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Introduction



1 1.1. Maintenance in the process industries
Technical systems often deal with increasing wear and tear caused by usage,
age, or random shocks. If ignored, this deterioration may eventually cause a
system to fail, which can lead to high costs, system unavailability, and safety
hazards. Performing preventive maintenance can help to prevent failures and
their corresponding detriments by repairing or replacing a component before a
system breakdown occurs [1].

For many complex systems, maintenance costs can constitute a large part,
between 15 and 70 percent, of the total production costs [2]. For power plants,
up to 30 percent of the production costs is spent on maintenance [3], while this
can be up to 60 percent for manufacturing firms, with up to one third of these
costs due to unnecessary or poorly executed maintenance [4]. Therefore, it is
essential to develop efficient maintenance strategies that minimize costs, while
maximizing safety and availability.

Maintenance planning in the process industries is particularly complex for a
number of reasons. Plants often work nonstop, which implies that limited time is
available for performing maintenance, and that failures should be prevented to
avoid downtime of the equipment and loss of revenue. Furthermore, both system
breakdowns and maintenance activities can involve certain safety threats. This
stresses the importance of preventing failures, and often forces the number of
visits to be kept to a minimum.

1.2. Maintenance strategies
Common maintenance actions include replacements and repairs. While a replace-
ment changes the state of a component to as-good-as-new, a repair only improves
the current state of a component to a (stochastic) better one. Both repairs and
replacements can be performed either preventively or correctively. In case of a
preventive maintenance action, the exact timing depends on the maintenance
strategy chosen, while a corrective maintenance operation is performed after a
failure has occurred. Several maintenance strategies are available [5, 6], which are
schematically represented in Figure 1.1.

Failure-based maintenance is a purely reactive maintenance strategy, where
no preventive maintenance actions are scheduled. Instead, corrective mainte-
nance is initiated upon failure of a component. To avoid such unexpected failures,
several proactive, preventive maintenance strategies are commonly applied in
practice. Under age-based maintenance, a maintenance action is initiated preven-
tively upon reaching a certain age, or correctively upon failure, whichever occurs

2
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Predictive maintenance
● Condition-based maintenance

Preventive maintenance
● Age-based maintenance
● Block replacement

Corrective maintenance
● Failure-based maintenance

Reactive, or unplanned
maintenance

Proactive, or planned
maintenance

Maintenance

Figure 1.1. Overview of maintenance strategies (explained in [5, 6], constructed using [7]).

first. The replacement age is optimized to minimize costs or maximize availability.
Under a block replacement strategy, the complete system is preventively replaced
with a certain periodicity. A failure can initiate a corrective replacement, but does
not reschedule the next preventive replacement. For this strategy, the replacement
periodicity requires optimization. Condition-Based Maintenance (CBM) is a more
flexible, predictive strategy that intends to perform maintenance right on time.
The concept of CBM is to monitor the condition of the equipment and to base
the maintenance decisions on it. Common indicators of the system condition
include vibration, temperature, and the size and shape of metal particles that can
be detected through oil analysis.

For the process industries, it is clear from the complexity issues described in
Section 1.1 that corrective maintenance is not a suitable strategy. Failures must
be prevented rather than solved. Typically, this is achieved by applying preventive
maintenance strategies, such as age-based maintenance and block replacement.
However, to ensure that failures indeed rarely occur, such strategies should err on
the side of caution, implying that maintenance is often performed earlier than
necessary from an equipment condition point of view. CBM therefore offers a lot
of potential, especially in the process industries. It can postpone maintenance ac-
tivities, compared to preventive maintenance, while limiting failures by constantly
monitoring the condition of the equipment. Compared to classical preventive
maintenance policies, CBM is thus a more efficient policy [1, 8]. Indeed, CBM
has been proved to minimize maintenance costs, improve operational safety, and
reduce the number and severity of failures [9]. Nowadays, many process industry
companies experiment intensively with CBM, but preventive maintenance is still
the norm.

3



1 1.3. Condition monitoring and CBM
Recent developments in condition monitoring of technical systems allow mainte-
nance managers to obtain a good view on the current state of their equipment.
The information on the condition of the machinery can be obtained by either
performing physical inspections, or continuously monitoring the equipment. Al-
though complex systems are more and more equipped with condition monitoring
instruments, such as sensors, meters and computational devices [10], we observe
in practice that a mixture of physical inspections and continuous monitoring is
applied. In the process industries, the use of (Wi-Fi) sensors can be prohibited
due to safety reasons, while placing sensors may not yet be cost efficient for other
systems (e.g., large systems such as a railway network). Furthermore, effective
CBM requires a measurable parameter that correlates strongly with the onset of
failure [11], which often appears to be problematic. Gas distribution companies,
for instance, lack proper models that can link internal fouling of heat exchangers
to available process data (e.g., temperatures, flows) [12], making visual inspection
the only suitable way to appropriately determine the asset’s condition. Physical
inspections and continuous monitoring will thus continue to co-exist, certainly
for the near future.

In case physical inspections are required to reveal the system condition, a
distinction can be made between periodic and aperiodic inspections. Whereas the
periodic inspection moments are fixed in advance, and thus better facilitate the
planning and scheduling of the required personnel, tools, and spares, aperiodic
inspection moments can be set according to the condition of the equipment.
A system that is close to failure will require more frequent inspections than a
relatively new system. Aperiodic inspections are especially suitable for systems
where the number of visits should be limited due to safety issues or where an
inspection requires the system to be shut down.

The condition data obtained can be used to determine a deterioration model,
on which the maintenance strategy will be based. Several deterioration models
relevant for condition monitoring are reviewed by [13]. In general, it is assumed
that deterioration follows an increasing trend over time with random fluctuations
around that trend. Examples of degradation processes are Brownian motion
processes with drift, (compound) Poisson processes, Gamma processes, and
Markov chains with limited numbers of states.

It is commonly assumed that a failure will occur as soon as the condition
of a component exceeds the so-called failure level, which can be either fixed
or uncertain. Upon such failure, a corrective replacement is initiated, while
preventive maintenance is scheduled according to the CBM policy, for example

4
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upon reaching a certain deterioration threshold. Failures can either be noticed
immediately or require an inspection to be observed. The latter case applies
for example in a standby system or in a system where a failure does not imply a
system stop, but where the quality of the produced output is reduced.

1.4. CBM for complex systems
Systems that require maintenance typically consist of multiple components,
where different settings or levels can be considered. For example, the system
can refer to a wind farm, consisting of multiple windmills (referred to as compo-
nents), but the system can also refer to a single windmill, where the components
are given by the gearbox, generator, or blades.

For a single-component system, CBM is often successfully implemented
through a deterioration threshold; upon reaching this threshold, a maintenance
action is initiated. Such a strategy may however not result in a close-to-optimal
solution for multi-component systems, because several dependencies can exist
between these components. Indeed, it does not necessarily hold true that the op-
timal decision for one component is optimal for the complete, multi-component
system [14]. This brings us to the main objective of this thesis, which is to study
the effectiveness of CBM at the system level, taking dependencies between com-
ponents of a system into account. Therefore, we review dependence types in what
remains of this section, before discussing our contributions in Section 1.5.

Generally, it is assumed that three types of dependencies exist for systems
consisting of multiple components: structural dependence, stochastic depen-
dence, and economic dependence [15]. However, recent developments in the
maintenance literature have led to more advanced and integrated maintenance
models that better capture realistic system properties. A new distinction between
four types of dependencies is thus presented in this thesis: structural, stochastic,
resource, and economic dependence. Below, we shortly propose our new clas-
sification. In Chapter 2, more details are provided, along with examples from
practice.

1.4.1. Structural dependence

We define structural dependence as the dependence that arises from the struc-
ture of the system. This can be either from a technical point of view, or from a
performance point of view.

Originally, structural dependence was introduced as the case where mainte-
nance on one component requires maintenance on other components as well.

5
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Component 1 Component 2 Component 3

(a) Series (3-out-of-3) system

  

Component 1 Component 3Component 2

(b) 2-out-of-3 system

  

Component 1

Component 2

Component 3

(c) Parallel (1-out-of-3) system

  

Component 1

Component 2
Component 3

(d) Example of a series-parallel system

Figure 1.2. Different system configurations for a system consisting of three components.

A common example is given by a bicycle chain and a cassette, which are always
replaced simultaneously [16]. According to our classification, this is an example
of structural dependence on a technical level. Other examples arise when main-
tenance on a component prohibits, rather than requires, maintenance on other
components, e.g., due to limited space. Similarly, some maintenance activities
can prohibit the usage of other components, e.g., due to safety issues.

Alternatively, the structure of the components can also affect the system
performance. In a series configuration, each component is critical to the system,
whereas one component suffices in a parallel setting. The intermediate case is
known as a k-out-of-N system, which consists of N components of which only
k need to function. Both the series and parallel configurations can be viewed as
special cases of the k-out-of-N setting [17]. Alternatively, as a series system is
extremely prone to failures, redundant components can be installed for some of
the component types, resulting in a series-parallel system. For a system consisting
of three components, Figure 1.2 shows these possible configurations. We remark
that three different paths are possible for the 2-out-of-3 system, as any one of
these components is allowed to be in the failed state.

6
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In practice, companies often employ redundancy by installing more compo-
nents than strictly necessary. In this way, the system availability is increased, while
the risk of a system failure is reduced. We distinguish between active redundancy
(where all components are fully operational and subject to deterioration) and
standby redundancy (where the redundant components do not contribute to
the system performance, but are placed in standby) [18]. There are tree types of
standby redundancy: hot standby, warm standby, and cold standby [19]. Whereas
all components are functioning and subject to normal deterioration under hot
standby, cold standby means that the components are shut down and do not
deteriorate at all. The intermediate case is known as warm standby, where the
redundant components are functioning, but at a lower rate than when fully em-
ployed. Under standby redundancy, additional complexity arises as the switching
moments from standby to operation (and vice versa) require optimization as well.
Both the parallel and k-out-of-N systems are examples of configurations through
which (active or standby) redundancy can be employed.

1.4.2. Stochastic dependence

Stochastic dependence applies if the deterioration processes of components
are dependent on each other [20]. This type of dependence can occur in three
different ways. First, a failure of a component can have an immediate impact on
other components as well, leading to a sudden, one-time increase in deterioration
or even failure. This case is referred to as failure-induced damage. Second, a failure
of a component can increase the load to be borne by the remaining components,
thereby structurally accelerating their deterioration rate. We refer to this case as
load sharing. Third, the deterioration processes of several components can be
correlated if they operate under similar conditions. This correlation is typically
positive, indicating that a large increase in deterioration for one component is
often associated with large increases in deterioration for other components as
well (and vice versa). We refer to this case as common-mode deterioration.

1.4.3. Resource dependence

In this thesis, we introduce resource dependence as a new type of dependence.
Resource dependence can arise when several components share a set of resources,
such as maintenance workers, tools, spares, or budget. The components can also
be connected through transport options (e.g., limited space in a van to transport
resources to the plant). This requires additional decisions on how to allocate the
available resources. A limitation on the available maintenance workers, tools, or
transport options mainly imposes a restriction on the maintenance actions that
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1 can be performed simultaneously, while a fixed budget restricts the total number
of maintenance actions that can be performed. Spares are lost upon usage, which
leads to additional complexity. Typically, spares arrive after a certain lead time,
and therefore need to be ordered in advance, for which several inventory policies
can be applied. As a separate or sequential optimization of the maintenance and
inventory decisions does not necessarily lead to a globally optimal policy [21],
decisions on the maintenance and inventory strategy should be taken from an
integrated service logistics perspective.

1.4.4. Economic dependence
Economic dependence applies when combining maintenance actions on several
components yields a higher cost (negative economic dependence) or a lower cost
(positive economic dependence) than maintaining each component separately.
Negative economic dependence for example arises when additional, temporary
personnel needs to be hired to maintain multiple components at once, and thus
forms an incentive to perform maintenance actions sequentially rather than si-
multaneously. Positive economic dependence can occur if shared set-up costs are
involved for repairing or replacing one or more components. In practice, shared
set-up costs can arise from traveling to the plant, scheduling personnel, ordering
spare parts, or doing paperwork. These fixed costs are typically independent of
the number of components that are maintained, thereby posing an incentive to
combine, or cluster, maintenance actions. This process of maintaining additional
components to save on set-up costs is referred to as opportunistic maintenance.

1.5. Contribution
Over the past decades, a lot of research has been performed in the field of mainte-
nance strategies, on which a number of surveys have been written, e.g., [15, 20, 22–
26]. However, the major part of this research considers preventive maintenance
strategies rather than predictive maintenance strategies, such as CBM. Further-
more, most existing literature on CBM focuses on a system consisting of just one
component, while not much research has been performed for systems containing
two or more components, as is often the case in the process industries. To over-
come this issue, this thesis focuses on several ill-researched topics related to CBM
for various complex systems.

1.5.1. Scope
First, a detailed classification of dependencies is provided in Chapter 2, along with
a literature review on CBM. We hereby focus on the consequences of different
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types of dependencies on the optimal CBM policy structure. This chapter reveals
numerous gaps in the CBM literature, which form the basis for the remainder of
this thesis. The remaining chapters thus serve to provide insights in the optimal
policy structure for various ill-researched, complex systems and settings.

To this extent, we start off with investigating the added benefits of aperiodic
inspection moments for systems with both structural and economic dependence
in Chapters 3 and 4. This case applies to companies with internally decided
inspection moments, where inspections can involve certain costs or risks, and
should therefore only be performed if necessary. We investigate this setting for
two main system structures: a series system in Chapter 3, and a parallel system in
Chapter 4.

In the process industries, however, companies often deal with externally deter-
mined rather than internally decided inspection moments, for example because
inspections are legally forced with a certain periodicity. In the remaining chapters,
we thus focus on periodically inspected systems. Chapter 5 thereby focuses on the
joint effects of structural dependence and economic dependence, while we add
stochastic dependence (through load sharing) in Chapter 6. Both chapters con-
sider active redundancy, through a k-out-of-N setting in Chapter 5 and a parallel
setting in Chapter 6. The remaining type of dependence, resource dependence,
is investigated in Chapter 7, where we jointly optimize the (condition-based)
maintenance and inventory decisions for multiple components with a shared set
of spares.

Throughout this thesis, we apply a broad variety of methods to find the cost-
minimizing, or availability-maximizing, CBM policies. In Chapters 3 and 4, we
construct a stochastic model based on (semi-)regenerative properties of the main-
tained system state. In Chapter 5, we apply dynamic programming, and in Chap-
ters 6 and 7, we construct Markov Decision Processes. In addition, we regularly
apply simulation to compare our results with other maintenance policies. Below,
a more detailed overview of the different chapters is provided.

1.5.2. Thesis outline

As recent contributions on CBM focus more and more on complex system struc-
tures, with multiple components subject to various inter-component dependen-
cies, we found that existing classifications of these dependencies are no longer
sufficient. For that reason, we propose an extended classification scheme in
Chapter 2. In the past, a distinction was made between structural, stochastic, and
economic dependence. While we extend the notion of structural dependence
to include the case where the system performance depends on the structure of
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1 the components (e.g., a series or parallel system), we add resource dependence
as the case where multiple components share for instance a set of maintenance
workers, tools, or spares. Based on this classification, various real-life examples
are provided, and the advances made with respect to CBM are reviewed. The
implications of dependencies on the optimal CBM structure are investigated, and
current gaps in the literature are highlighted.

In Chapter 3, we consider a two-component series system subject to eco-
nomic dependence. Both the aperiodic inspection moments and the (corrective,
preventive, and opportunistic) replacements are scheduled according to deteri-
oration thresholds, which are optimized simultaneously to either minimize the
maintenance cost or maximize the system availability. Based on the analysis
in [14], a stochastic model is constructed using semi-regenerative properties of
the maintained system state. Whereas an upper bound is used by [14] for approxi-
mating the system unavailability time, we provide a more accurate approximation,
and show that this greatly influences the resulting optimal maintenance strategy.
In addition, results indicate that the CBM policy outperforms several classical
maintenance strategies (such as failure-based maintenance and block replace-
ment), which can be viewed as special cases of our CBM policy, and that including
opportunistic replacements and aperiodic inspection moments can reduce costs
substantially. In fact, a stronger degree of economic dependence will lead to more
frequent maintenance clustering.

Chapter 4 also focuses on a two-component system subject to economic
dependence, but with a parallel structure rather than a series structure. In this
setting, a component failure does not imply a system stop, but will result in some
lost revenue. This case applies for example to a factory with two production lines,
where the output is reduced if only one line is available. The stochastic model
from Chapter 3 is applied to this case, and results indicate that the parallel setting
facilitates easier generalization to systems containing three or more components.
Furthermore, we find that the insights obtained in Chapter 3 also apply to the
parallel setting considered in this chapter. Both the failure-based maintenance
and block replacement strategies are special cases of the CBM policy, and includ-
ing aperiodic inspections and clustering maintenance activities can reduce costs
significantly.

To investigate the joint effects of structural and economic dependence, a
multi-component system subject to both (active) redundancy, through a k-out-
of-N structure, and economic dependence is studied in Chapter 5. The system
is inspected periodically, and a dynamic programming model is constructed to
find the cost-minimizing replacement decisions. Results indicate that the optimal

10
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CBM policy shows non-monotonic behavior. On the one hand, preventive replace-
ments are performed to avoid (more expensive) corrective replacements, but on
the other hand corrective replacements are postponed to allow for maintenance
clustering at a later moment. Indeed, redundancy allows some components to be
left in the failed state without affecting the system performance. Classical mainte-
nance policies (such as failure-based maintenance, age-based maintenance, and
block replacement) are not able to capture this behavior, and are thus shown to
result in significantly more expensive strategies. The same holds for CBM policies
which base the replacement decisions on deterioration thresholds.

Besides achieving a high system availability, redundancy often allows the total
system load to be shared among components, thereby reducing the deterioration
rates of the functioning components. This load sharing forms an incentive to re-
place failed components as soon as possible, but the redundancy allows corrective
replacements to be postponed to allow for clustering opportunities. To investigate
this trade-off, Chapter 6 considers a multi-component system subject to active
redundancy (through a parallel structure), stochastic dependence (through load
sharing), and economic dependence. The system is inspected periodically, and
we construct a Markov Decision Process to find the cost-minimizing CBM policy.
A numerical study reveals that maintenance clustering is most beneficial for sys-
tems subject to a strong degree of economic dependence and a low degree of load
sharing, and that ignoring or misinterpreting the load sharing effects can result in
a sub-optimal maintenance policy. Such complex systems require a custom-fit
maintenance policy, and a CBM policy with deterioration thresholds does not
necessarily result in a close-to-optimal strategy.

Most studies on CBM suppose that unlimited spare parts are always available,
while in reality there may exist some time lag, also known as the lead time, be-
tween the ordering and receiving of spare parts [27]. In Chapter 7, we consider a
multi-component system subject to resource dependence through a shared set
of spares. Both the maintenance and inventory decisions are condition-based
and simultaneously optimized. To this end, we construct a Markov Decision
Process. Through a numerical analysis, we provide insights into the optimal (non-
monotonic) policy structure. We show that the (s,S) inventory policy, popular in
theory as well as practice, can be far from optimal, as well as a separate optimiza-
tion of the maintenance and inventory decisions for each component. Significant
cost savings can thus be obtained by performing a system-wide optimization, and
basing both the maintenance and inventory decisions on the system’s condition.

In Chapter 8, we provide an overview of the insights that we obtained, and
use these to construct general guidelines for performing maintenance on complex
systems. In addition, we provide recommendations for future research.
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Abstract
Condition-based maintenance (CBM) has received increasing attention in the
literature over the past years. The application of CBM in practice, however, is lagging
behind. This is, at least in part, explained by the complexity of real-life systems as
opposed to the stylized ones studied most often. To overcome this issue, research is
focusing more and more on complex systems, with multiple components subject to
various dependencies. Existing classifications of these dependencies in the literature
are no longer sufficient. Therefore, we provide an extended classification scheme.
Besides the types of dependencies identified in the past (economic, structural, and
stochastic), we add resource dependence, where multiple components are connected
through, e.g., shared spares, tools, or maintenance workers. Furthermore, we extend
the existing notion of structural dependence to include the case where the system
performance depends on the structure of the components (e.g., a series or parallel
structure). We review the advances made with respect to CBM. Our main focus is
on the implications of dependencies on the structure of the optimal CBM policy. We
link our review to practice by providing real-life examples, thereby stressing current
gaps in the literature.

16



2

C
B

M
p

o
li

ci
es

fo
r

co
m

p
le

x
sy

st
em

s:
a

re
vi

ew

2.1. Introduction
Complex systems are more and more equipped with condition monitoring in-
struments such as sensors, meters, and computational devices [1]. In addition,
optimization techniques have greatly improved, and research on Condition-Based
Maintenance (CBM) policies has received increasing attention over the past years.
Nevertheless, implementation of CBM policies in practice is lagging behind. Sys-
tems often consist of many components, where different inter-component de-
pendencies can exist that affect the availability of the complete system. To this
extent, current research on CBM is focusing more and more on complex system
structures and dependencies.

Maintenance policies for multi-component systems have been reviewed in the
past by many authors, including [2–6], while CBM strategies have been considered
in [6]. More recently, a review on joint maintenance and inventory optimization
was written by [7], focusing on articles that optimize both types of decisions.
Despite the increasing interest for CBM policies for complex systems in both
theory and practice, no recent literature review exists on CBM policies for multi-
component systems subject to different types of dependencies.

Existing literature overviews usually distinguish three types of dependencies
(structural, stochastic, and economic) [4, 6, 8]. Structural dependence applies for
instance when the repair or replacement of a component requires some other
components to be dismantled or replaced as well. Stochastic dependence means
for example that the deterioration process of one component is (partly) dependent
on the state of one or more other components. Economic dependence applies
when the combined maintenance of several components leads to a different cost
than maintaining each component separately.

Due to recent developments in the maintenance literature, however, the above
classification is no longer sufficient. We noticed an increased interest in other
types of dependencies. For that reason, we distinguish four types of dependencies
in this overview: structural, stochastic, resource, and economic dependence.
Whereas stochastic and economic dependence have been considered before, we
extend the notion of structural dependence by distinguishing between structural
dependence from a technical point of view and from a performance point of view.
In addition, we define a new type of dependence: resource dependence. Resource
dependence applies when multiple components rely on (for example) a shared
set of spares or tools, or a limited number of maintenance workers.

In this chapter, we provide an extensive literature overview on CBM policies
for multi-component systems which incorporate at least one of the above depen-
dencies. In addition, we make a strong link to practice by providing examples
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in which these dependencies occur, thereby stressing current gaps in the liter-
ature. Throughout this chapter, we focus on a system that consists of multiple
components, where the system can for example refer to a wind farm, consisting of
multiple windmills (referred to as components), but can also refer to a single wind-
mill, where the components are, e.g., the gearbox, generator, or blades. Where
needed, we indicate to which types of systems our findings apply. Despite recent
developments that allow components to be monitored continuously, we observe
in practice that certain components still require a physical inspection. Even if
a system is monitored continuously, sometimes intervening for maintenance is
only possible at discrete points in time. For that reason, we distinguish between
articles that consider (a)periodic decision moments, and articles that allow main-
tenance decisions to be made at any moment in time. We focus in this review
on the structure of the CBM policy that is applied to systems with different types
of dependencies, which performance depends heavily on these dependencies.
Our main contributions are that we propose a new, practice-based classification
of dependencies, that we provide the first complete review on CBM policies for
systems with these different types of dependencies, and that we locate gaps in the
literature that require further research to enable a successful implementation of
CBM in practice.

The remainder of this chapter is organized as follows. We discuss the existing
contributions on CBM policies for systems with different types of dependencies.
We start with the structural, static configuration of a system and its influence on
the technical aspects and the system performance (i.e., structural dependence)
in Section 2.2. Next, we consider the deterioration processes of the different
components and their possible dependencies (i.e., stochastic dependence) in
Section 2.3. Before maintenance can be performed, certain resources (such as
spares or personnel) are required, which can impose restrictions on the execution
of maintenance actions (i.e., resource dependence). The consequences of this
type of dependence are investigated in Section 2.4. Finally, when performing
maintenance, cost structures can influence the optimal maintenance policy (i.e.,
economic dependence). This type of dependence is investigated in Section 2.5. In
these sections, we define the type of dependence, provide some examples from
practice, and show the different policy structures that are described in the liter-
ature. Next, to investigate the interactions between different dependencies, we
consider the articles that combine at least two types of dependencies in Section
2.6, along with the implications on the optimal maintenance policy structure. Sec-
tion 2.7 concludes the chapter and summarizes the current gaps in the literature,
thereby stressing the relevance of those gaps using examples from practice.
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2.2. Structural dependence
Structural dependence concerns the structural, static relationships between differ-
ent components. Originally, structural dependence was focusing on the situation
where the replacement of a certain component requires the dismantling or re-
placement of other components [4, 6, 8]. Related to this notion, the case in which
a component is stopped due to failure or maintenance of another component
is considered in [9]. However, more situations exist in which components are
dependent through the physical structure of the system. For that reason, we dis-
tinguish between structural dependence from a technical point of view (referred
to as technical dependence) and from a performance point of view (referred to
as performance dependence), as further explained below. Table 2.1 lists all con-
tributions on CBM for multi-component systems which are subject to structural
dependence.

2.2.1. Technical dependence

A certain technical system configuration can result in maintenance or usage
restrictions. Two types of maintenance restrictions can be distinguished: main-
tenance on a certain component can either require or prohibit maintenance on
other components. An example of the former can occur when replacing the cas-
sette on a bike, which may also require the chain to be replaced. Another example
concerns the tires of an airplane, which are required to have the same thickness
and are thus replaced jointly. Furthermore, reaching a component that needs
maintenance can require the disassembly of other components that are block-
ing the access. As a result, these components can be damaged, thus requiring
their replacement as well. To date, no research has been performed on CBM for
multi-component systems where maintenance on a certain component requires
maintenance on other components. Sometimes, simultaneous replacement of
certain components is not possible, or only to a limited extent, because of limited
space to operate (e.g., in submarines). The situation where certain components
cannot be maintained together is studied by [9], via a penalty cost structure. A
sufficiently high penalty will prevent simultaneous maintenance of the involved
components, and limit the possible maintenance scenarios.

Alternatively, a failure of or maintenance on a component can have conse-
quences for the execution of activities by other components, which need to be
halted. We refer to this as usage restrictions. One example concerns maintenance
on a certain component that requires welding. The sparks generated can set off
an explosion if other components are active. These components then need to be
temporarily shut down. Another example concerns the processing of milk, where
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Table 2.1. Summary of contributions on CBM that consider structural dependence.

Contri-
bution

Structural dependence CBM policy structure Decision moments

[12] Performance: series No predetermined structure Periodic: fixed
[13] Performance: series Thresholds for preventive

imperfect repair (optimize) and
preventive replacement (fixed)

Periodic: fixed

[14] Performance: series-
parallel-series

Threshold for preventive
imperfect repair

Continuously

[15] Performance: series Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[16] Performance:
arbitrary structure

Thresholds for maintenance
initiation (fixed)

Periodic: fixed

[9] Technical:
maintenance

No predetermined structure
(compared with threshold for
preventive replacement)

Periodic: fixed

[17] Performance: series Thresholds for preventive
imperfect repair and preventive
replacement

Periodic: optimize
interval

[18] Performance: series-
parallel (cold standby)

Thresholds for opportunistic
replacement and preventive
replacement

Continuously

[19] Performance:
arbitrary structure

Threshold for preventive
replacement

Continuously

[20] Performance: cold
standby

Threshold for preventive
imperfect repair (fixed, combined
with BR)

Continuously

[21] Performance:
subsystems in series

Thresholds for maintenance
initiation and ceasing on
subsystem

Periodic: fixed

[22] Performance: series No predetermined structure Periodic: fixed
[23] Performance: series Thresholds for opportunistic

replacement and preventive
replacement

Continuously

[24] Performance: series or
parallel

Threshold for preventive
replacement

Continuously

[25] Performance: series No predetermined structure
(compared with threshold for
preventive replacement)

Aperiodic: optimize
next inspection
moment

[26] Performance:
k-out-of-N

Thresholds for opportunistic
replacement and preventive
replacement

Periodic: optimize
interval

[27] Performance: series or
parallel

Thresholds for opportunistic
replacement (fixed) and
preventive replacement

Continuously

Continued on next page
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Table 2.1 – continued from previous page

Contri-
bution

Structural dependence CBM policy structure Decision moments

[28] Performance: series Threshold for preventive
replacement

Periodic: optimize
interval, or inspect
each time unit

[29] Performance: series No predetermined structure
(clustering through time
windows)

Continuously

[30] Performance: series-
parallel

Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[31] Performance: series or
parallel

Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

[32] Performance:
cold/warm standby

Thresholds for switch from cold
to warm standby and system
replacement

Continuously

[33] Performance: series-
parallel

Threshold for maintenance
initiation, use yield-cost
importance measure to decide on
which components to replace

Continuously

[34] Performance: series or
parallel

Threshold for preventive
replacement

Periodic: optimize
interval

[10] Technical: usage, and
performance:
arbitrary structure

Threshold for preventive
replacement (also initiate
corrective replacements upon
critical component failure)

Periodic: optimize
interval

[35] Performance: series Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[36] Performance: series Thresholds for opportunistic
replacement and preventive
replacement (time-dependent)

Periodic: fixed

[37] Performance: series Thresholds for opportunistic
replacement and preventive
replacement

Periodic: optimize
interval

[38] Performance: series Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

[39] Performance: series Threshold for preventive
replacement

Periodic: optimize
interval

[40] Performance:
k-out-of-N

Thresholds for maintenance
initiation, opportunistic
replacement, and preventive
replacement

Periodic: optimize
interval

[41] Performance: series Threshold for preventive
replacement (fixed)

Aperiodic: find near-
optimal inspection
moments

Continued on next page
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Table 2.1 – continued from previous page

Contri-
bution

Structural dependence CBM policy structure Decision moments

[11] Technical: usage, and
performance:
arbitrary structure

Threshold for maintenance
initiation, then determine group
to replace

Periodic: optimize
interval

[42] Performance: parallel Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[43] Performance: series Threshold for preventive
replacement (combined with
ABM)

Continuously

[44] Performance: series Threshold for preventive
replacement (combined with
ABM)

Continuously

[45] Performance: series-
parallel

Thresholds for opportunistic
imperfect repairs (restoring to
different states) and preventive
replacement

Periodic: fixed

[46] Performance: parallel Threshold for preventive
replacement and probability
thresholds for grouping
replacements

Periodic: optimize
interval for each
component
separately

[47] Performance:
k-out-of-N

No predetermined structure
(compared with threshold(s): for
(opportunistic replacement and)
preventive replacement)

Periodic: fixed

[48] Performance: parallel No predetermined structure
(compared with threshold for
preventive replacement)

Periodic: fixed

different processes have to take place shortly after each other, and all related com-
ponents (such as dryers and mixers) are coupled via pipelines. One possibility
to deal with this dependence is by including stock keeping possibilities between
consecutive processes. Otherwise, in such a system, a component failure can
cause other components to be idle as well, as studied by [10, 11].

2.2.2. Performance dependence
The system performance is determined by both the performance of the compo-
nents and their configuration within the system. The system configuration can
have huge consequences for the structure of the CBM policy to be used. Hereafter,
we briefly describe some of the main structures found in practice using a well-
known classification from system reliability/availability literature [49], where a
central role is played by the concept of redundancy.
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Series system In a series system, each component is critical for the perfor-
mance of the system. The implications for the optimal maintenance policy can
be two-fold. On the one hand, the failure of a single component can lead to high
unavailability costs, so maintenance actions are performed at a relatively early
stage to prevent downtime. From Table 2.1, we observe that the majority of the
literature on series systems implements CBM through one or more thresholds,
where a maintenance action is initiated as soon as the component condition ex-
ceeds the corresponding threshold. These thresholds can be set lower to intervene
at an earlier stage, and are generally optimized to find a cost-efficient policy. On
the other hand, the series structure can imply that the complete system may have
to be stopped to perform maintenance on a certain component as discussed in
Section 2.2.1. This offers a maintenance opportunity for the other components,
which can be implemented through a high set-up cost for maintenance, and
can be seen as a special case of economic dependence, discussed in Section 2.5.
Most contributions listed in Table 2.1 ignore this aspect, assuming instantaneous
replacements. In [29], maintenance opportunities are incorporated through a
maintenance time window. As soon as a component requires maintenance, a
combined maintenance action is performed on all components that are expected
to require maintenance within a certain time window. By extending this time win-
dow, more maintenance actions will be clustered, and downtime will be prevented.
The authors aim at finding the optimal time window length.

Parallel system When system unavailability should be prevented due to, e.g.,
a high unavailability cost or safety issues, redundancy can be incorporated by
placing components in parallel. In case of a parallel setting, only one component
needs to function, where any other component failure is typically assumed to
have no impact on the system performance. Maintenance actions can thus be
performed at a relatively late stage. Similar to the series configuration, the CBM
policy is typically implemented using thresholds, which can be set higher to
decrease the maintenance frequency.

In practice, however, a system with a parallel configuration can suffer from a
component failure, even if the system is still functioning. Consider for example a
ship with four engines. If one of the engines breaks down, the ship can continue,
but at reduced speed. Rather than only incurring a downtime cost at the system
level, as is common in literature, one can also include a downtime cost at the
component level. This is for example done by [42], where each component incurs
its own downtime cost (see also Chapter 4).
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Combinations of series and parallel systems A series-parallel system is studied
by [18, 30, 33, 45], where multiple subsystems are placed in series, each consist-
ing of multiple components in parallel. In [14], a series-parallel-series system is
considered, where each parallel component is replaced by multiple components
in series. Whereas repair or replacement thresholds are used by [14, 18, 30, 45],
maintenance is initiated when the system reliability drops below a certain thresh-
old in [33]. The latter uses a yield-cost measure to decide which components to
replace.

k-out-of-N system A k-out-of-N system consists of N components, and func-
tions as long as at least k components function. Both series and parallel systems
are special cases of the k-out-of-N system, and can be obtained by setting k
equal to N or 1, respectively [50]. Such a k-out-of-N system is considered by
[26, 40, 47] (see also Chapter 5). As these contributions also incorporate economic
dependence, we discuss the corresponding policies in Section 2.6.

