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2
Standard Cosmology

In this chapter, we introduce the reader to the basic ingredients
of the standard cosmological model. This perfectly describes the
evolution of our Universe from few moments after the so-called
“Big Bang” up to now. We start the discussion with Hubble’s
discovery of the cosmic expansion which gave the start to the de-
velopment of this standard scenario. A proper embedding of these
ideas within the language of general relativity is certainly needed.
Then, we present the fundamental tools of relativistic cosmology,
specify the geometry of our Universe, its matter-energy content
and the cosmic dynamics encoded in the Friedmann equations.
Finally, we discuss the main shortcomings which represent a se-
rious threat to the physics of this model.
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8 Standard Cosmology

2.1 The expanding Universe
Cosmology is a very old subject. Throughout millennia, humans have looked
up to the sky and tried to decipher our Universe. The cosmic picture has
changed several times. However, something radical happened in the second
quarter of the 20th century. A simple astronomical observation has revolu-
tionized the way we understand the Universe as a whole, and has given rise
to the subsequent establishment of cosmology as a science.

In 1929 the astronomer Edwin Hubble observed the recession of di�erent
galaxies from us [27] with velocity equal to

v = H(t)d , (2.1)

with d being the physical distance from our observational point and H a
proportionality parameter. The formula (2.1) is often refereed to as “Hubble
law” and it has been tested along the years with increasing accuracy, as shown
in Fig. 2.1.

Figure 2.1

Hubble diagrams (as replotted in [28]) showing the relationship between recession velocities
and distances of several astronomical objects. The left panel presents Hubble’s original

measurements [27]. The right panel shows more recent data of very distant objects [29,30].

The Hubble parameter H is assumed to be dependent just on time. The
independence on the space coordinates simply reflects the very old idea that
we do not occupy any special place in the Universe (this is the so-called cos-
mological principle); any observer would see the astronomical bodies moving
away with velocity equal to (2.1).

This empirical observation was almost immediately interpreted as first
evidence that we live in a dynamical Universe whose physical size is growing
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with time. Every object would move away from each other as the e�ect of
the expansion of the space itself. The latter is encoded in the evolution of
so-called scale factor a(t) such that the physical distance can be rewritten as

d = a(t)x , (2.2)

with x being the comoving distance and decoupled from the e�ect of the
expansion.

In order to better visualize the situation, we could imagine the spacetime
texture as an expanding grid where objects are fixed on (i.e. at constant co-
moving coordinates) and still recede from each other as the e�ect of a growing
scale factor. In a realistic description of the Universe, we need to assume also
a non-zero peculiar velocity (corresponding to ẋ ”= 0, with the overdot de-
noting a time derivative); local gravitational inhomogeneities would indeed
contrast the global expansion and, then, induce such e�ects. However, at
very large distances, this can be neglected as the biggest contribution comes
from the recessional component. In an expanding Universe, typical scales,
e.g. the wavelength ⁄ of a photon, will increase as ⁄ Ã a as the expansion
proceeds. However, the comoving wavelenght ⁄/a will remain constant in
time, if no other external process occurs (see Fig. 2.2).

�
�

� timetime

Figure 2.2

The expanding Universe with a typical scale ⁄. The grid schematically represents
comoving coordinates which do not change with time. Physical distances increase

proportionally to the scale factor a(t).

The expansion rate of the Universe is thus described by the Hubble pa-
rameter, defined as

H(t) © ȧ(t)
a(t) , (2.3)

generically dependent on the particular cosmic era. Its numerical value can
be simply obtained by measuring the ratio between the recessional velocities
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and the distances of astronomical objects such as Cepheid variables or Type
IA supernovae (these provide a reliable estimate of astronomical distances).
Its current value is given by

H0 = 100h km sec≠1 Mpc≠1 (2.4)

where
h = 0.678 ± 0.009 (68%CL) , (2.5)

as given by Planck2015 [13], combining information on the temperature spec-
trum, on the polarization spectra at low multipoles and on lensing reconstruc-
tion.

The value of the Hubble parameter can give us a quite good estimate
of the age of our Universe. Specifically, in a very simplified model, we can
extract a rough value of the time passed since everything was concentrated on
a point (the so-called “Big Bang”). If we indeed assume a constant recession
velocity v and neglect the e�ect of gravity, we obtain that points, separated
by a distance d today, were in contact at the time t ƒ d/v = 1/H. Plugging
the current measurements (2.4) and (2.5) in, we obtain t0 ƒ 14.4 Gyr. This
value is not far from the more precise estimate given by Planck2015

t0 = 13.799 ± 0.038 Gyr (68%CL) , (2.6)

which takes the di�erent matter-energy contributions at any cosmic era into
account.

