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2 1. General introduction

1.1. Technological background

T he inclination towards smaller scales has been going stronger all the time. For

example, smaller and smaller integrated circuitsmake our computers lighter,

smaller andportable; thedevelopmentofmicroelectromechanical systems (MEMS)

provides explosive functionality: from navigation systems, smart phones to per-

sonalhealthmonitors andotherbio-medical devices [1, 2, 3]. Currently, thebiggest

obstacle for the development of such small systems resides in the manufactur-

ing process: being smaller brings more problems. First of all, materials at small

length scales —from several micrometers to nanometers— behave in a signifi-

cantly differentway compared to bulk behavior. Therefore, for example, precision

forming of a piece of material at small length scale cannot be acquired by sim-

ply scaling the conditions that are required at large length scale. Secondly, there

are more details (higher resolution) exposed and dominating the phenomenon

at small length. Because of the limited size, the responses are different with the

macroscopically observed ones which are essentially themacroscopic space- and

time- averaged values. For example, a smooth surface at large length scale turns

out to be a rough surface at small length scale; a smooth frictional response (fric-

tion force versus time or friction force versus loading displacement) at large scale

can become stick-slip at atomic scale [4].

Overall,muchof the knowledge that havebeenapplied successfully in the con-

ventional industrymay not work properly forMEMS at small length scales. Based

on the fact that themanufacturing process usually involves contact/friction prob-

lems at very small length scales, in this thesis, we intend to gain a better under-

standing of contact/friction problem at small length scales.

1.2. Physical mechanisms of friction
Thewell-knownCoulomb friction lawdescribes friction forceas theproductof the

normal force and friction coefficient. The latter is an empirical parameter, but it

is not a constant. It is material dependent, surface morphology dependent and

humidity dependent, etc.. Furthermore, there are instances where Coulomb fric-

tion law fails, such as strong adhesion (tape on glass). The Coulomb friction law

is actually the description of macroscopic space- and time- averaged values [5].

The lack of microscopic details and understanding even results in imprecise con-

clusion, for example, the friction force does not depend on the area of contact be-

tweenmoving surfaces. However, we know that because of the roughness, there is

abigdifferencebetween the apparent contact area and real contact area (shown in

Fig. 1.1) where the former is actually referred to in the friction law. Strictly speak-
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ing, the friction force does not depend on the apparent contact area, it depends

on the real contact area which depends on the normal load.

With thedevelopmentof experimental techniques,weareable toobservemore

details. For example, nowadays, it is commonly accepted that surfaces in nature

are always rough, containing peaks (termed asperities) and valleys; the real con-

tact area consists of many small contact patches. These details not only provide

us the opportunities to gain a better understanding of contact/friction, but also

bring us challenges to characterize friction at small length scales where macro-

scopic space- and time- averaged friction law fails.

Recently developed frictionmodels based onpure elasticity [6, 7, 8] havemade

great progress in understanding contact behavior of rough surfaces. However,

the complexity does not only reside in topography, but also in the mechanical

response of asperities, especially plasticity. The surface roughness gives rise to

the fact that the true contact area 𝐴 is only a small fraction of the apparent con-

tact area𝐴 [9]. Given the contact force𝑁, the nominal contact pressure𝑝 = 𝑁/𝐴
can be smaller than thematerial yield strength𝜎 . However, the real contact pres-

sure on asperities 𝑝 = 𝑁/𝐴 = 𝑝 𝐴 /𝐴 can be much larger than 𝜎 . So contacting

asperities on metallic surfaces usually contain plastic deformation [10, 11].

Some contact models [12, 13, 14] have incorporated plasticity, all of them are

based theclassical size independentplasticity theory.“Unfortunately”, it is already

quite clear for decades that plasticity is size dependent at length scales ofmicrons

or below. The origin of the size dependence has been attributed to the plastic

strain gradient [15, 16, 17] and material micro-structures [18, 19], both of which

exist for contacting asperities at small length scale. Therefore, it is necessary to

incorporate size-dependent plasticity in the analysis of contact/friction problems

at the micro/sub-micron length scale in order to gain a better understanding.

1.3. Research questions
As shown in Fig. 1.1, the friction involves two steps: contact and shearing. The

friction force can be interpreted as 𝐹 = 𝜏𝐴 [9], where 𝐴 is the real contact area and
𝜏 is the shear strength of the contact. In order to predict the friction force, we need
to address two quantities: 𝐴 and 𝜏.

Greenwood and Williamson (GW) [20] assumed that the rough surface con-

sists of circular asperities with the same radius curvature and that the height of

the asperities follows a Gaussian distribution. Given the mechanical response of

a single asperity (purely elastic in the original GWmodel, elasto-plastic in subse-

quent works [21, 22]), the response of the rough surface is the summation of all
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Figure 1.1: 2D sketch of a frictionprocess: contact (flattening) of a rough surface by a rigid flat followed
by horizontal shearing. The apparent contact area is the length of the rigid flat and the real contact
areas are indicated by black bars.

individual asperities.

However, we also note that asperities are not isolated, but are mechanically

connected through the substrate. Therefore, deformation of a higher asperity will

shift all its neighbors down. This phenomenon is termed as asperity interaction,

and influences the subsequent contact evolution. So the first research question

is:

⊠ what is the role of asperity interaction in rough surface contact problem?

The mechanical response of a single asperity in all existing GW type contact

models is based on size independent plasticity theory. It is well known that plas-

ticity becomes size dependent at length scale of micron/sub-microns. Therefore,

it is necessary to investigate asperity contact problembymeans of size dependent

plasticity.

Understanding thebehavior of simple geometries paves theway to the studyof

more complex real surfaces. Asperities (in 2D) are usually simplified into simple

geometries, such as sinusoidal [23] or rectangular [24]. If an asperity is idealized

as the latter (rectangular), the flattening (contact) of the asperity is similar to the

compression of a pillar. So the second research question is:

⊛ what is the response of micron/sub-micron pillar-like asperity under com-

pression?

Finite element (FE) simulation of a 3D rough surface contact is the straightfor-
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ward attempt to address complex contact problems either caused by topography

or by plasticity. Size independent plasticity has been implemented to study rough

surface contact [25], and the model provides important information such as the

linear dependence of the real contact area 𝐴 on the normal load 𝑁 and contact

pressure distribution. However, it is clear that, due to roughness, asperities on the

surface have different sizes where size dependent plasticity play a role. Therefore,

the third research question is:

⊞ what is the effect of size dependent plasticity in rough surface contact prob-

lem?

Large-scale FEM simulations of rough surface contact problems put high re-

quirements on computing resources and time. By contrast, a GW-type statistical

model is a very efficient method to deal with complex rough surfaces. Unfortu-

nately, existing GW-type models do not incorporate size dependent plasticity. So

the forth research question is:

⊖ Given the size dependent behavior of a single asperity, is GW-type model

able to provide a reasonable prediction for the whole rough surface under

contact?

Beside the contact area 𝐴, the Tabor-Bowden expression 𝐹 = 𝜏𝐴 also requires

information about the friction strength 𝜏. The tangential relative motion of con-

tact pairs can be caused either by interfacial failure, for example de-cohesion, or

by plastic deformation of contacting asperities. However, in the original Tabor-

Bowden theory [9], 𝜏 is a just constant for the givenmaterials in contact. Our fifth

research question is:

⊛ what is the value of 𝜏 for different sizes of the contact and different loading
rates?

When dealing with rough surface contact/friction problem, two rough sur-

faces are usually equivalentlymapped (based on pure elasticity) into one rigid flat

surface in contact with a deformable rough surface [26]. Regardless of whether

the equivalence works for plasticity, this simplification ignores the other kind of

asperity contact that exists in two rough surface contact/friction: interlocking as-

perities, shown in Fig. 1.2 indicated by blue circle while the intimate contact pair

is indicated by red circle.

Actually, the friction force should be expressed as 𝐹 = 𝜏𝐴 + 𝐹p, where 𝜏𝐴 comes

from intimate contact and 𝐹p is the contribution from interlocking asperities. So

the sixth research question is:
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Figure 1.2: Two rough surfaces in contact. Red circle: intimate contact pair discussed above; Blue
circle: interlocking contact pair (ploughing pair).

△ how do interlocking asperities deform when two surfaces move relative to

each other ?

Based on the above-mentioned research questions, the aim of this thesis is to

use various kinds of simulations to gain a better understanding of the role of size

dependent elasto-plastic behavior during contact/friction of rough surfaces .

1.4. Outline of the thesis

T he thesis consists of a general introductionand six chapterswhich address the

corresponding six research questions discussed above, organized as follows:

InChapter 2 (⊠), for GW typemodels, amethod is presented to account for as-

perity interaction through the statistical summation of asperities forces. Asperity

interaction is found to reduce the contact force comparedwith the contact force if

the asperities would deform independently. We also investigate the dependence

of asperity interaction effect on material properties and surface roughness.

In Chapter 3 (⊛), a pillar-like asperity contact problem is studied through dis-

crete dislocation plasticity simulations. A distinct size effect on the strength is

observed. Special attention is focused on the connection between the observed

size effect and critical avalanches during the loading process, and themechanism

behind is elucidated.

Chapter 4 (⊞) discusses finite element simulations of rough surface contact, in

which sizedependentplasticity is incorporated through theconventionalmechanism-

based strain gradient plasticity (CMSGP) theory. We focus on the difference be-

tween our predictions and those using size independent plasticity, including the

linear dependence of the contact area on the normal load and contact pressure

distributions.
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In Chapter 5 (⊖), a GW-type statistical model in presented that incorporates

size dependent plasticity. The size dependent plastic behavior of a single asperity

is analyzed by CMSGP. The intrinsic length that is required as an input to CMSGP

is fitted from simulations by discrete dislocation plasticity. The predictions of the

statistical model are compared with FEM simulations of Chap. 4 to verify its ef-

fectiveness.

Chapter 6 (⊛) focuseson the friction strength 𝜏of a contactpair. A two-dimensional

model that incorporates both discrete dislocation plasticity inside an FCC crystal

and adhesion in the interface is presented to investigate the dependence of 𝜏 on
the size of contact and the loading rate. 𝜏 is shown to be the outcome of the com-

petition between interface (adhesion) andmaterial plasticity (discrete dislocation

plasticity). A strong dependence of 𝜏 on the contact size and loading rate is ob-

served.

Chapter 7 (△) aims to investigate interlocking asperities during friction. Part

of the friction between two rough surfaces is due to the interlocking between as-

perities on opposite surfaces. In order for the surfaces to slide relative to each

other, these interlocking asperities have to deform plastically. The unit process

of plastic ploughing of a single micrometer-scale asperity is studied by means of

two-dimensional dislocation dynamics simulations. Like in the other chapters,

the focus is on the effect of the asperity size.
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2
Statistical Model of Asperity

Interaction In Rough
Surfaces Contact

Asperities on a rough surface are not isolated, but connected through the sub-
strate. Therefore, for a rough surface in contact, deformation of a contacting
asperity will also shift its neighboring asperities down through substrate de-
formation, i.e., interaction deformation. The magnitude of the interaction de-
pends on the distance to the contacting asperity. In this chapter, we present
a method to account for asperity interaction through the statistical summa-
tion of asperities forces. Asperity interaction is found to reduce the contact
force compared with the contact force if the asperities would deform indepen-
dently. We also investigate the dependence of interaction effect on material
properties as well as surface roughness. After extending the model for a fi-
nite surface area assumption, the model is found to be consistent with other
existed models for a finite surface area.

The Chapter is an extended version of Song, H., van der Giessen, E. and Vakis, A.I., 2016, Erratum:
“Asperity Interaction and SubstrateDeformation in Statistical SummationModels of Contact Between
Rough Surfaces” [J. Appl. Mech., 81(4), 041012. Author: Vakis, A.I.], J. Appl. Mech., 83(8):087001-
087001-1.

11
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12 2. Statistical Model of Asperity Interaction In Rough Surfaces Contact

2.1. Introduction
Understanding the contact between surfaces at small size scales is very impor-

tant to many engineering applications, such as microelectromechanical systems

(MEMS) and hard-disk drivers. Asperities result in the actual contact of a rough

surface being a small fraction of the nominal surface area. The rough surface con-

tact problem is actually the study of the collective behaviors of contacting asperi-

ties on the surface. Themodel by Greenwood andWilliamson (GW) [1] forms the

basis of many subsequent works [2, 3, 4, 5, 6, 7] on rough surface contact. In the

original GW model, asperities with spherical tips deform independently. How-

ever, asperities on the surface have a common substrate through which they are

connected. Thus, pressing one asperity will shift all its neighbors down; this is

called the asperity interaction effect. The interaction effect is naturally included

in finite element (FE) models of bodies in contact [8, 9], but these models suffer

from computational costs. Ciavarella et al. [7] extended the GW model to incor-

porate the asperity interaction effect for a finite surface area. In their model, as-

perity interaction is implemented by shifting the substrate; the amount of shifting

utilizes the analytical solution of the deformation caused by a uniform pressure

distributed over the surface with finite size. The interaction effect is seen to de-

crease the contact force. However, in [7], the asperities are assumed to deform

elastically, while it is well known that asperities can deform plastically, even at

small contact loads.

Through FEM, Kogut and Etsion [5] (KE) numerically studied the contact be-

tween a sphere and a rigid flat. The contact force was parameterized as a function

of the sphere interferencewhich accounts for elastic, elasto-plastic and fully plas-

tic regimes. Following a different route to implement asperity interaction than

Ciavarella et al. [7], Vakis [12] proposed a statistical model for elasto-plastic (KE

type) asperity contact. In the model, the interaction effect was considered only

for non-contacting asperities that have taller contacting neighbors. However, in-

teraction effect also exists for contacting asperities once they have neighboring

asperities in contact.

In this chapter, we extend the model proposed by Vakis [12] to include the in-

teraction effect based on the probability of having asperities in contact, regardless

of whether the neighbors are taller or not. Following theGWmodel [1], the rough-

ness of two contacting surfaces is combined into one rough surface that comes

into contact with a rigid flat, shown in Fig. 2.1. It is assumed that the topography

of the rough surface can be described as a collection of asperities with radius cur-

vature of 𝑅 that are distributed in the surface plane with density 𝜂 and a normal
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(Gaussian) distribution of their heights with standard deviation 𝜎 .

Figure 2.1: Schematic representation of the stochastic rough surface contact problem: both the as-
perity height and the surface height follow a Gaussian distribution with standard deviation and
, respectively. Asperity height is measured from the substrate where material is continuous. The

distance between the surface mean height and the rigid flat is .

Contacting asperities are considered to effectively reduce the height of their

neighbors, so that the asperitymeanheight of thewhole surface becomes smaller.

Following [7, 10], the simplifying assumption ismade that the asperity interaction

effect can be adequately captured by modifying the asperity height distribution

as a function of the mean plane separation. Strictly speaking, the change of the

height distribution should include two aspects: asperity average height and stan-

dard deviation 𝜎 . However, since a statisticalmodel does not deal with any single

asperity, the evolution of 𝜎 is unknown. Therefore it is assumed that 𝜎 does not

evolve with the mean plane separation, and the asperity interaction effect is re-

flected just by an equivalent shift of the asperity mean height.

2.2. A probabilistic model of asperity interaction
The surface height statistics, determined from an experimentally obtained sur-

face profile, can be fitted to a Gaussian distribution with standard deviation of 𝜎.
The asperity height distribution is different from the surface height distribution

as the former does not contain the information of valleys. The standard deviation

of the asperity height distribution 𝜎 is connected to that of the surface height

distribution 𝜎 according to [3]:

𝜎 = √𝜎 − 3.717 × 10−
𝜂 𝑅 ,

where 𝑅 is asperity mean radius and 𝜂 is the asperity density. For a normal dis-

tribution, an envelop of ±3𝜎 around the surface mean plane includes 99.7% of

the surface height distribution, so we define the initial position of the rigid flat
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to be 3𝜎, i.e., the initial mean plane separation 𝑑 = 3𝜎. With increasing load, 𝑑
decreases from 3𝜎 to 0, at the moment that the surface mean is reached.

We nondimensionalize the asperity height 𝑧 and the mean plane separation 𝑑
𝑧∗ = 𝑧/𝜎 and𝑑∗ = 𝑑/𝜎. Theprobability density functionof thenormalized asperity

height then becomes

𝜑∗(𝑧∗) = 1
√2𝜋

(
𝜎
𝜎 ) exp [−

1
2(

𝜎
𝜎 ) (𝑧

∗) ] .

Thus, the probability that asperities are in contact–i.e., taller than themean plane

separation– is

prob(𝑧∗ > 𝑑∗) = ∫
∗

𝜑∗(𝑧∗)d𝑧∗.

Assuming asperities are uniformly distributed in an infinite plane, given a single

Figure 2.2: Schematic representation of asperity interaction: a contacting asperity (local interference
) shifts down its two neighbors by the magnitudes of ( ), ( ) respectively.

contacting asperity, shown in Fig. 2.2, the distance from 𝑛th neighbor asperity to
the contacting asperity 𝑟 is defined as [11]

𝑟 = 1
√𝜋

Γ(𝑛 + )
Γ(𝑛)

1
√𝜂

, (2.1)

where Γ is the Gamma function.

As thecontactingasperity ispresseddownwardsbyadisplacement𝜔, all neigh-
bor asperities will be shifted down due to asperity interactions. The shift of 𝑛th
neighbor asperity 𝜔 = 𝑓(𝜔, 𝑟 ) (to be explained in detail in the next section) de-

pends on the local interference of the contacting asperity 𝜔 (𝜔 = 𝑧 − 𝑑) and the

distance to the contacting asperity 𝑟 , as illustrated in Fig. 2.2. The total number

of 𝑛th neighbors is 𝑘 = 𝜂𝜋(𝑟 − 𝑟 − ), thus the total amount of shift caused by a
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contacting asperity is:

Ω =∑
=

𝜔 𝑘 = 𝜂 {𝜋𝑟 𝑓(𝑧, 𝑟 ) + 𝜋(𝑟 − 𝑟 )𝑓(𝑧, 𝑟 ) + 𝜋(𝑟 − 𝑟 )𝑓(𝑧, 𝑟 ) + ...

+𝜋(𝑟 − 𝑟 − )𝑓(𝑧, 𝑟 )} .

(2.2)

AveragingΩ by the total number of all asperities on the surface𝑁 gives the effec-

tive shift of the mean asperity heights caused by one contacting asperity. There-

fore, for the whole surface, all contacting asperities cause the effective shift (in

dimensionless form) to be:

Ω∗(𝑑∗) =
𝑁∫
∗
Ω∗𝜑∗(𝑧∗)d𝑧∗

𝑁 = ∫
∗

Ω∗𝜑∗(𝑧∗)d𝑧∗, (2.3)

whereΩ∗ = Ω /𝜎. Unlike the formulations in [12] where the interaction effect was

considered only for non-contacting asperities, the above formulation considers

asperity interaction from the contacting asperities and sequentially calculates the

substrate deformation of its neighbors. Thus, a contacting asperity can also feel

the interaction effect from other contacting asperities.

2.3. The mechanics of multiasperity contact

Asperity interaction effect is achieved through the substrate. Like in [10], we de-

fine the substrate to be the base of the shortest asperity such that continuity of

the substrate is guaranteed. Moreover, the substrate is assumed to be the point of

intersection of the two lowest asperities with the equal height, In [12], the profile

of asperities is assumed to obey a parabolic form with radius of curvature of 𝑅 at

the asperity tip, shown in red circle in Fig. 2.1. The point of intersection between

two parabolas whose vertices are shifted along the radial direction by a distance

𝑟 (as they are the closest neighbor) is located at 𝐿 = 𝑟 /8𝑅 below their vertices.

Accounting for the lower limit of the roughness envelope (at three standard de-

viations below the mean), the distance between the rigid flat and substrate, as

illustrated in Fig. 2.1, is

ℎ = ( 𝑟8𝑅 + 3𝜎 ) + 𝑑 = (
1

32𝑅𝜂 + 3𝜎 ) + 𝑑.
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When a asperity comes into contact with the rigid flat, the maximumHertz pres-

sure 𝑝 at the asperity contact interface is

𝑝 = 2𝐸𝜋 √𝜎𝑅 (𝑧
∗ − 𝑑∗) ,

and the contact patch radius is

𝑎 = 𝜋𝑝 𝑅
2𝐸 = √𝜎𝑅(𝑧∗ − 𝑑∗) .

Following [10], we assume the traction profile at the substrate level has the same

shape with the Hertz distribution at the contact interface, but with a different

magnitude. Themaximum contact pressure decreases from the contact interface

p
0

p
z

a

hp

Figure 2.3: Schematic of the pressure profile. The shape of the pressure profile on the substrate is
assumed to be the same with it on the contact surface, but with a different magnitude.

to the substrate with the square of the distance ℎ (shown in Fig. 2.3) in between:

𝑝 = 𝑝
⎡⎢⎢⎢⎢⎣
1 + (ℎ𝑎)

⎤⎥⎥⎥⎥⎦

−

.

Though the assumption violates force equilibrium for each asperity, the verifica-

tion by FEM [10] shows the validity when the asperity spacing is small. Thus, the

normal pressure applied at the substrate level is calculated as

𝑝 = 𝑝 (1 − ( 𝑟𝑎) )
/

,



2.3. The mechanics of multiasperity contact

2

17

where 𝑟 is the distance to the center of the contact. The normal pressure at the

substrate under the contacting asperity gives the normal displacement as a func-

tion of the radial distance from the center of the contact according to the Hertz

solution as [13]

𝑢 (𝑟) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 − 𝜈
𝐸

𝑝
2𝑎

⎡⎢⎢⎢⎢⎣
(2𝑎 − 𝑟 )sin− (𝑎𝑟 ) + 𝑟 (

𝑎
𝑟 ) (1 −

𝑎
𝑟 )

/ ⎤⎥⎥⎥⎥⎦
for 𝑟 > 𝑎

1
𝑅 (𝑎 −

𝑟
2 ) for 𝑟 ≤ 𝑎

(2.4)

where 𝜈 is Poisson’s ratio. We can see in above equations that the actual amount of

the shift for 𝑛th neighbor asperity 𝜔 = 𝑓(𝜔, 𝑟 ) depends on the local interference
of the contacting asperity𝜔 (𝜔 = ℎ − 𝑑) which determines the normal pressure on

the substrate and the distance to the contacting asperity 𝑟 which influence the

normal displacement. The effect of the lateral displacement 𝑢 (𝑟) on the spacing
between asperities is not taken into account. As each contacting asperity tends to

‘pull’ its neighbors closer, for the whole surface, the effect is neutralized.

For a contacting asperity, the dimensionless load as a function of interference

is adopted from the Kogut-Etsion (KE) model of contact between a sphere and a

rigid flat [4, 5]. Different regimes during the contact (elastic, elasto-plastic, and

fully plastic) are parametrized as follows:

𝑃
𝑃 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜔∗ . for 𝜔∗ ≤ 1
1.03𝜔∗ . for 1 < 𝜔∗ ≤ 6
1.4𝜔∗ . for 6 < 𝜔∗ ≤ 110
3
𝐾𝜔

∗ for 𝜔∗ > 110

where 𝜔∗ = 𝜔/𝜔 is the dimensionless interference, 𝜔 = (
𝜋𝐾𝐻
2𝐸∗ ) 𝑅 = 𝜔∗𝜎 is the

critical interference when plasticity happens. 𝑃 = 23𝐾𝐻𝜋𝜔𝑅 is the load related at

the onset of the plasticity. Material hardness𝐻 = 2.8𝜎 and factor𝐾 = 0.454+0.4𝜈.

Based on the mechanical response of a single asperity described above, the
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total dimensionless contact force of a rough surface can be calculated as [5]:

𝑃∗ = 𝑃
𝐴 𝐻 =

2
3𝜋𝛽𝐾𝜔

∗ [∫
∗+ ∗

∗
𝐼 . 𝜑∗(𝑧∗)𝑑𝑧∗ + 1.03∫

∗+ ∗

∗+ ∗
𝐼 . 𝜑∗(𝑧∗)𝑑𝑧∗+

1.4∫
∗+ ∗

∗+ ∗
𝐼 . 𝜑∗(𝑧∗)𝑑𝑧∗ + 3

𝐾 ∫ ∗+ ∗
𝐼𝜑∗(𝑧∗)𝑑𝑧∗] , (2.5)

where the integrand is

𝐼 = (𝑧
∗ − 𝑑∗
𝜔∗ )

for local asperity interference𝜔 = 𝑧 − 𝑑. The prefactor 𝛽 is defined as 𝛽 = 𝜎𝑅𝜂.
When asperity interaction is absent, asperity height distribution 𝜑∗(𝑧∗) does

not vary under contact. However, whenwe take into account asperity interaction,

the effective shift down of themean of asperity heightsΩ∗(𝑑∗) defined in Eq.(2.3)
changes the asperity height distribution into

𝜑∗(𝑧∗ = 1
√2𝜋

(
𝜎
𝜎 ) exp [−

1
2(

𝜎
𝜎 ) (𝑧

∗ +Ω∗(𝑑∗)) ] .

Moreover, it evolves with the loading.

2.4. The effect of the order of interaction
Since the asperity interaction is calculated via the Hertz solution which decays as

a function of distance from the contact, one would expect that the effect of inter-

action becomes negligible far away from the contacting asperity. However, this

was not the case in [12] where the effect grew unboundedly, as pointed out in the

recent erratum [14]. Figure 2.4 shows the cumulative dimensionless interaction

deformationΩ∗ defined in Eq.(2.3) as a function of the dimensionlessmean plane

separation 𝑑∗ (decreasing 𝑑∗means increasing loading) for various values of 𝑛. It
canbe seen thatΩ∗ convergeswhen the order of interaction is large enough. It can
also be seen that convergence becomes difficult with decreasing 𝑑∗. The reason
is that Ω∗ also depends on the loading: the larger load leads to a higher stress on

the substrate, and the normal displacement caused by the higher stress decays to

zero far away from the contact.

