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7
Plastic ploughing of a

sinusoidal asperity on a
rough surface

Part of the friction between two rough surfaces is due to the interlocking be-
tween asperities on opposite surfaces. In order for the surfaces to slide rel-
ative to each other, these interlocking asperities have to deform plastically.
Here we study the unit process of plastic ploughing of a single micrometer-
scale asperity by means of two-dimensional dislocation dynamics simula-
tions. Plastic deformation is described through the generation, motion and
annihilation of edge dislocations inside the asperity as well as in the sub-
surface. We find that the force required to plough an asperity at different
ploughing depths follows a Gaussian distribution. For self-similar asperities,
the friction stress is found to increase with the inverse of size. Comparison of
the friction stress is made with other two contact models to show that inter-
locking asperities that are larger than∼ 2𝜇m are easier to shear off plastically
than asperities with a flat contact.

The Chapter was published as H. Song, R.J. Dikken, L. Nicola, E. Van der Giessen. Plastic Ploughing of
a Sinusoidal Asperity on a Rough Surface. J. Appl. Mech. 2015;82(7):071006-071006-8.
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7.1. Introduction
Physicalmechanisms responsible for friction forcebetween twounlubricated sur-

faces stem from interactions between asperities on two surfaces. When two rough

surfaces are put together, some asperities are flattened (e.g. the asperity pair in

the red circle in Fig. 7.1) and form a certain contact area at the interface whose

normal vector is perpendicular to the sliding direction. When the surfaces are

tangentially moved with respect to each other, some asperities (like the asperity

pair in Fig. 7.1 encircled in blue) are interlocked and form additional contact area.

So the static friction force is the sumof the force causedbyflattened asperities and

Figure 7.1: Two rough surfaces in contact. Red circle: intimate contact pair; Blue circle: ploughing
pair.

interlocking asperities. Previous research on frictionwithin the Bowden-Tabor [1]

frameworkmainly focused onflattened asperities. Themain idea is to findout the

total contact area (real contact area)betweenflattenedasperities of two roughsur-

faces and the critical shear stress to break the flattened contact pair. The product

of the contact area and critical stress is the friction force.

Much research has been devoted to identifying the real contact area between

rough surfaces. Greenwood and Williamson [2] were the pioneers in idealizing a

rough surface as a collection of asperities with heights that follow a Gaussian or

exponential distribution. Later on, we learned thatmost surfaces have an approx-

imately fractal (self-affine) roughness, they have asperities of many sizes (length

scales). Gao et al. [3] have computed the real contact area between a rigid flat

surface and a deformable rough surface with Weierstrass profile based on the re-

sponse of a single asperity in two dimensions. Pei et al. [4] subsequently analyzed

the real contact between self-affine fractals surfaces through a 3Dmodel. The re-

search cited above employed macroscopic plasticity models, even though it has

become increasingly clear in the last two decades that plasticity is size dependent

at size scales below tens of micrometers, with the general trend of smaller being

harder. Asperity contact at the atomistic scale has been investigated by molecu-

lar dynamics, see e.g. [5], but this approach is restricted to the scale of nanome-

ters. Discrete dislocation dynamics is an effective tool to capture size effects of
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microns. As examples of the application of this method, Widjaja et al. [6] studied

the contact area and size effects in indentation, while more recently Sun et al. [7]

analyzed the plastic flattening of a sinusoidal metal surface.

At the same time, a number of studies have been carried out to reveal the crit-

ical stress, or friction strength, of breaking a contact pair under applied shear. In

the Bowden and Tabor [1] framework, friction is proportional to the real area of

contact, just like adhesion. Hence, the strength of a contact pair is commonly

taken to be a constant adhesion strength of the interface, which accounts for all

reasons of adhesion, such as chemical bonds, van der Waals forces, electrostatic

forces, andmechanical bonds. The breaking of the contact pair (sliding) will hap-

pen when the adhesion strength is reached.