Arbitrary structure In practice, systems can consist of components in various
structures, varying from a simple series system to a complex combination of com-
ponents in parallel and series. Whereas most contributions in Table 2.1 focus on a
specific structure, such as series, parallel, or k-out-of-N , no fixed structure is as-
sumed by [10, 11, 16, 19]. Instead, the components are allowed to be placed in any
setting. A complex system structure is considered in [10, 11], which can contain
several subsystems with components in series. Similar to a pure series structure,
this setting can result in a technical dependence. If one of these components is
shut down, due to maintenance or failure, the dependent components become
idle and are no longer subject to deterioration. Although the influence of this
assumption on the resulting maintenance policy is not investigated by [10, 11],
ignoring it can lead to an overestimation of the deterioration rates. Maintenance
is then required less often than expected.

Redundancy Redundancy means that more components are installed than nec-
essary, and is often employed in practice to increase system availability. Two types
of redundancy exist: active redundancy and standby redundancy [51]. Under
active redundancy, all components are used and contribute to the performance of
the system, whereas under standby redundancy, the standby components do not
contribute to the system performance until they are activated. Different types of
standby redundancy can be distinguished: hot standby, warm standby, and cold
standby [32]. Hot standby means that the redundant components can be switched
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on at any moment, so they are active and subject to failure when standby. Alterna-
tively, components can be placed in cold standby, where standby components are
shut down and do not deteriorate at all. The intermediate case is known as warm
standby, where a standby component is deteriorating at a lower rate than when it
is fully active. Most contributions listed in Table 2.1 consider active redundancy.
(Cold) standby redundancy is investigated by [18, 20, 32]. This type of redundancy
involves additional complexity, as the decision on when to switch components
from standby to operation requires optimization as well. In [18, 20], it is assumed
that a standby component can be switched to operation instantaneously, without
additional cost. In [32], however, a standby component needs to be switched from
cold standby to warm standby (which takes some fixed amount of time), before
it becomes active. A two-component system is considered, where a threshold
is used on the operational component to decide when the standby component
needs to be switched from cold to warm standby. Results indicate that a larger
warmup period leads to a lower switching threshold.

As an alternative to adding redundant components, companies sometimes
own a complete redundant system in practice. This standby system is for example
an older version of the current system, that is kept in case the new system is shut
down for maintenance. Typically, this redundant system is kept in cold standby
and therefore requires a start-up time, after which it performs at a lower rate than
the new system, resulting in some lost revenue. The downtime cost, however,
would be significantly higher without the redundant system. The structure of the
CBM policy for such a setting has not yet been studied.

2.3. Stochastic dependence

Stochastic dependence means that the deterioration or failure processes of com-
ponents are (partially) dependent. Table 2.2 provides an overview of the contribu-
tions considering stochastic dependence. This type of dependence can occur in
different ways, which are discussed below.

2.3.1. Failure-induced damage

The failure of one component can cause a major, one-time damage on other com-
ponents, leading to an immediate increase of the deterioration level or even an
immediate failure of these components. For example, a propeller can come loose
of an airplane and pierce the fuselage, causing tremendous additional damage
and safety risks. Both [52] and [55] (where the latter is a more generalized version
of the former) consider a two-component system where component 1 is subject

25



2

Table 2.2. Summary of contributions on CBM that consider stochastic dependence.

Contri-
bution

Stochastic dependence CBM policy structure Decision moments

[14] Load sharing
(failure-based)

Threshold for preventive
imperfect repair

Continuously

[52] Failure-induced
damage

Threshold for preventive
replacement (combined with
ABM)

Continuously

[24] Common-mode
deterioration

Threshold for preventive
replacement

Continuously

[28] Failure-induced
damage

Threshold for preventive
replacement

Periodic: optimize
interval, or inspect
each time unit

[31] Common-mode
deterioration

Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

[34] Common-mode
deterioration

Threshold for preventive
replacement

Periodic: optimize
interval

[53] Load sharing
(failure-based)

No predetermined structure Periodic: fixed

[37] Load sharing
(degradation-based)

Thresholds for opportunistic
replacement and preventive
replacement

Periodic: optimize
interval

[39] Common-mode
deterioration

Threshold for preventive
replacement

Periodic: optimize
interval

[38] Common-mode
deterioration

Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

[54] Load sharing
(failure-based and
degradation-based)

Thresholds for preventive
imperfect repair and preventive
replacement

Periodic: optimize
interval

[55] Failure-induced
damage

Threshold for preventive
replacement (combined with
ABM)

Continuously

[56] Load sharing
(failure-based)

Thresholds for opportunistic
replacement and preventive
replacement

Continuously

[46] Common-mode
deterioration

Threshold for preventive
replacement and probability
thresholds for grouping
replacements

Periodic: optimize
interval for each
component
separately

[48] Load sharing
(failure-based)

No predetermined structure
(compared with threshold for
preventive replacement)

Periodic: fixed

[57] Load sharing
(degradation-based)

Threshold for preventive
replacement

Aperiodic: reliability
threshold for next
inspection moment
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to random failures, each causing damage on component 2. A combined CBM
and Age-Based Maintenance (ABM) policy is applied to these components: the
complete system is replaced as soon as the accumulated damage on component 2
exceeds a preventive replacement threshold, or when the system reaches a certain
age. In fact, these contributions study a single component that is subject to CBM,
as component 1 is minimally repaired upon each failure. The results indicate that
a pure CBM or a pure ABM strategy both result in a close-to-optimal solution.

Furthermore, a multi-component system is studied in [28], where a compo-
nent failure can lead to failures of other components according to three different
scenarios: no damage is caused and only the failed component requires a re-
placement, the component failure causes one other component to be replaced
as well, or the component failure leads to a complete system replacement. Each
scenario occurs with a given probability. CBM is implemented through a deterio-
ration threshold for a preventive replacement, but no insights are provided on the
influence of the stochastic dependence on the optimal policy.

2.3.2. Load sharing

Multiple components can share the total system load. If a component fails, the
system keeps operating but the remaining components structurally need to work
harder to realize the same output level. The failure of a component thus increases
the load on the working components, which will hence deteriorate faster. In
practice, this applies for example to a set of pumps that are used to distribute
a certain amount of gas. We refer to this type of load sharing as failure-based
load sharing. The simplest form of such load sharing is considered by [53, 56],
where each component can be subject to two deterioration processes (normal
and accelerated). Upon failure of a component, the remaining components will
deteriorate according to the accelerated deterioration process, until maintenance
is performed. Results indicate that the costs from ignoring this stochastic depen-
dence increase significantly with both the number of components and the degree
of dependence. In [14, 48], more than two deterioration rates are distinguished.
The deterioration rates are assumed to depend on the number of functioning
components. Whereas thresholds are used in [14] to decide on when to perform
preventive imperfect repairs, a dynamic policy structure is considered by [48],
which is shown to outperform a single preventive replacement threshold policy.
Furthermore, results indicate that preventive replacements should be performed
at an earlier stage for a system with a strong degree of load sharing (see also
Chapter 6).
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Apart from failure-based load sharing, component deterioration can also
increase the load on the other components. We refer to this as degradation-based
load sharing. For example, a system consisting of N components is considered
in [57], where the deterioration rate of component N depends on the states of
components 1 to N −1 (which deteriorate independently). Furthermore, a two-
component system of which the deterioration rates depend on the states of both
components is studied by [37]. In both articles, thresholds are used for scheduling
maintenance actions. Results indicate that the stochastic dependence should be
included in the model, as ignoring this aspect will result in a significantly more
expensive maintenance policy.

In [54], both failure-based and degradation-based load sharing are considered,
for a system consisting of a number of critical and non-critical components. The
failure of a non-critical component will accelerate the deterioration of a critical
component (failure-based load sharing), while the deterioration rate of a critical
component also depends on the state of all critical components (degradation-
based load sharing). The model is limited, however, in that imperfect repairs
and replacements are only performed on the complete system. Such a system
replacement is performed as soon as the sum of the deterioration levels of the
components exceeds the corresponding thresholds.

For failure-based load sharing, we can conclude that the load sharing effect
imposes an incentive to prevent failures. Preventive replacements should thus be
performed relatively early. For degradation-based load sharing, this effect is even
stronger. Preventive replacements become more rewarding, due to the incentive
to keep components relatively new.

2.3.3. Common-mode deterioration

Several components can fail or deteriorate simultaneously, due to, e.g., similar
working conditions. Such correlation is usually positive, indicating that an in-
crease in deterioration for one component is often associated with an increase in
deterioration for the other components (and vice versa). If the weather is nice, for
example, all windmills of a farm are subject to relatively little deterioration, while a
heavy storm could cause damage on the blades of multiple windmills at the same
time. In line with [4, 8, 49], we refer to this type of dependence as common-mode
deterioration. Alternatively, an example of common-mode failures concerns mul-
tiple components that share a common power supply, like electrical equipment at
home. In [39], a system consisting of one independent component and multiple
dependent components is considered. The deterioration rates of the dependent
components are affected by environmental factors, like temperature, which are
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in turn affected by the state of the independent component. In [38], a system is
considered where shocks occur that can affect all components. Both contribu-
tions schedule complete system replacements based on a preventive replacement
threshold, but neither investigate the effect of the stochastic dependence on the
resulting policy.

A bivariate degradation process is used by [24, 34] for a two-component sys-
tem. The degree of stochastic dependence in these models is described by the cor-
relation coefficient of this process. Both contributions implement CBM through
a preventive replacement threshold. For a given threshold policy, ignoring the
stochastic dependence can lead to an under- or over-estimation of the corre-
sponding costs [24], thus stressing the importance of incorporating the stochastic
dependence.

Correlation between deterioration processes can also be incorporated by using
copulas (see e.g. Chapter 5 of [58]), as done in [31, 46]. Whereas the effects of the
stochastic dependence in [31] are intertwined with the structure of the system
(series or parallel), economic dependence is incorporated in [46]. We therefore
discuss these contributions in Section 2.6.

2.4. Resource dependence

In this review chapter, we introduce resource dependence as a new type of depen-
dence. Maintenance actions can only be scheduled if the required resources, such
as spares or tools, are available. Resource dependence arises for example when
several components are connected through a shared, limited set of spares. As a
consequence, maintenance optimization is required on the system level rather
than on the component level. Table 2.3 provides an overview of the existing contri-
butions addressing this type of dependence. Below, we address the different forms
of resource dependence in detail, along with the implications for the structure
of the corresponding CBM policy. A very general type of resource dependence is
considered in [9], where it is assumed that maintenance activities require certain
resources that are consumed during the activity (similar to spares). New resources
will arrive at given time instances, and the CBM model is optimized given the
restrictions following from the currently available set of resources.

2.4.1. Maintenance worker restrictions

In practice, companies often assign a team (consisting of one or more mainte-
nance workers) that is responsible for performing all maintenance tasks. Each
maintenance activity typically requires at least one maintenance worker, and thus
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Table 2.3. Summary of contributions on CBM that consider resource dependence.

Contri-
bution

Resource dependence CBM policy structure Decision
moments

[14] Limited number of
maintenance workers

Threshold for preventive imperfect
repair

Continuously

[59] Limited set of spares Threshold for preventive
replacement

Periodic: fixed

[9] Limited pool of
resources (such as
tools, parts, personnel)

No predetermined structure
(compared with threshold for
preventive replacement)

Periodic: fixed

[60] Limited set of spares Threshold for preventive
replacement

Periodic: optimize
interval

[61] Limited set of spares Threshold for preventive
replacement (fixed)

Periodic: fixed

[20] Limited number of
maintenance workers

Threshold for preventive imperfect
repair (fixed, combined with BR)

Continuously

[62] Limited set of spares Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

[27] Limited number of
maintenance workers

Thresholds for opportunistic
replacement (fixed) and preventive
replacement

Continuously

[33] Limited number of
maintenance workers

Threshold for maintenance
initiation, use yield-cost importance
measure to decide on which
components to replace

Continuously

[63] Limited set of spares No predetermined structure Periodic: fixed

the number of maintenance activities that can be performed simultaneously is re-
stricted by the number of maintenance workers that are available. In the simplest
case, a fixed number of maintenance workers is available, and one maintenance
worker is required for a single maintenance activity. Under a CBM policy, this case
is investigated for a single maintenance worker by [20, 33]. A two-component
system is studied by [20], where a preventive replacement threshold is used to
decide when a component is replaced. If a component reaches this threshold and
the maintenance worker is not available (i.e., is working on the other component),
then the system is shut down until maintenance on the other component is com-
pleted. In practice, however, downtime should be prevented whenever possible,
for instance by letting the component continue to work in the deteriorated state
until the maintenance worker is available. In [33], a single maintenance worker
is considered in a multi-component system, under the assumption that mainte-
nance actions are performed sequentially rather than simultaneously. A situation
with multiple maintenance workers is considered by [14]. A restriction is imposed
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on the set of possible actions: maintenance can only be performed if sufficient
maintenance workers are available. In this way, unnecessary downtime of the
system is prevented. Different cases are considered in [27]: without maintenance
worker constraints, with a single maintenance worker, and with multiple exter-
nal maintenance workers with a certain response time. Also here, unnecessary
downtime is prevented as components are not shut down immediately upon
requiring maintenance. As the effects of the different limitations on maintenance
workers are heavily intertwined with the economic and structural dependence in
the system, we discuss these articles in more detail in Section 2.6, where the joint
effects of multiple dependencies are discussed.

The number of available maintenance workers can vary over time rather than
being fixed. Certain preventive replacements or repairs can then be postponed
until more maintenance workers are available. Additionally, one maintenance
worker could be able to perform certain preventive repairs (think of lubrication or
replacing a filter), while a corrective replacement of a component could require
more than one maintenance worker. This has not been investigated yet in a CBM
setting.

So far, we focused on the number of workers, implicitly assuming that all work-
ers can execute all maintenance activities. However, in practice there are many
examples where workers can only deal with a subset of all activities. Especially
in case of CBM with dependencies between the different components, usually
resulting in more uncertainty with respect to which activities have to be executed,
this may result in further restrictions. As far as we know, so far no attention has
been paid to this aspect in the context of CBM policies.

2.4.2. Tool restrictions

A different example of resource dependence arises when a limited set of tools is
present. This case shows much resemblance with that of maintenance worker
restrictions, but additional complexity arises when certain jobs require a specific
combination of tools. The maintenance activity can then only be performed if
all these tools are available. In case a single tool is required for multiple jobs,
a decision has to be made with respect to the order in which the components
receive maintenance. This will complicate the maintenance model significantly.
So far, these restrictions have not yet been investigated under a CBM strategy.

2.4.3. Spares restrictions

A complicated type of resource dependence arises when multiple components
share spares. Whereas the set of tools or team of maintenance workers is not
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affected by the activities performed, a spare is used and therefore lost upon usage.
Although the majority of the maintenance literature assumes that spares are
always available, in practice spares typically arrive after a certain lead time, and
thus need to be ordered in advance. Additional decisions, such as when to order
spares, require optimization as well. Several types of inventory policies can be
used. An (s,S) type inventory policy is applied by [59, 60], where an order for
up to S spares is placed as soon as the inventory position (number of spares on
hand plus on order) drops below s. In these contributions, s and S are regarded
as decision variables. Results indicate that, for a larger lead time, costs can be
reduced by stocking more spares, thus increasing s and S. A continuous review
(s,Q) policy is applied by [62], where an order for Q spares is placed as soon as the
inventory position drops below s. In this case, s and Q are the decision variables
for the inventory policy, but the influence of the lead time on these variables is
not investigated. In [61, 63], the inventory decisions are optimized at the start
of each time unit, without using a predetermined inventory policy structure. An
(s,S) type inventory policy is not necessarily optimal [63]. Instead, the ordering
decisions can be condition-based, similar to the maintenance decisions, where
spares are only ordered once components are sufficiently deteriorated (see also
Chapter 7).

In [61, 62], the inventory decisions are optimized for a given CBM policy with
a predetermined threshold for a preventive replacement. However, a separate
or sequential optimization of the maintenance and inventory decisions will not
necessarily lead to a globally optimal policy [7]. For that reason, these decisions
are jointly optimized in [59, 60, 63]. A separate optimization at the component
level can be much more expensive, as pooling opportunities for spares are not
taken into account [63].

A related type of resource dependence arises when components are not lost
upon failure, but can be restored to a functioning state. Rather than ordering new
spare components, a decision needs to be made on when to overhaul the failed
component. Such an overhaul does not necessarily restore the component to
the as-good-as-new state, but is typically more cost efficient than ordering a new
component. No research has been performed yet on overhauling components in
a CBM setting.

2.4.4. Transport restrictions

Maintenance workers, tools, and spares need to be transported to the location
where the maintenance activities have to be executed. This can be done in, e.g., a
van or a vessel. Such means of transportation often have limited space available
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to carry the required men, tools, and spares. Priority rules are thus required
to decide in advance how to allocate this space. An example can be found in
a repair center for, e.g., copiers. These copiers are typically located in various
offices, and are collected by a repairman using a van. Another example concerns
a repairman who visits customers with a van with the required tools and parts.
Specific maintenance jobs require specific tools or spares, but the repairman
usually does not know in advance which jobs need to be performed. Also this type
of resource dependence is not yet studied in a CBM setting.

2.4.5. Budget restrictions

Apart from the resources considered so far, related to the actual execution of
maintenance activities, a monetary budget is required for the latter. Many dif-
ferent types of budget restrictions can be found in practice, varying from lumpy
sum type of budgets for a complete year up to monthly budgets for each of the
resources discussed in this section. As far as we know, no attention has been paid
to this important resource limitation in the context of CBM.

2.5. Economic dependence

Given the structural, stochastic, and resource dependencies between components,
the next step is to schedule the maintenance actions. The costs related to a
certain maintenance policy can thereby be influenced by the degree of economic
dependence. Economic dependence means that combining maintenance on
multiple components is either more expensive (negative economic dependence) or
less expensive (positive economic dependence) than maintaining each component
separately. Below, we discuss the different ways in which negative and positive
economic dependence are currently implemented in the CBM policy literature.

2.5.1. Negative economic dependence

A system is subject to negative economic dependence when maintaining several
components simultaneously leads to higher costs than maintaining them sep-
arately. According to [6], such negative economic dependence can be present
in systems with manpower restrictions, safety requirements, or production-loss,
which is usually incorporated by imposing restrictions in the maintenance model.
However, such restrictions are examples of structural dependence or resource de-
pendence, as discussed in Sections 2.2 and 2.4, respectively. A suitable example of
negative economic dependence is given by a company that needs to (temporarily)
hire additional staff or rent additional tools to simultaneously maintain multi-
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ple components. The maintenance costs can then be incorporated as a convex
function of the number of components that receive maintenance. Another exam-
ple where negative economic dependence occurs in practice, is when multiple
maintenance workers need to operate in a limited space. They will start block-
ing and irritating each other, thereby increasing the probability of human errors.
This problem, among others, arises in turn-arounds, where numerous mainte-
nance jobs are performed simultaneously. To the best of our knowledge, however,
negative economic dependence has not yet been studied in a CBM setting.

2.5.2. Positive economic dependence

Positive economic dependence occurs for example when high costs are involved in
traveling to the location where maintenance activities have to be executed (think
of windmills at sea), or shutting down and restarting an oil refinery to perform
maintenance. In the maintenance literature, this dependence is often modeled as
a set-up cost that needs to be paid once if maintenance is performed, independent
of the number of components that receive maintenance. Typically, this set-up cost
is independent of the system structure, the type of maintenance that is performed,
and time. However, when a system consists of several subsystems or component
types, a distinction can be made by including multiple set-up costs. In [64, 65],
for example, a system set-up cost is included along with a separate set-up cost
for each component type or subsystem, respectively. This case is also referred
to as a hierarchy of set-ups [6]. Similarly, a distinction can be made between the
type of maintenance that is performed. An inspection, a preventive replacement,
and a corrective replacement could for example each incur a different set-up
cost. This distinction between maintenance activities is made in [21, 28, 37, 43,
44]. Furthermore, although the set-up cost is generally assumed to be time-
independent, this is not necessarily the case in practice. For example, set-up costs
for maintenance on a hydro-generating unit in a deregulated power system can
be time-dependent due to fluctuations in the monthly electricity price [36]. For
that reason, a (single) time-dependent set-up cost is introduced in [36].

Alternatively, positive economic dependence can be incorporated by includ-
ing a set-up cost that is a concave function of (for example) the number of compo-
nents that receive maintenance. This case is also known as economies of scale [6].
Although one could argue that a single set-up cost can be viewed as such a con-
cave function, more complicated set-up cost function structures have not yet
been studied under a CBM regime.

A positive economic dependence between components forms an incentive to
combine (or cluster) maintenance actions. Optimizing the maintenance decisions
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for each component separately will therefore not result in an optimal policy at
the system level. Instead, the maintenance policy should allow for clustering
opportunities. Whereas in Section 2.2, we observed that some technical depen-
dencies can force certain components to be replaced together, we now consider
optional clustering for non-technical reasons, with the sole intention to save costs.
Intuitively, maintenance actions are combined more often under stronger positive
economic dependence. This property of the maintenance policy can be incorpo-
rated in different ways. Below, we provide an overview of the contributions on
CBM with positive economic dependence, divided into different ways to achieve
maintenance clustering.

Complete clustering The simplest form of maintenance clustering is a main-
tenance policy in which all maintenance actions are clustered. We refer to this
case as complete clustering. Table 2.4 lists the contributions that apply complete
clustering in a CBM setting for a system subject to economic dependence. A com-
bination of CBM and ABM is studied by [43, 44]. Under these policies, a complete
system replacement is initiated as soon as one component requires maintenance.
This can be based upon a component failure, a component’s deterioration level
exceeding its preventive replacement threshold, or upon reaching a certain age.
Both the preventive replacement threshold and the replacement age are decision
variables, which are responsive to the set-up costs for the different maintenance
actions. Although significant cost savings are reported by [43, 44] compared to
(for example) an individual CBM optimization for each component, these models
are not completely responsive to the degree of economic dependence. Typically,
clustering all maintenance actions is only optimal in a system subject to very
strong economic dependence (i.e., a very high set-up cost). For a weaker form of

Table 2.4. Summary of contributions that cluster all CBM activities for systems subject to economic
dependence.

Contri-
bution

Positive economic dependence:
set-up cost for

CBM policy structure Decision
moments

[43] Preventive replacement (age-
based), preventive replacement
(condition-based), and correc-
tive replacement

Threshold for preventive
replacement (combined with
ABM)

Continuously

[44] Preventive replacement (age-
based), preventive replacement
(condition-based), and correc-
tive replacement

Threshold for preventive
replacement (combined with
ABM)

Continuously
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economic dependence, maintenance is performed too often under this type of
policy.

Inspection-driven clustering CBM is regularly implemented by using a thresh-
old. Under such a policy, inspections are performed that reveal the condition, or
deterioration level, of each component. A component is preventively replaced if
an inspection reveals that its degradation exceeds a certain deterioration thresh-
old, or when its reliability (or failure risk) drops below (exceeds) a certain thresh-
old. Although it appears that maintenance is only clustered by chance if multiple
components exceed their (individual) threshold at the same time, clustering pos-
sibilities can be incorporated by varying the inspection interval. By considering a
larger inspection interval, the probability that multiple components have reached
their preventive replacement threshold increases, and thus maintenance actions
are clustered more often. A stronger economic dependence will thus lead to an
increased inspection interval. Table 2.5 summarizes the contributions that apply
this way of clustering for systems subject to economic dependence. Note that
the inspection interval is optimized for each component separately in [46], and
thus additional probability thresholds are used to decide which components are
clustered. In [10, 28, 34, 66], both the preventive replacement threshold and the
inspection interval are optimized. Results indicate that a larger set-up cost for
maintenance will indeed increase the optimal inspection interval. To compen-
sate for the resulting increased failure risk, the maintenance thresholds will be
decreased. An alternative way to deal with the increased failure risk resulting from

Table 2.5. Summary of contributions on CBM that apply inspection-driven clustering to systems
subject to economic dependence.

Contri-
bution

Positive economic
dependence: set-up
cost for

CBM policy structure:
threshold for

Decision moments

[28] Preventive replace-
ment and corrective
replacement

Preventive replacement Periodic: optimize interval,
or inspect each time unit

[34] Any replacement Preventive replacement Periodic: optimize interval
[10] Any replacement Preventive replacement Periodic: optimize interval
[41] Any replacement Preventive replacement

(fixed)
Aperiodic: find near-optimal
inspection moments

[66] Any replacement Preventive replacement Periodic: optimize interval
[46] Any replacement Preventive replacement,

and probability thresholds
for grouping replacements

Periodic: optimize interval
for each component separa-
tely
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such an increased, static inspection interval is provided by [41]. An aperiodic, dy-
namic inspection schedule is optimized, for which inspections can be scheduled
more frequently when a component is approaching the end of its life. However,
the preventive replacement threshold is fixed and therefore not optimized, despite
its influence on the cost rate.

Opportunistic clustering Whereas the inspection-driven clustering approach
relies on the assumption that the decision moments can be internally decided,
many process industries deal with externally determined inspection or deci-
sion moments (e.g., legally forced inspections). In such cases, clustering can be
achieved by using additional thresholds to facilitate opportunistic replacements.
As opposed to inspection-based clustering, this approach can also be applied
to a continuously monitored system. Maintenance is initiated upon reaching a
certain threshold, but additional components can be replaced opportunistically
according to their additional, opportunistic thresholds. In case of internally de-
cided decision moments, the inspection interval can be optimized as well. Table
2.6 summarizes the contributions that apply such opportunistic clustering for
systems subject to economic dependence. We remark that a maintenance strategy
is proposed for a system with positive economic dependence by [67], but not
applied.

From Table 2.6, we observe that the most common approach is to include both
a preventive replacement threshold and an opportunistic replacement threshold.
Under the resulting policy, a component is preventively replaced upon reaching its
preventive replacement threshold, independent of the states of the other compo-
nents. Additionally, provided that at least one component receives a corrective or
preventive replacement, the other components are replaced upon reaching their
opportunistic replacement threshold. A lower opportunistic replacement thresh-
old results in more frequently clustered maintenance actions. This type of oppor-
tunistic clustering is considered by [15, 23, 26, 27, 30, 35–37, 42, 45, 56, 64, 65, 67–
70] (see also Chapters 3 and 4). Results indicate that a strong economic depen-
dence reduces the opportunistic replacement threshold to better facilitate main-
tenance clustering. A time-dependent set-up cost, along with time-dependent
thresholds, is considered in [36]. Results indicate that a high set-up cost at some
point in time increases the corresponding maintenance thresholds, to prevent
expensive replacements. Furthermore, a distinction is made in [64] between a
set-up cost for the system and one for each component type. Two types of cluster-
ing opportunities can thus arise: at the system-level (due to maintenance on a
component of another type), or at the component-type level (due to maintenance
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Table 2.6. Summary of contributions on CBM that apply opportunistic clustering to systems subject
to economic dependence.

Contri-
bution

Positive economic
dependence: set-up cost
for

CBM policy structure: threshold
for

Decision
moments

[64] Any replacement: for
system and component
type

Opportunistic replacement (on
system), opportunistic replace-
ment (on component type), and
preventive replacement

Periodic: fixed

[15] Any replacement Opportunistic replacement and
preventive replacement

Aperiodic: deterio-
ration thresholds

[65] Preventive replacement Opportunistic replacement and
preventive replacement

Periodic: fixed

[21] Any replacement: for sys-
tem, and prev. replace-
ment (if no corr. replace-
ments): for subsystem

Maintenance initiation and
maintenance ceasing on sub-
system

Periodic: fixed

[68] Preventive replacement
(if no corrective replace-
ments)

Opportunistic replacement and
preventive replacement

Periodic: fixed

[23] Any replacement Opportunistic replacement and
preventive replacement

Continuously

[26] Any replacement Opportunistic replacement and
preventive replacement

Periodic: optimize
interval

[27] Any replacement Opportunistic replacement (fixed)
and preventive replacement

Continuously

[30] Any replacement Opportunistic replacement and
preventive replacement

Aperiodic: deterio-
ration thresholds

[35] Any replacement Opportunistic replacement and
preventive replacement

Aperiodic: deterio-
ration thresholds

[36] Any replacement: time-
dependent

Opportunistic replacement and
preventive replacement (time-
dependent)

Periodic: fixed

[69] Any replacement Opportunistic replacement and
preventive replacement

Periodic: fixed

[37] Inspection, preventive
replacement, and
corrective replacement

Opportunistic replacement and
preventive replacement

Periodic: optimize
interval

[40] Any replacement Maintenance initiation,
opportunistic replacement, and
preventive replacement

Periodic: optimize
interval

[11] Any replacement Maintenance initiation, then
determine group to replace

Periodic: optimize
interval

[42] Any replacement Opportunistic replacement and
preventive replacement

Aperiodic: deterio-
ration thresholds

[67] Not specified Opportunistic replacement and
preventive replacement

Periodic: fixed

Continued on next page
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Table 2.6 – continued from previous page

Contri-
bution

Positive economic
dependence: set-up cost
for

CBM policy structure: threshold
for

Decision
moments

[56] Any replacement Opportunistic replacement and
preventive replacement

Continuously

[45] Any replacement Opportunistic imperfect repairs
(restoring to different states) and
preventive replacement

Periodic: fixed

[70] Any replacement Opportunistic replacement and
preventive replacement

Continuously

of a component of the same type). For both levels, a threshold is included. Finally,
opportunistic imperfect repairs are considered in [45], which can restore a com-
ponent to different states. For each degree of repair, an opportunistic threshold is
included.

Similarly to the inspection-driven clustering opportunities, the inspection
interval is optimized as well in [11, 26, 37, 40], whereas aperiodic inspection
moments are incorporated in [15, 30, 35, 42] by using deterioration thresholds to
decide on the next inspection moment (see also Chapters 3 and 4). CBM models
with periodic inspections (of which the periodicity is either fixed or optimized)
can be seen as special cases of such an aperiodic inspection scheme.

Alternatively, a threshold for the system failure risk or reliability is used in [11,
21, 40] to decide whether maintenance should be initiated. In [40], opportunistic
and preventive replacement thresholds are used for deciding which components
to replace, while in [21], enough components are replaced to let the system risk
drop below a second threshold. A cost-based group improvement factor is used in
[11] to decide on which components to replace. Although clustering possibilities
are included in these approaches, they are mainly developed to deal with the
structural dependence that is also present in these contributions. Nevertheless,
an advantage of these approaches is that, in addition to minimizing the costs, one
can control the performance of the system in terms of reliability. This is more
difficult to achieve with deterioration thresholds.

Optimal clustering The different ways to incorporate clustering possibilities
described so far are all subject to a predetermined policy structure, such as thresh-
olds. However, such a policy structure is not necessarily optimal. In Table 2.7, we
list all contributions that allow any group of maintenance actions to be clustered.
The performances of the models developed by [9, 25, 47, 48] are compared with
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Table 2.7. Summary of contributions that allow any CBM actions to be clustered for systems subject
to economic dependence.

Contri-
bution

Positive economic
dependence: set-up
cost for

CBM policy compared with Decision moments

[12] Preventive replacement Periodic: fixed
[9] Any replacement Risk threshold for preventive

replacement
Periodic: fixed

[71] Any replacement Periodic: fixed
[22] Any replacement Periodic: fixed
[25] Any replacement Deterioration threshold for

preventive replacement
Aperiodic: optimize
next inspection
moment

[53] Any replacement Periodic: fixed
[47] Any replacement Deterioration threshold(s) for

(opportunistic replacement and)
preventive replacement

Periodic: fixed

[48] Any replacement Deterioration threshold for
preventive replacement

Periodic: fixed

those of a CBM policy where a threshold is used to schedule preventive replace-
ments (see also Chapter 6). Results indicate that the use of thresholds limits the
benefit of CBM, and that significant cost savings can be obtained by allowing any
policy structure. In addition, the results of [47] are compared with a policy with
thresholds for both opportunistic and preventive replacements. Results indicate
that also this multi-threshold policy can be significantly more expensive than
the optimal CBM policy, although it does outperform the threshold policy with a
single (preventive replacement) threshold (see also Chapter 5).

2.6. Multiple types of dependencies
When a system is subject to more than one type of dependence, the effects of
these dependencies on the optimal policy structure can be heavily intertwined.
Table 2.8 shows the contributions on CBM that consider at least two types of
dependencies. Below, we discuss the influence on the policy structure of multiple
types of dependencies. We observe that all contributions incorporate positive eco-
nomic dependence and/or structural dependence through system performance.
For that reason, we distinguish three cases: where either economic dependence
or structural dependence through system performance is incorporated, or both.
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Table 2.8. Summary of contributions on CBM that consider multiple types of dependencies.

Contri-
bution

Structural dependence Stochastic dependence Resource
dependence

Economic
dependence

Mainte-
nance

Usage Perfor-
mance

Failure-
induced
damage

Load
sharing

Common-
mode
deterio-
ration

Workers Spares Positive

[12] X X
[14] X X X
[15] X X
[9] X X X
[20] X X
[21] X X
[22] X X
[23] X X
[24] X X
[25] X X
[26] X X
[27] X X X
[28] X X X
[30] X X
[31] X X
[33] X X
[34] X X X
[10] X X X
[35] X X
[36] X X
[53] X X
[37] X X X
[38] X X
[39] X X
[40] X X
[41] X X
[11] X X X
[42] X X
[43] X X
[44] X X
[56] X X
[45] X X
[46] X X X
[47] X X
[48] X X X
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Table 2.9. Summary of contributions on CBM that consider economic dependence but no structural
dependence through system performance.

Contri-
bution

CBM policy structure Decision moments

[9] No predetermined structure (compared with threshold for
preventive replacement)

Periodic: fixed

[53] No predetermined structure Periodic: fixed
[56] Thresholds for opportunistic replacement and preventive

replacement
Continuously

2.6.1. Economic dependence without performance dependence

In Table 2.9, we summarize all contributions that consider economic dependence,
but do not consider structural dependence through performance. As explained in
Section 2.5, a strong degree of economic dependence causes maintenance actions
to be clustered more frequently. In [9], both maintenance restrictions (structural
dependence) and a shared set of resources (resource dependence) are considered
besides the economic dependence. Whereas the maintenance restrictions are
implemented through a penalty cost structure, the shared set of resources is
implemented by restricting the set of possible maintenance actions. The joint
effects of the different dependencies are not investigated. In [53, 56], load sharing
(stochastic dependence) is considered in addition to economic dependence, as
explained in Section 2.3.2. However, neither investigate the joint effects of the
different dependencies.

2.6.2. Performance dependence without economic dependence

Table 2.10 lists all contributions that consider structural dependence through per-
formance, but do not consider economic dependence. As explained in Section 2.2,
different system structures can have different influences on the optimal policy
structure. In principle, a series configuration will require preventive maintenance
to be performed at a relatively early stage, whereas in systems with redundancy
(such as a k-out-of-N system) preventive maintenance can be performed some-
what later. This can for example be achieved by decreasing or increasing the
maintenance thresholds, respectively.