The dimensionless contact force 𝑃∗ as a function of 𝑑∗ is plotted in Fig. 2.5(a).
Compared with the nominal model [5] where asperities are assumed to deform

independently, asperity interaction delays the onset of contact, and thus yields

a smaller contact force at a given separation. As the interaction effect converges
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Figure 2.4: Dimensionless cumulative interaction versus mean plane separation for increasing order
of interactions.

with increasing 𝑛 (shown in Fig. 2.4), 𝑃∗ is expected to converge as well. This can
be seen in Fig. 2.5(b): the value of𝑃∗ atmeanplane separation𝑑∗ = 0 clearly starts
to converge when the order of interaction is 𝑛 ≥ 1000.
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Figure 2.5: (a) Dimensionless contact force versus mean plane separation for various orders of inter-
actions, (b) dimensionless contact force at ∗ = for various orders of interactions.
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2.5. Influence of roughness and material properties

The dependence of the interaction effect on the roughness parameters 𝑅, 𝜎, 𝜂 is
shown in Fig. 2.6. The asperity radius 𝑅 and the height of contacting asperities

enter interaction effect through the Hertzian solution for individual asperities.

Fig. 2.6(a) and Fig. 2.6(b) show that the asperity interaction effect increases with

increasing𝑅 and𝜎. The asperity density 𝜂 influences the total number of𝑛th order
neighbors, and Fig. 2.6(c) shows that increasing 𝜂 results in a stronger interaction
effect. Contrary to the findings in [12], different combinations of 𝑅, 𝜎, 𝜂, for the
same 𝛽 = 𝑅𝜎𝜂, do not yield identical results (shown by the thick black lines for the
case of 𝛽 = 1). Therefore even though 𝛽 appears as a pre-factor in the expression

of 𝑃∗ in Eq. (5.10), it is not the single governing parameter that controls the inter-

action effect. Actually, Buckingham Π theorem indicates that the dimensionless

contact force as a function of three roughness parameters 𝑅, 𝜎, 𝜂 should depend
on two dimensionless groups. 𝛽 is one dimensionless parameter, if we use 𝑅/𝜎 as
the other dimensionless parameter, thendifferent combinations of roughness pa-

rameters that have the same𝛽 and𝑅/𝜎 should yield identical result. This is shown
in Fig. 2.7(a) where two groups of roughness parameters have: 𝛽 = 1, 𝑅/𝜎 = 50.
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Figure 2.6: Normalized contact force ∗/ nom versus dimensionless interference ( ∗ = − ∗) for
various roughness parameters, (a) (with = nm, = / m ), (b) (with = . m, =
/ m ), (c) (with = . m, = nm). Arrows indicate the increase of value of the parameter.

A 3 full factorial study was conducted for the variable material properties

summarized in Table 2.1. No dependence on material properties was found as

shown in Fig. 2.7(b).
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Figure 2.7: Normalized contact force ∗/ nom versus dimensionless interference ( ∗ = − ∗), (a)
for two groups of roughness parameters = nm, R= 0.5 m, = m−2 and = . nm,
R= 0.707 m, = m−2, (b) for different material properties ( = nm, R= 0.5 m, and =

m−2).

Table 2.1: Material properties for factorial study

Reducedmod., 𝐸∗ (GPa) 50 70 90

Hardness, 𝐻 (GPa) 5.29 10.29 15.29

Poisson ratio, 𝜈 0.2 0.3 0.4

2.6. Comparison with models based on a finite sur-
face area 𝐴

Ciavarella et al. [7] incorporated asperity interaction through deformation of the

substrate caused by a uniform pressure distributed over, and restricted to, a finite

surface area 𝐴. In the statistical model, for a finite 𝐴, the 𝑛th order interaction

distance becomes 𝑟 = 𝑛/√𝜂 (Eq. (2.1) is only valid for an infinite large 𝐴), with
1/√𝜂 representing the average asperity spacing.

Fig. 2.8 shows a comparison, for different values of surface area 𝐴, between
the predictions of our model and the model in which asperity interaction is im-

plemented through the method of Ciavarella et al [7]. Interestingly, the two pre-
dictionsmatch exactly whenwe use themaximumphysicallymeaningful order of

interaction 𝑛max = √𝐴𝜂 − 1. Furthermore, the interaction effect for a larger area
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Figure 2.8: ComparisonwithCiavarella’smodel for variousordersof interactionswhenasperitydensity
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asperity spacing = /√ : (a) 0.2 , (b) 0.7 .

(𝐴 = 4𝜇m2 in Fig. 2.8 (b)) is stronger than it is for a smaller 𝐴 (= 1𝜇m2 in Fig. 2.8

(a)). This means that the interaction effect increases with increasing 𝐴 if one as-

sumes a finite surface area. This effect is unlimited, i.e., there is no convergence in

the statistical model when using 𝑟 = 𝑛/√𝜂. This emphasizes that the interaction

effect relies on the convergence of Ω , = 𝜂𝜋(𝑟 − 𝑟 − )𝑓(𝑧, 𝑟 ) in Eq. (2.2) to zero

for large 𝑛. For an infinitely large surface, the latter convergence is guaranteed by
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the statistical description of 𝑟 given in Eq. (2.1); it is not the case if we restrict the

interaction model to a finite area of size 𝐴 with 𝑟 = 𝑛/√𝜂.
The model for finite 𝐴 is also compared to the FEA and analytical models of

Chandrasekar et al. [10], even though they consider a number of asperities (25)

asperities that is too small to be statistically significant. Nevertheless, good agree-

ment is found, as shown in Fig. 2.9, for asperity interaction orders of √25 − 1 = 4.

2.7. Summary and Conclusions
Asperity interaction has been studied in the present chapter within the context of

statistical summation models of rough surface contact, based on the probability

that contacting asperities shift down their neighbors through substrate deforma-

tion. The mechanical response of the asperity is characterized by Kogut and Et-

sion’s finite element solutions for elastic, elasto-plastic, and fully plastic normal

contact. The maximum normal pressure acting on the substrate is scaled from

the maximum Hertzian pressure with the square of the depth, and the substrate

deformation is calculated from the Hertz solution in a half space.

The salient conclusions of this study are:

1. The model for an infinite large surface area 𝐴 shows convergence of the in-

teraction effect.

2. The asperity interaction effect depends on the individual characteristics, 𝑅,
𝜎, 𝜂. Normalized contact force depends on two dimensionless parameters

𝛽 and 𝑅/𝜎. No dependence was found onmaterial properties.

3. The model based on a finite surface area of size 𝐴 is found to be consistent

with models based on a finite surface area assumption.

Validation of our statisticalmodel requires a discrete asperitymodel. The discrete

asperity model can also provide the evolution of 𝜎 , which may subsequently be

implemented in the statisticalmodel toprovideamoreaccurate interactioneffect.
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3
Obstacles and sources in

dislocation dynamics:
Strengthening and statistics
of abrupt plastic events in

nanopillar compression

Mechanical deformation of nanopillars displays features that are distinctly
different from the bulk behavior of single crystals: Yield strength increases
with decreasing size and plastic deformation comes togetherwith strain bursts
or/and stress drops (depending on loading conditions) with a very strong
sensitivity of the stochasticity character on material preparation and condi-
tions. The character of the phenomenon is standing as a paradox: While
these bursts resemble the universal, widely independent of material condi-
tions, noise heard in bulk crystals using acoustic emission (AE) techniques,
they strongly emerge primarily with decreasing size and increasing strength
in nanopillars. In this paper, we present a realistic but minimal discrete dis-

The Chapter is based on Papanikolaou, S., Song, H. and Van der Giessen, E., Obstacles and sources in
dislocationdynamics: Strengthening and statistics of abrupt plastic events in nanopillar compression.
arXiv:1511.04613, submitted.
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location plasticity model for the elasto-plastic deformation of nanopillars that
is consistent with the main experimental observations of nano pillar com-
pression experiments and provides a clear insight to this paradox. With in-
creasing sample size, the model naturally transitions between the typical
progressive behavior of nanopillars to a behavior that resembles evidence for
bulk mesoscale plasticity. The combination of consistent strengthening, large
flow stress fluctuations and critical avalanches is only observed in the depin-
ning regime where obstacles are much stronger than dislocation sources; in
contrast, when dislocation source strength becomes comparable to obstacle
barriers, then yield strength size effects are absent but plasticity avalanche
dynamics is strongly universal, across sample width and aspect-ratio scales.
Finally, we elucidate the mechanism that leads to the connection between
depinning and size effects in our model dislocation dynamics. In this way,
our model builds a way towards unifying statistical aspects of mechanical
deformation across scales.

3.1. Introduction
Thedynamical characterof crystal plasticity at thenanoscalehasbeenunder scrutiny

for more than a decade

[1, 2, 3, 4, 5, 6, 7]. This interest is driven by the identification of unconventional

size effects in samples made by the focused ion beam technique under uniaxial

tension or compression. Experiments of nanocrystalline pillar tension and com-

pression have convincingly shown apparent strengthening with decreasing pil-

lar width 𝑤, with the yield strength varying as 𝜎 ∼ 𝑤− with 𝑛 ∈ (0.4, 0.8) [5,
7], and a mild decrease with slenderness 𝛼 = ℎ/𝑤 [8, 9, 10]. The mechanism

of strengthening in nanopillars has been attributed to a transition from typical

Frank-Read sources in the bulk to the predominance of atypical sources such as

surface sources [11, 12, 13] andsingle-armsources [14, 15, 16, 17, 18] at thenanoscale [5,

7].

Nano-strengthening is accompanied by large, abrupt strain jumps (load con-

trol) and/or stress drops (displacement control) [2, 3, 6, 19, 20, 21, 22, 23, 24, 25,

26]. The stochastic abrupt events resemble noise/avalanches in disordered mag-

nets or earthquakes [3, 6, 27, 28, 29]. Analysis of the statistics of abrupt plastic

events has revealed that nanopillar events, statistically, appear to follow power-

law-tailed distributions for strain steps with a large event cutoff that depends on

specimen width [27, 30, 31, 32]. The actual nature of these events has remained

somewhat elusive, partially due to the complexity of loading paths, intertwin-



3.1. Introduction

3

27

ing slip and stress events. However, AE measurements in a multitude of mate-

rials [30, 33] have shown the presence of ubiquitous power-law plastic events that

are independent of loading paths as well as sample dimensions. The energy re-

lease during such bulk events statistically displays a power law distribution with

exponent 𝜏 ∈ (1.4, 1.9) and no apparent cutoff dependence on sample parame-

ters [33]; in nanopillars, the analogous exponent range is 𝜏 ∈ (1.3, 2.1) for strain
jumps or stress drops (depending on selected loading path), and it shows strong

fluctuations with sample dimensions [5].

The apparent contrast between bulk and nanoscale mechanical behavior be-

comesalmostparadoxicalwhen it is considered that theubiquitousnano-strengthening

has not been observed in bulk strength measurements; thus, this might suggest

that there is no relation betweennano-strengthening andplastic avalanche statis-

tics. On this basis, theoretical studies of the stochastic/abrupt plastic flow have

mainly adoptedcontinuummethods [28, 30, 34, 35, 36] thusaddressingbulkprop-

erties, or two-dimensional discrete dislocation dynamics in the special environ-

ment of randomly placed edge dislocations in periodic systems with no obstacles

or dislocation sources [32, 34, 37, 38, 39]. Such approaches have provided use-

ful insights for predicting unconventional power-law statistics of abrupt plastic

events in crystals [31], but they lack typically considered mechanisms that give

rise to nano-strengthening (starvation, source/obstacle exhaustion, single-arm

source proliferation etc. ).

Dislocation sources can be either bulk –typically of the Frank-Read type– or

unconventional, such as surface and single-arm sources [7]; it is believed that

bulk sources typically require much smaller (by an order of magnitude) stress to

be activated than unconventional ones [5]. Dislocation obstacles capture the ef-

fect caused by precipitates, as well as forest dislocations that cross the glide slip

planes. Asmolecular (MD) and three-dimensional discrete dislocation (3D-DDD)

simulations have been showing [40], the strength of such obstacles varies strongly

with dislocation configurations. Actual statistical properties of dislocation obsta-

cle distributions currently remain unknownand thus, it is currently not feasible to

investigate, usingMDor 3D-DDD, the effect of obstacles ondislocationdynamics.

However, two-dimensional discrete edge dislocation (2D-DDD) simulations be-

come ideal for the investigation of various obstacle-related statistical properties,

since obstacles areminimally and randomly introducedwith a pre-defined statis-

tical distribution. Indeed, [41] have developed a direct connection between the

yield strength of a system of edge dislocations in single slip and obstacle spacing,

obstacle strength, source nucleation strength and average source spacing. Thus,

it appears critical to investigate the role of the ratio of source to obstacle strengths
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for nanopillar strengthening and plastic flow avalanche dynamics.

In this paper, we propose a realistic but minimal 2D discrete dislocation plas-

ticitymodel for elastoplastic deformation of nanopillars and show that its predic-

tions are consistent with the main experimental observations of nanopillar com-

pression experiments in terms of strengthening as well as stochastic plastic flow.

Theexplanationof theapparentparadoxmentionedabovenaturally emerges through

the stochastic competition among dislocation sources and obstacles.

The remainder of this paper is organized as follows: Section 2 describes the

methodology of our 2D-DDDmodel that is built to phenomenologically butmin-

imally capture the details of nanopillar compression experiments, as well as the

details of our statistical analysis of dislocation dynamics, similarly to common ex-

perimental protocols. Our originalmodel contains large-activation-stress surface

and small-activation-stress bulk sources, as well as quite strong obstacles – all at

fixed sample densities. Section 3 is focused on experimentally relevant results of

our 2D-DDDmodel simulations, such as the behavior of the yield stress as func-

tion of samplewidth and aspect ratio, or in terms of othermaterial parameters. In

addition, we present the statistical aspect of pillar compression beyond yielding

and we show qualitative agreement with uniaxial nanopillar compression exper-

iments. Furthermore, we investigate the role of surface sources for our strength-

ening and statistics results, by performing extensive simulations in a simplified

model where surface dislocation sources are absent, but bulk properties remain

identical with our original 2D-DDD model. In Section 4, we investigate in detail

the relative role of source strength to obstacle strength in our simplified model,

showing the two qualitatively different (in strengthening and statistics) regimes

that we fully characterize. In Section 5, we summarize our results. In Appendix A,

we briefly discuss a bending effect that emerges during pillar compression. In Ap-

pendix B, we show that the inclusion of 2 slip systems does not qualitatively alter

our main conclusions.

3.2. Model description and Methods
The geometry of the model problem is shown in Fig. 3.1. Pillars are modeled by

a rectangular profile of width 𝑤 and aspect ratio 𝛼 (𝛼 = ℎ/𝑤). Plastic flow occurs

by the nucleation and glide of edge dislocations, for simplicity, on a single slip

system. We confine attention to edge dislocations, not only because they pro-

vide the essential aspects of crystal plasticity (Burgers vector and line direction)

with no numerical overhangs, but also because most results for collective plas-

ticity avalanche dynamics originate from or are inspired by studies of edge dis-
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Figure 3.1: The 2D discrete dislocation plasticity model of pillar compression: Slip planes (lines) span
the sample, equally spaced at = , where those close to corner slip plane are considered inactive
to maintain a smooth loading boundary. Surface and bulk dislocation sources are present (disks) and
forest obstacles are spread homogeneously across the active slip planes. Initially the sample is stress
and dislocation free.

locations [30, 37, 38, 39]. With the typical Burgers vector of FCC crystals being

𝑏 = 0.25 nm, we study sample widths ranging in powers of 2 from 𝑤 = 0.0625 to
1 𝜇mwith 𝛼 = ℎ/𝑤 = 4 to 32. The lateral edges (𝑥 = 0,𝑤) are traction free, allowing
dislocations to exit the sample. Loading is taken to be ideally strain-controlled, by

prescribing the 𝑧-displacement at the topandbottomedges (𝑧 = 0, ℎ). The applied
strain rate, ℎ̇/ℎ = 10 s− , is held constant across all our simulations, similar to ex-

perimental practice. Plastic deformation of the crystalline samples is described

using the discrete dislocation framework for small strains [42], where the deter-

mination of the state in the material employs superposition. As each dislocation

is treatedas a singularity in a linear elastic background solidwithYoung’smodulus

𝐸 andPoisson ratio 𝜈, whose analytical solution is knownat any position, this field
needs to be corrected by a smooth image field ( )̂ to ensure that actual boundary
conditions are satisfied. Hence, the displacements 𝑢 , strains 𝜀 , and stresses 𝜎
are written as

𝑢 = ̃𝑢 + ̂𝑢 , 𝜀 = ̃𝜀 + ̂𝜀 , 𝜎 = �̃� + �̂� , (3.1)

where the ( )̃ field is the sum of the fields of all 𝑁 dislocations in their current po-

sitions, i.e.

�̃� =∑
=

�̃�( ), ̃𝜀 =∑
=

̃𝜀( ), �̃� =∑
=

�̃�( ). (3.2)

Imagefields are obtainedby solving a linear elastic boundary value problemusing

finite elements with the boundary conditions changing as the dislocation struc-

ture evolves under the application of mechanical load.

The slip spacing in this paper is different from existing 2D-DDDmodel studies

where larger slip spacing (such as 100𝑏 or 200𝑏) is used [41, 43]. The possible con-
sequence of larger slip spacing is that interactions among neighboring slip planes

are weakened. In our model, available (but not necessarily active) slip planes are
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10𝑏 apart and are oriented at 30○ away from the loading direction (Fig. 3.1). At the

beginning of the calculation, the crystal is stress and dislocation free. This corre-

sponds to a well-annealed sample, yet with pinned dislocation segments left that

can act either as dislocation sources or as obstacles. Dislocations are generated

from sources when the resolved shear stress 𝜏 at the source location is sufficiently
high (𝜏nuc) for a sufficiently long time (𝑡nuc). We consider bulk sources [42], aswell

as surface sources.

Each sample contains a random distribution of forest dislocation obstacles,

surface dislocation sources, as well as a random distribution of bulk dislocation

sources. The bulk sources are randomly distributed over slip planes at a density

𝜌bulknuc = 60 𝜇m− , while their strength is selected randomly from a Gaussian distri-

bution with mean value �̄�nuc = 50MPa and 10% standard deviation. Bulk sources

are designed to mimic the Frank-Read mechanism in two dimensions, such that

they generate a dipole of dislocations at distance 𝐿nuc, when activated. The initial
distance between the two dislocations in the dipole is

𝐿nuc =
𝐸

4𝜋(1 − 𝜈 )
𝑏

𝜏nuc
, (3.3)

at which the shear stress of one dislocation acting on the other is balanced by

the local shear stress. We only consider glide of dislocations. The evolution of the

dislocation is determined by the component of the Peach-Koehler force in the slip

direction. For the 𝐼th dislocation, this is given by

𝑓( ) = 𝑛( ) ⋅
⎛
⎜
⎝
�̂� +∑

≠

�̃�( )
⎞
⎟
⎠
⋅ 𝑏( ), (3.4)

where 𝑛( ) is the slip plane normal and 𝑏( ) is the Burgers vector of dislocation 𝐼.
This force will cause the dislocation 𝐼 to glide, following over-damped dynamics,

with velocity

𝑣( ) = 𝑓
( )

𝐵 , (3.5)

where 𝐵 is the drag coefficient. In this paper, its value is taken as 𝐵 = 10− Pa s,

which is representative for aluminum.

In addition to bulk dislocation sources, surface dislocation sources are suc-

cessively placed at opposite ends of slip planes, which for the current slip plane

spacing corresponds to a surface density of around 𝜌surfnuc = 175/ 𝜇m. We find that

the source density dependence of our results is small for the widths and aspect
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ratios considered. Surface nucleation typically takes place at much higher stress

than bulk nucleation, but the extent of possible mechanisms for dislocation nu-

cleation from the surface is not yet clear, compared to typical bulk F-R sources for

2D simulations. 3D-DDD simulations [18] based the nucleation rate of surface

sources on evidence from atomistic models: Once surface nucleation happens

(only allowed to occur on the < 110 > {111} type slip systems), the slip system

with maximum 𝑃𝐾 force on the dislocation segment closest to the cylinder axis

of the pillar is selected for dislocation nucleation, and then a half loop with ra-

dius of 50𝑏 is created and restricted to move inside the pillar. In our 2D model,

we assume the probability of surface nucleation to depend on the assumed sur-

face source strength; once a single dislocation is generated, it is put at 10𝑏 from
the free surface, and will move according to the actual 𝑃𝐾 force. In the absence

of interactions from any other dislocations, and in order for surface dislocation to

move into the pillar, the 𝑃𝐾 force has to surpass the image stress of 312MPawhen

the dislocation is put at 10𝑏 from the free surface, otherwise dislocation will be

attracted to the free surface and escape. Under this circumstance, our surface nu-

cleated dislocation has an effective nucleation strength of 312MPawhich exceeds

the bulk source strength by approximately an order of magnitude. The applica-

bility of this assumption will be verified in the subsequent sections by comparing

our simulation results to typical experimental phenomenology.

Once nucleated, dislocations can either exit the sample through the traction-

free sides, annihilate with a dislocation of opposite sign when their mutual dis-

tance is less than6𝑏 orbecomepinnedat anobstacle. Point obstacles are included

to account for the effect of blocked slip caused by precipitates and forest dislo-

cations on out-of-plane slip systems that are not unassistedly described. They

are randomly distributed over the slip planes with a constant density that corre-

sponds on average, one source, either surface or bulk, that is accompanied by 8

randomly-distributed obstacles. It is worthmentioning that in this way the densi-

ties of sources and obstacles remains the same as the sample dimensions change,

but there is a statistical preference towards always accompanying sources with

obstacles in order to avoid statistical outlier behaviors. A dislocation stays pinned

until its 𝑃𝐾 force exceeds the obstacle-dependent value 𝜏obs𝑏. The strength of the
obstacles 𝜏obs is taken to be 300MPa with 20% standard deviation.

The simulation is carried out in an incremental manner, using a time step that

is a factor 20 smaller than the nucleation time 𝑡nuc = 10 ns. At the beginning of
every time increment, nucleation, annihilation, pinning at and release from ob-

stacle sites are evaluated. After updating the dislocation structure, the new stress

field in the sample is determined, using the finite elementmethod to solve for the
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image fields [42].

Our simulations are carried out for material parameters that are reminiscent

of aluminum: 𝐸 = 70 GPa, 𝜈 = 0.33. We consider 50 random realizations for each

parameter case.

After plastic yielding, abrupt plastic events can be directly defined as the se-

quence of consecutive stress drops –along the loading direction– 𝛿𝜎, leading to
the definition of equivalent energy release events

𝑆 = 𝜎f
4𝐸 ∑

∈ eventsteps

𝛿𝜎 . (3.6)

Here 𝜎 donates the flow stress after plastic yielding, computed by averaging the

stress between 2% and 5% total strain. Defined this way, 𝑆 is connected for each
sample to theenergy releaseduringa single avalancheacross theplasticflowregime.

Possible avalanchebehavior is detected throughpower law tails of the event prob-

ability distributions 𝑃(𝑆) ∼ 𝑆− P(𝑆/𝑆 ) with 𝑆 being the cutoff of the distribu-

tion [39, 44].

3.3. Strengthening size effects and statistical behav-
ior of plasticity

To investigate sample size effects, simulations were performed with different pil-

lar diameters𝑤 ranging from 0.0625𝜇mto 1𝜇mfor a single slip system. Our simu-

lations predict clear size effects in both the yield behavior and plastic flow regime.

Fig. 3.2(a) shows typical examples of our predicted stress-strain curves, with char-

acteristic strengthening and large flow stress fluctuations as 𝑤 decreases. Due to

ideal strain-controlled loading, collective events emerge as stress-drops. A typi-

cal slip pattern (for 𝑤 = 1 𝜇m, 𝛼 = 4) that emerges, due to dislocation glide and

escape from the free surface, in our simulations is shown in Fig. 3.2(b). The onset

of plastic slip gives rise to plasticity-induced bending of pillars: this is discussed

in detail in Appendix A.

Thebulkdislocation sourcedensity𝜌bulknuc = 60/𝜇m2 is chosen tobe small enough

such that the smallest samplewidth studied (𝑤 = 0.0625𝜇m) contains no bulk dis-

location sources. This selection is consistent with the phenomenology of uniaxial

nanopillar compression experiments, where it has been observed that dislocation

starvation (nobulk dislocation sources) is present in sampleswith𝑤 ⪅ 100nm[5].

In this limit, in our model, single dislocations are generated by surface sources

and placed at distance 10𝑏 from the free surface; this is approximately equivalent
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Figure 3.2: (a) Axial stress–strain curves, vs . Strengthening and large stress drops emerge as
decreases, with thewidth shown in the legend, in m, (b) uniaxial compression leads to characteristic
slip patterns that are commonly observed in nanopillar uniaxial compression.

to considering a dislocation nucleation strength at the boundary to be 312MPa

which is higher than the average obstacle strength. Moreover, this surface dislo-

cation nucleation strength is approximately an order ofmagnitude larger than the

average dislocation source strength in the bulk at larger widths.

3.3.1. Yield stress and plastic flow stress fluctuations
As shown in Fig. 3.3, we identify distinct size effects in the yield strength, defined

similar to engineering practice as the average stress between 0.1% and 0.3% plas-

tic strain. Fig. 3.3(a) shows that the yield strength 𝜎 decreases with increasing𝑤.
The fit to the aspect ratio 𝛼 = 4 shows a clear power-law dependence 𝜎 ∼ 𝑤− .

which is very close to experimental observations for small aspect ratios. In addi-

tion to a characteristic dependence on 𝑤, the sample strength depends on 𝛼, as
also identified in recent experiments [8, 9, 10], decreasing strongly with a power

law 𝜎 ∼ 𝛼− . for small widths. In larger samples, this dependence is virtually

absent, as shown in Fig. 3.3(b).

