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Abstract

In a social context, having and using information about the action of one’s partners 

can, in some situations, be strategically advantageous. The responses that individuals 

have to information about their partner’s action are the basis of many processes 

that facilitate the evolution of cooperation, such as: reciprocity, punishment and 

partner choice. When two partners are able to respond to each other’s actions, the 

process can be seen as a negotiation; where the outcome of a series of interactions 

defines an individual’s behaviour, and consequently her payoff. In here, we develop 
a general evolutionary model to include negotiation in pairwise interactions. We use 

behavioural reaction norms as mechanisms underlying the dynamics of negotiation; 

and we analyse the evolutionary fate of mutations that change the reaction norms of 

individuals. Our general theoretical model supports the existence of sets of neutral 

equilibria in negotiation games. Moreover, we derive stability conditions for such 
set of equilibria. These conditions show that the shape of the reactions norms can 
have important consequences for the stability of equilibria. To illustrate this, we use 
a specific model of the interaction between a breeder and a subordinate. 

Introduction

Social evolution theory is concerned with the evolution of traits that affect the 

fitness of an actor as well as the fitness of the social partners she interacts with. 
Traditionally, models of the evolution of social behaviour assume individuals to 

behave independently of their partner’s behaviour. However, responsiveness, the 

potential to change one’s behaviour depending on the partner’s action, has important 

consequences for the evolutionary dynamics of social behaviours (McNamara et al. 
1999). Being responsive to the partner’s behaviour makes sense from a strategic 

perspective. If individuals possess information about the action of their social 

partners, it is typically in their own interest to adjust their behaviour accordingly 

(but see Pen and Taylor (2005) and references therein). 

An obvious example of the relevance of responsive behaviour is the role of reciprocal 

interactions in the emergence of stable cooperation (Trivers 1971; André and Day 
2007; van Doorn et al. 2014). Cooperation has long been regarded as an evolutionary 

puzzle; if a cooperative act entails a fitness cost to the actor and a benefit to the 
receiver, cooperation should be selected against. One solution to this puzzle is 

reciprocity, where individuals cooperate only with partners that cooperate with them, 

leading to the exchange of cooperative acts among each other (Trivers 1971). Under 

certain conditions, repeated interactions and reliable information about partner’s 

behaviour (Axelrod and Hamilton 1981; Boyd and Richerson 1989; Lehmann and 

Keller 2006; Barta et al. 2011), reciprocal interactions allows cooperation to spreads 
in a population of defectors. This simple scenario of the evolution of cooperation 

relies on the capacity of individuals to acquire information about their partner’s 
behaviour in order to respond in a way that increases their Darwinian fitness. 

Behavioural responsiveness is important for a host of mechanisms that may facilitate 

cooperative interactions, including partner choice, punishment and policing (Leimar 

and Hammerstein 2010). In general, behavioural responsiveness is a prerequisite to 
the exchange of cooperative actions, regardless of whether these involve the same 

or different ‘commodities’(Taborsky 2013). Despite the general role of behavioural 

responsiveness in mechanisms allowing the evolution of cooperation, there is no 

unique framework to include responsiveness in evolutionary models. 
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Models of behavioural negotiation have recently been used to include responsiveness 

in the evolution of social behaviours (McNamara et al. 1999; Taylor and Day 2004; 

Quiñones et al. 2016). Under the negotiation framework, behaviours are not decided 
in one-shot interaction between the partners; but rather, they are determined by a 

dynamical process where individuals mutually respond to each other (Fig. 1a). The 

dynamical process consist of a pair of reaction norms that determine the action of an 

individual in the negotiation; and the long term behaviour is given by the interaction 

between the reaction norms of both partners. What changes, through evolutionary 

time, in such type of model are the parameters that determine the shape and position 

of the reaction norms. The fitness of individuals is determined by the behaviour 
expressed at the end of the negotiation process. This type of dynamical process 

has the advantage of including a more mechanistic representation of behaviour, in 

the form of the behavioural reaction norms (Gomulkiewicz and Kirkpatrick 1992; 
Dingemanse et al. 2010). This is in line with recent calls to explicitly include 

mechanisms underlying behaviour in evolutionary models (McNamara and Houston 

2009; Fawcett et al. 2013; McNamara 2013; van den Berg and Weissing 2015).  

Also, in contrast to classical discrete reciprocity models, where every action of an 

individual has fitness consequences (Trivers 1971; Axelrod and Hamilton 1981; 
Nowak and Sigmund 1998; Pfeiffer et al. 2005), in negotiation models only the 
outcome of the negotiation matters, not the steps in between. The relevance of this 

feature is that when actions of individuals have immediate fitness consequences, 
there are implicit costs on cooperative acts (van Doorn et al. 2014). That is because 

individuals risk their payoffs to the uncertainty of their partner’s behaviour. 

Despite the conceptual advantages of using models of negotiation, there are inherent 

complexities added to the models under this framework. Natural selection, under 

the negotiation framework, acts through the fitness consequences of the behaviour 
of individuals. But what are under selection are the rules of how behaviour is 

determined given the social environment. The simplest representation of these rules 

is a behavioural reaction norm. Behavioural reaction norms are a simple relation 

of how an individual’s behaviour is determined by the action of their partner (Fig. 

1b and c). Allowing the evolution of reaction norms implies an increase in the 

dimensionality of the system that is under study. For instance, linear reaction norms 

(Fig. 1b) require to be characterized by at least two parameters – e.g.: an intercept 

and a slope- to determine the strategy of an individual with respect to one behavioural 

trait. Taylor and Day (2004) showed, for a specific model of bi-parental care, the 
added dimensionality implies the existence of a set of neutrally stable equilibrium 
points in the system. Moreover, the authors argue this might be a general feature of 

evolutionary games with negotiation dynamics. 

Figure 1. Structure of negotiation games. (a) Genes – x and y - determine the parameters that govern 
the shape and position of the reaction norms A(x,b ) (red line) and B(y,a) (blue line), respectively. 

Each partner expresses one reaction norm depending on its role in an asymmetrical interaction. The 

negotiation consists of a series of interactions where individuals mutually respond to each other, and each 

response is based in the reaction norm and the behaviour of the partner. Yellow lines in the negotiation 
panel depict the trajectory of a hypothetical negotiation; the trajectory consists of the different levels 

of behaviour expressed by the partners during the negotiation. After the negotiation, partners reach 

a behavioural equilibrium in the levels of behaviour expressed; the equilibrium corresponds to the 
intersection point of the two reaction norms when plotted in the same plane. The levels of behaviour 

expressed by both partners determine their fitness. Thus, the fate of mutants for genes x and y is driven 
by how they change the negotiation process. b depicts an example of a behavioural negotiation when 

partners have linear reaction norms. Yellow lines show the trajectory. Intersect of the two reaction norms 
corresponds to the behavioural equilibrium. c depicts an example of negotiation between partners that 
have logistic reaction norms. Inset shows a crucial difference when the reaction norms are not linear. 