However, bodies can also slide relative to each other by plastic deformation of

asperities whose yield strength is smaller than the adhesion strength of the inter-

face. Size-dependence of plasticity thus provides the possibility of a cross-over

between sliding by loss of adhesion or by plasticity, depending on the size of the

asperities. Within the framework of discrete dislocation plasticity, Deshpande et

al. [8] used a fixed rigid contact to shear a planar single-crystal substrate to show

that only for small contact area, the adhesion strength controls sliding; sliding of

large contact area is mediated by plastic deformation of asperities. This model

does not contain the asperity for simplicity, so plasticity only takes place in the

substrate. In order to reveal the influence of plasticity inside the asperity, Dikken

et al. [9] used a fixed rigid contact to shear a truncated sinusoidal asperity. This

study has shown that for sliding it is irrelevantwhether plasticity occurs inside the

asperity or in the sub-asperity.

The research cited above has not considered interlocking asperities, yet when

real surfaces slide relative to each other, interlocking asperities do have to deform

plastically and thus contribute to friction. How these interlocking asperities de-

formandwhat resistance they produce is not clear yet. In order to study interlock-

ing asperities, we analyze the response of a single sinusoidal asperity ploughed by

a rigid asperity of the same shape.

The predictions of the ploughing model will be compared with those of two

contact models [8, 9] to see which is easier to deform plastically, interlocking as-

perities or asperities with a flat contact.

7.2. Formulation
The model problem is shown in Fig. 7.2. A deformable sinusoidal asperity with

width 𝑤 and amplitude 𝐴 lies in the top center of a single FCC metal crystal with
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height ℎ and width 𝐿. The deformable asperity is ploughed by a rigid asperity of

the same shape. The horizontal displacement 𝑈 of the rigid asperity will give rise

to a continuously changing contact region 𝐶 between the two asperities. Contact

is assumed to be sticky, so there is no relative slip between two asperities.

The horizontal traction distribution 𝑡 = 𝜎 𝑛 in the contact region 𝐶 deter-

mines the ploughing force 𝐹 (per unit of length out of the plane):

𝐹 ∶= ∫ , ∈
(𝜎 𝑑𝑥 + 𝜎 𝑑𝑥 ) .

The crystal is fixed at the bottom, i.e. 𝑢 ∣ = = 0, 𝑢 ∣ = = 0, while the lateral
sides are traction free, i.e. 𝑇 ∣ = , = 0, 𝑇 ∣ = , = 0. To verify that the results

do not depend significantly on the size of the crystal, a more complex boundary

condition is considered, which is based on the Flamant solution for a point force

on a surface. Under this boundary condition, the asperity can be regarded to lie

on top of a semi-infinite crystal. It is shown in the Appendix that the two types

of boundary conditions lead to negligible differences for the sample dimensions

used in this chapter.

2A

w

source

obstacle

2A

U

x1

x2

L

h

Figure 7.2: Two-dimensional model of a single asperity ploughed by a rigid asperity. Both asperities
are characterized by a single sinusoidal wave of amplitude and wavelength . Plastic deformation
inside the bottom crystal takes by the motion of edge dislocations on three slip systems.

Discrete dislocationplasticity in the deformable asperity is investigatedwithin

the Van der Giessen-Needleman [10] framework, where the determination of the

state in the material employs superposition. As each dislocation is treated as a

singularity, whose analytical solution is known in infinite space, this infinite space

fieldneeds tobe correctedbya smooth imagefield ( )̂ to ensure that actual bound-
ary conditions are satisfied. Hence, the displacements 𝑢 , strains 𝜀 , and stresses
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𝜎 are written as

𝑢 = ̃𝑢 + ̂𝑢 , 𝜀 = ̃𝜀 + ̂𝜀 , 𝜎 = �̃� + �̂� ,

where the ( )̃ field is the sum of the fields of all 𝑁 dislocations in their current po-

sitions, i.e.

�̃� =∑
=

�̃�( ), ̃𝜀 =∑
=

̃𝜀( ), �̃� =∑
=

�̃�( ).

