M"#fP(z)R(z)g =
H(z2)G(z)Q(z)

1 + H(z2)M"#fP(z)G(z)Q(z)g . (6.15)

We do not present the proof here, because the case M = 2 is illustrative for the general case.

Let us resume. The system of Figure 6.10 is a discrete-time system and can be simulated dir-
ectly. It does not have a transfer function, though it can be simplified to a system without a loop.
This equivalent system (Figure 6.12) can be simulated instead. It has, moreover, a subsystem
with transfer function K(z). The time response of this part can be directly estimated from the
position of the poles and zeros in the z-plane.
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6.4 Analysis of MSDS’s with alternative filters

After our discussion of some general topics related to control systems and the presentation of
the analysis method for MSDS systems, we are now prepared to return to the original problem:
What is the effect of alternative filters in the closed-loop MSDS in Figure 6.10?

In Section 6.4.1, we concentrate on the loop-free equivalent system in Figure 6.12, and further
investigate the transfer function K(z) for varying down-sampling factors and different filters.
Then we consider the original closed-loop MSDS system, and run simulations under different
conditions. The experimental setup is discussed in Section 6.4.2. The results are presented
in Section 6.4.3. Both the MSDS analysis and the experiments in this section were carried
out to obtain answers to the questions raised at the beginning of this chapter, in Section 6.1.
Therefore, we will present the conclusions drawn from this work in the final section of this
chapter: Section 6.5.

6.4.1 Analysis of the transfer function K(z)

In Section 6.3 we discussed the analysis of a Multirate Sampled Data System. We found that
the closed-loop system in Figure 6.10 is equivalent to the loop-free system in Figure 6.12. This
result suggests that at least part of the characteristics of the overall system is hidden in the
transfer function K(z), defined in (6.15). To study this further, we concentrate on two questions:

� What are the characteristics of K(z) for various down-sampling factors, using the ‘stand-
ard’ situation of no pre-filter and ZOH reconstruction?

� What is the effect of the different filters on K(z)?

Regarding the first question, we expect that the response of the original system in Figure 6.10
becomes worse with increasing M and, finally, the system turns unstable. This is motivated by
the simple fact that the information reaching the controller reduces and is further delayed when
the down-sampling factor M increases. This would imply that the transfer function K(z) must
also become unstable. Regarding the second question we have no expectations about the result.

Calculation of K(z)

The calculations were carried out for the Z-transform of the general second-order plant :

G(z) =
a z + b

z2 + c z + d
.

The resulting expression for K(z) was generated by MATHEMATICA2, using the program listed
in Appendix B. It appears that these calculations become quite lengthy for M = 4 and even do
not terminate for M � 8.

2Copyright 1988-94 Wolfram Research, Inc.
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To keep the calculations as simple as possible, we restricted ourselves to B-spline filters of order
0, 1, and 2. The Z-transform of the (discrete-time) B-spline filter of order zero and down-
sampling factor M is given by

B0
M(z) = 1 + z�1 + � � � z�M+1 =

zM�1 + zM�2 + � � �+ 1
zM�1 .

The Z-transforms of the higher order splines are obtained by [AU93]

Bn
M(z) =

�
B0

M(z)
�n+1

Bn
1(z),

where Bn
1(z) is the Z-transform of the sequence obtained by sampling the causal B-spline at

the integers. Note that this relation can be interpreted as the discrete-time counterpart of the
recursive relation (4.55) on p. 76.

Further down-sampling in the loop

To present the results for the second-order system, we start with a discrete-time plant, obtained
by discretization of the continuous-time plant G(s) = 4=(s2+2.8 s) using the matched pole-zero
method and sampling rate ∆ = 0.8. The resulting Z-transform is

G(z) =
0.5284z + 0.5284

z2 � 1.106z + 0.1065
.

Since the closed-loop system bandwidth ωB was equal to 2 rad/sec, the sampling rate is around
the Nyquist rate (π=0.8 ' 3.92 ' 2 ωB), but significantly less than the required 10 to 20 times
ωB. We therefore expect that further down-sampling will cause the system to become unstable.

TABLE 6.2: Number of zeros and poles of K(z).

M # Zeros # Poles
1 1 2
2 4 5
4 10 11

The number of zeros and Poles, representing the polynomial orders of the numerator and the
denominator of K(z), are given in Table 6.2 for M = 1, 2, and 4, respectively. Maps of the
z-plane are given in Figure 6.13. For M = 4, the two poles on the positive real axis are com-
pensated by zeros. These pairs represent common factors in the numerator and the denominator
of K(z), which were not removed by MATHEMATICA. The numbers in Table 6.2 are corrected
for this.

The resulting K(z) for M = 1 equals the closed-loop transfer function with unity feedback
G(z)=(1 + G(z)). This function corresponds to a stable response. For M = 2, the poles are
close to the unit circle, corresponding to more oscillation in the response. Finally for M = 4,
some of the poles are outside the unit circle, which gives an unstable response.

Does a stable/unstable K(z) imply that the overall system of Figure 6.12 is stable/unstable?
Suppose K(z) is unstable. Then it is most likely that there is an input r which yields an unstable
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3

2

2

3

FIGURE 6.13: Pole-zero maps of K(z). Left: M = 1 (no down-sampling), middle: M = 2, right: M = 4.
The poles and zeros are denoted by� and �, respectively. The numbers in the figures denote the multiplicity
of multiple zeros. The horizontal axis is the real axis, the vertical axis is the imaginary axis. The circle in
each map refers to the unit-circle jzj = 1.

response. Hence, the overall system is most likely unstable. On the other hand, if K(z) is stable,
the overall system will be stable as well, because the composition of pre-filter, down-sampler
and up-sampler always has a bounded response to a bounded input. Hence, the input of K(z)
is always bounded and, together with the stability of K(z), the overall system is stable.

Different pre- and post-filters

The transfer functions K(z) were calculated for a number of of B-spline filter combinations,
including the l2-optimal combination of B0-splines. The pairs are listed in Table 6.3, together
with the number of poles and zeros of the resulting K(z). Again, the table is corrected for
common factors in numerator and denominator. The pole/zero maps are given in Figure 6.14.
Cancelling pole/zero pairs have been removed from the figure.

TABLE 6.3: Filter pairs and number of zeros and poles of K(z).
Code Pre-filter Post-filter # Zeros # Poles
NZ none B0-spline 4 5
NF none B1-spline 5 6
NB none B2-spline 6 7
ZZ B0-spline B0-spline 5 6
ZF B0-spline B1-spline 5 6
ZB B0-spline B2-spline 7 8
FF B1-spline B1-spline 7 8

Clearly, the combination ‘NZ’ has the least complex pole-zero map. The corresponding response
is close to the response of the continuous-time system. The other filter combinations introduce
additional poles/zeros, and all yield responses with larger overshoots and longer oscillations.

Having a closer look at the map for ‘ZZ’ and the map for ‘NF’, we see two differences: First,
‘ZZ’ has a zero at the origin, which is not present for ‘NF’. Secondly, ‘NF’ has an extra zero
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FIGURE 6.14: Pole-zero maps of K(z). M = 2. Different filters. Cancelling pole/zero pairs have been
removed. The numbers in the figures denote the multiplicity of multiple zeros.
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at -1. These differences suggest that the transfer function K(z) for ‘NF’ is obtained from that
of ‘ZZ’ using a system with a pole at the origin and a zero at -1, which corresponds exactly
to the zero-order B-spline B0

2(z). At second sight, this is not surprising, because the term
M"#fP(z)G(z)Q(z)g in (6.15) is the same for both filter combinations. Since the B0-spline
filter acts as a low-pass filter, we expect the response of the ‘NF’ combination to be smoother
than the ‘ZZ’ combination.

Compared to the combination ‘NZ’, the l2-optimal combination ‘ZZ’ has a more complex map
with poles closer to the unit circle. It seems that the negative effect of extra delay is not com-
pensated by a positive effect due to the better signal reconstruction.

From the pole-zero maps we conclude that the ‘NZ’ combination corresponds to the best re-
sponse. However, the transfer function K only partly determines the response of the system
in Figure 6.12. To obtain the overall response, simulations were carried out, which will be
discussed in the next sections.

6.4.2 Experimental setup

The main goal of our experiments was outlined in the introduction of this chapter: we want to
know the effects of alternative filters in multirate sampled data systems.

MATLAB is used as the simulation environment. Its CONTROL TOOLBOX offers functions for con-
trol system analysis and design, and simulation tools for obtaining step and other responses.
However, MATLAB is not capable to simulate systems with a feedback path, like the system
of Figure 6.10. In this case, a step-by-step simulation has to be implemented, which is con-
siderably slower than MATLAB’s vectorized approach. Therefore, we are interested whether we
can use the loop-free equivalent in Figure 6.12 for our simulation.

Then we compare the performance of the different filters pairs, listed in Table 6.3. The per-
formance is compared in terms of the time-domain specification parameters and the performance
indices of Table 6.1, both discussed in Section 6.2.2. The filter combination ‘NZ’ is used as
reference, since this pair represents the standard configuration in digital control. Impulse, step
and ramp signals will be used as input signals (reference input r).

So far, comparison with a standard anti-alias filter is not included. For this we restrict ourselves
to the zero-order B-spline pre-filter, because the ‘ZZ’ combination has the lowest phase lag,
and this filter is easy to implement (see Chapter 7). We compare the ‘ZZ’ combination to the
standard first-order low-pass filter, subsequently denoted as FOL (First-Order Lag).

It was mentioned before that the cut-off frequency of the FOL is chosen in such a way that the
suppression at the Nyquist frequency is sufficiently high. Since there are different opinions of
what is considered to be ‘sufficiently high’, we choose a number of FOL filters with different
cut-off frequencies, varying from ω f = ωs=2 to ω f = ωs=20.

In this comparison, we will follow an engineering design procedure, involving the following
steps:

� use one of the specification parameters, e.g., the maximum overshoot Mp, as a design
goal,
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� design a control system satisfying the requirements,

� apply the filters,

� correct the degradation of performance with respect to the particular parameter, and

� evaluate the effect of the resulting design on other parameters.

The sampling interval is kept fixed at ∆ = 0.08 which is in agreement with the rule of thumb
ωs ' 40 ωB. We compare the system response in terms of the time-domain specification para-
meters and the performance indices. Then, with white noise added to the feedback path, we
measure the noise variance at the plant’s output for zero input. This measurement gives infor-
mation about the anti-aliasing performance of the different filters.

6.4.3 Results

Comparison of the two simulation methods

We have proven the equivalence of the systems in Figures 6.10 and 6.12. Simulations of those
two systems should give the same results. This is confirmed by the experiments. However,
since the transfer function K(z) contains high powers of z, the system in Figure 6.12 is more
sensitive to quantization errors than the system in Figure 6.10. Moreover, noise can only be
added to the feedback signal if this signal is actually present. For this reasons we used the
step-by-step method for the remaining simulations.

Responses for different filter combinations

The performance of the different filters is given in Table 6.4. The step response and the response
to a sine input are depicted in Figures 6.15 and 6.16, respectively. In addition, we generated
Bode diagrams and graphs of the impulse responses (both are not included here). We made the
following observations:

� The most dominant effect of inserting filters in the control loop is a phase lag, which is
apparent from Figure 6.16. From the fact that the combinations ‘ZZ’ and ‘NF’ as well
as the combinations ‘ZF’, ‘FZ’, and ‘NB’ have a similar phase lag, we conclude that the
lag is mainly determined by the sum of the filter lengths of the pre- and the post-filter.

� From Table 6.4, we conclude that the standard configuration ‘NZ’ has the best values for
all parameters, except for the rise-time which decreases for longer filters.

� The damping ratio diminishes with growing filter degree. This results in increasing amp-
litude of oscillations, and larger settling time. Again, the combinations with the same
total length yield a similar response.

� The phase margin PM (relative degree of stability) diminishes with growing filter degree:
the system tends to instability.

� The impulse response of the combinations with a pre-filter (ZZ, ZF, ZB) is considerable
smaller than that of the combinations without a pre-filter (NZ, NF, NB). Hence, pre-
filtering diminishes the system’s sensitivity to spikes.
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TABLE 6.4: Response of the closed-loop system with different filter combinations. M = 32

Code Pre-
filter

Post-
filter

tr Mp ts IAE ISE ITAE ITSE

NZ — BSP0 0.9400 0.0863 3.1900 0.8059 0.5173 0.5200 0.1799
NF — BSP1 0.8700 0.1404 4.5750 0.9336 0.5914 0.7485 0.2337
NB — BSP2 0.8150 0.2105 4.8400 1.1028 0.6841 1.0841 0.3255
ZZ BSP0 BSP0 0.8700 0.1408 4.6500 1.0120 0.6702 0.8243 0.2829
ZF BSP0 BSP1 0.8150 0.2087 4.9100 1.1755 0.7598 1.1608 0.3784
ZB BSP0 BSP2 0.7750 0.2903 5.0950 1.3904 0.8748 1.6678 0.5387
FZ BSP1 BSP0 0.8200 0.2074 4.9150 1.1725 0.7562 1.1572 0.3761
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FIGURE 6.15: Simulated step responses.



132 Sampling in closed loop control systems

1500 1600 1700 1800 1900 2000 2100 2200 2300 2400

−1

−0.5

0

0.5

1

No. of samples

M
ag

ni
tu

de

1
2

3

4

5

1 − cont
2 − nz
3 − nf zz
4 − nb zf fz
5 − zb

FIGURE 6.16: Simulated responses to a harmonic input.

Comparison between B0-spline and FOL filters

Here, we discuss the comparison between the B0-spline and the FOL filters, using our proced-
ure as described in the previous section. Different pre-filters were considered and summarized
in Table 6.5. The table also contains the attenuation of the different filters at the Nyquist fre-
quency ωs=2 and at the sample frequency ωs itself. Frequencies in the interval between them
give rise to aliasing and must, therefore, be attenuated by the pre-filter. Attenuation values were
obtained from theoretical frequency-magnitude curves.

TABLE 6.5: The different pre-filters that have been studied.