Theyield strengthalso increaseswith theaveragedislocationdensity (Fig.3.4(a)

– right vertical axis) and its fluctuations (Fig. 3.4(a) – left vertical axis). The dislo-

cation density fluctuations are defined through the standard deviation of the dis-

location density (𝛿𝜌 = ∫ √𝜌(𝜖)− < 𝜌 >)𝑑𝜖 at the region around the yield stress, a

quantity that demonstrates a strong variability even if the data points represent

sample averages in 50 random realizations. The dislocation density and its stan-

dard deviation increase with sample strength and decrease with sample width

(being proportional to the markersize), but these correlations do not emerge as

clearly from our simulations because of unresolved sample-to-sample fluctua-
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Figure 3.3: (a) The width dependence of the yield stress. Different aspect ratios are indicated by
colored numbers. The fit to = is shown in bold black line, (b) the dependence of the yield stress on
the aspect ratio .
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Figure 3.4: (a) Scaling of dislocation density and dislocation fluctuations with yield stress. The stan-
dard deviation (dark symbols) as well as the average (open symbols) of the dislocation density dis-
play an increasing trend with the yield stress. A number of aspect ratios are shown (∎ ∶ = ,
◀ ∶ = , ● ∶ = , ▼ ∶ = , ◀ ∶ ) with the symbol size proportional to the sample width:
= . , . , . , . , . m. (b) Flow stress fluctuations at % strain as a function of , for the

dependence studied in Fig. 3.3. Flow stress fluctuations at % strain as a function of , for the depen-
dencies studied in left panel( disks ● ∶ = , down-pointing triangles▼ ∶ = , squares ∎ ∶ = ,
right-pointing triangles▶ ∶ = , with marker size denoting increasing ). Strong correlation with

according to ∼ . (unbiased fit).

tions.

Distinct from the yield strength, the flow stress 𝜎 is defined as the average

stress between 2% and 5% total strain. As shown in Fig. 3.4(b), flow stress fluctua-

tions (defined as the standard deviation of 𝜎 ) are strongly correlated to the yield

strength with 𝛿𝜎 ∼ 𝜎 . . This concrete and novel prediction forms the major

signature of the unassisted dislocation depinningmechanism we propose. This

mechanism may be tested in future experimental efforts and 3D-DDD simula-
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tions, and it clearly distinguishes nanopillar crystals from other materials which

display abrupt plastic flow, such as bulk metallic glasses [45], but with no such

correlations.

3.3.2. Statistics of abrupt events
Possible avalanchebehavior is detected throughpower law tails of the event prob-

ability distributions 𝑃(𝑆) ∼ 𝑆− P(𝑆/𝑆 ) with 𝑆 being defined in Eq. (3.6) and 𝑆
signifying the large size cutoff of the probability distribution [39, 44]. The onset

of power-law behavior at decreasing width is clearly seen in Fig. 3.5a. Our find-

ings are consistent with the existence of critical avalanche behavior (𝑆 → ∞) in
the limit of infinitesimal width 𝑤 → 0: This observation is justified by the fact

that as 𝑤 → 0, obstacles in the active slip planes are at infinitesimal distance and

therefore, pile-up behavior is not possible. In this limit, dislocation dynamics

becomes fully characterized by the depinning behavior from existing obstacles.

Further, the event distribution is characterized by an exponent 𝜏 = 1.2 ± 0.2 (the
line 𝑃(𝑆) ∼ 𝑆− . is shown as a guide to the eye) while 𝑆 ∼ 𝑤− . The existence

of power-law behavior in the asymptotically small width limit becomes apparent

in samples with low aspect ratio, as shown in the inset of Fig. 3.5a (the line for

the average event size 𝑆 ∼ 1/𝑤 is shown as a guide to the eye). In Fig. 3.5(b),

𝑃(𝑆) is shown for three different widths (0.0625, 0.25 and 1 𝜇m) and two aspect

ratios (4 and 32). 𝑃(𝑆) displays power-law behavior across aspect ratios (the line

𝑃(𝑆) ∼ 𝑆− . is shown as a guide to the eye), when the width is 0.0625𝜇m; at larger

widths, the distribution displays larger event sizes as the aspect ratio increases.

This tendency is also seen in the behavior of 𝑆 (cf. inset of Fig. 3.5b), where in-
dependence of 𝛼 is observed at small widths (0.0625 and 0.125 𝜇m), while there

is an increasing trend with 𝛼, 𝑆 ∼ 𝛼 , at large widths (with the line 𝑆 ∼ 𝛼 as a

guide to the eye). Similar behavior is observed also in the dependence of the dis-

tribution cutoff 𝑆 as function of width and aspect ratio. The complete behavior

of the abrupt event energy release distributions as function of aspect ratio, width

and obstacle strength points towards dynamical critical behavior [48] only in the

limit of small widths and large aspect ratios.

3.3.3. The role of surface dislocation sources for yield strength
size effects and plastic burst distributions

In ourmodel, surface sources for dislocations are designed to capture the primary

experimental phenomenology of nanopillar uniaxial compression by assuming

the surface sources to have a much higher activation strength (312MPa) than the
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Figure 3.5: Histograms of abrupt events and cutoff dependence. (a) Width dependence of ( ),
demonstrating a clear power-law distribution as width decreases for = (here, symbol size reflects
the width). In the inset, the average event size is shown as a function of for different aspect ratios.
(b) Dependence of abrupt event statistics on pillar aspect ratio. Three different widths ( ● ∶ . m,
∎ ∶ . m,▶ ∶ m) are shown for two different aspect ratios = and (the symbol sizes follow
the aspect ratio’s magnitude for clarity).
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Figure 3.6: Comparison of results between with and without surface sources and surface related ob-
stacles. (a) Yield stress dependence on , (b) statistics, larger symbol: = m, smaller symbol:
= . m.

bulk sources (50MPa). Thus, the very existence of bulk sources naturally prevents

surface sources from being activated. Furthermore, while we imposed the sur-

face source strength to be 312MPa, molecular dynamics simulations support the

existence of even higher activation barriers (of the order of ∼ 1GPa), which have
been utilized in 3D-DDD simulations [18]. In practice, given theminimal charac-
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ter of our modeling, the phenomenology remains intact for any source activation

strength larger than the average obstacle strength of 300 MPa.

It is natural to ask whether strengthening size effects and avalanche distribu-

tions are significantly affected by surface dislocation sources. Obviously, in our

model, when 𝑤 = 0.0625 𝜇m, the role of surface dislocation sources is the key to

plastic deformation since there are no bulk dislocation sources. Thus, it is clear

that for𝑤 = 0.0625 𝜇m the role of surface dislocation sources is critical. However,

is this true for 𝑤 > 0.0625 𝜇m? In order to answer this question, we perform sim-

ulations with all parameters intact as in the original model but with the surface

dislocation sources removed. Then, our model contains only bulk sources and

obstacles. In Fig. 3.6(a), if both surface and bulk dislocation sources and obstacles

are present, the yield strength is overall highest since the number of total obsta-

cles is largest (given that each surface source is accompanied by eight obstacles).

By retaining the surface sources but removing the surface-related obstacles (blue

line), the yield strength 𝜎 drop for all sizes, while the power-law dependence is

approximately unchanged (−0.5 compared to −0.45). When subsequently also the

surface dislocation sources are removed (red line), the yield strength 𝜎 remains

the same on average for large 𝑤, because large samples have enough weak bulk

sources that strong surface sources are not activated. However, as 𝑤 decreases,

the exhaustion of bulk dislocation sources leads to a stronger strengthening size

effect with power-law exponent −0.65.
Just like for strengthening, the absence of surface sources and/or obstacles has

an effect on avalanche distributions, but the difference in statistics has not been

adequately resolved in our simulations, as is shown in Fig. 3.6(b). The statistics of

the abrupt events for the small sample 𝑤 = 0.125 𝜇m appears to point to similar

behavior with or without surface dislocation sources. Furthermore, the effect of

surface sources on statistics appears to be approximately absent with increasing

sample size, as shown for𝑤 = 1 𝜇m.

Until the current point, all our simulations are characterized by weak disloca-

tion sources and strong dislocation obstacles, and always the unstrained config-

uration is dislocation-free. Thus, it is natural to expect that when the sample size

is large (𝑤 → ∞) the basic mechanism of yielding is pile-up dominated (cf. [41]).
In this scenario, which we label as assisted dislocation depinning, a weak dislo-
cation source nucleates enough dislocations that can pile-up against an obstacle

in order to form a large enough stress concentration that should move the lead-

ing dislocation across the obstacle. Naturally, this mechanism is fully functional

at large 𝑤, where the shear yield stress is close to the average dislocation nucle-

ation resolved shear stress (50MPa) but much smaller than the average obstacle
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strength (300MPa). In the regime of assisted dislocation depinning, plastic flow

is smooth and yielding is size-independent.

However, as the sample size decreases, assisted depinning is not anymore pos-

sible, since the space between nearby obstacles and sources decreases and there-

fore the available space in front of the obstacle is too small to generate a large

enough pile-up stress. In this regime, dislocation pile-ups are “incomplete” and

the yield strength increases to levels required forunassisteddislocationdepinning
of individual dislocations through obstacles. This mechanism resembles analo-

gous elastic depinning phenomena throughhigh-disorder landscapes [48]. Unas-

sisteddepinningnaturally leads to strengthening, but also it leads to strongly abrupt

and stochastic plastic flow, given that the stresses required for dislocation dynam-

ics to be activated are highly correlated and stochastically defined. Thus, it is

intuitively clear that unassisted dislocation depinning involves a deep, intrinsic

connection between the yield strength size effect and the stochastic character of

post-yield plastic flow.

Our main conclusion on the existence of this assisted/unassisted dislocation

depinning is clearly associated with our choice of random distribution for dislo-

cation sources and obstacles: Namely, as sample size becomes smaller and there-

fore the number of sources in the bulk decreases, all bulk sources are on different

active slip planes (since we consider closely spaced (10𝑏) available slip planes).

Then, we can keep the bulk obstacle density fixed through distributing the re-

quired number of obstacles on only the active slip planes. This is an appropriate

statistical approach of sampling obstacles, for otherwise –if for example, obsta-

cles are distributed randomly across all slip planes [43]– the behavior would be

dominated by statistically outlier behaviors where slip planes exist where source

activation takes place without obstacles. In such a case, there is no dislocation

pinning.

Theassisted/unassisteddislocationdepinning crossover takesplacewhendis-

location sources activate at much lower stress than the stress required to surpass

obstacles. In this limit, there is a simple but highly approximate estimate of the

yield strengthof anedgedislocationpile-upconfigurationona single slipplane [41].

The estimate

𝜎 = 𝑀− √𝜏nuc + 2𝐴𝑏𝜏obs/𝐿obs (3.7)

expresses a strong dependence on obstacle spacing 𝐿obs and the strength of ob-

stacles, 𝜏obs and of sources, 𝜏nuc (𝐴 is a fraction of the shear modulus, 𝑀 is the

Schmid factor). As displayed in Fig. 3.7, our model predictions and this estimate

come close only for small samplewidthwithweak dislocation sources. The agree-
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(a)

Figure 3.7: Comparison of simulations resultswith [41]’s estimate (3.7)where themap is plotted based
on the variations (± SDV) of obs and nuc in our model.

ment in this limit (𝑤 → 0) is justified by the fact that the model of [41] does not

take into account interactionswith dislocations on neighboring slip planes which

is highly possible for large samples. In ourmodel, when the sample width is small

enough, active slip planes (at fixed dislocation source density) are at largemutual

distance and therefore inter-slip interactions between dislocations become weak

enough for single-slip-plane dislocation dynamics to dominate.

If the assisted/unassisted dislocation depinning crossover takes place in the

weak-source (compared to obstacles) limit, it is natural to questionwhat happens

when source activation and obstacle strength are similarly valued. This is what

will be explored in the next session.

3.4. Source vs. obstacle strength and the role for
yield strength, size effects and statistical behav-
ior

In this section, we present the results of extensive simulations to explore the de-

pendenceon the ratio of dislocation source activationbarrier to obstacle strength.

Wekeep theobstacle strengthunchanged (300MPawith20%SDV)andvary source

strength from 50MPa to 400MPa. Our focus is on the dependence of strengthen-

ing and statistics on the variation of 𝜏nuc/𝜏obs. As it may be seen in Fig. 3.8(a),
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the average dislocation source strength increase leads to size-independent yield

strength. This is a concrete signature that the yield strength size effect is strongly

controlled by the assisted/unassisted dlslocation depinning mechanism we pro-

posed. Obstacle strength aswell as obstacle density have great influence on dislo-

cation plasticity. In particular, the yield strength has a strong dependence on the

obstacle density: the more obstacles results in more probable unassisted depin-

ning. Furthermore, it appears that theobstacledensity is thekey factor (cf.Fig. 3.8(b))
that determines the yield strength: for small widths, the increase of obstacle den-

sity leads to a large increase of the yield stress, while at large widths the increase

of obstacle density does not influence the strength, as expected for a system that

forms large dislocation pile-ups.

The role of obstacles is conditionally defined relative to the activity of disloca-

tion sources. Our originalmodel was defined in Section 3.2 to compare well to ex-

perimental phenomenology of uniaxial nanopillar compression (see Section 3.3).

For it assumes that bulk dislocation sources have a much lower activation stress

than the strength of dislocation obstacles. In this way, the change of width 𝑤
leads to a crossover betweenassisted (at large𝑤) –wherepile-upbehavior can take
place– and unassisted (at small 𝑤) dislocation depinning behavior, before dislo-

cation starvation takes place at the ultra-small pillar regime. However, it is clear

that there is another fundamentally different regime of dislocation dynamics, is
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Figure 3.8: (a) Dependence of strengthening on the source strength. Different aspect ratio is shown
for = . m when source strength is 300 MPa, (b) Dependence of Y on the obstacle density for
different sample width.
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Figure 3.9: Events statistics for different source strength nuc (obstacle strength obs = MPa with
20% SDV). The size of the symbol stands for from 1 m (largest symbol) to 0.125 m (smallest sym-
bol). (a) When nuc = MPa, (b) when nuc = MPa, blue lines are the statistics for = . m
with different aspect ratios, symbol size stands for the value of aspect ratio.

there strengthening or/and stochastic plastic behavior when the source strength

becomes comparable to the obstacle strength? In the regime where bulk disloca-

tion sources are as strong as the dislocation obstacles, yield strength size effects

are not present anymore (cf. Fig. 3.8(a)). But what is the corresponding statisti-
cal/stochastic behavior of the events?

The statistics of plastic events is shown in Fig. 3.9 for the two cases of disloca-

tion sources with small/large activation strengths, keeping the obstacle strength

fixed. When dislocation sources are weaker than the obstacles (cf. Fig. 3.9(a)), the
overall dependenceonsamplewidth𝑤 is analogous toourmainmodel and results

discussed in Section 3.2, with a large sensitivity of the distribution cutoff on the

sample width. When source strength becomes comparable to obstacle strength,

statistics changes dramatically becoming approximately a pure power-lawbehav-

ior, with a large-event cutoff seemingly independent of sample dimensions and

geometry. Therefore, the statistical behavior of abrupt plastic events evidently

appears universal across widths and aspect ratios (cf. Fig. 3.9). This drastically

new regime of source-driven deformation contains statistical noise that resem-

bles acoustic emission measurements of crystalline materials [27, 31, 33].

The drastically different character of plastic events can also be traced in the

spatial and temporal character of the dislocation motion during the energy re-

lease events. As shown in Fig. 3.11, weaker sources lead to large, long-range inter-
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Figure 3.10: The average source strength is 300MPa in a sample of = m, = , (a) dislocation
configuration at % strain (plot in sample original configuration), (b) distribution of strain along the
loading direction (plot in sample deformed configuration).

slip correlations (seen by the lateral strain correlations at large strains) – facili-

tating avalanche events. Nevertheless, these events involve only a few disloca-

tions at a time, consistent with experiments and other dislocation dynamics sim-

ulations [46, 47]. In contrast, when source strength is comparable to obstacle

strength, events are traced in dominant dislocation pile-ups on a single slip plane.

Long pile-ups accumulated during plastic flow generate long-range stress fields

that lead to activation of nearby bulk dislocation sources. It is noteworthy that

dislocation interactions lead to the fact that regions of strain localization are as-

sociated with high dislocation density regions, as shown in Fig. 3.10. The result is

a self-organized dynamical critical behavior, analogous to self-organized earth-

quake faults [48]: the motion of few dislocations at the predominant slip plane

drags along a large collection of nearby dislocations. This structural behavior is

reminiscent of the coarse-slip-band (CSB) phenomenon [49] which is believed to

lie at the core of crystal plasticity instabilities [50]. This behavior should be con-

trasted to thehomogeneousdeformation in the caseofweak sources (cf.Fig. 3.11).
Thus,we conclude that dislocationdynamics is dominatedby the yieldingof apri-

mary slip bandwith large dislocation density and large frustration between oppo-

sitely signed dislocations (cf. Fig. 3.10), a novel regime of dislocation friction that

resembles coarse slip bands in bulk crystals [49, 50].
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Figure 3.11: The average source strength is 50MPa in a sample of = m, = , (a) dislocation
configuration at % strain (plot in sample original configuration), (b) distribution of strain along the
loading direction (plot in sample deformed configuration).

3.5. Summary
In this work, we presented aminimalmodel that aims to capture the basic aspects

of uniaxial compression of nanopillars, including yield strength size effects aswell

as stochastic effects of post-yield plastic flow.

When sources aremuchweaker than obstacles, strengtheningwith decreasing

width is consistent with the experimentally observed scaling 𝜎 ∼ 𝑤− . . Energy

release events statistically become larger as width decreases, and the statistical

distribution of events 𝑃(𝑆) acquires a power-law tail in the limit of small widths

with an exponent 𝜏 = 1.5 ± 0.2 in 𝑃(𝑆) ∼ 𝑆− . When dislocation sources are com-

parable in strength or stronger than the obstacles, the strength is virtually inde-

pendent of width or aspect ratio while the statistical distribution of plastic events

appears universal across width and aspect ratio scales with 𝜏 = 1.9 ± 0.2.
We demonstrated that small activation strengths (compared to dislocation ob-

stacle strengths) for dislocation sources leads to assisted dislocation depinning at
large widths that is strongly associated with dislocation pile-ups, while the me-

chanical behavior crossovers to an unassisted dislocation depinningmechanism

at small widths, where each dislocation is required to jumpover obstacleswithout

being assisted by any dislocation pile-ups. The crossover that we identified natu-

rally leads to strengthening that is consistent with the experimental phenomenol-

ogy of BCC/FCC uniaxial nanopillar compression, but also it leads to the onset
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of critical avalanches in the limit of small widths, where obstacles on active slip

planes are asymptotically close. Stochastic plastic flow fluctuations are strongly

connected to the yield strength through an almost quadratic dependence 𝛿𝜎 ∼
𝜎 . , a prediction that is ingrained to the nature of our unassisted dislocation de-

pinning mechanism.

Furthermore, we demonstrated that large activation strengths for dislocation

sources, and given that the unstrained samples are mechanically annealed, lead

to the absence of size effects and universal plastic flow across sample widths and

aspect ratios. We identified the reason of this behavior to originate in the onset of

large dislocation frustration along a predominant slip band in the sample. Such

crackling slip bands resemble the onset of coarse shear bands (CSBs) in crystal

plasticity.
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Figure 3.12: Bending effect in large (a, = m) and small samples (b, = . m) for fixed
aspect ratio = , when the surface source density is high. The distribution of the stress compo-
nents and along the bottom edge of the sample. The compressive stress = − (which is
the experimentally relevant quantity, measured through the indenter-load on pillars) display strong
horizontal inhomogeneity as strain increases.

Here, we investigate the bending effects that originate into the elastic-plastic

interplay during deformation. As the sample aspect ratio increases, it is natural to

expect that the sample is more prone to bending, due to plastic slip, even though

the prescribed loading is uniaxial compression. Buckling evidently did not occur
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in any of our case studies, since: (1) the total applied strain is too small to cause

such an instability; (2) the onset of the instability should have become visible at

large aspect ratios. We find strong stress inhomogeneity along the bottom sur-

face of the sample, as demonstrated in Fig. 3.12, given that our loading is purely

strain-controlled. This stress inhomogeneity develops also along the top surface

of the sample, remains stochastic (its form varies across samples), and is roughly

independent of the width of the sample. Clearly the effect becomes dominant as

the strain increases (from 1.25 to 5%).

Appendix B
In themain text, we present results with only one slip system, as shown in Fig. 3.1.

Here,weverify strengthening (Fig. 3.3(a)) aswell events statistics (Fig. 3.5(a))when

2 slip systems are used (the second slip system is added at an angle of 60 degrees
with respect to the first one (shown in Fig. 3.1), i.e., 150○ away from the loading

direction). Kiener and co-workers [51] have clearly shown somedifferences in ap-

w (µm)

σ Y
 (

M
P

a)

0.2 0.4 0.6 0.8 1

200

400

600

800

double-slip system
single slip system

-0.41

-0.45

(a)

10-4 10-3 10-2 10-1 100

S(J/cm3)

10-5

10-4

10-3

10-2

10-1

100

101

102

103

P
(S

)

0.0625

0.125

0.25

0.5

(b)

Figure 3.13: (a) Dependence of strengthening on . Dashed lines signify guides to the eye for power
law strengthening with exponent labeled on the figure. (b) Statistics when changes from m (pur-
ple) to . m (blue) in the double-slip dislocation system, described in the text. The dashed line
signifies an inverse-quadratic power-law and it just serves as a guide to the eye.

parent hardening behavior between single-slip versus multislip behavior. Here

we focus on the yield strength and avalanches. As can be seen in Fig. 3.13(a),

double-slip system gives rise to the different yield strength for different sample

widths. However, there are several main features that were discussed in the main

text and are applicable in the case of a single slip system, such as the experimen-
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tally comparable yield strength size effect (slope) and the strong sensitivity of large

event cutoff on sample width (Fig. 3.13(b)). Given that the number of surface dis-

location sources is necessarily doubled, the inclusionof 50 samples appears tonot

completely resolve the strong statistical fluctuations in the distributions. How-

ever, given that the primary features of our work remain intact for the double-slip

system, we focus solely on the single-slip system for computational convenience.
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surfaces

From a microscopic point of view, the real contact area between two rough
surfaces comprises asperity contact pairs, both intimate contact pairs and
interlocking pairs. Since the real contact area is a fraction of the nominal
contact area, the real contact pressure is much higher than the nominal con-
tact pressure, which results in plastic deformation of asperities. As plas-
ticity is size dependent at size scales below tens of micrometers, with the
general trend of smaller being harder, macroscopic plasticity is not suitable
to describe plastic deformation of small asperities and thus fails to capture
the real contact area and pressure accurately. Here we adopt conventional
mechanism-based strain gradient plasticity (CMSGP) to analyze the contact
between a rigid platen and an elasto-plastic solid with a rough surface. Flat-
tening of a single sinusoidal asperity is analyzed first to highlight the differ-
ence between CMSGP and J isotropic plasticity. For the rough surface con-

The Chapter was published as Song, H., Van der Giessen, E. and Liu, X., 2016. Strain gradient plasticity
analysis of elasto-plastic contact between rough surfaces. J. Mech. Phys. Solids, 96, 18-28.
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tact, besides CMSGP, pure elastic and J isotropic plasticity analysis are also
carried out for comparison. In all cases, the contact area A rises linearly with
the applied load, but with a different slope which implies the mean contact
pressures are different. CMSGP produces qualitative changes in the distribu-
tions of local contact pressures compared with pure elastic and J isotropic
plasticity analysis, furthermore, bounded by the two.

ey ords rough surface, contact, strain gradient plasticity, pressure distribu-

tion

4.1. Introduction
The well-known Coulomb friction law states that the friction force 𝐹 depends lin-
early on the normal load 𝑁 through the friction coefficient 𝜇: 𝐹 = 𝜇𝑁. Alterna-
tively, Bowden and Tabor [1] have argued from a microscopic point of view that

friction can also be interpreted as 𝐹 = 𝜏𝐴, where 𝜏 is the shear strength of the con-
tact and 𝐴 is the real contact area, the latter being a small fraction of the appar-

ent contact area 𝐴 because of the inevitable roughness of the surfaces. Consis-

tency of the two types of description requires a linear dependence of the real con-

tact area 𝐴 on the normal force 𝑁. This is far from being trivial: for instance, the

Hertzian elastic contactmodel gives a dependence of𝑁 / between a sphere and a

flat. Anearly-lineardependencewasfirst obtainedbyGreenwoodandWilliamson [2].

They performed a statistical analysis of a rough surface with a distribution of as-

perityheights, basedon the simplifying assumption that all peaks are spherical as-

peritieswith the sameradius. Bushet al. [3] generalized theGreenwood-Williamson

model by incorporating paraboloidal asperities and a distribution of asperity size;

yet, they still obtained a linear dependence.

The fact that the generalized Greenwood-Williamson model predicts a linear

relationship between 𝐴 and 𝑁 is far from being obvious, in view of the numerous

underlying assumptions. Over the years, several of the simplifications have been

criticizedand, partially,mended. For example, theGreenwood-Williamsonmodel

assumes that the asperities deform independently, whereas in reality asperities

will interact through the very fact that they are connected by a common substrate;

a possible correction for this has been proposed by Ciavarella et al. [4]. A much

more fundamental assumption is that the asperities respond elastically. However,

since contact happens at the highest peaks or asperities, it is to be expected that

the local contact stress gets so high that plasticity is initiated. Indeed, the real

contact areameasurements inpolymericmagneticmedia [5] had already revealed

that a significant portion of the deformation was not recovered after unloading.
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Gao and Bower [6] were the first to systematically study plastic deformation in

asperity contact. Basedon thebehaviorof anelastic-perfectlyplastic two-dimensional

(2D) sinusoidal asperity under contact, they computed the real contact area be-

tween a rigid flat surface and a deformable rough surface [7]. However, these

studies did not provide any information about the connection between contact

area and normal force for a real 3D rough surface in the presence of both asper-

ity interaction and asperity plasticity. A conceptually straightforward attemptwas

madebyPei et al. [8], whoperformeda largenumerical studyof a 3Delasto-plastic

contact problem of self-affine rough surfaces. Their model intends to address

all issues of the Greenwood-Williamson model. Besides predicting a linear de-

pendence of contact area on normal load, these authors also provide the contact

pressure distribution and contact patch size distribution, both of which are very

important information for wear. A distinct limitation of this study, however, is

the use of 𝐽 isotropic plasticity at all length scales, down to asperities that are

inevitably single crystalline.