In [24, 31, 38, 39], common-mode deterioration (stochastic dependence) is
considered in addition to the structural dependence through performance. Both
series and parallel configurations are considered in [24, 31]. Whereas the joint ef-
fects of the system structure and the stochastic dependence are not investigated by
[24], a parallel system is found to be much more affected by changes in the degree
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Table 2.10. Summary of contributions on CBM that consider structural dependence through system
performance but no economic dependence.

Contri-
bution

System structure CBM policy structure Decision moments

[14] Series-parallel-series Threshold for preventive
imperfect repair

Continuously

[20] Cold standby Threshold for preventive
imperfect repair (fixed, combined
with BR)

Continuously

[24] Series or parallel Threshold for preventive
replacement

Continuously

[31] Series or parallel Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

[33] Series-parallel Threshold for maintenance
initiation, use yield-cost
importance measure to decide on
which components to replace

Continuously

[39] Series Threshold for preventive
replacement

Periodic: optimize
interval

[38] Series Threshold for preventive
replacement (fixed)

Periodic: optimize
interval

of stochastic dependence than a series system in [31]. No insights are provided
on the effects on the preventive replacement threshold, as this threshold is fixed
in advance. In [38, 39], a series system is considered, but no insights are provided
on the joint effects of this structure and the common-mode deterioration.

A single maintenance worker (resource dependence) is considered for a cold
standby system by [20] and for a series-parallel system by [33]. As explained in
Section 2.4.1, CBM is implemented on a two-component system using a preven-
tive replacement threshold in [20]. If a component reaches this threshold and the
maintenance worker is not available (i.e., is working on the other component), the
system becomes unavailable until maintenance on the other component is com-
pleted. Through this policy structure, the single maintenance worker increases
the downtime resulting from the cold-standby configuration. Alternatively, main-
tenance is performed sequentially rather than simultaneously in [33] because
of the single maintenance worker. In this case, the effects of the series-parallel
setting (structural dependence) and the single maintenance worker (resource
dependence) are independent. A set of multiple maintenance workers is consid-
ered for a series-parallel-series system by [14], where maintenance is postponed
if no maintenance worker is available. In addition, stochastic dependence is
implemented through load sharing. In the numerical experiments, a subsystem
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consisting of three components in parallel is considered, which are subject to load
sharing and a shared pool of two maintenance workers. Although load sharing
typically forms an incentive to perform maintenance at a relatively early stage, the
results indicate that preventive maintenance is performed as rarely as possible
for these components. This is caused by the parallel setting, which allows com-
ponents to fail without causing immediate unavailability of the system, and the
limited number of maintenance workers, which can cause downtime if compo-
nents are waiting for maintenance. Maintenance is now only performed if strictly
necessary. We thus conclude that the effects of the system structure, the load
sharing, and the limited number of maintenance workers are certainly correlated.

2.6.3. Both economic dependence and performance dependence

In Table 2.11, we summarize all contributions that consider both positive eco-
nomic dependence and structural dependence through system performance. In
Section 2.5, we found that positive economic dependence forms an incentive to
cluster maintenance activities, whereas Section 2.2 revealed that different system
structures can have different influences on the optimal policy structure. When
combining these types of dependencies, two interesting situations can occur in
which the effects of the dependencies are intertwined.

The first case concerns a series configuration, where non-negligible mainte-
nance durations are considered. For such systems, we observed in Section 2.5 that
the implications on the resulting policy structure can be two-fold. Both a failure
and a maintenance activity on a single component can shut down the complete
system and thus lead to high unavailability costs. Downtime can be reduced by
performing preventive maintenance at a relatively early stage and by clustering
maintenance activities. In case of negligible maintenance durations, the latter
property disappears, and the two types of dependencies become independent of
each other. From Table 2.11, we observe that the majority of the contributions
consider a series configuration, where non-negligible maintenance durations are
only considered by [23, 27, 28]. In [28], the maintenance cost is used as the per-
formance criterion, and the non-zero maintenance durations are included in the
set-up cost. In this way, the effects of the downtime resulting from maintenance
are incorporated in the (stronger) economic dependence, thereby reinforcing
the importance of clustering. Multiple performance criteria are considered in
[23, 27], such as system availability and maintenance costs. Both contributions as-
sume that the system needs to be shut down for a fixed period of time to perform
maintenance activities, independent of the number of activities to be executed.
Although the maintenance durations do not affect the maintenance costs, they do
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Table 2.11. Summary of contributions on CBM that consider both economic dependence and
structural dependence through system performance.

Contri-
bution

System structure CBM policy structure Decision moments

[12] Series No predetermined structure Periodic: fixed
[15] Series Thresholds for opportunistic

replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[21] Subsystems in series Thresholds for maintenance
initiation and maintenance
ceasing on subsystem

Periodic: fixed

[22] Series No predetermined structure Periodic: fixed
[23] Series Thresholds for opportunistic

replacement and preventive
replacement

Continuously

[25] Series No predetermined structure
(compared with threshold for
preventive replacement)

Aperiodic: optimize
next inspection
moment

[26] k-out-of-N Thresholds for opportunistic
replacement and preventive
replacement

Periodic: optimize
interval

[27] Series or parallel Thresholds for opportunistic
replacement (fixed) and
preventive replacement

Continuously

[28] Series Threshold for preventive
replacement

Periodic: optimize
interval, or inspect
each time unit

[30] Series-parallel Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[34] Series or parallel Threshold for preventive
replacement

Periodic: optimize
interval

[10] Arbitrary structure Threshold for preventive
replacement

Periodic: optimize
interval

[35] Series Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[36] Series Thresholds for opportunistic
replacement and preventive
replacement (time-dependent)

Periodic: fixed

[37] Series Thresholds for opportunistic
replacement and preventive
replacement

Periodic: optimize
interval

[40] k-out-of-N Thresholds for maintenance
initiation, opportunistic
replacement, and preventive
replacement

Periodic: optimize
interval

Continued on next page
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Table 2.11 – continued from previous page

Contri-
bution

System structure CBM policy structure Decision moments

[41] Series Threshold for preventive
replacement (fixed)

Aperiodic: find
near-optimal
inspection moments

[11] Arbitrary structure Threshold for maintenance
initiation, then determine group
to replace

Periodic: optimize
interval

[42] Parallel Thresholds for opportunistic
replacement and preventive
replacement

Aperiodic:
deterioration
thresholds

[43] Series Threshold for preventive
replacement (combined with
ABM)

Continuously

[44] Series Threshold for preventive
replacement (combined with
ABM)

Continuously

[45] Series-parallel Thresholds for opportunistic
imperfect repairs (restoring to
different states) and preventive
replacement

Periodic: fixed

[46] Parallel Threshold for preventive
replacement and probability
thresholds for grouping
replacements

Periodic: optimize
interval for each
component
separately

[47] k-out-of-N No predetermined structure
(compared with threshold(s) for
(opportunistic replacement and)
preventive replacement)

Periodic: fixed

[48] Parallel No predetermined structure
(compared with threshold for
preventive replacement)

Periodic: fixed

affect the availability. Results indicate that maintenance clustering can reduce
costs due to the economic dependence, but also increase availability due to the
series configuration.

The second case concerns system structures where some type of redundancy
is incorporated by installing more components than strictly necessary, such as a
k-out-of-N system. In practice, a component is typically replaced immediately
upon failure, independent of the states of the other components. For systems
with redundancy, however, the system can still be functioning after a certain
component failed. Postponing the corrective maintenance to allow maintenance
actions to be clustered can be cost-efficient due to the economic dependence.
This property is not included in the CBM policy structure when thresholds are
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used for opportunistic or preventive maintenance actions. Table 2.11 shows that
the majority of the contributions with some type of redundancy do implement
CBM through thresholds. In [11, 40], corrective maintenance is allowed to be post-
poned by using a threshold for maintenance initiation. In this way, maintenance
is only performed if the system reliability drops below a certain threshold. The
optimal maintenance actions are found for any possible system state in [47, 48],
without using thresholds to define the policy (see also Chapters 5 and 6). Results
indicate that corrective maintenance is sometimes postponed to allow for mainte-
nance clustering. In addition, when corrective maintenance is more expensive
than preventive maintenance, non-monotonic behavior of the optimal policy is
observed. In certain states, a component is preventively replaced solely to prevent
a more expensive corrective replacement, whereas a corrective replacement on
that same component would be postponed to allow for clustering. Such behavior
cannot be captured by thresholds.

Combinations with other types of dependencies Additionally, two types of
structural dependence are considered in [10, 11], through performance and usage
as discussed in Sections 2.2.1 and 2.2.2. Complex system structures are consid-
ered, where some components can become idle upon failure of other components,
while the system keeps functioning. Although not investigated in these contri-
butions, postponing corrective maintenance can become more rewarding. Not
only will this allow maintenance to be clustered, but postponing corrective main-
tenance will also prevent the idle components from deteriorating for a while.
Since a reliability threshold for maintenance initiation is used in [11], while only a
preventive replacement threshold is used in [10], the former study is better able
to capture this property.

In [28, 34, 37, 46, 48], stochastic dependence is considered in addition to the
economic and structural dependence. Recall that stochastic dependence can
occur in three different ways: through failure-induced damage, load sharing, or
common-mode deterioration. First, the case where a component failure can
cause other components to fail as well is considered in [28]. As explained in
Section 2.3.1, the influence of this type of dependence on the policy structure is
not investigated, but we expect that preventive replacements are performed at
a relatively early stage to prevent failures. This type of dependence appears to
be independent of the economic and structural dependence. Second, stochastic
dependence through load sharing is considered in [37, 48], as discussed in Sec-
tion 2.3.2. Failure-based load sharing is considered by [48] (see also Chapter 6).
Whereas the economic dependence in a system with redundancy encourages the
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postponement of corrective maintenance, this type of load sharing provides an
incentive to perform corrective maintenance as soon as possible. Results indi-
cate that this trade-off cannot be captured by thresholds, but that a custom-fit
CBM policy is required. Degradation-based load sharing is considered by [37],
which forms an incentive to perform preventive maintenance at a relatively early
stage. Although not investigated, this will allow more maintenance activities to be
clustered in the series system. Third, common-mode deterioration is studied by
[34, 46], as discussed in Section 2.3.3. Although the performance of the series sys-
tem in [34] is not comparable under different degrees of stochastic dependence,
the components in [46] are more often replaced simultaneously under strong
stochastic dependence.

In [27], resource dependence is considered through a shared pool of main-
tenance workers. In case only a single maintenance worker is available, mainte-
nance actions can still be clustered, but will be executed sequentially rather than
simultaneously [27]. Furthermore, the response time for external maintenance
workers by assumption only applies for corrective maintenance. As corrective
maintenance can also be combined with preventive maintenance, for which no
response time is required, this restriction does not significantly affect the cost.

2.7. Conclusion and future research directions

In this chapter, we reviewed CBM policies for multi-component systems subject
to dependencies. We noticed that the current division of dependencies in the
literature (economic, structural, and stochastic) is no longer sufficient. For that
reason, we proposed a new, more complete classification of dependencies. We
introduced resource dependence as a new type of dependence, where multiple
components are connected through a shared set of resources such as spares,
tools, or maintenance workers. In addition, we extended the notion of structural
dependence to cover also the case in which the system performance depends on
the structure of the components (such as series, parallel, or k-out-of-N ). For each
type of dependence, we provided several examples from practice, while we also
investigated the influence of the dependence on the structure of the CBM policy.

A number of lessons can be learned from past research, of which the ma-
jority is centered around the effects of a single type of dependence. From a
technical point of view, structural dependence can impose a restriction on the
possible maintenance actions, for example when certain components cannot
be maintained simultaneously. Ignoring these restrictions can lead to infeasible
maintenance policies. From a performance point of view, preventive mainte-
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nance should be performed at a relatively early stage for systems with a series
configuration, but can be performed at a relatively late stage for systems which
incorporate redundancy. Similarly, we found that preventive maintenance should
be performed at an early stage for systems subject to failure-induced damage
or load sharing (examples of stochastic dependence), and that resource depen-
dence through a shared set of maintenance workers or spares can also impose
a restriction on the possible maintenance actions. Another important lesson is
that positive economic dependence provides an incentive to combine (or cluster)
maintenance actions. Maintenance clustering can also be beneficial for systems
with a series structure, when non-negligible maintenance durations are consid-
ered. In the literature, maintenance actions are for example clustered by varying
the inspection interval or by using thresholds to indicate when maintenance
should be performed. However, these strategies do not necessarily result in a
close-to-optimal policy. It has been shown that ignoring economic (or stochastic)
dependence can result in sub-optimal policies, which can be significantly more
expensive than necessary.

Despite these lessons learned, our review also highlighted some important
research gaps. Some types of dependencies have not been investigated in a CBM
setting yet, despite their practical relevance. For example, the case where main-
tenance on a certain component requires maintenance on other components
as well (an example of structural dependence on a technical level) has not yet
been investigated under a CBM regime. Furthermore, resource dependence is still
ill-researched. For instance, all existing research on sharing a pool of maintenance
workers assume constant availability over time. In practice, however, it could
well be that more maintenance workers are available during working days than
during the weekend. Additionally, certain maintenance activities could require
more maintenance workers than others, but also this case has not been consid-
ered. Resource dependence can also arise through a shared set of tools, which
has not yet received any attention in the literature, although several interesting
scenarios exist. Maintenance on a certain component can for example require a
specific combination of tools. Moreover, the cases where maintenance workers
have limited space in their van or vessel to store tools and spares, and thus need
to decide in advance how to allocate this space, has not been studied yet for
CBM. The case where failed components can be overhauled also needs further
attention. Negative economic dependence has not yet been incorporated. Such
negative economic dependence can arise when companies have to (temporar-
ily) hire additional staff if many components require maintenance at the same
time. This imposes an incentive to perform maintenance sequentially rather than
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simultaneously. We remark that most existing research on CBM assumes negli-
gible maintenance durations. Under this assumption, the cases where several
components cannot be maintained together (e.g., due to structural dependence
on a technical level or due to negative economic dependence) do not impose a
realistic restriction on the maintenance policy. Besides investigating new types of
dependencies, including non-negligible replacement times is thus also a relevant
field of future research.

It also transpired that certain types of dependencies have been considered,
but without clarifying the effects on the optimal CBM policy structure. This holds
for example for the case where the unavailability of a certain component (due to
failure or maintenance) causes other components to be idle as well (structural
dependence on a technical level). When ignoring the fact that certain components
can be idle (and therefore not subject to deterioration), one can overestimate the
deterioration levels, and thus schedule CBM more often than necessary. The
extent to which this influences the optimal policy requires further research.

Whereas the previous observations highlight that knowledge gaps still remain
for isolated types of dependencies, this is even more so for combinations of several
types of dependencies. Most existing research considers just one type of depen-
dence. Moreover, the majority of contributions that do consider more than one
type are centered around positive economic dependence and structural depen-
dence through performance. Our review reveals that the effects of these two types
of dependencies are largely independent, unless they apply to a series system with
non-negligible maintenance durations (which leads to an increased incentive to
cluster maintenance actions) or to a system with redundancy (where corrective
maintenance can be postponed to enable maintenance clustering). Significantly
less attention has been paid to the joint effects of other types of dependencies.
In fact, if we leave out the positive economic dependence and the structural de-
pendence through performance, we observe that only two contributions remain.
In [14], load sharing (stochastic dependence) is investigated along with a fixed
number of maintenance workers (resource dependence), whereas maintenance
restrictions (structural dependence) are considered in [9] along with a shared set
of spares (resource dependence). We can thus conclude that much more research
is needed on the joint effects of different types of dependencies on the optimal
CBM policy structure.

50



2

C
B

M
p

o
li

ci
es

fo
r

co
m

p
le

x
sy

st
em

s:
a

re
vi

ew

References
[1] J. Lee, F. Wu, W. Zhao, M. Ghaffari, L. Liao,

D. Siegel, Prognostics and health manage-
ment design for rotary machinery systems
- Reviews, methodology and applications,
Mechanical Systems and Signal Processing
42 (1–2) (2014) 314–334. doi:10.1016/j.
ymssp.2013.06.004.

[2] J. McCall, Maintenance policies for stochas-
tically failing equipment, Management Sci-
ence 11 (5) (1965) 493–524. doi:10.1287/
mnsc.11.5.493.

[3] D. Cho, M. Parlar, A survey of mainte-
nance models for multi-unit systems, Eu-
ropean Journal of Operational Research
51 (1) (1991) 1–23. doi:10.1016/
0377-2217(91)90141-H.

[4] R. Dekker, R. Wildeman, F. van der
Duyn Schouten, A review of multi-
component maintenance models with
economic dependence, Mathematical Meth-
ods of Operations Research 45 (3) (1997)
411–435. doi:10.1007/BF01194788.

[5] H. Wang, A survey of maintenance policies
of deteriorating systems, European Jour-
nal of Operational Research 139 (3) (2002)
469–489. doi:10.1016/S0377-2217(01)
00197-7.

[6] R. Nicolai, R. Dekker, Complex System
Maintenance Handbook, Springer, London,
2008, Ch. Optimal maintenance of multi-
component systems: a review, pp. 263–286.
doi:10.1007/978-1-84800-011-7_11.

[7] A. Van Horenbeek, J. Buré, D. Cattrysse,
L. Pintelon, P. Vansteenwegen, Joint main-
tenance and inventory optimization sys-
tems: A review, International Journal of Pro-
duction Economics 143 (2) (2013) 499–508.
doi:10.1016/j.ijpe.2012.04.001.

[8] L. Thomas, A survey of maintenance and
replacement models for maintainability
and reliability of multi-item systems, Reli-
ability Engineering 16 (4) (1986) 297–309.
doi:10.1016/0143-8174(86)90099-5.

[9] F. Camci, System maintenance scheduling
with prognostics information using Genetic
Algorithm, IEEE Transactions on Reliability
58 (3) (2009) 539–552. doi:10.1109/TR.
2009.2026818.

[10] K. Nguyen, P. Do, A. Grall, Condition-based
maintenance for multi-component systems
using importance measure and predictive
information, International Journal of Sys-
tems Science: Operations & Logistics 1 (4)
(2014) 228–245. doi:10.1080/23302674.
2014.983582.

[11] K. Nguyen, P. Do, A. Grall, Multi-level pre-
dictive maintenance for multi-component
systems, Reliability Engineering & System
Safety 144 (2015) 83–94. doi:10.1016/j.
ress.2015.07.017.

[12] F. Barbera, H. Schneider, E. Watson, A
condition based maintenance model for
a two-unit series system, European Jour-
nal of Operational Research 116 (2) (1999)
281–290. doi:10.1016/S0377-2217(98)
00189-1.

[13] J. Barata, C. Guedes Soares, M. Marseguerra,
E. Zio, Simulation modelling of repairable
multi-component deteriorating systems
for ‘on condition’ maintenance optimi-
sation, Reliability Engineering & System
Safety 76 (3) (2002) 225–264. doi:10.1016/
S0951-8320(02)00017-0.

[14] M. Marseguerra, E. Zio, L. Podofillini,
Condition-based maintenance optimization
by means of genetic algorithms and Monte
Carlo simulation, Reliability Engineering
& System Safety 77 (2) (2002) 151–165. doi:
10.1016/S0951-8320(02)00043-1.

[15] B. Castanier, A. Grall, C. Bérenguer, A
condition-based maintenance policy with
non-periodic inspections for a two-unit
series system, Reliability Engineering &
System Safety 87 (1) (2005) 109–120. doi:
10.1016/j.ress.2004.04.013.

51

http://dx.doi.org/10.1016/j.ymssp.2013.06.004
http://dx.doi.org/10.1016/j.ymssp.2013.06.004
http://dx.doi.org/10.1287/mnsc.11.5.493
http://dx.doi.org/10.1287/mnsc.11.5.493
http://dx.doi.org/10.1016/0377-2217(91)90141-H
http://dx.doi.org/10.1016/0377-2217(91)90141-H
http://dx.doi.org/10.1007/BF01194788
http://dx.doi.org/10.1016/S0377-2217(01)00197-7
http://dx.doi.org/10.1016/S0377-2217(01)00197-7
http://dx.doi.org/10.1007/978-1-84800-011-7_11
http://dx.doi.org/10.1016/j.ijpe.2012.04.001
http://dx.doi.org/10.1016/0143-8174(86)90099-5
http://dx.doi.org/10.1109/TR.2009.2026818
http://dx.doi.org/10.1109/TR.2009.2026818
http://dx.doi.org/10.1080/23302674.2014.983582
http://dx.doi.org/10.1080/23302674.2014.983582
http://dx.doi.org/10.1016/j.ress.2015.07.017
http://dx.doi.org/10.1016/j.ress.2015.07.017
http://dx.doi.org/10.1016/S0377-2217(98)00189-1
http://dx.doi.org/10.1016/S0377-2217(98)00189-1
http://dx.doi.org/10.1016/S0951-8320(02)00017-0
http://dx.doi.org/10.1016/S0951-8320(02)00017-0
http://dx.doi.org/10.1016/S0951-8320(02)00043-1
http://dx.doi.org/10.1016/S0951-8320(02)00043-1
http://dx.doi.org/10.1016/j.ress.2004.04.013
http://dx.doi.org/10.1016/j.ress.2004.04.013


2

[16] A. Gupta, C. Lawsirirat, Strategically
optimum maintenance of monitoring-
enabled multi-component systems using
continuous-time jump deterioration mod-
els, Journal of Quality in Maintenance En-
gineering 12 (3) (2006) 306–329. doi:10.
1108/13552510610685138.

[17] S. Jalali Naini, M. Aryanezhad, A. Jab-
barzadeh, H. Babaei, Condition based main-
tenance for two-component systems with
reliability and cost considerations, Interna-
tional Journal of Industiral Engineering &
Producion Research 20 (3) (2009) 107–116.

[18] L. Wang, E. Zheng, Y. Li, B. Wang, J. Wu,
Maintenance optimization of generating
equipment based on a condition-based
maintenance policy for multi-unit sys-
tems, in: Chinese Control and Decision
Conference (CCDC 2009), IEEE, 2009, pp.
2440–2445. doi:10.1109/CCDC.2009.
5192537.

[19] Y. Liu, H. Huang, Optimization of multi-
state elements replacement policy for multi-
state systems, in: Reliability and Main-
tainability Symposium (RAMS), 2010 Pro-
ceedings - Annual, 2010, pp. 1–7. doi:
10.1109/RAMS.2010.5448061.

[20] L. Tan, J. Yang, Z. Cheng, B. Guo, Optimal
replacement policy for cold standby system,
Chinese Journal of Mechanical Engineering
24 (2) (2011) 316–322. doi:10.3901/CJME.
2011.02.316.

[21] Z. Tian, T. Jin, B. Wu, F. Ding, Condi-
tion based maintenance optimization for
wind power generation systems under con-
tinuous monitoring, Renewable Energy
36 (5) (2011) 1502–1509. doi:10.1016/
j.renene.2010.10.028.

[22] Z. Zhang, S. Wu, B. Li, A condition-based
and opportunistic maintenance model for
a two-unit deteriorating system, in: Inter-
national Conference on Quality, Reliabil-
ity, Risk, Maintenance, and Safety Engi-
neering, 2011, pp. 590–595. doi:10.1109/
ICQR2MSE.2011.5976682.

[23] J. Koochaki, J. Bokhorst, H. Wortmann,
W. Klingenberg, Condition based mainte-
nance in the context of opportunistic main-
tenance, International Journal of Produc-
tion Research 50 (23) (2012) 6918–6929.
doi:10.1080/00207543.2011.636924.

[24] S. Mercier, H. Pham, A preventive mainte-
nance policy for a continuously monitored
system with correlated wear indicators, Eu-
ropean Journal of Operational Research
222 (2) (2012) 263–272. doi:10.1016/j.
ejor.2012.05.011.

[25] Z. Zhang, Y. Zhou, Y. Sun, L. Ma, Condition-
based maintenance optimisation without a
predetermined strategy structure for a two-
component series system, Maintenance and
Reliability 14 (2) (2012) 120–129.

[26] T. Huynh, A. Barros, C. Bérenguer, A
reliability-based opportunistic predictive
maintenance model for k-out-of-n dete-
riorating systems, Chemical Engineering
Transactions 33 (2013) 493–498. doi:10.
3303/CET1333083.

[27] J. Koochaki, J. Bokhorst, H. Wortmann,
W. Klingenberg, The influence of condition-
based maintenance on workforce plan-
ning and maintenance scheduling, Inter-
national Journal of Production Research
51 (8) (2013) 2339–2351. doi:10.1080/
00207543.2012.737944.

[28] A. Van Horenbeek, L. Pintelon, A dynamic
predictive maintenance policy for complex
multi-component systems, Reliability En-
gineering & System Safety 120 (2013) 39–50.
doi:10.1016/j.ress.2013.02.029.

[29] T. Xia, L. Xi, X. Zhou, J. Lee, Condition-based
maintenance for intelligent monitored se-
ries system with independent machine fail-
ure modes, International Journal of Pro-
duction Research 51 (15) (2013) 4585–4596.
doi:10.1080/00207543.2013.775524.

[30] Y. Zhou, Z. Zhang, T. Lin, L. Ma, Mainte-
nance optimisation of a multi-state series-
parallel system considering economic de-

52

http://dx.doi.org/10.1108/13552510610685138
http://dx.doi.org/10.1108/13552510610685138
http://dx.doi.org/10.1109/CCDC.2009.5192537
http://dx.doi.org/10.1109/CCDC.2009.5192537
http://dx.doi.org/10.1109/RAMS.2010.5448061
http://dx.doi.org/10.1109/RAMS.2010.5448061
http://dx.doi.org/10.3901/CJME.2011.02.316
http://dx.doi.org/10.3901/CJME.2011.02.316
http://dx.doi.org/10.1016/j.renene.2010.10.028
http://dx.doi.org/10.1016/j.renene.2010.10.028
http://dx.doi.org/10.1109/ICQR2MSE.2011.5976682
http://dx.doi.org/10.1109/ICQR2MSE.2011.5976682
http://dx.doi.org/10.1080/00207543.2011.636924
http://dx.doi.org/10.1016/j.ejor.2012.05.011
http://dx.doi.org/10.1016/j.ejor.2012.05.011
http://dx.doi.org/10.3303/CET1333083
http://dx.doi.org/10.3303/CET1333083
http://dx.doi.org/10.1080/00207543.2012.737944
http://dx.doi.org/10.1080/00207543.2012.737944
http://dx.doi.org/10.1016/j.ress.2013.02.029
http://dx.doi.org/10.1080/00207543.2013.775524


2

C
B

M
p

o
li

ci
es

fo
r

co
m

p
le

x
sy

st
em

s:
a

re
vi

ew

pendence and state-dependent inspection
intervals, Reliability Engineering & System
Safety 111 (2013) 248–259. doi:10.1016/
j.ress.2012.10.006.

[31] H. Hong, W. Zhou, S. Zhang, W. Ye, Optimal
condition-based maintenance decisions for
systems with dependent stochastic degrada-
tion of components, Reliability Engineer-
ing & System Safety 121 (2014) 276–288.
doi:10.1016/j.ress.2013.09.004.

[32] Y. Jiang, M. Chen, D. Zhou, Condition-
based switching and replacement
policies for a two-unit warm standby
redundant system subject to non-
instantaneous switchover, Chinese
Science Bulletin 59 (33) (2014) 4616–4624.
doi:10.1007/s11434-014-0585-y.

[33] B. Liu, Z. Xu, M. Xie, W. Kuo, A value-based
preventive maintenance policy for multi-
component system with continuously de-
grading components, Reliability Engineer-
ing & System Safety 132 (2014) 83–89. doi:
10.1016/j.ress.2014.06.012.

[34] S. Mercier, H. Pham, A condition-based im-
perfect replacement policy for a periodically
inspected system with two dependent wear
indicators, Applied Stochastic Models in
Business and Industry 30 (6) (2014) 766–782.
doi:10.1002/asmb.2011.

[35] M. Olde Keizer, R. Teunter, Opportunistic
condition-based maintenance and aperi-
odic inspections for a two-unit series sys-
tem, SOM Research Report 14033-OPERA,
University of Groningen (2014).

[36] X. Qian, Y. Wu, Condition based main-
tenance optimization for the hydro gen-
erating unit with dynamic economic de-
pendence, International Journal of Con-
trol and Automation 7 (3) (2014) 317–326.
doi:10.14257/ijca.2014.7.3.30.

[37] P. Do, P. Scarf, B. Iung, Condition-based
maintenance for a two-component system
with dependencies, IFAC-PapersOnLine
48 (21) (2015) 946–951. doi:10.1016/j.

ifacol.2015.09.648.

[38] Q. Feng, K. Rafiee, E. Keedy, A. Arab,
D. Coit, S. Song, Reliability and condition-
based maintenance for multi-stent sys-
tems with stochastic-dependent competing
risk processes, The International Journal
of Advanced Manufacturing Technology
80 (9-12) (2015) 2027–2040. doi:10.1007/
s00170-015-7182-3.

[39] Q. Feng, L. Jiang, D. Coit, Reliability anal-
ysis and condition-based maintenance of
systems with dependent degrading compo-
nents based on thermodynamic physics-
of-failure, The International Journal of Ad-
vanced Manufacturing Technology (2015) 1–
11doi:10.1007/s00170-015-8220-x.

[40] K. Huynh, A. Barros, C. Bérenguer, Multi-
level decision-making for the predictive
maintenance of k-out-of-n:f deteriorating
systems, IEEE Transactions on Reliabil-
ity 64 (1) (2015) 94–117. doi:TR.2014.
2337791.

[41] G. Maaroufi, A. Chelbi, N. Rezg, A. Daoud,
A nearly optimal inspection policy for
a two-component series system, Journal
of Quality in Maintenance Engineering
21 (2) (2015) 171–185. doi:10.1108/
JQME-11-2013-0074.

[42] M. Olde Keizer, R. Teunter, Clustering
condition-based maintenance for a multi-
unit system with aperiodic inspections, in:
L. Podofillini, B. Sudret, B. Stojadinovic,
E. Zio, W. Kröger (Eds.), Safety and Reliabil-
ity of Complex Engineered Systems: ESREL
2015, CRC Press, 2015, pp. 983–991.

[43] M. Shafiee, M. Finkelstein, A proactive
group maintenance policy for continuously
monitored deteriorating systems: Applica-
tion to offshore wind turbines, Proceed-
ings of the Institution of Mechanical Engi-
neers, Part O: Journal of Risk and Reliabil-
ity 229 (5) (2015) 373–384. doi:10.1177/
1748006X15598915.

53

http://dx.doi.org/10.1016/j.ress.2012.10.006
http://dx.doi.org/10.1016/j.ress.2012.10.006
http://dx.doi.org/10.1016/j.ress.2013.09.004
http://dx.doi.org/10.1007/s11434-014-0585-y
http://dx.doi.org/10.1016/j.ress.2014.06.012
http://dx.doi.org/10.1016/j.ress.2014.06.012
http://dx.doi.org/10.1002/asmb.2011
http://dx.doi.org/10.14257/ijca.2014.7.3.30
http://dx.doi.org/10.1016/j.ifacol.2015.09.648
http://dx.doi.org/10.1016/j.ifacol.2015.09.648
http://dx.doi.org/10.1007/s00170-015-7182-3
http://dx.doi.org/10.1007/s00170-015-7182-3
http://dx.doi.org/10.1007/s00170-015-8220-x
http://dx.doi.org/TR.2014.2337791
http://dx.doi.org/TR.2014.2337791
http://dx.doi.org/10.1108/JQME-11-2013-0074
http://dx.doi.org/10.1108/JQME-11-2013-0074
http://dx.doi.org/10.1177/1748006X15598915
http://dx.doi.org/10.1177/1748006X15598915


2

[44] M. Shafiee, M. Finkelstein, C. Bérenguer,
An opportunistic condition-based main-
tenance policy for offshore wind turbine
blades subjected to degradation and en-
vironmental shocks, Reliability Engineer-
ing & System Safety 142 (2015) 463–471.
doi:10.1016/j.ress.2015.05.001.

[45] Y. Zhou, T. Lin, Y. Sun, Y. Bian, L. Ma, An ef-
fective approach to reducing strategy space
for maintenance optimisation of multistate
series–parallel systems, Reliability Engi-
neering & System Safety 138 (2015) 40–53.
doi:10.1016/j.ress.2015.01.018.

[46] H. Li, E. Deloux, L. Dieulle, A condition-
based maintenance policy for multi-
component systems with Lévy copulas de-
pendence, Reliability Engineering & System
Safety 149 (2016) 44–55. doi:10.1016/j.
ress.2015.12.011.

[47] M. Olde Keizer, R. Teunter, J. Veldman, Clus-
tering condition-based maintenance for
systems with redundancy and economic
dependencies, European Journal of Oper-
ational Research 251 (2) (2016) 531–540.
doi:10.1016/j.ejor.2015.11.008.

[48] M. Olde Keizer, R. Teunter, J. Veldman,
Condition-based maintenance for systems
with economic dependence and load shar-
ing, Working paper, University of Groningen
(2016).

[49] C. Ebeling, An introduction to reliability
and maintainability engineering, Waveland
Press, 2010.

[50] P. Boland, F. Proschan, The reliability of K
out of N systems, The Annals of Probability
11 (3) (1983) 760–764. doi:10.1214/aop/
1176993520.

[51] E. Lewis, Introduction to reliability engi-
neering, 2nd Edition, John Wiley and Sons,
1996.

[52] T. Satow, S. Osaki, Optimal replacement
policies for a two-unit system with shock
damage interaction, Computers and Mathe-
matics with Applications 46 (7) (2003) 1129–

1138. doi:10.1016/S0898-1221(03)
90128-3.

[53] Z. Zhang, S. Wu, S. Lee, J. Ni, Modified itera-
tive aggregation procedure for maintenance
optimisation of multi-component systems
with failure interaction, International Jour-
nal of Systems Science 45 (12) (2014) 2480–
2489. doi:10.1080/00207721.2013.
771759.

[54] Z. Liang, A. Parlikad, A tiered modelling ap-
proach for condition-based maintenance
of industrial assets with load sharing inter-
action and fault propagation, IMA Journal
of Management Mathematics 26 (2) (2015)
125–144. doi:10.1093/imaman/dpu013.

[55] S. Sheu, T. Liu, Z. Zhang, J. Ke, Extended pre-
ventive replacement policy for a two-unit
system subject to damage shocks, Inter-
national Journal of Production Research
53 (15) (2015) 4614–4628. doi:10.1080/
00207543.2015.1005250.