# Type ωs=ω f Attenuation at ωs=2 (dB) Attenuation at ωs (dB)
a FOL 2 -3.0 -7.0
b FOL π -5.4 -10.3
c FOL 5 -8.6 -14.1
d FOL 10 -14.1 -20.0
e FOL 20 -20.0 -26.0
f FOL 40 -26.0 -32.0
z B0-spline – -3.9 �∞

The systems were designed to have a maximum overshoot of 4.59%. After the filters were
inserted in the loop, the overshoot increased in all cases (which is in agreement with the previous
experiments). This was compensated by means of a controller gain reduction. The response
parameters of the resulting systems are given in Table 6.6. As a consequence of the design
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TABLE 6.6: Responses and noise attenuation of the closed-loop system with different pre-filters and B0-
spline post-filter. The letters in the first column correspond to the letters in Table 6.5. See the text for
discussion.

# tr Mp ts IAE ISE ITAE ITSE Noise %
a 1.162 4.590 3.681 0.964 0.661 0.672 0.275 1.002
b 1.187 4.590 3.761 0.989 0.680 0.706 0.290 0.771
c 1.230 4.590 3.901 1.036 0.716 0.769 0.320 0.610
d 1.360 4.590 4.314 1.173 0.819 0.968 0.414 0.423
e 1.662 4.590 5.237 1.454 1.024 1.465 0.643 0.241
f 2.324 4.590 7.297 2.012 1.416 2.780 1.234 0.099
z 1.187 4.590 3.752 0.979 0.670 0.695 0.283 0.518

procedure, the value of the overshoot Mp is constant in all cases. Furthermore, we see that the
response of the FOL filters becomes worse when the filters’ cut-off frequency ω f reduces. The
B0-spline has a response which is very close to that of the FOL filter with ωs=ω f = π . This
also follows from the step responses, which are not included here.

Values for noise suppression are given in the last column of Table 6.6. The quantity shown is
the relative noise variance of the plant’s output y, defined by:

Var y
Var n

� 100%,

where n is the noise signal which is added to the feedback path. All numbers are averages taken
over 20 experiments. We see that, for the FOL filters, the noise suppression becomes better as
the cut-off frequency reduces. This is in agreement with the suppression values of Table 6.5.
The noise suppression of the ZOH is better than that of the FOL filter with ω f = ωs=π (b).

6.5 Evaluation

In this chapter we have studied the effects of selecting pre-filters and post-filters in a closed-loop
control system. We analyzed the Multirate Sampled Data System in the Z-domain. Some general
conclusions on the analysis of the K(z) transfer functions and the simulations with different
filters are stated below:

� The analysis of K(z) was carried out for a simple second-order system. The calculations
are quite lengthy, and will be difficult to carry out for more complex systems and higher
down-sampling factors. A strong estimation of system stability can be obtained by study-
ing the stability of K(z). The different filter combinations increase the complexity of K(z)
compared to the standard case of no pre-filter and ZOH reconstruction.

� From the experiments with different filter combinations we conclude that the filter length
is the most dominant parameter. Any attempts to obtain a better signal reconstruction do
not result in better system performance, due to the increased phase lag of the longer filters
involved.
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� If an anti-alias filter is required anyway, the situation is different. In this case a B0-spline
pre-filter gives an overall response which is similar to the response corresponding to the
FOL filter with ωs=ω f = π . This response is quite satisfactory. The noise suppression
is better than that of the FOL (ωs=ω f = π), which is, according to [CCP73], satisfact-
ory. We conclude that the B0-spline is a good compromise between response and noise
suppression. Since the filter requires no further tuning, i.e., the filter characteristics are
completely determined by the sampling frequency, it is an interesting alternative in control
applications.

� From experiments with some other first- and second-order plants, we can draw the same
conclusions. We believe that the conclusions regarding the effects of extra filters and
comparison between B0-spline and FOL filter remain valid for a general plant. However,
we cannot state that a certain filter yields sufficient suppression of aliasing effects in the
general case. This has to be verified for each plant individually.

Using similar arguments as in Section 5.2 we assume that the conclusions drawn for the MSDS
system also hold for the SDS system of Figure 6.3.

Finally, we return to the questions raised in Section 6.1. We conclude that, in a noiseless en-
vironment, the overall system behavior is negatively affected by inserting a pre-filter and/or
replacing the ZOH by a more complex reconstruction method. The most apparent parameter
is the phase lag which is longer for more complex filters. The L2-optimal combination of B0-
spline pre- and post-filter has a response similar to other filter combinations with the same lag.
If dealing with a noisy environment, pre-filtering may be required to reduce the effects of ali-
asing. In this case, a B0-spline turned out to be a good alternative. The filters must be taken
care of in the design procedure.



Chapter 7

On the implementation of sampling
schemes

In the previous chapters we have stepwise developed the general sampling scheme, and have
selected some filters that can be used within this scheme. So far the results were purely the-
oretical or obtained by computer-simulations. However, alternative sampling operations only
make sense if it is possible to implement the schemes, yielding alternative devices for A/D- and
D/A-conversion.

In Section 7.1 we discuss possibilities for the implementation of the general sampling scheme.
We pay particular attention to the B0-spline pre-filter, which results in the local integral sampling
method, whose implementation is discussed in Section 7.2. Then we study the characteristics
of this method by means of measurements with a hardware prototype. Section 7.3 addresses
the design and implementation of this prototype and the measurements taken with the device.
In Section 7.4 we discuss an application where sampled functions are not reconstructed, but
further analyzed instead, namely the evaluation of experiments in Gas-Liquid-Chromatography.
The general sampling scheme with spline filters offers a comprehensive representation of the
data, which considerably facilitates the analysis. Finally, some concluding remarks are given
in Section 7.5.

7.1 Implementation of sampling schemes

In order to compete with traditional techniques, alternative A/D- and D/A-converters based on
the general sampling scheme must be implemented as low-cost integrated circuits. Since A/D-
and D/A-converters are hybrid systems, they have continuous-time parts, which require imple-
mentation in analog hardware. This is a bit troublesome, since most of the filters we have
discussed cannot be realized in analog circuitry.

A makeshift solution would be to perform conversion in two stages: first use a traditional A/D-
converter to convert the continuous-time signal, and then process the resulting discrete-time
signal using the general sub-sampling scheme of Figure 5.1. If a continuous-time signal is to
be retrieved from the samples, the conversion consists of up-sampling and digital post-filtering,
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followed by D/A-conversion with a traditional converter. This approach will be discussed in
more detail in Sections 7.1.1 and 7.1.2.

In some cases, an A/D converter can be implemented using analog techniques, which will be
discussed in Section 7.1.3. For D/A-conversion, similar techniques can be used. For example,
in [WTKM89] a D/A-converter is realized in analog circuitry which carries out second-order
cardinal spline interpolation. In terms of the general sampling scheme, this is equivalent to
δ-modulation and post-filtering with the C-spline, combined in a single operation. We will
comment on this in Section 7.1.3.

The optimal solution for an alternative A/D-converter would be to integrate an analog pre-filter
and the ideal sampler in a single module. In that case there would be no analog signal line
between filter and sampler, thus reducing the sensitivity to external disturbances. For A/D-
converters based on B-spline filters of low order such an implementation is possible, using analog
integration techniques. Especially for the zero-order B-spline this leads to a robust implement-
ation to be discussed in detail in Section 7.2.

7.1.1 Implementation with pre-sampling

Implementation of an A/D-converter based on the general sub-sampling scheme requires that the
signal is sampled first, to obtain a discrete-time approximation of the signal. The latter signal
can be filtered and down-sampled using standard digital techniques, which finally yields the
‘samples’ of the continuous-time signal. The reconstruction process consists of up-sampling,
digital filtering and D/A-conversion. The overall scheme is depicted in Figure 7.1.

PRE #M POST

∆

"M D/AA/Dx(t) z(t)zkxk

∆ f ∆ f

FIGURE 7.1: General sub-sampling with pre-sampling and post-reconstruction. The analog signal x is
converted to a digital signal using a standard A/D-converter operating with sampling interval ∆ f . The
resulting signal is further processed and down-sampled with factor M. This gives the samples with the
effective sampling interval ∆ (∆ f = M � ∆). At the reconstruction side, the signal is up-sampled which
gives a digital signal at the rate ∆ f .

If the filters are properly selected, the discrete-time signal zk is an optimal approximation of
the signal xk. What does this mean for the error x(t) � z(t)? This problem was addressed
in Section 5.2. We must choose a multiresolution level j, such that we can assume

x 2 Vj, x(t) = ∑
k

xk φ j(t � k)

to hold. Then the error jx(t) � z(t)j is bounded by kxk � zkk2
l2 .

The drawback of this method is that the costs are higher than those for standard A/D-conversion
realized by an analog pre-filter and a standard A/D-converter (ADC). The scheme of Figure 7.1
has an ADC which operates on an M times higher rate compared to standard conversion, re-
quiring a more expensive device. On the other hand, an anti-alias filter prior to the ADC can be
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omitted, since the aliasing effects will be removed by the digital pre-filter. Moreover, our gen-
eral scheme may offer a better representation of the signal, which implies that the final sampling
rate can be lower in comparison to the original scheme, while preserving the same approxima-
tion quality. This will significantly reduce the costs of further processing, storage and transport
of the sampled data. Whether this compensates for the additional costs of the converters will
depend on the application.

The situation for D/A-conversion is similar. The required D/A-converter (DAC) operates at a
high rate, which involves extra costs. The scheme, however, does not contain analog filters.
Instead, the post-filtering is carried out in the discrete-time domain prior to D/A-conversion.

7.1.2 Implementation of the general sub-sampling scheme

The general sub-sampling scheme consists of digital filters and up/down-samplers. All compon-
ents can be easily realized in software, and by digital hardware components as well. Up/down-
sampling is equivalent to digital (de-)multiplexing for which ready-to-use modules exist. The
filtering can be implemented in different ways as we have seen in Chapter 5; viz., by

� FIR filtering,

� IIR filtering (spline filters), or with the

� Pyramid algorithm.

FIR filtering is a straightforward method. If the impulse responses have infinite length, they
must be truncated to an appropriate length. After this length has been determined, the filter
coefficients are fixed and the processing is a pipeline process, suitable for implementation by
DSP chips or systolic arrays.

In [UAE91] it is shown that the spline filters can be realized by IIR filters. This allows filtering
without truncation of the impulse response. An IIR filter is obtained by splitting a given spline
filter into its causal and anti-causal part. To process the anti-causal part, the signal is time-
reversed and then filtered. Hence, the full signal must be available before conversion can take
place. Therefore, this method is not suitable for real-time processing. The required hardware
or software components are the same as in the case of FIR filtering, plus an additional buffer
to store the full signal.

The last alternative is the Pyramid algorithm (also called Mallat’s algorithm), which we dis-
cussed in Section 5.2. Here filtering is carried out recursively, thereby reducing the number of
filter coefficients that have to be stored. The Pyramid algorithm is more difficult to realize in
hardware, due to its data dependencies between different octaves. Nevertheless, a number of
VLSI architectures have been proposed (e.g., [PN93]). In [FM94], a special non-linear transform
was applied to regularize the algorithm, allowing implementation by systolic arrays.

It has to be noticed that any digital implementation will introduce quantization errors due to
finite-length representation of real numbers. This will affect both data and filter coefficients.
Quantization of data will introduce amplitude errors, as described in Chapter 1. Quantization
of filter coefficients leads to different filters, which implies that the filter combinations will
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loose their l2-optimality. It is, therefore, advantageous to have filters with coefficients that can
be exactly represented by finite-length numbers. The discrete-time B-spline filters have this
property, because they can be defined as convolutions of simple filters with rational coefficients.

7.1.3 Analog implementations

A/D-conversion

In the case of B-spline pre-filters, the A/D-converter can be realized as an analog device. For
the zero-order B-spline (B0-spline) this is straightforward. The (causal) impulse response of
this filter, for sampling interval ∆, is given by

h(t) =

(
1 0 � t < ∆
0 elsewhere

The output y of the filter equals the integral of the input x:

y(t) = (x � h)(t) =
Z t

t�∆
x(τ) dτ

Hence, the samples, taken at k∆, are just local integrals of the signal

yk =
Z k∆

(k�1)∆
x(τ) dτ .

For higher order splines, the integration becomes a weighted integration which involves more
complex integration hardware. Implementation of first and second order splines is possible, but
for higher orders one reaches the accuracy limits of analog integration techniques.

We will come back in detail to this integrating A/D-conversion in Section 7.2.

D/A-conversion

An analog D/A-converter using second-order cardinal spline interpolation was realized
in [WTKM89]. Since the cardinal spline consists of piecewise quadratic polynomials, convolu-
tion with this function can be rewritten as multiplication with periodic polynomial components.
These components were generated using a saw-tooth generator and analog multipliers. The au-
thors claim to achieve a good reconstruction quality. The circuit is implemented using discrete
components, but VLSI implementation is also possible.

We have mentioned that cardinal spline interpolation is equivalent to the reconstruction in the
general sampling scheme, using a second-order C-spline filter (see Table 4.2 on p. 79). Rather
than implementing a C-spline filter, the approach can be simplified. According to Table 4.1
on p. 66, the C-spline φI is derived from the second-order B-spline β 2 by

φI(t) = ((b)�1 � β 2)(t) = ∑
k
(b�1)k β 2(t � k)

where bk = β 2(k) and (b)�1 is the convolution inverse of b. Due to the associativity of the
convolution operator, filtering with a C-spline filter can be split into digital filtering with the
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sequence bk followed by mixed convolution with a simple B-spline filter1. The latter opera-
tion can be carried out by techniques similar to those described in [WTKM89], but with major
simplifications.

7.2 A/D-conversion based on local integrals

The local integration, discussed in Section 7.1.3, can be implemented very efficiently using
Voltage-to-Frequency-Converters (VFC’s). A VFC transfers an input signal into a pulse train
with a linear relationship between input voltage and output frequency. Integration then reduces
to pulse counting. The accuracy of integration depends on the number of pulses within an
interval and, therefore, on the dynamic range of the VFC. This range should be high enough to
retain the information content of the original signal in the outgoing pulse train.