Moreover, at size scales below tens of micrometers, plasticity is now known to

be size dependent, with the general trend of ‘smaller being harder’. Size depen-

dent plasticity at these scales has been convincingly demonstrated in torsion [9],

bending [10] and microindentation experiments. In the latter, the indentation

hardness decreases monotonically with increasing depth of indentation ℎ, when
ℎ is in the range of sub-microns to microns [11, 12, 13]. Since classical plasticity

theories, including 𝐽 , do not include an intrinsic material length, size effects like

these cannot be captured. The plasticity size effects mentioned above have been

attributed to geometrically necessary dislocations (GNDs) associated with non-

uniform plastic deformation in small volumes [14, 15, 16]. Strain gradient plastic-

ity theories [e.g., 13, 17, 18, 19, 20] havebeendeveloped todescribe sizedependent

behavior for problems with an externally imposed strain gradient, such as bend-

ing, torsion and indentation [9, 21, 22] as well as in problems where plastic gra-

dients develop as a consequence of constrained plasticity, such as in void growth

and compositematerials [19, 23, 24]. As a fewof these citedworks already suggest,

another approach to analyzing plasticity at these size scales is Discrete Disloca-

tion Plasticity (DDP) in which plastic deformation emerges from the nucleation

and motion of discrete dislocations in an elastic background. After 2D DDP sim-

ulations have confirmed the existence of size effects associatedwithGNDs in, e.g.,

bending and indentation [25, 26, 27], this framework has been adopted to study

contact and friction. Deshpande et al. [28] analyzed the static friction strength

through DDP together with a cohesive interface. Sun et al. [29] carried out the

plastic flattening of a sinusoidal asperity, while Song et al. [30] investigated how
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interlocked asperities deform when the two surfaces slide relative to each other.

All these studies focused on a unit process of a single asperity interacting with

the facing surface, hence do not include information about the surface, such as

surface roughness.

DDP simulations of a 3D rough surface arenot feasiblewith the existing frame-

works for 3Dboundary-valueproblems. We therefore adopt a strain gradient plas-

ticity theory in order to gain someunderstanding of how size dependent plasticity

may modify the conclusions based on classical 𝐽 plasticity –such as a linear de-

pendence of real contact area 𝐴 on the normal force 𝑁. Because of its simplicity

and success in fitting indentation results, we have chosen to adopt the conven-

tional mechanism-based strain gradient theory (CMSGP) proposed by Huang et

al. [31]. CMSGP is implemented through an ABAQUSuser subroutine. When sim-

plifying the contact between two rough surfaces, there are two options [32]. The

first is to use a rigid flat surface to flatten the rough surface of a deformable solid

with equivalent Young’s modulus and Poisson ratio; this approach has been used

in [7, 8, 29]. Alternatively, one could press a rigid rough surface into a deformable

flat substrate, like in indentation; this iswhat [33] did. In thepresent paper, weuti-

lize the former simplification andperform the simulation of elasto-plastic contact

between a rigid flat and a rough surface. The height probability density function

of the rough surface follows a Gaussian distribution, and the statistical correla-

tion between heights at two random points on surface is also assumed to have a

Gaussian distribution. These assumptions are used to treat sufaces as statistically

homogeneous, i.e. the statistics are independent of location on the surface.

The remainder of this paper is organized as follows. Section 2 describes the

methodology for generating the rough surface and a brief summary of the con-

stitutive equations of CMSGP. Section 3 first presents results for the unit process

of rough surface contact, namely that of a single sinusoidal asperity in contact.

Subsequently, Section 4 presents the contact of a rough surface, checks the linear

dependence, describes the distribution of contact pressures. Section 5 summa-

rizes the key conclusions.

4.2. Methodology
4.2.1. Rough surfaces
The simplest rough surface is one having asperities with a pre-defined size and

shape, such as the rectangular and sinusoidal asperity that havebeenused inDDP

studies in [30] and [34]. However, these simple shapes lack the stochasticity of am-

plitude andwavelength that are characteristic of a real rough surface. A statistical
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description of a rough surface, comprising many peaks and valleys, requires in-

formation on deviations in the direction of the normal vector of the surface from

its ideal form and on how the surface varies in the lateral directions. Thus, two

parameters [35] are used to characterize a surface: the RMS height, defined as

rms = √
∑ = (𝑧 − �̄�)

𝑛 − 1

and the surface correlation length 𝑙 which describes the statistical independence

of two points on a surface [36]. For a smooth surface, 𝑙 = ∞.
Random roughness with Gaussian statistics is a well-accepted approximation

of many real rough surfaces [37]. An example of a surface generated numerically

Figure 4.1: Deformable solid of × m and a mean thickness of m with a representative
example (rms = . m, = . m) of a random rough surface on top. Color coding– blue : valley,
red : peak.

with the method of [38] is shown in Fig. 4.1. When assigning this surface profile

𝑧 (𝑥, 𝑦) to a 3D deformable solid of height ℎ by simply shifting only the top sur-

face will result in heavily distorted elements. Instead, we shift all nodes in the

𝑧-direction proportionally to their initial 𝑧-position by 𝑧 (𝑥 , 𝑦 )𝑧ini/ℎ, such that

the top surface of the solid becomes the desired rough surface while the bottom

surface remains flat.

The rough solid will be pressed against a rigid flat, whose initial position is

𝑧max. In order for the predictions to be statisticallymeaningful, the surface should
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contain a sufficiently large number of asperities. In order to limit the comput-

ing times, however, we here compute ensemble averages of five surfaces with the

same surface characteristics.

4.2.2. Constitutive model
The original mechanism-based strain gradient plasticity (MSGP) model was pro-

posed by Gao et al.[18]. It is a higher-order theory, with higher-order stresses and

additionalboundary conditions, butwas latermodified intoa low-ordermechanism-

based strain gradient plasticity theory by Huang et al. [31]. The model incorpo-

rates the effect of the strain gradient through the Taylor hardening model by ex-

plicitly decomposing the dislocation density into a density of geometrically nec-

essary dislocations 𝜌 and statistically stored dislocations 𝜌 . Taylor’s expression

for the shear flow stress 𝜏 in terms of the dislocation density 𝜌 then takes the form

𝜏 = 𝛼𝜇𝑏√𝜌 = 𝛼𝜇𝑏√𝜌 + 𝜌 , (4.1)

where 𝜇 is the shear modulus, 𝑏 is the magnitude of the Burgers vector, and 𝛼 is

an empirical coefficient of the order 0.1. Within the framework of an isotropic

plasticity theory, the GND density is taken to be connected to an effective plastic

strain gradient 𝜂p,
𝜌 = �̄� 𝜂

p

𝑏 , (4.2)

where �̄� is theNye factorwhich is around 1.9 for fcc polycrystals [39]. The effective
plastic strain gradient 𝜂p is defined by

𝜂p = ∫ ̇𝜂pd𝑡,

�̇�p = √14�̇�
p �̇�p ,

�̇�p = ̇𝜀p , + ̇𝜀p , − ̇𝜀p , ,

(4.3)

where ̇𝜀p are the components of the plastic strain rate tensor and ( ), denotes the
derivative with respect to coordinate 𝑥 .

Moreover, the tensile flow stress 𝜎flow is related to the shear flow stress 𝜏 from
(4.1) through

𝜎flow = 𝑀𝜏 = 𝑀𝛼𝜇𝑏√𝜌 + �̄�𝜂p/𝑏, (4.4)

where 𝑀 is the Taylor factor, which essentially is an effective average reciprocal

Schmid factor (𝑀 = 3.06 for FCC polycrystals). While Eq. (4.4) provides a micro-
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scopic basis for 𝜎flow, macroscopically it is commonly formulated as

𝜎flow = 𝜎Y𝑓(𝜀p), (4.5)

where 𝜀p is the effective plastic strain, 𝜎Y is the initial yield strength and the non-
dimensional function 𝑓 can be determined from the uniaxial stress-strain curve.

Power-law hardening is described by

𝑓(𝜀p) = (1 + 𝐸𝜀
p

𝜎Y
) , (4.6)

where 𝐸 is Young’s modulus, and 𝑛 is the plastic work hardening exponent (0 ≤
𝑛 < 1). In uniaxial tension, where there is no strain gradient, 𝜌 can be solved

from Eqs.(4.4)-(4.5),

𝜌 = [𝜎Y𝑓(𝜀p)/(𝑀𝛼𝜇𝑏)] . (4.7)

Gao et al. [18] assumed that the same expression holds in the presence of strain

gradients, so that substitution of Eq. (4.7) into Eq. (4.4) yields

𝜎flow = √[𝜎Y𝑓(𝜀p)] +𝑀 �̄�𝛼 𝜇 𝑏𝜂p = 𝜎Y√𝑓 (𝜀p) + 𝑙𝜂p . (4.8)

Here

𝑙 = 𝑀 �̄�𝛼 ( 𝜇𝜎Y
) 𝑏 ≈ 18𝛼 ( 𝜇𝜎Y

) 𝑏 (4.9)

is the intrinsic material length which, for typical values of 𝜇/𝜎Y, is on the order

of micrometers. For example, 𝑙 = 6.38 𝜇m in indentation of MgO [40], while

it is 8.65 𝜇m in SiC/Al composite [22]. Compared with classical plasticity the-

ory, Eq. (4.8) incorporates the effect of a plastic strain gradient: under the same

amount of plastic strain, smaller samples experience a higher gradient, thus have

a higher flow stress which is consistent with experimental observations.

In order to avoid higher-order stress in MSGP theory, [31] introduced a vis-

coplastic formulation which relates ̇𝜀p directly to the effective Von Mises stress

𝜎e = √3𝐽 rather than to its rate �̇�e as in rate independent plasticity. Thus,

̇𝜀p = 𝜎 ̇𝜀
𝜎e

⎡⎢⎢⎢⎢⎣

𝜎e
𝜎Y√𝑓 (𝜀p) + 𝑙𝜂p

⎤⎥⎥⎥⎥⎦
, (4.10)

with denoting the deviator of a second-rank tensor. A large value of the expo-

nent 𝑚, typically ≥ 20, ensures that ̇𝜀p is negligible as long as 𝜎e < 𝜎flow. Finally,
the constitutive law of the resulting Conventional MSGP (CMSGP) theory can be
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written in a similar manner to conventional (visco-)plasticity as

�̇� = 𝐾 ̇𝜀 𝛿 + 2𝜇
⎧⎪⎪⎪⎨⎪⎪⎪⎩
̇𝜀 −

3𝜎 𝜎
2𝜎e

⎡⎢⎢⎢⎢⎣

𝜎e
𝜎Y√𝑓 (𝜀p) + 𝑙𝜂p

⎤⎥⎥⎥⎥⎦
̇𝜀
⎫⎪⎪⎪⎬⎪⎪⎪⎭
, (4.11)

with 𝐾 the elastic bulk modulus. Zhang et al. [40] have extended the above in-

finitesimal deformation constitutive law to a hypoelastic-plastic, finite deforma-

tion theory. This is the formulation we use in the subsequent sections.

The advantage of using CMSGP is that it is a low-order theory, where the gradi-

ent of plastic strain only appears in the constitutive model, while the equilibrium

equations and boundary conditions are the same as in conventional continuum

theories. Thus, it can be easily implemented in finite element software for large

scale contact simulations (we used ABAQUS 6.10). Moreover, the use of CMSGP

avoids convergence difficulties that may appear with high-order theories such as

those of [17, 18] and [20] as a consequence of their higher-order boundary con-

ditions. At the same time, the absence of such boundary conditions implies that

CMSGP theory is unable to pick-up strain gradient effects that are induced by dis-

location pile-ups against an interface or against local regions of contact in case it

is not permeable for dislocations. Using discrete dislocation plasticity, [29] have

shown that suchpile-ups play a very important role in two-dimensional flattening

of an asperity when the density of dislocation multiplication sites is low. Outside

this near source-controlled regime, the influence of pile-ups is unclear. As the ap-

plicability of any strain gradient plasticity for such circumstances still needs to be

confirmed, we can but conclude that CMSGP results in the near-contact region

will probably deviate from those of higher-order theories.

Our simulations are carried out by using the implicit solver ’ABAQUS Stan-

dard’, with the CMSGP theory being implemented in subroutine UMAT. Three-

dimensional eight-node linear brick (C3D8) elements are used, and the plastic

strain gradients are computed at Gauss points by using the shape functions. The

mesh size on the contact surface is 0.06 𝜇m, while smaller elements (0.03 𝜇m and

0.015 𝜇m) were used to convince us of the lack of mesh sensitivity.

4.3. Flattening of a 3D sinusoidal asperity by a rigid
flat

The unit model problem of the compression of a single asperity from the rough

surface is shown in Fig. 4.2. A 3D sinusoidal asperity generated by revolution of a

sinusoidal profile with amplitude ℎasp/2 andwave length𝑤 lies on top of a cuboid
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Figure 4.2: (a) A 3D sinusoidal asperity is flattened by a rigid flat, (b) cross sectional profile in – plane
of the model.

substrate. The elastic properties are taken to be Young’s modulus 𝐸 = 76GPa and
Poisson’s ratio 𝜈 = 0.33, while plasticity is described by either classical 𝐽 theory or

by the CMSGPmodel to see the effect of plastic strain gradient on the asperity re-

sponse under contact. For 𝐽 with hardening, we use the properties of aluminium

used in the particle size effect study of [22]. Their parametrization of the stress–

strain curve can be converted to the power-law hardening form of Eq. (4.6) with

𝜎Y = 208MPa and plastic hardening exponent 𝑛 = 0.136. We start with the coeffi-

cient in the Taylor dislocationmodel 𝛼 = 0.17which is fitted from the indentation

of annealed copper [41]. Based on the material properties mentioned above, the

intrinsic length 𝑙 = 2.77 𝜇m.

When the asperity is flattened by prescribing the vertical displacement 𝑈 of

the rigid flat in the −𝑧 direction, the mean contact pressure is computed from the

local contact pressure 𝑝 = −𝜎 by means of

𝑃m = 1/𝐶∬ 𝑝(𝑥 , 𝑥 )𝑑𝑥 𝑑𝑥 , (4.12)

where 𝐶 is the contact area between the rigid platen and the sinusoidal asperity.

We also define a strain-like measure,

𝜀asp = 𝑈/ℎasp , (4.13)

in terms of the asperity height ℎasp and the so-called flattening distance 𝑈. As

both 𝑝m and 𝜀asp are intended to be measures of the asperity, the results should



4

60
4. Strain gradient plasticity analysis of elasto-plastic contact between

rough surfaces

not depend on the substrate. [6] have verified in a 2Dmodel that results are inde-

pendent of the substrate thickness 𝐻 as long as 𝐻 > 3𝑤, so in our model, we use

𝐿 = 𝐻 = 4𝑤. The bottom of the substrate is fixed, i.e. 𝑢 = 𝑢 = 𝑢 = 0, while the
lateral sides are traction free. The contact between the rigid flat and the asperity

is non-adhesive and frictionless.

We start out with two self-similar asperities (ℎasp/𝑤 = 0.2) with 𝑤 = 2 𝜇m and

𝑤 = 4 𝜇m, respectively. Fig. 4.3 shows 𝑝m − 𝜀asp curves of the two asperities with
different constitutive laws: 𝐽 and CMSGP. We see that with 𝐽 plasticity, which is

size independent, the two asperities exhibit nominally the same response (slight

differences, especially at the start of plasticity, are caused by differences in the fi-

nite elementmesh and automatic time increment selection byABAQUS), whereas

according to the CMSGP computation ‘smaller is harder’. This can be easily un-

derstood from the fact that theflowstress inEq. (4.8), i.e. 𝜎flow = 𝜎ref√𝑓 (𝜀p) + 𝑙𝜂p,
contains the plastic strain gradient 𝜂p; as this is larger in smaller asperities, the

smaller asperity is harder according to CMSPG.

Since it is the product of 𝑙 and 𝜂p that contributes to the flow stress, a larger

plastic gradient 𝜂p is, mathematically, equivalent to a larger 𝑙. Indeed, when we

use 𝛼 = 0.3 as obtained from the particle size effect study [22], i.e. 𝑙 = 8.65𝜇m, the

size effect is even more pronounced.
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Figure 4.3: Effect of size on the flattening response of self-similar asperities with asp/ = . : mean
contact pressure m versus asperity strain asp. In the SGP computations, two values of the intrinsic
length are considered.

Previous studies of the flattening of a 2D sinusoidal asperity [6] and of a 3D
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sphere [42] using 𝐽 theorywithout hardening have concluded that themean con-

tact pressure 𝑝m is close to around 3𝜎Y prior to complete flattening. This is con-

firmed for our 3D sinusoidal asperities in Fig. 4.4. However, with the material

hardeningproperties used above, 𝑝m ismuch larger than3𝜎Y. In order to get some

feeling if the contact pressure in a hardeningmaterial can be estimated by 3𝜎flow,
this value is computed from (4.5)-(4.6) by using 𝜀pasp = 𝜀asp − (𝑝m/3)/𝐸asp as an
estimate of the plastic part of the asperity strain. Here, the asperity elastic stiff-

ness 𝐸asp is defined as the initial slope of the 𝑝m versus 𝜀asp curve (Fig. 4.4). The
dashed curve in Fig. 4.4 shows that 3𝜎flow is an upper bound to the mean con-

tact pressure 𝑝m. For CMSGP, 𝜎flow not only depends on the accumulated 𝜀p, just

εasp

p m
 (

M
P

a)

0 0.1 0.2 0.3
0

500

1000

with hardening
perfectly plastic

3σY

Figure 4.4: Mean contact pressure m versus asperity strain asp for an asperity with size = m
and asp = . m, plasticity with hardening and without hardening.

like in hardening 𝐽 solids, but also on the strain gradient. As a consequence, the

average contact pressure 𝑝m can be much higher than 3𝜎Y.
In addition to the average contact pressure, we looked at the pressure distribu-

tion over the contact at different flattening distance𝑈, shown in Fig. 4.5. It can be
seen that according to 𝐽 hardening model, the high contact peak shifts from the

edge to the center of the contact with increasing 𝑈, while in CMSGP model, the

high contact pressure always appears near the edge of the contact since this is the

location of the largest strain gradient. At the same𝑈, the maximum contact pres-

sure in CMSGP model is much higher than it is in 𝐽 hardening model. Thus, in

a rough surface contact problem, we expect a higher probability of having larger
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Figure 4.5: Contact pressure distribution over a single asperity at different loading (dashed lines:
= . m, solid lines: = . m) (a) model, (b) SGPmodel with = . m.

contact pressure in CMSGPmodel than it in the prediction of 𝐽 hardeningmodel.

4.4. Contact between a rigid flat and a 3D deformable
rough surface

4.4.1. Load dependence of real contact area
The experimentally persistent linear relationship between the real contact area 𝐴
and the applied load 𝑁 at small loads has been verified in rough surface contact

simulations in the case of pure elasticity [43] and for 𝐽 plasticity [8]. Here we re-

visit this dependence by using the CMSGP model for size dependent plasticity.

The computational cell is similar to that in Fig. 4.1, with periodic boundary con-

ditions in the 𝑋 and 𝑌 directions. Five random realizations of random surfaces

are studied for each set of material parameters and the average properties are re-

ported.

The linear dependence still holds at small loads, shown in Fig. 4.6, but exhibits

a slope that is in between that predicted by pure elasticity and 𝐽 plasticity. As the

reciprocal of the slope in Fig. 4.6 is the real mean contact pressure 𝑁/𝐴, the real
mean contact pressure predicted by CMSGPmodel is higher than it is in 𝐽 model

and smaller than it is in pure elastic model, and the difference depends on the

value of the intrinsic length parameter.
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Figure 4.6: Linear dependence of the real contact area on the applied normal load. The dashed lines
are linear fits to the behavior at small areas.

4.4.2. Statistics of the contact pressure
Several theoretical studies [e.g. 8, 43] have analyzed the statistics of the pressure

distribution on the rough surface for a certain value of 𝐴/𝐴 , even though this

quantity is difficult to assess experimentally. Since the flattening distance 𝑈 is a

convenientmeasure both in theoretical and in experimental studies, and is tightly

related to 𝐴/𝐴 , we prefer to study the contact pressure distribution for different

models at a fixed value of 𝑈. Indeed, Fig. 4.7(a) shows that the contact pressure
distribution on five random surfaces as predicted by 𝐽 plasticity theory is rather

insensitive to whether the distributions are computed at the same fattening dis-

tance 𝑈 = 0.25 𝜇m (when 𝐴/𝐴 is found to be 0.3) or at the same contact area

𝐴/𝐴 = 0.1 (which requires flattening to 𝑈 = 0.16 𝜇m. Moreover, in case of a linear

elastic material the pressure distribution at relatively low 𝐴/𝐴 scales with the to-

tal load. Hence the shape of the probability distribution is essentially unique, and

we can non-dimensionalize the contact pressure distribution by normalization of

the contact pressure by a convenient stress measure.

After normalization of the contact pressures predicted by pure elasticity with

the yield strength of the material, Fig. 4.7(b) shows that the pressure on almost

all contact spots is so high that almost all asperities would have deformed perma-

nently if plasticitywere possible. Whenplasticity is taken into account –either size

independent or size dependent–, the mean contact pressure is much lower, and

the contact pressure displays a totally different distribution compared with pure

elasticmodel, see Fig. 4.8. Instead of amonotonically decaying distribution, there
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Figure 4.7: Probability distribution of the local contact pressures on five random rough surface char-
acterized by rms = . m and correlation length s = . m. (a) Prediction by theory with
Y = MPa and = . for a prescribed flattening distance = . m and at the load where
/ = . . (b) Distribution of contact pressures on an elastic material at = . m, normalized by
Y = MPa.

is adistinct peak in thedistribution. When sizedependentplasticity is considered,

the distribution shifts to higher values, i.e., contact pressure becomes larger when

plastic deformation is size dependent.

The pressure distribution also depends on the surface roughness parameters.

Fig. 4.9a shows thecomparisonofprobabilitydistributionof contactpressurewhen

the rms of the surface changes from 0.04 𝜇m to 0.16 𝜇m at the same correlation

length 𝑙s = 0.4 𝜇m. The difference in the predictions by 𝐽 and CMSGP is seen to

increase with increasing roughness. For 𝐽 size independent plasticity, the peak

of the distribution is more or less the same, as already observed in [8], while the

distributionwidens. However, the change in distribution according to the size de-

pendent plasticitymodel CMSGP ismuchmore significant: not only the probabil-

ity of larger contact pressure is higher, but also the peak of the distribution shifts

to higher value. The reason is that when plasticity is size dependent, a rougher

surface has sharper contact asperities which introduce larger strain gradients re-

sulting in higher contact pressures.

As noted in the single asperity study in Section 3, a higher plastic gradient 𝜂p
is mathematically equivalent to a larger 𝑙 in CMSGPmodel. Hence, increasing the

surface roughness is equivalent to assigning a larger 𝑙while keeping the roughness
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Figure 4.9: Probability distribution of the local contact pressure at = . m normal-
ized by the material yield strength in elasto-plastic model, (a) for surfaces with different rms
( . m, . m, . m), when the intrinsic material length scale in the CMSGP model is =
. m, (b) comparison between { = . m, rms = . m} and { = . m, rms = . m}.

the same. This is confirmed in Fig. 4.9b: the pressure distribution for 𝑙 = 11.7 𝜇m
and rms = 0.08 𝜇m is similar to that with 𝑙 = 8.65 𝜇m and rms = 0.16 𝜇m.

The sensitivity of the pressure distribution to the material model used is bi-
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ased by the fact that the overall pressure also depends on the model. In order to

remove this bias, wenowplot theprobability distributionof the contact pressure𝑝
normalized by themean of contact pressure ⟨𝑝⟩. Using different values of thema-
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Figure 4.10: Probability distributionof /⟨ ⟩ona rough surface (rms = . m, s = . m)according
to model, CMSGP with different intrinsic lengths and a purely elastic model.

terial intrinsic length 𝑙 in the CMSGP theory, Fig. 4.10 clearly shows the transition

from size independent plastic behavior to elastic behavior. We see that when the

strain gradient effect is small, for examplewhen 𝑙 = 2.77𝜇m, the SGPprediction of

𝑝/⟨𝑝⟩ coincides more or less with that of size independent 𝐽 theory, even though

themean contact pressures ⟨𝑝⟩ are quite different, see Fig. 4.8. The 𝑝/⟨𝑝⟩ distribu-
tions having the same shape suggests that the strain gradient effect is equivalent

to increasing the material yield stress in size independent plasticity model. How-

ever, as the strain gradient effect gets more dominant, the distribution becomes

wider and therefore this equivalence no longer applies. In the large gradient limit,

the distribution becomes almost the same as with a purely elastic model.

4.5. Summary and conclusion
In this paper, wehave adoptedCMSGP theory to analyze the elasto-plastic contact

between a rigid platen and an elasto-plastic solid with a rough surface and have

contrasted the results to predictions by pure elasticity and by 𝐽 plasticity.

The straingradient inducedduringflatteningof anasperity gives rise toahigher

flow stress in the CMSGP model, so that the average contact pressure is higher

than it is according to size independent 𝐽 plasticity. Also, the distribution of the
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pressure over the contact area is different: the highest contact pressure always oc-

curs around the edge of the contact in the CMSGP model, whereas according to

𝐽 model, the peak shifts from the edge to the center with increasing load.