[56] Z. Zhang, S. Wu, B. Li, S. Lee, (n,n) type
maintenance policy for multi-component
systems with failure interactions, In-
ternational Journal of Systems Science
46 (6) (2015) 1051–1064. doi:10.1080/
00207721.2013.807386.

[57] N. Rasmekomen, A. Parlikad, Condition-
based maintenance of multi-component
systems with degradation state-rate inter-
actions, Reliability Engineering & System
Safety 148 (2016) 1–10. doi:10.1016/j.
ress.2015.11.010.

[58] A. McNeil, R. Frey, P. Embrechts, Quantita-
tive Risk Management, Princeton University
Press, 2005.

[59] L. Wang, J. Chu, W. Mao, An optimum
condition-based replacement and spare
provisioning policy based on Markov chains,
Journal of Quality in Maintenance Engineer-
ing 14 (4) (2008) 387–401. doi:10.1108/
13552510810909984.

[60] L. Wang, J. Chu, W. Mao, A condition-based
replacement and spare provisioning policy

54

http://dx.doi.org/10.1016/j.ress.2015.05.001
http://dx.doi.org/10.1016/j.ress.2015.01.018
http://dx.doi.org/10.1016/j.ress.2015.12.011
http://dx.doi.org/10.1016/j.ress.2015.12.011
http://dx.doi.org/10.1016/j.ejor.2015.11.008
http://dx.doi.org/10.1214/aop/1176993520
http://dx.doi.org/10.1214/aop/1176993520
http://dx.doi.org/10.1016/S0898-1221(03)90128-3
http://dx.doi.org/10.1016/S0898-1221(03)90128-3
http://dx.doi.org/10.1080/00207721.2013.771759
http://dx.doi.org/10.1080/00207721.2013.771759
http://dx.doi.org/10.1093/imaman/dpu013
http://dx.doi.org/10.1080/00207543.2015.1005250
http://dx.doi.org/10.1080/00207543.2015.1005250
http://dx.doi.org/10.1080/00207721.2013.807386
http://dx.doi.org/10.1080/00207721.2013.807386
http://dx.doi.org/10.1016/j.ress.2015.11.010
http://dx.doi.org/10.1016/j.ress.2015.11.010
http://dx.doi.org/10.1108/13552510810909984
http://dx.doi.org/10.1108/13552510810909984


2

C
B

M
p

o
li

ci
es

fo
r

co
m

p
le

x
sy

st
em

s:
a

re
vi

ew

for deteriorating systems with uncertain
deterioration to failure, European Journal of
Operational Research 194 (1) (2009) 184–205.
doi:10.1016/j.ejor.2007.12.012.

[61] R. Li, J. Ryan, A bayesian inventory model
using real-time condition monitoring infor-
mation, Production and Operations Man-
agement 20 (5) (2011) 754–771. doi:10.
1111/j.1937-5956.2010.01200.x.

[62] G. En-shun, L. Qing-min, L. Hua, Condition-
based maintenance for multi-component
systems using proportional hazards model,
in: Proceedings of the 31st Chinese Control
Conference, 2012, pp. 5418–5422.

[63] M. Olde Keizer, R. Teunter, J. Veldman,
Joint condition-based maintenance and
inventory optimization for systems with
multiple components, European Journal
of Operational Research, in press. doi:
10.1016/j.ejor.2016.07.047.

[64] D. Wijnmalen, J. Hontelez, Coordinated
condition-based repair strategies for compo-
nents of a multi-component maintenance
system with discounts, European Journal
of Operational Research 98 (1) (1997) 52–63.
doi:10.1016/0377-2217(95)00312-6.

[65] Z. Tian, H. Liao, Condition based mainte-
nance optimization for multi-component
systems using proportional hazards model,
Reliability Engineering & System Safety
96 (5) (2011) 581–589. doi:10.1016/j.
ress.2010.12.023.

[66] Q. Zhu, H. Peng, G. van Houtum, A
condition-based maintenance policy for

multi-component systems with a high
maintenance setup cost, OR Spectrum
37 (4) (2015) 1007–1035. doi:10.1007/
s00291-015-0405-z.

[67] X. Zhang, J. Zeng, Deterioration state space
partitioning method for opportunistic main-
tenance modelling of identical multi-unit
systems, International Journal of Produc-
tion Research 53 (7) (2015) 2100–2118. doi:
10.1080/00207543.2014.965354.

[68] Z. Tian, Y. Zhang, J. Cheng, Condition
based maintenance optimization for multi-
component systems, in: Annual Conference
of the Prognostics and Health Management
Society, 2011, pp. 1–6.

[69] X. Qian, Control-limit policy of condition-
based maintenance optimization for multi-
component system by means of Monte
Carlo simulation, International Journal of
Computer Science 41 (4) (2014) 269–273.

[70] B. de Jonge, W. Klingenberg, R. Teunter,
T. Tinga, Reducing costs by clustering main-
tenance activities for multiple critical units,
Reliability Engineering & System Safety
145 (2016) 93–103. doi:10.1016/j.ress.
2015.09.003.

[71] K. Bouvard, S. Artus, C. Bérenguer, V. Coc-
quempot, Condition-based dynamic main-
tenance operations planning & grouping.
Application to commercial heavy vehicles,
Reliability Engineering & System Safety
96 (6) (2011) 601–610. doi:10.1016/j.
ress.2010.11.009.

55

http://dx.doi.org/10.1016/j.ejor.2007.12.012
http://dx.doi.org/10.1111/j.1937-5956.2010.01200.x
http://dx.doi.org/10.1111/j.1937-5956.2010.01200.x
http://dx.doi.org/10.1016/j.ejor.2016.07.047
http://dx.doi.org/10.1016/j.ejor.2016.07.047
http://dx.doi.org/10.1016/0377-2217(95)00312-6
http://dx.doi.org/10.1016/j.ress.2010.12.023
http://dx.doi.org/10.1016/j.ress.2010.12.023
http://dx.doi.org/10.1007/s00291-015-0405-z
http://dx.doi.org/10.1007/s00291-015-0405-z
http://dx.doi.org/10.1080/00207543.2014.965354
http://dx.doi.org/10.1080/00207543.2014.965354
http://dx.doi.org/10.1016/j.ress.2015.09.003
http://dx.doi.org/10.1016/j.ress.2015.09.003
http://dx.doi.org/10.1016/j.ress.2010.11.009
http://dx.doi.org/10.1016/j.ress.2010.11.009




3
CBM for a series system with

economic dependence

Parts of this chapter have been published as: M.C.A. Olde Keizer and R.H. Teunter, Opportunistic
condition-based maintenance and aperiodic inspections for a two-unit series system, SOM Research
Report 14033-OPERA, University of Groningen (2014).



3

Abstract
This chapter considers a two-component system subject to structural dependence
(through a series structure) and (positive) economic dependence. The aperiodic
inspection moments are optimized simultaneously with the critical levels at which
maintenance is performed in order to minimize cost or maximize availability. For
this purpose, a stochastic model is developed based on semi-regenerative properties
of the maintained system state. We build on the work of B. Castanier, A. Grall,
C. Bérenguer, A condition-based maintenance policy with non-periodic inspec-
tions for a two-unit series system, Reliability Engineering & System Safety 87 (1)
(2005) 109-120, by fully including all opportunistic maintenance opportunities,
determining the system unavailability time more accurately, and providing a more
extensive performance evaluation. Results indicate that the accuracy with which
the unavailability time is approximated has a great impact on the resulting optimal
maintenance strategy. In addition, our model is shown to significantly outperform
several classical maintenance policies, such as failure-based maintenance and
block replacement.
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3.1. Introduction

In this chapter, we focus on economic dependence, which applies when combin-
ing maintenance actions on several components yields a lower cost than main-
taining each component separately. This is for example the case when shared
set-up costs are involved. Since these fixed costs are independent of the number
of components that require maintenance, it can be profitable to opportunistically
replace components when another component requires immediate maintenance.
Furthermore, we include structural dependence by considering two components
that are functioning in series (i.e., both components are critical to the system).

Few articles consider CBM for systems consisting of multiple components
subject to economic dependence [1–3]. In [2], dynamic maintenance grouping is
applied to optimize the maintenance costs on a rolling horizon for a system with
periodic inspections. In [3], a CBM policy is proposed based on the proportional
hazards model, where the periodic inspection moments are fixed in advance. A
CBM policy for a two-component series system with aperiodic inspections is de-
veloped by Castanier et al. [1], where the maintenance costs are obtained by using
semi-regenerative properties of the maintained system state. The latter model is
advanced in that the inspection moments and the maintenance thresholds are
optimized simultaneously.

In practice, the critical level at which preventive maintenance is initiated is
usually based on recommendations of suppliers and manufacturers of condition-
monitoring equipment rather than on incentives to save costs or improve relia-
bility [4]. Justifications for the selected inspection moments are also frequently
lacking, and usually based on a simple rule-of-thumb. Due to safety concerns, the
critical level is likely to be set too low, while inspections may be scheduled more
often than actually required. To overcome these problems, most existing literature
on CBM considers either a model that optimizes the critical level at which a pre-
ventive replacement should be initiated given the (periodic) inspection intervals,
or a model that optimizes the inspection intervals given the critical level. Besides
[1], joint optimization has only been studied in [4–6]. A CBM model based on the
random coefficient growth model is described in [4], while a multi-threshold CBM
policy is considered in [1, 5, 6]. In fact, [1] and [6] both extend the model of [5],
where a CBM policy is developed for a system consisting of a single component
and failures are noticed immediately. Partial repairs and durations of mainte-
nance activities are considered in [6], assuming that failures can only be noticed
upon inspection. A system consisting of two components that are functioning in
series is analyzed in [1].
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In this chapter, we extend the work of [1] that is unique in its simultaneous
optimization of inspection and maintenance decisions for a system consisting
of multiple components. We determine the unavailability costs more accurately
and include all possibilities for opportunistic replacements. In addition, we
consider availability as an additional performance criterion and we perform a
more extensive comparative cost assessment. We provide insights into the optimal
policy structure, and compare our results with those of classical maintenance
policies, such as failure-based maintenance and block replacement.

The remainder of this chapter is organized as follows. Section 3.2 describes
the deterioration model, followed by the multi-threshold maintenance policy in
Section 3.3. Next, the definition and evaluation of the performance criteria are
given in Section 3.4, while Section 3.5 contains the performance assessments
and a comparison with classical maintenance policies. Section 3.6 concludes the
chapter.

3.2. System description

3.2.1. Deterioration model

The discrete-time system under consideration consists of two components, which
independently suffer from increasing wear. The condition of component i at
time k can be described by a random variable X i

k , for i = 1,2 and k ∈N. Compo-
nent i will fail as soon as its deterioration level exceeds a preset failure level Li ,
but such a failure can only be noticed upon inspection. This means that the
component remains in the failed state until the next planned inspection. This
assumption applies for example in a standby system or in a system where failure
does not imply a system stop, but where the quality of the produced items is
reduced.

An inspection can be performed at the start of each time unit. Both at the start
of the process (at time 0) and after each replacement (say at time tr ), component i
is assumed to be as-good-as-new, i.e., X i

0 = 0 and X i
tr
= 0, for i = 1,2. The degrada-

tion of the global system is given by (Xk )k∈N = (X 1
k , X 2

k )k∈N. Since we assume that
degradation will increase over time, we require the random deterioration incre-
ments∆(k,k+1)X i = X i

k+1−X i
k in each time interval to be nonnegative. In addition,

we assume that the increments are stationary and exchangeable, so the degrada-
tion increments satisfy the memoryless property. Let fi denote the probability
density function of the deterioration increments ∆(k,k+1)X i of component i , for
i = 1,2 and for all k ∈N. From the assumption that the deterioration increments
are stationary and exchangeable, it follows that the distribution functions fi are
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Nomenclature

π(x1, x2) Long-run probability that components 1 and 2 are in states x1

and x2, respectively, at the start of an inspection

ξ(i )
j Inspection thresholds for component i ( j = 0,1, . . . ,n −1)

ξ(i )
n Preventive replacement threshold for component i
ζi Opportunistic replacement threshold for component i
A(t ) System availability up to time t
A∞ Long-run average system availability
C (t ) Cumulative operating cost up to time t
C∞ Long-run average operating cost per time unit

c(i )
c Cost of a corrective replacement for component i

C (i )
C (t ) Cumulative corrective replacement cost of component i up to

time t
cn Cost of a system inspection

c(i )
p Cost of a preventive replacement for component i

C (i )
P (t ) Cumulative preventive replacement cost of component i up to

time t
cs Fixed set-up cost for a replacement
CS(t ) Cumulative set-up cost up to time t
cu Unavailability cost rate, per time unit that the system is un-

available
CU (t ) Cumulative system unavailability cost up to time t
Eπ[·] Expected value with respect to the stationary law π

fi (·) Pdf of the deterioration increments of component i

f (l )
i (·) Pdf of the cumulative deterioration increments over l time

units for component i
Li Failure-level of component i
n Number of inspection threshold values for each component
S Length of a semi-regeneration cycle in steady state
X i

k Condition of component i at time k

infinitely divisible [7]. This is for example the case for all gamma distributions.
The property of infinitely divisible increments makes a gamma process suitable
for describing deterioration caused by continuous use [8]. In particular, it is very
suitable for describing the steady evolution of wear between the start-up period
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and the wear accumulation at the end of the system’s life [9]. As in [1], we therefore
select fi as the exponential distribution with rate parameter αi for component i ,
i = 1,2. Next, let f (l )

i denote the probability density function of the cumulative
deterioration increments during l consecutive time units for component i . Since
the sum of l exponential distributions with parameter αi (which is the increase in
deterioration during l time units) follows an Erlang distribution with parameters
αi and l , it follows immediately that f (l )

i is Erlang distributed with parameters αi

and l .

3.2.2. Maintenance actions and corresponding costs

At the start of each time unit, a decision is needed on whether or not to perform an
inspection, while at each inspection, a decision is needed on what components to
replace. Obviously, failed components should be replaced correctively. Moreover,
a functioning component may be replaced preventively if it is close to failure, or
opportunistically if the other component is replaced as well. The latter can be
cost efficient due to the economic dependence.

The costs of the different maintenance operations are given in Table 3.1. It is
realistic to assume that the fixed cost of an inspection (resulting from planning,
transportation, and possibly a shutdown) are relatively large compared to the
variable cost depending on the number of components that are inspected, as no
material or repair costs are involved. For this reason, we assume that all compo-
nents are inspected at every inspection, i.e., that there are common inspection
moments, at which a cost cn is incurred. Furthermore, a corrective replacement
on component i incurs a cost c(i )

c , while a preventive (or opportunistic) replace-
ment incurs a cost c(i )

p . Typically, replacing a failed component is more expensive

than replacing a functioning component, i.e., c(i )
c > c(i )

p . The economic depen-
dence is incorporated through a shared set-up cost for maintenance. This set-up
cost is incurred once if maintenance is performed, independent of the number of
components that are replaced. In practice, shared set-up costs can arise from trav-
eling to the right location, scheduling personnel, ordering spare parts, or doing

Table 3.1. An overview of the costs associated with the different maintenance operations.

Maintenance action Corresponding costs

Inspection (both components) cn

Corrective replacement (component i ) c(i )
c

Preventive replacement (component i ) c(i )
p

Shared set-up cost replacement cs
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paperwork. Since failures can only be noticed upon inspection, the system may
spend some time in the failed state before it will be inspected and maintained. In
this case, the so-called unavailability cost rate cu is incurred per unit of time that
the system is unavailable. The amount of time that a component is unavailable
cannot be measured exactly, because failures are only noticed upon inspection.
As discussed in detail in Section 3.4.2, an upper bound for the unavailability time
is used in [1], while we also present a more accurate approximation and show that
this significantly affects the results.

3.2.3. Performance criteria

In practice, both the long-run average maintenance cost per period and the long-
run average availability are important performance criteria. Whereas only the
former is considered in [1], we consider both. Our multi-threshold maintenance
policy aims at optimizing all threshold values simultaneously in order to minimize
the maintenance costs, or to maximize the system availability.

3.3. Multi-threshold maintenance policy

Let us define ξ(i )
0 ,ξ(i )

1 , . . . ,ξ(i )
n (with ξ(i )

0 ≤ ξ(i )
1 ≤ . . . ≤ ξ(i )

n ≤ Li ) as the threshold values
of component i , where n denotes the fixed number of inspection threshold values
for each component. The lowest threshold value is that of a new component,
and it is normalized to zero, i.e., ξ(i )

0 := 0. The notation ξ(i )
0 is not strictly needed

but will turn out to be helpful in representing the maintenance policy. At the
moment, say k, of an inspection, the deterioration level X i

k of each component i
is revealed. Comparison of these levels with the threshold values then indicates
whether or not a replacement should be performed for each component, and
when to perform the next inspection. The maintenance policy thus consists of
the following three steps.

Step 1: Corrective and preventive replacements. In this step, we deter-
mine for each component separately whether it requires maintenance.
Component i (i = 1,2) is inspected, and the observed deterioration level X i

k
is compared with the threshold values as follows.

If 0 ≤ X i
k < ξ(i )

n : Component i does not require maintenance yet.

If ξ(i )
n ≤ X i

k < Li : Immediately replace component i preventively.

If X i
k ≥ Li : Component i has failed. Replace component i correctively.

63



3

Step 2: Opportunistic replacements. If the first step indicates that one
component must be replaced, and so set-up costs have to be paid anyway,
then it may be cost efficient to replace the other component as well. We
therefore introduce additional threshold values ζi (with 0 ≤ ζi ≤ ξ(i )

n for
i = 1,2) and the following opportunistic replacement strategy.

If 0 ≤ X i
k < ζi : Component i does not require maintenance yet.

If ζi ≤ X i
k < ξ(i )

n and X j
k ≥ ξ

( j )
n ( j requires a replacement) for j 6= i :

Replace component i preventively (opportunistically).

Step 3: Next inspection moment. The third step consists of determining
the next inspection moment, taking into account the decisions taken in
steps 1 and 2. Note that after component i has been replaced, it is as-good-
as-new again, and X i

k becomes zero (i = 1,2).

If ξ1
l1
≤ X 1

k < ξ1
l1+1 and ξ2

l2
≤ X 2

k < ξ2
l2+1 for l1, l2 ∈ {0,1, . . . ,n −1}: The

next system inspection is scheduled at min{n− l1,n− l2} periods from
now.

The system will thus be inspected more often when one of its components
is approaching failure.

In Figure 3.1, an example of the wear patterns and corresponding inspection
and maintenance actions of a two-component series system is given. Here n = 2,
implying that the next inspection is always scheduled at most two time units
later. At time 0, both components are as-good-as-new, and the next inspection
is scheduled two time units later. As soon as at least one component exceeds its
inspection threshold ξ(i )

1 , the next inspection is scheduled one time unit later. At
times 6 and 13, one of the components requires a preventive replacement, while
the other component is replaced opportunistically. This results in a complete
system replacement. Furthermore, at time 10, only component 1 is replaced,
since the deterioration level of component 2 does not exceeds its opportunistic
replacement threshold ζ2.
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Figure 3.1. Example evolution of the wear patterns of two components under the multi-threshold
maintenance policy with n = 2.

3.4. Evaluation of the performance criteria
The deterioration process contains (semi-)regenerative properties, implying that
the costs (and system availability) can be evaluated during a single inspection
cycle [1, 6]. To this end, a stationary law π(x1, x2) can be constructed, denoting the
probability density function of being in state (x1, x2) at the start of an inspection.

3.4.1. Stationary law
The stationary law π(x1, x2) can be obtained as the probability density of being
in state (y1, y2) multiplied by the probability of moving from state (y1, y2) to state
(x1, x2) during an inspection cycle, integrated over all possible states (y1, y2). Since
these probabilities depend on whether or not components 1 and 2 are replaced
after the previous inspection, we distinguish four cases:

Both components replaced. If y1 ∈ [ξ1
n ,∞) and y2 ∈ [ζ2,∞) or if y1 ∈ [ζ1,ξ1

n)
and y2 ∈ [ξ2

n ,∞), then both components are replaced. Moreover, the next
inspection is scheduled n periods later, which implies that the increases in
deterioration levels from 0 to x1 and from 0 to x2 have densities of f (n)

1 (x1)
and f (n)

2 (x2), respectively.
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Only component 1 replaced. If y1 ∈ [ξ1
n ,∞) and y2 < ζ2, then only compo-

nent 1 will be replaced and hence start with a deterioration level of zero.
Moreover, if y2 ∈ [ξ2

l2
,ξ2

l2+1) with l2 ∈ {0,1, . . . ,n−1}, then the next inspection
is scheduled n − l2 periods later. The increases in deterioration levels from
0 to x1 and from y2 to x2 have densities of f (n−l2)

1 (x1) and f (n−l2)
2 (x2 − y2),

respectively.

Only component 2 replaced. If y1 < ζ1 and y2 ∈ [ξ2
n ,∞), then only compo-

nent 2 will be replaced and hence start with a deterioration level of zero.
Moreover, if y1 ∈ [ξ1

l1
,ξ1

l1+1) with l1 ∈ {0,1, . . . ,n−1}, then the next inspection
is scheduled n − l1 periods later. The increases in deterioration levels from
y1 to x1 and from 0 to x2 have densities of f (n−l1)

1 (x1 − y1) and f (n−l1)
2 (x2),

respectively.

No replacement. If y1 ∈ [ξ1
l1

,ξ1
l1+1) and y2 ∈ [ξ2

l2
,ξ2

l2+1), with l1, l2 ∈ {0,1, . . . ,
n −1}, then no replacement will be performed, and the next inspection is
scheduled min{n − l1,n − l2} = n −max{l1, l2} periods later. The increases
in deterioration levels from y1 to x1 and from y2 to x2 have densities of
f (n−max{l1,l2})

1 (x1 − y1) and f (n−max{l1,l2})
2 (x2 − y2), respectively.

Using this information, the probability law π(x1, x2) can be constructed as
follows.

π(x1, x2) =(∫ ∞

ξ1
n

∫ ∞

ζ2

π(y1, y2)dy2dy1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(y1, y2)dy2dy1

)
f (n)

1 (x1) f (n)
2 (x2)

+
n−1∑
l2=0

∫ ∞

ξ1
n

∫ min{ξ2
l2+1,ζ2}

min{ξ2
l2

,ζ2}
π(y1, y2) f (n−l2)

1 (x1) f (n−l2)
2 (x2 − y2)dy2dy1

+
n−1∑
l1=0

∫ min{ξ1
l1+1,ζ1}

min{ξ1
l1

,ζ1}

∫ ∞

ξ2
n

π(y1, y2) f (n−l1)
1 (x1 − y1) f (n−l1)

2 (x2)dy2dy1

+
n−1∑
l1=0

n−1∑
l2=0

∫ ξ1
l1+1

ξ1
l1

∫ ξ2
l2+1

ξ2
l2

π(y1, y2) f (n−max{l1,l2})
1 (x1 − y1) f (n−max{l1,l2})

2 (x2 − y2)

dy2dy1

This expression can be rewritten as a nonhomogeneous linear Fredholm integral
equation of the second kind:

π(x1, x2) = F (x1, x2)+
∫ ∫

S
π(y1, y2)K (x1, x2, y1, y2)dy2dy1,
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where

F (x1, x2) = f (n)
1 (x1) f (n)

2 (x2),

and, for k = 0,1, . . . ,n −1,

S1
k = {

(y1, y2) : y1 ∈ [min{ξ1
k ,ζ1},min{ξ1

k+1,ζ1})∩ y2 ∈ [ξ2
n ,∞)

}
,

S2
k = {

(y1, y2) : y1 ∈ [ξ1
n ,∞)∩ y2 ∈ [min{ξ2

k ,ζ2},min{ξ2
k+1,ζ2})

}
,

S3
k = {

(y1, y2) :
(
y1 ∈ [0,ξ1

k )∩ y2 ∈ [ξ2
k ,ξ2

k+1)
)∪ (

y1 ∈ [ξ1
k ,ξ1

k+1)∩ y2 ∈ [0,ξ2
k+1)

)}
,

and

S =
n−1⋃
k=0

(
S1

k ∪S2
k ∪S3

k

)
,

K (x1, x2, y1, y2) =
f (n−k)

1 (x1 − y1) f (n−k)
2 (x2)−F (x1, x2), if (y1, y2) ∈ S1

k ,k = 0,1, . . . ,n −1,

f (n−k)
1 (x1) f (n−k)

2 (x2 − y2)−F (x1, x2), if (y1, y2) ∈ S2
k ,k = 0,1, . . . ,n −1,

f (n−k)
1 (x1 − y1) f (n−k)

2 (x2 − y2)−F (x1, x2), if (y1, y2) ∈ S3
k ,k = 0,1, . . . ,n −1.

The densities f (l )
i are regular [1], which implies that we can solve the equation

above by applying the method of successive approximations [10]. Due to the
high level of complexity, we will approximate the integrals numerically in our
experiments in Section 3.5 by applying the extended midpoint rule [11] to the
two-dimensional case, by dividing the area into 30×30 parts. Note that we cannot
use infinite upper bounds while using the extended midpoint rule, but instead
assume that the deterioration level of component i will never exceed a value of
1.5 times Li , for i = 1,2. Initial testing showed that this value is sufficiently large
to ensure that the results are not affected.

3.4.2. Long-run average cost per time unit and system availability

Let C (t) denote the cumulative operating cost up to time t , consisting of costs
arising from maintenance activities and down-time of the system, and let A(t)
denote the total time that the system is available up to time t . Because of the
semi-regenerative properties of the multi-threshold maintenance policy, we can
consider the long-run average maintenance cost C (S) during an inspection cycle,
with length S. This cost can then be divided by the long-run average length of
an inspection cycle to obtain the long-run average maintenance cost per period.
Similar logic applies to the availability criterion. In the following, let Eπ[·] denote
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the expected value with respect to the stationary law π. The different components
of the cost and availability function are specified below.

First, the long-run average length of an inspection cycle, denoted by Eπ[S],
can be obtained by again distinguishing four different cases; both components
replaced, only component 1 replaced, only component 2 replaced, and no replace-
ment, respectively:

Eπ[S] = n

(∫ ∞

ξ1
n

∫ ∞

ζ2

π(x1, x2)dx2dx1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(x1, x2)dx2dx1

)

+
n∑

k=1
k

[∫ ∞

ξ1
n

∫ min{ξ2
n−k+1,ζ2}

min{ξ2
n−k ,ζ2}

π(x1, x2)dx2dx1

+
∫ min{ξ1

n−k+1,ζ1}

min{ξ1
n−k ,ζ1}

∫ ∞

ξ2
n

π(x1, x2)dx2dx1

+
∫ ξ1

n−k+1

ξ1
n−k

∫ ξ2
n−k+1

0
π(x1, x2)dx2dx1 +

∫ ξ1
n−k

0

∫ ξ2
n−k+1

ξ2
n−k

π(x1, x2)dx2dx1

]
.

Next, the long-run average inspection cost per semi-regeneration cycle, which is
incurred exactly once per inspection cycle, is equal to cn . The long-run average
preventive maintenance cost of component i per inspection cycle (excluding the
set-up cost), denoted by Eπ[C (i )

P (S)], is given by

Eπ[C (i )
P (S)] = c(i )

p

(∫ Li

ξi
n

∫ ∞

0
π(x1, x2)dx j dxi +

∫ ξi
n

ζi

∫ ∞

ξ
j
n

π(x1, x2)dx j dxi

)
,

while the long-run average corrective maintenance cost of component i per in-
spection cycle (excluding the set-up cost), denoted by Eπ[C (i )

C (S)], can be obtained
as

Eπ[C (i )
C (S)] = c(i )

c

∫ ∞

Li

∫ ∞

0
π(x1, x2)dx j dxi .

In case at least one component is replaced, either preventively or correctively,
the set-up cost for a replacement cs needs to be paid once. The long-run average
cumulative set-up cost per inspection cycle, denoted by Eπ[CS(S)], is thus given
by

Eπ[CS(S)] = cs

(∫ ∞

ξ1
n

∫ ∞

0
π(x1, x2)dx2dx1 +

∫ ξ1
n

0

∫ ∞

ξ2
n

π(x1, x2)dx2dx1

)
.
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The long-run average cost incurred for the time that the system spends in the
failed state during one inspection cycle, denoted by Eπ[CU (S)], is given by

Eπ[CU (S)] = cuEπ[DU (S)],

where Eπ[DU (S)] denotes the long-run average time that the system is unavailable
during an inspection cycle. Since by assumption failures can only be noticed upon
inspection, which are scheduled at discrete points in time, the exact moment at
which a failure occurs is unknown. As an alternative to using an upper bound for
the unavailability time [1], we suggest to assume a linear increase in deterioration
between two consecutive inspection moments. This provides a better approxi-
mation of the down-time of the system, as will be further explained on the next
pages.

The long-run average maintenance cost per time unit can now be obtained as

C∞ = lim
t→∞

E[C (t )]

t
= Eπ[C (S)]

Eπ[S]

= cn +∑2
i=1 Eπ[C (i )

P (S)]+∑2
i=1 Eπ[C (i )

C (S)]+Eπ[CS(S)]+Eπ[CU (S)]

Eπ[S]
,

while the long-run average system availability can be obtained as

A∞ = Eπ[S]−Eπ[DU (S)]

Eπ[S]
.

Long-run average system unavailability time

Suppose that component i fails at time t (i )
f , with t (i )

f ∈ [k−1,k) and 1 ≤ k ≤ S. Since
the deterioration level of a component, and hence whether or not it has failed,
can only be observed at the discrete inspection moments, the exact moment of
failure t (i )

f is unknown. Castanier et al. [1] suggest to approximate the component

unavailability time D (i )
U (S) by assuming that the failure occurred at time k −1.

However, this approximation, which we denote by D̂ (i )
U (S), is obvious positively

biased and indeed an upper bound, which the authors acknowledge. Moreover,
since maintenance policies typically try to achieve a high up-time, failures that
do occur are likely to occur towards the end of a period. We therefore use an
alternative, linear approximation of the unavailability time, denoted by D̃ (i )

U (S), as
is illustrated in Figure 3.2. Note that in order for D̃ (i )

U (S) to equal S −m, we require

an increase in deterioration of s = Li−y−u
m−(k−1) =

Li−y−u
m−bmc between times k −1(= bmc)

and k(= dme).
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Figure 3.2. Approximating the unavailability time D(i )
U (S) of component i .

For presentational ease, we introduce the binary variable q , indicating whether
the system unavailability time is approximated by using [1]’s upper bound (q = 0),
or by assuming a linear increase in deterioration between two consecutive inspec-
tion moments (q = 1). In other words,

Eπ,q [DU (S)] =
{

Eπ[D̂U (S)], if q = 0,

Eπ[D̃U (S)], if q = 1.

Next, we define the functions u1,q (m, l ) as the system unavailability time if only
one component fails, (approximately) at time m, in an inspection cycle of length l
using method q , and u2,q (m1,m2, l ) as the system unavailability time if compo-
nents 1 and 2 fail at (approximate) times m1 and m2, respectively, in an inspection
cycle of length l using method q . Then

u1,q (m, l ) =
{
dl −me, if q = 0,

l −m, if q = 1,

u2,q (m1,m2, l ) =
{

max{dl −m1e,dl −m2e}, if q = 0,

max{l −m1, l −m2}, if q = 1.

For the derivation of Eπ,q [DU (S)], we define the function hi (m|y) as the proba-
bility density function of a failure of component i (i = 1,2) at time m (under the
assumption of a linear increase in deterioration), given a previous deterioration
level of y . This function consists of two parts; we multiply the probability that a
failure occurs during the dme-th time unit with the probability of a failure at time

70



3

C
B

M
fo

r
a

se
ri

es
sy

st
em

w
it

h
ec

o
n

o
m

ic
d

ep
en

d
en

ce

m given a failure during the dme-th time unit. We find that

hi (m|y) =



∫ ∞
Li−y fi (s)ds · fi

(
Li −y

m−bmc
)

∫ dme
bmc fi

(
Li −y
t−bmc

)
dt

, if dme = 1,∫
0

Li−y f (bmc)
i (u)

(∫ ∞

Li−y−u
fi (s)ds

)
du·

∫ Li −y
0 f (bmc)

i (u)· fi

(
Li −y−u
m−bmc

)
du∫ dme

bmc
∫ Li −y

0 f (bmc)
i (u)· fi

(
Li −y−u

t−bmc
)
dudt

,
if dme > 1.

Furthermore, we define the function Fi (y, l ) as the probability that component i
will not fail during the first l time units starting with a deterioration level of y :

Fi (y, l ) =
∫ Li−y

0
f (l )

i (u)du.

We can now obtain an expression for the approximated system unavailability
times for both methods by distinguishing two cases: either both components
fail, or just one component fails. If both components fail, the average system
unavailability time is obtained by multiplying u2,q (m1,m2, ·) with the probability
density functions h1(m1|·) and h2(m2|·), and integrating the resulting expression
with respect to m1 and m2. Similarly, in case only component 1 (2) will fail, the
average system unavailability time is obtained by multiplying u1,q (m, ·) with the
probability density function h1(m|·) (h2(m|·)) and the probability that component
2 (1) will not fail F2(·, ·) (F1(·, ·)), and integrating this expression with respect
to m. Similar to obtaining an expression for the probability law, this is done
separately for each of the following four cases: both components are replaced,
only component 1 is replaced, only component 2 is replaced, and no replacement
is performed during the previous inspection. This gives

Eπ,q [DU (S)] =(∫ ∞

ξ1
n

∫ ∞

ζ2

π(y1, y2)dy2dy1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(y1, y2)dy2dy1

)
·(∫ n

0

∫ n

0
u2,q (m1,m2,n) ·h1(m1|0) ·h2(m2|0)dm2dm1+

∫ n

0
u1,q (m,n) ·

(
h1(m|0) ·F2(0,n)+F1(0,n) ·h2(m|0)

)
dm

)
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+
n∑

l2=1

∫ ∞

ξ1
n

∫ min{ξ2
n−l2+1,ζ2}

min{ξ2
n−l2

,ζ2}
π(y1, y2) ·

(∫ l2

0

∫ l2

0
u2,q (m1,m2, l2)·

h1(m1|0) ·h2(m2|y2)dm2dm1 +
∫ l2

0
u1,q (m, l2)·

(
h1(m|0) ·F2(y2, l2)+F1(0, l2) ·h2(m|y2)

)
dm

)
dy2dy1

+
n∑

l1=1

∫ min{ξ1
n−l1+1,ζ1}

min{ξ1
n−l1

,ζ1}

∫ ∞

ξ2
n

π(y1, y2) ·
(∫ l1

0

∫ l1

0
u2,q (m1,m2, l1)· (3.1)

h1(m1|y1) ·h2(m2|0)dm2dm1 +
∫ l1

0
u1,q (m, l1)·

(
h1(m|y1) ·F2(0, l1)+F1(y1, l1) ·h2(m|0)

)
dm

)
dy2dy1

+
n∑

l1,l2=1

∫ ξ1
n−l1+1

ξ1
n−l1

∫ ξ2
n−l2+1

ξ2
n−l2

π(y1, y2) ·
(∫ min{l1,l2}

0

∫ min{l1,l2}

0

u2,q (m1,m2,min{l1, l2}) ·h1(m1|y1) ·h2(m2|y2)dm2dm1+∫ min{l1,l2}

0
u1,q (m,min{l1, l2}) ·

(
h1(m|y1) ·F2(y2,min{l1, l2})+

F1(y1,min{l1, l2}) ·h2(m|y2)
)

dm

)
dy2dy1.