The image fields are obtained by solving a linear elastic boundary value problem

using finite elements with the boundary conditions changing as the dislocation

structure and the contact status evolve.

In this two dimensional model, the FCC crystal structure is represented by

three slip systems [11], whose slip planes are oriented at 60○ relative to each other.

We only consider glide of dislocations. The evolution of the dislocation is deter-

mined by the component of the Peach-Koehler force in the slip direction. For the

𝐼th dislocation, this is given by

𝑓( ) = 𝑛( ) ⋅
⎛
⎜
⎝
�̂� +∑

≠

�̃�( )
⎞
⎟
⎠
⋅ 𝑏( ),

where 𝑛( ) is the slip plane normal and 𝑏( ) is the Burgers vector of dislocation 𝐼.
This force will cause the dislocation 𝐼 to glide with velocity

𝑣( ) = 𝑓
( )

𝐵 ,

where 𝐵 is the drag coefficient. In this chapter, its value is taken as 𝐵 = 10− Pa s,

which is representative for aluminum.

Newdislocationpairs are generatedby simulating theFrank-Readmechanism.

In twodimensions, point sourceswill generate adislocationdipolewhen themag-

nitude of the Peach-Koehler force at the source site exceeds a critical value 𝜏nuc𝑏
for a period of time 𝑡nuc [10]. The initial distance between the two dislocations in
the dipole is

𝐿nuc =
𝐸

4𝜋(1 − 𝜈 )
𝑏

𝜏nuc
,

at which the shear stress of one dislocation acting on the other is balanced by the

local shear stress.

Annihilation of two dislocations with opposite Burgers vector happens when
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they are within an annihilation distance of 6𝑏.

Obstacles are included to account for the effect of blocked slip caused by pre-

cipitates and forest dislocationsonout-of-plane slip systems that arenot explicitly

described. Dislocations get pinned when they arrive at the obstacle site. Pinned

dislocations are released from the obstacles when their Peach-Koehler force ex-

ceeds an obstacle dependent value 𝜏obs𝑏.

At the beginning of every time increment of the simulation, nucleation, anni-

hilation, pinning and release at obstacle sites are evaluated, and the dislocation

structure is updated.

The crystal is taken to have properties that are reminiscent of aluminum with

Young’s modulus 𝐸 = 70 GPa and Poisson’s ratio 𝜈 = 0.33. The width 𝐿 and height
ℎ of the crystal are 1000 𝜇m and 50 𝜇m respectively. The asperity width 𝑤 and

amplitude 𝐴 are in the range of micrometers.

There is no obvious orientation of the slip systems that is representative for

real materials. However, there is one orientation that would lead to such specific

behavior that it is deemed unrealistic: when one of the slip planes is parallel to

the shearing direction. Such an orientation would lead to plasticity occurring ex-

clusively on horizontal slip systems inside the asperity. Therefore, we rotate the

slip systems by 15○ relative to the loading direction to avoid this problem. Thus,

the slip systems in our simulations have orientations 15○, 75○ and 135○.

Slip planes are spaced at 200𝑏, where 𝑏 is the Burgers vectormagnitude of 0.25

nm. Sources andobstacles are randomlydistributedover the slipplaneswithden-

sities 60 𝜇m− and 30 𝜇m− respectively. The strength of the sources to generate

edge dislocations is selected randomly from a Gaussian distribution with mean

value �̄�nuc = 50 MPa, and 20% standard deviation. The strength of the obsta-

cles 𝜏obs is taken to be 150 MPa. The time span needed for nucleation of a dis-

location dipole, 𝑡nuc, is taken to be 10 ns, which is 20 × the time increment Δ𝑡
used. The crystal is stress free and dislocation free at the beginning of the sim-

ulation. We assume the same loading rate �̇� of 0.04 nm/ns as in earlier asperity

studies [7, 9]. In order tominimize the calculation cost for the total ploughing dis-