When a rough surface is flattened, the contact area increases nearly linearly

with the load for allmaterialmodels considered. Themeancontact pressures𝑁/𝐴,
however, are very different, with the prediction byCMSGPbeing in between those

of pure elasticity and 𝐽 plasticity.

If the solid responds in an elastic manner, the local contact pressures can be

muchhigher than thematerial yield strength𝜎Y. Whenplastic deformation ispos-

sible, these high pressures are reduced to lower value, thus giving rise to a peak in

the distribution. The position of this peak is correlated to 𝜎Y, as discussed by [8].
When size dependence of plasticity is included, the overall distribution shifts to

higher pressure levels (Fig. 4.8), as if 𝜎Y were increased for size independent plas-
ticity. However, this equivalence is not always true (Fig. 4.10): when the strain gra-

dient effect is more pronounced (larger 𝑙), the probability distribution of contact

pressures normalized by themean pressure widens and becomesmore similar to

the distribution for pure elasticity.

Size dependent plasticity magnifies the sensitivity of contact pressure to the

surface roughness (Fig. 4.9a): a larger surface roughness gives rise to a bigger

difference between size independent and size dependent plasticity. As surface

roughnessnotonly changes thecontactmorphology, but also influences the strain

gradient, it affects the effective plastic flow stress in size dependent plasticity. In-

creasing the surface roughness results in a larger strain gradient, which is mathe-

matically equivalent to having a largermaterial intrinsic length 𝑙 in CMSGP theory

(Fig. 4.9b).

Throughout this paper, plasticity significantly reduces the contact pressure,

both the magnitude of the pressure and the range of the distribution. Moreover,

depending on the magnitude of the plastic strain gradient which is larger for a

rougher surface, sizedependentplasticity givesquantitativelydifferent resultswith

size independent 𝐽 theory. It bridges thepredictions of pure elasticity and 𝐽 plas-

ticity (Fig. 4.10).

This fundamental study of elasto-plastic contact problem highlights the im-

portance of size dependent plasticity for friction related studies. Extension of the

present work to typical friction studies such as shear of contacting surfaces, and

surface ploughing seem interesting avenues for future research.
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5
Statistical model of rough

surface contact accounting
for size dependent plasticity

and asperity interaction

The work by Greenwood and Williamson (GW) has initiated a simple but ef-
fective method of contact mechanics: statistical modeling based on the me-
chanical response of a single asperity. Two main assumptions of the original
GWmodel, which limit its application, are: the interaction between asperities
is not considered and the asperity response is purely elastic. However, as
asperities lie on a continuous substrate, the deformation of one asperity will
change the height of all other asperities through deformation of the substrate
and thus will influence subsequent contact evolution. Secondly, a high as-
perity contact pressure will result in plasticity, which is size dependent below
tens of microns, with smaller being harder. In this chapter, the asperity inter-
action effect is taken into account through substrate deformation, while a size
dependent plasticity model is adopted for individual asperities. The intrin-
sic length in the strain gradient plasticity (SGP) theory is obtained by fitting
to two-dimensional discrete dislocation plasticity simulations of the flatten-
ing of a single asperity. By utilizing the single asperity response in three

73
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dimensions and taking asperity interaction into account, a statistical calcu-
lation of rough surface contact is performed. The result is compared with
full-detail FEM simulations of rough surface contact using SGP. Our focus is
on the difference of contact predictions based on size dependent plasticity as
compared to the usual size independent plasticity.

5.1. Introduction
The roughness of practical surfaces leads to the real contact area being only a

small portion of the apparent contact area. The friction force is usually written as

𝐹 = 𝜇𝑁, where 𝜇 is the friction coefficient,𝑁 is the normal force. It can also be in-

terpreted as 𝐹 = 𝜏𝐴with 𝜏 being the contact interfacial shear strength and 𝐴 being
the real contact area. It is interesting to notice that the two types of interpretations

indicate a linear dependence between 𝐹 and 𝐴, if it is assumed that the interfacial

shear strength 𝜏 is a constant like the friction coefficient 𝜇. However, as already
pointed out in [1], this is far frombeing trivial. The standardworkhorse of contact

mechanics, viz. the classical Hertz contact theory does not predict a linear depen-

dence of contact area on the normal load for a single asperity. As opposed to the

single asperity model, Greenwood and Williamson [2] (GW) obtained a roughly

linear dependence by modeling the normal contact between rough surfaces. In

their model, a rough surface consists of asperities whose radius of curvature at

the asperity tip is 𝑅 while the height of the asperities follows a Gaussian distri-

bution. Asperities deform elastically and independently (deforming one asperity

will not influence the height of other asperities), and the overall contact force is

the sum of contact forces at all contacting asperities.

Since then, a number of models have been introduced to relax the limiting as-

sumptions of the original GWmodel in order to extend its applicability.

Bush, Gibson and Thomas [3] modeled fully elliptical contacts, thereby relax-

ing the GW assumption of a common mean radius of asperity curvature. Green-

wood [4], subsequently simplified the model in [3] by using the geometric mean

of the asperity curvature withmildly elliptical Hertz solutions. Chang, Etsion and

Bogy [5] introduced plasticity into the original GW model. Subsequent work by

Kogut and Etsion (KE) [6] utilized the finite elementmethod based on 𝐽 plasticity

theory and developed curve-fitted force-vs-deformation equations that account

for elastic, elastic-plastic and fully plastic deformation regimes for the contact be-

tween sphere and a rigid flat.

Beside theasperitydeformationbeingelastic, theoriginalGreenwood-Williamson

model assumes that there is no interaction between asperities, so that the statisti-
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cal analysis is essentially the sumof the response of all individual asperities on the

rough surface. However, since all asperities share the same substrate, deforma-

tion of contacting asperities will deflect the substrate. All other asperities will be

shifted down by an amount that depends on the distance to the contacting asper-

ity and the response of the contacting asperity. Consequently, the contact evolu-

tionwill be different from the original GWmodel. Ciavarella et al. [7] extended the

GW model to incorporate the asperity interaction effect for a finite surface area.

Asperity interaction is incorporated by treating the contact pressure as being uni-

formly distributed over the apparent contact area and the resulting deformation

as uniform. Chandrasekar et al. [8] introduced asperity interaction throughHertz

solution. Moreover, they accounted for plastic deformation of the asperities by

utilizing the FEM result of [6]. Vakis [9] subsequently accounted for interaction

between contacting asperities and their non-contacting neighbors through a sta-

tistical method and explored the effect of the order of interactions (how far away

a contacting asperity influences) on the total contact force. Unfortunately, the

interaction effect was only taken into account for non-contacting asperities that

may come into contact during the subsequent loading. Song et al. [10] re-visited

themodel and revised the interaction effect to account for all asperities on the sur-

face regardless of their instantaneous contact status. The revised model showed

that the interaction effect converges with increasing order of interaction and ef-

fectively reduces the contact force compared with the analysis in which the inter-

action effect is absent.

Some of the studies mentioned above, viz. [6, 8, 9, 10], recognized that the lo-

cal contact pressure at small asperitiesmay lead to plastic deformation. However,

it is quite clear that plasticity of small samples of a crystalline material is size de-

pendent below tens ofmicrons, with smaller samples having a higher yield stress.

Therefore, size dependent plasticity need to be taken into account in rough sur-

face contact problems.

Two-dimensional (2D) Discrete dislocation plasticity (DDP) simulations have

successfully captured size effects in a variety of different problems, such as bend-

ing [11], indentation [12], tension [13]. Recently, the method has been applied in

contact/friction studies, such as asperity flattening [14], asperity ploughing [15].

As a macroscopic continuum description, the conventional mechanism-based

strain gradient plasticity (CMSGP) has been used to describe the indentation size

effect [16, 17] and the effect of particle size in composite materials [18]. Recently

CMSGP has been applied to 3D rough surface contact [19], revealing a strong

difference with the predictions by size independent 𝐽 plasticity. The FEM sim-

ulations involved, however, put a high demand on computational resources and
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time.

Themodel presented in this chapter is the first to incorporate both size depen-

dent plasticity and asperity interaction studying rough surface contact by means

of statistical summation of the response of individual asperities. The elastoplas-

tic response of a single asperity under contact is characterized by strain gradient

plasticity (SGP). The intrinsic length in the SGPmodel is obtained by discrete dis-

location plasticity simulations of the flattening of idealized asperities of different

size. Asperity interaction is implemented through the method in [10] described

in Chap. 2. In addition, the comparison of predictions between the statistical

model and a full-blown FEM simulation is made to verify the effectiveness of the

statistical model. We are interested in how different the overall response is when

plasticity is size dependent.

5.2. Description of the problem
A 3D numerically generated random rough surface with nominal area of 10𝜇m×
10𝜇m is compressed by a rigid flat surface. The geometry of the rough surface is

the sameas in [19], seeFig. 5.1. Givenavalue for the rootmeansquare (rms)height

Figure 5.1: Deformable rough surfaces on a substrate, contour color: blue—valley, red—peak.

and surface correlation length 𝑙 , an isotropic rough surface with Gaussian statis-
tics is numerically generated by the method described in [19]. The spectral mo-
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ments of the surface can be determined from the height profile 𝑧(𝑥) (for isotropic
surfaces) as in [20]

𝑚 = AVG(𝑧 (𝑥)), 𝑚 = AVG[(𝑑𝑧(𝑥)/𝑑𝑥) ], 𝑚 = AVG[(𝑑 𝑧(𝑥)/𝑑𝑥 ) ]. (5.1)

These spectral moments define the GW parameters (𝑅, 𝜂, 𝜎 ) for the statistical

analysis as follows:

𝑅 = 0.375(𝜋/𝑚 ) / , 𝜂 = (𝑚 /𝑚 )/6𝜋√3, 𝜎 = (1 − 0.8968/𝛼) / 𝑚 / , (5.2)

where 𝑅 is the average asperity tip curvature, 𝜂 is the asperity density, 𝜎 is the

asperity height standard deviation and 𝛼 = (𝑚 𝑚 )/𝑚 .

With the above parameters, the contact of the numerically generated rough

surface can be dealt with in a GW statistical method [2], as illustrated in Fig. 5.2.

The height of the rough surface follows a normal distribution with standard devi-

Figure 5.2: Sketch of a rough surface under contact with a rigid flat indicated by the blue bar. The
distance from the rigid flat to the asperity mean height is , while is the asperity height measured
relative to the asperity mean height. The asperity interference is = − .

ation 𝜎. It is assumed that the asperity height also follows a Gaussian distribution

with standard deviation 𝜎 . The difference between 𝜎 and 𝜎 is that the former

only includes the information of the asperity tips while the latter also includes the

information of valleys. According to [21], 𝜎 and 𝜎 are related through

𝜎 = √𝜎 − 3.717 × 10−
𝜂 𝑅 . (5.3)

5.3. Mechanical response of a single asperity
Themechanical response of a single asperity in existing GW-type statistical mod-

els was assumed to be either purely elastic or size independent elastoplastic. In

this section, the size dependent elastoplastic response of a single asperity in con-

tact is characterized by conventional mechanism-based strain gradient plasticity

(CMSGP). InCMSGP, thematerial flow stress𝜎flow does not only dependonplastic
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strain 𝜀p but also on the plastic strain gradient 𝜂p through

𝜎flow = 𝜎Y√𝑓 (𝜀p) + 𝑙𝜂p. (5.4)

Here, 𝜎Y is the material initial yield strength, 𝑓(𝜀p) describes the material strain

hardening, and 𝑙 is the intrinsicmaterial length. Details of the theory canbe found

in [17, 22].

Oneof the limitations ofCMSGP is that the valueof 𝑙 canbedifferent under dif-
ferent loading conditions as 𝑙 reflects the change in the material micro-structure.

Therefore, the value of 𝑙 is usually determined by experiments for a specific prob-

lem, for example, 𝑙 = 4𝜇m in torsion of copper wire [23] while it is 12𝜇m for the

indentation of annealed single crystal copper [24]. As far as we know, no asper-

ity contact experiments has been carried out to determine the value of 𝑙. Thus,
we make use of the idea of multiscale modeling in order to extract the parameter

from a simulation at smaller length scale.

5.3.1. Multiscale modeling of sinusoidal asperity flattening
In continuum plasticity theories, such as 𝐽 flow theory and strain gradient plas-

ticity theory, plasticity is described by phenomenological parameters, such as the

yield strength 𝜎Y and the hardening exponent 𝑛, etc.. By contrast, discrete dislo-
cation plasticity (DDP) tracks all individual dislocations in an elastic background.

Plasticity is described through the generation, motion and annihilation of dislo-

cations; yield strength and hardening rate are outcomes of the computation. In

this section,wewill performa2Dsinusoidal asperityflattening simulationbyDDP

and CMSGP together to determine the value of 𝑙.
Themodel problem is shown in Fig. 5.3. A sinusoidal asperity withwavelength

𝑤 and amplitude 𝐴, lies on a very large substrate to exclude the finite size effect of
the substrate. The asperity is compressed by a rigid flat. Discrete dislocation plas-

ticity in the asperity is investigated within the Van der Giessen-Needleman [25]

framework, where traction and displacement boundary conditions are incorpo-

rated using superposition. The aspect ratio of the asperity is 𝑤/𝐴 = 10 as in [14].

The crystal is taken to have properties that are reminiscent of aluminum with

Young’s modulus 𝐸 = 70 GPa and Poisson’s ratio 𝜈 = 0.33. Three slip systems are

usedwhoseorientations (0○, 60○ and120○) are indicated inFig. 5.3. The slipplanes

are spaced at 200𝑏, where 𝑏 is the Burgers vector magnitude of 0.25 nm. Sources

and obstacles are randomly distributed over the slip planes with densities of 60

𝜇m− and 120 𝜇m− respectively. The sources mimic the Frank-Read mechanism

in 2D, and are characterized by a strength and the time needed to generate a new
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Figure 5.3: Contact between a single asperity and a rigid flat in DDP calculation. Three slip systems
with orientations 0○, 60○ and 120○ are used. The finite element is highly refined around the asperity to
capture contact evolution precisely.

dipole, cf.[25]. The strength of the sources to generate edge dislocations is se-

lected randomly from a Gaussian distribution with mean value �̄�nuc = 50 MPa,

and 20% (10MPa) standard deviation. The strength of the obstacles, 𝜏obs, is taken
to be 200 MPa. We assume the same loading rate �̇� of 0.04 nm/ns as in earlier

asperity studies [14, 15]. Since source strength and position, as well as obstacle

position are randomly distributed, each case is repeated for 10 different realiza-

tions of strength and position to average out stochastic variations.

The mean contact pressure 𝑝 is defined as

𝑝m = 1/𝐶 ∫ 𝑝(𝑥 )𝑑𝑥 , 𝑥 ∈ 𝐶 (5.5)

where 𝐶 is the contact area between the rigid flat and sinusoidal asperity. The

contact area gradually evolves with increased flattening displacement 𝑈. We also

define a strain-like measure for the asperity

𝜀asp = 𝑈/2𝐴. (5.6)

It can be seen in Fig. 5.4, when the asperity size𝑤 < 32𝜇m, there is a strong size

effect with smaller asperities having higher mean contact pressure.

When 𝑤 ≥ 32𝜇m, the DDP results become size independent and therefore

should also be captured by 𝐽 plasticity. For 𝐽 plasticity theory, we assume the

material has exponential hardening in the form

𝜎 = 𝜎Y (1 +
𝐸𝜀p
𝜎Y
) , (5.7)
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Figure 5.4: Mean contact pressure versus asperity strain for different sizes of asperity carried out by
DDP.

where 𝑛 is the hardening exponent. Firstly, by looking at the point where the DDP
result starts to deviate from the result of the purely elastic model of asperity flat-

tening, we determine the initial yield strength 𝜎Y in 𝐽 plasticity model. Then,

with 𝜎 , the hardening exponent 𝑛 can be determined by fitting the rest of the

DDP result. Fig. 5.5 shows that the DDP prediction with dislocation properties
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Figure 5.5: Comparison between DDP and plasticity: mean contact pressure versus asperity strain
for the asperity size = m.

(𝜌nuc = 60𝜇m− , 𝜌obs = 120𝜇m− , �̄�nuc = 50 MPa, 𝜏obs = 200 MPa) is accurately



5.3. Mechanical response of a single asperity

5

81

captured by 𝐽 theory with the initial yield strength 𝜎Y = 210MPa and hardening

exponent 𝑛 = 0.1.
For an asperity of size 𝑤 < 32𝜇m, a similar size effect as predicted by DDP

can be obtained with the CMSGP model when the intrinsic length 𝑙 is taken as

4.4𝜇m, see Fig. 5.6. The fitted intrinsic length 𝑙 = 4.4𝜇m is a reasonable value

which is similar to the intrinsic length (∼ 5𝜇m) as obtained for indentation in Alu-

minum [26]. The reason for the increasing deviation for smaller asperities in the
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Figure 5.6: ComparisonbetweenDDPandSGPplasticity: mean contact pressure versus asperity strain
for the asperity size (a) = m, (b) = m.

small strain regimes (Fig. 5.6(b) versus Fig. 5.6(a)) is that when the asperity size

becomes smaller, the early stage of plasticity in DDP model is dislocation source

limited, while the SGPmodel (continuumplasticity) is equivalent to having unre-

stricted dislocation sources.

5.3.2. Curve-fitted force-interference equations
In order to relax the limitation of the original GWmodel that the asperity response

is purely elastic, Kogut and Etsion [6] carried out FEM simulations of the flatten-

ing of a half sphere using 𝐽 plasticity and parametrized the asperity elastoplastic

response (contact force and contact area) at different regimes as the function of

asperity interference. Their results are used in many subsequent GW type sta-

tistical models [8, 9] to take plasticity into account. Following the work of Kogut

and Etsion [6], in this section, we aim to provide parametrized functions of single

asperity response which takes size dependent plasticity into account.
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In order to get a reference, the model problem is the same as that in [6] as

shown in Fig. 5.7: a half sphere with radius 𝑅 is compressed by a rigid flat. The

contact between the rigid flat and sphere is frictionless. The mesh used in the

simulations is 8 times finer than that shown in Fig. 5.7.

Figure 5.7: Axisymmetric model to study the contact between a half sphere and a rigid flat.

Basedon theball indentationhardness test of Tabor [27], GreenwoodandWill-

iamson discussed the limit of elastic deformation [2]: the onset of plastic flow

is reached when the maximum Hertz pressure reaches about 0.6𝐻, where 𝐻 is

the hardness of the material. Kogut and Etsion [6] adopted the results of Chang

et al. [5] in which the maximum contact pressure at the inception of plastic de-

formation is generalized as 𝐾𝐻, where 𝐾 is the hardness coefficient defined as

𝐾 = 0.454+0.41𝜈 and𝐻 = 2.8𝜎Y. Therefore, the critical interference𝑈 that marks

the transition from purely elastic to elastoplastic deformation is given by

𝑈 = (
𝜋𝐾𝐻
2𝐸 ) 𝑅. (5.8)

The corresponding critical contact force and contact area are 𝑃 =
2
3𝐾𝐻𝜋𝑅𝑈 ,

𝐴 = 𝜋𝑅𝑈 respectively. Kogut and Etsion [6] subdivided the entire elastoplastic

response into four regimes and parametrized their FEM results for contact force

𝑃 and contact area 𝐴 as a function of the interference in each regime through a

power law:

𝑃/𝑃 = 𝑏 (𝑈/𝑈 ) , 𝐴/𝐴 = 𝑐 (𝑈/𝑈 ) . (5.9)

where constants 𝑏 ,𝑚 , 𝑐 , 𝑛 are fitted parameters,

Here, we parametrize the asperity response with different material’s plastic
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properties that are obtained in the previous section (𝐽 with strain hardening, SGP

model). The elasto-perfectly plasticmodel which is used in the original KEmodel

is alsoutilized tohighlight thedifferencebetweendifferentplasticitymodels. Even

though the evolution of plasticity in the asperity varies among different plasticity

models, weuse the same four regimes as in [6] for the convenience of comparison.

The values of the constants 𝑏 ,𝑚 , 𝑐𝑖, 𝑛 for the differentmodels are summarized in

Table 1 in appendix. Fig. 5.8a shows the normalized force-interference response

for two different 𝑅 which correspond to two numerically generated random sur-

faces with different roughness. In contrast with 𝐽 plasticity, predictions by SGP

shows typical size effect: smaller is harder. Fig. 5.8b shows that compared with 𝐽
plasticity, size dependent plasticity yields a smaller contact area. For both contact

force and contact area, the effect of hardening (with hardening exponent 𝑛 = 0.1)
in 𝐽 plasticity is quite small.
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Figure 5.8: Response of a sphere under contact. (a) Dimensionless force versus dimensionless inter-
ference, (b) dimensionless contact area versus dimensionless interference.

5.4. Statistical analysis of rough surface contact
After having characterized the mechanical response of a single asperity under

contact, we will now use this single asperity response in a rough surface contact

analysis. For this, it is assumed that the asperity height follows a Gaussian distri-

bution with standard deviation 𝜎 . Following [6], all length dimensions are nor-

malized by the standard deviation of the surface height distribution 𝜎, and the
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dimensionless values are denoted by ∗. For a surface with nominal contact area

𝐴 and asperity density 𝜂, the number of asperities in contact is

𝑁 = 𝜂𝐴 ∫
∗

𝜑∗(𝑧∗)d𝑧∗,

where

𝜑∗(𝑧∗) = 1
√2𝜋

(
𝜎
𝜎 )exp [−0.5(

𝜎
𝜎 ) (𝑧

∗) ]

is the dimensionless asperity height probability density function. Thedimension-

less interference is defined as 𝑈∗ = 𝑧∗ − 𝑑∗ where 𝑧 and 𝑑 are measured relative to

the mean asperity height, see Fig. 5.2.

Knowing the mechanical response as a function of the local interference for

a single asperity, we can determine the total force on the whole rough surface by

summation of all individual asperity contributions. Thus the total contact force is

expressed as

𝑃sum = 𝜂𝐴 ∫ 𝑃(𝑧 − 𝑑)𝜑(𝑧)d𝑧,

and the real contact area is

𝐴sum = 𝜂𝐴 ∫ 𝐴(𝑧 − 𝑑)𝜑(𝑧)d𝑧.

After normalization by the hardness 𝐻, the nominal contact pressure, defined as

𝑃∗ = 𝑃sum/𝐴n, for the whole surface is obtained in the form

𝑃∗ = 𝑃sum𝐴n𝐻
=
2
3𝜋𝛽𝐾𝑈

∗ [∫
∗+ ∗

∗
𝐼 + ∫

∗+ ∗

∗+ ∗
𝐼 + ∫

∗+ ∗

∗+ ∗
𝐼 + ∫ ∗+ ∗

𝐼 ] ,

(5.10)

where 𝛽 = 𝜎𝑅𝜂 and for each region 𝐼 is

𝐼 = 𝑏 (𝑧
∗ − 𝑑∗
𝑈∗ ) 𝜑∗(𝑧∗)𝑑𝑧∗.

We remind the reader that the values of 𝑏 ,𝑚 are shown in Table 5.1 in appendix

for different regimes and different plasticity models. In the original KEmodel [6],

thematerial is assumed tobeperfectlyplastic and thematerial hardness is defined

as 𝐻 = 2.8𝜎Y. When the material exhibits strain hardening, 𝐻 is not a constant
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as plastic flow strength evolves; when the strain gradient effect is considered, 𝐻
becomes size dependent. Henceforth, onemight argue to just normalize stress by

the initial yield strength 𝜎Y, but here we still use 𝐻 = 2.8𝜎Y to nondimensionalize

the nominal contact pressure in keeping with the original KE model.

Similar to Eq. 5.10, the ratio of the real contact area to the nominal contact area

,𝐴∗, can be calculated as

𝐴∗ = 𝐴sum𝐴n
= 𝜋𝛽𝑈∗ [∫

∗+ ∗

∗
𝐼 + ∫

∗+ ∗

∗+ ∗
𝐼 + ∫

∗+ ∗

∗+ ∗
𝐼 + ∫ ∗+ ∗

𝐼 ] ,

(5.11)

where the integrand is

𝐼 = 𝑐 (𝑧
∗ − 𝑑∗
𝑈∗ ) 𝜑∗(𝑧∗)𝑑𝑧∗,

(see Table 5.1 for values of 𝑐 and 𝑛 ).

When we take asperity interaction into account, the effective shift down of

mean asperity height Ω∗(𝑑∗) changes the asperity height distribution into

𝜑∗(𝑧∗) = 1
√2𝜋

(
𝜎
𝜎 ) exp [−0.5(

𝜎
𝜎 ) (𝑧

∗ +Ω∗(𝑑∗)) ] .

As the numerically generated rough surface has a finite surface area, the order of

interaction is 𝑛max = √𝐴𝜂 − 1. (Cf. Chapter 2)
As pointed out in Sec. 5.2, given a 3D rough surfacewith two roughness param-

eters (rms and correlation length 𝑙 ) like the one shown in Fig. 5.1, the GWparam-

eters (𝑅, 𝜂, 𝜎 ) can be obtained from the spectral moments. When rms = 0.08𝜇m,

𝑙 = 0.4𝜇m, we have 𝑅 = 0.36𝜇m, 𝜂 = 1.5𝜇m− , 𝜎 = 0.039𝜇m; for rms = 0.16𝜇m,

𝑙 = 0.4𝜇m, the GW parameters become 𝑅 = 0.18𝜇m, 𝜂 = 1.5𝜇m− , 𝜎 = 0.069𝜇m.

Thepredictionsby the statisticalmodel for differentmaterial plastic properties

are shown in Fig. 5.9. It can be seen in Fig. 5.9(a) that strain hardening results in a

larger contact force compared to perfect plasticity. When strain gradient plasticity

is considered, the contact force is even larger. When the surface becomes rougher,

the prediction of SGP deviates a lot from the predictions of 𝐽 plasticity. We also

find that the prediction of SGP is very sensitive to the surface roughness while

predictions by 𝐽 models, especially without hardening, is almost independent of

the surface roughness. This is consistent with the findings in [19, 28].