3.5. Numerical investigation

For presentational purposes, we consider a system consisting of two identical
components. In this way, the threshold values (which are the same for both
components) are easier to optimize and the results are easier to interpret than for
non-identical components. It also allows us to omit the superscripts denoting to
which component a certain cost or threshold value corresponds. Figure 3.3 shows
the failure probability over time of a component with α= 3.5 and L = 2, provided
that it does not undergo any maintenance actions and that it is as-good-as-new
at time 0. It follows from Figure 3.3 that n (the number of inspection thresholds)
should not be chosen too large, especially when considering a relatively high
unavailability cost as is typically the case in practice. In our experiments, we
will assume an unavailability cost of at least 100 times the inspection cost. This
implies roughly that the probability of failure in the next period should not exceed
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Figure 3.3. Failure probability over time of a new and unmaintained component with α= 3.5 and
L = 2.

one percent. From Figure 3.3, we observe that the failure probability is much more
than one percent for n larger than two. Hence, we set the number of inspection
thresholds to n = 2, which means that the next inspection is always scheduled
either one or two periods later.

Note that our computations are made using R [12] on a computer with a 3.30
GHz quad core processor and 8.00 GB of RAM. Due to the high complexity and
considerable computing time, it is convenient to precalculate the integrals with
respect to m1, m2, and m in Equation (3.1). Because these are independent from
the threshold values and the cost parameters, we only need to calculate them
once for all yi ∈ [0,Li ], i = 1,2 (which takes about 55 hours) for this specific setting
of n = 2, L = 2, and α = 3.5. If we also calculate π (which is independent of the
cost parameters too) for all combinations of the threshold values (approximately
87 hours), the cost and availability criteria can be calculated for all possible
combinations of the threshold values within 40 seconds for any setting of the cost
parameters.

The cost scenario that we consider is partially based on [1]; inspection cost
normalized at cn = 1, preventive replacement cost cp = 40 per component, correc-
tive replacement cost cc = 100 per component, set-up cost cs = 35 per (system)
replacement, and unavailability cost rate cu = 150 per time unit. We do a full grid
search, and calculate the value of C∞ for all ξ1,ξ2,ζ ∈ {0,0.1, . . . ,L}, with 0 ≤ ξ1 ≤ ξ2

and 0 ≤ ζ≤ ξ2 in order to obtain the cost-minimizing threshold values.
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We assess the performances using both the upper bound on the unavailability
time, and our linear approximation. We refer to these as ‘upper bound’ and ‘linear
approximation’, respectively, in the remainder of this section. Results indicate
that the minimal long-run average cost per period is located somewhere around
29.96 when using the upper bound, and around 25.99 when using the linear
approximation. We remark that these cost figures are not readily comparable
(for determining cost savings) as they are based on different cost approximations,
but the large difference does show that using a more accurate approximation
significantly alters the results. In addition, the corresponding optimal threshold
values are given by ξ1 = 0, ξ2 = 1.0, and ζ = 1.0 for the upper bound, and by
ξ1 = 1.3, ξ2 = 1.3, and ζ= 0.8 for the linear approximation. These two maintenance
policies differ in many aspects. Whereas by using the upper bound it is optimal to
inspect each time unit, to replace a component at a deterioration level of 1, and
to never perform opportunistic replacements, by using the linear approximation
we find that the system is inspected every other period, a component is replaced
preventively at a level of 1.3, and opportunistic replacements are performed at
a deterioration level of 0.8. This implies that the accuracy of approximating the
unavailability time has a great impact on the resulting optimal maintenance
strategy as well. To gain more insight into the behavior of C∞ and the differences
between the upper bound and the linear approximation, Figure 3.4 shows the
minimal value of C∞ for different (fixed) values of each one of the threshold values.
From this figure, it appears that the minimal costs estimated by using both the
upper bound and the linear approximation behave quite similarly, although the
minimal costs obtained by the upper bound are clearly higher than those obtained
by the linear approximation. Furthermore, we observe that increasing any one of
the thresholds ξ1, ξ2, and ζ has a greater impact on the minimal costs based on
the upper bound than those based on the linear approximation. This emphasizes
the importance of approximating the unavailability time accurately. Besides,
Figure 3.4 illustrates that both the inspection threshold ξ1 and the opportunistic
replacement threshold ζ should not be set too high. This can be explained by
the fact that the preventive replacement threshold ξ2 should exceed these two
thresholds, forcing the number of preventive replacements to decrease as well.
On the other hand, setting the preventive replacement threshold ξ2 too low causes
the maintenance cost to increase, as maintenance is then performed too often.
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Figure 3.4. The minimal value of C∞ for different values of ξ1, ξ2, and ζ.
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3.5.1. Comparison to classical maintenance policies
As noted in [1], many classical maintenance policies can be viewed as special
cases of our multi-threshold maintenance policy. We compare the results of our
policy with several of these for the particular example that we consider.

No opportunistic replacements: Set ζ equal to ξ2 to omit opportunistic
replacements.

Periodic inspections: Inspections are performed periodically (with period-
icity n = 2) by setting ξ1 equal to ξ2.

Failure-based maintenance: Under the assumption that failures can only
be noticed upon inspection, failure-based maintenance can be achieved
by setting both ξ2 and ζ equal to the failure level L such that no preventive
maintenance is performed.

Block replacement: Block replacement is a strategy in which all compo-
nents are replaced periodically. This policy can be obtained by setting all
thresholds to zero.

The minimal long-run average costs obtained with the linear approximation
(upper bound), along with the optimal threshold values, for each of the above
maintenance strategies are shown in Table 3.2 and summarized in Figure 3.5. If
it is optimal to perform periodic inspections, the corresponding periodicity is
also presented in the table. Note that for the upper bound, the optimal solution
obtained with our multi-threshold maintenance policy does not deviate from the
one obtained by omitting opportunistic replacements. This is due to the fact that
in this particular example it is optimal to not include opportunistic replacements.
Similarly, for the linear approximation it turns out that periodic inspections are op-
timal in this particular case. Including opportunistic maintenance, and therefore

Table 3.2. Minimal C∞, optimal threshold values, and (if optimal) periodicity for different mainte-
nance policies, using the linear approximation (upper bound).

Maintenance policy C∞ ξ1 ξ2 ζ Periodicity

Multi-threshold policy 25.99 (29.96) 1.3 (0.0) 1.3 (1.0) 0.8 (1.0) 2 (-)
No opportunistic
replacements

26.76 (29.96) 1.2 (0.0) 1.2 (1.0) 1.2 (1.0) 2 (-)

Periodic inspection 25.99 (30.25) 1.3 (1.1) 1.3 (1.1) 0.8 (0.7) 2 (2)
Failure-based
maintenance

51.17 (72.53) 1.9 (2.0) 2.0 (2.0) 2.0 (2.0) - (2)

Block replacement 58.78 (59.64) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 2 (2)
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Figure 3.5. The minimal value of C∞, obtained with different maintenance policies.

performing a system-wide optimization, is essential for this example.

3.5.2. Sensitivity analysis

Influence of the set-up cost

So far, we assumed a set-up cost of cs = 35. To investigate the influence of the de-
gree of economic dependence, we now vary this cost between 0 and 50. Figure 3.6
shows the minimal long-run average cost per period for these values of the set-up
cost. As expected, the costs obtained by the linear approximation are lower than
those obtained by using the upper bound. Furthermore, increasing the set-up cost
has a larger effect on the costs obtained with the upper bound than with the linear
approximation, because a higher set-up cost implies less preventive maintenance,
and hence a higher unavailability time. In addition, Figure 3.7 shows the long-run
average availability A∞ corresponding to the cost-minimizing threshold values
for different values of the set-up cost. It decreases as the set-up cost increases,
because maintenance will be performed less often.

Furthermore, Figure 3.8 shows the threshold values that minimize the long-
run average cost for different values of the set-up cost, both using the upper
bound and the linear approximation. This figure confirms that the preventive
replacement threshold ξ2 is consistently higher for the linear approximation than
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Figure 3.6. Minimal long-run average cost per
time unit (C∞), for different values of cs .
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Figure 3.7. Long-run average system availabil-
ity (A∞) corresponding to the cost-minimizing
threshold values, for different values of cs .

for the upper bound. In the latter case, failures are penalized more severely due to
the overestimation of the system downtime. Preventive maintenance is thus per-
formed at an earlier stage. It also appears that the inspection threshold ξ1 is equal
to ξ2 for a wider range of set-up costs under the linear approximation, meaning
that fewer inspections are performed. Related, there are more opportunistic re-
placements under the linear approximation. Under this more accurate estimation
of the downtime, the model thus shows an increased ability to respond to the
degree of economic dependence, by clustering more maintenance activities.

Influence of the unavailability cost rate
Next, we vary the unavailability cost rate between 100 and 200. This results in the
minimal costs C∞ shown in Figure 3.9 with the corresponding system availability
shown in Figure 3.10. Naturally, as all other cost parameters remain unchanged,
the minimal long-run average cost per time unit increases as the unavailability
cost rate increases. Furthermore, a higher unavailability cost rate implies more
frequent preventive maintenance to avoid expensive downtime. This holds in
particular for the upper bound, where the system downtime is overestimated.
The long-run average system availability corresponding to the cost-minimizing
threshold values thus increases as cu increases, especially for the upper bound.

Furthermore, Figure 3.11 shows the threshold values that minimize the long-
run average cost per period for the different values of the unavailability cost rate,
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the upper bound and the linear approximation.
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Figure 3.9. Minimal long-run average cost per
time unit (C∞), for different values of cu .
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Figure 3.10. Long-run average system availabil-
ity (A∞) corresponding to the cost-minimizing
threshold values, for different values of cu .

obtained with the upper bound and the linear approximation. Similar to the
case where we varied the set-up cost, the preventive replacement threshold is
set higher in case the linear approximation is used than with the upper bound,
resulting in less frequent preventive maintenance. The same holds for the op-
portunistic replacements, as long as the unavailability cost rate does not exceed
140. This causes the inspection threshold ξ1 to drop to zero for the upper bound,
implying no opportunistic replacements. For the linear approximation, however,
inspections are performed every other time unit, and both preventive and oppor-
tunistic replacements are performed more often when the unavailability cost rate
increases.

We remark that these sensitivity results were also observed for other values of
the deterioration parameters αi , the failure levels Li , and the cost parameters, for
i = 1,2.

3.6. Conclusion

In this chapter, we built on the work of Castanier et al. [1], who developed an
advanced CBM policy for a two-component series system subject to economic
dependence, where the aperiodic inspection moments are optimized simultane-
ously with the critical condition levels at which maintenance is performed.
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Figure 3.11. Cost-minimizing threshold values for different values of the unavailability cost rate,
obtained with the upper bound and the linear approximation.
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Whereas only the long-run average maintenance cost per period was con-
sidered as a performance criterion in [1], we considered the long-run average
system availability as well. Since the deterioration level of a component, and
hence whether or not a failure has occurred, can only be observed at the inspec-
tion moments, the amount of time that a component is unavailable cannot be
measured exactly. An upper bound is used in [1], but we approximated it more
accurately by assuming a gradual, linear increase in deterioration between two
consecutive time units. Results indicate that this greatly influences the resulting
optimal maintenance strategy. Using an upper bound, the overestimated unavail-
ability time causes both inspections and preventive replacements to be performed
too often, reducing the profitability of opportunistic replacements.

A numerical sensitivity study revealed insights on the trade-off between dif-
ferent types of maintenance actions. Both the inspection thresholds and the
opportunistic replacement threshold should not be set too high, as this forces
the number of preventive replacements to reduce as well. At the same time, the
preventive replacement threshold should not be set too low, since maintenance
is then performed too often, which increases the maintenance costs. By select-
ing the right thresholds, our policy was shown to outperform simpler, classical
maintenance policies. In fact, a number of these classical policies can be viewed
as special cases of our policy, making it widely applicable and of value to the
maintenance literature.

Since in practice systems often contain more than two components, for which
different structural relations exist, a direction for future research is to extend
this model to a k-out-of-N -system, i.e., the case where a system consisting of
N components functions as long as at least k components function [13]. Other
relevant extensions of the system considered here include uncertain deterioration
failure levels, dependent deterioration processes for the different components,
and the inclusion of predetermined periods during which maintenance activities
are preferably scheduled such as turn arounds. However, the current analysis is
already complex and has a considerable computing time. This is partly due to the
fact that no efficient optimization approach exists to find the optimal threshold
values, forcing us to do a full grid search. Although we can deal with the long
computing time by dividing the calculations into different parts and running
them separately, future research could also address alternative ways to analyze
the stationary law.
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Abstract
This chapter focuses on a two-component system subject to structural dependence
(through a parallel setting) and (positive) economic dependence. We continue
work on the CBM optimization approach proposed by B. Castanier, A. Grall, C.
Bérenguer, A condition-based maintenance policy with non-periodic inspections
for a two-unit series system, Reliability Engineering & System Safety 87 (1) (2005)
109-120. Their approach is advanced, compared to those proposed by others, in
that it optimizes both the inspection moments and the condition thresholds (on
which the planning of maintenance actions is based) simultaneously. It considers a
discrete-time system with two machines that operate in series, where the objective
is to minimize the long-run average maintenance cost per time unit. We analyze
an adapted version of their system where two machines operate in parallel rather
than in series, and provide new insights on CBM for such systems. Furthermore,
an extensive comparison to other (classical) maintenance policies, such as failure-
based maintenance, block replacement, and CBM with periodic inspections, is
included.
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4.1. Introduction
This chapter considers the joint optimization of the (aperiodic) inspection mo-
ments and maintenance decisions for a system with two components that are
functioning in parallel (i.e., structural dependence) and subject to (positive) eco-
nomic dependence. For systems with multiple components subject to economic
dependence, it might be rewarding to combine maintenance actions. This means
that the optimal maintenance policy for one component might not be optimal
for the complete system [1]. Economic dependence can for example result from
set-up costs which need to be paid exactly once if maintenance is performed,
independent of the number of components that are maintained. These costs
can consist of ordering spare parts, shutting down the system, or traveling to
the right location. Examples of articles that consider maintenance grouping for
multi-component systems with economic dependence are given by [2–4], while a
CBM strategy is considered for such systems by, e.g., [1, 5].

A shortcoming that applies to most existing literature on CBM is that either
optimization of the critical level at which a preventive replacement should be ini-
tiated given the (periodic) inspection intervals, or optimization of the inspection
intervals given the critical level is considered. The combination of the two, so
optimizing the maintenance policy with respect to both the inspection intervals
and the critical preventive maintenance level, has only been studied for a dynamic
maintenance grouping policy by [6] and for a multi-threshold maintenance policy
by [1, 7–12] (see also Chapter 3). In fact, a single-component system is considered
by [7–10], while the policy is extended to a two-component series system by [1, 12].
Moreover, a series-parallel system (i.e., a system with a number of subsystems in
series, each containing multiple parallel components) is studied by [11]. Of these
contributions, aperiodic inspection moments are considered by [1, 7, 8, 11, 12].
An advantage of using aperiodic inspection moments is that it takes into account
that when a system is relatively new, inspections are required less often than when
the system is approaching the end of its life. This can reduce costs substantially.
The authors explain that the performances of their models are promising, even
better than the classical preventive maintenance methods, although this has not
been tested with real data.

In this chapter, we focus on the discrete-time CBM model described by [1].
They consider a two-component series system, whereas we consider a system
with two components that are functioning in parallel instead of in series. In this
way, the system will not completely fail as soon as at least one of the components
fails as is the case in the article, but a component failure will result in some lost
revenue. Consider, for example, a factory which has two machines to produce
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output. A failure of one of the machines will not halt production completely,
but will reduce the amount of output produced. We will gain insight in such
systems by assessing the performances of our model, and comparing these with
those of classical preventive maintenance strategies. Note that [11] developed a
maintenance optimization method for a series-parallel system based on the work
of [1]. However, they restricted the components to discrete deterioration levels,
while we are interested in continuously deteriorating components. Furthermore,
[11] use a numerical simulation to evaluate their performances, while we are using
an exact method.

The remainder of this chapter is organized as follows. Section 4.2 describes
the system, starting by the deterioration model and then continuing to describe
the possible maintenance actions and corresponding costs. Next, the multi-
threshold policy under consideration is explained in Section 4.3, followed by
the mathematical model in Section 4.4. The performances are assessed for an
example case in Section 4.5, and compared to those of classical (corrective and
preventive) maintenance policies. Section 4.6 concludes the chapter.

4.2. System description

4.2.1. Deterioration model
We consider a discrete-time system consisting of two components, which deterio-
rate independently. The random variable X i

k is used to describe the deterioration
level of component i at time k, for i = 1,2 and k ∈N. The random deterioration
increments ∆(k,k+1)X i in each time interval must be nonnegative to ensure that
it is useful to perform preventive maintenance. Each component is either func-
tioning properly or has failed. Both at the start of the process (at time 0) and after
a replacement (say at time tr ), component i is as-good-as-new, i.e., X i

0 = 0 and
X i

tr
= 0, while component i fails as soon as its deterioration level reaches the fixed

failure level Li , for i = 1,2. Failures can only be observed during an inspection,
until which the component remains unavailable. At the start of each time unit, it is
possible, but not mandatory, to perform a system inspection, thus allowing for an
aperiodic inspection schedule. Let fi denote the probability density function of
the deterioration increments ∆(k,k+1)X i of component i , for i = 1,2 and for k ∈N.
We assume that the deterioration increments are stationary and exchangeable,
so the degradation increments satisfy the memoryless property and the distribu-
tion functions fi are infinitely divisible [13]. This is for example the case for the
gamma distribution, which is the most appropriate choice for our deterioration
model [14].

88



4

C
B

M
fo

r
a

p
ar

al
le

l
sy

st
em

w
it

h
ec

o
n

o
m

ic
d

ep
en

d
en

ce

Nomenclature

π(x1, x2) Long-run probability that components 1 and 2 are in states x1

and x2, respectively, at the start of an inspection

ξ(i )
j Inspection thresholds for component i ( j = 0,1, . . . ,n −1)

ξ(i )
n Preventive replacement threshold for component i
ζi Opportunistic replacement threshold for component i
C (t ) Cumulative operating costs up to time t
C∞ Long-run average operating costs per time unit
c i

c Cost of a corrective replacement for component i

C (i )
C (t ) Cumulative corrective replacement costs of component i up to

time t
cn Cost of a system inspection
CN (t ) Cumulative inspection cost up to time t
c i

p Cost of a preventive replacement for component i

C (i )
P (t ) Cumulative preventive replacement costs of component i up

to time t
cs Fixed set-up costs for a replacement
c i

u Unavailability cost rate, per time unit that component i is un-
available

CU (t ) Cumulative system unavailability costs up to time t
Eπ[·] Expected value with respect to the stationary law π

fi (·) Pdf of the deterioration increments of component i

f (l )
i (·) Pdf of the cumulative deterioration increments over l time

units for component i
Li Failure-level of component i
n Number of inspection threshold values for each component
NSR (t ) Total number of complete system replacements up to time t
S Length of a semi-regeneration cycle in steady state
X i

k Condition of component i at time k

4.2.2. Maintenance actions and corresponding costs
An inspection, which costs cn , reveals the deterioration level of each component.
If component i has failed, it needs to be replaced correctively and the corrective
replacement cost c i

c is incurred. If, on the other hand, component i is still func-
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tioning, it can be replaced preventively, for which the preventive replacement cost
c i

p is incurred. In case at least one component is replaced, the set-up cost cs is
incurred. Since failures can only be observed during an inspection, component i
could endure some unavailability time before being replaced. The unavailability
cost c i

u is incurred per time unit that component i is unavailable. The two compo-
nents are in parallel, meaning that the system keeps functioning as long as at least
one component functions, but these unavailability costs can arise for example
from losses in revenue if one of the components is unavailable.

4.3. Multi-threshold maintenance policy
The maintenance decisions for each component are based on comparing the
observed deterioration level with a set of threshold values, which are defined as
ξi

0,ξi
1, . . . ,ξi

n (with ξi
0 ≤ ξi

1 ≤ . . . ≤ ξi
n ≤ Li ) and ζi (with 0 ≤ ζi ≤ ξi

n) for component i .
The fixed number n is chosen in advance, and represents the number of inspection
threshold values, i.e., the next inspection is scheduled at most n periods later.
Since a component starts with a deterioration level of zero, we set ξi

0 := 0 for all
components. Figure 4.1 schematically represents the maintenance decisions that
should be taken for component i , provided that an inspection is performed at
time k. This inspection reveals the deterioration level of the component, which is
then compared with the threshold values on the vertical axis: if the deterioration
level exceeds the failure level Li , component i has failed, and requires a corrective
replacement. If component i has not failed, it must still be preventively replaced if
its deterioration level exceeds the preventive replacement threshold ξi

n . Moreover,
even if the deterioration level is below ξi

n but above the opportunistic replacement
threshold ζi , the component can be replaced preventively, but only if the other
component requires a replacement.

After possible maintenance actions have been performed, the (new) deteriora-
tion level of the component is again compared with the threshold values to decide
on the next inspection moment. For a deterioration level between ξi

l and ξi
l+1,

the next inspection is scheduled after n − l time units. In this way, we obtain an
aperiodic inspection schedule in which components are inspected sooner when
they are approaching a failure than when they are as-good-as-new. Since both
components should be inspected at the same time to be able to combine main-
tenance actions, and since the costs of an inspection are typically independent
of the number of components inspected, it is reasonable to assume that both
components are inspected as soon as one of them requires an inspection.
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Figure 4.1. Maintenance decisions for component i , given an inspection at time k.

4.4. Mathematical model

Since a complete system replacement, either preventively or correctively, trans-
forms the system state to the as-good-as-new state, and since deterioration does
not depend on the past, we can view our deterioration process as a regeneration
process [7]. Hence, we can consider the long-run behavior of the process in a
single renewal cycle, i.e., the period between two successive system replacements.
Moreover, we can view the period between two successive system inspections as
a semi-regeneration cycle [1], since the decisions to be made during an inspec-
tion solely depend on the system state at that point in time. The existence of
semi-regeneration cycles enables us to construct a probabilistic law π(x1, x2) to
describe the probability of being in a certain state at the moment of an inspection.
Similarly to [1], this probabilistic law can be calculated as the probability of being
in state (y1, y2) multiplied by the probability of moving from state (y1, y2) to state
(x1, x2) during an inspection cycle. For ease of notation, we introduction the
function F as follows.

F (x1, x2, l ) = f (l )
1 (x1) · f (l )

2 (x2)

Then, the probabilistic law π can be expressed by distinguishing four cases; no
replacement, only component 1 is replaced, only component 2 is replaced, and a

91



4

complete system replacement.

π(x1, x2) =
n−1∑
l1=0

n−1∑
l2=0

∫ ξ1
l1+1

ξ1
l1

∫ ξ2
l2+1

ξ2
l2

π(y1, y2) ·F (x1 − y1, x2 − y2,n −max{l1, l2}) dy2dy1

+
n−1∑
l2=0

∫ ∞

ξ1
n

∫ min{ξ2
l2+1,ζ2}

min{ξ2
l2

,ζ2}
π(y1, y2) ·F (x1, x2 − y2,n − l2) dy2dy1

+
n−1∑
l1=0

∫ min{ξ1
l1+1,ζ1}

min{ξ1
l1

,ζ1}

∫ ∞

ξ2
n

π(y1, y2) ·F (x1 − y1, x2,n − l1) dy2dy1

+
(∫ ∞

ξ1
n

∫ ∞

ζ2

π(y1, y2)dy2dy1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(y1, y2)dy2dy1

)
·F (x1, x2,n)

Using this probabilistic law, it is possible to find an expression for the long-run
average operating costs per unit of time, which is denoted by C∞. Our goal is
to minimize these costs by optimizing the threshold values on which the main-
tenance actions are based. In that way, both the decisions on when to perform
maintenance and when to inspect are optimized simultaneously.

Let C (t) denote the cumulative operating costs up to time t . These operat-
ing costs consist of the cumulative costs up to time t involved in performing
inspections (denoted by CN (t )), preventive replacements (denoted by C (i )

P (t ) for
component i ), corrective replacements (denoted by C (i )

C (t ) for component i ), and
the unavailability costs due to a failure summed over all components (denoted
by CU (t )). Note that both C (i )

P (t ) and C (i )
C (t ) include the set-up costs for a replace-

ment, without considering possible cost savings from combining maintenance on
both components. Therefore, the total number of complete system replacements
up to time t is denoted by NSR (t ), and is used to subtract the set-up costs that are
saved in case of a system replacement. Similarly to [1], the cumulative operating
costs up to time t can now be expressed as follows.

C (t ) =CN (t )+
2∑

i=1
C (i )

P (t )+
2∑

i=1
C (i )

C (t )− cs ·NSR (t )+CU (t )

If we denote the length of an inspection cycle by S, we can express the long-run
average operating costs per unit of time as follows [1].

C∞ = lim
t→∞

E[C (t )]

t
= Eπ[C (S)]

Eπ[S]
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Although our analysis shows similarities to that of [1], our model differs in two
aspects. First, we do not include the inspection costs in the set-up costs for a
replacement, but instead assume that these need to be paid exactly once during
each inspection cycle. This assumption simplifies the expression for the long-run
average operating costs. Hence,

Eπ[CN (S)] = cn .

Second, we consider a different structure for the two components. Whereas in
case of a two-component series system an unavailability cost rate needs to be
paid for the time during which at least one of the components has failed, for
a parallel system it holds that the system keeps functioning as long as at least
one component is functioning. We therefore include an unavailability cost rate
for each component separately, which could result from for example losses in
revenue. The expression for this part of the cost function (denoted by Eπ[CU (S)])
is included in Appendix 4.A. Compared with the two-component series system
developed by [1], these two changes in the analysis of the model facilitate easier
generalization to systems containing three or more components. The expression
for the expected unavailability cost can easily be extended by summing over all
components rather than two, while the expression for the inspection cost does
not depend on the number of components at all.

The other parts of the cost function remain unchanged. Hence, the preventive
replacement cost (including the set-up cost) for component i during an inspection
cycle can be obtained as follows, for i = 1,2 and j 6= i .

Eπ[C (i )
P (S)] = (cs + c i

p ) ·
(∫ Li

ξi
n

∫ ∞

0
π(x1, x2)dx j dxi +

∫ ξi
n

ζi

∫ ∞

ξ
j
n

π(x1, x2)dx j dxi

)

Similarly, the corrective replacement cost (including the set-up cost) for compo-
nent i during S are given by

Eπ[C (i )
C (S)] = (cs + c i

c ) ·
∫ ∞

Li

∫ ∞

0
π(x1, x2)dx j dxi .

The expected number of complete system replacements during an inspection
cycle equals the probability of a system replacement during S. Hence,

Eπ[NSR (S)] =
∫ ∞

ξ1
n

∫ ∞

ζ2

π(x1, x2)dx2dx1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(x1, x2)dx2dx1.
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For obtaining an expression for the long-run average length of an inspection
cycle we again distinguish four cases; no replacement, only component 1 is re-
placed, only component 2 is replaced, and a complete system replacement. Note
that a complete system replacement immediately implies an inspection cycle of
length n.

Eπ[S] =
n∑

k=1
k ·P (S = k) =

n∑
k=1

k ·
(

∫ ξ1
n−k+1

ξ1
n−k

∫ ξ2
n−k+1

0
π(x1, x2)dx2dx1 +

∫ ξ1
n−k

0

∫ ξ2
n−k+1

ξ2
n−k

π(x1, x2)dx2dx1

+
∫ ∞

ξ1
n

∫ min{ξ2
n−k+1,ζ2}

min{ξ2
n−k ,ζ2}

π(x1, x2)dx2dx1

+
∫ min{ξ1

n−k+1,ζ1}

min{ξ1
n−k ,ζ1}

∫ ∞

ξ2
n

π(x1, x2)dx2dx1

+ I{k=n} ·
(∫ ∞

ξ1
n

∫ ∞

ζ2

π(x1, x2)dx2dx1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(x1, x2)dx2dx1

))

where I{·} denotes the indicator function, which equals one if the expression
between brackets is true, and zero otherwise.

4.5. Illustrative example

In this example, we consider a system consisting of two identical components,
which allows us to drop the superscripts denoting to which component a certain
parameter or threshold value corresponds. Moreover, we only have to optimize
one set of threshold values, which reduces calculation time dramatically. Fur-
thermore, results are easier to interpret while using identical components. For
determining reasonable values for the cost and deterioration parameters, we
consider [1, 8]. For the performance assessments of their policies these authors
choose to use (among others) the following costs: an inspection costs cn = 1, a
preventive replacement costs cp = 40, a corrective replacement costs cc = 100,
and the set-up cost for performing at least one replacement is equal to cs = 20.
We do consider a larger unavailability cost rate cu = 1000, to avoid unrealistic
situations in which it is cheaper to let the system be in the failed state than to
maintain the components. The exponential distribution is a common choice
for a distribution function describing the deterioration of a component during
one time unit [1, 8]. It is a special case of the gamma distribution that allows the
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Figure 4.2. Failure probability over time of a new component that is not subject to maintenance.

mathematical analysis of the model to be simplified. Hence, f is assumed to be
exponential with deterioration parameter α. This implies that the sum of l expo-
nentially distributed variables, or the deterioration gained in l consecutive time
units, follows an Erlang distribution with parameters α and l . For this example,
we set the deterioration parameter to α = 3, and assume a fixed failure level of
L = 2. This means that a component fails as soon as its deterioration level exceeds
the value of two. The failure probability of a component that is as-good-as-new at
time 0 and that does not undergo any maintenance actions will evolve as depicted
in Figure 4.2. In this setting, the average time to failure is equal to six time units,
while Figure 4.2 confirms that n should not be chosen too high, as this increases
the probability of a failure. Hence, we will consider n = 2 and n = 3.

We start by considering n = 2, which means that the next inspection is always
scheduled either one or two time units later, and that the threshold values that
need to be optimized to minimize the long-run average operating costs per time
unit are given by ξ1, ξ2, and ζ. We calculate the long-run average operating costs
per period for ξ1,ξ2,ζ ∈ {0,0.2,0.4, . . . ,L(= 2)}, with 0 ≤ ξ1 ≤ ξ2 and 0 ≤ ζ ≤ ξ2,
in order to construct Figure 4.3. From this figure, we conclude first of all that
each graph is rather smooth. In fact, the minimal long-run average costs given a
fixed value of the inspection threshold ξ1 are strictly increasing, implying that it is
profitable to perform inspections quite often. This is due to the high unavailability
cost rate and the relatively low costs corresponding to an inspection. Furthermore,
the preventive replacement threshold ξ2 should not be chosen too high, as this
will increase the unavailability and hence the costs. On the other hand, costs
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Figure 4.3. Minimal long-run average operating costs for different values of ξ1, ξ2, and ζ for n = 2.

also increase if ξ2 is chosen close to zero, by scheduling maintenance more often
than required. Also the opportunistic replacement threshold ζ should not be
chosen too large, as a high ζ enforces a high ξ2 (since ξ2 ≥ ζ), thus increasing the
unavailability and increasing the operating costs.

Results indicate that, in this setting, the minimal long-run average cost is
equal to 54.3 per time unit, for ξ1 = 0, ξ2 = 0.6 and ζ= 0.2. However, if we allow
inspections to be postponed by one more time unit, i.e., by selecting n = 3 in-
stead of n = 2, the long-run average costs can be reduced to 35.4 per time unit.
The corresponding set of threshold values is ξ1 = 0, ξ2 = 0.2, ξ3 = 0.6 and ζ= 0.2.
Hence, the next inspection is scheduled after three, two, and one time units if the
deterioration level equals 0, is between 0 and 0.2, and between 0.2 and 0.6, re-
spectively. Furthermore, a component is preventively replaced if its deterioration
level exceeds 0.6, while an opportunistic replacement is performed for a deteri-
oration level exceeding 0.2 (in case the other component is replaced). We can
conclude that both allowing for aperiodic inspections and including opportunistic
replacements are profitable.
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4.5.1. Comparison to classical maintenance policies

Several classical preventive maintenance strategies, such as failure-based mainte-
nance (FBM), block replacement (BR), and CBM with periodic inspections, can be
seen as special cases of our policy. First, FBM is a strategy in which no preventive
maintenance is performed, but each component is correctively replaced upon
failure. Since failures can only be observed upon inspection, we can obtain this
policy by setting n equal to 1 (i.e., to check for failures during every time unit), and
setting both ξ1 and ζ equal to the failure level L (i.e., to only perform corrective
maintenance). No parameters need to be optimized for this policy. Second, BR is
a strategy in which the complete system is replaced with a certain periodicity P ,
independent of the number of intervening failures. This policy can be obtained
by setting n equal to the desired periodicity P , and setting all threshold values
(ξ1,ξ2, . . . ,ξn ,ζ) equal to zero (to ensure that the system is replaced at each in-
spection). For this policy, only the periodicity P needs to be optimized. Third,
CBM with periodic inspections only differs from our multi-threshold policy in the
sense that inspections must be performed with a certain periodicity P . This can
be achieved by setting n equal to this periodicity P , and choosing the inspection
thresholds (ξ1,ξ2, . . . ,ξn−1) equal to the preventive replacement threshold ξn (to
ensure that the next inspection is always scheduled after P time units). For this
policy, the periodicity P , the preventive replacement threshold ξn , and the oppor-
tunistic replacement threshold ζ need to be optimized. Table 4.1 summarizes the
minimal costs obtained with the different maintenance policies, along with the
corresponding optimal parameters. From this table, we can conclude that FBM
is the most expensive strategy, which can be explained by the fact that it is the
least advanced one. Furthermore, both with BR and CBM with periodic inspec-
tions, the minimal long-run average costs per time unit are much higher than the
costs that we found with our multi-threshold strategy (which equal 35.4 per time
unit). This leads to the conclusion that CBM indeed can significantly outperform

Table 4.1. Minimal costs for different maintenance policies (increase from CBM with aperiodic
inspections), along with optimal parameter(s).