tance we are interested in, plastic activity is limited to a plastic window of 25 𝜇m
wide and 10 𝜇mhigh, centered below the asperity. Sources and obstacles are only

distributed inside this window, and if a dislocation reaches its boundary, the sim-

ulation is stopped. Since source strength and position, as well as obstacle posi-

tion are randomly distributed, each case is repeated for 10 different realizations

of strength and position to average out stochastic variations.
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7.3. Effect of ploughing depth
DifferentploughingdepthsΔ, cf. Fig. 7.2, are expected to result indifferent contact
conditions between ploughing and the deformable asperity thus giving rise to a

different ploughing force𝐹 . We start outwith anasperity size𝑤 = 4𝜇m,𝐴 = 0.4𝜇m
and ploughing depth Δ = 0.4 𝜇m. The ploughing response for all 10 realizations is

shown in Fig. 7.3a.
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Figure 7.3: Ploughing response of an asperity with = m and amplitude = . m at depth
= . m. (a) Force response of each realization. The red thick curve is the average of 10 realizations,

while the error bars denote the standard deviation. (b) The distribution of the shear stress normalized
by ̄nuc in the elastic regime (shownhere at themoment that the ploughing force is . × − / m).

We observe a large spread among realizations starting from the onset of plas-

ticity; the hardening slopes exhibitmuch less variations among realizations. Prior

toplasticity, the shear stressdistribution ineach realization is the same, andshown

in Fig. 7.3b. As the stress distribution is local and highly inhomogeneous, activa-

tion of a dislocation source is very sensitive to the position of the source and its

strength. If we assign all sources the same strength �̄�nuc instead of a Gaussian dis-
tribution, the spread in the results is somewhat reduced as shown in Fig. 7.4.

In view of the large spread, more realizations have been done for the same ge-

ometry. However, since it was found that the average 𝐹 and the standard devia-

tiondidnot change significantly, itwasdecided to restrict subsequent simulations

to 10 realizations. When distributions are being shown in the sequel, such as in

Figs. 7.8, the realization is chosen whose 𝐹 vs. 𝑈 response is closest to the mean

response.

For the same asperities (𝑤 = 4 𝜇m, 𝐴 = 0.4 𝜇m) discussed so far, the effect of
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Figure 7.4: Influence of the source strength distribution on ploughing force . The positions of the
sources and the obstacles in the ten realizations are the same as in Fig. 7.3.

the ploughing depth varying from Δ = 0.1 𝜇m to Δ = 0.6 𝜇m is shown in Fig. 7.5a.
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Figure 7.5: (a) Ploughing response of an asperity with = mand amplitude = . mat different
depths . (b) Distribution of all the friction forces at = . m for all depths. The red curve is a
Gaussian fit to the histograms.
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Even though the force–displacement curve still shows some slight hardening

at𝑈 = 0.04𝜇mand the complete ploughing-off would requiremuch larger strains,

we choose the force at this value of 𝑈 as the operational definition of the friction

force.

The large spread seen previously in Fig. 7.3a persists for all ploughing depths.

As a consequence, the friction forces at different ploughing depths do not differ

significantly. In fact, the large spread in the predictions covering all ploughing

depths gives rise to a distribution of friction forces 𝐹 that is nearly Gaussian with

average 0.75 × 10− 𝑁/ 𝜇m and standard deviation 0.12 × 10− 𝑁/ 𝜇m as shown in

Fig. 7.5b.

The effect of depth on the overall response for a more shallow asperity with

𝐴 = 0.2 𝜇m is shown in Fig. 7.6a. There is more hardening, which will be clarified

in Fig. 7.8. Also for this case, the distribution of friction forces is nearly Gaus-

sian, see Fig. 7.6b. It is interesting to note that even though the mean friction

force of 1.267 × 10− 𝑁/ 𝜇m is almost twice as high as for the sharper asperity, the

standard deviation of 0.145 × 10− 𝑁/ 𝜇m is roughly the same. When the source

density and obstacle density are half of the values used above, the standard devi-

ation is 0.26×10− 𝑁/𝜇m,which is almost two times larger. This indicates that the

standard deviation in friction force is mainly decided by the source and obstacle

density.
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Figure 7.6: (a) Ploughing response of an asperity with = mand amplitude = . mat different
depths . (b) Distribution of all the friction forces at = . m for all depths. The red curve is a
Gaussian fit to the histograms.