Dashed blue line is the reaction norm of a mutant for y. Black lines are the slopes of the reaction norm 

of the partner, at the behavioural equilibrium, when she interacts with the resident (continuous line) 
and with the mutant (dashed line). In the interaction between a resident in x and a mutant in y there is a 

change in both the level of behaviour and the slope of the reaction norm of the resident. The change in 

slope is caused by the non-linear nature of the reaction norm. 
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In this paper, we develop a general analytical model to capture negotiation dynamics 

in an evolutionary context, and assess the stability of the equilibria. Our model aims 
at analysing some general features of negotiation dynamics; but also, at allowing 

the general model to be applied to specific biological examples with idiosyncratic 
life history and ecological features. Using an adaptive dynamics approach we derive 

conditions for the direction of natural selection on changes in the parameters that 

govern the reaction norms underlying the negotiation. Furthermore, we derive 

conditions for the equilibria of the adaptive dynamics to be stable. Finally, we use as 
an example the evolution of negotiation between breeder and its subordinate in the 

context of a pay-to-stay scenario for the evolution of cooperative breeding (Gaston 
1978; Bergmüller and Taborsky 2005; Hamilton and Taborsky 2005; Quiñones et al. 
2016), and show some of the consequences of the insights obtained from our general 
model.  

Analysis

Strategies
We consider a population where individuals have pairwise interactions. We assume 

these interactions are asymmetrical, which means that the two partners take on 

different roles in the interaction, express each a different type of behaviour, and 

these behaviours have different fitness consequences for the partners. We also 
assume individuals are responsive to the behaviour of their partner. To implement 

responsiveness, we let the behaviour expressed by individuals during an interaction 

depend on a behavioural reaction norm and the behaviour of their partners. Before 

behaviours have any fitness consequences, a pair of interacting individuals goes 
through a negotiation process consisting of a series of repeated interactions where 

individuals mutually respond to each other eventually leading to equilibrium in the 
level of behaviour expressed by both partners (Fig. 1). The equilibrium levels of 
behaviour, reached by the negotiation, influence the fitness of the partners. If we let 
â and b̂ be the behaviour of each of the partners in an interaction reached after the 

negotiation, the pair of behavioural reaction norms that govern the negotiation are

â = A x̂,b̂( ) ,
b̂ = B ŷ,â( ) .

⎧
⎨
⎪

⎩⎪

         

         (1)

Where x̂  is a quantitative possibly multidimensional parameter partly determining 
function A; and function A is the reaction norm of the partner who expresses 

behaviour â . ŷ  is a quantitative parameter partly determining function B; which 

is the reaction norm of the partner who expresses behaviour b̂ . We assume that x̂

and ŷ are genetically inherited traits passed from parents to offspring, and they are 

expressed conditionally in individuals, depending on which role they are in. Note 

that the reaction norms in (1)  do not need to be of the usual linear form; rather, we 

leave them undefined here for the sake of generality (Fig. 1b and c).

We are interested in the evolution of the reaction norms that determine the behaviour 

between the partners, thus we analyse how natural selection changes the parameters 

x̂ and ŷ . To this end, we consider a population of individuals monomorphic for both 

traits, and we analyse the fate of two mutants with a slightly different value ˆx x≠  

and ˆy y≠ . Assuming that mutations occur independently, and mutants are rare, the 

fitness of the mutants is determined by their interaction with residents. Adjusting the 
reaction norms in (1) with the mutant trait, we get the reaction norms governing the 

interaction between mutants and residents:

a = A x,b '( )
b ' = B ŷ,a( ) ,

⎧
⎨
⎪

⎩⎪
and

a ' = A x̂,b( )
b = B y,a '( )

⎧
⎨
⎪

⎩⎪
,

     (2)

where a and b are the behavioural equilibrium of the mutants after the negotiation, 
and a’ and b’ the equilibrium responses of residents in an interaction with a mutant. 
This notation makes explicit that a resident with trait ŷ  expresses a different level of 

behaviour when interacting with a mutant with trait x due to the mutual dependency 

enforced by the negotiation process; hence, both a and b’ are dependent on x, but 

not on y. Conversely, a resident with trait x̂ expresses a different level of behaviour 

when interacting with a mutant with trait y, and both a’ and b are dependent on y, 

but not on x.

Selection on reaction norms
The fitness of mutant individuals depends on the behaviours they express in the two 
different roles, as well as on the response their partners have to those behaviours.  
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More explicitly, fitness can be expressed as
         (3)W (a,b ',a ',b)

 .        

Given that the fitness function (3) captures the relative fitness of mutants in the 
context of a resident population, it is also a function of resident traits x̂ and ŷ ; 

however, we do not make that dependency explicit in the notation. Implicitly, the 

fitness of mutants will depend also on their trait values x and y because those traits 

determine the shape of the reaction norm that defines the behavioural equilibrium. 
To assess how natural selection changes trait values we derive selection gradients by 

taking the derivative of fitness with respect to x and y and evaluating it on the resident 

values. The selection gradient provides a measure of the direction and strength of 

selection on the trait of interest. Using the chain rule, and plugging in the reaction 

norms in (2), we obtain that the selection gradient for the parameters of the reaction 

norms; selection gradient for x is given by

ˆ
ˆ ˆ'

ˆ'

ˆˆ
ˆ'ˆ'
ˆˆ ''

'

'

           
'

x x
x x a a a

b b b

B x xx x
a a aa a a

b b bb b b

W W a W b a

x a x b a x

a W W a dW

x a b x da
b

=
= = =

= =

==
= == =
= == =

∂ ∂ ∂ ∂ ∂ ∂= +
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂= + =
∂ ∂ ∂ ∂

         (4)

Where βB ≡
∂B( ŷ ,a)

∂a  is the slope of the resident’s reaction norm at the behavioural 

equilibrium. In the final expression, we use dW

da
 to  represent the total derivative of 

fitness with respect to the behaviour influenced by x. The term outside the brackets 

in (4) is the marginal effect that x has on the equilibrium level of behavior a, and 

corresponds to how changes in the parameter of the reaction norm (genotypic trait) 

changes the behavioural equilibrium Inside the brackets, the first term is the marginal 
effect of behaviour a on fitness –irrespective of the corresponding change in b’-. The 

second term inside the brackets is a product of the marginal effect of behaviour of 

the partner on the fitness of the mutant, and the slope of the reaction norm of the 
partner; this term quantifies the total effect on fitness of changes in behaviour a, only 

due to the effect the changes have on the behaviour of the partner. The slope of the 

reaction norm of the partner is evaluated at the resident values, which means that 

the rest of the shape of the reaction norm does not have an effect on selection on the 

partner’s trait. Equation (4)  is more general form of the equation (3.1) in Quiñones 
et al. (2016). The derivation of the selection gradient with respect to the mutant trait 

y follows the same logic, and is given by

∂W
∂y y= ŷ

= ∂b
∂y

∂W
∂b

+ ∂W
∂a '