It has to be noted that commercially available VFC’s are an order of magnitude slower than
state-of-the-art A/D-converters. However, for measurement applications in technical processes
the speed of these VFC’s is sufficient.

The operation principle of VFC’s is to charge an integrating capacitor with the applied input
voltage until the voltage at the capacitor has reached a given level. Then, an output pulse is
generated and the capacitor is discharged, to be loaded again by the input voltage. Only if
the discharge time is negligibly small, a linear relationship between input voltage and output
frequency is obtained. However, in practice the discharge time cannot be neglected, which
introduces a non-linearity error.

A solution to this problem is based on a polarity-alternating concept, in which the capacitor is
charged and discharged with the input voltage, see Figure 7.2. This concept leads to increased
linearity. An architecture for VFC’s, based on the polarity-alternating concept was proposed
in [Hal87], and has been realized in the CS-EL lab2 using discrete hardware components. For
details, we refer to [LHK93, Kob91]. Patent application is pending [HHLS95].

The values of integrals are obtained by counting pulses. For this a separate module is required,
which counts the pulses during every integration interval. At the end of each interval, the counter
contains the final value of a sample, which must be stored or transferred to the analyzing com-
puter. Before starting a new cycle the counter is reset. In [Hal84], a count/storage module based
on this principle was presented. A prototype, which is able to process multiple input channels
simultaneously, has been realized as an application specific integrated circuit (ASIC) [KM90].

Combination of VFC and count/storage module leads to a robust A/D-converter implementation.
If converted data are directly processed by a general-purpose computer, a count/storage module
may be integrated with this computer, as shown in Figure 7.3. This has two advantages:

� noiseless digital transport over medium distance, and

� free-running VFC’s, i.e., no control signals are required.

1This approach is clearly described in [AUE92]
2CS-EL lab is the electronics laboratory of the Department of Computing Science at the University of Groningen.
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FIGURE 7.2: Upper: The operation of a standard VFC. A capacitor is charged with the input voltage
(assuming a constant input). If a certain limit is reached, a pulse is generated, and the capacitor is
discharged. The non-zero discharge time introduces a non-linearity in the relation between input voltage
and frequency of the pulse train generated. Lower: The polarity-alternating VFC. The capacitor is charged
and discharged using the input voltage. Switching logic is required to change the polarity of the charging
current.

digital connection

computer

sensor VFC
count and storage

FIGURE 7.3: Block diagram of an integrating A/D-converter. For description see text.



7.3 Experiments with local integral sampling 141

Alternatively, VFC, count/storage module and an interface unit can be combined in a separate
device, which can communicate with computers via standard protocols. This approach may be
useful when monitoring data from spatially distributed processes.

7.3 Experiments with local integral sampling

We have mentioned that practical A/D-converters are not able to take point measurements due
to internal capacities. Instead, signals are integrated during (short) intervals. One can explicitly
carry out these integrations. This leads to the sampling scheme with the B0-spline pre-filter,
discussed in Section 7.1.3. It will be referred to as local integral sampling. We have seen that
VFC’s can be used to implement such a scheme. In this section, we further investigate the
properties of local integral sampling by means of measurements on a hardware prototype. The
design and implementation of this device is discussed in Section 7.3.1, and the measurements
are described in Section 7.3.2. Conclusions about this investigation are given in Section 7.3.3.

From the results of Chapter 5 we know that the sampling scheme with the l2-optimal com-
bination sp0-sp0 does not, in general, yield a very good approximation, except when the
input signal is piecewise constant. However, the B0-spline pre-filter provides satisfactory res-
ults in many cases, e.g., for the mixed signals (see Figure 5.12 on p. 105). We also concluded
in Chapter 6, that the B0-spline pre-filter is an interesting alternative anti-alias filter in digital
control systems.

In practice, there is another issue. In many sampling applications there is no pre-filter at all.
Instead the sampling rate is chosen higher than strictly necessary to reduce aliasing. If samples
are taken in a noisy environment, the noise is usually filtered out using a digital filter, which
requires some redundancy to be present in the digital representation. In such a case, an integ-
rating A/D-converter, with its implicit B0-spline pre-filtering, can improve the quality of the
acquired data. Compared to standard point measurements (or better: their approximations), the
B0-spline pre-filter has some inherent advantages:

� noise suppression:
the B0-spline filter has a low-pass character (see Figure 6.8 on p. 121), attenuating high-
frequency noise;

� suppression of power-frequency disturbances:
since the Fourier-transform of the B0-spline is a sinc-function, the sensitivity to power-
frequency noise can be reduced by choosing the integration time ∆ in such a way that the
zeros of the sinc-function are exactly located at multiples of the power frequency.

Integrating techniques are commonly utilized in measuring devices like digital voltage meters,
and integrating A/D-converters exist as well. To investigate the local integral sampling method
in more detail we decided to set up an experiment to compare traditional sampling (through point
measurements) to the integral sampling method. In order to guarantee that all other conditions
stay the same, it would be best if both sampling methods were implemented in a single device.
This was accomplished in a new design, which offers a varying integration duration, variable
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FIGURE 7.4: Timing of the integrating A/D-converter. The analog input signal (here assumed to be constant)
is integrated during every sampling interval ∆. After a variable duration I∆, a measurement is taken and
converted to a digital value.

between the theoretical limits 0 (the ideal point measurements) and ∆ (the general sampling
scheme with B0 spline pre-filtering).

A prototype has been built to study the effects of a varying integration period on the noise
suppression. In the following sections, we discuss design and implementation of a hardware
prototype of an integrating A/D-converter, and the results of some measurements carried out
with this device. The device has been realized in our CS-EL lab.

7.3.1 An integrating A/D-converter

This section discusses design and implementation of a prototype of an integrating A/D-converter.
The major motivations for this work are:

� to have a prototype for carrying out the experiments mentioned in the previous section;

� to gain experience with analog integration techniques, and to assess their accuracy;

� to obtain a device for the acquisition of gaschromatographic data.

For this last reason, the design specifications were derived from the characteristics of the analog
output-signal of a gaschromatograph.

To enable a good comparison between point measurements and local integrals, it must be pos-
sible to vary the integration interval independently of the sampling interval ∆. Therefore, the
device consists of two separate units: an analog integrator and a (standard) A/D-converter. At
the beginning of each sampling interval, the integrator starts integrating the input signal. At a
variable point within ∆, the output signal of the integrator is sampled and converted to a digital
value. The duration of the integration is denoted by I∆ and is expressed in a percentage of ∆,
varying from 0 (point measurements) to 100 %. Of course the value of 100 % cannot be ac-
complished in a practical device, due to the time needed to discharge the integrating capacitor.
The timing of these events is schematically presented in Figure 7.4.

To keep the unit simple, it is not required to store the sampled data. As soon as a sample is
obtained, it should be transported to a host computer via a standard interface. It is assumed that
the host responds fast enough to the samples provided. Consequently, the maximum measuring
time will only be bounded by the storage capacity of the host.
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From the characteristics of gaschromatographic signals, we derive requirements for the basic
parameters of the unit, summarized in Table 7.1.

TABLE 7.1: Basic requirements of the integrating A/D-converter
Symbol Name Value
∆ sampling interval 20 . . . 100 ms
Uin input voltage �10 mV . . . 1 V
Zin input impedance � 2 kΩ

The prototype was realized using a Maxim-190 microcontroller board. This board is specially
designed for data acquisition and is equipped with a Max190 (12 bits) A/D-converter, an Intel
80C32 microprocessor, an RS-232 serial interface, memory and power unit. In addition, an
analog integrator was implemented with standard operational amplifiers. Due to the specific
timing required, it was not possible to use the 80C32 processor for this purpose. Instead, a
separate module controls the process. The overall structure of the device is given in Figure 7.5.

input signal
RS-232

microcontroller board

integrator ADC host computer

timing
start conversion

set reset

Cint

∆

I∆

FIGURE 7.5: The structure of the integrating A/D-converter.

A point of attention is the integrator’s integration constant (Cint), i.e., the slope of the integrator’s
output when its input is kept constant at 1 V. In order to exploit the full dynamic range of the
internal A/D-converter, this integration constant should be adapted to the maximum amplitude
of the input signal and to the moment of measuring (i.e., I∆). However, the actual sample must
be taken before the integrator output becomes larger than the maximum input of the ADC.
This problem is depicted in Figure 7.6. A simple solution is to make this integration constant
controllable by the user. If saturation occurs, this is clearly visible in the sampled data.

A variable integration constant in combination with a variable integration interval introduces
another problem. In order to interpret the digital output, at least one of the two parameters
must be measured during operation. Since this is not a practical situation, we decided to fix
the interval I∆ to a number of values, which have been chosen as 25, 50, 75, and 100 % of the
sampling interval ∆. A side-effect of this choice is a further design simplification.

Assuming maximum input of 1 V, a fast rate ∆ = 20 ms and I∆ = 25 %, the integrator must
produce its maximum output after 5 ms. For ∆ = 100 ms and I∆ = 100 %, the maximum must
be reached after 100 ms. The maximum output of the integrator equals the maximum input
of the internal converter being 4.095 V. Together these requirements lead to Cint to be variable
between 41 and 800 V/s.
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FIGURE 7.6: Saturation of the integrator output before the measurement has been taken leads to an erroneous
value. The slope of the integrator output is determined by the input voltage and the integration constant
Cint. Left: Given an integration interval I∆ and assuming maximum input voltage, the integration constant
must be such that the integrator output reaches the maximum input of the ADC just after the time of the
measurement. Then, the digital output is almost maximal, utilizing the full range of the ADC. Right: If
the integration interval is enlarged to I0∆, and the integration constant is unchanged, the measured value is
incorrect.

The resulting device has an analog input, an RS-232 compatible serial output, and three user-
controllable parameters: sampling interval ∆, integration interval I∆, and integration constant
Cint. In addition, special software on the host computer was developed to represent and store the
sampled data. For the full details of the integrating A/D-converter’s design and implementation,
we refer to [Gro94].

7.3.2 Experiments

In this section we discuss the tests of the integrating A/D-converter and the measurements that
have been carried out. Besides the question whether the device meets its design specifications,
a basic topic is the investigation of its linearity and the sensitivity of its analog part to external
disturbances. Our a priori assumption is that this sensitivity will be reduced if the integration
interval I∆ is enlarged.

To test the device, we used DC inputs and harmonic inputs generated by a function generator.
For some tests, white noise was superimposed to the input signal. The internal timing was
monitored using an oscilloscope. The digital output was stored and afterwards processed by
MATLAB.

First, the timing parameters were determined. Both sampling interval ∆ and integration con-
stant Cint meet our requirements. Lengths of the integration intervals I∆ were obtained by lin-
ear regression of measurements taken at 5 different sampling intervals. Their values are listed
in Table 7.2. Of course, they differ from the ideal values (25–50–75–100) due to the time re-
quired for discharging. Important are their mutual ratios. These are good: 88.2 ' 2 � 44.0,
etc.

TABLE 7.2: Duration of the integration intervals I∆.

specified (in % of ∆) 25 50 75 100
measured (in % of ∆) 21.5 44.0 66.5 88.2
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FIGURE 7.7: Linearity of the integrating A/D converter. Varying input voltage, sampling interval and
integration constant fixed. The different series are for different values of I∆. Each of the solid lines
represents the least squares fit of the corresponding measurements.

To study the characteristics of the device we carried out the following measurements, for all 4
fixed values of the integration interval I∆:

1. average digital output for varying DC input, fixed Cint, fixed sampling rate,

2. average digital output for varying Cint, fixed DC input, fixed sampling rate,

3. variation in digital output, fixed DC input,

4. FFT of digital output, harmonic input, different frequencies, different sampling rates, and

5. output variance for DC input with noise.

Some of the results of the DC input voltage measurements are presented in Figure 7.7 (varying
input and fixed Cint) , and in Figure 7.8 (fixed input and varying Cint). Especially the curves of
Figure 7.7 show an excellent linearity.

Figure 7.9 shows a recording of the digital output for a fixed DC input voltage of 0.2 V. We
may assume that the digital output varies due to internal noise. The standard deviation of the
digital output for this sequence is 1.368, from which we can conclude that the A/D-conversion
has at most 10 effective bits.

To test harmonic distortion, the device was fed with harmonic signals. The output data were
recorded and the spectral power density was estimated using Welch’s averaged periodogram
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FIGURE 7.8: Linearity of the integrating A/D converter. Varying integration constant, sampling interval
and input voltage fixed. The different series are for different values of I∆. Each of the solid lines represents
the least squares fit of the corresponding measurements.
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FIGURE 7.9: Digital output sequence for fixed DC input. See text.
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FIGURE 7.10: Estimate of the power spectral density for harmonic input of 10 Hz. See text.

method [Wel67]. The result for harmonic input of 10 Hz sampled with ∆ = 18.3 ms is given
in Figure 7.10 for the different values of I∆. The spectrum clearly shows the 10 Hz component
and a DC component. The first harmonic (20 Hz) reaches �40 dB for I∆ = 25 %, and slightly
less for the other values of I∆. Repeating the experiment with harmonics of 1,2, and 4 Hz,
sampled with ∆ = 100 ms, gave similar results. The attenuation of the second harmonic was
slightly better, around �50 dB.

Finally, we tested the device for DC input plus white noise. The integration constant Cint was
kept constant. Table 7.3 gives the standard deviations in the digital output for ∆ = 60 ms. We
see that the noise level decreases with increasing integration interval which is in agreement with
our expectations.

TABLE 7.3: Standard deviations of the digital recordings of DC input + white noise, ∆ = 60 ms.

I∆ [%] 21.5 44.0 66.5 88.2
standard deviation 169.5 80.3 56.6 44.1

To investigate this further, we repeated the experiments with a harmonic ‘noise’ signal with
different frequencies above the Nyquist frequency. The frequency response of the B0-spline
filter, depicted in Figure 6.8 on p. 121, was given by

jH( f )j = jsinc( f ∆)j.

The first point of zero response is at a frequency of 1=∆. In our case the actual duration of the
integration length is shorter, and depends on the value of I∆. For I∆ = 88.2 % and ∆ = 60 ms
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TABLE 7.4: Attenuation for DC input + harmonic ‘noise’, ∆ = 60 ms. For every value of I∆, the table has
two entries: theoretical and measured attenuations.