It is interesting to notice how the value of the current Hubble parameter
H0 has changed during the last century (Fig. 2.3 shows this evolution) due
to the increasing accuracy of our measurements. Curiously, the first esti-
mates given by Hubble were leading to a very low estimate for the age of
the Universe in contradiction with other astronomical evidences, such as the
age of the Earth inferred from radioactive decay. This embarrassing conflict
contributed to initially discard the interpretation of Hubble’s observation as
evidence for the cosmic expansion [31].

Hubble’s discovery and the consequent idea of the expanding Universe
led to the development of the standard model of Big Bang cosmology, whose
predictions are in excellent agreement with observations. Despite the name,
the model says nothing about the Big Bang which remains a mathematical
singularity as well as an unsolved physical question. On the other hand, it
furnishes a clear and precise picture of the cosmic evolution from a few sec-
onds after this mysterious start: the temperature decreases as the expansion
of the Universe proceeds, light elements form during a process called Big
Bang Nucleosynthesis (BBN), recombination of nuclei and electrons takes
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Figure 2.3

Evolution of the estimates of the current Hubble parameter H0 during the last century.

place followed by the last scattering of photons which freely reach us today
as cosmic microwave background (CMB) radiation, observed in the sky at
the temperature T = 2.73 K.

Although the model has had many successful experimental confirmations,
it contains some serious theoretical shortcomings which can be better under-
stood once we know the geometric and dynamical properties of the Universe
we live in.

2.2 Relativistic cosmology
Prior to Hubble’s discovery, Einstein had already noticed that a genuine
prediction of his newly born theory of general relativity was a non-static
Universe. Puzzled by its cosmological implications, in 1917 he decided to
augment his equations with a specific cosmological constant [32] in order to
avoid such a phenomenon. However, Hubble’s observation and the conse-
quent interpretation confirmed that we do live in a non-static Universe.

A dynamical Universe is indeed what comes naturally from Einstein the-
ory of gravity which relates the geometry of spacetime to its matter-energy
content, through the field equations

Gµ‹ = Tµ‹ . (2.7)

The Einstein tensor is defined as

Gµ‹ © Rµ‹ ≠ 1
2gµ‹R , (2.8)
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where Rµ‹ and R are respectively the Ricci tensor and the Ricci scalar de-
pending on the metric gµ‹ and its derivatives. The energy-momentum tensor
is defined as

Tµ‹ © gµ‹Lm ≠ 2ˆLm

ˆgµ‹
, (2.9)

where Lm is the matter Lagrangian.
In the following, we discuss the implication of assuming some natural

symmetries dictated by observations both for the metric and for the matter
source.

2.2.1 Homogeneity and isotropy
The homogeneity and isotropy of our Universe at large scales (> 100 Mpc)
has always been taken as a reasonable assumption, known as the cosmological
principle. This has been mainly driven by the simple idea that we do not
occupy any special place in the cosmos. In addition, it has been beautifully
confirmed by several recent cosmological observations, specifically the ones
concerning the distribution of galaxies at large scales, shown in Fig. 2.4, and
the all-sky map of the CMB radiation. Pushing our observations to large
distances simply means looking back in time. Then, the basic picture is
the one of a very isotropic and homogeneous initial state which, during its
evolution, has developed the cosmic structures we observe today in the sky
as the result of gravitational instabilities.

Assuming these fundamental symmetries imposes stringent constraints on
the form of both sides of Eq. (2.7) as we will see below.

FLRW metric

Homogeneity and isotropy highly restricts the possibilities of the spatial
metric. The most general class is represented by the Friedmann-Lemaître-
Robertson-Walker (FLRW) solution which, written in terms of polar spherical
coordinates (r, ◊, ‡), reads

ds2 = ≠dt2 + a(t)2
C

dr2

1 ≠ Ÿr2 + r2(d◊2 + sin2 ◊ d‡2)
D

. (2.10)

The scale factor a(t) sets the physical distances among objects and can vary
with respect to the cosmic time t (the proper time as measured by a comoving
observer at constant spatial coordinates) allowing, then, for an expanding
Universe. The coordinates (r, ◊, ‡) reflect the symmetries assumed and are
called comoving, as they are decoupled from the e�ect of the expansion.
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Figure 2.4

2-degree Field Galaxy Redshift Survey (2dFGRS) map [33].
The distribution of the cosmic structures is quite irregular at small distances but becomes

more uniform towards the past and, then, at large scales.