βA
⎛
⎝⎜

⎞
⎠⎟ y= ŷ
a=a '=â
b=b'=b̂

= ∂b
∂y
dW
db y= ŷ

a=a '=â
b=b'=b̂

   

        (5)

Note that equations (4) and (5), the selection gradients, correspond to the selective 

component of the canonical equation of adaptive dynamics for each of the genetic 
traits (Dieckmann and Law 1996). For the sake of simplicity, we assume an absence 

of genetic correlations between the traits. Under those assumptions, the evolutionary 

dynamics of the traits determining the reaction norms is given by

dx
dt

=κ x

∂a
∂x
dW
da x= x̂

a=a '=â
b=b'=b̂

dy
dt

=κ y

∂b
∂y
dW
db y= ŷ

a=a '=â
b=b'=b̂

,

         (6)

where κ x  and κ y  are constants capturing the mutational processes in x and y, 

respectively. 

Evolutionary equilibria
Equilibria of evolution are found by setting the selection gradients derived in the 
previous section to zero, and finding the values of a=a* and b=b* that fulfil the 
condition. Before we plug in any explicit fitness function, we can see that in the 
general form the equilibrium conditions are given by

−βB
∂W
∂b ' a=a '=â

b=b '=b̂

= ∂W
∂a a=a '=â

b=b '=b̂

and

−βA
∂W
∂ ′a a=a '=â

b=b '=b̂

= ∂W
∂b a=a '=â

b=b '=b̂

,

         (7)
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provided , 0
da db

dx dy
≠ . Equations (7) show that the equilibrium conditions are given 

by a balance of the two effects caused by changes in behaviour: first, the fitness 
consequences of the level of behaviour expressed by the mutant, and second, the 
fitness consequences of the response that such behaviour triggers in the partner; the 
degree of the response is determined by the partner’s responsiveness, in the form of 

the slope of the reaction norm. Thus, we can obtain an evolutionary equilibrium point 
of the pair of behaviours

 
a*,b*( ) , given the pair of slopes of the reaction norms of 

both players βA,βB( ) . Therefore, changing the slopes of both reaction norms unveils 

a line of equilibria in the two-dimensional plane a,b( ) ; and this line corresponds 

to a four dimensional object in the four dimensional plane a,b,βA,βB( ) . This set 

of neutral equilibria implies that there is degeneracy in the dynamical system; the 
system is underdetermined. The degeneracy arises due to having two dynamical 

equations determining the change in four variables, the two behaviours and the two 
slopes. Even though in the general model, we do not explicitly track the change in 

slopes, the slopes change with the parameters of the reaction norms. A more clear 

way to understand the degeneracy is with the explicit use of functional forms in 

the reaction norms (see section on subordinate-breeder interaction). When we use 

linear reaction norms, we use two parameters in the strategy – intercept and slope – 

to determine each behavioural trait; hence, for an interaction with two partners, as 

the one described, we need 4 parameters determining two behaviours. The different 

combinations of those four parameters fulfilling conditions (7) determine the set 
of neutral equilibria. Equations (7) are a more general version of equation (2.8) 
of Taylor and Day (2004). Just as in Taylor and Day’s analysis, our equilibrium 
conditions indicate the existence of a line of neutral equilibrium points.

Stability of the line of equilibria 
In order to assess the stability of the equilibria, we perform a local stability analysis of 
the dynamical system. Given that we make simplifying assumptions in the variance-
covariance matrix, namely the absence of genetic covariances, we can ignore any 

influence of correlations between the genetic traits in the stability of the equilibria 
(Leimar 2001). Hence, the local stability analysis reduces to taking the derivative of 

the fitness gradients with respect to the genotypic traits; that is, to derive the Jacobian 
matrix of the selection gradient (Leimar 2009). By taking the derivative of the fitness 
gradient, we make a linear approximation of the non-linear system of differential 

equations. Such linear approximation provides information about whether natural 
selection will drive the system towards the equilibrium points, or away from them. 
We can use the trace and determinant of the Jacobian matrix to obtain conditions for 

the equilibria to be stable in a two dimensional system. Using the shorthand notation 
as the one used in expression (4) and (5), we get that equilibria are stable when

222 2 2 2

2 2

d d d
0

d d d d

∂ ∂ − >
∂ ∂
a b

x y a b a b
W W W         (8)

and

22 2 2

2 2
0.

a d bW Wd

x da y db
∂ ∂+ <
∂ ∂

     (9)

Taken conditions (8) and (9) together it is clear that for stability it is necessary, but 

not sufficient, the second order derivatives of fitness with respect to both behaviours 
to be negative. Formally, 

d 2W
da2

< 0 and d 2W
db2

< 0 .        (10)

Furthermore, if we assume that individuals can only be of one class during their 

life-time (e.g.: classes correspond to sexes); or, if the fitness consequences of the 
behaviours expressed in the two different classes are independent of each other, 

then the combined derivative in expression (8) becomes zero, and condition (10) 

is not only necessary but also sufficient for stability. Note that for this analysis, we 
have considered only the fitness components for the stability conditions; namely, 
we ignored the consequences of mutational structure or genetic correlations in the 
stability conditions. Genetic correlations or mutational structure peculiarities can 
have stabilizing or destabilizing effects (Leimar 2001, 2009). 

In the supplementary material (SM) we extended this analysis and show that the 

same conditions apply for a four-dimensional system; where the shape of the 

reaction norms is determined, not by one genetically inherited trait, but by two. An 

important element in such analysis is that the redundancy of the system is made 

explicit. The two traits determining each reaction norm are subject to the same 
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action of natural selection (terms inside the brackets in equation (4)). Hence, the 

selection gradients vanish under the same combination of behaviours and slopes of 

the reaction norms. This combination of behaviour and slopes can be achieved with 

different combination of the trait values. Mathematically, this redundancy means 

that two of the eigenvalues and the determinant of the Jacobian matrix are equal to 
zero. Therefore, the stability conditions of the four dimensional system reduce to the 

same conditions as in the two-dimensional system (see SM).