The simulations reported in the remainder of this study are mainly based on
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this shape, i.e. 𝐴/𝑤 = 0.05.

7.4. Size dependence of self-similar asperities
In this section, we compare the behavior of asperities having different size but the

same shape, 𝐴/𝑤 = 0.05. Since we have seen that the friction force is quite insen-
sitive to ploughing depth, we only consider ploughing at a depthΔ = 𝐴 for all sizes.
Simulations are done for𝑤 from 1 𝜇m to 8 𝜇m. The friction stress is defined to be

𝐹/𝑤, i.e., the average shear stress transmitted across the interface (of length𝑤) be-
tween the asperity and the crystal. The friction stress at 𝑈 = 0.04𝜇m for different

sizes of asperities is shown in Fig. 7.7. It is observed that the smaller the asperity,
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Figure 7.7: (a) Size dependence of the friction stress / at constant shape / = . , when plough-
ing depth = , displacement = . m. (b) Shear stress distribution of Flamant theoretical solu-
tion.

the higher the friction stress; in fact, according to Fig. 7.7, 𝐹/𝑤 almost scales with

𝑤− . Quite remarkably, this means that the force 𝐹 to plough the asperity plas-

tically is almost size independent. The reason for this resides in the fact that the

contact area is always a small portionof the asperity size, whichmakes the contact

stress field very similar to the stress field caused by a concentrated force. Indeed,

the shear stress distribution in Fig. 7.3b is very similar to that caused by a horizon-

tal concentrated force as shown in Fig. 7.7b. A similar observation has beenmade

in sub-micron indentation with a circular indenter [12]. In both ploughing and

indentation, the initialization and evolution of plasticity are controlled by similar

stress concentrations.
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7.5. The role of the asperity
Inprinciple, the sizedependenceofploughingmayoriginate fromsize-dependent

plasticity inside the asperity, within the sub-surface or both. In this section, we

attempt to explore and quantify the relative contributions of asperity and sub-

surface plasticity.
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Figure 7.8: Plastic shear strain for different asperity sizes after ploughing to = . m. (a) = m,
= . m, (b) = m, = . m, (c) = m, = . m, (d) = m, = . m, (e) = m,
= . m.

Fig. 7.8 shows the distribution of the horizontal plastic strain 𝜀 for different

sizes of asperities. The plastic shear strain is calculated by subtracting, at every

integration point, the elastic strain 𝜀 = 𝜎 /(2𝜇) from the total strain computed

by numerical differentiation of the total displacement field 𝑢 = �̃� + �̂� .

When the asperity is small, slip mainly takes place in the crystal below the as-
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perity (Fig. 7.8a). Plasticity inside the asperity is source limited and the asper-

ity does not influence the overall plasticity distribution much. When the asperity

is larger, sources can be activated inside the asperity (Fig. 7.8b,c), and when the

asperity is large enough, slip will mainly happen inside the asperity (Fig. 7.8d).

When the asperity is shallow, there will be more slip in the sub-asperity for the

same source limitation reason(compare Fig. 7.8c,e), which is why there is more

hardening in Fig. 7.6a than in Fig. 7.5a.

In order to partition the contribution of the asperity and that of the crystal be-

low the asperity, we now consider the ratio of the volume integral of the slip inside

theasperity to thatof theoverall slip in theplastic zone, i.e. ∫ � d𝐴/ ∫ � d𝐴
(at 𝑈 = 0.04 𝜇m). Fig. 7.9 shows that in all cases reported, when the asperity is
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Figure 7.9: Fraction of the amount of slip inside the asperity compared to the total slip in the plastic
zone during ploughing for different sizes and shapes of the asperity.

small, plasticity in the sub-surface plays a dominant role. When the asperity is

larger, both in width and in amplitude, such as𝑤 = 4 𝜇m, 𝐴 = 0.4 𝜇m, the asperity

contributes more to plastic deformation than the sub-surface. This is consistent

with the horizontal slip distribution in Fig. 7.8e.