Fig. 5.9(b) reveals roughly linear relationship between the dimensionless con-

tact area and dimensionless contact force for different plasticmodels and surface
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Figure 5.9: Predictions by statistical model for the rough surface with roughness parameters rms =
. m, = . m (solid line) and rms = . m, = . m (dashed line). (a) Dimensionless

force versus dimensionless interference. The inset shows the dimensionless force in log scale for small
dimensionless interference. (b) Dimensionless force versus dimensionless contact area.

roughness. This indicates that for the contact of rough surfaces, this linear depen-

dence is universal irrespective of material’s plastic properties and surface rough-

ness. Moreover, we notice that the slope indicates the dimensionless mean con-

tact pressure: in the SGPmodel, themean contact pressure ismuch larger than 𝐽
models.

5.5. Comparison between FEM predictions and sta-
tistical model predictions

In the previous section, we have presented statistical model predictions for the

contact of numerically generated rough surfaces with different roughness. The

results have shown that when the size dependent plasticity is taken into account,

themodel prediction is quite differentwith predictions using 𝐽 plasticity. The dif-

ference increaseswhen the surface becomes rougher. In this section, we carry out

FEM simulations for the contact of numerically generated random rough surfaces

and compare the results with statistical model predictions. Details of the FEM

simulation can be found in Chapter 3. For the same roughness parameters, nu-

merically generated randomrough surfaces are different; therefore for each group

of roughness parameters, we do five simulations to average out stochasticity. For
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Figure 5.10: Comparison of predictions between FEMmodel and statistical model for the rough sur-
face with roughness parameters rms = . m and = . m. (a) Dimensionless force versus in-
terference, (b) dimensionless are versus interference, (c) dimensionless force versus dimensionless
contact area.
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dependent plasticity and asperity interaction
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Figure 5.11: Comparison of predictions between FEMmodel and statistical model for the rough sur-
face with roughness parameters rms = . m and = . m. (a) Dimensionless force versus inter-
ference, (b) dimensionless force versus dimensionless contact area.

a roughness characterized by rms = 0.08𝜇m and 𝑙 = 0.4𝜇m, Fig. 5.10(a) shows

that the FEMprediction of the dimensionless contact force is very sensitive to the

randomness of surface topography. The standard deviation of the FEM predic-

tion increases with increasing dimensionless load. For the average of the five re-

alizations, there is a clear difference between SGP and 𝐽 predictions. Taking into

account the large standarddeviationdue to the limitednumberof sample calcula-

tions , it is possible for statisticalmodel predictions tomatch the FEMresults. Also

the contact area evolution is quite sensitive to the randomness of surface topogra-

phy, see Fig. 5.10(b). The average of five FEM predictions is larger than statistical

predictions. By contrast, in Fig. 5.10(c), the real contact pressure (slope of curves)

is not sensitive to the randomness of the surface topography as indicated by all

plotted data points. This demonstrates that the linear dependence is strongly de-

pendent on material plastic properties: the magnitude of the slope depends on

the surfacematerial average flow strength; the standard deviation of the slope de-

pends on the variety of the flow strength which determines the range of contact

pressure distributions. We can find that SGP has a higher slope than 𝐽 hardening

which is also higher than 𝐽 perfect plasticity. At the same time, SGP prediction

has the largest standard deviation. When the surface is rougher (rms = 0.16𝜇m
and 𝑙 = 0.4𝜇m), compared to that in Fig. 5.10(a), Fig. 5.11(a) shows that both the

statistical and the FEM computation give rise to a larger dimensionless contact
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force for the SGP model. However, the statistical prediction is not covered by the

standard deviation of FEM simulation results. This suggests the trend that the de-

viation between statistical model prediction and FEM simulation increases with

increasing surface roughness. According to Fig. 5.11(b), similar observations can

be made regarding the predicted real mean contact pressure.

5.6. Discussion and Conclusions
The elastoplastic contact of a numerically generated 3D random rough surface

was analyzed by both full-detail FEM simulations and a novel statistical model.

TheGWparameterswereextracted throughsurface spectralmomentsof the rough-

ness. The sizedependent elastoplastic behavior of a single asperity contact, which

is needed in the statistical analysis, was extracted from strain gradient plasticity

simulations. In the spirit of a multiscale approach, the value of the length scale

in the strain gradient theory has been obtained from 2D simulation of the same

single asperity problem bymeans of discrete dislocation plasticity.

In terms of the cost of computational resources and time, statisticalmodel has

a huge advantage over the 3D FEM computations. Yet, it gives qualitatively simi-

lar results for the linear dependence between contact (normal) force and contact

area, and for the sensitivity of the contact response to surface roughness,material

hardening and plastic strain gradient effects.

Quantitatively, the predictions of the statisticalmodel agree well with the FEM

simulation results for 𝐽 plasticity (withorwithout hardening)when the stochastic

variation in surface roughness of finite-size FEM samples is taken into consider-

ation. However, for SGP, the two model predictions for rougher surfaces do not

match well, even with consideration of the large dispersion in the FEM results.

The possible reason for this lies in the asperity finite strain effect. The statistical

model utilizes the response of a single asperity with radius of curvature 𝑅 equals

to themean radius curvature of all surface asperity tips before contact. In the FEM

simulations, however, the “equivalent” radius of curvature of contacting asperi-

ties increases as they are flattened. When using the SGP model, this increase of

𝑅 gives rise to a decrease of the hardness and hence contact force, relative to the

statistical model where 𝑅 remains constant. Therefore the statistical model will

tend to overestimate the contact force.

To summarize, the salient conclusions of the study are:

• discretedislocationplasticity reveals a clear sizedependentbehaviorof small

asperities in contact. When the asperity width 𝑤 is large enough (for the

sample parameters used here, 𝑤 > 32𝜇m), the behavior becomes size inde-
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pendent.

• For the sample properties implied by discrete dislocation plasticity for the

parameter values chosenhere, the intrinsic length inCMSGP theory is4.4𝜇m.

• With sizedependentplasticitybeing incorporated through theCMSGPmodel,

the statistical method is able to predict the dependence of the surface re-

sponseon thematerial’s plasticproperties andon the surface roughness: the

strain gradient gives rise to a larger contact force than 𝐽 model predictions;

the linear dependence exists regardless of material’s plastic properties and

surface roughness; The strain gradient plasticity prediction is much more

sensitive to surface roughness than 𝐽 predictions .

• For moderately rough surfaces (when rms/𝑙 ⪅ 0.02 for the parameters used

here), using strain gradient plasticity, the statistical prediction of contact

force and contact area agree reasonably well with FEM predictions. How-

ever, when the surface is rougher, the two model predictions deviate. We

conclude that for a statistical model to give quantitatively accurate predic-

tions, the size distribution of asperities and the mechanical response of as-

perities at different sizes would need to be included.
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Appendix: fit parameters as a function of dimen-
sionless interference

Perfectly plastic J2 with hardening
𝑏 𝑚 𝑐 𝑛 𝑏 𝑚 𝑐 𝑛

𝑈/𝑈 < 1 (𝑖 = 1) 1 1.5 1 1 1 1.5 1 1
1 ≤ 𝑈/𝑈 ≤ 6 (𝑖 = 2) 1 1.518 1 1.137 1 1.533 1 1.124
6 ≤ 𝑈/𝑈 ≤ 110 (𝑖 = 3) 2 1.195 1 1.135 1.952 1.208 1 1.128
𝑈/𝑈 > 110 (𝑖 = 4) 3/𝐾 1 1.173 1.1 2.562 1.15 1.302 1.07

SGP 𝑅 = 0.36𝜇m SGP 𝑅 = 0.18𝜇m
𝑏 𝑚 𝑐 𝑛 𝑏 𝑚 𝑐 𝑛

𝑈/𝑈 < 1 (𝑖 = 1) 1 1.5 1 1 1 1.5 1 1
1 ≤ 𝑈/𝑈 ≤ 6 (𝑖 = 2) 1 1.587 1 1.036 1 1.593 1 1.043
6 ≤ 𝑈/𝑈 ≤ 110 (𝑖 = 3) 1.5 1.345 1 1.052 1.444 1.397 1 1.033
𝑈/𝑈 > 110 (𝑖 = 4) 2.571 1.227 1.113 1.029 1.442 1.394 0.9558 1.042

Table 5.1: Fitted values of parameters in Equation (5.9) for different curves in Figure 5.8





6
Discrete dislocation plasticity

analysis of loading rate
dependent static friction

From a microscopic point of view, the friction taking place during the relative
sliding of rough surfaces is produced by the deformation of the material in
contact, by adhesion in the contact interface or both. We know that plastic
deformation at the size scale of micrometers is not only dependent on the
size of the contact, but also on the rate of deformation. Moreover, depending
on its physical origin, adhesion can also be size and rate dependent, albeit
different from plasticity. We present a two-dimensional model that incorpo-
rates both discrete dislocation plasticity inside an FCC crystal and adhesion
in the interface to understand the loading rate dependence of friction caused
by micrometer-size asperities. The friction strength is the outcome of the com-
petition between adhesion and discrete dislocation plasticity. As a function
of the contact size, the friction strength contains two plateaus and a transi-
tion regime: at small contact length (≲ 0.6 𝜇m), the onset of sliding is fully
controlled by adhesion while for large contact length (≳ 10 𝜇m), the friction
strength approaches the size independent plastic shear yield strength. The

The Chapter was published as H. Song, V.S. Deshpande, E. Van der Giessen, 2016. Discrete dislocation
plasticity analysis of loading rate-dependent static friction. Proc. R. Soc. A, 472:20150877.
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6. Discrete dislocation plasticity analysis of loading rate dependent static

friction

transition regime at intermediate contact size is a result of partial de-cohesion
and size dependent dislocation plasticity, and is determined by dislocation
properties, interfacial properties as well as by the loading rate.

6.1. Introduction
The inevitable roughness of practical surfaces leads to the real contact area being

only a small portion of the apparent contact area. At a sufficiently fine resolution,

one observes that some asperities form intimate contacts and distort plastically.

Upon relative shearing of the two solids, some initially non-contacting asperities

can get interlocked, but a large contribution to the friction force originates from

further plastic deformation of the contacting asperities and/or the loss of adhe-

sive contact. Basedon thenotion that asperities in contact dominate the frictional

resistance, Bowden and Tabor [1] developed their concept of a “plastic junction”

that ‘fails’ at a critical force 𝐹 = 𝜏fr𝑎, which is defined by the true contact area 𝑎
and the friction strength 𝜏fr and depends on the two materials in contact. Fol-

lowing this paradigm,many researchers have focused on the prediction andmea-

surement of the real contact area for different surface topologies and the friction

strength at different length scales.

In an effort to establish the real contact area 𝑎 to be used in the Bowden-Tabor
law, Greenwood and Williamson [2] idealized a rough surface as a collection of

spherical asperities with heights that follow a Gaussian or exponential distribu-

tion. Their model showed how the contact deformation depends on the topog-

raphy of the surface, and established a criterion for distinguishing surfaces that

touch elastically from those which interact plastically. However, the model does

not take into account interactions among asperities. Bhushan [3] carried out real

contact areameasurements in polymericmagneticmedia and demonstrated that

after unloading, a significant portionof the deformationwasnot recovered, which

indicates thatplasticdeformationhadhappened in thecontactprocess. Bymeans

of optical interferometry and tunneling microscopy, Majumdar and Bhushan [4]

showed that the magnetic disk surface is fractal in nature. Gao and Bower [5]

have computed the real contact area between a rigid flat surface and a deformable

rough surface with Weierstrass profile based on the response of a single asperity

in two dimensions. Pei et al. [6] subsequently analyzed the real contact between

self-affine fractal surfaces through a 3D model. Both models took asperity inter-

actions and fractality into account, but employedmacroscopic plasticity models,

even though it has become increasingly clear in the last two decades that plastic-

ity is size dependent at size scales below tens of micrometers. The effect of size
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dependent plasticity on the development of the contact has recently been ana-

lyzed by Sun et al. [7] in terms of the plastic flattening of a sinusoidal metal sur-

face through discrete dislocation dynamics. Consistent with the general trend in

size-dependent plasticity, it was found that small asperities are more difficult to

deform plastically than larger ones.

There are several techniques these days to measure the friction strength 𝜏fr of
asperity contact pairs, the sizes of which are micrometers or smaller. Homola et

al.[8] useda surface forceapparatus (SFA) toobtaina friction strength𝜏fr of around
20MPa between twomica surfaces with the contact area 5×10 ∼ 2×10 nm2. By

means of atomic force microscope (AFM), Carpick et al. [9, 10] observed a value

of around 900MPa for the friction strength between a flatmica surface and a plat-

inum AFM tip where the contact area is 30∼ 60nm2. This suggests a size effect of

the friction strength, with smaller contact area having a higher friction strength,

even though the two experiments did not have exactly the samematerials in con-

tact.

To date, there have been a few studies on the size effect of the friction strength.

Through amicro-mechanical dislocationmodel of frictional slip between two as-

perities, Hurtado and Kim [11, 12] argued that there are three regimes in the size

dependence of the friction strength 𝜏fr. The strength 𝜏fr is equal to the theoret-

ical shear strength of the solid for very small contacts while it equals the Peierls

stress for relatively large contacts. The transition regime is controlled by emission

of a dislocation loop at the edge of the contact, and thus is governed by a scaling

law similar to the Rice-Thompsonmodel [13]. As experimental results of Homola

et al.[8] and Carpick et al. [9, 10] are fitted well by the JKR theory of adhesive con-

tact [14], Deshpande et al. [15] took into account bothplastic deformation and ad-

hesion in aDiscrete Dislocation (DD) calculation of a contact pair, and confirmed

the existence of three regimes in 𝜏fr versus contact area: 𝜏fr is equal to the inter-
facial adhesion strength for very small contacts while it equals a strength that is

controlled by size independent dislocation plasticity for relatively large contacts.

The transition regime is controlled by size dependent dislocation plasticity, giving

rise to a 𝜏fr ∝ 𝑎− / scaling.

It is well established that dislocation plasticity is inherently strain rate depen-

dent. Given the role of plasticity in contacting asperities, as discussed above, one

would expect that friction is also dependent on the rate of loading, even in static

friction. In fact, there is experimental evidence that static friction in rocks de-

pends on the loading rate [16], despite the absence of plasticity in these materi-

als. Scieszka and Jankowski [17] found that for brake friction couples (composite

of rubber, steel, glass etc.), static friction increases with increasing loading rate.
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Based on experimental observations of non-crystalline materials, supplemented

with physical arguments, Bar-Sinai et al. [18] proposed an “up-down-up-down”

schematic picture of the friction law, which includes strengthening regimes at ex-

tremely low velocity (governed by plastic creep) and high velocity (controlled by

thermal activation).

To the best of our knowledge, however, there have been no efforts to explain

the loading rate dependent friction in crystallinematerials. Herewe report a com-

putational study of the rate dependence of the friction strength 𝜏fr between a pla-
narmetallic single crystal and aflat-bottomed indenter. Anon-softening cohesive

law is used to model adhesion between the indenter and the substrate, which we

endowwith the rate strengthening behavior of [18] at high velocity, while discrete

dislocation dynamics is used to describe plasticity in the substrate.

6.2. Formulation
Thegeometryof themodelproblem is the sameas in [15], and is shown inFig. 7.2a.

The initiation of sliding between a flat indenter and a planar single crystal sub-Boundary value problem

PSfrag replacements

p
a

hp

Lp

θ

cohesive surface
x1

x2

U̇

contact stress

τ = −1

a

!

Scoh

T1dx1

relative displacement

U =

! t

0
U̇dt

Loading is applied by displacing the contact relative to the
substrate along the x1 direction at a rate U̇ .
In most cases the applied normal pressure p = 0.
The cohesive surface simulates adhesion between contacting
surfaces.
No special dislocation nucleation from the surface. – p.7

Fcontact

cohesive surface

(a)

τmax

-τmax

δt
-δt ∆t

T t

(b)

Figure 6.1: (a) Sketch of the boundary value problemunder consideration; (b) Non-softening cohesive
relation.

strate is carried out under plane strain conditions normal to the plane of consid-

eration. Loading is imposed in the form of a monotonically increasing, remote

displacement in the 𝑥 direction

𝑈 = ∫ �̇�𝑑𝑡
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at the two lateral and bottom sides of the substrate while the rigid indenter is kept

at a fixed position. Thus, the displacement rate �̇� signifies ‘loading rate’ in this

study. There is no normal force on the rigid indenter, as the normal force does

not influence the predicted friction stress [19]. Themean contact shear stress 𝜏 is
given by

𝜏 = 𝐹𝑎 ,

where 𝐹 is the reaction force transmitted by the cohesive zone across the contact

surface 𝑆coh, as indicated in Fig. 7.2a. The relative shearing canbe accommodated

by contact interfacial failure and by plastic deformation of the substrate which is

described by the collective motion of discrete dislocations.

As particular kind of interfacial property, adhesion can be describedwith con-

tinuumcohesive formulations [20, 21]. Xu andNeedleman [22] used a “softening”

cohesive relation to simulate inclusion debonding in a crystalmatrix. In frictional

sliding, therewill always be new contact that formswhen the current interface de-

taches. Therefore, in this chapter, we use the “non-softening” cohesive relation,

sketched in Fig. 7.2b, as described by

𝑇t =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−𝜏max
t
t

if ∣Δt∣ < 𝛿t,

−𝜏maxsign(Δt) otherwise.
(6.1)

Here, Δt = 𝑢 (𝑥 , 0) is the tangential displacement jump across the cohesive sur-

face, 𝑇t is the shear traction with the maximum value being 𝜏max when ∣Δt∣ = 𝛿t.

In view of the target contact sizes, inelastic deformation is described bymeans

of dislocation plasticity in the crystal substrate. The boundary value problem un-

der consideration is solvedusing the superposition frameworkofVanderGiessen-

Needleman [23] in rate form. Each edge dislocation is treated as a singularity in

half-infinite space [24], with the traction free surface at 𝑥 = 0. A smooth image

field ( )̂ is needed to correct for the boundary conditions along the contact gov-

erned by Eq. (6.1). Hence, the displacement rates �̇� , strain rates ̇𝜀 , and stress

rates �̇� are written as

�̇� = ̇�̃� + ̇�̂� , ̇𝜀 = ̇̃𝜀 + ̇̂𝜀 , �̇� = ̇�̃� + ̇�̂� ,

where ( )̇ denotes differentiation with respect to time and the ( )̃ field is the sum of
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the fields of all 𝑁 dislocations in their current positions, i.e.

̇�̃� =∑
=

̇�̃�( ), ̇̃𝜀 =∑
=

̇̃𝜀( ), ̇�̃� =∑
=

̇�̃�( ).

The image fields are obtained by solving a linear elastic boundary value problem

using finite elements with the boundary conditions changing as the dislocation

structure and the external load evolve; details can be found in [15].

In this twodimensionalmodel, the crystal structure is representedby three slip

systems, whose slip planes are oriented at 𝜃 = 0○ and±60○ (𝜃 defined in Fig. 7.2a).
This is a fair approximation of the orientation of the slip systems in FCC and BCC

crystals to ensure plane strain deformation [25]. In effect, the model aims at FCC

crystals trough well-established constitutive rules for the generation and glide of

dislocations (climb and cross-slip are ignored). Glide is governed by the compo-

nent of the Peach-Koehler force in the slip direction. For the 𝐼th dislocation, this
force is given by

𝑓( ) = 𝑛( )
⎛
⎜
⎝
�̂� +∑

≠

�̃�( )
⎞
⎟
⎠
𝑏( ),

where 𝑛( ) is the slip plane normal and 𝑏( ) is the Burgers vector of dislocation 𝐼.
This force will cause the dislocation 𝐼 to glide with velocity

𝑣( ) = 𝑓( )/𝐵,

where 𝐵 is the drag coefficient. We use 𝐵 = 10− Pa s and 𝑏 = ∣𝑏( )∣ = 0.25nm, both

of which are representative for aluminum [26].

Newdislocationpairs aregeneratedby simulating theFrank-Readmechanism.

In twodimensions, point sourceswill generate adislocationdipolewhen themag-

nitude of the Peach-Koehler force at the source site exceeds a critical value 𝜏nuc𝑏
for a period of time 𝑡nuc [23]. The initial distance between the two dislocations in
the dipole is

𝐿nuc =
𝐸

4𝜋(1 − 𝜈 )
𝑏

𝜏nuc
,

such that the long-range attractive stress between the twodislocations is balanced

by the local shear stress.

Annihilation of two dislocations with opposite Burgers vector happens when

they are within an annihilation distance of 6𝑏. Obstacles are included to account
for the effect of blocked slip caused by precipitates and by forest dislocations on



6.2. Formulation

6

101

out-of-plane slip systems that arenot explicitlydescribed. Dislocationsgetpinned

when they arrive at the obstacle site. Pinned dislocations are released from the

obstacles when their Peach-Koehler force exceeds an obstacle dependent value

𝜏obs𝑏.
At the beginning of every time increment of the simulation, nucleation, anni-

hilation, pinning and release at obstacle sites are evaluated, and the dislocation

structure is updated. The crystal is taken to have properties that are reminiscent

of aluminum with Young’s modulus 𝐸 = 70GPa and Poisson’s ratio 𝜈 = 0.33. The
width 𝐿 andheight ℎ of the crystal are 1000𝜇mand 50𝜇m, respectively, bothmuch

larger than the contact sizes to be studied.

Slip planes are spaced at 100𝑏, where 𝑏 is the Burgers vectormagnitude of 0.25
nm. Sources andobstacles are randomlydistributedover the slipplaneswithden-

sities 72 𝜇m− and 124 𝜇m− respectively. The strength of the sources to generate

edge dislocations is selected randomly from a Gaussian distribution with mean

value �̄�nuc = 50MPa and 20% (10MPa) standard deviation. The time span needed

for nucleation of a dislocation dipole, 𝑡nuc, is taken to be 10 ns, which is 20 × the

time increment Δ𝑡 used. The strength of the obstacles 𝜏obs is taken to be 150MPa.

The crystal is stress free and dislocation free at the beginning of the simulation. In

order tominimize the calculation cost for the responseswe are interested in, plas-

tic activity is limited to a plastic window of 𝐿p = 30 𝜇mwide and ℎp = 10 𝜇mhigh,

centered around the contact. Sources and obstacles are only distributed inside

this window. Dislocations can exit the crystal substrate along the surface 𝑥 = 0,
including along the contact area [15], and if dislocations reach other boundaries

of the plastic window, the simulation is stopped.

6.2.1. Rate-dependent plasticity in tension
For reference, we first present the rate dependence of plasticity described in the

model with the material parameters mentioned above. Tensile calculations were

carried out on a single crystal tensile bar of length 2𝐿 = 16𝜇mandwidth𝑊 = 4𝜇m
with the crystal oriented as shown in Fig. 6.2a. At a strain rate of �̇�/𝐿 = 100/s,
the flow strength 𝜎 , identified by the mean flat part of the stress-strain curve, is

around 50 MPa (Fig. 6.2b). Higher strain rates lead to a higher flow strength, see

Fig. 6.13,which is consistentwith a recent experimental studyon single crystalline

copper pillars [27]. Similar findings in DD simulations of the rate sensitivity of a

polycrystal in [28] have been rationalized in terms of the two timescales in the

constitutive rules: one being the nucleation time and the other being associated

with dislocation drag.
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Figure 6.2: (a) Sketch of the boundary value problem analyzed to obtain the tensile stress versus strain
response of the single crystal; (b) predicted stress-strain curve at strain rate of s− .
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Figure 6.3: Strain rate sensitivity of the yield strength in simple tension.

6.3. Rate dependent friction at fixed adhesion strength
In this section, we study the shearing rate effect on the friction strength when

the cohesive properties are still independent of the slip velocity, namely 𝜏max =
300MPa and 𝛿t = 0.5nm. For reference, we first present results for a relatively high

normalized loading rate �̇�/𝑎 = 10 /s, just like in [15]. Five realizations of random
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sourcepositions and strengths are analyzed for each contact size𝑎, and theoverall
response is averaged. Themean contact shear stress, shown in Fig. 6.4a, increases

linearly at the beginning. For larger contact sizes (> 10 𝜇m), due to plasticity, the

shear stress gradually reaches a plateau where sliding happens. For smaller con-

tact areas (𝑎 < 1 𝜇m), there is no or insufficient plasticity to relax the stress prior

to achieving the cohesive strength where sliding happens.
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Figure 6.4: (a) Mean contact shear stress versus displacement response for selected values of the con-
tact size , (b) friction strength (defined as the value of at = . m) as a function of the contact
size for ̇ / = /s.

Following [15], we use the value of𝑈 at which the curve of the largest contact is

relatively flat to identify the onset of sliding, i.e. 𝑈 = 0.05 𝜇m in Fig. 6.4a, and refer

to the corresponding shear stress 𝜏 as the friction strength 𝜏fr. This is not a unique
definition, but it is shown in Appendix A that a definition of friction strength sim-

ilar to that of yield strength gives results that differ by less than 4%. As seen in

Fig. 6.4b, the friction strength as a function of contact size has two plateaus, and a

transition regime in which 𝜏fr is approximately proportional to 𝑎− / . For small

contact sizes (the upper plateau), the friction strength is equal to the cohesive

strength, i.e. the onset of sliding is completely caused by interfacial slip (decohe-

sion), while for large contact sizes (the lower plateau), the overall sliding is caused

by plastic shearing deformation. In the latter regime, the friction strength is con-

trolled by the size independent plastic shearing of the crystalline substrate. The

transition regime, which starts at a contact length of about 0.5 𝜇m, is the result
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of the competition between interfacial slip and plastic deformation. Further in-

spection of the results reveals that for contact sizes in the transition regime, there

is partial slip along the contact, as shown in Fig. 6.5 for contact size 𝑎 = 1 𝜇m. The

fact that the horizontal displacement along part of the contact is larger than the

cohesive critical displacement 𝛿t = 0.5nm indicates that slip near the edges of the

contact co-exists with plastic deformation inside the crystal.
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Figure 6.5: Distribution of horizontal displacement and dislocation distribution for contact size
= m at = . m.