By looking into the full expression of the second order derivative of fitness, with 
respect to each of the behaviours, we can assess the effect of the shape of the reaction 

norms in the evolutionary stability of the equilibrium achieved by the negotiation. 
For example, the second order derivative of fitness with respect to the mutant 
behaviour a is

22 2 2 2 2

2 2 2 2
2

' ' '

B B W

da a b a a

d W W W

b a b a

W B∂ ∂ ∂ ∂ ∂ ∂ ∂= + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ .  (11)

The sign of the first two terms depend only on the shape of the fitness function at 
equilibrium; while the sign of the last two terms depend both on the shape of the 
fitness function and on the shape of the reaction norms. The third term includes 
the slope and the last one the curvature, of the reaction norm of the partner. Given 
that both terms are multiplied by derivatives of the fitness function, the effect that 
slope and curvature have can be either stabilizing or destabilizing depending on the 

shape of the fitness function around the equilibrium point. If the different terms in 
expression  (9) have different signs, the stability of the equilibrium point will depend 
on the absolute value of the different components. 

In the following section we will use a specific model to show the consequences of our 
general derivations. We will use the interaction between a breeder and subordinate in 

the context of the pay-to-stay scenario. 

Stability of rent payment in a breeder-subordinate interaction
In a recent study we used individual-based simulations to show that negotiation has 

crucial consequences for the evolution of helping behaviours (Quiñones et al. 2016). 
The model was inspired by the pay-to-stay scenario assuming that helping behaviour 

expressed by subordinate group members can evolve as a payment for the privilege 

to stay in a territory and use its resources, which provides fitness benefits (Gaston 
1978; Bergmüller and Taborsky 2005). Dominant group members can enforce the 
payment by aggression. The level of expression of these two behaviours – aggression 

and help– were determined by a negotiation process. As in our general model, during 

negotiation partners mutually respond to each other using a pair of reaction norms 

that determine their behaviour. In this section, we use the general derivations of 

the evolutionary stability of negotiation to study the evolution of the pay-to-stay 

scenario. We let behaviour a be the aggression used by the breeder to enforce help; and 

behaviour b the help provided by the subordinate in order to “appease” the breeder. 
Under the assumptions of the pay-to-stay scenario, aggression imposes survival costs 

both for the breeder and for the subordinate and help is costly for the subordinate, but 

increases the fecundity of the breeder who monopolizes reproduction. 

Using these assumptions, and the reproductive value approach (Taylor 1996; Pen 
and Weissing 2000a, 2000b), we derive a general fitness function in for the pay-to-
stay scenario 

W (a,b ',a ',b) = ua Sa (a)va + Fa (b ')v0( )+ ub Sb( ′a ,b)vb( )    (12)

where the 
i

u  ( { , }i a b∈ ) are the stable class frequencies of the classes of individuals 
expressing behaviours a and b, respectively; 

i
v and  

0
v  are the reproductive values of 

individuals expressing behaviours a, b and their offspring, respectively; 
i

S  and 
i

F  

are, respectively, the survival and fecundity functions of the classes of individuals. 

Class frequencies and reproductive values are evaluated at behavioural values 
expressed during the interaction between two residents.

Using the equilibrium conditions derived in (7), and plugging in the derivatives 

obtained from (12), we get that under pay-to-stay the evolution of negotiation 

reaches an equilibrium whenever

−βB
∂Fa
∂b
v0 =

∂Sa
∂a
va and −βA

∂Sb
∂a '

=
∂Sb
∂b         (13)

Expressions in (13) make intuitive sense in the light of rent payment. We expect 

help (b) to have a positive effect on fecundity; thus, the derivative of the fecundity 
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function will be positive. On the other hand, the derivatives of the survival function 

will be negative, because the behaviours are costly to individuals. All in all, rent 

payment can reach an equilibrium if the slope of the reaction norm of the breeder                   
(βA ) is negative, which means the subordinate can effectively reduce the aggression 

it receives; and if the slope of the subordinate (βB ) is positive, so the breeder 

receives payment in terms of help when it imposes aggression on the subordinate 

(Quiñones et al. 2016).

Using expressions  (10) and (11) , we can also assess the stability of the equilibrium 
reached in the pay-to-stay scenario. However, the reproductive value approach cannot 

be used to obtain the second orders derivatives of the fitness function. Instead, the 
fitness function must be derived as the leading eigenvalue of the transition matrix 
that track the growth of the mutant subpopulation. In the SM, we derive the fitness 
function from a specific life-history model. Plugging in the corresponding derivatives 
of the fitness function into inequalities (10), we get the conditions for stability are 

given by

22

1 2 32

2 22 2

4 5 62 2

2

( )

0 a a a a

a a a

S S S B
k k

a a a b a

FB
k

b

F
k

F F B
k

b a a
k

a

∂ ∂ ∂ ∂ ∂> +
∂ ∂ ∂ ∂ ∂

∂ ∂ ∂∂ ∂+
∂ ∂ ∂ ∂

+

+
∂

+
,    (14)

and

22 2

1 2 3 42

2 22 2

72 6 25

20

'

b b

b

b b

b

b

b

S S A
l l l l

b b b a b a b

S S SA
l l

a a b a b

S S S

A
l

∂ ∂ ∂ ∂ ∂ ∂> + + + +
′ ′∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂∂ ∂+
′ ′∂ ∂ ∂ ∂ ∂

+

,     

          (15)

where k
i
 ( {1..6}i ∈ ) and l

j
 ( {1..7}j ∈ ) are coefficients derived from the fitness 

function that do not contain derivatives, and are always positive. Equations (14) 
and   (15) confirm the stability of the equilibrium depends on the curvature of the 
survival and fecundity functions, as well as on the curvature of the reaction norms. 

In equation (14), specifically in the last term, we see that given that the derivative 
of the fecundity function is positive, a negative curvature in the reaction norm of 

the subordinate favours stability. Conversely, in last term of equation (15), we see 

that a positive curvature in the reaction norm of the breeder favours the stability 

of the equilibrium. The shape of the reaction norms will be particularly important 
for stability if the curvature of the survival functions at a given equilibrium point 
is positive. Under such survival functions the negotiation can only reach a stable 

equilibrium point if the reaction norms show the appropriate shapes. 

The importance of the shape of the reaction norms in the interacting partners can 

be confirmed by looking into the evolutionary dynamics of the reaction norms. 
We use numerical simulations to see the evolutionary dynamics of the negotiation 

between the two partners. At this point, we need to assume the functional forms for 

the survival and fecundity of breeders, and subordinates. We let survival functions of 

breeders and subordinate be, respectively, given by

Sa a( ) = Strte−k a ,        (16)

Sa a,b( ) = Strte− faa+ fbb ,       (17)

Where S
trt

 is the baseline survival probability for an individual taking shelter in a 

territory, k is a parameter that quantifies the costs of aggression for the breeder. In 
the same way, f

a
 and f

b
 are parameters determining the costs of receiving aggression 

and of help for the subordinate, respectively. For the sake of simplicity, we assume 

breeder’s fecundity is an increasing linear function of the amount of help received 

from the breeder:

0
(1 )

a
F F Bb C= + −        (18)

where B is the fecundity benefit of the help provided by the subordinate; C is the 
cost of having a subordinate in the territory; and F

0
 is the baseline fecundity of 

the breeder. Thus, with a linear fecundity function, the term in inequality (14) that 

includes the second order derivative of fecundity is zero. Note that, we have chosen 

survival functions that have positive second order derivatives, that is, they are 

convex. Convex survival functions imply that all the terms in inequalities (14) and  
(15) are positive; and for stability, it is necessary to have a curvature different from 

zero in the reaction norms. 
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In order to assess the evolutionary dynamics of genetic traits that influence the 
reaction norms we also need to assume functional forms for the reaction norms 

A(b) and B(a), which so far have been undefined. This corresponds to assuming 
a genotype-to-phenotype map. We exemplify the dynamics with two alternative 

functional forms: linear and logistic reaction norms. The second order derivative of 

linear reaction norms is zero; hence, under our choice of survival function, we expect 

the evolutionary equilibria to be unstable. 