The assumed symmetries still allow for a constant curvature of the 3-dimensional
spatial slices which can correspond to an open, flat or closed Universe, re-
spectively parametrized by Ÿ = ≠1, 0, 1. These hypersurfaces are the natural
spatial slices at any constant time. The homogeneous evolution allows us
indeed to use a universal clock at each point. However, being the time co-
ordinate not a physical time, one may adopt other parametrizations. A very
useful one is characterized by defining the conformal time · , such as

d· © dt

a(t) , (2.11)

which brings Eq. (2.10) into

ds2 = a(·)2
C

≠d·2 + dr2

1 ≠ Ÿr2 + r2(d◊2 + sin2 ◊ d‡2)
D

. (2.12)

It is possible to further simplify the metric by introducing a new radial co-
ordinate ‰, defined as

d‰ © drÔ
1 ≠ Ÿr2 , (2.13)

through which we may rewrite Eq. (2.12) as

ds2 = a(·)2
Ë
≠d·2 + d‰2 + S2

Ÿ(‰)(d◊2 + sin2 ◊ d‡2)
È

, (2.14)
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where

SŸ(‰) ©

Y
__]

__[

sinh ‰, Ÿ = ≠1
‰, Ÿ = 0
sin ‰ Ÿ = 1

(2.15)

This particular gauge choice simplifies the description of the causal struc-
ture of the FLRW metric: the propagation of light is the same as in Minkowski
space and takes place diagonally (at 45 degrees) in the (‰, ·) plane.

Perfect fluid

It is possible to show that the stress-energy tensor Tµ‹ , compatible with such
homogeneity and isotropy, is the one of a perfect fluid (this is well explained
in [25]), that is

T µ
‹ = diag(≠fl, p, p, p) , (2.16)

where fl is the energy density and p the pressure as measured in the rest
frame of the fluid.

2.2.2 Friedmann equations and the cosmic history
After specifying both sides of Eq. (2.7), we can extract the cosmic dynam-
ics of a FLRW universe. Due to the symmetries assumed, the independent
equations turn out to be two, which are known as Friedmann equations and
read

H2 =
3

ȧ

a

42
= fl

3 ≠ Ÿ

a2 , (2.17)

H2 + Ḣ = ä

a
= ≠1

6(fl + 3p) , (2.18)

where dots denote derivatives with respect to the time t and H is defined by
Eq. (2.3).

In order to extract the evolution of the scale factor a(t), one must specify
the type of matter and solve Eq. (2.17) and Eq. (2.18). In fact, these two
equations can be combined into the continuity equation

fl̇ + 3H(fl + p) = 0 , (2.19)

which, alternatively, can be also derived from the condition of energy conser-
vation ÒµT µ‹ = 0. Depending on the relation between energy density and
pressure, dictated by the equation of state parameter

p = wfl , (2.20)
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we obtain the following scaling for the energy density

fl Ã a≠3(1+w) , (2.21)

which, plugged back into Eq. (2.17), yields

a(t) Ã
Y
]

[
t

2
3(1+w) , w ”= ≠1

eHt, w = ≠1
(2.22)

in the case of flat curvature (Ÿ = 0). The parameter w can be assumed to
be constant and depends on the specific species filling the Universe at any
epoch:

• Matter, or any pressureless species where the kinetic energy is negligible
with respect to the mass (that is non-relativistic matter, e.g. baryons
or dark matter), is characterized by w = 0. One has fl Ã a≠3 and
a Universe dominated by matter will have a scaling a Ã t2/3. This
fact is quite intuitive as this type of matter is the one we are most
familiar with. The scaling can be easily understood by the following
argument. Imagine a cubic portion of the expanding Universe of volume
V (t) = L3 = [a(t)X]3 where L and X are respectively the physical and
the comoving length of one side of the cube. When this is filled with
ordinary matter, the energy will be basically determined by the mass
thus having no scaling with respect to the physical volume. The energy
density being equal to fl = E/V will have the expected scaling with
respect to the scale factor a(t). This situation is shown in Fig. 2.5.

time

L1 = a(t1)X

L2 = a(t2)X

Figure 2.5

Non-relativistic matter in a cubic portion of the expanding Universe. While the
length of the side increases with time (L1 > L2), the matter content gets diluted and

the energy density scale as fl Ã a≠3.
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• Radiation, or any species with dominating kinetic energy (that is rela-
tivistic matter, e.g. photons or neutrinos), is characterized by w = 1/3.
The energy density scales as fl Ã a≠4 which implies that a Universe
dominated by such type of matter expands as a Ã t1/2. One can under-
stand the scaling of the energy density by means of an analogous picture
to the one above. Imagining the cubic portion filled with photons, now
the main di�erence is that the energy is equal to E = 2fi/⁄ (~ = c = 1)
thus scaling as the inverse of the wavelength ⁄. The latter is a physi-
cal length linearly depending on the scale factor (see Fig. 2.6) and this
provides the quartic power in the scaling of fl.

