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Abstract

Many dynamic processes biomedical sciences can be fundamentally
described bymeans of differential equations. This deductivemodelling
is rarely matched by empirical, inductive approaches: exploratory sta-
tistical modelling of dynamic processes have rarely taken the under-
lying differential equation as starting point. In this chapter we aim
to overcome this apparent gap in the statistical functional modelling
literature. Our aim is to define a generalized additive model for an
biomedical univariate response variable. The method uses the linear
nature of the model to derive fast explicit estimators, without the need
of explicitly solving the ODE.
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5.1 Introduction

In this paper, we consider the system of differential equations of
the form {

x′(t) = F (x(t)) , t ∈ [a, b],
x(a) = θ0,

(5.1)

where x(t) takes values in Rd, θ0 in Ξ ⊂ Rd, and θ in Θ ⊂ Rp for
a function F in some appropriate functional space F . From (5.1) we
obtain the system of integral equations

x(t) = θ0 +

∫ t

a

F (x(s)) ds, t ∈ [0, T ]. (5.2)

Furthermore, data are assumed to be noisy observations from the un-
derlying differential equation, in other words, the observations have
location parameters µ described by the state vectors x,

Y (ti) ∼ Lµ=x(ti).

In the case of additive, but not necessarily Gaussian noise, this reduces
to

Y (ti) = x(ti; θ, θ0) + ε(ti), i = 1, . . . , n, (5.3)
where ε(ti), are the d-dimensional column vectors of measurement
errors at time ti.

In some theoretical settings, the functional form of the function F

is known apriori. However, in many inductive sciences it is actually
of interest to estimate F from the data. The aim of this paper is to
describe a so-called smooth-and-match procedure, that can be written
as a generalized Tychonov regularizer, to estimate the underlying F
component-wise.

5.2 Smooth-and-match as a Tychonov regularizer

We want to consider a rich class of functions and therefore use an
arbitrary set functional basis functions, {ϕ1, . . . , ϕk} to describe the
function F . The functions can be multivariate and depend on multiple
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state vectors. We typically focus on a spline basis.

Fn(x(t); θ) =

k(n)∑
i=1

ϕi(x(t))θi, (5.4)

= ϕ(x(t))θ, (5.5)

where themeasurable functionϕi : Rd → Rd×pmaps the d-dimensional
column vector x into a d×pmatrix. Moreover, k(n) grows with n such
that ϕk(n) ∈ Fn and approximating spaces F1 ⊂ F2 ⊂ . . .F such that
their union is dense in F , where the unknown true function F0 lives.
It is clear that the true F is a minimizer of L2 norm,

L(F ) =

∫ b

a

∣∣∣∣∣∣∣∣x(t)− θ0 −
∫ t

a

F (x(s)) ds

∣∣∣∣∣∣∣∣2 dt, (5.6)

Recently, Vujacic et al [41] introduced the following Tychonov reg-
ularizer approach to estimating F insideFn. Consider a set of approx-
imating spaces X1 ⊂ X2 ⊂ . . .X such that their union is dense in
X , where the solution x of the ODE is an element of X . In statistics,
these approximating spaces are called sieves. First, the ODE solution
is estimated in the approximating space Xn,

x̂n = argminx∈Xn
Tν(x|Y ). (5.7)

where Tν(x|Y ) is the usual squared norm smooth estimation in a spline
basis Xn with smoothness penalty ν. Secondly, the functional form of
F is estimated through matching by minimizing the empirical equiv-
alent of (5.6),

θ̂n = argminθ∈ΘLn(θ | x̂), (5.8)
where

Ln,λ(θ) =

∫ b

a

∣∣∣∣∣∣∣∣x̂n(t)− θ0 −
∫ t

a

ϕ(x̂n(s)) ds θ

∣∣∣∣∣∣∣∣2 dt+λθ⊤Sϕθ, (5.9)

with respect to θ0 and θ, where x̂n(t) is given by (5.7). Here, ∥ · ∥ de-
notes the Euclidean norm ∥f(t)∥ = {

∑d
j=1 f

2
j (t)}1/2 and

Sϕ =
∫ b

a ϕ
′′(s)ϕ′′(s)⊤ds . Minimization of (5.9) results in an explicit

form for the estimators θ̂n and θ̂0n , which is not the case with the clas-
sical approaches, such as non-linear least squares (NLS) or maximum



98 Generalized additive modelling of ordinary differential equations

likelihood estimation (MLE). Indeed, NLS and MLE require the solu-
tion of the system of differential equations, which generally does not
have a closed form. This remains true even when the dependence on
the model parameters is linear.

In case of repeated measures, using a step function estimator for
x̂n(t) yields a very simple and computationally fast estimator. The es-
timators of the parameters are

√
n-consistent if, roughly speaking, the

number of time points is of order
√
n and for most time points the

number of replicates is of the same order [8]. In case of time course
datawithout repeatedmeasurements, aswe introduced above, the afore-
mentioned consistency result does not hold, unless some smoothing
is applied. In this paper, we study this case.