Frequency I∆ = 21.5 % I∆ = 44.0 % I∆ = 66.5 % I∆ = 88.2 %
( fz = 79.4 Hz) ( fz = 37.9 Hz) ( fz = 25.1 Hz) ( fz = 18.9 Hz)
theor. meas. theor. meas. theor. meas. theor. meas.

[Hz] [dB] [dB] [dB] [dB] [dB] [dB] [dB] [dB]
11 -0.3 0.1 -1.2 -0.7 -2.9 -2.4 -5.5 -4.9
12 -0.3 0.2 -1.5 -0.8 -3.6 -2.9 -6.8 -6.0
13 -0.4 0.2 -1.8 -1.1 -4.2 -3.4 -8.3 -7.3
14 -0.4 0.2 -2.0 -1.3 -5.0 -4.0 -10.1 -8.9
15 -0.5 0.3 -2.4 -1.5 -5.9 -4.8 -12.3 -10.9
16 -0.6 0.0 -2.7 -2.0 -6.9 -5.9 -15.2 -13.6
17 -0.7 0.2 -3.1 -2.2 -8.0 -6.8 -19.2 -17.3
18 -0.7 0.3 -3.5 -2.2 -9.3 -7.7 -26.1 -22.6
19 -0.8 0.3 -3.9 -2.7 -10.7 -8.8 -45.6 -39.1
20 -0.9 0.2 -4.4 -2.9 -12.5 -10.3 -25.2 -26.5

this frequency, which we denote as fz, is at 18.9 Hz 3. For the other (lower) values of I∆, the
first zero moves to higher frequencies. For example, if I∆ = 66.5 % then it holds fz = 25.1 Hz.

We measured the variance of the digital output for harmonic input with frequencies exceeding
the Nyquist frequency of 1=(2∆) ' 8.4 Hz. These frequencies give rise to aliasing and should,
therefore, be attenuated as much as possible. Table 7.4 contains both theoretical and measured
attenuation, expressed in dB. The theoretical values are obtained from

20 � 10log
���sinc f

fz

��� .
The measured data are from a single recording of approximately 80 samples. The dB-values
were obtained using the standard deviation of the output to harmonic input of 1 Hz as a reference,
which gives a systematic error of approximately 0.04 dB.

Due to the limited number of data, the accuracy is not very high. Nevertheless the measured
attenuation values match the theoretical filter characteristics quite well. The table shows another
characteristic phenomenon: For I∆ = 88.2 % and harmonic input of 19 Hz, the frequency of
the input is close to fz of the filter. Indeed this frequency is strongly attenuated.

7.3.3 Conclusions

We summarize the conclusions regarding the implementation of the integrating A/D-converter
and the measurements taken by this device.

� The implementation of the integrator in discrete analog components has led to a device
with good linearity and reasonable harmonic distortion.

3Note that we use the actual (measured) duration of the integration interval.
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� The analog integrator introduces some noise, which reduces the effective resolution to at
most 10 bits.

� According to theory, integration must reduce the sensitivity to external disturbances out-
side the pass-band of the implicit B-spline filter. This is confirmed by the measurements.
In particular, a harmonic disturbance is strongly attenuated if its frequency is close to one
of the zeros in the Bode diagram of the filter. This feature of B0-spline filters can be
utilized to suppress harmonic disturbances, e.g., from the power net.

7.4 An example of sampled data processing: Gas-liquid-
chromatography

In many measuring applications, reconstruction of a time-continuous signal from samples is not
the primary goal. Instead, sampled data are further processed and/or analyzed. In this case, one
needs an optimal representation, facilitating further analysis. We will see that the theory for
reconstruction in the general sampling scheme can help us finding such a representation.

7.4.1 Gas-liquid-chromatography

A particular application of advanced sampled data processing is found in Gas-Liquid-
Chromatography (GLC). GLC is an important and frequently used analytical technique for the
decomposition of gaseous and liquid compound mixtures into their components, and for the
detection of very small concentrations (in the ppm or ppb ranges). Increasingly, GLC is also
applied for process-integrated analyses, i.e., samples are not processed by a central laboratory
in batch mode any more, but immediately when they become available, because the results are
needed for real-time process control and product quality assurance. Examples for application
areas are all kinds of chemical processes and environmental pollution control.

We shortly outline the operation of a gas-chromatograph: A carrier gas flows, at a constant
rate, through a capillary column and a detector. At the inlet of the column there is a sample
injection valve. Here, samples can be injected into the carrier gas path. A chromatographic
column consists of a moving phase, in which samples are carried along the surface of a stationary
phase. In gas-liquid-chromatography, the moving phase is a carrier gas and the stationary phase
is a thin layer of a liquid solvent on the inner surface of a glass or metal capillary. For a sample,
there is at any time equilibrium between the moving and the stationary phases along the entire
column length. It is specific for a compound if, how, and for how long a time it is sorbed by
the stationary phase, which constitutes the analytical principle of gas-liquid-chromatography.
Components that are sorbed least onto the surface of the stationary phase remain in the column
for the shortest time. Separated components are then eluted from the column and passed through
the detector, which produces an electrical signal proportional to the mass of substance leaving the
column in the carrier gas. This signal is amplified or attenuated, zero-corrected, and Galvanically
conditioned to yield a desired output.

As output information a chromatograph yields extinction-time-functions exhibiting typical peak
patterns, see Figure 7.11. Each peak corresponds to a compound present in the analyzed sample.
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FIGURE 7.11: A typical gas-chromatogram
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FIGURE 7.12: An idealized single peak. For description of the numbers, see text.

The time of the peak maximum, called retention time, is characteristic for the substance giving
rise to it, and the peak’s integral is proportional to the compound’s concentration.

The following parameters have to be determined from chromatograms:

� number of peaks,

� retention times of the different peaks,

� areas of the different peaks, and

� total area under the peaks.

A detection procedure is responsible for locating the peaks. This is best illustrated by an example
of an idealized peak, see Figure 7.12. The chromatogram is scanned linearly from the left to the
right. As long as ordinate, slope and curvature are within certain limits (1), nothing happens.
The detection procedure searches for a peak start, characterized by a certain minimal ordinate,
slope and curvature (2). If slope and curvature remain above minimal values for a specified
time (3), position 2 is marked as a peak start. Now the search continues for the front inflection
point, the position where the curvature becomes negative (4). If the slope becomes negative
(5), the corresponding point is marked as the top. The search continues for the rear inflection
point (6) and finally, for the end of the peak which is approached when both slope and curvature
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assume values (7) within given limits and remain within these limits for a specified time (8).
The latter point is marked as the end of the peak. The area of the peak (between (2) and (8))
can now be calculated.

After top-, start- and end-time have been determined, the peak will be accepted as real chro-
matographic information if its width and height exceed certain limits. Otherwise, the peak is
assumed to be the result of a disturbance.

In general, however, the situation is a little more complex. Peaks may be grouped, or small
peaks may be superimposed on the slope of larger ones. In the first case, the common area
under the peaks must be divided among the members of the group. In the second case, one
has to determine which part of the area under a small peak belongs to a large peak. Another
difficulty is that the zero-value of the chromatogram, i.e., the extinction when no peaks are
present, varies along the chromatogram due to several physical effects. Therefore, one defines
the so-called baseline, which is a smooth curve underneath the peaks. Before calculating the
peak surfaces, the baseline must be subtracted from the chromatogram. This process is called
baseline correction.

In most cases, a chromatogram x is uniformly sampled. Baseline correction and peak detection
operate on the sampled data. The sampling interval ∆ depends on the type of chromatography,
but is typically around 20 ms for gas-chromatography. This corresponds to a sampling frequency
exceeding the Nyquist frequency, but the redundancy is used to remove noise by digital filtering.
The curve must be smoothed in order to prepare for the numerically unstable calculation of the
curve’s first two derivatives in each data point, which is necessary to determine extrema and
inflection and baseline points. In the next section we will see that a well chosen representation
of chromatograms will considerably facilitate both baseline correction and peak detection.

7.4.2 B-spline representations

We assume that a chromatogram x is measured on the interval [0, T ], yielding K samples (∆ =
T=K). We choose to represent the chromatogram as a quadratic spline, expanded on a basis of
second-order B-splines (cf. (4.56) in Section 4.5.3):

bx(t) = K+1

∑
k=0

ck β 2
� t

∆
� k +

1
2

�
. (7.1)

This representation is equal to (4.56), but with a dilation factor of ∆, and a translation factor of
k � 1=2. The coefficients have to be chosen in such a way that the representation bx is a good
approximation of x. This problem is a familiar one. In fact, the representation can be regarded
as the reconstruction part of the general sampling scheme. For an L2-optimal reconstruction, the
coefficients must be obtained by pre-filtering with a D2-spline, followed by uniform sampling.
However, in many cases sampled data are given. Then we can either choose to use the samples
themselves (thereby implementing a B-spline reconstruction), or perform digital filtering on the
samples to implement other reconstructions, e.g., the C2-spline interpolation (see Section 7.1.3).
The two extra coefficients c0 and cK+1 in the representation(7.1) are given the same values as
their neighbors.

It has to be noted that the L2-optimal reconstruction may not provide the best result. Since peak
areas must be preserved in the representation, an L1-approximation may give better results.
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The general definition of B-splines was given by (4.57) on p. 76. For the second-order B-spline,
this reduces to

β 2(t) =

8>>>>>><>>>>>>:

1
2(t +

3
2)

2, t 2 [�3
2,�1

2 ]
3
4 � t2, t 2 [�1

2, 1
2 ]

1
2(t � 3

2)
2, t 2 [1

2, 3
2 ]

0, otherwise

Hence, the representation bx(t) reduces in each of the subintervals [(k � 1)∆, k ∆), k = 1 . . . K
of [0, T ], to a quadratic polynomial and its continuous first derivative x̂0(t) consists of straight
line segments. The latters’ zeros and, hence, the extrema of x̂(t), can be determined easily with
little effort. This holds even more for the inflection points of x̂(t), which must coincide with
some of the nodal points k∆. In contrast to standard numerical differentiation, determination of
the derivatives based on the B-spline representation is numerically stable.

All baseline correction algorithms described in the literature make certain assumptions on the
shape of the chromatographic signal. This is, however, unnecessary: the baseline can be seen
as very smooth version of the chromatogram, with the additional property that it always lies
underneath the chromatogram. For the baseline b, we use a similar representation as for the
chromatogram itself, but with a larger ‘sampling interval’ ∆l

b(t) =
L+1

∑
k=0

ak β 2
 

t
∆l
� k +

1
2

!
,

where M and L are integers such that K = L � M, and ∆l = M∆. The baseline will become
smoother if M increases.

The coefficients ak must be determined in such a way that the baseline remains under the chro-
matogram and the L1-norm of the difference signal is minimized. Choosing a number of control
points on the chromatogram, this minimization problem reduces to a linear program, which can
efficiently be solved by the so-called Simplex method [HL92]. Because B-splines satisfy a two-
scale relation (see Section 4.5.3)4, they can be written in terms of dilated copies of themselves.
This yields another representation of the baseline on the original scale ∆:

b(t) =
K+1

∑
k=0

bk β 2
� t

∆
� k +

1
2

�
.

Baseline correction is now carried through by replacing the coefficients ck in (7.1) by the new
coefficients dk := ck � bk.

7.4.3 Analysis software

The algorithms mentioned above can easily be implemented on a personal computer. A software
package based on this approach was developed by P.J. de Boer [dB94]. It provides a graphical
user interface to facilitate further analysis. The software runs under MS-Windows and provides a

4It was noted that the two-scale relation only holds for splines of odd order. However, due to the extra translation
by 1/2, all nodal points are located at the sample times. In this case, the two-scale relation also holds for even
order B-splines.
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user-friendly environment. Due to the object-oriented nature of MS-Windows, it was convenient
to use an object-oriented programming language. The program was written in C++, using
Borland’s ObjectWindows library. For details on design and implementation, see [dB94].

The main task of the software is to calculate and present the parameters of chromatograms. In
addition, the software has the following features:

� graphical presentation of chromatograms, with scrolling and zooming,

� presentation of peak parameters in tables,

� peak selection by the user in either table or graph; if a peak is graphically selected, the
corresponding table entry is highlighted and vice versa,

� storage of raw and processed data,

� capability of processing and displaying multiple chromatograms simultaneously,

� interactive modification of the peak-detection parameters (for each chromatogram inde-
pendently).

� hardcopy of figures and tables for documentation purposes, and

� full on-line help.

Some chromatographic readings were analyzed using the program and compared with the results
of a commercial peak integration system (Hewlett Packard HP 3396 Series II). At first sight,
the program gives satisfactory results, but extensive comparison has not been carried out, yet.

Some additional features, present in the HP 3396, but not yet included in our program, are:

� manual acceptance/rejection of peaks, and

� solvent peak5 rejection.

Moreover, analysis could further be supported by a database with the retention times of known
substances.

7.5 Concluding remarks

In this chapter we have discussed a number of implementation techniques for the alternative
sampling schemes. There are different possibilities for implementing the alternative sampling
schemes, either in analog or in digital hardware. The latter choice, however, involves additional
A/D- and D/A-converters, which increase the total cost. In applications, where it is important

5The solvent gas/liquid gives rise to a large peak, which contributes to a chromatogram’s total area, causing the
relative areas of the other peaks to become small. Since one is not interested in this compound, the corresponding
peak must not be taken into account.
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to have an optimal representation of an analog signal with a minimum sampling rate, it may be
worthwhile to put in the extra effort and costs, and to use one of the optimal sampling schemes.

Especially the B-spline filters are suitable for analog implementation. It is still possible to ob-
tain an L2-optimal scheme by digital filtering prior to reconstruction. The B0-spline pre-filter
reduces to local signal integration, for which a robust, low-cost implementation exists, based on
Voltage-to-Frequency Converters. From theoretical analysis, local integration has some inherent
advantages compared to standard point measurements. To verify this, a prototype of an integ-
rating A/D-converter was built. Measurements taken by this device clearly show suppression of
noise and harmonic disturbances.