7.6. Comparison with two contact models
In order to investigate what kind of asperity contact contributes more to friction,

interlocking asperities or asperities with a flat contact, the friction stress accord-

ing to our ploughing model is compared with predictions of two contact models.

The first is that of Deshpande et al. [8] who used a flat bottomed indenter on a flat

crystal, see Fig. 7.10a; the second is a flat rigid platen on a truncated sinusoidal

asperity, as studied by Dikken et al. [9], see Fig. 7.10b. In the following, we will
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refer to them as the asperity-free contact model and the asperity contact model,

respectively. In the asperity ploughingmodel introduced in the present chapter, a

sinusoidal asperity is ploughed by a rigid asperity to determine the friction stress,

see Fig. 7.10c. The displacement is assigned in a different way in three models.

In the asperity-free contactmodel, the displacement is prescribed uniformly over

a width 𝑤 of the flat surface; in the asperity contact model, the displacement is

assigned to a truncated section of width 𝑤/2 (truncated at 𝐴); in the ploughing

model, the displacement is assigned to the rigid asperity. In the latter case, the

ploughing depth is not an important parameter as we have already seen previ-

ously.

U
U

U

w ww
(a) (b) (c)

Figure 7.10: (a) Asperity-free contact model [8], (b) asperity contact model[9], (c) ploughing model.

For the same crystal properties, i.e. the same slip orientation, a source (as

well as obstacle) density and strength, Fig. 7.11 shows a comparison of the fric-

tion stress according to the three models for different asperity sizes𝑤. The figure
reveals that when 𝑤 ≤ 1𝜇m, i.e. when according to Fig. 7.8 most of the plasticity

happens in the sub-asperity, the predictions of three models are essentially in-

distinguishable. For larger 𝑤, when the asperity plays a more important role in

plasticity, the threemodels predict distinct values of the friction stress, with a size

scaling varying from roughly𝑤− . to 𝑤− .

Even thoughboth theploughingmodel and theasperity contactmodel [9] con-

tain an asperity, their results are different when𝑤 ≥ 1𝜇m. We proceed to uncover

the reasons behind this difference for 𝑤 = 4 𝜇m, the size at which a significant

difference in predicted friction stress (of a factor 50/30) is seen in Fig. 7.11. In

Fig. 7.12, curve 1 is for the ploughing model, curve 4 is for the asperity contact

model. There are three differences between the twomodels:

1. The difference in the elastic regime between the two models is caused by

the different loading. In the asperity contact model, the displacement is as-

signed uniformly to the relatively larger contact area on the top of the as-

perity, leading to a more uniform stress distribution than for the ploughing
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Figure 7.11: Comparison of the friction stress (at = . m) among the three models.
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Figure 7.12: Comparison between the ploughing model and the asperity contact model

model (cf. Fig. 7.3b). This gives rise to a larger force in the elastic regime and

smaller fluctuations in the plastic regime.

2. The ploughingmodel containsmore asperity material in which sources can

be activated than the asperity contact model, so eliminating sources in the

extra material makes the ploughing result closer to the asperity contact re-

sult (curve 1 to curve 2).

3. The asperity contact model has impenetrable obstacles along the contact

line inorder to ensure compatibilitywith theprescribedhorizontal displace-

ment. If we insert obstacles in the ploughingmodel on the sameheight, they

prevent dislocations from sliding into the extra material, and the ploughing

result (curve 3) gets even closer to the asperity contact result (curve 4).
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Thus we conclude that it is the kinematic constraints at the surface of the as-

perities in contact that make them harder than interlocking asperities.