1. Linear reaction norms

The breeder’s and the subordinate’s reaction norms are given by 

A b( ) = yint + ysloph and H a( ) = xint + xslopa,
    (19)

where x
int

 and x 
slop

 are the intercept and slope for the breeder’s reaction norm, 

respectively; and y
int

 and y
slop

 are the intercept and slope for the subordinates’ reaction 

norm, respectively. We assume that x  
int

 , x
slop

, y
int

 and y
slop

 are genetic traits subject to 

mutations. The first two traits are expressed in the breeder class, while the last two 
are expressed in the subordinate class. Replacing the four genetic traits together with 

the reaction norms in (2) into equations (6) we get a set of four differential equations 
driving the evolutionary change in the linear reaction norms. All four equations 
correspond to the multivariate version of the canonical equation of adaptive dynamics 
(Dieckmann and Law 1996).

Figure 6 depict the evolutionary dynamics of a set of numerical simulations 

using linear reaction norms in the negotiation between the partners. For the initial 

conditions of the simulations, we chose random points in the equilibrium lines, and 
perturbed them in one of the genetic parameters. Top panels show time-plots of the 

behaviours (aggression, help and responsiveness) and the four genetic parameters 

(x
int

, x
slop

, y
int

, y
slop

) for one of the numerical simulation. The trajectories cycle around 

the equilibrium point where they started; the cycles increase in amplitude until the 
trajectories head away from the equilibrium point. Lower panels show 20 numerical 
simulations started in different points of the equilibrium line. In these panels, we 
characterize the trajectories in the help- subordinate’s responsiveness plane, and in 

the aggression-breeder’s responsiveness plane. As it was suggested by our general 

analysis, linear reaction norms under the chosen survival functions, render the 

equilibrium unstable. All the trajectories depicted drive away from the equilibrium 
lines; they all cycle around the equilibrium until they reach zones of the trait space 
with no biological relevance (negative levels of aggression). We conclude that, under 

the assumptions made, linear reaction norms cannot maintain a stable negotiation 

between a breeder and a subordinate.

Figure 2. Evolutionary dynamics of the negotiation parameters when partners have linear reaction 

norms. a and b depict the change in time of the behaviours and genetic parameteres in one numerical 

simulation that started at a random point in the line of equilibria, and was slightly perturbed in one of 
the parameters. a shows the changes in behaviours (aggression and help) and responsiveness of the 

partners. b shows the changes in intercepts and slopes (genetic parameters) of the reaction norms of 

both partners. The two time plots cycle around the equilibrium point and eventually drive away from 
it. c and d depict the dynamics of 20 numerical simulations (coloured lines) in the planes help (vertical 

axis)- helper resposiveness (horizontal axis) (c); and, aggression (vertical axis) -breeder responsiveness 

(horizontal axis) (d). Simulations start at random points of the equilibrium lines and were slightly 
pertured in one of the genetic parameters. Black lines represent the equilibrium lines. Trajectories of 
all numerical simulations cycle around the equilibrium lines and eventually drive away from it. Due 
to the multidimensionality of the equilibria, trajectories appear to cross the equilibrium lines several 
times in c and d. However, the equilibrium line is only truly reached when trajectories touch both of 
the equilibrium lines in c and d simultaneously. Black arrows show the direction of the dynamics for 
one simulation. Parameters used for the figure: { S

trt
=0.6, F

0
=2, S

f
=0.1, B=0.3, C=0.1, k=0.02, f

b
 =0.02, 

f
a
=0.1}.
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2. Logistic reaction norms

The breeder’s and the subordinate’s reaction norms are given by 

A b( ) = xmax
1+ exp −xr b( ) and B a( ) = ymax

1+ exp − yr a( ) ,         (20)

where x
max

 and y
max

 are the maximum levels of aggression and help, respectively, 

that individuals can express; x
r
 and y

r
 specify the steepness of the reaction norm 

for the breeder and subordinate respectively, thereby determining how responsive 

individuals are to their partners. We assume that x  
max

  and x
r
 are genetic traits expressed 

in the breeder class that are subject to mutations. Replacing x by either x 
max

  or x
r
 in 

equation (2) , and plugging in the two reaction norms in (4) , we get two differential 

equations driving evolutionary change in x  
max

  and x
r 
. In the same way, we assume 

that y  
max

  and y
r
 are genetic traits, expressed in the subordinate class, which are subject 

to mutations. Following similar derivations as for the breeder, we get two differential 

equations driving the evolutionary change in the reaction norm of subordinates. 

Figure 3 shows, in the same way that figure 2, a set of trajectories obtained from the 
numerical integration of the four differential equations derived to characterize the 
evolutionary dynamics of the logistic reaction norms. Top panels show time plots 

of the change in behaviours (aggression, help and responsiveness of partners) and 

genetic parameters (x
max

, x
r
, y

max
, y

r
) for one numerical simulation of the system of 

differential equations. Lower panels show the trajectories too, this time characterized 
by plotting the level of aggression enforced by the breeder against the slope of its 

reaction norm at the behavioural equilibrium (left panels); and the level of help 
given by the subordinate against the slope of its reaction norm in the behavioural 

equilibrium (right panels). Black lines in both represent the line of equilibria of 
the dynamical system. In contrast to the linear case (Fig. 2), the trajectories using 

logistic reaction norms (Fig. 3) head toward the equilibrium lines, and stay there. 
The system starts with a random set of values that are all characterized by the 

expression of a low level of help and high aggression. At first in the evolutionary 
dynamics, the level of aggression decreases, as the level of help increases. These 

changes amount to the subordinate appeasing the breeder with higher levels of help. 