In other cases, sampled data are further analyzed by digital computers. Hence, D/A-conversion
is not required. By means of the Gas-Liquid-Chromatography example it was shown that the
theory developed for signal reconstruction can also be applied to find a good representation of
a signal. The representation of chromatograms as spline functions simplifies the extraction of
analytical parameters.

To prove the effectiveness of such processing, special analysis software was developed, which
carries out all pre-processing and presents the resulting data in a convenient way. Extensive
tests of this software-prototype have not been carried out, yet.



Chapter 8

Concluding remarks

This final chapter consist of three parts. In the first section, we globally summarize the contents
of this thesis and restate the major conclusions of this work. Next, we give a list of contributions
of this thesis. We end with some suggestions for further research on signal sampling for data
acquisition in process control.

8.1 Summary and conclusions

We observed that the standard method of conversion in A/D-converters is based upon Shannon’s
sampling theorem. However, the conditions of this theorem cannot be met in practice. This was
our motivation to search for methods for A/D- and D/A-conversion for which a similar theorem
holds, but whose conditions can be satisfied in practical devices. We concentrated on sampling
and reconstruction; quantization was not taken into account.

The sampling and reconstruction problem was formulated in an abstract context: Signals were
considered as elements of a vector space, and sampling plus reconstruction, considered as a
single operation, was shown to be a projection on a certain subspace of the signal space. From
this point of view, the quality of a certain sampling method only depends on the dimension of
the subspace, and its location in the signal space. A particular class of vector spaces, viz.; the
reproducing kernel Hilbert spaces, proved to be a useful framework to derive sampling theorems.
Shannon’s sampling theorem, as well as many of its extensions are covered by this framework.
This abstraction is, however, very general and must be restricted to yield useful sampling and
reconstruction operators.

Based on three requirements from process data acquisition, i.e., linearity, time-invariance and
equidistant evaluation, the set of suitable operators was reduced. All operations satisfying these
requirements have a particular structure: the general sampling scheme (GSS). This scheme con-
sists of a linear anti-alias filter (pre-filter), an ideal sampler operating at equidistant times and a
reconstruction filter (post-filter). The filters can be chosen freely, but must be carefully selected
to ensure good approximation by an element of the subspace.

The recently developed multiresolution analysis (MRA) served as a framework to find filters
that constitute orthogonal projections on certain subspaces. Orthogonal projection yields a best
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approximation. Shannon’s sampling theorem was generalized in terms of MRA. Moreover, we
formulated alternative sampling theorems based on Daubechies’ scaling functions and on spline-
functions. Both fit into the general sampling scheme and have the orthogonal projection property.

The approximation quality of different schemes was experimentally evaluated for both synthetic
and real-life test signals. An overall result was that the schemes with the orthogonal projection
property (L2-optimal schemes) have superior approximation quality for all norms. It also turned
out that Daubechies’ and spline scaling functions have approximation qualities comparable to
that of the sinc-function used in Shannon’s theorem. Moreover, due to faster decay of these
functions, the truncation effects are less severe. Hence, there is no need to put much effort in
approximation of the ideal filter; the other L2-optimal schemes can produce similar results.

Sampling and reconstruction operations also occur in digital control systems. We embedded the
GSS in a closed loop control system and studied the effects of different filters on the time-domain
performance of the overall system. The standard situation in control systems is characterized by
no pre-filter and a zero-order hold reconstruction method. This corresponds in the GSS to B0-
spline post-filtering. The experiments revealed that, compared to this standard situation, all other
filters affected the performance in a negative way. The major reason for this is the extra delay
caused by these filters. In other words, early knowledge of the process state is more important
than having an optimal representation of it at a later time. However, in a noisy environment
anti-alias filtering has to be provided in the control loop. In this case, the B0-spline pre-filter
turned out to be a good alternative to the traditionally used first-order lag filter.

We investigated the hardware-implementability of the GSS. Daubechies filters can only be im-
plemented by digital hardware. This implies that the scheme is to be surrounded by traditional
converters operating at high rates. This causes a major drawback with respect to the costs of a
circuit, but this may be paid off by reductions in storage/transmission bandwidth due to a better
(less redundant) representation. The sampling scheme with spline filters of low-order can be
realized in analog circuitry. We presented the design of an A/D-converter based on B0-spline
pre-filtering: the local integral sampling method. The quality of the acquired data, which has
been evaluated based on measurements taken by a hardware prototype, was satisfactory.

A particular application of advanced sampled data processing was found in gas-liquid-
chromatography (GLC). Here signal reconstruction is not carried out explicitly. However,
the general sampling scheme with a B2-spline post-filter offered comprehensive representation,
which considerably facilitates the processing of chromatograms. We developed a generic, GSS-
based software package for the processing of chromatographic data based on this representation,
which does not contain explicit assumptions about signal structure. It can compete with dedic-
ated software, and can easily be adapted to process other signal types.

8.2 Contributions of this thesis

� Sampling and reconstruction have been generalized as an approximation operator. We
have shown that all sampling and reconstruction operators, that satisfy the three conditions
(viz.; linearity, time-invariance and equidistant evaluation), are covered by the general
sampling scheme. Every element of the signal space is approximated by an element of
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a subspace. Such a subspace is completely determined by the post-filter in the general
sampling scheme.

� We have shown the relation between the general sampling scheme and multiresolution
analysis, and concluded that any scaling function of an MRA can be used as a filter in
the GSS. This fact was recently confirmed by several others [Wal92, AU92, JS94].

� The general sampling scheme was tested with different filters. We are not aware of any
such comparison in the literature.

� We introduced an elegant analysis method for Multirate Sampled Data Systems, which
fully takes place in the Z-domain. The analysis can be considered as the discrete-time
equivalent of the method for Sampled Data Systems [FPW90].

� We have justified the statement that, in general, better signal reconstruction of optimal
sampling and reconstruction schemes does not contribute to better performance of a con-
trol system.

� We have shown that the local integral sampling method, which has been applied in process
measurement for a long time, is a member of a family with optimal properties. It is
relatively easy to implement using VFC devices. This implementation has advantages
over sampling with point measurements. Because of the inherent filtering provided by
this scheme, extra anti-alias filtering is not necessary.

� The methods developed in this thesis may also be useful for general signal representation
problems. We have shown that a representation in terms of B-splines allows efficient
processing of gas-chromatographical data. This also holds for other signal processing
applications which involve integration or differentiation of signals.

8.3 Suggestions for further research

� We have seen that, for certain signals, the GSS with spline and Daubechies’ filters yields
results comparable to those of Shannon’s scheme. Recall that the GSS constitutes a pro-
jection on a subspace determined by the post-filter. Hence, for the signals that have been
tested, the distance to each of the subspaces was almost the same. However, this does
not necessarily hold for different kinds of signals. Therefore, for many application cases
it may be necessary to establish which of the subspaces fits the type of signals involved
best.

� We mentioned that the GSS with the Daubechies’ filters must be implemented in digital
hardware. This involves extra traditional converters operating at high rates. Whether or
not this is feasible, must further be investigated.

� So far, quantization has not been dealt with explicitly. However, estimates of the quanti-
zation error are known for Shannon’s sampling [Jer77, BSS88]. In order to complete the
comparison, error estimates of the other schemes must be derived. On the other hand, in
all experiments quantization was inevitable, and consequently the results include quanti-
zation errors. We, therefore, believe that the conclusions drawn will not have to be altered
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dramatically if the data are quantized using a smaller number of bits. In order to justify
this statement, the GSS simulations should be repeated for such an explicit quantization
using a fixed number of bits.

� Both Shannon’s sampling theorem as well as GSS’s with L2-optimal filters are embedded
in multiresolution analysis. In fact, the sampling theorems are obtained by omission of the
fine scales in the MRA decomposition. The overall contents of these fine scales constitute
exactly the aliasing error. Having this decomposition of the aliasing error, one could use
information on the fine scales if this error grows too large. This would turn the scheme
into an adaptive one. The usefulness of such an approach still needs to be investigated.



Appendix A

Mathematical background

In this appendix, we provide some definitions, equations, and theorems (without proofs), which
are used in this thesis. The material was mainly compiled from [Chu92a, Koo93, Dau92, KS91].

A.1 Convolution, delta-function and filtering

The continuous convolution of two functions x and y defined on R is given by:

(x � y)(t) :=
Z ∞
�∞

x(τ) y(t � τ) dτ , (A.1)

whenever this formula has a meaning. In particular, the convolution product exists for x, y 2
L2(R), giving

kx � yk∞ � kxk2 kyk2,

and also if x 2 L1(R), y 2 Lp(R). Then

kx � ykp � kxk1 kykp.

Convolution is commutative, i.e., x�y = y�x, and associative, i.e., x�(y�z) = (x�y)�z. Using the
theory of distributions, convolution can be defined in another way. These theoretical concepts
are also required to prove that the Dirac δ-distribution is the unit-element of the convolution
operation. We will only state this result:

(δ � x)(t) = (x � δ)(t) = x(t).

The Dirac distribution is not an ordinary function. Often, the Dirac δ-distribution is treated as
an ordinary function, which is zero everywhere except at t = 0, and has integral 1.

The discrete convolution between two sequences fangn2Zand fbngn2Zis given by:

(a � x)n :=
∞
∑

k=�∞
ak bn�k. (A.2)
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It is commutative and associative as well. The unit-element is the Kronecker δ-sequence:

δk =

(
1 k = 0
0 k 6= 0

Finally, we define the mixed convolution between a sequence fakgk2Zand function x on R by:

(a � x)(t) :=
∞
∑

k=�∞
ak x(t � k). (A.3)

The mixed-convolution is neither commutative nor associative.

Filtering

The convolution integral (A.1) is used to calculate the response of a linear continuous-time IOM
system with impulse response h to an input signal x. The output signal is given by

y(t) = (x � h)(t).

A similar relation holds for discrete-time systems with a discrete-time impulse response fhkgk2Z:

yk = (x � h)k.

Convolution and Fourier transform

The Fourier transform (see next section) turns convolution products into algebraic products in
the Fourier domain:

(F (x � y))(ω) = X(ω)Y (ω).

This property is often used to facilitate the calculation of convolution integrals.

A.2 Fourier analysis

Fourier transform

For functions in L1(R), the Fourier transform is defined as:

X(ω) =
Z ∞
�∞

x(t) e�iωt dt. (A.4)

The Fourier transform of x is denoted as (F x) or X . It has the following properties [Chu92a]:

1. X 2 L∞(R), with kXk∞ � kxk1,

2. X is uniformly continuous on R,

3. if the derivative x 0 of x exists and x 0 2 L1(R), then (F x 0)(ω) = iωX(ω).
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If X 2 L1(R), then the inverse transform is defined as:

(F�1X)(t) =
1

2π

Z ∞
�∞

X(ω) eiωt dω , (A.5)

with x(t) = (F �1X)(t) at every point t where x is continuous. If x 2 L1(R) \ L2(R), then
X 2 L2(R). The inverse transform exists and lies in L2(R).

Two functions x and X such that X = F x and x = F�1X are called a Fourier transform pair,
denoted as

x(t) F ! X(ω). (A.6)

Assume f (t)
F ! F(ω) and g(t)

F ! G(ω) are two Fourier transform pairs. Then the following
relation holds:

h f , gi = 1
2π
hF, Gi Parseval relation. (A.7)

The Parseval relation is sometimes (weaker) formulated as:

kxk2
2 =

1
2π
kXk2

2, (A.8)

which is a special case of the Parseval relation (3.5) given on p. 32.

Sinc-function and its Fourier transform

The sinc-function is defined as:

sinc(t) :=

(
sin(πt)

πt x 6= 0
1 x = 0

(A.9)

Its Fourier transform is the rect-function:

rect(ω) :=

(
1 jωj < π
0 elsewhere

(A.10)

Hence, sinc-function and rect-function form a Fourier transform pair:

sinc(t)
F ! rect(ω).

Fourier series

A 2π-periodic function x 2 L2(0, 2π) can be written in the form of a Fourier series:

x(t) = ∑
k2Z

ck eikt, (A.11)

with ck being the kth Fourier coefficient, given by:

ck =
1

2π

Z 2π

0
x(t) e�ikt dt. (A.12)
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The corresponding Parseval relation is given by

∞
∑

k=�∞
jckj2 =

1
2π

Z 2π

0
jx(t)j2 dt. (A.13)

The mapping L2(0, 2π) ! l2 : x(t) ! ck is also referred to as continuous-to-discrete Fourier
transform (CDFT). The CDFT transforms a periodical signal into an infinite-length sequence.

Infinite-length discrete-time signals

For sequences in l2(R), the discrete-to-continuous Fourier transform (DCFT) is defined as:

X(ω) =
∞
∑

k=�∞
xk e�ikω , (A.14)

with the inverse:

xk =
1

2π

Z 2π

0
X(ω) eikω dω . (A.15)

The DCFT maps the sequence xk onto a 2π-periodic function X(ω). If the sequence repres-
ents a uniformly sampled, discrete-time signal with sampling interval ∆, the interval [�π , π ]
corresponds to [�ωs=2, ωs=2] where ωs = 2π=∆.

Note the similarity between DCFT and CDFT. From the mathematical point of view there is no
distinction between the two transforms.

Finite-length discrete-time signals

The discrete-to-discrete Fourier transform (DDFT) is defined as

Xn =
N

∑
k=0

xke�ikn, (A.16)

with the inverse:

xk =
1

2π

N

∑
n=0

Xneikn. (A.17)

The DDFT is commonly known as discrete Fourier transform. It can be calculated very effi-
ciently using the Fast Fourier Transform (FFT-algorithm).