The result of the competition is influenced by dislocation properties, such as

source and obstacle density, and cohesive strength, see Fig. 6.6. We observe that

when the dislocation source density is higher, there is more plastic deformation

(Fig. 6.6a), hence more stress relaxation and less interfacial slip (Fig. 6.6b). For

instance, the response for 𝑎 = 0.4 𝜇m is not adhesion controlled anymore when

the source density is increased from 72 to 155/ 𝜇m . On the other hand, a higher

cohesive strength makes slip more difficult (Fig. 6.6b), but does not significantly

influence the friction strength in the transition regime (Fig. 6.6a).

Since discrete dislocation plasticity is strain rate dependent, as shown in the

previous subsection, we expect the friction strength to vary with loading rate. In

keeping with [15], we first explore cases where the normalized loading rate �̇�/𝑎
is kept constant for different 𝑎. The variation of 𝜏fr with �̇�/𝑎 varying over three

decades is plotted in Fig. 6.7a. Over the entire range of �̇�/𝑎, the size dependence
of the friction strength still has two plateaus, but the plasticity controlled lower

plateau riseswith increasing strain rate. As a consequence, theextentof thecohesion-

controlled regime is affected. The underlying reason is that at high loading rates
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Figure 6.6: Effect of source density and cohesive strength effect on (a) friction strength, (b) decohesion
fraction which is defined by the ratio of the number of Gaussian integration points that have reached
the cohesive strength max (i.e., ∣ ∣ > ) over the total number of integration points along the cohe-
sive surface.
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Figure 6.7: Effect of loading rate on (a) friction strength and (b) decohesion fraction.

there may not be enough time to nucleate sufficiently many dislocations to re-

lax the strength before it reaches the cohesive strength. As plastic deformation

at higher loading rate is more difficult (i.e., requires higher stress), interfacial slip
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(decohesion) becomes relatively easier, as shown in Fig. 6.7b. The slope 𝑠 of the
friction strength in the transition regime inFig. 6.7adecreaseswith increasingnor-

malized loading rate, roughly from −0.35 at a normalized loading rate of 10 /s to
−0.66 for �̇�/𝑎 = 10 /s. The dependence of the slope on the magnitude of �̇�/𝑎 can
be described as ∝ (�̇�/𝑎)− .

.

The sensitivity of the friction strength of a large contact to loading rate re-

flects the rate sensitivity of dislocation plasticity. Using �̇�/𝑎 as ameasure of strain

rate, we compare, in Fig. 6.8, the rate dependence of the friction strength for e.g.

𝑎 = 10 𝜇m with that of the yield strength in tension. As different definitions of

ε or U/a

σ Y
 o

r 
τ fr

 (
M

P
a)

σY  ε

τfr U/a

(from Fig. 3)

(a = 10µm)

Figure 6.8: Comparison between the effect of loading rate in simple tension and contact shearing.

‘strain rate’ and stress are adopted, it is not surprising that the curves do not over-

lap, but one canmake them do so by adopting a normalization by an appropriate

constant. This implies that the response of the two models is governed by the

same rate sensitivity parameter, i.e. they describe the rate effect of the same ma-

terial.

While the use of �̇�/𝑎 as loading rate is convenient from a theoretical point of

view, the displacement rate �̇� is a primary quantity that is directly controllable in

experiment. If we plot the friction strength for different contact areas at the same

�̇� rather than the same �̇�/𝑎, we observe in Fig. 6.9a that the transition regimes

have roughly the same slope of −0.63.
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Figure 6.9: Variation of (a) friction strength and (b) decohesion fraction with contact area for selected
loading rates.

6.4. Slip velocity dependent adhesion strength
In the previous section, we have found that strain rate dependence of dislocation

plasticity implies that the size dependent friction strength 𝜏fr depends on load-

ing rate (Fig. 6.7). In this section, we explore the implications when the adhesion

strength is not constant but depends on the velocity jump (slip rate) across the

contact. We assume the following slip rate strengthening relation for the interfa-

cial strength:

𝑇t = 𝜏 (
Δ̇ − �̇�/𝐾

Δ̇
) , (6.2)

where 𝜏 is a reference cohesive strength which is taken to be 300 MPa here. 𝐾
is the cohesive stiffness = 𝜏 /𝛿t and Δ̇ is the reference slip rate which is taken to

be 10 𝜇m/s (this choice ensures a sufficiently large variation of the maximum

cohesive strength for the range of loading rates �̇� used in the previous section).

The value of the exponent 𝑛 is taken to be 0.2, as motivated in Appendix B. The

maximum cohesive strength, when �̇� vanishes, is

𝑇max
t = 𝜏 ( Δ̇Δ̇

) . (6.3)

As in the previous section, we first calculate the friction strength for different
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contact areas 𝑎 for a given �̇�/𝑎 (Fig. 6.10a). In this case, at the same normalized

loading rate �̇�/𝑎, a smaller 𝑎 corresponds to a smaller loading rate �̇�, which yields
a lower slip rate, hence a lower friction strength, so that the adhesion controlled

regime is not a plateau anymore. If, however, the friction is plotted at the same
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Figure 6.10: (a) Friction strength as a function of contact size at different normalized loading rates and
(b) friction strength versus contact size for selected values of the loading velocities. Results are shown
for the slip rate dependent adhesion relation ( . ) with = . .

loading rate �̇� instead of �̇�/𝑎 (Fig. 6.10b), the upper plateau is still present, but

higher loading rate leads to a higher strength. In this figure, we used the exponent

𝑛 = 0.2 in Eq. (6.2); when 𝑛 = 0 adhesion is slip rate independent, cf. Fig. 6.9a.

Due to the different contribution from adhesion, the slope of transition regime

changes from −0.63 for 𝑛 = 0 to −0.75 for 𝑛 = 0.2.
For a linear dependence on slip rate, 𝑛 = 1, the adhesion controlled plateau in

the 𝜏fr(𝑎) curves disappears, see Fig. 6.11. The reason is that a linear dependence
can yield such high cohesive strength that it is very difficult to reach the cohe-

sive maximum strength. Hence, for sufficiently fast loading rates, the adhesion-

controlled plateau disappears and a scaling regime 𝜏fr ∝ 𝑎− . extends up to con-

tact sizes as large as 10 𝜇m.

6.5. Discussion
The baseline finding in this study is that, at any given loading rate, there is a char-

acteristic dependence of the friction strength on the contact size 𝑎, similar to that
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Figure 6.11: Friction strength as a function of the contact size at different loading rates with = in
the cohesive law (6.2).

in [15]. For small contact area 𝑎, dislocation plasticity does not play a role as

the nucleation of dislocations is source limited; hence the onset of sliding is con-

trolled by adhesion. For sufficiently large contact area (𝑎 ≥ 10𝜇m for the parame-

ters in this chapter), the friction strength approaches another plateauwhich is de-

termined by size independent plasticity. The transition regime emerges from the

competition between the two. Because of size dependent plasticity (larger con-

tact length leads to a lower strength), plastic deformation is easier with increasing

contact size and therefore contributes more to the onset of the sliding, i.e. less

interfacial slip (decohesion) (Fig. 6.6b, Fig. 6.7b). Thus, the transition regime is

essentially the re-distribution of the relative contributions of interfacial slip (de-

cohesion) and plasticity to the onset of the sliding according to the (size depen-

dent) strengths of the two.

Knowing the fraction of de-adhered contact, 𝜁, and the size independent plas-
tic strength 𝜏pl (the friction strengthof large𝑎), wecanestimate the friction strength

in the transition regime by a simple rule ofmixtures: 𝜏fr = (1−𝜁)𝜏pl+𝜁𝜏max
coh , where

𝜁 is the decohesion fraction. Figure 6.12 shows the comparison (for the 𝑛 = 0
case) between the estimated and the calculated friction strength under different

loading velocities. The small difference is caused by the fact that 𝜏pl may not be
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Figure 6.12: Comparison between the simulated friction strength (solid symbols) and a rule-of-
mixtures estimate using the fraction of slipped contact (open symbols), based on the cohesive
strength and the size-independent shear yield strength.

an accurate estimate of the plastic strength of the still adhering section (1 − 𝜁)𝑎
for the following reasons: (i) the shear stress distribution is not uniform along the

adhering fraction of the contact; (ii) the actual plastic strength is size dependent

and therefore larger than 𝜏pl because (1 − 𝜁)𝑎 < 𝑎. Despite these small numeri-

cal differences, we conclude that the transition regime is indeed intimately tied to

partial decohesion.

6.6. Conclusions

We have carried out a discrete dislocation plasticity analysis of the initiation of

sliding between a rigid flat bottomed indenter and a planar single crystal sub-

strate under different loading rates. Plastic flow in the substrate arises from the

collective motion of dislocations that nucleate from Frank-Read sources that are

distributed randomly in the crystal. Adhesion in the contact interface is simu-

lated by a cohesive zone whose strength may depend on the slip rate. The salient

conclusions of the study are:



6.6. Conclusions

6

111

• The friction strength as a function of the contact area 𝑎 has three regimes:

𝜏fr =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜏coh small 𝑎,
∝ 𝑎 intermediate 𝑎,
𝜏pl large 𝑎.

For small contact areas, where dislocation plasticity is source limited, the

friction strength is equal to the adhesion strength while for large contact

area, the friction strength isdeterminedby the size independent yield strength.

The transition regime emerges from the competition between adhesion and

dislocation plasticity, and can be characterized by the fraction of the contact

area that has de-adhered.

• When different sizes of contact are loaded under the same normalized load-

ing rate �̇�/𝑎, the exponent 𝑠 in the scaling 𝜏fr ∝ 𝑎 of the friction strength in

the transition regime depends on the the magnitude of �̇�/𝑎 roughly follow-
ing 𝑠 = − (�̇�/𝑎)− .

. When they are loaded under the same unnormalized

loading rate �̇�, for a given interfacial property, e.g. 𝑛 = 0, the slope in the

transition regime is roughly the same, while the slope changes from −0.63
for 𝑛 = 0 (slip rate independent adhesion) to −0.9 for 𝑛 = 1 (slip rate linear

dependent adhesion).

• As dislocation plasticity is strain rate dependent, the friction strength 𝜏fr in
the transition regimeaswell as in the lowerplateau increaseswith increasing

loading rate �̇�, thus the friction force𝐹 = 𝜏fr𝑎 increaseswith increasing load-
ing rate. For small contact areas, the friction strength is adhesion controlled,

hence the friction force 𝐹 = 𝜏fr𝑎 also increases with increasing loading rate

when adhesion is slip rate strengthening.

It bears emphasis that this chapter is concerned with the loading rate depen-

dence of the static friction strength. This is different from the dependence ob-

served in kinetic friction experiments, where friction also increases with loading

rate, but until a critical rate after which it decreases, e.g. [29]. The decrease is gen-

erally attributed to thermal weakening. We do not expect thermal weakening to

be relevant for static friction, where the relative sliding distances are too small to

have dissipated enough energy.
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Appendix A. Definition of friction strength by anal-
ogy to yield strength
Rather than defining the friction strength at a fixed value of the sliding displace-

ment 𝑈, as done in the main text of the chapter, we could also have defined it by

analogy to the definition of yield strength from a stress-strain curve as the stress

at 0.2% plastic strain. That is, we define 𝜏fr at certain plastic displacement 𝑈pl =
𝑈 − 𝜏/𝐺, where 𝐺 is the contact size dependent elastic stiffness. The latter can

be deduced from the 𝜏-𝑈 curve for each 𝑎, while the critical 𝑈pl is to be chosen

(just like the 0.2% plastic strain in the definition of yield strength is a more or less

arbitrary choice).
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Figure 6.13: Comparison of fr estimates based on = . m and on pl = . m.

In Fig. 6.13, we choose the friction strength of 73MPa for a 4 𝜇m contact (at

𝑈 = 0.05 𝜇m) as the reference and compute the corresponding𝑈pl to be 0.035 𝜇m.

Using this value, the friction strength for other contact sizes are then determined

by the construction indicated with the dashed lines. We see that the difference

of these strengths differ very little from the strengths measured at 𝑈 = 0.05 𝜇m.

Since the latter definition is easier to apply, this is the one adopted throughout

the chapter.



6.6. Conclusions

6

113

Appendix B. Motivation of the power law velocity-
strengthening model

Herewemotivate the power law velocity-strengtheningmodel, 𝜏 = 𝜏 (Δ̇ /Δ̇ ) , see

Eq. (6.3). The velocity dependence at relatively low sliding velocity comes from a

stress-biased thermally activated process [18] which typically yields logarithmic

velocity strengthening, i.e. 𝜏 = 𝑐 + 𝑏 log (Δ̇ /Δ̇ ), where 𝑐 and 𝑏 are constants re-
lated to energy barrier, activation volume and temperature. This logarithmic rela-

tionship has been observed inmany experiments, but the slip velocity is typically

not larger than a few hundreds of 𝜇m/s [18].

There is quite a bit of data [18] indicating that the dependence on the sliding

velocity is stronger than logarithmic at higher sliding velocities. For instance, in

clay-rich gouge, when the sliding velocity is larger than 10 𝜇m/s, strengthening
is stronger than logarithmic until the velocity is larger than 10 𝜇m/s when ther-

malweakening effects appear (not discussed in this chapter). A schematic picture

is show in Fig. 6.14. Due to the lack of the experimental data for crystalline ma-

sliding velocity 

st
re

ng
th logarithmic

power law with exponent <1

stronger than logarithmic

Figure 6.14: The power law dependence of adhesion assumed in this chapter approximates the two
velocity-strengthening regimes observed in the experiments on non-crystalline materials.

terials being studied in this chapter, we assume that adhesion has a power law

strengthening with exponent 0.2 to represent both strengthening regimes.
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7
Plastic ploughing of a

sinusoidal asperity on a
rough surface

Part of the friction between two rough surfaces is due to the interlocking be-
tween asperities on opposite surfaces. In order for the surfaces to slide rel-
ative to each other, these interlocking asperities have to deform plastically.
Here we study the unit process of plastic ploughing of a single micrometer-
scale asperity by means of two-dimensional dislocation dynamics simula-
tions. Plastic deformation is described through the generation, motion and
annihilation of edge dislocations inside the asperity as well as in the sub-
surface. We find that the force required to plough an asperity at different
ploughing depths follows a Gaussian distribution. For self-similar asperities,
the friction stress is found to increase with the inverse of size. Comparison of
the friction stress is made with other two contact models to show that inter-
locking asperities that are larger than∼ 2𝜇m are easier to shear off plastically
than asperities with a flat contact.

The Chapter was published as H. Song, R.J. Dikken, L. Nicola, E. Van der Giessen. Plastic Ploughing of
a Sinusoidal Asperity on a Rough Surface. J. Appl. Mech. 2015;82(7):071006-071006-8.
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7.1. Introduction
Physicalmechanisms responsible for friction forcebetween twounlubricated sur-

faces stem from interactions between asperities on two surfaces. When two rough

surfaces are put together, some asperities are flattened (e.g. the asperity pair in

the red circle in Fig. 7.1) and form a certain contact area at the interface whose

normal vector is perpendicular to the sliding direction. When the surfaces are

tangentially moved with respect to each other, some asperities (like the asperity

pair in Fig. 7.1 encircled in blue) are interlocked and form additional contact area.

So the static friction force is the sumof the force causedbyflattened asperities and

Figure 7.1: Two rough surfaces in contact. Red circle: intimate contact pair; Blue circle: ploughing
pair.

interlocking asperities. Previous research on frictionwithin the Bowden-Tabor [1]

frameworkmainly focused onflattened asperities. Themain idea is to findout the

total contact area (real contact area)betweenflattenedasperities of two roughsur-

faces and the critical shear stress to break the flattened contact pair. The product

of the contact area and critical stress is the friction force.

Much research has been devoted to identifying the real contact area between

rough surfaces. Greenwood and Williamson [2] were the pioneers in idealizing a

rough surface as a collection of asperities with heights that follow a Gaussian or

exponential distribution. Later on, we learned thatmost surfaces have an approx-

imately fractal (self-affine) roughness, they have asperities of many sizes (length

scales). Gao et al. [3] have computed the real contact area between a rigid flat

surface and a deformable rough surface with Weierstrass profile based on the re-

sponse of a single asperity in two dimensions. Pei et al. [4] subsequently analyzed

the real contact between self-affine fractals surfaces through a 3Dmodel. The re-

search cited above employed macroscopic plasticity models, even though it has

become increasingly clear in the last two decades that plasticity is size dependent

at size scales below tens of micrometers, with the general trend of smaller being

harder. Asperity contact at the atomistic scale has been investigated by molecu-

lar dynamics, see e.g. [5], but this approach is restricted to the scale of nanome-

ters. Discrete dislocation dynamics is an effective tool to capture size effects of
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microns. As examples of the application of this method, Widjaja et al. [6] studied

the contact area and size effects in indentation, while more recently Sun et al. [7]

analyzed the plastic flattening of a sinusoidal metal surface.

At the same time, a number of studies have been carried out to reveal the crit-

ical stress, or friction strength, of breaking a contact pair under applied shear. In

the Bowden and Tabor [1] framework, friction is proportional to the real area of

contact, just like adhesion. Hence, the strength of a contact pair is commonly

taken to be a constant adhesion strength of the interface, which accounts for all

reasons of adhesion, such as chemical bonds, van der Waals forces, electrostatic

forces, andmechanical bonds. The breaking of the contact pair (sliding) will hap-

pen when the adhesion strength is reached.

However, bodies can also slide relative to each other by plastic deformation of

asperities whose yield strength is smaller than the adhesion strength of the inter-

face. Size-dependence of plasticity thus provides the possibility of a cross-over

between sliding by loss of adhesion or by plasticity, depending on the size of the

asperities. Within the framework of discrete dislocation plasticity, Deshpande et

al. [8] used a fixed rigid contact to shear a planar single-crystal substrate to show

that only for small contact area, the adhesion strength controls sliding; sliding of

large contact area is mediated by plastic deformation of asperities. This model

does not contain the asperity for simplicity, so plasticity only takes place in the

substrate. In order to reveal the influence of plasticity inside the asperity, Dikken

et al. [9] used a fixed rigid contact to shear a truncated sinusoidal asperity. This

study has shown that for sliding it is irrelevantwhether plasticity occurs inside the

asperity or in the sub-asperity.

The research cited above has not considered interlocking asperities, yet when

real surfaces slide relative to each other, interlocking asperities do have to deform

plastically and thus contribute to friction. How these interlocking asperities de-

formandwhat resistance they produce is not clear yet. In order to study interlock-

ing asperities, we analyze the response of a single sinusoidal asperity ploughed by

a rigid asperity of the same shape.

The predictions of the ploughing model will be compared with those of two

contact models [8, 9] to see which is easier to deform plastically, interlocking as-

perities or asperities with a flat contact.

7.2. Formulation
The model problem is shown in Fig. 7.2. A deformable sinusoidal asperity with

width 𝑤 and amplitude 𝐴 lies in the top center of a single FCC metal crystal with
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height ℎ and width 𝐿. The deformable asperity is ploughed by a rigid asperity of

the same shape. The horizontal displacement 𝑈 of the rigid asperity will give rise

to a continuously changing contact region 𝐶 between the two asperities. Contact

is assumed to be sticky, so there is no relative slip between two asperities.

The horizontal traction distribution 𝑡 = 𝜎 𝑛 in the contact region 𝐶 deter-

mines the ploughing force 𝐹 (per unit of length out of the plane):

𝐹 ∶= ∫ , ∈
(𝜎 𝑑𝑥 + 𝜎 𝑑𝑥 ) .

The crystal is fixed at the bottom, i.e. 𝑢 ∣ = = 0, 𝑢 ∣ = = 0, while the lateral
sides are traction free, i.e. 𝑇 ∣ = , = 0, 𝑇 ∣ = , = 0. To verify that the results

do not depend significantly on the size of the crystal, a more complex boundary

condition is considered, which is based on the Flamant solution for a point force

on a surface. Under this boundary condition, the asperity can be regarded to lie

on top of a semi-infinite crystal. It is shown in the Appendix that the two types

of boundary conditions lead to negligible differences for the sample dimensions

used in this chapter.

2A

w

source

obstacle

2A

U

x1

x2

L

h

Figure 7.2: Two-dimensional model of a single asperity ploughed by a rigid asperity. Both asperities
are characterized by a single sinusoidal wave of amplitude and wavelength . Plastic deformation
inside the bottom crystal takes by the motion of edge dislocations on three slip systems.

Discrete dislocationplasticity in the deformable asperity is investigatedwithin

the Van der Giessen-Needleman [10] framework, where the determination of the

state in the material employs superposition. As each dislocation is treated as a

singularity, whose analytical solution is known in infinite space, this infinite space

fieldneeds tobe correctedbya smooth imagefield ( )̂ to ensure that actual bound-
ary conditions are satisfied. Hence, the displacements 𝑢 , strains 𝜀 , and stresses
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𝜎 are written as

𝑢 = ̃𝑢 + ̂𝑢 , 𝜀 = ̃𝜀 + ̂𝜀 , 𝜎 = �̃� + �̂� ,

where the ( )̃ field is the sum of the fields of all 𝑁 dislocations in their current po-

sitions, i.e.

�̃� =∑
=

�̃�( ), ̃𝜀 =∑
=

̃𝜀( ), �̃� =∑
=

�̃�( ).

The image fields are obtained by solving a linear elastic boundary value problem

using finite elements with the boundary conditions changing as the dislocation

structure and the contact status evolve.

In this two dimensional model, the FCC crystal structure is represented by

three slip systems [11], whose slip planes are oriented at 60○ relative to each other.

We only consider glide of dislocations. The evolution of the dislocation is deter-

mined by the component of the Peach-Koehler force in the slip direction. For the

𝐼th dislocation, this is given by

𝑓( ) = 𝑛( ) ⋅
⎛
⎜
⎝
�̂� +∑

≠

�̃�( )
⎞
⎟
⎠
⋅ 𝑏( ),

where 𝑛( ) is the slip plane normal and 𝑏( ) is the Burgers vector of dislocation 𝐼.
This force will cause the dislocation 𝐼 to glide with velocity

𝑣( ) = 𝑓
( )

𝐵 ,

where 𝐵 is the drag coefficient. In this chapter, its value is taken as 𝐵 = 10− Pa s,

which is representative for aluminum.

Newdislocationpairs are generatedby simulating theFrank-Readmechanism.

In twodimensions, point sourceswill generate adislocationdipolewhen themag-

nitude of the Peach-Koehler force at the source site exceeds a critical value 𝜏nuc𝑏
for a period of time 𝑡nuc [10]. The initial distance between the two dislocations in
the dipole is

𝐿nuc =
𝐸

4𝜋(1 − 𝜈 )
𝑏

𝜏nuc
,

at which the shear stress of one dislocation acting on the other is balanced by the

local shear stress.

Annihilation of two dislocations with opposite Burgers vector happens when
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they are within an annihilation distance of 6𝑏.

Obstacles are included to account for the effect of blocked slip caused by pre-

cipitates and forest dislocationsonout-of-plane slip systems that arenot explicitly

described. Dislocations get pinned when they arrive at the obstacle site. Pinned

dislocations are released from the obstacles when their Peach-Koehler force ex-

ceeds an obstacle dependent value 𝜏obs𝑏.

At the beginning of every time increment of the simulation, nucleation, anni-

hilation, pinning and release at obstacle sites are evaluated, and the dislocation

structure is updated.

The crystal is taken to have properties that are reminiscent of aluminum with

Young’s modulus 𝐸 = 70 GPa and Poisson’s ratio 𝜈 = 0.33. The width 𝐿 and height
ℎ of the crystal are 1000 𝜇m and 50 𝜇m respectively. The asperity width 𝑤 and

amplitude 𝐴 are in the range of micrometers.

There is no obvious orientation of the slip systems that is representative for

real materials. However, there is one orientation that would lead to such specific

behavior that it is deemed unrealistic: when one of the slip planes is parallel to

the shearing direction. Such an orientation would lead to plasticity occurring ex-

clusively on horizontal slip systems inside the asperity. Therefore, we rotate the

slip systems by 15○ relative to the loading direction to avoid this problem. Thus,

the slip systems in our simulations have orientations 15○, 75○ and 135○.

Slip planes are spaced at 200𝑏, where 𝑏 is the Burgers vectormagnitude of 0.25

nm. Sources andobstacles are randomlydistributedover the slipplaneswithden-

sities 60 𝜇m− and 30 𝜇m− respectively. The strength of the sources to generate

edge dislocations is selected randomly from a Gaussian distribution with mean

value �̄�nuc = 50 MPa, and 20% standard deviation. The strength of the obsta-

cles 𝜏obs is taken to be 150 MPa. The time span needed for nucleation of a dis-

location dipole, 𝑡nuc, is taken to be 10 ns, which is 20 × the time increment Δ𝑡
used. The crystal is stress free and dislocation free at the beginning of the sim-

ulation. We assume the same loading rate �̇� of 0.04 nm/ns as in earlier asperity

studies [7, 9]. In order tominimize the calculation cost for the total ploughing dis-

tance we are interested in, plastic activity is limited to a plastic window of 25 𝜇m
wide and 10 𝜇mhigh, centered below the asperity. Sources and obstacles are only

distributed inside this window, and if a dislocation reaches its boundary, the sim-

ulation is stopped. Since source strength and position, as well as obstacle posi-

tion are randomly distributed, each case is repeated for 10 different realizations

of strength and position to average out stochastic variations.
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7.3. Effect of ploughing depth
DifferentploughingdepthsΔ, cf. Fig. 7.2, are expected to result indifferent contact
conditions between ploughing and the deformable asperity thus giving rise to a

different ploughing force𝐹 . We start outwith anasperity size𝑤 = 4𝜇m,𝐴 = 0.4𝜇m
and ploughing depth Δ = 0.4 𝜇m. The ploughing response for all 10 realizations is

shown in Fig. 7.3a.
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Figure 7.3: Ploughing response of an asperity with = m and amplitude = . m at depth
= . m. (a) Force response of each realization. The red thick curve is the average of 10 realizations,

while the error bars denote the standard deviation. (b) The distribution of the shear stress normalized
by ̄nuc in the elastic regime (shownhere at themoment that the ploughing force is . × − / m).