These are the two behaviours that impose selection on the parameters of the reaction 

norms, hence, natural selection favours combination of parameters in the reaction 

norms that increase help and reduce aggression. The slopes of the reaction norms 

at the behavioural equilibrium, which impose selection on the partner’s behaviour 
(see equation (4)), change not only due to the action of selection on the parameters 

determining the shape; they also change due to changes in the equilibrium value of 
behaviour and the nonlinear nature of the logistic functions (see inset in Fig. 1). For 

example, if a mutant subordinate expresses a higher level of help, it will not only 

receive less aggression, but also will be exposed to a different slope. This new slope 

is determined by the curvature of the breeder’s reaction norm. 

Note that the trajectories in figure 3(c and d) cross the equilibrium lines more than 

Figure 3. Evolutionary dynamics of the negotiation parameters when partners have logistic reaction 

norms. a and b depict the change in time of the behaviours and genetic parameteres in one numerical 

simulation that started at a random point. a shows the changes in behaviours (aggression and help) and 

responsiveness of the partners. b shows the changes in genetic parameters of the reaction norms of both 

partners. Behaviours and genetic parameters change toward equilibrium values and stay there. c and d 
depict the dynamics of 20 numerical simulations (coloured lines) in the planes help-helper resposiveness 

(c) and aggression-breeder responsiveness (d). Simulations start at random points with the restrictions 

that aggression, help and helper’s responsiveness are positive, and breeder’s responsiveness negative. 

Black lines represent the equilibrium lines. Trajectories of all numerical simulations drive toward the 
equilibrium lines. Due to the multidimensionality of the equilibria, trajectories appear to cross the 
equilibriu line several times in c and d. However, the equilibrium line is only truly reached when 
trajectories touch both the equilibrium lines in c and d simultaneously. Black arrows show the direction 
of the dynamics for one simulation. Parameters used for the figure: { S

trt
=0.6, F

0
=2, S

f
=0.1, B=0.3, 

C=0.1, k=0.02, f
b
 =0.02, f

a
=0.1}.
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one time. That is because we present, in each panel, only two dimensions of the four 

dimensional system. Thus, the equilibrium points are only truly reached when both 
of the corresponding trajectories (left and right panels) reach the equilibrium lines. 

Discussion

When individuals interact socially, their fitness depends not only on their own 
actions, but also on the actions of others. Thus, an individual’s behaviour ought 

to be contingent on the behaviour of social partners in many situations. Mutual 

responses of partners lead to a negotiation process that can change the predictions 

of evolutionary dynamics of behaviour (McNamara et al. 1999; Taylor and Day 

2004). In this paper we developed a general mathematical model to include explicit 

negotiation dynamics into evolutionary models. We derive general evolutionary 

stability conditions for pairwise negotiation dynamics. Interestingly, we find that 
evolutionary stability depends not only on the fitness function, but also on the shape 
of the pair of reaction norms used by the partners in the negotiation. We illustrate 

our general model with an example of negotiation between a dominant breeder and 

its subordinate. For this specific model, the set of equilibria are not stable when the 
negotiating partners have linear reaction norms; in contrast, logistic reaction norms 

allow the equilibrium to be both convergent and evolutionarily stable. 

Previous work on the evolution of negotiation on evolutionary games suggested the 
existence of sets of neutrally stable equilibria to be a general feature of negotiation 
games (Taylor and Day 2004). Our general mathematical analysis, as well as our 

specific example of the pay-to-stay model, supports this claim. The existence of sets 
of equilibria evidences a redundancy in the strategy set of the negotiating partners 
given the selection pressures on the two behaviours. The key point here is: the 

fitness of a mutant is not uniquely determined by the effect of the mutation on the 
behaviour, but also by the responsiveness of the partner; a trait that is also changing 

subject to natural selection. Thus, there is a combination of behaviour and partner’s 

responsiveness that characterize the evolutionary equilibria of each trait. This is 
irrespective of whether partners are expressing the same (Taylor and Day 2004), or 

different behaviours. 

Our general mathematical analysis, as well as our example, show the functional shape 

of the reaction norms have crucial consequences for the converge stability of the set 
of equilibria in a negotiation context. General stability criteria have been elusive 
for multidimensional models of adaptive dynamics (Leimar 2009). The difficulty 
lays in the existence of special genetic correlations, or mutational structures that 

can destabilize evolutionary equilibria (Leimar 2001). However, the equilibria in 
our model are not destabilized by such Darwinian demons. Instead, the stability 

criteria capture the interaction between fitness components and the phenotype 
to genotype map (behavioural reaction norms) of the different traits, hence, they 

can be considered fitness-based criteria (Leimar 2009). The difficulty here is that 
fitness is determined partly by characteristics of the reaction norms of the partner, 
specifically, the slope of the reaction norms; and those slopes can evolve away 
from the equilibria driven by their own selection pressures.  In the example of the 
interaction between breeder and a subordinate, an equilibrium in the reaction norm 
of the subordinate is reached when there is balance between the negative effects of 

help, and the positive effects of appeasement, which depends on the responsiveness 

of the breeder. However, if the breeder is selected to increase its own responsiveness, 

the balance for the subordinate might never be reached unless the subordinate has 

influence over the responsiveness of the breeder. With logistic reaction norms, as the 
subordinate changes her behaviour, she also changes the behaviour of the partner, 

and the partner’s responsiveness. Therefore, only with the right curvature in the 

reaction norm will the equilibrium be convergence stable. Note, however, that for 
this stability analysis, we assumed no genetic correlations between the traits. But, 

the existence of such correlations could potentially stabilize the equilibria in linear 
reaction norms as well.  

Our mathematical model tailored to the breeder-subordinate interaction confirms 
results from the simulation model (Quiñones et al. 2016) showing that negotiation 
between breeder and subordinate individuals can drive the evolution of helping 

behaviour; subordinates effectively appease the dominants by providing more help. 

This process reaches equilibrium when the benefits of appeasing the dominant 
balance the costs of increasing help. Moreover, this equilibrium reflects not 
one particular combination of aggression and help, but rather a set of different 

combinations of the two behaviours. In the previous simulation model (Quiñones et 
al. 2016), the outcome of negotiation yielded higher levels of help, compared to a 



A general model of negotiation in asymmetric evolutionary games

200 201

Chapter 6

scenario where helping behaviour evolves due to the presence of genetic relatedness 

between the partners. The existence of the set of neutrally stable equilibrium points, 
with different levels of help, might put into question whether negotiation in general 
leads to higher helping levels than kin selection. However, our approach is limited 

to a monomorphic population; thus, ignores the potential effects of a distribution of 

genotypic traits in the population. Taylor and Day (2004) argue that in the presence of 

variation the evolution of negotiation strategies lead to more cooperative outcomes, 

due to the presence of mutant-mutant interactions. This might explain why in the 

individuals based simulations of  Quiñones et al. (2016) outcomes are concentrated 

around equilibrium points with more helping. 