Poisson summation formula

An important result in Fourier analysis is the Poisson summation formula, which is given here
in the most general form:

∞
∑

k=�∞
x(t + kb) e�ika =

1
jbj

∞
∑

n=�∞
X(

2πn + a
b

) eit(2πn+a)=b. (A.18)
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The Poisson formula is also used in the following form (a = 0, b = 2π):

∞
∑

k=�∞
x(t + 2πk) =

1
2π

∞
∑

n=�∞
X(n) eint . (A.19)

A similar formula holds in the frequency domain (a = ω∆, b = ∆, t = 0):

∞
∑

n=�∞
X(ω + n

2π
∆
) = ∆

∞
∑

k=�∞
x(k∆) e�iωk∆. (A.20)

Another useful form of the Poisson formula is

∞
∑

k=�∞
h f (t), g(t � k)i eiωk =

∞
∑

n=�∞
F(ω + n2π)G(ω + n2π). (A.21)

Translation, modulation and dilation

The principal operations in wavelet theory are translation and dilation. We define the following
operators [Koo93, p. 19]:

Translation: Tax(t) = x(t � a)
Modulation: Eax(t) = eiatx(t)
Dilation: Dax(t) = jaj�1=2x(t=a) (a 6= 0)

The following inner-product relations hold:

hx, Tayi = hT�ax, yi; hx, Eayi = hE�ax, yi; hx, Dayi = hD1=ax, yi.

Moreover, there are some useful relations with the Fourier transform F :

F Tax = E�aF x; F Eax = TaF x; F Dax = D1=aF x.

A.3 Laplace and Z-transforms

A convenient tool for control system analysis is the Laplace transform. It is used in favor of the
Fourier transform, since it is capable of handling one-sided initial value problems (transients)
and signals with exponential growth. The Laplace transform of a signal x is given by

X(s) =
Z ∞
�∞

x(t) e�st dt,

where s is the complex Laplace variable, s = σ + iω . Note that for σ = 0 the Laplace transform
reduces to the Fourier transform.

The Laplace transform, in general, will not converge for all s. The set E � C where the integral
converges is called the existence region of X . The existence region has the form

E = fs 2 C jσ1 < Re(s) < σ2g,
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where σ1 may become minus infinity and/or σ2 plus infinity. In addition, we can define a one-
sided Laplace transform for signals that are zero, or not defined, for t < 0. This transform is
given by

X(s) =
Z ∞

0
x(t) e�st dt,

and its convergence region is E = fs 2 C jRe(s) > σ1g. For signals that are zero for t < 0
both transforms are identical.

The inverse Laplace transform is:

x(t) =
1

2π i

Z σ+i∞
σ�i∞

X(s) est ds,

where σ is chosen inside the existence region. Evaluation of this integral requires complex
function theory. It can be often avoided: the inverse Laplace transform can also be obtained by
writing X(s) as a sum of simple terms whose inverse transforms are known. This procedure is
called partial fraction expansion. An example of this expansion is

X(s) =
s� 1

(s + 1)2(s� 2)
=
�1=9
s + 1

+
2=3

(s + 1)2 +
1=9

s� 2
.

Assuming one-sided signals defined for t � 0, the inverses of the three terms at the right-hand
side can be found in a table of Laplace transforms, giving the inverse:

x(t) = �1=9 e�t + 2=3 t e�t + 1=9 e2t .

The discrete-time equivalent of the Laplace transform is the Z-transform

X(z) =
∞
∑

k=�∞
xk z�k.

Here z is a complex variable: z = ρeiω∆, and ∆ is the sampling interval. The existence region
is

E = fz 2 C : ρ1 < jzj < ρ2g,
where ρ1 may become zero and ρ2 infinity. For ρ = 1, the Z-transform reduces to the DCFT.
The one-sided variant is given by

X(z) =
∞
∑

k=0
xk z�k,

with existence region E = fz 2 C : jzj > ρ1g. The inverse transform is

xk =
1

2π i

I
Γ

X(z) zk dz
z ,

where Γ is a contour within the existence region. In most situations, the inverse can be found
by partial fraction expansion or by expanding X(z) in a power series.

The reader is referred to [KS91] for a more detailed discussions of Laplace and Z-transforms.
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Mathematica program for MSDS analysis

The following piece of MATHEMATICA code has been used to calculate the transfer function
K(z) (6.15) on p. 124. Though K[z] is the final result, little overhead is required to split the
numerator and denominator and to write them in MATLAB format on a file.

rules={(x_ˆm_)ˆ(n_)->xˆ(m n)}
$Post = (# /. rules) &;

W = Exp[-I * 2 * Pi/M];
DD[H_,z_,M_] := 1/M * Sum[H /.{z -> zˆ(1/M)*Wˆk},{k,0,M-1}];
UU[H_,z_,M_] := H /. {z -> zˆM};
zoh[z_] := Sum[zˆi,{i,-M+1,0}]/M;
(*---------------------------------------------------------------*)
(* input section *)

M = 2
Pname = "z"; (* Use lower case letters: n,z,f,b *)
Qname = "b";
G[z_] := (a*z + b)/(zˆ2 + c*z + d);
H[z_] := 1;

(*---------------------------------------------------------------*)
Switch[Pname,

"n", P[z_] := 1,
"z", P[z_] := zoh[z],
"f", P[z_] := zoh[z]ˆ2,
"b", P[z_] := zoh[z]ˆ3 * (1 + z)/(2*z)];

Switch[Qname,
"n", Q[z_] := M
"z", Q[z_] := zoh[z]*M
"f", Q[z_] := zoh[z]ˆ2 *M,
"b", Q[z_] := zoh[z]ˆ3 *(1 + z)/(2*z) * M];

K[z_] := (H[zˆM]*Q[z]*G[z])/(1+H[zˆM]*UU[DD[P[z]*Q[z]*G[z],z,M],z,M]);

(*---------------------------------------------------------------*)
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(* output *)

s = "==========================================================="
ss = "-----------------------------------------------------------"
s >>> outfile
G[z] >>> outfile
H[z] >>> outfile
M >>> outfile
StringJoin["Filter type: ",Pname,Qname] >>> outfile
ss >>> outfile

n[z_] := Expand[Numerator[Factor[K[z]]]];
InputForm[Reverse[CoefficientList[n[z],z]]] >>> outfile
n[z_] := Expand[Denominator[Factor[K[z]]]];
InputForm[Reverse[CoefficientList[n[z],z]]] >>> outfile
r >>> outfile



Appendix C

The sampling toolbox

The SAMPLING TOOLBOX is a group of MATLAB functions for calculating the filters and simulating
the general sub-sampling scheme of Chapter 5.

The toolbox can be distributred freely under the GNU-publishing licence. It can be obtained by
anonymous ftp at the following URL:

ftp : ==ftp.cs.rug.nl=pub=matlab=sampling.tgz=

The toolbox consists of the following functions

% splines and spline-wavelets
[x,t] = BSPLINE(m,sf) sampled b-spline of degree m
[x,p] = BSPLWAV(n,m) b-spline wavelet
[x,p] = CSPLINE(n,m) cardinal spline to b-spline
[x,q] = CSPLWAV(n,m,prec) cardinal b-spline wavelet
[x,p] = DCSPLINE(n,m) dual spline to cardinal spline
[x,p] = DSPLINE(n,m) dual spline to b-spline
[x,q] = DSPLWAV(n,m) dual to b-spline wavelet
[x,p] = OSPLINE(n,m) orthogonal spline to b-spline
[x,q] = OSPLWAV(n,m) orthogonal b-spline wavelet

% sinc-functions and filters
x = DSINC(t,fc) discrete sinc function

(= ideal low-pass in periodic domain)
x = DSINCF(t,dsf) discrete sinc filter

(= ideal low-pass in periodic domain)
x = SINC(t,fc) sinc function (= ideal low-pass)
x = SINCF(t,dsf) sinc filter with relative cut-off frequency

% Daubechies filters
h = DAUBFILT(order,dsf) direct wavelet FIR filters

% up/down sampling
y = DSAMP(x,dsf) down-sampling of array x by factor dsf
y = MDSAMP(x,dsf) down-sampling from maximum value



168 The sampling toolbox

y = SDSAMP(x,dsf) symmetry preserving down-sampling
y = SUSAMP(x,usf) symmetry preserving up-sampling
y = USAMP(x,usf) up-sampling

% special convolution
z = CCONV(x,y) cyclic convolution via FFT and IFFT
y = CONVINV(x,prec,pad) convolution inverse
y = CONVIROOT(x) convolution inverse square root
y = CONVROOT(x,prec,pad) convolution square root
z = FCONV(x,y) convolution and truncation (symmetrical filter y)
y = TRUNCFILT(x,frac) truncation of a long filter
y = ZEROPAD(x,n) symmetrical zero padding

% misc
k = ISSYM(x,prec) symmetry detection of an (odd) sequence
x = ITFILT(h,M) iterates a filter from sequence h using

the two-scale relation

% general subsampling scheme
y = GENSCHEM(x,p,q,M) general subsampling scheme

For example, the output of the general sub-sampling scheme of Figure 5.1 on p. 87 is calculated
by the following MATLAB statements (assuming input signal x):

M = 2;
n = 2;
p = bspline(n,M);
q = dspline(n,M);
y = fconv(x,M);
ystar = usamp(dsamp(y,M),M);
z = fconv(ystar,fliplr(q))

The function genschem implements the general subsampling scheme with filters p and q and
down-sampling factor M.
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[BSS88] P.L. Butzer, W. Splettstößer, and R.L. Stens. The Shannon sampling series and
linar prediction in signal analysis. Jahresbericht der Deutschen Mathematiker-
Vereinigung., 90:1–70, 1988.

[CCP73] A.B. Corripio, Smith C.L, and Murril P.W. Filter design for digital control loops.
Instrumentation Technology, 20(1)(33):33–38, 1973.

[CDF92] A. Cohen, I. Daubechies, and J.C. Feauveau. Biorthogonal bases of compactly
supported wavelets. Comm. on Pure and Appl. Math., 45(6):485–560, 1992.

[Che93] K.F. Cheung. A multidimensional extension of Papoulis’ generalized sampling ex-
pansion with the application in minimum density sampling. In Marks II [Mar93a],
pages 85–119.

[Chu92a] Charles K. Chui. An Introduction to Wavelets, volume 1 of Wavelet Analysis and
its Applications. Academic Press, Boston, MA, 1992.

[Chu92b] Charles K. Chui, editor. Wavelets – A Tutorial in Theory and Applications, volume 2
of Wavelet Analysis and its Applications. Academic Press, Boston, MA, 1992.

[CM85] K.F. Cheung and R.J. Marks. Ill-posed sampling theorems. IEEE trans. on Circuits
and Sytems, CAS-32(5):481–484, May 1985.

[CMP94] Charles K. Chui, Laura Montefusco, and Luigia Puccio, editors. Wavelets – Theory,
Algorithms and Applications, volume 5 of Wavelet Analysis and its Applications.
Academic Press, Boston, MA, 1994.

[CR83] R.E. Crochiere and L.R. Rabiner. Multirate Digital Signal Processing. Prentice-
Hall signal processing series. Prentice-Hall, Englewood Cliffs, N.J., 1983.

[Dau88] I. Daubechies. Orthonormal bases of compactly supported wavelets. Comm. Pure
Appl. Math., 41:909–996, 1988.

[Dau92] I. Daubechies. Ten Lectures on Wavelets. Number 61 in CBMS-NSF Series in Ap-
plied Mathematics. Society for Industrial and Applied Mathematics, Philadelphia,
1992.

[dB78] Carl de Boor. A Practical Guide to Splines. Springer Verlag, New York, 1978.

[dB94] P.J. de Boer. Gas-vloeistof-chromatografie voor windows. Master’s thesis, Uni-
versity of Groningen, Dept. of Computing Science, 1994.

[FM94] J. Fridman and E.S. Manolakos. Distributed memory and control VLSI architec-
tures for the 1-D discrete wavelet transform. IEEE VLSI Signal Processing, october
1994.

[FPEN94] Gene F. Franklin, J. David Powell, and Abbas Emami-Naeini. Feedback Control
of Dynamic Systems. Addison-Wesley, third edition, 1994.



Bibliography 171

[FPW90] Gene F. Franklin, J. David Powell, and Michael Workman. Digital Control of
Dynamic Systems. Addison-Wesley, second edition, 1990.

[FR58] Gene F.Franklin and John R. Ragazzini. Sampled Data Control Systems. McGraw-
Hill Inc., 1958.

[FT94] M. Frazier and R. Torres. The sampling theorem, φ-transform, and Shannon wave-
lets for R, Z, T, and Zn. In John J. Benedetto and Michael W. Frazier, editors,
Wavelets : mathematics and applications, Studies in advanced mathematics, pages
221–245. CRC Press, Boca Raton, 1994.

[Gab46] D. Gabor. Theory of communication. J. Inst. Elect. Eng. (London), 93:429–457,
1946.

[GM94] T.N.T. Goodman and C.A. Michelli. Orthonormal cardinal functions. In Chui et al.
[CMP94], pages 53–88.

[Gro94] A. Groeneveld. Integrerende A/D-converter. Technical report, University of
Groningen, Dept. of Computing Science, 1994.

[Hal80] W.A. Halang. Approximation durch positive lineare Spline-Operatoren konstruiert
mit Hilfe lokaler Integrale. Journal of Approximation Theory, 28:161–183, 1980.

[Hal84] W.A. Halang. Acquisition and representation of empirical time functions on the
basis of directly measured local integrals. Interfaces in Computing, 2:345–364,
1984.

[Hal87] W.A. Halang. A voltage-to-frequency converter design without inherent linearity
error suitable for bipolar operation. Computer Standards & Interfaces, 6:221–224,
1987.

[HHLS95] W.A. Halang, K. Hoppe, C. Lindemann, and B Stanski. Verfahren zur Span-
nungs-Frequenz-Umsetzung für bipolare Eingangsspannungen. Patent application
Deutsches Patentamt, April 1995.

[HL92] W.A. Halang and M. Lenferink. A highly-integrated intelligent sensor for gas-
liquid-chromatography. In A. Ollero and E.F. Camacho, editors, Proc. IFAC Sym-
posium on Intelligent Components and Instruments for Control Applications, pages
41–46, Malaga, May 1992. Pergamon Press.

[Hum83] R. Hummel. Sampling for spline reconstruction. SIAM Journal of Applied Math-
ematics, 43(2):278–288, April 1983.

[Jan93] A.J.E.M. Janssen. The Zak transform and sampling theorems for wavelet sub-
spaces. IEEE Trans. on Signal Processing, 41(12):3360–3364, 1993.