We observe a large spread among realizations starting from the onset of plas-

ticity; the hardening slopes exhibitmuch less variations among realizations. Prior

toplasticity, the shear stressdistribution ineach realization is the same, andshown

in Fig. 7.3b. As the stress distribution is local and highly inhomogeneous, activa-

tion of a dislocation source is very sensitive to the position of the source and its

strength. If we assign all sources the same strength �̄�nuc instead of a Gaussian dis-
tribution, the spread in the results is somewhat reduced as shown in Fig. 7.4.

In view of the large spread, more realizations have been done for the same ge-

ometry. However, since it was found that the average 𝐹 and the standard devia-

tiondidnot change significantly, itwasdecided to restrict subsequent simulations

to 10 realizations. When distributions are being shown in the sequel, such as in

Figs. 7.8, the realization is chosen whose 𝐹 vs. 𝑈 response is closest to the mean

response.

For the same asperities (𝑤 = 4 𝜇m, 𝐴 = 0.4 𝜇m) discussed so far, the effect of
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Figure 7.4: Influence of the source strength distribution on ploughing force . The positions of the
sources and the obstacles in the ten realizations are the same as in Fig. 7.3.

the ploughing depth varying from Δ = 0.1 𝜇m to Δ = 0.6 𝜇m is shown in Fig. 7.5a.

U (µm)

F
p 

(N
/µ

m
)

0.01 0.02 0.03 0.04
0

0.2

0.4

0.6

0.8

0.6
0.5
0.4
0.3
0.2
0.1

ploughing depth ∆ (µm)

*10-4

(a)

F (N/µm)

pr
ob

ab
ili

ty
 (%

)

5

10

15

20

25

30

35

40

45

0.6~0.7 0.7~0.80.5~0.6 0.8~0.9 0.9~1.0
*10<4

(b)

Figure 7.5: (a) Ploughing response of an asperity with = mand amplitude = . mat different
depths . (b) Distribution of all the friction forces at = . m for all depths. The red curve is a
Gaussian fit to the histograms.
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Even though the force–displacement curve still shows some slight hardening

at𝑈 = 0.04𝜇mand the complete ploughing-off would requiremuch larger strains,

we choose the force at this value of 𝑈 as the operational definition of the friction

force.

The large spread seen previously in Fig. 7.3a persists for all ploughing depths.

As a consequence, the friction forces at different ploughing depths do not differ

significantly. In fact, the large spread in the predictions covering all ploughing

depths gives rise to a distribution of friction forces 𝐹 that is nearly Gaussian with

average 0.75 × 10− 𝑁/ 𝜇m and standard deviation 0.12 × 10− 𝑁/ 𝜇m as shown in

Fig. 7.5b.

The effect of depth on the overall response for a more shallow asperity with

𝐴 = 0.2 𝜇m is shown in Fig. 7.6a. There is more hardening, which will be clarified

in Fig. 7.8. Also for this case, the distribution of friction forces is nearly Gaus-

sian, see Fig. 7.6b. It is interesting to note that even though the mean friction

force of 1.267 × 10− 𝑁/ 𝜇m is almost twice as high as for the sharper asperity, the

standard deviation of 0.145 × 10− 𝑁/ 𝜇m is roughly the same. When the source

density and obstacle density are half of the values used above, the standard devi-

ation is 0.26×10− 𝑁/𝜇m,which is almost two times larger. This indicates that the

standard deviation in friction force is mainly decided by the source and obstacle

density.
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Figure 7.6: (a) Ploughing response of an asperity with = mand amplitude = . mat different
depths . (b) Distribution of all the friction forces at = . m for all depths. The red curve is a
Gaussian fit to the histograms.

The simulations reported in the remainder of this study are mainly based on
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this shape, i.e. 𝐴/𝑤 = 0.05.

7.4. Size dependence of self-similar asperities
In this section, we compare the behavior of asperities having different size but the

same shape, 𝐴/𝑤 = 0.05. Since we have seen that the friction force is quite insen-
sitive to ploughing depth, we only consider ploughing at a depthΔ = 𝐴 for all sizes.
Simulations are done for𝑤 from 1 𝜇m to 8 𝜇m. The friction stress is defined to be

𝐹/𝑤, i.e., the average shear stress transmitted across the interface (of length𝑤) be-
tween the asperity and the crystal. The friction stress at 𝑈 = 0.04𝜇m for different

sizes of asperities is shown in Fig. 7.7. It is observed that the smaller the asperity,
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Figure 7.7: (a) Size dependence of the friction stress / at constant shape / = . , when plough-
ing depth = , displacement = . m. (b) Shear stress distribution of Flamant theoretical solu-
tion.

the higher the friction stress; in fact, according to Fig. 7.7, 𝐹/𝑤 almost scales with

𝑤− . Quite remarkably, this means that the force 𝐹 to plough the asperity plas-

tically is almost size independent. The reason for this resides in the fact that the

contact area is always a small portionof the asperity size, whichmakes the contact

stress field very similar to the stress field caused by a concentrated force. Indeed,

the shear stress distribution in Fig. 7.3b is very similar to that caused by a horizon-

tal concentrated force as shown in Fig. 7.7b. A similar observation has beenmade

in sub-micron indentation with a circular indenter [12]. In both ploughing and

indentation, the initialization and evolution of plasticity are controlled by similar

stress concentrations.
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7.5. The role of the asperity
Inprinciple, the sizedependenceofploughingmayoriginate fromsize-dependent

plasticity inside the asperity, within the sub-surface or both. In this section, we

attempt to explore and quantify the relative contributions of asperity and sub-

surface plasticity.
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Figure 7.8: Plastic shear strain for different asperity sizes after ploughing to = . m. (a) = m,
= . m, (b) = m, = . m, (c) = m, = . m, (d) = m, = . m, (e) = m,
= . m.

Fig. 7.8 shows the distribution of the horizontal plastic strain 𝜀 for different

sizes of asperities. The plastic shear strain is calculated by subtracting, at every

integration point, the elastic strain 𝜀 = 𝜎 /(2𝜇) from the total strain computed

by numerical differentiation of the total displacement field 𝑢 = �̃� + �̂� .

When the asperity is small, slip mainly takes place in the crystal below the as-
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perity (Fig. 7.8a). Plasticity inside the asperity is source limited and the asper-

ity does not influence the overall plasticity distribution much. When the asperity

is larger, sources can be activated inside the asperity (Fig. 7.8b,c), and when the

asperity is large enough, slip will mainly happen inside the asperity (Fig. 7.8d).

When the asperity is shallow, there will be more slip in the sub-asperity for the

same source limitation reason(compare Fig. 7.8c,e), which is why there is more

hardening in Fig. 7.6a than in Fig. 7.5a.

In order to partition the contribution of the asperity and that of the crystal be-

low the asperity, we now consider the ratio of the volume integral of the slip inside

theasperity to thatof theoverall slip in theplastic zone, i.e. ∫ � d𝐴/ ∫ � d𝐴
(at 𝑈 = 0.04 𝜇m). Fig. 7.9 shows that in all cases reported, when the asperity is
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Figure 7.9: Fraction of the amount of slip inside the asperity compared to the total slip in the plastic
zone during ploughing for different sizes and shapes of the asperity.

small, plasticity in the sub-surface plays a dominant role. When the asperity is

larger, both in width and in amplitude, such as𝑤 = 4 𝜇m, 𝐴 = 0.4 𝜇m, the asperity

contributes more to plastic deformation than the sub-surface. This is consistent

with the horizontal slip distribution in Fig. 7.8e.

7.6. Comparison with two contact models
In order to investigate what kind of asperity contact contributes more to friction,

interlocking asperities or asperities with a flat contact, the friction stress accord-

ing to our ploughing model is compared with predictions of two contact models.

The first is that of Deshpande et al. [8] who used a flat bottomed indenter on a flat

crystal, see Fig. 7.10a; the second is a flat rigid platen on a truncated sinusoidal

asperity, as studied by Dikken et al. [9], see Fig. 7.10b. In the following, we will
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refer to them as the asperity-free contact model and the asperity contact model,

respectively. In the asperity ploughingmodel introduced in the present chapter, a

sinusoidal asperity is ploughed by a rigid asperity to determine the friction stress,

see Fig. 7.10c. The displacement is assigned in a different way in three models.

In the asperity-free contactmodel, the displacement is prescribed uniformly over

a width 𝑤 of the flat surface; in the asperity contact model, the displacement is

assigned to a truncated section of width 𝑤/2 (truncated at 𝐴); in the ploughing

model, the displacement is assigned to the rigid asperity. In the latter case, the

ploughing depth is not an important parameter as we have already seen previ-

ously.

U
U

U

w ww
(a) (b) (c)

Figure 7.10: (a) Asperity-free contact model [8], (b) asperity contact model[9], (c) ploughing model.

For the same crystal properties, i.e. the same slip orientation, a source (as

well as obstacle) density and strength, Fig. 7.11 shows a comparison of the fric-

tion stress according to the three models for different asperity sizes𝑤. The figure
reveals that when 𝑤 ≤ 1𝜇m, i.e. when according to Fig. 7.8 most of the plasticity

happens in the sub-asperity, the predictions of three models are essentially in-

distinguishable. For larger 𝑤, when the asperity plays a more important role in

plasticity, the threemodels predict distinct values of the friction stress, with a size

scaling varying from roughly𝑤− . to 𝑤− .

Even thoughboth theploughingmodel and theasperity contactmodel [9] con-

tain an asperity, their results are different when𝑤 ≥ 1𝜇m. We proceed to uncover

the reasons behind this difference for 𝑤 = 4 𝜇m, the size at which a significant

difference in predicted friction stress (of a factor 50/30) is seen in Fig. 7.11. In

Fig. 7.12, curve 1 is for the ploughing model, curve 4 is for the asperity contact

model. There are three differences between the twomodels:

1. The difference in the elastic regime between the two models is caused by

the different loading. In the asperity contact model, the displacement is as-

signed uniformly to the relatively larger contact area on the top of the as-

perity, leading to a more uniform stress distribution than for the ploughing
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Figure 7.11: Comparison of the friction stress (at = . m) among the three models.
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Figure 7.12: Comparison between the ploughing model and the asperity contact model

model (cf. Fig. 7.3b). This gives rise to a larger force in the elastic regime and

smaller fluctuations in the plastic regime.

2. The ploughingmodel containsmore asperity material in which sources can

be activated than the asperity contact model, so eliminating sources in the

extra material makes the ploughing result closer to the asperity contact re-

sult (curve 1 to curve 2).

3. The asperity contact model has impenetrable obstacles along the contact

line inorder to ensure compatibilitywith theprescribedhorizontal displace-

ment. If we insert obstacles in the ploughingmodel on the sameheight, they

prevent dislocations from sliding into the extra material, and the ploughing

result (curve 3) gets even closer to the asperity contact result (curve 4).
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Thus we conclude that it is the kinematic constraints at the surface of the as-

perities in contact that make them harder than interlocking asperities.

7.7. Conclusions
The plastic ploughing of a micrometer-size sinusoidal asperity has been studied

by means of discrete dislocation plasticity in order to disclose where plasticity

happens andhow the asperity deforms plastically. Plastic flow arises from the col-

lective motion of dislocations that nucleate from Frank-Read sources which are

distributed randomly in the crystal. Ploughing is implemented through a sticking

contact to a rigid asperity that slides parallel to the surface of the substrate. The

salient conclusion of the study are:

• The force response in the plastic regime is very stochastic due to random

variations in the position and the strength of dislocation sources. As a con-

sequence, the friction force over a range of ploughing depths follows aGaus-

sian distribution. When the precise ploughing depth is unknown, the mean

value gives a reasonable estimate of the friction force caused by ploughing.

• The friction strength is inversely proportional to asperity size, that is, the

friction force 𝐹 for different sizes of a self-similar asperity is size indepen-

dent.

• When the asperity is so small that plasticity is source limited, shearing is

accommodated by plastic deformation in the crystal below the asperity. In

this regime, the predictions of the ploughingmodel and two contactmodels

are essentially indistinguishable.

• When the asperity is large, slip inside the asperity plays a dominant role in

the ploughing. For this reason, it is easier for interlocking asperities to de-

form plastically than asperities with a flat contact.
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Appendix
The computations reported in this chapter are carried out for an asperity on a rel-

atively large rectangular block. Even for the largest asperities analyzed, the width

𝑤 is two orders of magnitude smaller than the width of the block and one order of

magnitude smaller than the block height.
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In order to verify that thedimensions of theblockdonot significantly affect the

predictions, we briefly consider an asperity on a half-infinite crystal. To do so, we

make full use of the analytical (so-called, Flamant) solution for point forces on a

half infinite space (details of the solution can be found in e.g. [13]). The basic idea

is that by virtue of the separation of scales, the contact force between deformable

and rigid asperities can be regarded as point force with components 𝐹 and 𝐹 in

an infinite half space. Then, if we impose the displacement field according to the

Flamant solution as boundary conditions along the lateral and bottom sides of

the rectangular crystal, crystal sample canbe regarded as part of an infinitely large

crystal. It iswell known that the Flamant solution requires constraints tomake the

solution unique, herewe have two top corner points of the crystal fixed, i.e. on the

top surface, 𝑢 ∣ = , = = 0, 𝑢 ∣ = , = = 0, 𝑢 ∣ = , = = 0, 𝑢 ∣ = , = = 0.
The solution using these Flamant boundary conditions requires an iterative

approach (illustrated in Fig. 7.13) since the force on the asperity is determined

by the displacement boundary conditions, while the magnitude of Flamant’s dis-

placement field scales linearly with the components of the force. Tolerance of the

iteration is 1%.
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Figure 7.13: Iteration procedure in the implementation of the Flamant boundary condition.

Based on the crystal size ℎ = 50 𝜇m, 𝐿 = 1000 𝜇m, asperity size 𝑤 = 4 𝜇m,
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𝐴 = 0.2 𝜇m, Δ = 𝐴, we compare the Flamant boundary condition with the simple

boundary condition used in the main text of this chapter which is bottom side

fixed, lateral sides free. The results, shown in Fig 7.14, are not identical but in view

of the inevitable scatter in the simulation results (see Fig. 7.6a ), the use of the

computationally cheaper, simple boundary conditions is justified.
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Summary

Theoverall objectiveof thiswork is to gainabetterunderstandingof contact/friction

at micron/sub-micron length scales with an emphasis on the potential role of

size-dependent plasticity.

The roughness of natural surfaces emerges in the form of surface asperities

at length scales of micrometers or smaller, where plasticity is known to be size

dependent: smaller is harder. However, existing contact/friction models, such

as Greenwood-Williamson (GW) statistical model and its extendedmodels, Pers-

son’s contactmodel for fractal surfaces, FEMmodels, either ignore plasticity or, at

best, adopt size-independent plasticity. Therefore, there is a need to incorporate

size-dependent plasticity into contact/friction models.

The size-dependent plasticity in this work is described by two-dimensional

discrete dislocation plasticity (2D DDP), or, in three dimensions, by conventional

mechanism-based straingradientplasticity (CMSGP), given their capability ofpre-

dicting size effects and successful applications in various problems.

In 2D DDP, plasticity is the outcome of the collective motions of discrete dis-

locations, which are modeled as line singularities in an isotropic linear elastic

medium. The material lengths in the DDP framework –Burgers vector, average

source/obstacle/dislocation spacing– allow the framework to capture plasticity

size effects.

CMSGP is an extension of conventional 𝐽 plasticity theory by incorporation

of the effect of geometrically necessary dislocations (GNDs) which are related to

the plastic strain gradient. The intrinsic material length, which is on the order of

microns, endows the framework with the ability to capture plasticity size effects.

Using discrete dislocation plasticity, chapter 3, 6, 7 study the contact/friction

of a single asperity in two dimensions.

In Chapter 3, a simplified geometry (pillar) is used to study the compression of

an asperity. With increasing pillar size, the model naturally transitions from size-

dependent plasticity to size-independent plasticity. It is found that the size effect

is connected to large flow stress fluctuations and critical avalanches which can

be understood through the concept of depinning. When obstacles for dislocation

motion are much stronger than dislocation sources, depinning controls the be-

havior, leading to size-dependent yield and avalanches of plastic slip. In contrast,

135



7

136 Summary

when the dislocation source strength becomes comparable to that of the disloca-

tion obstacles, yield strength size effects are absent and plasticity avalanche dy-

namics is strongly universal.

Chapter 6 focuseson the friction strengthbetweena rigidflat andadeformable

crystal under shear. The interface is simulated by a cohesive zone while the plas-

ticity of the crystal is describedbydiscrete dislocations. It is found that the friction

strength is determined by the competition between interfacial failure and crystal

plastic deformation. The competition is influenced not only by the crystal mate-

rial property and the interfacial strength, but also by the loading rate.

Chapter 7 is devoted to the analysis of how an interlocking asperity pair de-

forms under shear. It is found that the initial ploughing depth does not have a

strong influence on the force that is needed to plastically deform the asperity. An

even more surprising result is that for different sizes of self-similar asperities, the

force that is needed to plastically deform the asperity is size independent.

InChapter 2, 4, 5, the focus is on the rough-surface contact of three-dimensional

rough surfaces.

In Chapter 2, we relax one of the key limitations –namely, asperities deform

independently– of the GW statistical model for rough surface contact. Asperity

interaction is caused by contacting asperities and is transmitted by the substrate.

The consequence is that a contacting asperity shifts neighboring asperities down

by a magnitude that depends on the distance from the contacting asperity and

themagnitude of its deformation. By computing the change of the asperity mean

height by statistical summation, it is found that asperity interaction reduces the

contact force compared to the contact force if the asperities would deform inde-

pendently. The asperity interaction effect depends on the surface characteristics:

mean radius of curvature of the asperities, the standard deviation of the surface

height, and the areal density of asperities.

However, the response of a single asperity, which is the input of the GW sta-

tistical model, is based on the size-independent 𝐽 plasticity theory. Therefore,

in Chapter 5, we provide the size-dependent single asperity response calculated

by CMSGP. The intrinsic length 𝑙 in CMSGP for asperity flattening is obtained by

comparison of a 2D simulation with DDP. It is found that the roughly linear de-

pendence of the real contact area on the normal load, predicted by the statistical

model, is universal regardless of material’s plastic property and surface rough-

ness. These characteristics only influence the slope of the roughly linear depen-

dence, i.e. the mean contact pressure. This is consistent with the findings of full-

detail FEM simulations of rough surface contact in Chapter 4. In chapter 4, also

the dependence of the asperity pressure distribution on the material properties
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and on the surface roughness is analyzed in detail.





Samenvatting

Het doel van dit proefschrift is een beter begrip te krijgen van contact en wrijving

tussenoppervlakkenop (sub-)micrometer-schaal,met denadrukopdemogelijke

rol van lengte-afhankelijke plasticiteit.

De ruwheid vannatuurlijke oppervlakken komt inde vormvan ‘asperities’, on-
effenheden met afmetingen van micrometers of kleiner. Het is bekend dat plas-

ticiteit op deze lengteschalen lengte-afhankelijk is: kleiner is harder. Bestaande

contact-/wrijvingmodellen, zoals het statistische Greenwood-Williamson-model

(GW-model) en uitbreidingen daarvan, zoals Perssons contactmodel voor frac-

tale oppervlakken en eindige-elementenmodellen, negeren plasticiteit echter, of

gebruiken lengte-onafhankelijke plasticiteit. Er is dus de behoefte om lengte-

afhankelijke plasticiteit te integreren in contact-/wrijvingmodellen.

Lengte-afhankelijkeplasticiteitwordt indit proefschrift beschrevendoor twee-

dimensionale discrete-dislocatieplasticiteit (2D DDP), en in drie dimensies door

conventionelemechanisme-gebaseerdevervormingsgradiëntplasticiteit (straingra-
dient plasticity, CMSGP), gezien hun vermogen om lengte-effecten te voorspellen

en hun succesvolle toepassingen in verscheidene problemen.

In 2D DDP is plasticiteit het gevolg van de gezamenlijke beweging van dis-

crete dislocaties die worden gemodelleerd als lijn-singulariteiten in een isotroop

lineair elastisch medium. De materiaalafhankelijke lengtes in het DDP-model –

Burgersvector, gemiddeldebron-/obstakel-/dislocatie-afstand–zorgenervoordat

lengte-effecten in plasticiteit kunnen worden voorspeld.

CMSGP is een uitbreiding van conventionele 𝐽 -plasticiteitstheorie, waarin de
effecten wordt meegenomen van geometrisch noodzakelijke dislocaties (GNDs)

die gerelateerd zijn aan de plastische-vervormingsgradiënt. Een intrinsiek mate-

riaalafhankelijke lengte, in de orde van microns groot, stelt dit model in staat om

lengte-effecten in plasticiteit te voorspellen.

Hoofdstukken 3, 6 en 7 gebruiken 2D DDP om contact en wrijving van een

enkele asperity in twee dimensies te bestuderen.

In hoofdstuk 3 wordt gekeken naar samendrukking van een asperity met be-

hulp van een versimpelde geometrie (pilaar). Als gevolg van toenemende pilaar-

grootte vertoonthetmodel opnatuurlijkewijze eenovergangvan lengte-afhankelijke

naar lengte-onafhankelijke plasticiteit. Het blijkt dat lengte-afhankelijkheid te
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maken heeft met grote fluctuaties in vloeispanning, en kritieke ‘lawines’ die ver-

klaard kunnen worden door depinning (onthechting). Wanneer obstakels voor

dislocatiebeweging veel sterker zijn dan dislocatiebronnenwordt het gedrag door

depinning bepaald, wat leidt tot lengte-afhankelijke vloei en lawines van plasti-

sche afschuiving. Als de kracht van dislocatiebronnen echter vergelijkbaar is met

die van obstakels zijn lengte-effecten in de vloeigrens afwezig en is de dynamica

van plasticiteitslawines sterk universeel.

Hoofdstuk 6 richt zich op de wrijving tussen een star vlak en een vervormbaar

kristal onder schuifspanning. Het grensvlakwordt gesimuleerdals ‘cohesive zone’
terwijl de plasticiteit van het kristal met behulp van discrete dislocaties wordt be-

schreven. Het blijkt dat de wrijvingskracht wordt bepaald door een wedloop tus-

sen breuk van het grensvlak en plastische vervorming van het kristal. Deze wed-

loop wordt niet alleen beïnvloed door de materiaaleigenschappen van het kristal

en de sterkte van het grensvlak, maar ook door de belastingssnelheid.

Hoofdstuk 7 behandelt de vervorming van een in elkaar grijpend paar asperi-

ties, wanneer dit onder schuifspanning wordt belast. Het blijkt dat de aanvanke-

lijke ploegdiepte geen sterke invloed heeft op de kracht die nodig is om een as-

perity plastisch te vervormen. Een nog verrassender resultaat is dat de kracht die

nodig is een asperity te vervormen, voor verschillende groottes zelfgelijkende as-

perities, onafhankelijk is van lengte.

Hoofdstukken 2, 4 en 5 richten zich op het drie-dimensionale contact tussen

ruwe oppervlakken.

In hoofdstuk 2 laten we een van de voornaamste beperkingen van het sta-

tistische Greenwood-Williamson-model los, namelijk dat asperities onafhanke-

lijk vervormen. Interactie tussen asperities wordt veroorzaakt door asperities die

contactmakenmet het andere oppervlak en doorgegeven door het substraat. Het

gevolg hiervan is dat een asperity die contact maakt naburige asperities naar be-

neden trekt. De grootte van dit effect is afhankelijk van de afstand tot de asperity

die contact maakt en de grootte van zijn vervorming. Door met behulp van sta-

tistische sommatie de verandering in de gemiddelde hoogte van asperities te be-

rekenen, blijkt dat de interactie tussen asperities de contact-kracht reduceert ten

opzichte van wat de contact-kracht zou zijn als asperities onafhankelijk zouden

vervormen. Het effect van asperity-interacties is afhankelijk van oppervlakeigen-

schappen: de gemiddelde krommingsstraal van asperities, de standaardafwijking

van oppervlakhoogte, en de oppervlaktedichtheid van asperities.

De respons van een enkele asperity, een invoerparameter voor het GW-model,

is nochtans gebaseerd op lengte-onafhankelijke 𝐽 -plasticiteitstheorie. Daarom
geven we in hoofdstuk 5 de lengte-afhankelijke respons van een asperity, bere-
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kend met behulp van CMSGP. De intrinsieke lengteschaal voor afvlakking van

asperities in CMSGP wordt verkregen door te vergelijken met 2D-simulaties met

DDP. Het blijkt dat de ruwweg lineaire samenhang tussen het werkelijke contac-

toppervlakte ende loodrechte belasting, zoals voorspeld door het statistischemo-

del, universeel is, ongeacht de plastische eigenschappen van het materiaal en de

ruwheid van het oppervlak. Deze kenmerken hebben alleen invloed op de helling

van de lineaire afhankelijkheid, oftewel op de gemiddelde contactdruk. Dit komt

overeen met de uitkomsten van gedetailleerde eindige-elementenberekeningen

in hoofdstuk 4. In hoofdstuk 4 wordt ook in detail gekeken naar hoe de drukver-

deling in asperities afhangt van materiaaleigenschappen en van de ruwheid van

de oppervlakken.
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