Maintenance policy Minimal average costs Optimal parameter(s)
Failure-based maintenance 206.7 (+484%) -
Block replacement 71.3 (+101%) P = 2
CBM with periodic inspections 58.2 (+ 64%) P = 1, ξ1 = 0.6, ζ= 0.4
CBM with aperiodic inspections 35.4 n = 3, ξ1 = 0, ξ2 = 0.2,

ξ3 = 0.6, ζ= 0.2
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more traditional policies, but also that allowing for aperiodic inspections can be
profitable.

4.6. Conclusion
This chapter considers the joint optimization of the inspection moments and
(condition-based) maintenance decisions for a two-component system subject to
both structural dependence (through a parallel system structure) and economic
dependence (through a fixed maintenance set-up cost). To this extent, we consid-
ered the CBM optimization approach developed by [1] for a discrete-time system
consisting of two components. We adapted this model such that it considers a sys-
tem with two components that are functioning in parallel instead of in series, such
that the system does not completely fail as soon as at least one of the components
fails. We observed that a number of classical maintenance policies can be viewed
as special cases of our policy, implying that our model is widely applicable and
of value to the maintenance literature. Furthermore, we observed that it can be
profitable to allow for aperiodic inspections, but also that clustering maintenance
activities can reduce costs.

For future research, it could be interesting to consider an uncertain failure
level rather than a fixed failure level such as in this chapter, while also an opti-
mization procedure can be developed in order to determine the optimal threshold
values in an efficient way. This is especially useful when extending the model to
three or more components. Furthermore, it could be interesting to test the CBM
optimization approach on real data.
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Appendix 4.A. Expression for the expected unavailability cost

It is impossible to trace the exact failure time of a component due to the discrete-
time horizon [1]. Therefore, the time spent in the failed state D i

U (t ) during time t
for component i , i=1,2, needs to be estimated. It is possible to estimate this
unavailability time by using an upper bound D̄ i

U (t ) [1]. Suppose we consider the
time span [0,S] and moment of failure t f (with k ≤ t f ≤ k +1). The upper bound
is then given by S −k, as shown in Figure 4.A.1.

The total expected unavailability cost of the complete system (denoted by
Eπ[CU (S)]) is equal to the sum of the unavailability costs for the different compo-
nents (denoted by Eπ[C i

U (S)] for component i ). Hence,

Eπ[CU (S)] =
2∑

i=1
Eπ[C i

U (S)],

where the unavailability cost of component i can be approximated by using the
upper bound as follows.

Eπ[C i
U (S)] = c i

u ·Eπ[D i
U (S)]

≈ c i
u ·Eπ[D̄ i

U (S)]

= c i
u ·

n∑
k=1

k ·P(D̄ i
U (S) = k)

In order to obtain an expression for P(D̄ i
U (S) = k), we first define Hi (k|y ; l ) as the

probability that the unavailability time of component i is equal to k time units,
given that after the previous inspection and possible maintenance actions the
component had a deterioration level of y and the next inspection was scheduled l

Figure 4.A.1. Exact unavailability time D i
U (S) of component i and its upper bound D̄ i

U (S).
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time units later, i.e., y < ξi
n−l+1. This function is given by

Hi (k|y ; l ) =


0, if l < k,∫ ∞

Li−y fi (t )dt , if l = k,∫ Li−y
0 f (l−k)

i (u)
(∫ ∞

Li−y−u fi (s)ds
)

du, if l > k.

We can use this function in order to calculate P(D̄ i
U (S) = k), for which we distin-

guish four cases; no replacement, only component 1 is replaced, only component
2 is replaced, and a complete system replacement, as follows.

P(D̄ i
U (S) = k) =

n∑
l1=k

n∑
l2=k

∫ ξ1
n−l1+1

ξ1
n−l1

∫ ξ2
n−l2+1

ξ2
n−l2

π(y1, y2) ·Hi (k|yi ;min{l1, l2})dy2dy1

+
n∑

l2=k

∫ ∞

ξ1
n

∫ min{ξ2
n−l2+1,ζ2}

min{ξ2
n−l2

,ζ2}
π(y1, y2) ·Hi (k|I{i=2} · yi ; l2)dy2dy1

+
n∑

l1=k

∫ min{ξ1
n−l1+1,ζ1}

min{ξ1
n−l1

,ζ1}

∫ ∞

ξ2
n

π(y1, y2) ·Hi (k|I{i=1} · yi ; l1)dy1dy2

+
(∫ ∞

ξ1
n

∫ ∞

ζ2

π(y1, y2)dy2dy1 +
∫ ξ1

n

ζ1

∫ ∞

ξ2
n

π(y1, y2)dy2dy1

)
·Hi (k|0;n)
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Abstract
In this chapter, we consider a multi-component system subject to both structural
dependence (through an active redundant, k-out-of-N setting) and (positive) eco-
nomic dependence. In case of redundancy, postponing maintenance on some failed
components is possible without reducing the availability of the system, while in
case of economic dependence, maintaining several components simultaneously
can be more cost efficient than performing maintenance on each component sepa-
rately. No research has been performed yet on clustering CBM tasks for systems with
both redundancy and economic dependence. We develop a dynamic programming
model to find the optimal maintenance strategy for such systems, and show nu-
merically that it can indeed considerably outperform previously considered policies
(failure-based, age-based, block replacement, and more restricted (opportunistic)
CBM policies). Moreover, our numerical investigation provides insights into the
optimal policy structure.
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5.1. Introduction

In practice, many multi-component systems employ redundancy, which is the
most common approach to increase availability and prevent downtime of the
equipment [1]. Consider for example a gas distribution company that has plants
with redundant pumps to distribute gas, to ensure a continuous operation of
the system and to prevent that clients will be without gas. A well-known type of
redundancy in systems with spares or in so-called fault-tolerant systems is the
k-out-of-N system, which has wide applications in both industrial and military
systems [2]. A k-out-of-N system is a system consisting of N components which
functions as long as at least k components function. Many settings can be viewed
as special cases of the k-out-of-N system; the 1-out-of-N system represents
a parallel system (fully-redundant), the N -out-of-N system represents a series
system (non-redundant), and the k-out-of-N system with 1 < k < N is also known
as a partially-redundant system [3, 4].

Besides redundancy (i.e., structural dependence), we focus in this chapter on
economic dependence, which means that combining maintenance actions can
yield a lower total cost than maintaining each component separately [5]. This is for
example the case when fixed set-up costs need to be paid, which are independent
of the number of components that require maintenance. Economic dependence
is very common in most continuous operating systems, such as aircrafts, power-
plants, or chemical processing facilities [6]. Combining maintenance on different
components is also known as clustering or opportunistic maintenance. There is
often a great cost saving potential by implementing an opportunistic maintenance
policy for multi-component systems with economic dependence [6].

While scheduling maintenance, systems with redundancy have the unique
property that the system could still function even if some components have failed.
Hence, failed components do not always require immediate replacement. In case
of economic dependence, it might be cheaper to postpone the maintenance until
other components require maintenance as well. Of course, doing so does increase
the risk of down-time as (some of) the remaining components can also fail unex-
pectedly. Obviously, condition monitoring could reduce that risk, but CBM has
so far not been considered for multi-component systems with redundancy and
economic dependence. To the best of our knowledge, we are the first to do so.

The remainder of this chapter is organized as follows. In Section 5.2, a short
overview of relevant literature is given. Section 5.3 describes the system under
investigation. Section 5.4 explains the dynamic programming model used to
optimize the maintenance policy. In Sections 5.5 and 5.6, results of a numerical
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investigation are presented, describing the optimal policy and comparing it to
classical policies. Section 5.7 concludes the chapter.

5.2. Literature review

Many authors have considered one or more of the following elements: CBM,
redundancy, or economic dependence. Figure 5.1 gives a schematic overview of
the types of systems considered. Although the figure is intended as an illustration,
all articles are included that combine at least two of the elements. Interestingly,
there is just a single study on CBM for systems with redundancy [7]. Moreover,
this study does not consider economic dependence, as we do.

Examples of articles that consider corrective or preventive maintenance poli-
cies for systems with redundancy, in the form of k-out-of-N systems, are given by
[9–14]. In fact, failure-based maintenance is considered in [9], while block replace-
ment is studied in [10, 11]. Both [12] and [13] study purely corrective maintenance
that is initiated as soon as the number of failed components exceeds some critical
level, while in [14] both failed and degraded components are replaced at those
times. An example of an article that is only focused on CBM is given by [8], in
which a preventive replacement threshold is considered for a multi-component
system. So far, CBM has only been considered for a system with redundancy in
[7], where failure-based maintenance, time-based maintenance, and CBM with a
preventive replacement threshold are compared for a k-out-of-N standby system
without economic dependence.

CBM

[8]

Redundancy

[9–14]

Economic
dependence

[15, 16]

[7]

[5, 17–19] [20]

Figure 5.1. Schematic representation of literature on CBM, redundancy, and/or economic depen-
dence.

106



5

C
B

M
fo

r
a

re
d

u
n

d
an

t,
k

-o
u

t-
o

f-
N

sy
st

em
w

it
h

ec
o

n
o

m
ic

d
ep

en
d

en
ce

In [15], a literature review on maintenance policies for multi-component
systems with economic dependence is given. An example of a preventive replace-
ment policy developed for a multi-component series system with economic de-
pendence is that by [16], while CBM policies are considered for a two-component
series system with economic dependence by [5, 17]. Furthermore, maintenance
actions are grouped based on condition-monitoring information for a multi-
component system with economic dependence in [18], and a CBM policy with
risk-thresholds for preventive and opportunistic replacements is considered for
a multi-component system with economic dependence in [19]. Finally, an arti-
cle that considers systems with different structures (including k-out-of-N ) and
economic dependence is given by [20], in which periodic age-based maintenance
actions are grouped.

To our knowledge, despite the widespread presence in industry of systems
with both redundancy and economic dependence, no research has been per-
formed on CBM for such systems. We will cover this gap by developing a dynamic
programming model to optimize the CBM policy for a k-out-of-N system with
economic dependence. An advantage of applying dynamic programming for
this explorative study is that the structure of the optimal policy can be explored
(numerically) and compared to commonly used strategies. Previously, dynamic
programming has also been applied in, for example, [16, 17].

5.3. System description

5.3.1. Deterioration model

We consider a k-out-of-N system, defined here as a system consisting of N (non-
identical) components that functions as long as at least k components function
(1 ≤ k ≤ N ). All functioning components are fully operational and subject to
failure, that is, we consider an active redundant system. The deterioration pro-
cess that we consider shows similarities to that of the two-component series
system considered by [17]. Let SN denote the set of all component labels, i.e.,
SN := {1,2, . . . , N }. The condition, or deterioration level, of component i can be
described by a random variable X i

t , for i ∈ SN and t ∈N. After a replacement (say
at time tr ), component i is assumed to be as-good-as-new, i.e., X i

tr
= 0, while a

deterioration level exceeding the fixed failure level Li implies that component i
has failed. Immediately following possible replacements, which are assumed to be
instantaneous, component i is subject to a random increase in deterioration Y i

t ,
for i ∈ SN and t ∈N. Hence, if component i is not replaced at the start of time unit
t , its deterioration level at time unit t +1 is equal to X i

t+1 = X i
t +Y i

t . If, on the other
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Nomenclature

δi Binary variable indicating whether or not a replacement (preventive
or corrective) should be performed on component i

µi Deterioration parameter of component i
c i

c Cost of a corrective replacement on component i
c i

p Cost of a preventive replacement on component i , c i
p < c i

c

cs Fixed set-up cost for maintenance
Ct Optimum cumulative cost from period t on
fi Pdf of the deterioration increments of component i
k Number of components in the system that need to function for the

system to function
Li Fixed failure level of component i
N Number of components in the system
p Penalty for a system failure
R(x1, x2, . . . , xN ) System reliability, given deterioration levels of x1, x2, . . . , xN

for components 1,2, . . . , N , respectively
Ri (xi ) Reliability of component i , given a deterioration level of xi

SN Set of all component labels, SN := {1,2, . . . , N }
X i

t Condition of component i at time t , X i
0 = 0

X̄ i
t Condition of component i after possible maintenance has been

performed
Y i

t Increase in deterioration on component i during t , X i
t+1 = X̄ i

t +Y i
t

hand, component i is replaced, its deterioration level becomes X i
t+1 = Y i

t . The
probability density function of the i.i.d. non-negative deterioration increments
Y i

t of component i is denoted by fi , for i ∈ SN and t ∈ N, which can be either
continuous or discrete.

5.3.2. Maintenance actions and corresponding costs
At the start of each time unit, the condition of each component is known. If there
are less than k functioning components, the system has failed, and a penalty cost
p for a system failure is incurred. Next, a decision is needed on what components
to replace. If component i is replaced, either the preventive replacement cost
c i

p or the corrective replacement cost c i
c is incurred, depending on whether the

component has failed. Typically, a corrective replacement is more expensive than
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a preventive replacement (i.e., c i
c > c i

p ), due to for example the unexpected nature
of a failure or the fact that a preventive replacement could be an easy fix, while a
failure can cause additional damage on other parts of the equipment, implying
a more expensive replacement. This distinction is also made in, for example,
[5, 7, 11, 16, 18, 21]. In addition, as soon as at least one of the components is
replaced, the shared set-up cost cs is incurred. In practice, this shared set-up cost
can arise from e.g. ordering spare parts, traveling to the plant, or shutting down
the system.

5.4. Maintenance cost model
The dynamic programming model that we will use for optimizing the maintenance
policy is partially based on that in [17]. We introduce the function Ri (·), which
equals 1 if component i is functioning (i.e., its deterioration level xi is below the
fixed failure level), and 0 if it has failed. Hence,

Ri (xi ) =
{

1, if xi < Li ,

0, if xi ≥ Li .

We further introduce the function R(x1, x2, . . . , xN ), which equals 1 if the system
functions, and 0 if it has failed, given that components 1,2, . . . , N have deteriora-
tion levels x1, x2, . . . , xN , respectively. This function can be expressed as follows:

R(x1, x2, . . . , xN ) =
{

1, if
∑N

i=1 Ri (xi ) ≥ k,

0, if
∑N

i=1 Ri (xi ) < k.

Maintenance costs are determined at the start of a time unit t . For this, the binary
variable δi is used to indicate whether any replacements (preventive or corrective)
are performed on component i , while x̄i

t denotes the condition of component i
after possible replacements have been performed, i.e.,

δi =


1, if a replacement (preventive or corrective) is performed on compo-

nent i ,
0, if no replacement is performed on component i ,

x̄i
t = (1−δi ) · xi

t .

The penalty for a system failure at the start of time unit t (before possible replace-
ments are performed) is given by

p · (1−R(x1
t , x2

t , . . . , xN
t )). (5.1)
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If at least one component is replaced, the set-up cost cs is incurred, which can be
expressed as(

1−
N∏

i=1
(1−δi )

)
· cs . (5.2)

Furthermore, if component i is replaced while it is still functioning, the preventive
replacement cost c i

p is incurred. Hence, the total preventive replacement costs at
time t for all components are equal to

N∑
i=1

δi ·Ri (xi
t ) · c i

p . (5.3)

If component i has failed, it could be replaced correctively, meaning that the total
corrective replacement costs (depending on whether or not the component is
replaced) are given by

N∑
i=1

δi ·
(
1−Ri (xi

t )
)
· c i

c . (5.4)

In the dynamic programming model, let Ct denote the optimum cumulative
cost from period t onwards. These costs consist of the direct costs at time t
(consisting of the penalty cost for a system failure (5.1), the set-up costs (5.2), the
preventive replacement costs (5.3), and the corrective replacement costs (5.4))
and the expected costs from period t +1 onwards. Hence, Ct can be expressed as
follows:

Ct (x1
t , x2

t , . . . , xN
t ) = min

δ1,δ2,...,δN

{
p · (1−R(x1

t , x2
t , . . . , xN

t ))

+
(

1−
N∏

i=1
(1−δi )

)
· cs +

N∑
i=1

δi ·Ri (xi
t ) · c i

p +
N∑

i=1
δi ·

(
1−Ri (xi

t )
)
· c i

c

+
∫ ∞

0
· · ·

∫ ∞

0
Ct+1

(
x̄1

t + y1, x̄2
t + y2, . . . , x̄N

t + yN
) · N∏

i=1

[
fi (yi )

]
dyN · · ·dy1

}
.

(5.5)

We are interested in minimizing the long-run average cost per time unit. This
can be achieved by starting with (for example) CT (x1

T , x2
T , . . . , xN

T ) = 0 for all xi
T

and sufficiently high T , and recursively applying (5.5) until both the average cost
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per time unit, Ct (x1
t , x2

t , . . . , xN
t )−Ct+1(x1

t+1, x2
t+1, . . . , xN

t+1), and the corresponding
maintenance policy have converged. Subsequently, the long-run average cost will
become independent of the initial system state. Furthermore, the resulting opti-
mal maintenance policy will only depend on the system state, and thus becomes
independent of time.

In the next section, we numerically investigate the performances of our dy-
namic program, and compare these with previously considered maintenance
policies.

5.5. Numerical investigation

5.5.1. Base case

We first consider a 1-out-of-2 system consisting of two identical components, with
a discrete state space. In this setting with two components, the optimal policy can
easily be presented in two-dimensional tables, showing the optimal maintenance
action for each combination of deterioration states of both components. This
allows easy interpretation of the optimal policy and comparison to other policies.
By considering identical components, we can omit the superscripts denoting to
which component a certain cost corresponds.

We next describe a base case scenario. We remark that the specific parameter
settings are somewhat arbitrary and indeed selected as they allow us to highlight
important characteristics of the optimal policy. Effects of parameter variations
will later be explored in a sensitivity analysis. The preventive replacement costs
are cp = 5 per component, whilst the corrective replacement costs are cc = 11 per
component. In case at least one component is replaced, the set-up costs of cs = 4
are incurred, and if the system fails the penalty costs p = 300 are incurred. The
deterioration increments follow a Poisson distribution with mean µ= 0.7, and a
component fails once its deterioration level reaches the fixed failure limit L = 5.
The choice of a Poisson distribution guarantees a discrete state space, which
enables us to consider a finite number of states in the dynamic programming
model.

The optimal maintenance policy and corresponding average cost obtained
with the dynamic program converge relatively quickly for this case and other
scenarios; at most 30 iterations are needed. Our computations are made using
Python 3.4.3 on a computer with a 3.30 GHz quad core processor and 8.00 GB
of RAM. For this example, it takes 0.05 seconds to find the optimal maintenance
policy and corresponding average cost.
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X2

0 1 2 3 4 5

X1

0 00 00 00 00 01 00

1 00 00 00 00 01 00

2 00 00 00 00 01 01

3 00 00 00 11 11 11

4 10 10 10 11 11 11

5 00 00 10 11 11 11

Figure 5.2. Optimal maintenance policy for a 1-out-of-2 system with identical components and
cp = 5, cc = 11, cs = 4, p = 300, µ= 0.7, and L = 5.

Figure 5.2 shows the long-run optimal maintenance policy for this example,
where for any combination of the deterioration levels X1 and X2 the optimal main-
tenance actions are represented. These maintenance actions are independent
of time. Note that ‘00’ corresponds to no replacements at all, ‘10’ means that
only component 1 is replaced, ‘01’ means that only component 2 is replaced, and
‘11’ corresponds to a complete system replacement. The long-run average costs
corresponding to this optimal maintenance policy are equal to 3.42 per time unit.
Note the non-monotonic behavior of the optimal policy, for instance by consider-
ing the ‘X1 = 0’ row. For deterioration levels of up to 3 for component 2, it is not
replaced as component 1 is in good condition, and there is redundancy. However,
if component 2 further deteriorates into state 4 (implying imminent failure), then
it is preventively replaced in order to avoid higher corrective replacement costs.
This motivation disappears if component 2 has already failed (state 5). In that case,
the corrective replacement is postponed until component 1 has a deterioration
level of at least 2, thus utilizing the redundancy. Of course, this behavior is driven
by the (realistic) assumption that a corrective replacement is more costly than a
preventive replacement. None of the more common maintenance policies allows
this sort of behavior, as we will discuss after listing them.

Failure-based maintenance: This strategy can be interpreted as a simple
inspection policy, where only failed components are replaced.

Multi-threshold maintenance without OM: Components are correctively
replaced upon failure, and preventively as soon as their deterioration level
reaches a certain threshold value ξ (0 ≤ ξ≤ L), which needs to be optimized.
No opportunistic maintenance (OM) is considered.

112



5

C
B

M
fo

r
a

re
d

u
n

d
an

t,
k

-o
u

t-
o

f-
N

sy
st

em
w

it
h

ec
o

n
o

m
ic

d
ep

en
d

en
ce

Multi-threshold maintenance with OM: This policy is similar to the policy
above, but each component has an additional (opportunistic) threshold
value. A component is replaced preventively if its deterioration level exceeds
the preventive maintenance threshold ξ (0 ≤ ξ ≤ L), independent of the
states of other components, and also if its deterioration level exceeds the
opportunistic maintenance (OM) threshold ζ (0 ≤ ζ≤ ξ), provided that at
least one other component requires a replacement. Both ξ and ζ need to be
optimized.

Age-based maintenance: A component is replaced correctively upon fail-
ure or preventively as soon as it reaches age A. This replacement age A
needs to be optimized.

Block replacement without intermediate CM: The complete system is re-
placed periodically with periodicity P , which needs to be optimized. If a
component fails, it remains in the failed state until the next scheduled sys-
tem replacement, so no corrective maintenance (CM) is performed between
two system replacements.

Block replacement with intermediate CM: This policy is similar to the pol-
icy above, but in addition components are replaced correctively upon failure.
This does not affect the moment of the next system replacement. Also here
the periodicity P needs to be optimized.

The costs corresponding to the different maintenance policies are obtained
by using simulation, for which we consider 10,500 periods (of which the first 500
time units are used as the warm-up time) and 100 replications. The resulting min-
imal long-run average costs per time unit along with the corresponding standard
error are given in Table 5.1. Also the optimal parameters of the different mainte-
nance policies are included. From Table 5.1, we observe that the standard errors
are small, indicating significant cost differences between the various policies.
Hence, we can conclude that failure-based maintenance performs worst, which
makes sense as this is the least advanced policy. Also the preventive maintenance
policies, such as age-based maintenance and block replacement, perform much
worse than the optimal case, with costs that are about 50% higher. An interesting
observation is the fact that replacing failed components between two consecutive
system replacements in the block replacement strategy reduces costs substantially
compared to leaving failed components in the failed state until the next planned
replacement.

Furthermore, even compared to the most advanced CBM policies which use
threshold values to schedule replacements, a large cost saving can apparently
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Table 5.1. Minimal long-run average costs per time unit and optimal parameters for different
maintenance policies.

Maintenance policy Minimal average
costs per time unit

Standard error Optimal pa-
rameter(s)

Optimal policy 3.42 - -
Failure-based maintenance 9.01 (+163.5%) 0.038 -
Multi-threshold maintenance
without OM

3.77 (+ 10.2%) 0.005 ξ= 3

Multi-threshold maintenance
with OM

3.72 (+ 8.8%) 0.005 ξ= 3, ζ= 2

Age-based maintenance 5.24 (+ 53.2%) 0.011 A = 4
Block replacement without
intermediate CM

5.31 (+ 55.3%) 0.013 P = 3

Block replacement with
intermediate CM

5.01 (+ 46.5%) 0.018 P = 4

be obtained by allowing for a different structure of the policy. Figures 5.3 and
5.4 show the optimal multi-threshold maintenance policies without and with
opportunistic maintenance, respectively. It turns out that these policies are too
restrictive, by scheduling replacements more often than actually required, leading
to costs that are about 10% higher than necessary.

X2

0 1 2 3 4 5

X1

0 00 00 00 01 01 01

1 00 00 00 01 01 01

2 00 00 00 01 01 01

3 10 10 10 11 11 11

4 10 10 10 11 11 11

5 10 10 10 11 11 11

Figure 5.3. Multi-threshold maintenance
without OM, ξ= 3.

X2

0 1 2 3 4 5

X1

0 00 00 00 01 01 01

1 00 00 00 01 01 01

2 00 00 00 11 11 11

3 10 10 11 11 11 11

4 10 10 11 11 11 11

5 10 10 11 11 11 11

Figure 5.4. Multi-threshold maintenance
with OM, ξ= 3 and ζ= 2.
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5.5.2. Sensitivity analysis with respect to corrective replacement cost

The non-monotonic behavior of the optimal policy, in that it could be optimal to
preventively replace a component that is close to failure (in order to avoid a more
expensive corrective replacement), and to postpone a corrective replacement on
a failed component until the other component has deteriorated a bit more, is
caused by the assumption that the costs of a corrective replacement cc exceed
those of a preventive replacement cp . To illustrate this, Figure 5.5 shows the
optimal policy for corrective replacement costs of cc = 9 and cc = 7 (whereas we
considered cc = 11 in the original example). Indeed, as the corrective replacement
costs approach the preventive replacement costs cp = 5, performing a preventive
replacement to avoid a corrective replacement becomes less rewarding. In fact,
for cc = 7, this effect has disappeared completely. In line with this, preventive
replacements are performed less often as the costs of a corrective replacement
decrease.

Furthermore, to give an indication of the performances of our model for these
lower corrective replacement costs, Table 5.2 shows the minimal long-run average
costs per time unit for different maintenance policies and for different values of
the corrective replacement costs cc along with the percentage increase in costs
compared to the optimal policy. For ease of comparison, we also included the
original case with cc = 11.

Although the non-monotonic behavior of the optimal policy may disappear
for values of cc close to cp , we observe that the cost difference compared to for
example the multi-threshold policies increases for decreasing values of cc . Indeed,

X2

0 1 2 3 4 5

X1

0 00 00 00 00 00 00

1 00 00 00 00 01 00

2 00 00 00 00 01 01

3 00 00 00 11 11 11

4 00 10 10 11 11 11

5 00 00 10 11 11 11

(a) cc = 9.

X2

0 1 2 3 4 5

X1

0 00 00 00 00 00 00

1 00 00 00 00 00 00

2 00 00 00 00 01 01

3 00 00 00 11 11 11

4 00 00 10 11 11 11

5 00 00 10 11 11 11

(b) cc = 7.

Figure 5.5. Optimal policy for cp = 5, cs = 4, p = 300, µ= 0.7, and L = 5 for different values of the
corrective replacement costs cc .
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Table 5.2. Minimal costs per time unit for different maintenance policies for cp = 5, cs = 4, p = 300,
µ= 0.7, and L = 5 for different values of the corrective replacement costs cc .

Maintenance policy cc = 11 cc = 9 cc = 7

Optimal policy 3.42 3.29 3.13
Failure-based maintenance 9.01 (+163.5%) 8.48 (+157.8%) 7.96 (+154.3%)
Multi-threshold maintenance
without OM

3.77 (+ 10.2%) 3.72 (+ 13.1%) 3.60 (+ 15.0%)

Multi-threshold maintenance with
OM

3.72 (+ 8.8%) 3.60 (+ 9.4%) 3.45 (+ 10.2%)

Age-based maintenance 5.24 (+ 53.2%) 5.03 (+ 52.9%) 4.80 (+ 53.4%)
Block replacement without
intermediate CM

5.31 (+ 55.3%) 5.23 (+ 59.0%) 5.14 (+ 64.2%)

Block replacement with
intermediate CM

5.01 (+ 46.5%) 4.86 (+ 47.7%) 4.70 (+ 50.2%)

the optimal policy has a completely different structure than considered in other
maintenance policies. Hence, our model still significantly outperforms previously
considered maintenance policies, indicating that it is of value for varying cost
scenarios.

5.5.3. Sensitivity analysis with respect to maintenance set-up cost

Another cost parameter that significantly influences the resulting optimal policy is
the set-up cost cs . If chosen too low, no need for clustering exists, while if chosen
too high, all replacements are clustered. In the latter case, the non-monotonic
behavior of the optimal policy also disappears. To illustrate this, Figure 5.6 shows

X2

0 1 2 3 4 5

X1

0 00 00 00 00 00 00

1 00 00 00 00 01 00

2 00 00 00 00 11 11

3 00 00 00 11 11 11

4 00 10 11 11 11 11

5 00 00 11 11 11 11

(a) cs = 6.

X2

0 1 2 3 4 5

X1

0 00 00 00 00 00 00

1 00 00 00 00 00 00

2 00 00 00 00 11 11

3 00 00 00 11 11 11

4 00 00 11 11 11 11

5 00 00 11 11 11 11

(b) cs = 8.

Figure 5.6. Optimal policy for cp = 5, cc = 11, p = 300, µ= 0.7, and L = 5 for different values of the
set-up costs cs .
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Table 5.3. Minimal costs per time unit for different maintenance policies for cp = 5, cc = 11, p = 300,
µ= 0.7, and L = 5 for different values of the set-up costs cs .

Maintenance policy cs = 4 cs = 6 cs = 8

Optimal policy 3.42 3.87 4.29
Failure-based maintenance 9.01 (+163.5%) 9.49 (+145.2%) 9.98 (+132.6%)
Multi-threshold maintenance
without OM

3.77 (+ 10.2%) 4.52 (+ 16.8%) 5.15 (+ 20.0%)

Multi-threshold maintenance with
OM

3.72 (+ 8.8%) 4.18 (+ 8.0%) 4.63 (+ 7.9%)

Age-based maintenance 5.24 (+ 53.2%) 6.01 (+ 55.3%) 6.76 (+ 57.6%)
Block replacement without
intermediate CM

5.31 (+ 55.3%) 5.98 (+ 54.5%) 6.64 (+ 54.8%)

Block replacement with
intermediate CM

5.01 (+ 46.5%) 5.57 (+ 43.9%) 6.13 (+ 42.9%)

the optimal policy for set-up costs of cs = 6 and cs = 8 (whereas we considered
cs = 4 in the original example). Indeed, as the set-up cost increases, replacements
are clustered more often, while for cs = 8, all replacements are clustered. In
line with this, we observe that performing a preventive replacement to avoid a
corrective replacement becomes less rewarding as the set-up cost increases.

Table 5.3 shows the minimal long-run average costs per time unit for different
maintenance policies and for different values of the set-up cost cs along with
the percentage increase in costs compared to the optimal policy. Even though
performing a preventive replacement to avoid a corrective replacement becomes
less rewarding for increasing set-up costs, we observe that our dynamic program
still significantly outperforms previously considered maintenance policies. Inter-
estingly, the cost difference with the multi-threshold maintenance policy without
opportunistic maintenance increases as the set-up costs increase, while the cost
difference for the same policy with opportunistic maintenance decreases. Hence,
clustering becomes more rewarding for higher set-up costs.

5.5.4. Sensitivity analysis with respect to number of components

The k-out-of-N system is a system in which k components need to function,
but redundancy is incorporated by installing N > k components. When decid-
ing on the number of redundant components to install, one is trading off the
maintenance costs (for additional components) and the system availability. First,
to gain insights into this tradeoff, we will determine the long-run average cost
per time unit for different values of k and N . We continue to consider identical
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Table 5.4. Average cost per time unit for different values of k and N , for cp = 5, cc = 11, cs = 4,
p = 300, µ= 0.7, and L = 5.

N
1 2 3 4 5

k

1 3.54 3.42 3.42 3.42 3.42
2 - 6.69 5.19 5.18 5.18
3 - - 9.66 6.89 6.89
4 - - - 12.41 8.57

components as in the base case, and set cp = 5, cc = 11, cs = 4, p = 300, µ= 0.7,
and L = 5. In all cases, 30 iterations of the dynamic program proved to be suffi-
cient for the cost to converge. Computation time was not much affected by the
value of k, but exponentially increasing in N . It took approximately 0.01, 0.05,
0.5, 7.6, and 180 seconds to analyze systems with N = 1,2,3,4, and 5 components,
respectively. Table 5.4 shows the resulting average costs. It follows that N = 2 is
sufficient for a system with k = 1. Adding more components will not reduce costs,
as the additional maintenance costs do not outweigh the reduced unavailability
cost. Note that the cost does not increase in N either, even for relatively large
values of N . Such large systems retain efficiency by keeping some components
continuously in the failed state. For all k, it holds true that by installing one re-
dundant component (i.e., N = k +1), costs are reduced substantially compared
with N = k. This reduction in costs increases to 30.9 percent as k increases to four.
Furthermore, adding another redundant component offers little benefit for any
value of k considered.

Second, we observed non-monotonic behavior of the optimal maintenance
policy for the 1-out-of-2 system in Section 5.5.1. To investigate whether this result
carries over to systems with more components, we now consider the 3-out-of-4
system in some more detail. We choose 3-out-of-4 as it is the largest system
solvable in a few seconds. The corresponding optimal policy describes for each
component when it should be replaced, depending on the complete system state.
Such a policy can become rather complex for large N , but for the 3-out-of-4
system it is summarized in Table 5.5. We observe that this maintenance policy
exhibits non-monotonic behavior as well. Compare for instance the actions in
states (4,0,0,0) and (5,0,0,0), i.e., states where component 1 is in state 4 or 5 and
components 2, 3, and 4 are as-good-as-new. If X1 = 4, it is optimal to only replace
component 1, while if X1 = 5, no replacements are performed at all. Instead,
the corrective replacement on component 1 is postponed until components 2,
3, and 4 have deteriorated somewhat more, thus exploiting the redundancy and
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Table 5.5. Optimal replacement decision for component i , i = 1,2,3,4, for the 3-out-of-4 system.

State of component i Optimal action for component i

Xi = 0,1,2 Do not replace component i
Xi = 3 Replace component i if X j > 2 for some j 6= i and/or∑N

j=1, j 6=i X j > 5

Xi = 4 Replace component i
Xi = 5 Replace component i if

∑N
j=1, j 6=i X j > 1

economic dependence. This implies that the obtained insights do indeed carry
over to systems with more than two components.