[Jer77] A.J. Jerri. The Shannon sampling theorem – its various extensions and applications:
A tutorial review. Proc. of the IEEE, 65(11):1565–1598, November 1977.

[Jer93] A.D. Jerri. Error analysis in application of generalizations of the sampling theorem.
In Marks II [Mar93a], pages 219–298.



172 Bibliography

[JF56] D.L. Jagerman and L. Fogel. Some general aspects of the sampling theorem. IRE
trans. Information Theory., 2:139–146, 1956.

[JS94] B. Jawerth and W. Sweldens. An overview of wavelet based multiresolution ana-
lyses. ftp://maxwell.math.scarolina.edu/pub/wavelet/papers/varia/sirev-36-3.ps.gz,
1994.

[Kan92] J.C. Kantor. Wavelet toolbox reference. University of Notre Dame, Dept. of Chem-
ical Engineering, Notre Dame, IN 46556, 1992.

[KM90] E. Kok and H. Marinus. VLSI-design: Een multichannel chromatograaf interface.
Technical report, University of Groningen, Dept. of Computing Science, 1990.
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algorithms. IEEE SP, 40(10):2464–2482, October 1992.

[Sle76] D. Slepian. On bandwidth. Proceedings of the IEEE, 64(3):292–300, March 1976.

[UA92] M. Unser and A. Aldroubi. Polynomial splines and wavelets – a signal processing
perspective. In Chui [Chu92b], pages 91–122.

[UAE91] M. Unser, A. Aldroubi, and M. Eden. Fast B-spline transforms for continuous im-
age representation and interpolation. IEEE Pattern Anal. Mach. Intell., 13(3):277–
285, March 1991.

[Wal92] G.G. Walter. A sampling theorem for wavelet subspaces. IEEE IT, 38(2):881–884,
March 1992.

[Wel67] P.D. Welch. The use of the fast Fourier transform for the estimation of power
spectra. IEEE Trans. on Audio Electroacoust., AU-15:70–73, June 1967.

[Whi15] E.T. Whittaker. On the functions which are represented by the expansions of the
interpolation-theory. Proc. of the Royal Society of Edinburgh, pages 181–194, 1915.

[WTKM89] Q. Wang, K. Toraichi, M. Kamada, and R. Mori. Circuit design of a D/A converter
using spline functions. Signal Processing, 11(16):279–288, 1989.



174 Bibliography

[XZ93] X. Xia and Z. Zhang. On sampling theorem, wavelets, and wavelet transforms.
IEEE Trans. on Signal Processing, 41(12):3524–3535, december 1993.

[Zav94] V. Zavadsky. Multiresolution approximations of Banach spaces.
ftp://maxwell.math.scarolina.edu/pub/wavelet/papers/varia/zava1.ps.gz, 1994.

[Zwa91] M. Zwaan. Moment Problems in Hilbert Space with Applications to Magnetic Res-
onance Imaging. PhD thesis, Vrije Universiteit Amsterdam, 1991.



Index

C[a, b], 27
L2(R), 31
L2[a, b], 31
δ-modulation, 14, 120, 136

discrete, 87, 123
l2, 31
Bωmax, 32, 35, 45, 58

A/D-conversion, 1
admissibility condition, 50
algebraic dual space, 39
aliasing, 11, 16, 112, 119
anti-alias filtering, 119
approximation, 10

B-splines, 76
Banach spaces, 27
bandlimited, 2

essential, 22
bandwidth, 115
baseline correction, 151
basis, 28, 31

bi-orthogonal, 33
dual, 33, 54
reciprocal, 33
Riesz, 32
Schauder, 28

Bessel inequality, 32
best approximation, 43
bi-orthogonal, 69
bounded variation, 39

cardinal, 73
cardinal function, 11
cardinal series, 11
Cauchy-Schwarz inequality, 31
closed-loop system, 112
complete, 27, 31
completion, 27
continuous wavelet transform, 51

controller, 112
convex, 44
convex norm, 44
convolution, 9, 159
convolution inverse, 65, 92

D/A-conversion, 1
damping ratio, 117
Daubechies theorem, 63
Daubechies wavelets, 73
decomposition relation, 60
dense, 28
digital control, 24, 118
digital signal processing, 23

multirate, 23
dilation, 51, 163
Dirac δ-distribution, 14, 159
direct sum, 33
discrete design, 118
down-sampling, 60, 87, 123
DSP, see digital signal processing
dual space, 39

emulation design, 118
entire function, 32
Euclidian space, 26

filter, 9
FIR, 137
first-order lag, 119
IIR, 137

finite impulse response, 72
FIR, 91
first-order lag filter, 119, 129
FOL, see first-order lag filter
Fourier series, 161
Fourier transform

CCFT, 160
CDFT, 161
DCFT, 162
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DDFT, 162
functional, 30

point evaluation, 30, 34

gas chromatograph, 149
gas-liquid chromatography, 149
general sampling scheme, 43, 70, 87, 112
general sub-sampling scheme, 87
Gram-matrix, 33

Haar wavelet, 57
Hilbert space, 30

reproducing kernel, 34, 61
separable, 32

hold device, 112

ideal low-pass filter, 58
idempotent, 34
ill-posed, 23
impulse response, 9
indicator function, 55
inner product, 30
input tracking system, 112
interpolation, 10
invertible convolution operator, 65

kernel, 8
Kronecker δ-sequence, 92, 160

Laplace transform, 114, 163
linear phase, 72
linear subspace, 27
linearly independent, 31
local integral sampling, 138, 141
local integration, 82

Mallat algorithm, 88
metric, 26
metric spaces, 27
minimax approximation, 45
MRA, see multiresolution analysis
multirate sampled data system, 122
multiresolution analysis, 55

dual, 64
orthogonal, 87
regular, 63

norm, 26
normed linear space, 26

Nyquist, 12
criterion, 2, 12
frequency, 12

operator, 29
bounded, 30
continuous, 30
linear, 29

optimal approximation
l2, 89

orthogonal, 31
orthogonal complement, 34
orthogonal projection, 34, 37
orthogonal system, 31
orthonormal, 31

Paley-Wiener theorem, 32
Parseval relation, 32

for Fourier series, 162
for Fourier transform, 161

performance indices, 116
plant, 112
Poisson summation formula, 14, 62, 162
projection, 36
pyramid algorithm, 73, 88

quantization, 2, 10

R -wavelet, 54
reconstruction, 2, 10
reconstruction filter, 15
rect-function, 161
reflection, 40
relative norms, 94
reproducing kernel, 34, 69
reproducing kernel Hilbert space, see Hilbert

space, reproducing kernel
Riesz basis, 32, 54
Riesz theorem, 33
RKHS, see Hilbert space, reproducing ker-

nel
root-locus, 117

sampled data system, 112
sampling, 2, 9

band-pass, 21
derivative, 20
error, 22, 36
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aliasing, 22
amplitude, 22, 137
jitter, 22
truncation, 22

non-uniform, 21
of stochastic processes, 21
reconstruction from past samples, 21
uniform, 8

sampling expansion, 67
sampling interval, 8
sampling theorem, 2, 12, 12

Papoulis’ generalized, 18
WKS, 12, 67
WKSK, 18, 36

scaling function, 55
Schauder basis, 28
Shannon, 12
Shannon wavelet, 58
signal, 7

analog, 8
continuous-time, 8
digital, 8
discrete-time, 8
harmonic, 10
periodic, 11
relation between discrete-time signals

and sequences, 8
signal set, 7
sinc-function, 161
space

algebraic dual, 39
dual, 39
separable, 28

span, 27
spline, 76
subspace, 27
system, 8

causal, 9, 16, 113
continuous-time, 8
discrete-time, 8
hybrid, 8, 135
IO, 8
IOM, 8
linear, 8
memoryless, 8
time-invariant, 8

time-variant, 122
system response parameters, 115

time-frequency decomposition, 49
total, 31
total variation, 39
transfer function, 9
transform-limited, 17
translation, 51, 163
two-scale relations, 57

unconditional basis, 28
undamped natural frequency, 117
up-sampling, 60, 87, 122

VFC, 139

wavelet, 49, 50
semi-orthogonal, 61

wavelet coefficients, 54, 59
wavelet series, 54
wavelet spaces, 54, 56
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Summary

In computing systems employed for data acquisition and process control, communication with
the controlled processes is mainly taking place via analog signal lines. In this situation, the
quality of data acquired by A/D-converters and the generation of analog control signals by D/A-
converters is of major importance for the overall performance of a system.

Standard A/D-converters are based on Shannon’s sampling theorem. This theorem guarantees
perfect reconstruction of bandlimited signals, i.e., signals for which the frequency spectrum has
a maximum frequency, from its samples at equidistant time instants. The reconstruction can be
obtained by filtering with an ideal low-pass filter. However, in practical situations the theorem’s
conditions cannot be met: signals are measured during a finite time-interval and can, therefore,
never be bandlimited. Furthermore, an electronic circuit is not able to take point measurements
due to internal capacitances. Instead, signals are integrated during a (short) interval. Finally,
the ideal low-pass filter cannot be realized in a practical system.

We can conclude that there is a certain gap between the sampling theorem and practical A/D-
conversion. Nevertheless, this theorem is the basis for commercially available devices. Since
there are (infinitely) many methods for signal sampling, we could pose the question whether it
is possible to find methods for A/D- and D/A-conversion for which a similar theorem holds and
whose conditions can be satisfied in practical devices. This is the basic question considered in
this thesis.

Practical signals are corrupted by noise and, typically in an industrial environment, with spikes
and distortions from high-power currents. If not suppressed by the A/D-converter, these dis-
turbances propagate through the digital part of a system, and their effect can only be reduced
by digital signal processing techniques. Often, much effort is spent to reduce them in a later
stage. This could be relaxed if the A/D-converter itself is insensitive to disturbances.

In our search to alternative conversion methods we first concentrate on Shannon’s sampling
theorem. This theorem has been the subject of intensive research, both by mathematicians and
by communication engineers. We shortly discuss some of its extensions and related topics such
as aliasing effects and sampling errors.

Then we formulate the sampling problem in the context of vector spaces. Signals are considered
as vectors in an infinitely dimensional signal space. A particular vector space structure, called
the reproducing kernel Hilbert spaces, yields a unified framework for Shannon’s theorem and
its various extensions. We show that sampling and reconstruction can be generalized to abstract
operations between vector spaces. The composition of sampling/reconstruction reduces to an
approximation problem: Find a vector in a subspace of the signal space which is close to the
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original vector. Perfect reconstruction can only be achieved if the signal lies in the subspace. In
this case the signal should not be affected. Hence, the composite operator must be a projection.

There are many operators yielding such an approximation, but for practical reasons, we assume
the following requirements:

� Linearity

� Time-invariance

� Equidistant evaluation

These requirements lead to the general sampling scheme. The scheme consists of a pre-filter, an
ideal sampler sampling at equidistant times, and a reconstruction filter (post-filter). Shannon’s
sampling with anti-alias filtering is a special case of this general scheme.

The filters in the general sampling scheme can, in principle, be chosen freely. However, to
achieve good approximation quality, they have to serve additional properties. In the context
of a Hilbert space, it is relatively easy to state conditions on the filters such that the scheme
provides optimal approximation, which is in this case similar to orthogonal projection. The
space on which is projected is completely defined by the post-filter. In the more abstract Banach
spaces, optimal approximation operators are non-linear. Hence, the general sampling scheme
will be sub-optimal.

The requirements above imply that the range of the composed operator is a subspace which is
spanned by translated copies of a single function. In a Hilbert space setting, such subspaces
are richly available. The recently developed theory of wavelets and multiresolution analysis
appears to be a convenient framework for this. Wavelet theory involves representing general
functions in terms of simpler, fixed building blocks (‘wavelets’) at different scales and positions.
Multiresolution analysis (MRA) is a method for L2-approximation of functions with arbitrary
precision. MRA gives approximations on different scales in such a way, that an approximation
on a fine scale can be obtained by adding the ‘details’ to an approximation on a coarse scale.

We show that there is a close relation between the general sampling scheme (GSS) and ortho-
gonal MRA’s, and that the so-called scaling functions can be used as filters in the GSS. Daubech-
ies’ wavelet filters and specific polynomial spline filters, both fitting in the MRA framework,
appear to be promising alternative filters, since they share a number of advantageous properties
with respect to implementation and suppression of distortions.

All filters in the MRA framework lead to orthogonal projection. The only difference is the
subspace on which is projected. The approximation is good if the original signal is close to this
subspace. Hence, it is difficult to optimize the quality of a sampling/reconstruction operator in
the general case, because the signals to be sampled can lie anywhere in the signal space. We
must therefore assume that we have a-priori knowledge about the source of the signals, which
enables us to estimate the location of the signals in the signal space. The subspace must then
be chosen in such a way that the average distance to the region of interest is small.

The approximation quality of different filter combinations is experimentally evaluated for both
synthetic and real-life test signals. To this end, we give the discrete-time equivalent of the
general sampling scheme and discuss its relation with the original (hybrid) scheme. From the
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experimental results we conclude that Daubechies and spline filters have an approximation qual-
ity comparable to that of the ideal low-pass filter. Moreover, due to better decay of these filters,
the truncation error is smaller.

A/D- and D/A-conversions also play a major role in digital control systems. Here the emphasis
is not on optimal signal reconstruction, but on appropriate control of the process. The general
scheme offers an optimal representation of a signal in the digital domain, which may improve
the behavior of the control system. However, a known problem of advanced filtering techniques
is the destabilizing effect due to additional delay introduced by the filters. Because a thorough
study on the effects of filters inside a control loop was not found in the literature, this phe-
nomenon is investigated in this thesis by means of a case study with a simple linear feedback
system.

Again, we use the discrete-time equivalent for the analysis and experiments, which is known as
a multirate sampled data system. We show that it is possible to analyze such a system completely
in the Z-domain, but can only partly be written in terms of a simple transfer function. Computer
simulations show that the destabilizing effects are not compensated by a better representation.
In other words, early knowledge of the process state is more important than having an optimal
representation of it at a later time. However, if dealing with a noisy environment, pre-filtering
may required. In this case, the B0-spline pre-filter turns out to be an interesting alternative to
standard anti-aliasing filters.