The existence of genotypic redundancy underlying the set of neutrally stable 

equilibrium points has consequences for the capacity of populations to reach novel 
stable equilibria. Our general model shows as potential end points of evolution the 
set of behaviours and slopes that satisfy equations . However, extending our analysis 

to more complex situations, such as spatially structured populations could potentially 

unveil alternative equilibria (Quiñones et al. 2016). The fact that there is a line of 
neutrally stable points implies that some of those points will necessarily be closer, 

in genotypic space, to the alternative equilibria found in more complex situations. 
In general, genotypic redundancy has been shown to have important consequences 
for the appearance of evolutionary novelties (Wagner 2011). Thus, we believe that 

more complex decision making mechanisms, that entail redundancy, could have also 

consequences for achieving alternative states in social evolution.

In order the capture in a simple and general model the evolutionary consequences 
of the negotiation dynamics we have restricted our analysis to pairwise interactions. 

However, this needs not to be the case. Negotiation between individuals in social 

groups is rarely restricted to pairs. Instead, cooperative groups are composed of 

several individuals; and those individuals are often structured in more than two 

classes. These classes are defined by different biological factors such as sex, age, 
condition and reproductive status. All these differences entail asymmetries between 

individuals, and the strategic considerations will most likely require more complex 
decision making mechanisms than our simple reaction norms. For example, for an 

individual it might be adaptive to make different decisions under different health 

conditions (McNamara and Houston 1996); or depending on the outside options 

they might have (Cant 2011). An individual’s strategy could use all these inputs 

for making decisions in the context of negotiations. Including more dimensions in 

the decision making mechanisms individuals use in negotiations will most likely 

increase the genotypic redundancy described here. We argue that future models of 

negotiation dynamics should progress closely informed by experimental studies on 

how individuals react to their environment in order to capture all this complexities.

Supplementary Information

In this supplement we extend the local stability analysis to a four dimensional system. 

We show that the four dimensional system makes explicit the redundancy of the 

negotiation games, and the stability conditions are the same as the ones derived for 

the two dimensional system. We also derive the fitness function from a life-history 
model of the pay-to-stay scenario.

Four dimensional system
The two dimensional system described for the evolution of the reaction norms can 

easily be extended to a four dimensional system. We include one more character 

determining the shape of each of the reaction norms. The equations determining 
the behaviour of a mutant helper and a resident breeder can be determined by four 

genetic traits; thus, mathematically they are expressed as

1 2 1 2
ˆ ˆ ˆ( , , ) ( , , ( , ))h H x x a H x x A y h′= =      (1)

1 2
ˆ ˆ( , , )a A y y h′ =        (2)

or

1 2 1 2
ˆ ˆ ˆ( , , ) ( , , ( , ))h H x x a H x x A y h′= =

     (3)

1 2
ˆ ˆ( , , )a A y y h′ =        (4)

depending on whether the mutant has a different trait value in 
1

x or 
2

x . Using the 

same logic we can derive the equations determining the behaviour of a mutant 
breeder interacting with a resident helper.
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Selection
Selection gradients for the four traits can be obtained as in the two dimensional 

system by taking the derivative of the fitness function with respect to each trait as 
done in the main text. Doing this we obtain the following system of four differential 

equations:

          (5)

         (6)

         (7)

         (8)

Stability
To assess the stability of the equilibria in the four dimensional system we derive the 
Jacobian matrix. Using a similar logic as the one used to derive the Jacobian in the 

two dimensional system, we get that the Jacobian can be expressed as

  

2
2 2 2 2

2 2

1 1 2 1 1 1 2

2
2 2 2 2

2 2

1 2 2 2 1 2 2

2
2 2 2

2

1 1 2 1 1 1 2

h d W h h d W h a d W h a d W

x dh x x dh x y dhda x y dhda

h h d W h d W h a d W h a d W

x x dh x dh x y dhda x y dhda

h a d W h a d W a d W a a

x y dhda x y dhda y da y y

∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂

=
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂

J
2

2

2
2 2 2 2

2 2

1 2 2 2 1 2 2

.

d W

da

h a d W h a d W a a d W a d W

x y dhda x y dhda y y da y da
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂

         (9)

Wx1
= ∂W

∂h
∂h
∂x

+ ∂W
∂ ′a

∂ ′a
∂x1

= ∂h
∂x1

∂W
∂h

+ ∂W
∂ ′a

∂A( y!1, y
!
2 ,h)

∂h

⎛

⎝
⎜

⎞

⎠
⎟ =

∂h
∂x1

dW
dh

Wx2
= ∂W

∂h
∂h
∂x

+ ∂W
∂ ′a

∂ ′a
∂x2

= ∂h
∂x2

∂W
∂h

+ ∂W
∂ ′a

∂A( y!1, y
!
2 ,h)

∂h

⎛

⎝
⎜

⎞

⎠
⎟ =

∂h
∂x2

dW
dh

Wy1
= ∂W

∂a
∂a
∂y

+ ∂W
∂ ′h

∂ ′h
∂y1

= ∂a
∂y1

∂W
∂a

+ ∂W
∂ ′h

∂H (x!1,x! 2 ,a)
∂a

⎛

⎝
⎜

⎞

⎠
⎟ =

∂a
∂y1

dW
da

Wy2
= ∂W

∂a
∂a
∂y

+ ∂W
∂ ′h

∂ ′h
∂y2

= ∂a
∂y2

∂W
∂a

+ ∂W
∂ ′h

∂H (x!1,x! 2 ,a)
∂a

⎛

⎝
⎜

⎞

⎠
⎟ =

∂a
∂y2

dW
da

The four dimensional system will be stable if the four eigenvalues of the Jacobian 

are negative. However, a simple calculation shows that determinant and two of 

the eigenvalues of matrix 9 are zero. In which case the stability conditions for the 

four dimensional system reduce to two conditions similar to the ones found for the 

two dimensional system. Specifically, we get that the system is stable if the trace 
of the Jacobian is negative, and the sum of the determinants of the principal 2x2 

sub-matrices of the Jacobian are positive. Deriving these two quantities we obtain 
conditions for the stability of the four dimensional system:

2 2 2 2
2 2 2

2 2

1 2 1 2

( ) 0
d W A A d W H H

Tr
da y y dh x x

∂ ∂ ∂ ∂= + + + <
∂ ∂ ∂ ∂

J         (10)

2 2 2 2 2
2 2 2

2 2

1 2 1 2

0.
h h a a d W d W d W

x x y y dh da dhda
∂ ∂ ∂ ∂+ + − >
∂ ∂ ∂ ∂

   

         (11)

These two inequalities show that the stability conditions for the four dimensional 
system are the same as the ones derived for the two dimensional system, and they 

can be summarized in inequalities 9 of the main text.