The idea of smoothing as a way of avoiding numerical integration
of the system of differential equations has been used before and is
referred to as the collocation estimation method. There are two-step
methods, such as [1, 6, 8, 11, 17, 18, 27, 35, 36] and generalized profiling
methods [22, 32, 39, 40]. All of these approaches have recently been
generalized by Vujacic et al [41].

Also, other regularization based approaches, which make use of
properties of differential operators, have been proposed to avoid nu-
merical integration of the system of differential equations [15, 16, 33].
In most cases, the main computational bottleneck lies in the optimiza-
tion of a non-linear objective function. Indeed, standard problems con-
nected with optimization also appear here. For example, a poor initial
guess may lead to considerably slower convergence to the global opti-
mum or even to some local optimum. For the systems that are linear in
the parameters, this optimization can be avoided, since the estimator
can be obtained explicitly [8, 21]. Moreover, following [25, 26] further
simplifications can be obtained by assuming piecewise constant solu-
tions of the differential equations.

5.3 Smooth-and-match estimator

Let t1, . . . , tn be the time points of the observations. The window
smoother of x is, in accordance with (5.7), defined as

x̂n(t) = Xn(t)β̂, (5.10)
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where β̂ is the minimizer of

Tν(β) =
n∑

i=1

||Y −Xn(ti)β||2 −
d∑

j=1

νjβ
tSjβ.

ThematrixXn(t) is the basis functions ofXn evaluated at the observed
time points and Sj are the second derivates of the same functions eval-
uated across time points for each dimension j ∈ {1, . . . , d}.

We estimate G(t) =
∫ t

a ϕ(x(s))ds via a plug-in approach

Ĝn(t) =

∫ t

0

ϕ(x̂n(s))ds.

This is in principle the integral of a 9th order polynomial if cubic
splines are used to describe both Fn and Xn. The answer is a 10th or-
der polynomial. Minimizing the criterion function (5.9) with respect to
θ0 and θ yields explicit formulae for the estimators of the parameters.
Indeed, the objective function Ln can be written as

Ln(ω) = ω⊤
∫ b

a

H(t)⊤H(t)dtω − 2ω⊤
∫ b

a

H(t)⊤x̂n(t)dt

+

∫ b

a

∥x̂n(t)∥2dt+ λθ⊤Sϕθ,

where ω = (θ0; θ)
⊤ and H(t) = (Id; Ĝn(t)). Thus, Ln is quadratic in

ω and its minimizer is

ω̂ =
(∫ b

a

H(t)⊤H(t)dt
)−1

∫ b

a

H(t)⊤x̂n(t)dt

=

(
(b− a)Id Ân

Â⊤
n B̂n + λSϕ

)−1( ∫ b

a x̂n(t)dt∫ b

a Ĝn(t)
⊤x̂n(t)dt

)
,
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where

Ân =

∫ b

a

Ĝn(t)dt,

B̂n =

∫ b

a

Ĝn(t)
⊤Ĝn(t)dt.

By using the matrix block inversion [2, Chapter 2] we obtain

θ̂0n =
(
(b− a)Id − ÂnB̂

−1
n Â⊤

n

)−1 ∫ b

a

{
Id − ÂnB̂

−1
n Ĝn(t)

⊤}x̂n(t)dt,
θ̂n = (B̂n + λSϕ)

−1
∫ b

a Ĝn(t)
⊤{x̂n(t)− θ̂0n}dt.

(5.11)
The integrals Ân, B̂n have explicit forms.
5.4 Discussion

In this chapter, we have presented a method for a functional esti-
mation in systems of ordinary differential equations via sieves. Our
method is computationally inexpensive and also does not need any
initial values of the parameters. This is very appealing, since in both,
Bayesian and likelihood-based methods, a good initial estimate is es-
sential. Thus, the method can be used as a fast way to obtain an initial
value for the MCMC in case of Bayesian methods or an initial guess
for optimization in case of likelihood-based methods.

The window estimator is similar to those proposed by [6], [17] and
[36]. The main difference with respect to the first two papers is that
by considering the system of integral equations (5.2) we avoid the es-
timation of x′(·). This is important because the assumption is that we
only observe the noisy version of x(·). It is well-known that estimating
a derivative is less accurate than estimating the curve itself [28, Sec-
tion 6.1]. On the other hand, avoiding the estimation of the derivative
induces a new parameter θ0. If θ0 is identifiable, this does not pose a
problem, since we also have an explicit form of the estimator of θ0. In
contrast to other smooth-and-match procedure, this chapter does not
require one to know the functional form of the ODE. This comes at a
cost of introducing a smoothing parameter. The result is that we can
reconstruct the functional form of the ODE, rather than estimating
individual parameters. For systems where there is little prior informa-
tion, this is a important first step in identifying the underlying system.
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