time

L1 = a(t1)X

L2 = a(t2)X

� � a(t1)

� � a(t2)

Figure 2.6

Radiation in a cubic portion of the expanding Universe. The length of the side
increases with time (L1 > L2) proportionally to the scale factor a(t) as well as the

photon wavelength ⁄. Consequently the energy density scale as fl Ã a≠4.

• Dark energy, the mysterious component dominating the Universe nowa-
days, is characterized by w = ≠1 (when described by a cosmological con-
stant) with negative pressure and constant energy density. A Universe
dominated by that will expand exponentially as given by Eq. (2.22).
This situation is quite counterintuitive if we want to draw an analogy
with the cases above. If we indeed imagine this component filling a part
of our Universe, new dark energy “atoms” must necessarily appear out
of nothing during the expansion, in order to keep the energy density
constant (this is shown in Fig. 2.7) .
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time

L1 = a(t1)X

L2 = a(t2)X

Figure 2.7

Dark energy in a cubic portion of the expanding Universe. While the length of the
side increases with time (L1 > L2), new dark energy “atoms” appear in order to

mantain a constant energy density.

In standard cosmology, therefore, the history of the Universe is charac-
terized by early times dominated by radiation, a moment of matter-radiation
equality and subsequent domination of matter. Just recently we have en-
tered an era in which dark energy constitutes most of the total energy in the
Universe, at present 68.3% of the entire content. This evolution is shown in
Fig. 2.8.

Finally, one may write the Friedmann equation in a form which is better
for the discussion of the shortcomings a�ecting the standard cosmological
model. By looking at Eq. (2.17), one may define, at any time, a critical
energy density

flc © 3H2 (2.23)

corresponding to a perfect flat sectional curvature Ÿ = 0. After normalizing
all energy densities as

�i © fli

flc
, (2.24)

one can rewrite Eq. (2.17) as

� ©
ÿ

i

�i = 1 + Ÿ

(aH)2 . (2.25)

where the index i runs over the di�erent matter-energy species.
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ln a(t)

dark energy
� = const

matter
� � a�3

� � a�4
radiation

radiation domination

a � t
1
2

a � t
2
3

matter domination

today

ln �i

ln a ln t

Figure 2.8

Standard evolution of the energiy densities (left panel) and the scale factor (right
panel) in logarithmic scales. According to the standard cosmological model, going

back in time, the Universe becomes radiation dominated and the scale factor
shrinks up to a singular point a = 0, commonly called “Big Bang”.

2.3 Big Bang shortcomings
According to what we have presented in the previous section, the Universe,
for most of its evolution, has been dominated by non-relativistic matter and
radiation satisfying the strong energy condition (SEC)

1 + 3w Ø 0 . (2.26)

Specifically, just after the Big Bang (corresponding to the singularity a =
0), the standard picture sees the cosmos mostly filled with radiation (see
Fig. 2.8). In the following, we will discuss the problematic consequences of
assuming these familiar matter sources up to the beginning of the cosmic
history.

2.3.1 Flatness problem
In standard cosmology, an expanding Universe is naturally driven away from
flatness. This can be well understood by di�erentiating Eq. (2.25), that is

�̇ = H� (� ≠ 1) (1 + 3w) , (2.27)

which can be rewritten as
d|� ≠ 1|

d ln a
= �|� ≠ 1|(1 + 3w) . (2.28)
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A Universe with a growing scale factor a(t) that is dominated by ordinary
matter (subject to the strong energy condition 1 + 3w Ø 0 ) therefore has
� = 1 as an unstable fixed point as displayed in Fig. 2.9.

1

�

a
Figure 2.9

Evolution of the total energy density in standard cosmology. The point � = 1,
corresponding to flat curvature, is a repeller.