7.7. Conclusions
The plastic ploughing of a micrometer-size sinusoidal asperity has been studied

by means of discrete dislocation plasticity in order to disclose where plasticity

happens andhow the asperity deforms plastically. Plastic flow arises from the col-

lective motion of dislocations that nucleate from Frank-Read sources which are

distributed randomly in the crystal. Ploughing is implemented through a sticking

contact to a rigid asperity that slides parallel to the surface of the substrate. The

salient conclusion of the study are:

• The force response in the plastic regime is very stochastic due to random

variations in the position and the strength of dislocation sources. As a con-

sequence, the friction force over a range of ploughing depths follows aGaus-

sian distribution. When the precise ploughing depth is unknown, the mean

value gives a reasonable estimate of the friction force caused by ploughing.

• The friction strength is inversely proportional to asperity size, that is, the

friction force 𝐹 for different sizes of a self-similar asperity is size indepen-

dent.

• When the asperity is so small that plasticity is source limited, shearing is

accommodated by plastic deformation in the crystal below the asperity. In

this regime, the predictions of the ploughingmodel and two contactmodels

are essentially indistinguishable.

• When the asperity is large, slip inside the asperity plays a dominant role in

the ploughing. For this reason, it is easier for interlocking asperities to de-

form plastically than asperities with a flat contact.
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Appendix
The computations reported in this chapter are carried out for an asperity on a rel-

atively large rectangular block. Even for the largest asperities analyzed, the width

𝑤 is two orders of magnitude smaller than the width of the block and one order of

magnitude smaller than the block height.
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In order to verify that thedimensions of theblockdonot significantly affect the

predictions, we briefly consider an asperity on a half-infinite crystal. To do so, we

make full use of the analytical (so-called, Flamant) solution for point forces on a

half infinite space (details of the solution can be found in e.g. [13]). The basic idea

is that by virtue of the separation of scales, the contact force between deformable

and rigid asperities can be regarded as point force with components 𝐹 and 𝐹 in

an infinite half space. Then, if we impose the displacement field according to the

Flamant solution as boundary conditions along the lateral and bottom sides of

the rectangular crystal, crystal sample canbe regarded as part of an infinitely large

crystal. It iswell known that the Flamant solution requires constraints tomake the

solution unique, herewe have two top corner points of the crystal fixed, i.e. on the

top surface, 𝑢 ∣ = , = = 0, 𝑢 ∣ = , = = 0, 𝑢 ∣ = , = = 0, 𝑢 ∣ = , = = 0.
The solution using these Flamant boundary conditions requires an iterative

approach (illustrated in Fig. 7.13) since the force on the asperity is determined

by the displacement boundary conditions, while the magnitude of Flamant’s dis-

placement field scales linearly with the components of the force. Tolerance of the

iteration is 1%.
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Figure 7.13: Iteration procedure in the implementation of the Flamant boundary condition.

Based on the crystal size ℎ = 50 𝜇m, 𝐿 = 1000 𝜇m, asperity size 𝑤 = 4 𝜇m,
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𝐴 = 0.2 𝜇m, Δ = 𝐴, we compare the Flamant boundary condition with the simple

boundary condition used in the main text of this chapter which is bottom side

fixed, lateral sides free. The results, shown in Fig 7.14, are not identical but in view

of the inevitable scatter in the simulation results (see Fig. 7.6a ), the use of the

computationally cheaper, simple boundary conditions is justified.

U (µm)

 fo
rc

e 
(N

/µ
m

)

di
slo

ca
tio

n
de

ns
ity

(µ
m

-2
)

0.02 0.04 0.06

0

0.5

1

1.5

2

0

0.2

0.4

0.6

0.8

1
Flamant BC
1st slip system
Simple BC
1st slip system

*10-4

Fx

Fy

60°

60°

1

2

3

0

Figure 7.14: Comparison of force and dislocation density between Flamant boundary condition and
simple boundary condition based on the asperity size = m, = . m.