The fitness function
The life-cycle of individuals can be captured by a class-structured population model, 

where individuals in every generation move between two different classes (breeder 

and subordinate) depending on the patterns of survival and reproduction. Survival 

and reproduction in turn are determined by the behavioural traits of help and 

aggression. The evolutionary fate of mutations, that change the behavioural strategy 

of individuals, is assessed using the invasion fitness of mutants. Invasion fitness 
is derived as the leading eigenvalue λ  of the transition matrix ( , , , )h a h a′ ′M that 

specifies the transition probabilities between the classes for mutant individuals in the 
context of the resident population.

To derive the transition matrix for the pay-to-stay scenario, we divide the life cycle 

in three stages: survival and reproduction, colonization of breeding places, and 

colonization of helping places. Each one of these stages of the life cycle can be 

represented by a transition matrix. The product of the three matrices gives as the full 
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transition matrix that represents the life cycle.

Survival and reproduction matrix
Each class has a specific survival probability; and these probabilities depend on the 
interaction with the partner. The interaction determines the behavioural equilibrium 
of aggression and help that the interacting partners settle in. For helpers survival 

probability is a function of both the aggression received and the help provided. For 

breeders, survival probabilities are a function of the aggression they enforce. Finally, 

breeders produce juveniles according to how much help they receive from the helper. 

We keep track of the juveniles in a separate class, but later on these juveniles either 

become helpers or they die. Therefore, the transition matrix capturing survival and 

reproduction of the three classes -breeders, helpers and juveniles- is

0

0 .

0

a

b

a

S

S

F

=D        (12)

Colonization of breeding spots
The breeding spots are colonized by helpers. We define α  as the per capita probability 

that individuals from the helper class find a breeding spot. In matrix , we use this 

probability to define the flux of individuals from helper class to the breeder class.

        (13)

Colonization of helping spots
For the breeding places we assume that each breeder can only have one helper, which 

means that the number of helpers can only be as big as the number of breeders.  We 

define γ   as the per capita probability that an empty helping place is found by a 

juvenile. In matrix (14) , we use this probability to define the flux of individuals to 
the helping positions.

        (14)

T =
1 α 0
0 1−α 0
0 0 1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

H =
1 0 0
0 1 0
0 0 γ

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Transition matrix
The transition matrix capturing the flux of individuals between the different classes 
is given by the product of the matrices representing the different stages. Specifically, 
it is given by

· ·=M D T H

        (15)

         (16)

Density regulation and reproductive values
In order to impose density regulation on the populations we will assume that the 

number of breeders remains constant from one year to the next. This means that the 

per capita probability of finding a breeding place decreases with the abundance of 
individuals (helpers) bidding for such positions. Thus, to obtain an exact expression 

for a  we will assume that the population is in demographic equilibrium, which 
formally means that the leading eigenvalue of the matrix is 1. Its associated right 

eigenvector gives the stable class distribution. We are only interested in the direction 

of such vector and not in its magnitude; therefore, we can set one of the values 

arbitrarily. For convenience we set the element corresponding to the breeders to 1. 

Given that we have assumed pairwise interactions, the number of subordinates must 
be equal to the number of breeders. This is yet another restriction on the demographic 
model; which implies we need to express yet one more parameter of the model in 

terms of the other parameters. Thus, we derive g , the probability that juveniles find 
a helping position, from the survival and fecundity functions. We do this by solving 

the two equations for the stable class frequencies for a  and g . Doing this we get

α =
1− Sa
Sb        (17)

γ =
2− Sa − Sb

Fa
      (18)

Finally, we can derive the reproductive values of breeder and subordinates. That 

is, technically, the left eigenvector associated with the leading eigenvalue of the 

transition matrix. Just like before, we are interested in the direction, not the 

magnitude. So, we assume breeders to have a reproductive value of 1, and we derive 

M =
Sa αSb
γ Fa (1−α )Sb

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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the reproductive value of subordinates. Which is given by

1

2

a

b

a b

S
v

S S

−=
− −  .     (19)

Plugging in all these expressions into equation 11 from the main text, and taking the 
derivatives required for equations 4 and 5 (from the main text), we get the selection 
gradient.

Second order derivative
In main text we derive the fitness gradient using a reproductive value approach. 
However, the reproductive value approach cannot be used directly to calculate the 

second order derivatives of the fitness function. Instead, we derive here the leading 
eigenvalue of the matrices that keep track of the mutant subpopulations. The 

expression of the eigenvalue can be differentiated to obtain the expressions in the 

local stability analysis. 

The matrix tracking the growth of the mutant breeder subpopulation is:

B =
Sa (a) αSb ĥ, â( )

γ Fa ′h( ) (1−α )Sb ĥ, â( )
⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

 

         20)

and its eigenvalue is given by:

λa =
1
2
Sa (a)+ (1−α )Sb ĥ, â( )+ 4αγ Sb ĥ, â( )Fa ′h( )+ (α −1)Sb ĥ, â( )+ Sa (a)( )2⎛

⎝⎜
⎞

⎠⎟
 

         (21)

The matrix tracking the growth of the mutant subordinate subpopulation is:

S =
Sa â( ) αSb h, ′a( )
γ Fa ĥ( ) (1−α )Sb h, ′a( )

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
;         (22)

and its eigenvalue is given by:

λb =
1
2
Sa â( )+ (1−α )Sb h, ′a( )+ 4αγ Fa ĥ( )Sb h, ′a( )+ (α −1)Sh h, ′a( )+ Sa â( )( )2⎛

⎝⎜
⎞
⎠⎟

 

         (23)

By taking the derivatives of these fitness functions we can obtain the full expression 
for the stability conditions 9 in the main text. The coefficients of the stability 
conditions are

k1 =
(4αγ FaSb + (Sa − (1−α )Sb)

2 )(Sa − Sb +αSb + J
1
2 )

J
3
2

  (24)

        

k2 =
4αγ FaSb

J
3
2

        (25)

k3 = −
2αγ Sb(Sa − (1−α )Sb)

J
3
2       (26)

k4 =
2αγ Sb(4αγ Fa + (Sa − (1−α )Sb)

2 )

J
3
2

     (27)

k5 = −
4α 2γ 2Sb

2

J
3
2

        (28)

k6 =
2αγ Sb

J
1
2

        (29)

l1 =
1
2
(1−α +

2αγ Fa − (1−α )(Sa − (1−α )Sb)

J
1
2

)     (30)

l2 = −
2αγ Fa (αγ Fa − (1−α )Sb)

J
3
2

      (31)

l3 = −
2αγ Fa (αγ Fa − (1−α )Sa )

J
3
2

      (32)

l4 = (1−α +
2αγ Fa − (1−α )(Sa − (1−α )Sb)

J
1
2

)     (33)

l5 = l1          (34)

l6 = l3          (35)

l7 = l1          (36)

where J  is given by

J = 4αγ FaSb + (Sa − (1−α )Sb)
2
      (37)