This is exactly what happens in the standard cosmological picture where
the Universe has been dominated by such type of energy from the beginning
until the present time, as shown in Fig. 2.8. A Universe starting with generic
initial curvature is driven away from flatness during its evolution. The same
conclusion can be reached by looking at Eq. (2.25) and noticing that, in a
Universe filled with radiation or matter, the sum of the energy densities �i

diverges from unity as the quantity (aH)≠1 increases with time.
The surprise comes with cosmological observations that suggest that the

Universe today must be flat with extreme accuracy. Specifically, the latest
Planck data combined with BAO give

|� ≠ 1| = 0.000 ± 0.005 (95%CL) . (2.29)

This implies that, going back in time, the curvature of the Universe should
have been even closer to perfect flatness: at the BBN epoch |� ≠ 1| . 10≠16,
at the Planck scale |� ≠ 1| . 10≠64. Generally, such an incredible amount
of fine-tuning for the initial conditions of the Universe makes physicists un-
comfortable. A dynamical explanation of what we observe today would be
certainly more desirable.
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2.3.2 Horizon problem
Given a space-time, the scale of causal physics is set by null geodesics, being
the paths of photons. In a FLRW Universe, with flat curvature, radial null
geodesics (i.e. at constant ◊ and „) are defined as

ds2 = ≠dt2 + a(t)2dr2 = 0 ∆ dr = ± dt

a(t) © ±d· (2.30)

where, in the last step, we have used the conformal time · defined in Eq. (2.11).
If we assume the standard picture given by Fig. 2.8, the Universe was

dominated by ordinary matter with state parameter w > ≠1/3 for most of
its evolution and, going back in time, the scale factor a(t) decreases up to the
singular point a(0) = 0. In this case there is a maximum distance to which an
observer, at a given time t0, can see a light-signal sent at t = 0. In comoving
coordinates, this is given by the so-called comoving particle horizon, that is

rph =
⁄ t0

0

dt

a(t) =
⁄ a0

0
(aH)≠1d ln a . (2.31)

If the comoving distance between two particles is greater than rph, they
could have never talked to each other. Assuming Eq. (2.22) and integrating
Eq. (2.31), we get

rph ≥ a
1
2 (1+3w)
0 ≥ (a0H0)≠1 . (2.32)

where the index “0” means calculated at time t = t0.
The quantity (aH)≠1 is called comoving Hubble radius and determines the

distance over which one cannot communicate at a given time. It basically
fixes the causal structure of the space-time and its time-evolution is crucial
for the particle horizon in Eq. (2.31). The comoving Hubble radius and the
particle horizon are basically the same in standard cosmology, as one can
see from Eq. (2.32). However, we will see in the next Chapter that inflation
modifies this correspondence. This will make a crucial di�erence.

The resulting picture is that, in an expanding Universe filled with ordinary
matter, the horizon grows with time as given by Eq. (2.32). This means that
comoving scales entering the horizon today have been never in causal contact
before. These regions should look quite di�erent from each others as they
could never exchange any information before.

The problem arises when we look at the largest scales we can observe
in the sky, such as CMB and LSS scales. Their homogeneity is not just re-
markable but very curious, according to the causal structure discussed above.
Specifically, the CMB radiation has the same temperature in any direction
we could look although the naive horizon scales would be just around one



2.3 Big Bang shortcomings 21

degree in the sky. How can this so-called horizon problem be explained? In
the next Chapter, we will present the inflationary paradigm as a solution to
this problem.

2.3.3 Additional challenges
The standard cosmological model contains other puzzling issues weakening
its robustness and internal consistency. Surprisingly these will find a solution
again in the next Chapter via inflation. We list these challenging problems
below.

Unwanted relics

Going back in time, near the Big Bang, the temperature increases and the
energy reaches values where UV-physics completion should play an impor-
tant role. According to di�erent UV-physics scenarios, new objects might be
produced and their e�ect would survive until the present time, following the
standard cosmological evolution. Typical examples are the following:

• Magnetic monopoles, very massive objects with a net magnetic charge,
are copiously produced in the early Universe, according to most of grand
unified theories (GUT). Combining these predictions with the standard
cosmological model, Preskill [34] found that today its abundance would
be 12 orders higher than any other particle. This would have dramatic
consequences on the age of the Universe and, then, it is in clear contrast
with observations [35].

• The gravitino, the supersymmetric particle of the graviton, may ruin
the success of the BBN cause of its late-time decay.

• Topological defects, such as cosmic strings or domain walls, might bring
worrisome consequences for current observations.

Today we do not observe any direct e�ect due to the production of these
objects in the early Universe. An elegant explanation is provided by inflation
which simply dilutes their density to a very negligible level.

Homogeneity VS Inhomogeneities

It is very remarkable how the Universe is extremely homogeneous at large
scales while being very irregular and clumpy at small scales. However, the
standard picture of cosmology does not provide any compelling explanation
for the origin of this fundamental di�erence. Which is the origin of the
inhomogeneities over a very smooth background?