Third, to explore the performances of the dynamic program for systems with
more than two components, Table 5.6 shows a cost comparison for the 3-out-
of-4 system with other maintenance policies. From comparing Table 5.6 for a
3-out-of-4 system with Table 5.1 for a 1-out-of-2 system, we observe first that
the cost difference with the multi-threshold maintenance policy decreases to 3.8
percent for N = 4. This implies that a multi-threshold policy might be suitable for
systems with many components, although it could still be rewarding to postpone
corrective replacements and thus utilize the redundancy. Second, we observe that
the optimal multi-threshold maintenance policy does not include opportunistic
replacements. Indeed, as the number of components increases, an opportunis-
tic replacement threshold of ζ = 2 (as for the 1-out-of-2 system) would imply

Table 5.6. Minimal long-run average costs per time unit and optimal parameters for different
maintenance policies for the 3-out-of-4 system.

Maintenance policy Minimal costs per
time unit

Standard error Optimal pa-
rameter(s)

Optimal policy 6.89 - -
Failure-based maintenance 33.15 (+381.1%) 0.063 -
Multi-threshold maintenance
without OM

7.15 (+ 3.8%) 0.010 ξ= 3

Multi-threshold maintenance
with OM

7.15 (+ 3.8%) 0.010 ξ= 3, ζ= 3

Age-based maintenance 11.16 (+ 62.0%) 0.018 A = 3
Block replacement without
intermediate CM

10.70 (+ 55.3%) 0.026 P = 3

Block replacement with
intermediate CM

10.06 (+ 46.0%) 0.020 P = 3

119



5

much more frequent replacements in case of a 3-out-of-4 system, which does not
outweigh the savings in set-up costs.

5.5.5. Sensitivity analysis with respect to monitoring accuracy
To gain somewhat more insight into the behavior of the optimal policy, we now
consider an example with better condition information. To achieve that, we
return our attention to the 1-out-of-2 system and assume a fixed failure level of
L = 10. In this way, each component can be in 11 different states rather than 6
as in the previous example. Furthermore, we consider preventive replacement
costs cp = 3, corrective replacement costs cc = 8, set-up costs cs = 5, and a penalty
cost p = 500 for two identical components with a mean increase in deterioration
per time unit of µ = 2.5. It takes 0.13 seconds to find the optimal policy in this
example. Figure 5.7 presents the resulting optimal maintenance policy. The
costs corresponding to this policy are equal to 4.85 per time unit. Similarly to the
previous case, it turns out that it is optimal to perform a preventive replacement in
case of an imminent failure, while a corrective replacement is postponed until the
other component has deteriorated to a certain extent. Furthermore, we observe
an almost linear diagonal structure in the optimal policy, indicating that the multi-
threshold policies are too restricted as they only allow (graphically) for horizontally

X2

0 1 2 3 4 5 6 7 8 9 10

X1

0 00 00 00 00 00 00 00 00 00 01 00

1 00 00 00 00 00 00 00 00 01 01 00

2 00 00 00 00 00 00 00 00 01 01 00

3 00 00 00 00 00 00 00 01 01 01 01

4 00 00 00 00 00 00 11 11 11 11 11

5 00 00 00 00 00 11 11 11 11 11 11

6 00 00 00 00 11 11 11 11 11 11 11

7 00 00 00 10 11 11 11 11 11 11 11

8 00 10 10 10 11 11 11 11 11 11 11

9 10 10 10 10 11 11 11 11 11 11 11

10 00 00 00 10 11 11 11 11 11 11 11

Figure 5.7. Optimal maintenance policy for a 1-out-of-2 system with identical components and
cp = 3, cc = 8, cs = 5, p = 500, µ= 2.5, and L = 10.
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Table 5.7. Minimal costs and optimal parameters for different maintenance policies.

Maintenance policy Minimal costs per
time unit

Standard error Optimal pa-
rameter(s)

Optimal policy 4.85 - -
Failure-based maintenance 30.04 (+519.4%) 0.098 -
Multi-threshold maintenance
without OM

5.43 (+ 12.0%) 0.013 ξ= 6

Multi-threshold maintenance
with OM

5.01 (+ 3.3%) 0.013 ξ= 6, ζ= 3

Age-based maintenance 6.91 (+ 42.5%) 0.053 A = 2
Block replacement without
intermediate CM

5.91 (+ 21.9%) 0.011 P = 2

Block replacement with
intermediate CM

5.90 (+ 21.6%) 0.012 P = 2

linear structures. The structure of our optimal policy shows similarities to that
obtained for a two-component series system by [17], although in this case with
redundancy, we observe that preventive replacements are scheduled less often,
and that corrective replacements are sometimes postponed. Also our structure is
not completely linear, so allowing for a more flexible structure could reduce costs.

Table 5.7 shows the different (minimal) costs for the various possible mainte-
nance strategies along with the standard errors and, if applicable, the correspond-
ing optimal parameter(s). Again, failure-based maintenance is the most expensive
maintenance strategy, while also the preventive maintenance policies age-based
maintenance and block replacement perform much worse than CBM. The differ-
ence between the multi-threshold policy with opportunistic maintenance and
the optimal maintenance policy is equal to 3.3% in this case (versus 12.0% if no
opportunistic maintenance is included).

5.6. Continuous degradation
In the numerical investigation so far, we assumed that the deterioration incre-
ments of all components follow a Poisson distribution. This guarantees a discrete
state space, and hence a finite number of states in the dynamic program. This
allowed easy representation and interpretation of the results. Also, there are many
practical cases where condition monitoring is not perfect and therefore not done
on a continuous scale. We did already investigate the effect of having better
condition information (i.e., of having a larger state space), and in this section,
we explore whether the resulting insights carry over to the case of continuous
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degradation. Since the gamma process is the most appropriate process to model
continuous degradation over time [22], we consider exponentially distributed
deterioration increments. We consider the same costs as in the first example in
the numeric investigation, i.e., cp = 5, cc = 11, cs = 4, and p = 300, set the failure
level equal to L = 2, and scale the deterioration parameter to α = 1

0.7 · 5
2 ≈ 3.6.

Due to the large number of nested integrals required in the dynamic program,
we approximate the integrals numerically by applying the extended midpoint
rule [23], dividing the area into a 45x45 grid. Furthermore, we assume that the
maximum deterioration level of a component never exceeds 1.5 ·L, because the
extended midpoint rule cannot cope with infinite integral bounds. Initial testing
reveals that this does not affect the results. The maintenance policy that we obtain
by applying the dynamic program is an approximation of the optimal policy, since
we still discretize the state space for numerical reasons. The resulting policy is
shown in Figure 5.8. The computing time was approximately equal to 3.8 seconds
for 20 iterations. As for the discrete state space, the property that a preventive
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Figure 5.8. Approximation of the optimal maintenance policy for a continuously deteriorating
1-out-of-2 system with identical components and cp = 5, cc = 11, cs = 4, p = 300, α≈ 3.6, and L = 2.
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Table 5.8. Minimal costs and optimal parameters for different maintenance policies.

Maintenance policy Minimal costs per
time unit

Standard Error Optimal pa-
rameter(s)

Approximated optimal policy 3.02 0.006 -
Failure-based maintenance 8.23 (+172.7%) 0.040 -
Multi-threshold maintenance
without OM

3.24 (+ 7.4%) 0.008 ξ= 1.43

Multi-threshold maintenance
with OM

3.06 (+ 1.5%) 0.007 ξ= 1.45,
ζ= 0.85

Age-based maintenance 4.23 (+ 40.3%) 0.010 A = 5
Block replacement without
intermediate CM

4.20 (+ 39.3%) 0.015 P = 4

Block replacement with
intermediate CM

4.06 (+ 34.6%) 0.010 P = 4

replacement is performed to avoid a (more expensive) corrective replacement is
clearly visible.

Table 5.8 shows the minimal costs obtained with the other maintenance poli-
cies along with the standard errors and the corresponding optimal parameter(s).
Since we discretized the state space in the dynamic program, the resulting average
cost is not accurate. For a fair comparison with the other maintenance policies,
we therefore use simulation to find the average cost corresponding to the (ap-
proximated) optimal policy. Note that although we approximated the optimal
dynamic program, it still outperforms the other maintenance policies.

We can conclude that our policy is applicable to systems with various types of
degradation, but also that performing a preventive replacement to avoid a correc-
tive replacement can be profitable for a wide class of systems with redundancy
and economic dependence, where a corrective replacement is more costly than a
preventive replacement.

5.7. Conclusion
We are the first to consider CBM for a multi-component system with both (active)
redundancy, through a k-out-of-N structure, and economic dependence. We
developed a dynamic programming model to find the optimal maintenance strat-
egy for such systems. For various systems, either with a discrete or a continuous
state space, we observed some interesting characteristics of the optimal policies.
First, we observed a rather different structure of the optimal policy than those
possible by using more common CBM policies with degradation threshold values
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corresponding to different maintenance actions. In particular, we observed non-
monotonic behavior in the optimal policy in that for certain states of the system,
it could be optimal to preventively replace a component that is close to failure,
while a corrective replacement on that same component would be postponed
until the other component has deteriorated a bit more. Furthermore, a numerical
comparative cost study revealed that the optimal maintenance policy consider-
ably outperforms all previously considered policies (failure-based, age-based,
block replacement, and more restricted CBM policies).

In practice, companies generally replace components immediately upon fail-
ure, despite the redundancy in their equipment. The insights we obtained in the
structure of the optimal policy can, for example, help companies decide on when
to postpone corrective replacements to save costs, thus utilizing their redundancy.

The structure of the optimal policy is, however, rather complex, especially
when considering more than two components. For that reason, future research
should be performed on investigating whether the (numerically) observed optimal
policy structure can be (approximately) expressed using policy parameters. This
would facilitate a much faster optimization. Furthermore, in the current model
the system is inspected every time unit, after which possible replacements are
performed. Including aperiodic inspection could be profitable [5], and is certainly
possible in this setting. Although in practice minimizing the total maintenance
costs might be one of the main goals, maximizing availability is also deemed
important. In the current model, availability is guaranteed by imposing a large
penalty for system unavailability, but no information is available on the actual
availability. This could be an interesting field of future research as well.
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6
Abstract
In this chapter, we consider a multi-component system subject to structural de-
pendence (through an active redundant, parallel setting), stochastic dependence
(through load sharing), and (positive) economic dependence. Redundancy is often
essential for achieving high system availability. An additional benefit of installing
redundant components is that the total system load can be shared among com-
ponents, thus preventing fast deterioration. On the one hand, this provides an
incentive to replace failed components as soon as possible, as a component failure
increases the load on the remaining components. On the other hand, however, re-
dundancy gives rise to maintenance clustering and postponement opportunities, to
reduce the maintenance frequency and thereby lower downtime and maintenance
set-up costs. We are the first to investigate this trade-off under a CBM regime. We
formulate our system as a Markov Decision Process, and obtain the optimal replace-
ment decisions that minimize the long-run average cost per time unit. Through
a numerical investigation and a sensitivity analysis, in which we vary the degree
of load sharing and the maintenance set-up cost, we obtain key insights into the
optimal policy structure. Standard threshold policies, that replace a component as
soon as its deterioration exceeds a certain threshold, can be far from optimal, while
ignoring or misinterpreting the load sharing effects between components can also
lead to a significantly more expensive maintenance policy.
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6.1. Introduction
This chapter investigates the joint effects of structural, stochastic, and economic
dependence on the structure of the optimal CBM policy. This research is inspired
by the following real-life example that we encountered at a gas company that
pumps up and distributes gas. Storage options for gas are very limited, so the
company must continuously produce gas to meet demand from both companies
and households. To ensure a high availability of the pumps, redundant compo-
nents are included for the most critical and failure-prone components, which are
placed in a parallel setting. An additional benefit of installing redundant compo-
nents is that the load (the amount of gas to be distributed) can be shared, thus
reducing the load on each individual component, thereby implying a lower failure
rate. On the one hand, this provides an incentive to replace failed components
as soon as possible. On the other hand, high maintenance set-up costs are often
involved when replacing a component. This economic dependence on a parallel
system indicates that postponing and clustering corrective maintenance on a
failed component can be profitable, rather than performing immediate corrective
maintenance. To date, this trade-off has not been investigated when it is possible
to monitor component conditions (i.e., CBM).

An additional trade-off concerns the decision to add an extra redundant com-
ponent to the parallel setting. On the one hand, this extra component both lowers
the probability of a system failure and contributes to the load sharing. On the
other hand, the maintenance costs will be increased from maintaining this extra
component. This trade-off has also not been researched yet in a CBM setting.

CBM has been considered by others for systems with either redundancy, load
sharing, or economic dependence. For example, redundancy is studied in the
form of a k-out-of-N system by [1–4] (see also Chapter 5). Furthermore, load
sharing is considered for a parallel system without redundancy by [5–7], for a
series system by [8], and for a series-parallel system by [9]. Economic dependence
has for example been studied for a two-component series system by [10–12]
(see also Chapter 3), for a two-component parallel system by [13, 14] (see also
Chapter 4), and for a series-parallel system by [15]. Also [4, 5, 8] consider economic
dependence. To the best of our knowledge, however, no research has yet been
performed on the interface of redundancy (structural dependence), load sharing
(stochastic dependence), and economic dependence.

In this chapter, we develop a CBM policy for a system with multiple compo-
nents in an active redundant, parallel setting, which are subject to both economic
dependence and stochastic dependence through load sharing. By formulating our
system as a Markov Decision Process, we are able to obtain structural insights into
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the optimal maintenance policy and investigate the influence of the degree of eco-
nomic dependence and load sharing on this structure. In addition, we compare
our results to a simple threshold CBM policy (where maintenance is initiation
upon reaching a certain deterioration threshold). Results indicate that both the
degrees of load sharing and economic dependence significantly influence the
optimal CBM policy. A threshold CBM policy cannot capture the optimal policy
properties, and can thus result in a significantly higher cost rate.

The remainder of this chapter is organized as follows. The system is described
in Section 6.2. Section 6.3 provides the Markov Decision Process formulation of
our model, after which numerical experiments (including a sensitivity analysis on
the degree of economic dependence) are performed in Section 6.4. Section 6.5
concludes the chapter.

6.2. System description

6.2.1. Deterioration model

We consider a discrete-time system consisting of N identical components, which
are subject to economic dependence and stochastic dependence through load
sharing. The components are placed in a parallel setting, which means that the
system functions as long as at least one component functions (properly). We
consider active redundancy, i.e., all non-failed components are fully operational
and subject to deterioration. Let x j denote the (discrete) state of component j ,
and let L denote the fixed failure level of a component. If component j is in state 0,
i.e., x j = 0, component j is as-good-as-new, while component j has failed if x j ≥ L.
A replacement, which is assumed to be instantaneous, can be performed at the
start of any time unit. We use the Poisson distribution to model the deterioration
processes. This is also done in, e.g., [4, 10].

6.2.2. Maintenance actions and corresponding costs

The state of each component is known at the start of each time unit. In case
all components have failed, the system is shut down and a penalty cost p is
incurred. Next, replacements can be performed. A preventive replacement, on a
component that still functions, costs cp , while a corrective replacement, on a failed
component, incurs a cost cc . Generally, replacing a failed component is more
expensive than performing a preventive replacement, i.e., cc ≥ cp . The economic
dependence is included in the form of a fixed set-up cost for maintenance cs .
This set-up cost needs to be paid once if at least one component is replaced
(either preventively or correctively). This means that the higher this set-up cost
for maintenance, the stronger the economic dependence.
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Nomenclature

δ j Binary variable indicating whether or not component j is replaced
µ Deterioration rate of a single, functioning component
c Load sharing factor
cc Cost of a corrective replacement on a component
cp Cost of a preventive replacement on a component, cp ≤ cc

cs Fixed set-up cost for maintenance
g (k) Dependence function for k functioning components
L Fixed failure level of a component
L Failure state of a component (equivalent to x j ≥ L)
N Number of identical components in the system
p Penalty for a system failure
R(x1, x2, . . . , xN ) System availability, with deterioration levels of x1, x2, . . . , xN

for components 1,2, . . . , N , respectively
R j (x j ) Availability of component j , given a deterioration level of x j

TR Preventive replacement threshold
x j State of component j

6.2.3. Load sharing
If the system consists of a single functioning component, then we assume that
this component deteriorates with rate µ. However, we incorporate redundancy in
our model by including extra components. Besides reducing the probability of
a system failure, these components allow the total system load to be shared to a
certain extent, thus leading to slower deterioration. To incorporate this, we apply
the so-called redundant dependence as defined in [16], by setting the failure rate
with k functioning components to µ · g (k), where g (k) is defined as follows:

g (k) =
(

1

k

)c

, for k ≥ 1,

where c can be interpreted as the load sharing factor. In [16], the term failure
dependence or redundant dependence is used rather than load sharing. Note that
if k = 1, only one component is functioning, which is subject to its nominal failure
rate µ as g (1) = 1. A higher value of c means that redundant components benefit
more from sharing the load, and thus are subject to a lower deterioration rate (if
k ≥ 2). According to [16], some special cases exist:

131



6

c = 0 (no load sharing):
No load sharing exists between the components, so they are always subject
to deterioration rate µ (i.e., g (k) = 1 for any k).

0 < c < 1 (weak load sharing):
The system load is shared, but less than proportional to the number of
components (i.e., 1/k < g (k) < 1).

c = 1 (proportional load sharing):
The load is proportional to the number of components (i.e., g (k) = 1/k).

c > 1 (strong load sharing):
Including an extra component has a strong influence on the failure rates
(i.e., g (k) < 1/k).

In Figure 6.1, we show g (k) for different realizations of the number of func-
tioning components k and degrees of load sharing c. Of course, when only one
component is functioning, it is subject to a deterioration rate of µ, independent
of the degree of load sharing. When at least two components are functioning,
however, we observe that a positive degree of load sharing c significantly influ-
ences the failure rates (given by µ · g (k)). Although the case of strong load sharing
(c > 1) represents an extreme case, it can apply to single-component, overloaded
systems with high individual deterioration rates µ. Adding a second component
will relieve the first component and significantly reduce the deterioration rates, as
can be seen in Figure 6.1. In line with this, the added benefit of installing an extra
component decreases as the system size increases.
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Figure 6.1. The dependence function g (k) for different values of k and c.
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Deterioration process
Let Xk be distributed according to a Poisson process with parameter µ · g (k),
i.e., Xk ∼ Poisson(µ · g (k)), for k = 1,2, . . . , N . Then, provided that k components
are functioning, component j will move from state x to state y with probability
P(Xk = y −x).

6.3. Markov Decision Process formulation
In this section, we provide the Markov Decision Process (MDP) formulation of
our model. At the start of each time unit, the system can be in a set of states
I. Depending on the current state i ∈ I, a set of actions A{i } can be performed,
including the option to not perform any maintenance. The system then moves
from state i ∈ I to some state ī ∈ I under action a ∈A{i } with a certain transition
probability pa(i , ī ), while a cost of ca(i ) is incurred. Below, we define this state
space and action space, and provide an expression for the transition probabilities
and the expected cost function.

State space The CBM replacement decisions are based on the complete system
state. For that reason, we keep track of the states of all N components in our state
space, i.e.,

I = {(x1, x2, . . . , xN )},

where x j ∈ {0,1, . . . ,L −1,L} denotes the state of component j , for j = 1,2, . . . , N .
Since L denotes the failure level of each component, we assume that state L
denotes the failed state of a component, i.e., where x j ≥ L. In this way, we truncate
the state space.

Action space At the start of each time unit, we need to decide which compo-
nents will be replaced. Thus, the action space is defined as

A= {(δ1,δ2, . . . ,δN )},

where, for j = 1,2, . . . , N ,

δ j =
{

1, if component j is replaced,

0, otherwise.

At each state, any component can be replaced. However, as we are dealing with
identical components, we can limit the set of possible actions without affecting
the results. If two (or more) components are in the same state, replacing any one
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of these components will have the same effect on the system state. We do not
need to decide which of the components will be replaced, but can instead assume
that, if component i and j are in the same state, and only one of them is replaced,
then that will be component i if i < j , i.e.,

A{(x1,x2,...,xN )} = {(δ1,δ2, . . . ,δN ) : δi ≥ δ j if xi = x j , ∀i , j ∈ {1,2, . . . , N } s.t. i < j }.

This assumption will also prove useful for deciding whether it is beneficial to
include an additional redundant component to the system, as this component
may or may not be kept in the failed state. Furthermore, this assumption is of
use for solving the MDP, as explained later in this section. Note that, immediately
following possible replacements, component j will be in state (1−δ j )·x j , provided
that the component was in state x j at the start of the time unit.

Before we define the transition probabilities and the expected costs, we first
introduce the function R j , which equals one if component j is functioning, and
zero otherwise, i.e.,

R j (x j ) =
{

1, if x j < L,

0, if x j = L,

for j = 1,2, . . . , N . In addition, we define R as the system availability, which indi-
cates whether the complete system is functioning or not, i.e.,

R(x1, x2, . . . , xN ) =
{

1, if
∑N

j=1 R j (x j ) ≥ 1,

0, if
∑N

j=1 R j (x j ) = 0.

Note that if the system is in state (x1, x2, . . . , xN ), then the number of functioning
components is equal to

∑N
j=1 R j (x j ).

Transition probabilities Let p j (x; y |k) denote the probability that component
j moves from state x to state y , provided that k components are functioning.
Because we truncated the state space (by assuming that x j = L is equivalent to
x j ≥ L), it follows that p j (x; y |k) is defined as

p j (x; y |k) =


P(Xk = y −x), if x ≤ y < L,

P(Xk ≥ y −x), if x < y = L,

1, if x = y = L,

0, if x > y ,
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for j = 1,2, . . . , N . Observe that, as we consider identical components, this ex-
pression is independent of j . The transition probabilities (of moving from state
(x1, x2, . . . , xN ) to state (x̄1, x̄2, . . . , x̄N ) under action (δ1,δ2, . . . ,δN )) are then given
by

p(δ1,δ2,...,δN )((x1, x2, . . . , xN ); (x̄1, x̄2, . . . , x̄N )) =
N∏

j=1
p j

(
(1−δ j ) · x j ; x̄ j

∣∣∣∣ N∑
m=1

Rm((1−δm) · xm)

)
.

Expected costs The expected cost per time unit of performing a certain action
(δ1,δ2, . . . ,δN ) in state (x1, x2, . . . , xN ) consists of the penalty cost for a system
failure, the set-up cost for maintenance, and the preventive and corrective re-
placement costs as follows.

c(δ1,δ2,...,δN )(x1, x2, . . . , xN ) =

p · (1−R(x1, x2, . . . , xN ))+ cs ·
(

1−
N∏

j=1
(1−δ j )

)
+ cp ·

N∑
j=1

δ j ·R j (x j )

+ cc ·
N∑

j=1
δ j · (1−R j (x j ))

Performance criterion As a performance criterion, we are interested in mini-
mizing the long-run average cost per time unit. In this way, we can quantify the
impact of adding an additional component, and find the most cost-efficient main-
tenance policy. We are dealing with a finite-sized state space and action space.
Moreover, our cost function is bounded by definition. Due to our restriction of the
set of possible actions, our MDP model does satisfy the Weak Unichain Assump-
tion1 as defined in [17]. In [18], this assumption is also applied to a CBM setting,
where both the spare parts and maintenance decisions are condition-based and
optimized simultaneously (see also Chapter 7). We therefore choose to solve our
MDP by applying the Value Iteration algorithm (see [18, 19]).

6.4. Numerical investigation
From Figure 6.1, observe that adding one component to a single-component
system has a relatively large impact on the effect of load sharing, while the effect

1For each average cost optimal stationary policy, the associated Markov chain has no two disjoint
closed sets [17].
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Table 6.1. Minimal long-run average cost per time unit for a system with N = 2, p = 300, cs = 4,
cp = 5, cc = 11, µ= 0.7, and L = 5, for different values of c.

Degree of load sharing Minimal average costs
c = 0.0 3.42
c = 0.5 2.33
c = 1.0 1.60
c = 1.5 1.10

of adding a component decreases as the number of functioning components
increases. For that reason, we start our analysis with a system consisting of two
components, i.e., we set N = 2. Similar to [4], we select a penalty cost of p = 300,
a set-up cost of cs = 4, a preventive replacement cost of cp = 5, and a corrective
replacement cost of cc = 11, while we select a nominal failure rate of µ= 0.7 and
a failure level of L = 5 (see also Chapter 5). We consider four different values for
the degree of load sharing c: 0.0 (no load sharing), 0.5 (weak load sharing), 1.0
(proportional load sharing), and 1.5 (strong load sharing). The resulting minimal
costs are shown in Table 6.1. Recall that a high degree of load sharing c corre-
sponds to a lower deterioration rate in case both components are functioning.
Figures 6.2a-6.2d show the optimal replacement policies for the different degrees
of load sharing. In these figures, we represent the optimal replacement decisions
as δ1δ2 for every possible system state (x1, x2), so 01, for example, means that only
component 2 is replaced. First, consider the case with no load sharing (c = 0.0).
As in Chapter 5, we observe that corrective maintenance on a failed component
is postponed in some cases to allow for clustering (consider e.g. the case where
x1 = 0 or 1 and x2 = 5). As we introduce load sharing, we introduce an incentive
to perform corrective replacements immediately. Indeed, in case c = 0.5, we ob-
serve that corrective maintenance is only postponed if the other component is
as-good-as-new (consider e.g. x1 = 0 and x2 = 5), while corrective replacements
are no longer postponed for higher degrees of load sharing c.

6.4.1. Adding additional components

If we include an additional component in our two-component system, we ben-
efit on the one hand from the decreased probability of a system failure and the
increased load sharing between components, but on the other hand incur an ad-
ditional cost from maintaining this extra component. To investigate this trade-off,
we now consider a similar system as before, but with N = 3 rather than N = 2. The
results are shown in Table 6.2. From this table, we observe that including a third
component is not beneficial for low degrees of load sharing (c = 0.0 and c = 0.5),
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x2

0 1 2 3 4 5

x1

0 00 00 00 00 01 00

1 00 00 00 00 01 00

2 00 00 00 00 01 01

3 00 00 00 11 11 11

4 10 10 10 11 11 11

5 00 00 10 11 11 11

(a) c = 0.0

x2

0 1 2 3 4 5

x1

0 00 00 00 00 01 00

1 00 00 00 00 01 01

2 00 00 00 00 01 01

3 00 00 00 11 11 11

4 10 10 10 11 11 11

5 00 10 10 11 11 11

(b) c = 0.5
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x1

0 00 00 00 00 01 01

1 00 00 00 00 01 01

2 00 00 00 00 01 01

3 00 00 00 00 11 11

4 10 10 10 11 11 11

5 10 10 10 11 11 11

(c) c = 1.0

x2

0 1 2 3 4 5

x1

0 00 00 00 00 01 01

1 00 00 00 00 01 01

2 00 00 00 00 01 01

3 00 00 00 00 11 11

4 10 10 10 11 11 11

5 10 10 10 11 11 11

(d) c = 1.5

Figure 6.2. Optimal replacement policy for a system with N = 2, p = 300, cs = 4, cp = 5, cc = 11,
µ= 0.7, and L = 5, for different values of c.

as the optimal policy is to keep the third component in the failed state, which
reduces the system to a two-component system. The benefit from load sharing
does outweigh the increase in maintenance costs for c = 1.0 and c = 1.5, for which
the average cost decreases with 9 and 24 percent, respectively, to 1.45 and 0.84 per
time unit. The optimal replacement policies for a three-component system with
c = 1.0 and c = 1.5 are shown in Figure 6.3. The optimal replacement decisions

Table 6.2. Minimal long-run average cost per time unit (decrease compared to N = 2) for a system
with N = 3, p = 300, cs = 4, cp = 5, cc = 11, µ= 0.7, and L = 5, for different values of c.

Degree of load sharing Minimal average costs
c = 0.0 3.42 (- 0%)
c = 0.5 2.33 (- 0%)
c = 1.0 1.45 (- 9%)
c = 1.5 0.84 (-24%)
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x1 = 0 x3
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(a) c = 1.0
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(b) c = 1.5

Figure 6.3. Optimal replacement policy for a system with N = 3, p = 300, cs = 4, cp = 5, cc = 11,
µ= 0.7, and L = 5, for different values of c.
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are presented as δ1δ2δ3 for each system state (x1, x2, x3). Both for c = 1.0 and
c = 1.5, we observed in Figure 6.2 that corrective maintenance is never postponed
when N = 2. In Figure 6.3, however, we observe that corrective maintenance is
postponed regularly for a system with three components. Consider for example
Figure 6.3a, with proportional load sharing. If component 1 is failed, i.e., x1 = 5,
it will not be replaced until at least one other component is in state 4 or 5. The
same holds for Figure 6.3b, with strong load sharing. Nevertheless, we do observe
some differences between the optimal policies for the two degrees of load shar-
ing. Consider for example (x1, x2, x3) = (2,0,4) or (2,1,4). For proportional load
sharing (c = 1.0), no maintenance is performed, while component 3 is preven-
tively replaced for c = 1.5. In the latter case, the failure of component 3 should
be avoided due to the strong load sharing benefits. On the other hand, when
(x1, x2, x3) = (3,3,4), (3,4,3), or (4,3,3), all components are preventively replaced
for c = 1.0, while no maintenance is performed for c = 1.5. Due to the stronger
degree of load sharing, the components deteriorate at a lower rate for c = 1.5 than
for c = 1.0. In these cases, maintenance can thus be postponed at a lower risk of
failure. We can conclude that the optimal policy depends heavily on the degree of
load sharing.

It is important to keep in mind that we do not consider the purchase or invest-
ment cost of including additional components, as our focus is on the structure
of the optimal maintenance policy rather than system design. In cases where
including an additional component reduces operational costs, that reduction
should be traded off against the increased investment (in a net present value
analysis), which is beyond the scope of this research.

6.4.2. Comparison to a threshold policy

In the literature, CBM is often implemented in the form of a deterioration thresh-
old that is used to schedule maintenance (see e.g. [9, 20–22]). Such a threshold
policy is, however, not necessarily optimal for a system with economic depen-
dence and redundancy. To investigate this, we compare our performances to those
of a threshold policy. We define TR as the threshold for the state of a component at
or above which a maintenance action is triggered. As we consider identical com-
ponents, it is common to use a single threshold that applies to all components,
rather than one per component. Table 6.3 shows the costs corresponding to the
threshold policy, obtained through simulation, along with the optimal threshold
and the percentage increase in cost compared with our optimal CBM policy, for
N = 2 and N = 3. Results indicate that, similar to the optimal replacement pol-
icy, two components are sufficient for the cases where c = 0.0 and c = 0.5. The
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Table 6.3. Minimal long-run average cost per time unit of the threshold policy (increase compared
to the optimal policy) for different values of c.

(a) N = 2.

Degree of load sharing Average cost Optimal threshold
c = 0.0 3.77 (+10%) T ∗

R = 3
c = 0.5 2.52 (+ 8%) T ∗

R = 4
c = 1.0 1.69 (+ 6%) T ∗

R = 4
c = 1.5 1.16 (+ 5%) T ∗

R = 4

(b) N = 3.

Degree of load sharing Average cost Optimal threshold
c = 0.0 4.89 (+43%) T ∗

R = 4
c = 0.5 2.80 (+20%) T ∗

R = 4
c = 1.0 1.60 (+10%) T ∗

R = 4
c = 1.5 0.92 (+10%) T ∗

R = 4

minimal average costs corresponding to the threshold policy increase as a third
component is added to the system, because the maintenance costs of this extra
component do not outweigh the gain from load sharing and redundancy. For
c = 1.0 and c = 1.5, however, the average cost per time unit is decreased when a
third component is added. Nevertheless, we observe that significant cost savings
can be obtained by applying our optimal CBM strategy; the costs corresponding
to the threshold policy are about 10 and 8 percent higher for c = 0.0 and c = 0.5,
respectively, for N = 2, while for N = 3, the threshold policy is about 10 percent
more expensive than our optimal policy for both c = 1.0 and c = 1.5.

6.4.3. Sensitivity analysis with respect to maintenance set-up cost

So far, we considered a maintenance set-up cost of cs = 4. For a larger set-up cost,
we expect replacements to be clustered more often. To investigate this, we now
consider the same case as before, but we increase the maintenance set-up cost to
cs = 8. In Table 6.4, we show the minimal long-run average cost corresponding to
the optimal policy for N = 2 and N = 3, for different degrees of load sharing c . We
observe that adding a third component to the two-component system results in a
cost decrease of 0, 3, 18, and 31 percent for c = 0.0,0.5,1.0, and 1.5, respectively.
These cost decreases are larger than those we observed in Section 6.4.1 for a set-up
cost of cs = 4. We thus observe that adding a third component is more rewarding
for a higher maintenance set-up cost. Indeed, maintenance actions are clustered
more often for larger systems, and the high set-up cost needs to be paid less often.
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Table 6.4. Minimal long-run average cost per time unit (decrease compared to N = 2) for different
values of c and N , for cs = 8.

Degree of load sharing N = 2 N = 3
c = 0.0 4.29 4.29 (- 0%)
c = 0.5 3.02 2.94 (- 3%)
c = 1.0 2.09 1.72 (-18%)
c = 1.5 1.46 1.01 (-31%)

In addition, Figure 6.4 shows the optimal policy for N = 2 for different values
of c . When increasing the set-up cost for maintenance, the economic dependence
between the components becomes stronger. Clustering maintenance thus be-
comes much more rewarding. In Figure 6.4, we observe that all maintenance
actions are indeed clustered for c = 0.0, i.e., without load sharing. Preventive
replacements are no longer performed solely to prevent corrective replacements,

x2

0 1 2 3 4 5

x1

0 00 00 00 00 00 00

1 00 00 00 00 00 00

2 00 00 00 00 11 11

3 00 00 00 11 11 11

4 00 00 11 11 11 11

5 00 00 11 11 11 11

(a) c = 0.0
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0 1 2 3 4 5

x1
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1 00 00 00 00 01 00

2 00 00 00 00 11 11

3 00 00 00 11 11 11

4 10 10 11 11 11 11

5 00 00 11 11 11 11

(b) c = 0.5
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(c) c = 1.0
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x1

0 00 00 00 00 01 01

1 00 00 00 00 01 01
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(d) c = 1.5

Figure 6.4. Optimal replacement policy for a system with N = 2, p = 300, cs = 8, cp = 5, cc = 11,
µ= 0.7, and L = 5, for different values of c.
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Table 6.5. Minimal long-run average cost of the threshold policy (increase compared to the optimal
policy) for different values of c, for cs = 8.

(a) N = 2.

Degree of load sharing Average cost Optimal threshold
c = 0.0 5.15 (+20%) T ∗

R = 4
c = 0.5 3.40 (+13%) T ∗

R = 4
c = 1.0 2.34 (+12%) T ∗

R = 4
c = 1.5 1.62 (+11%) T ∗

R = 4

(b) N = 3.