An important issue is the hardware-implementation of the general sampling scheme. The
Daubechies filters can only be implemented by digital hardware. This implies that the scheme
is to be surrounded by traditional converters operating at high rates. This causes a major
drawback with respect to the costs of the circuit, but this may be paid off by reductions in
storage/transmission bandwidth due to a better (less redundant) representation. The sampling
scheme with spline filters of low-order can be realized in analog circuitry. A special case is the
scheme with a B0-spline pre-filter. Here, the combination of filtering and point measurements
is nothing more than local integration of the signal. We present the design of an A/D-converter
based on local integration. The quality of the acquired data, which has been evaluated based
on measurements taken by a hardware prototype, was satisfactory.

A particular application of advanced sampled data processing was found in Gas-liquid-
chromatography (GLC). Here the signal reconstruction is not carried out explicitly. However,
the general sampling scheme with spline filters offers a comprehensive representation, which
considerably facilitates the processing of chromatograms. We discuss the representation and
present a software package for the processing of chromatographic data.

We conclude that the vector space setting of the sampling problem is a fruitful one. The result of
this setting, the general sampling scheme, generalizes Shannon’s theorem and its common exten-
sions. Alternative filters to be used in the scheme can be found from multiresolution analysis.
Two particular families of filters, Daubechies filters and spline filters, are promising candid-
ates due to their additional advantageous properties. The approximation quality is as good as
that of the ideal low-pass filter. The alternative schemes can be realized in hardware, offering
alternative converters.
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Samenvatting

Digitale signaalverwerking wordt in toenemende mate gebruikt in allerlei gebieden. Bijvoor-
beeld in de consumentenelektronica heeft de Compact Disc speler zijn analoge voorganger, de
platenspeler, compleet verdrongen. Onze televisie is nog steeds analoog, maar er worden diverse
digitale technieken gebruikt om de kwaliteit van het beeld te verbeteren. Digitale technieken
spelen ook een steeds belangrijker rol in de procesindustrie, waar de computer wordt ingezet
voor het besturen van complexe industriële processen.

Een digitale besturingseenheid krijgt zijn informatie over het proces via sensoren. Sensoren
meten een fysische grootheid en zetten deze om in een elektrisch signaal. Omdat de meeste
grootheden van nature analoog zijn, zijn de betreffende signalen van dezelfde aard. Analoge
signalen zijn niet rechtstreeks te verwerken door een digitaal systeem, maar moeten vooraf om-
gezet worden naar een digitaal signaal. Dit proces heet Analoog/Digitaal-conversie of kortweg
A/D-conversie. De besturingssignalen worden doorgegeven aan het proces via actuatoren. Hier
speelt zich een omgekeerd proces af: digitale stuursignalen moeten vooraf worden omgezet in
analoge stuursignalen voor de actuatoren. Dit proces heet Digitaal/Analoog-conversie (D/A-
conversie). Het moge duidelijk zijn dat de kwaliteit van deze conversies bepalend is voor de
kwaliteit van de totale besturing.

A/D-conversie bestaat uit twee onderdelen: bemonstering en kwantisatie. Bemonstering is de
benadering van een signaal met een continue tijd-as door een signaal met een discrete tijd-as,
ofwel de benadering van een signaal door een rij getallen. Kwantisatie is een beperking van het
waardebereik van de getallen, zodat ze te representeren zijn in een computer. Ook D/A-conversie
is op een zelfde manier op te splitsen. We zullen ons in dit proefschrift verder concentreren op
bemonstering en zijn tegenhanger reconstructie.

Bemonstering leidt tot verlies van informatie. Een zorgvuldige keuze van de bemonsterings-
en reconstructieoperatoren kan dit verlies tot een minimum beperken. Een belangrijk resultaat
op dit gebied is het bemonsteringstheorema van Shannon. Dit theorema geeft een voorschrift
voor een perfecte reconstructie van een bandbegrensd signaal, dit is een signaal waarvan het fre-
kwentiespectrum onder een bepaalde maximum frekwentie blijft. Voorwaarde voor deze perfecte
reconstructie is dat er puntmetingen van het signaal worden genomen op regelmatige tijdstip-
pen gedurende oneindig lange tijd. Reconstructie van het signaal geschiedt door filteren met
een ideaal laagdoorlaatfilter.

In de praktijk kan niet geheel aan deze voorwaarde worden voldaan. Er wordt nooit oneindig
lang gemeten. Bovendien kan een praktisch meetinstrument geen echte puntmetingen uitvoeren,
maar zal het signaal altijd lokaal integreren. Ook de reconstructie is niet uitvoerbaar, want het
is niet mogelijk om een ideaal laagdoorlaatfilter te realiseren. Er is daarom een zekere kloof
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tussen de theorie en de praktijk. In dit proefschrift proberen we deze kloof te dichten, m.a.w. we
zoeken naar een soortgelijk theorema met voorwaarden waar in de praktijk (de procesindustrie)
aan voldaan kan worden, hetgeen moet leiden tot een alternatieve bemonsteringsmethode. Wil
deze methode geschikt zijn voor toepassingen in de procesindustrie, dan moet zij beschikken
over een zekere mate van ongevoeligheid voor ruis en andere verstoringen.

Om een alternatieve methode te vinden, wordt geabstraheerd van de gewone bemonstering en re-
constructie om zodoende tot de meest algemene operatoren te komen die aan onze eisen voldoen.
Daartoe beschouwen we een signaal als een vector in een lineaire vectorruimte. Bemonstering
wordt in deze context gezien als een operatie die een aantal getallen uit het signaal extraheert.
In de praktijk zal dit aantal eindig zijn. Als we de getallen koppelen aan een bepaalde basis
in de vectorruimte, dan representeren ze een signaal in de deelruimte opgespannen door deze
basis. Beschouwen we nu bemonstering en reconstructie samen als een enkele operatie, dan
reduceert het probleem zich tot een approximatieprobleem. De basis en de getallen moeten zo-
danig worden gekozen dat de vector in de deelruimte in de buurt ligt van de originele vector.
Alleen als die vector al in de deelruimte ligt, is perfecte reconstructie mogelijk.

In de driedimensionale ruimte is dit probleem niet moeilijk: door loodrechte projectie kan de
dichtstbijzijnde vector uit een deelruimte (bijvoorbeeld het grondvlak) worden gevonden. Lood-
rechte projectie kan niet zonder meer gegeneraliseerd worden naar abstracte vectorruimten. Dit
lukt echter wel voor de zgn. Hilbert-ruimten. In het bijzonder zijn de Hilbert-ruimten met een
reproducerende kern interessant voor ons probleem. Er wordt aangetoond dat zowel Shannons
theorema als een aantal generalisaties hiervan in deze context kunnen worden geformuleerd.

Bovenstaande visie op bemonstering en reconstructie is erg algemeen en levert veel alternatieven.
Om dit aantal te beperken worden enige voorwaarden ontleend aan de procesindustrie, te weten:

- De operatoren moeten lineair zijn,

- De procedure voor het bepalen van de getallen moet niet veranderen in de tijd,

- De getallen moeten op regelmatige tijdstippen worden bepaald.

Uitwerking van deze eisen levert het in dit proefschrift gedefinieerde gegeneraliseerde bemon-
steringsschema (GBS). Het schema is een model voor de samenstelling van bemonstering en
reconstructie en bestaat uit een lineair filter, ideale puntmetingen op regelmatige tijdstippen en
een reconstructiefilter. De bemonstering en reconstructie volgens Shannon zijn een bijzonder
geval van het GBS waarin beide filters het ideale laagdoorlaatfilter zijn. We zoeken nu naar al-
ternatieve filters zodanig dat het totale schema een optimale benadering geeft van een gegeven
signaal.

Terugvertalend naar de vectorruimte zoeken we naar deelruimten die opgespannen worden door
verschoven versies van een enkele functie. In de onlangs ontwikkelde theorie van wavelets en
multiresolutieanalyse (MRA) zijn zulke deelruimten in groten getale te vinden. MRA is een
methode voor een stapsgewijze benadering van functies, zodanig dat de benadering op een be-
paald niveau te reconstrueren is door detailinformatie toe te voegen aan een grovere benadering.
MRA’s worden gegenereerd door een enkele functie: de schalingsfunctie ofwel de vader-wavelet.

Het blijkt dat er een grote samenhang is tussen het GBS en orthogonale MRA’s. In principe
kunnen alle schalingsfuncties die een MRA genereren gebruikt worden als filters in het GBS.
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Ook Shannons theorema is te generaliseren tot een MRA en we kunnen zo spreken van de
Shannon schalingsfunctie en Shannon wavelets. De theorie van wavelets biedt echter een aantal
alternatieven, namelijk Daubechies en B-spline schalingsfuncties. Beiden hebben bijkomende
gunstige eigenschappen m.b.t. de afbreekfout bij het meten over eindige tijd en de gevoeligheid
voor ruis en andere verstoringen.

Afhankelijk van de gebruikte filters krijgen we zo verschillende schema’s die allemaal optimaal
zijn, d.w.z. allemaal een loodrechte projectie uitvoeren op een deelruimte. Het enige verschil
is de deelruimte zelf. Een specifiek schema is goed als de afstand tussen het te bemonsteren
signaal tot de deelruimte klein is. Het is dus moeilijk om de kwaliteit van de reconstructie te
voorspellen in het algemene geval, omdat de betreffende signalen overal in de signaalruimte
kunnen liggen.

De reconstructiekwaliteit van de verschillende schema’s is verder onderzocht aan de hand van
computersimulaties van het GBS. Hierbij zijn zowel synthetische als fysische testsignalen ge-
bruikt. Uit deze experimenten volgt dat de Daubechies en spline filters een reconstructiekwaliteit
geven vergelijkbaar met die van Shannons schema. Bovendien zijn deze filters minder gevoe-
lig voor lokale verstoringen, doordat ze ‘korter’ zijn dan het laagdoorlaatfilter. We mogen dus
concluderen dat de beide filters een goed alternatief vormen voor het ideale laagdoorlaatfilter.

Ook in een gesloten regelsysteem speelt bemonstering en reconstructie een grote rol. De nadruk
ligt hierbij echter niet primair op een optimale reconstructie, maar op de respons van het regel-
systeem. Een betere signaalreconstructie kan hier mogelijk aan bijdragen. Literatuuronderzoek
naar dit effect leverde niets op. Daarom is een case-study met een simpel lineair teruggekop-
peld regelsysteem uitgevoerd. Om simulatie mogelijk te maken is het probleem vertaald naar
de discrete tijd. We hebben dan te maken met een Multirate Sampled Data System (MSDS).
Er wordt getoond dat een dergelijk systeem goed te analyseren is met behulp van bestaande
technieken voor discrete tijd systemen. Een gedeelte van het systeem is te beschrijven met een
enkele overdrachtsfunctie waarin een aantal eigenschappen van het systeem verborgen is.

Uit experimenten met spline-filters blijkt dat de positieve effecten van een betere reconstructie
teniet gedaan worden door een destabiliserend effect als gevolg van de extra vertraging die
optreedt bij ‘langere’ filters. Met andere woorden: vroegtijdige kennis van de toestand van
het proces is belangrijker dan meer gedetailleerde kennis op een later tijdstip. Maar als er
desondanks een filter nodig is om ‘aliasing’ effecten te vermijden, is de 0e-orde B-spline een
redelijk compromis tussen onderdrukking van de aliasing fout en de respons van het systeem.

Alternatieve operatoren zijn alleen nuttig als ze ook daadwerkelijk in hardware gerealiseerd
kunnen worden. Daarom wordt de implementeerbaarheid van het GBS onder de loep genomen.
Voor de Daubechies filters geldt dat ze alleen in digitale hardware gerealiseerd kunnen worden.
Dit betekent dat het geheel omgeven moet worden door gewone A/D- en D/A-converters die op
een hoge frekwentie werken. Dit brengt extra kosten met zich mee en er zal nader onderzocht
moeten worden of dergelijke kosten opwegen tegen een betere reconstructiekwaliteit. Het GBS
met spline filters van lagere orde kan rechtstreeks in analoge hardware worden geı̈mplementeerd.

Een bijzonder geval vormt het schema met 0e-orde B-splines. Hier is de combinatie van filteren
en puntmetingen niets meer dan het lokaal integreren van het signaal. Er is een hardware module
gebouwd om de kwaliteit van deze lokaal integrerende methode nader te onderzoeken, waaruit
blijkt dat de monsters van goede kwaliteit zijn. Daarnaast wordt besproken hoe het schema met
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0e-orde B-splines eenvoudig en goedkoop gerealiseerd kan worden met behulp van een Voltage-
to-Frequency Converter (VFC).

Een toepassing waar de reconstructie niet expliciet uitgevoerd wordt is de analyse van gas-
vloeistof chromatogrammen. Hier wordt het analoge signaal bemonsterd en worden de beno-
digde parameters rechtstreeks uit het digitale signaal bepaald. Desalniettemin is de in dit proef-
schrift ontwikkelde methode ook voor dit soort toepassingen van belang. Het blijkt dat een
impliciete reconstructie met een 2e-orde B-spline filter een representatie levert die de analyse
sterk vereenvoudigt. Er is een software pakket ontwikkeld dat op basis van deze representatie
chromatogrammen kan analyseren.

Er kan geconcludeerd worden dat de abstractie naar lineaire vectorruimten een vruchtbare con-
text is geweest voor het vinden van alternatieve bemonsteringsmethoden. Het resultaat is het
gegeneraliseerde bemonsteringsschema, dat een generalisatie is van Shannons theorema. Uit de
multiresolutieanalyse werd een tweetal families van filters gevonden, die gunstige eigenschap-
pen hebben. Experimenteel is vastgesteld dat deze filters een vergelijkbare reconstructiekwaliteit
hebben als het ideale laagdoorlaatfilter. Deze alternatieven zijn in hardware te realiseren, het-
geen de ontwikkeling van alternatieve A/D- en D/A-converters mogelijk maakt.