Degree of load sharing Average cost Optimal threshold
c = 0.0 6.52 (+52%) T ∗

R = 4
c = 0.5 3.84 (+31%) T ∗

R = 4
c = 1.0 2.24 (+30%) T ∗

R = 4
c = 1.5 1.31 (+30%) T ∗

R = 4

as clustering maintenance has become more rewarding (cs +cp > cc ). When we
do include load sharing (i.e., when we select c > 0), a preventive replacement be-
comes more rewarding, as deterioration is slowed down when both components
are functioning. We thus observe that not all replacement actions are clustered
for c > 0, though it does happen more often than in Figure 6.2, for a set-up cost of
cs = 4.

Table 6.5 shows the long-run average cost per time unit obtained with the
threshold maintenance policy for N = 2 and N = 3, along with the optimal thresh-
old values, and the percentage increase in costs compared with our optimal policy.
We observe that the threshold policy results in significantly higher costs than our
optimal CBM policy for all considered values of c. Whereas two components
are sufficient for c = 0.0 and c = 0.5, a cost decrease is observed for c = 1.0 and
c = 1.5 when adding a third component. For these cases, the threshold policy is
30 percent more expensive than the optimal policy. Compared with Section 6.4.2,
where we considered a maintenance set-up cost of cs = 4, we observe that the
threshold policy performs worse for a higher set-up cost. Indeed, in the case of
strong economic dependence, clustering maintenance actions becomes more
rewarding. The threshold policy is not able to capture this behavior.

6.4.4. Ignoring the stochastic dependence through load sharing

In practice, observing load sharing effects between multiple components can be
challenging. Even if such stochastic dependence within a system is recognized,
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further difficulty arises in estimating the actual degree of load sharing. Failure
data are often lacking or incomplete, preventing the maintenance managers
from justifying their assumptions. To investigate the consequences of ignoring
or misinterpreting the load sharing effects between components, we apply the
optimal policy for independent components (c = 0.0) to the cases where load
sharing exists (c > 0). We consider the same cases as before, and use simulation
to find the corresponding costs. The results are summarized in Table 6.6. For a
weak degree of load sharing (c = 0.5) and a low degree of economic dependence
(cs = 4), we observe that ignoring the load sharing will result in a 1 percent more
expensive policy, while for cs = 8 this difference increases to 3 percent for N = 3.
For stronger degrees of load sharing, however, we find that ignoring the stochastic
dependence will increase costs by 3 to 8 percent for N = 2. For c = 1.0 and c = 1.5,
we found in Section 6.4.1 that adding a third redundant component can reduce
costs significantly. When ignoring the load sharing effects in these cases, this
extra component will be kept in the failed state, which increases the costs by up
to 54 percent. We can thus conclude that weak load sharing can be ignored, but
a stronger degree of load sharing has to be taken into account. This holds in
particular for systems with a strong degree of economic dependence.

When using thresholds to describe the maintenance policy, ignoring the load
sharing can lead to a sub-optimal threshold. From Tables 6.3 and 6.5, we observe

Table 6.6. Costs corresponding to the optimal policy for c = 0.0 applied to different degrees of load
sharing c, for p = 300, cp = 5, cc = 11, µ= 0.7, and L = 5.

(a) cs = 4.

Degree of load sharing Optimal policy Ignoring load sharing
N = 2 N = 3 N = 2 N = 3

c = 0.0 3.42 3.42 3.42 (+ 0%) 3.42 (+ 0%)
c = 0.5 2.33 2.33 2.35 (+ 1%) 2.35 (+ 1%)
c = 1.0 1.60 1.45 1.64 (+ 3%) 1.64 (+13%)
c = 1.5 1.10 0.84 1.16 (+ 5%) 1.15 (+37%)

(b) cs = 8.

Degree of load sharing Optimal policy Ignoring load sharing
N = 2 N = 3 N = 2 N = 3

c = 0.0 4.29 4.29 4.29 (+ 0%) 4.29 (+ 0%)
c = 0.5 3.02 2.94 3.03 (+ 0%) 3.03 (+ 3%)
c = 1.0 2.09 1.72 2.17 (+ 4%) 2.18 (+27%)
c = 1.5 1.46 1.01 1.58 (+ 8%) 1.56 (+54%)
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that a threshold of TR = 4 is optimal for all cases except when cs = 4, N = 2, and
c = 0.0, for which T ∗

R = 3. In this case, applying this threshold will increase costs
by 8, 16, and 22 percent to 2.72, 1.96, and 1.41 for c = 0.5, c = 1.0, and c = 1.5,
respectively. Compared with the optimal policy, this is even more expensive.

6.5. Conclusion

In this chapter, we consider a multi-component system which is subject to struc-
tural dependence (through an active redundant, parallel setting), stochastic de-
pendence (through load sharing), and economic dependence (through a fixed
maintenance set-up cost). On the one hand, the redundancy resulting from the
parallel setting allows corrective replacements to be postponed without affecting
the system performance. In this way, the corrective replacement can be combined
with a preventive replacement of other components to reduce the maintenance
frequency and save on the maintenance set-up cost. On the other hand, a failure
of a component implies an increased load on the remaining components, thus
leading to faster deterioration. This provides an incentive to perform corrective
replacements as soon as possible. We are the first to explore this trade-off under a
CBM strategy.

We formulated our system as a Markov Decision Process and determined
cost-minimizing CBM strategies. Through a numerical study, we discovered
interesting properties of the optimal policy structure, for different degrees of load
sharing and economic dependence. We observed that maintenance clustering
is especially beneficial for systems with a strong economic dependence and a
relatively low degree of load sharing. In line with this, corrective replacements
can be postponed to allow for maintenance clustering and to save on set-up costs.
Furthermore, we observed that preventive replacements can best be performed
at a relatively early stage for a high degree of load sharing and weak economic
dependence, as more cost savings can be obtained from the load sharing than
through maintenance clustering. Adding an extra, redundant component is most
beneficial for systems with both a strong degree of load sharing and a strong
degree of economic dependence.

By comparing the performances of our optimal policy with those of a ‘stan-
dard’ threshold CBM policy, popular in both theory and practice, we observed that
significant cost savings can be obtained by basing the replacement decisions on
the complete system state. The inability of the threshold policy to cluster mainte-
nance actions by postponing corrective replacements of redundant components
results in up to 30 per cent more expensive maintenance strategies. Especially for
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systems with a strong economic dependence and a low degree of load sharing,
the threshold policy can be far from optimal.

In practice, the presence of load sharing interactions can be difficult to recog-
nize and quantify. We therefore investigated the effects of ignoring the stochastic
dependence through load sharing (even though load sharing is actually present),
and found that this can lead to sub-optimal policies that are significantly more
expensive. This holds in particular for systems with a strong degree of load sharing
and a strong degree of economic dependence, thus stressing the importance of
applying a suitable policy. Weak degrees of load sharing, on the other hand, can
be ignored at a relatively small cost.

For systems consisting of a large number of components, the exact optimal
maintenance policy may be too difficult to interpret and apply in practice. Never-
theless, our research does reveal the need for a custom-fit maintenance policy for
systems with inter-component dependencies. Future research could thus focus
on developing a heuristic that incorporates the policy properties that we describe
in this chapter. Furthermore, we assume in our current model that the state of
each component is known at the start of each time unit. Inspections are thus
performed with a given periodicity. For future research, it could be interesting to
consider a system in which the inspection interval (either periodic or aperiodic)
needs to be optimized along with the replacement decisions at such an inspection.
Continuous monitoring is also an interesting field of research for systems subject
to both redundancy and load sharing.
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Abstract
Efficient (condition-based) maintenance planning and inventory control of spares
for critical components jointly determine the effectiveness of a maintenance strat-
egy and, thereby, balance system uptime and maintenance costs. Duplicating an
optimal policy for a single-component system to a multi-component system is not
necessarily optimal, while a separate or sequential optimization of the maintenance
and inventory decisions is also not guaranteed to yield the lowest costs. We there-
fore consider the joint optimization of condition-based maintenance and spares
planning for multi-component systems. We formulate our model as a Markov
Decision Process, and minimize the long-run average cost per time unit. A key
insight from our numerical results is that the (s,S) inventory policy, popular in
theory as well as practice, can be far from optimal for systems consisting of few
components. Significant savings can be obtained by basing both the maintenance
decisions and the timing of ordering spare components on the system’s condition.
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7.1. Introduction
Unexpected failures and resulting downtime account for large losses in the pro-
ductivity and profitability of a firm [1]. Effective maintenance policies can reduce
equipment downtime substantially, but rely heavily on the availability of spare
components [2]. Consequently, the joint optimization of maintenance and inven-
tory decisions is an important research area, but most of the existing research,
discussed next, considers either maintenance or inventory planning rather than
the interface [3]. We remark that the (service logistics) inventory literature often
uses the term “spare part”, whereas it is common in the maintenance literature to
refer to “components” rather than “parts”. To avoid confusion, we will use “spare
component” or the shorter “spare” in this chapter.

Regarding maintenance decisions, many types of maintenance policies have
been both employed in practice and extensively studied under various circum-
stances. For literature reviews on maintenance policies, we refer to [4–6]. In
particular, CBM has been considered by [7–13]. Also inventory strategies have
been extensively researched, of which reviews are provided by [14–16]. The spares
inventory literature typically treats demand as given, thereby ignoring the un-
derlying maintenance planning, while the majority of research on maintenance
assumes an unlimited number of spares. Relatively few contributions exist on the
joint optimization of maintenance and inventory. Next, we only discuss those that
consider CBM, and refer interested readers to more in-depth reviews in [17–19].

When considering a joint CBM and inventory policy for a system consisting
of a single component, it is proven that a so-called monotonic policy structure
is optimal [20]. In such a policy, deterioration thresholds are used to determine
when to order a spare and, upon arrival of the spare, when to replace the compo-
nent. Other examples of sequential or joint optimization of CBM and the spares
inventory for a single-component system are given by [21–26].

Applying a single-component policy to a multi-component system, however,
is generally far from optimal, for example when the components share a set of
identical spares (i.e., resource dependence). We remark that identical components
may have different failure rates as they can for instance be contained in subsys-
tems that operate under different conditions. Examples are systems consisting
of multiple production lines with similar critical components (such as conveyor
belts), or gas treatment facilities that use multiple relatively similar pumps to
ensure a continuous gas distribution. Obviously, the right number of shared (or
pooled) spares should be determined at the system level. It is well known from
the inventory pooling literature (see, e.g., [27, 28]) that a decomposed approach
at the component level leads to much higher inventory levels and costs.
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To the best of our knowledge, the integration of CBM and inventory for multi-
component systems has only been studied by [29–32]. Whereas a shared pool
of spares is considered in [29–31], economic and structural dependencies are
included in [32]. A sequential optimization of maintenance and inventory is con-
sidered in [32]. However, separate or sequential optimization of maintenance
and inventory actions will not necessarily lead to a globally optimal policy [30].
For this reason, maintenance and inventory decisions are jointly optimized in
[29–31]. All three articles consider an (s,S) inventory policy, which means that an
order is placed to refill the inventory position to S units once it drops below s. It
is well-known that the order level, order-up-to level (s,S) policy is optimal under
quite general conditions for inventory systems ([33–35]). This policy has also been
considered by many authors for controlling spare part inventories (e.g., [14, 36–
42]). In practice, this policy is often referred to as the min-max policy, where an
order is placed up to the maximum if the inventory position drops to (or below)
the minimum. This policy is available in all major software packages for stock
control (e.g., Slimstock) or Enterprise Resource Planning (e.g., SAP). Intuitively,
however, components only need to be replaced and thus require a spare when
they are close to failure. The condition information that is used for scheduling
maintenance can thus also be used for deciding when to order spares. No research
has been performed yet on this (just-in-time) condition-based ordering for multi-
component systems, despite the obvious cost savings potential. To cover this gap,
we are the first to consider the joint optimization of the condition-based main-
tenance and inventory decisions for a multi-component system with a shared
pool of spares. We benchmark the performance of our condition-based inventory
policy against that of an (s,S) policy and the optimal policy for a single compo-
nent. Another contribution is that we are the first to provide an exact method
for a multi-component system by formulating the problem as a Markov Decision
Process, whereas [29–31] use a simulation-based approach. In this way, we are
able to obtain structural insights through a numerical study. Many Markovian
maintenance models have been developed for deteriorating single-component
systems, e.g., [43–46].

The remainder of this chapter is organized as follows. Section 7.2 gives a
description of the system, while we formulate the model as a Markov Decision
Process in Section 7.3. Next, we present a numerical study and comparison to the
(s,S) policy for a two-component system in Section 7.4, followed by a sensitivity
analysis in Section 7.5. In Section 7.6, we consider a system with more than two
components. Section 7.7 concludes the chapter.
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7.2. System description

7.2.1. Model description

To obtain structural insights, we consider a discrete-time system consisting of
N components, which function and deteriorate independently. We model the
condition of a component j , j = 1,2, . . . , N , discretely using L j +1 different states,
0,1, . . . ,L j , where state 0 means that the component is as-good-as-new, and state
L j means that the component has failed. The components share a pool of spares.
Although the components are identical, they may be contained in different sub-
systems that may operate under different conditions, possibly leading to different
failure rates. If a component is replaced, the old component is discarded, and the
new component is in the as-good-as-new state 0. Since repair times are typically
small (days) compared to the expected lifetime of a component (years) and lead
times of spares (months), replacements are assumed to be instantaneous, but can
only be scheduled if the required spares are on hand. Spares can be ordered in any
amount, and arrive after a fixed lead time of T time units (typically in the order of
months). After possible maintenance and inventory actions have been performed,
component j is subject to deterioration. We assume that deterioration worsens,
rather than improves, the state of a component. To that extent, we assume that
the deterioration increments of component j follow a Poisson distribution with
parameter µ j .

7.2.2. Order of events and costs

The order of events is as follows. At the start of each time unit, an order for spares
can arrive (provided that an order has been placed T time units ago). Next, a
so-called operating cost is incurred for each component, which depends on the
state of the component. Let O j = (O j

0,O j
1, . . . ,O j

L j
) denote the vector of operating

costs. If component j is in state u, it incurs an operating cost of O j
u per time

unit. In this way, it is not only possible to include a downtime cost for a failed
component (by choosing a high value for O j

L j
), but also to include costs for losses

in revenue due to deterioration of the component. After operating costs have
been incurred, components can be replaced, provided that sufficient spares are
on hand. In practice, a corrective replacement is sometimes more expensive than
a preventive replacement, because a component failure can cause damage on
other elements of the system as well. This distinction has been considered by
[20, 47–49]. Similar to [20], we therefore define R j = (R j

0 ,R j
1 , . . . ,R j

L j
) as the vector

of state-dependent replacement costs for component j including the purchase
price of the new component, where R j

u ≥ R j
v for u > v . After possible maintenance
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Nomenclature

δ j Binary variable indicating whether or not component j is replaced
µ j Deterioration parameter of component j
ω Decision variable indicating how many spares to order

c j
r Cost of a replacement on component j

F Fixed cost per order
H Holding cost per spare per time unit
L j Fixed failure level of component j
N Number of components in the system
O j Vector with operating costs for different states of component j
P j Transition probability matrix of component j
R j Vector with replacement costs for different states of component j
S Maximum stock level
s Reorder stock level
S̄ Maximum inventory position
sh Number of spares on hand
sl Number of spares ordered l time units ago
T Fixed lead time, T > 1
x j State of component j

actions have been performed, spares can be ordered, for which a fixed cost per
order F is incurred. This cost is independent of the number of spares that are
ordered. For each spare that is still on hand at the end of a time unit, a holding
cost H is incurred.

7.3. Markov Decision Process formulation

The Markov Decision Process (MDP) model consists of a set of possible states I at
the start of each time unit, a set of possible actions A{i } that can be performed at
each state i ∈ I , transition probabilities pa(i ; ī ) that the system moves from state
i ∈ I to state ī ∈ I if action a ∈A{i } is chosen, and the cost function ca(i ) which
returns the expected costs of performing action a ∈A{i } at state i ∈ I . To limit the
size of the state space, we assume that the inventory position (spares on hand
plus spares on order) cannot exceed some maximum S̄. This maximum is only
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needed to ensure boundedness of the state space, and will be set sufficiently large
in our numerical experiments to ensure that it does not affect the results.

State space The state space keeps track of the state of each component (denoted
by (x1, x2, . . . , xN )), the status of each order (s1, s2, . . . , sT−1, where sl denotes the
number of spares ordered l time units ago, l = 1,2, . . . ,T −1), and the number of
spares on hand (sh). This results in the following (N +T )-dimensional state space:

I = {(x1, x2, . . . , xN , s1, s2, . . . , sT−1, sh)},

where, for j = 1,2, . . . , N and l = 1,2, . . . ,T −1:

x j ∈ {0,1, . . . ,L j } (state of component j ),

sl ∈ {0,1, . . . , S̄} (number of spares ordered l time units ago),

sh ∈ {0,1, . . . , S̄} (number of spares on hand).

The size of the state space is restricted by imposing a logical constraint. As we
assumed that the inventory position cannot exceed the maximum of S̄, we have
s1 + s2 + . . .+ sT−1 + sh ≤ S̄.

Action space At the start of each time unit, a decision is needed on whether or
not to replace some components and on the number of spares to order. Hence,
the (N +1)-dimensional action space can be represented as follows:

A= {(δ1,δ2, . . . ,δN ,ω)},

where, for j = 1,2, . . . , N :

δ j =
{

1, if component j is replaced,

0, otherwise,

ω ∈ {0,1, . . . , S̄} (number of spares to order).

The following sets of actions are allowed for different states of the state space, for
any possible values of x j ( j = 1,2, . . . , N ), sl (l = 1,2, . . . ,T −1), and sh :

A{(x1,x2,...,xN ,s1,s2,...,sT−1,sh )} ={
(δ1,δ2, . . . ,δN ,ω) :

N∑
j=1

δ j ≤ sh ,ω≤ S̄ − sh −
T−1∑
l=1

sl +
N∑

j=1
δ j

}
.
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Transition probabilities If no maintenance is performed, component j will
move from state x j to state x̄ j with probability p j

x j x̄ j
. If component j is replaced,

however, its condition becomes as-good-as-new, and it moves from state 0 to state
x̄ j with probability p j

0x̄ j
. Hence, we define the probability of moving from state

x j to state x̄ j under maintenance action δ j (denoted by p j
x j x̄ j

(δ j )) as follows, for
j = 1,2, . . . , N :

p j
x j x̄ j

(δ j ) =
p j

x j x̄ j
, if δ j = 0,

p j
0x̄ j

, if δ j = 1.

In our numerical experiments, we assume that the deterioration increments (i.e.,
the increases in deterioration between two time units) of component j follow
a Poisson distribution with parameter µ j , j = 1,2, . . . , N . To illustrate this, let
X j be Poisson distributed with mean µ j . Then, the transition probabilities of
component j are given by

p j
x j x̄ j

=
{

P(X j = x̄ j −x j ), if x̄ j < L j ,

P(X j ≥ x̄ j −x j ), if x̄ j = L j .

Depending on the actions (δ1,δ2, . . . ,δN ,ω) performed, the system now moves
from state (x1, x2, . . . , xN , s1, s2, . . . , sT−1, sh) to (x̄1, x̄2, . . . , x̄N , s̄1, s̄2, . . . , s̄T−1, s̄h), with
probability

∏N
j=1 p j

x j x̄ j
(δ j ) if the transition is possible, and with probability 0 oth-

erwise:

p(δ1,...,δN ,ω)((x1, . . . , xN , s1, . . . , sT−1, sh); (x̄1, . . . , x̄N , s̄1, . . . , s̄T−1, s̄h)) =
N∏

j=1
p j

x j x̄ j
(δ j ), if s̄h = sh −

N∑
j=1

δ j + sT−1, s̄1 = ω, and s̄l = sl−1 for

l ∈ {2, . . . ,T −1},
0, otherwise.

Expected costs During each time unit, costs are incurred. The costs of perform-
ing action (δ1,δ2, . . . ,δN ,ω) in state (x1, x2, . . . , xN , s1, s2, . . . , sT−1, sh) are given by
the sum of the operating costs, the replacement costs (if replacements are per-
formed), the order cost (if an order for spares is placed), and the holdings costs
(for the spares that remain on hand), i.e.:

c(δ1,δ2,...,δN ,ω)(x1, x2, . . . , xN , s1, s2, . . . , sT−1, sh) =
N∑

j=1
O j

x j
+

N∑
j=1

δ j ·R j
x j
+ I{ω>0} ·F +

(
sh −

N∑
j=1

δ j

)
·H ,
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where I{·} denotes the indicator function that equals one if the expression between
brackets is true and zero otherwise. Note that this MDP formulation is constructed
for the case with a lead time of T > 1. In case T = 1, there is no need to keep track
of when orders are placed; an order simply arrives before the next decision is
made. Therefore, the state space reduces to an (N +1)-dimensional one that only
keeps track of the state of each component and the number of spares on hand.
The action space and transition probabilities also simplify for T = 1.

7.3.1. (s,S) inventory policy
The inventory position (denoted by IP ) includes both the spares on hand (sh −∑N

j=1δ j ) and on order (
∑T−1

l=1 sl ). The (s,S) inventory policy places an order for
S − IP spares as soon as the inventory position is smaller than or equal to s. It
can be seen as a special case of our MDP, by restricting the set of actions that are
allowed in each state as follows, for any x j ( j = 1,2, . . . , N ), sl (l = 1,2, . . . ,T −1),
and sh :

A{(x1,x2,...,xN ,s1,s2,...,sT−1,sh )} =
{

(δ1,δ2, . . . ,δN ,ω) :
N∑

j=1
δ j ≤ sh ,

ω= I{
sh+∑T−1

l=1 sl−∑N
j=1δ j≤s

} ·
(

S − sh −
T−1∑
l=1

sl +
N∑

j=1
δ j

)}
.

The remainder of the MDP formulation above remains unchanged.

7.3.2. Value iteration
As a performance criterion, we are interested in the long-run average cost per
time unit. At the start of Section 7.3, we assumed that the inventory position
cannot exceed the maximum of S̄. This assumption guarantees that both the state
space and the action space are finite. Furthermore, the cost function is bounded
by definition. If, in addition, the model would be unichain1, then a stationary
average optimal policy exists, and the value iteration algorithm can be applied
to find such a policy [50]. However, our model can contain multiple recurrent
states. Consider for example the case where N = 2 and T = 3, and consider the
stationary policy f (i ) = (0,0,0) for all i ∈ I (i.e., never perform maintenance and
never order spares). Under this policy, in the long-run, each component will
be in the failed state (L j ), and the initial number of spares on hand will remain
unchanged. The resulting transition matrix therefore contains S̄ +1 recurrent

1An MDP is unichain if the transition matrix corresponding to every deterministic stationary policy
consists of a single recurrent class and a (possibly empty) set of transient states [50].
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states: (L1,L2,0,0,0), (L1,L2,0,0,1), . . . , (L1,L2,0,0, S̄). Hence, we are dealing with
a model that is multichain rather than unichain. Nevertheless, it is realistic to
assume that any optimal policy orders a new spare (at some point in time) for
every component that is replaced, and that a failed component is replaced as soon
as a spare is available, as long as the operating cost for a failed component (i.e.,
the downtime cost) is chosen sufficiently high. This implies that the model does
satisfy the Weak Unichain Assumption2 as defined in [51]. Therefore, the minimal
average cost per time unit is independent of the initial state, and can be efficiently
determined by applying the value iteration algorithm [51], which is shown below.
Here vn denotes the value function obtained with the n-th iteration.

Value iteration algorithm

Step 0: Initialization

Choose an ε > 0 and v0(i ) with 0 ≤ v0(i ) ≤ mina∈A{i } ca(i ) for all i ∈ I. Set
n := 1.

Step 1:

For each i ∈ I , compute the value function vn(i ) as

vn(i ) := min
a∈A{i }

{
ca(i )+ ∑

ī∈I
pa(i ; ī )vn−1(ī )

}
, (7.1)

and select a stationary policy fn which minimizes the right-hand side of (7.1)
as

fn(i ) ∈ argmin
a∈A{i }

{
ca(i )+ ∑

ī∈I
pa(i ; ī )vn−1(ī )

}
. (7.2)

Step 2:

Let Mn := maxi∈I {vn(i )− vn−1(i )} and mn := mini∈I {vn(i )− vn−1(i )}. Stop
the algorithm with policy fn if 0 ≤ Mn −mn ≤ ε ·mn . Otherwise, set n := n +1
and repeat steps 1 and 2.

Let g∗ denote the minimal average cost per time unit, let fn be a stationary
policy which satisfies (7.2) for n ≥ 1, and let gi ( fn) denote the corresponding
one-step difference vn(i )− vn−1(i ). Since the latter is independent of the state i ,
we denote it by g ( fn) instead. Then it holds that mn ≤ g∗ ≤ g ( fn) ≤ Mn , for i ∈ I,

2For each average cost optimal stationary policy, the associated Markov chain has no two disjoint
closed sets [51].
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where the sequences {mn ,n ≥ 1} and {Mn ,n ≥ 1} are non-decreasing and non-
increasing, respectively [51]. Furthermore, g ( fn), the average cost resulting from
policy fn , deviates at most 100ε percent from g∗.

7.4. Numerical investigation

In this section, we construct a base case and obtain some numerical results
that illustrate the structure of the optimal policy. We compare its performances
to those obtained by (s,S) inventory policies and the case where the decisions
for each component are optimized separately, and analyze the different cost
components. In Section 7.5, we will perform a sensitivity analysis on this base
case, while we vary the number of components in Section 7.6.

7.4.1. Base case

In our base case, we consider a system consisting of two components with identi-
cal failure rates that deteriorate independently. By considering two components,
the resulting optimal maintenance and inventory decisions can be represented
two-dimensionally, which allows easy interpretation. Considering components
with identical failure rates further aids in interpreting the structure of the optimal
policy. It also allows us to drop the superscripts denoting to which component
a certain parameter corresponds. This (realistic) base case serves to illustrate
some characteristics of the optimal policy and the effects of limiting the possible
inventory actions to an (s,S) inventory policy.

We consider a fixed failure level of L = 4, so each component can be in one
of five different states. Furthermore, we assume that inspections are performed
four times a year, so one time unit has a length of three months. Although current
technology allows systems to be monitored continuously by placing sensors, we
observe in practice that a mixture of periodic and continuous review is applied.
Periodic and continuous review will continue to co-exist, certainly for the near
future, as explained in Chapter 1. An expected lifetime of E years is equivalent
to selecting the deterioration parameter as µ= 1

E per time unit. We assume that
the deterioration increments per time unit of each component follow a Poisson
distribution with parameter µ = 0.2, i.e., we assume an expected lifetime of 5
years (or 20 time units). This implies that, when no maintenance is performed,
each component is subject to transition probabilities puv of moving from state
u to state v during one time unit, summarized in the following upper-triangular
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transition matrix P .

P =


0.82 0.16 0.02 0.00 0.00

0 0.82 0.16 0.02 0.00
0 0 0.82 0.16 0.02
0 0 0 0.82 0.18
0 0 0 0 1


Each order arrives after three time units, which equals nine months and is realistic
for spares. Indeed, a study on forecasting intermittent demand using a large
dataset from the UK Royal Air Force with lead times of spares such as valves, cables,
and diodes shows an average lead time of nine months for these spares [54]. In
this base case, we do not include a fixed cost per order, i.e., we select F = 0, but we
will investigate the influence of this cost in the sensitivity analysis in Section 7.5.3.
Although our model is capable of handling state-dependent replacement costs,
we choose R = (5,5,5,5,5) (i.e., the replacement cost is independent of the state of
the component), because this allows us to focus on the key issues in this chapter.
The parameter settings are listed in Table 7.1.

7.4.2. Optimal policy

We apply the value iteration algorithm to find the long-run average cost per time
unit for the joint condition-based maintenance and inventory policy. We use
ε= 0.0005 for the stopping criterion, which implies that the resulting average cost
deviates at most 0.05 percent from the actual average cost. Furthermore, we use
v0(i ) = 0 for all i ∈ I as our initial value function. Results indicate that a maximum
inventory position of S̄ = 2 is sufficiently high for this example, as increasing
this value does not alter the resulting optimal policy and corresponding average
cost. All experiments are performed using Python 3.4.3 on a computer with a 3.30

Table 7.1. Model parameters for the base case.

Parameter Interpretation Value

L Failure level 4
O Operating cost for states 0,1,2,3,4 (0,0,0,0,100)
R Replacement cost for states 0,1,2,3,4 (5,5,5,5,5)
F Fixed cost per order 0
H Holding cost per spare per time unit 0.5
T Fixed lead time 3
µ Deterioration parameter 0.2
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Figure 7.1. Convergence of the sequences {Mn ,n ≥ 1} and {mn ,n ≥ 1} in the value iteration algo-
rithm.

GHz quad core processor and 16.0 Gigabyte of RAM. For this example, the state
space consists of 250 states and the value iteration algorithm converges after 24
iterations, which takes about 0.04 seconds. Figure 7.1 shows the convergence of
the sequences {Mn ,n ≥ 1} and {mn ,n ≥ 1}. It appears that these sequences behave
nicely, and converge relatively quickly.

Figure 7.2 shows the resulting optimal maintenance and inventory policy for
the base case. In this figure, the optimal maintenance and inventory actions
are shown for any combination of the states x1 and x2 of components 1 and 2,
respectively, given a realization of the number of spares ordered l time units ago
(sl , l = 1,2) and the number of spares on hand (sh). Note that the choice of S̄
determines the number of realizations that (s1, s2, sh) can take. The average cost
per time unit for the optimal policy is equal to 1.57 per time unit. From Figure 7.2,
we observe that the optimal maintenance decisions for one component depend
on the states of both components. This is caused by the fact that the components
share a pool of spares. Indeed, when sufficient spares are on hand, i.e., when
sh = 2, the optimal replacement decision of component j depends solely on its
own deterioration level x j (replace if x j ≥ 2), j = 1,2. However, when only one
spare is on hand, this decision depends on the complete system state. Consider
for example the case where (s1, s2, sh) = (0,0,1), i.e., one spare on hand and no
outstanding orders. In principle, the component with the highest degradation
level will be replaced, provided that the component is at least in state 2. However,
when components 1 and 2 are equally close to failure, both in state 2 or 3, no
replacement is performed. Instead, the spare is saved for the component that
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(s1, s2, sh ) = (0,0,0) (s1, s2, sh ) = (1,0,0), and (0,1,0) (s1, s2, sh ) = (2,0,0), (0,2,0), and
(1,1,0)

x2 x2 x2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

0 00 00 00 00 00 0 00 00 00 00 00 0 00 00 00 00 00

1 00 00 00 00 00 1 00 00 00 00 00 1 00 00 00 00 00

2 00 00 00 00 00 2 00 00 00 00 00 2 00 00 00 00 00

3 00 00 00 00 00 3 00 00 00 00 00 3 00 00 00 00 00

x1

4 00 00 00 00 00

x1

4 00 00 00 00 00

x1

4 00 00 00 00 00

(s1, s2, sh ) = (0,0,1) (s1, s2, sh ) = (1,0,1) (s1, s2, sh ) = (0,1,1)

x2 x2 x2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

0 00 00 01 01 01 0 00 00 01 01 01 0 00 00 01 01 01

1 00 00 01 01 01 1 00 00 01 01 01 1 00 00 01 01 01

2 10 10 00 01 01 2 10 10 00 01 01 2 10 10 10 01 01

3 10 10 10 00 01 3 10 10 10 01 01 3 10 10 10 10 01

x1

4 10 10 10 10 10

x1

4 10 10 10 10 10

x1

4 10 10 10 10 10

(s1, s2, sh ) = (0,0,2)

x2

0 1 2 3 4 00 Replace none Do not order

0 00 00 01 01 01 10 Replace component 1 Order 1 spare

1 00 00 01 01 01 01 Replace component 2 Order 2 spares

2 10 10 11 11 11 11 Replace both

3 10 10 11 11 11

x1

4 10 10 11 11 11

Figure 7.2. Matrices with optimal maintenance and inventory actions for x1 and x2, for different
realizations of (s1, s2, sh ).

gains most deterioration in the near future, and an additional spare is ordered.
On the other hand, if a new spare has already been ordered two time units ago,
i.e., (s1, s2, sh) = (0,1,1), no spare will be reserved, as a new spare will arrive before
the next inspection. The optimal replacement decisions for a component depend
thus on the state of each component, as well as the number of spares on hand
and the status of each order.

7.4.3. Optimal policy for a single component

As stated in [19], the optimal policy for a single component is not necessarily
optimal for the complete (multi-component) system. To investigate this, we
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now treat each component separately in the base case. To that extent, we apply
the MDP to find the optimal ordering and replacement decisions for a single
component. It is proven that a monotonic policy structure is optimal for a single
component, in which deterioration thresholds are used to decide on when to
order a spare and perform a replacement [20]. Indeed, results indicate that a
spare is ordered when the component is in state 0 or higher (so immediately),
and that a replacement is performed if the component is in state 2 or higher,
provided that a spare is available. The corresponding minimal average costs are
equal to 0.92 per time unit, which, for two components, is about 17 percent more
expensive than our optimal policy. This implies that a significant cost reduction
can be obtained by jointly optimizing the decisions for both components. In the
remainder of this chapter, we refer to the separate optimization of the decisions
for each component as the “single component” policy.

7.4.4. CBM with an (s,S) inventory policy

Similarly to the optimal condition-based ordering policy assessed in Section
7.4.2, we use ε = 0.0005 and v0(i ) = 0 for all i ∈ I as our initial value function
for assessing the CBM model with an (s,S) inventory policy. Because we do not
consider a fixed cost per order in this base case, an (S−1,S) policy structure will be
optimal, so we only consider the cases where s = S −1. In the sensitivity analysis,
we will also evaluate (s,S) policies for other values of s, when we do include a fixed
cost per order. Table 7.2 shows the average cost per time unit for different values
of S, along with the number of iterations required in the value iteration algorithm.
Costs rapidly increase for S > 2, and are therefore not reported. From Table 7.2, it
follows that the lowest costs are obtained for the (S −1,S) policy with S = 2. These
costs are about 14 percent higher than with condition-based ordering of spares.
The corresponding maintenance (and inventory) policy is shown in Figure 7.3.
Comparing Figures 7.2 and 7.3, we observe that the optimal replacement actions
corresponding to the condition-based inventory policy and the best (S − 1,S)
inventory policy, with S = 2, are almost identical. The optimal inventory actions do
differ, however, between the two policies. The difference in costs hence seems to
be mainly caused by the different inventory decisions. The long-run average cost

Table 7.2. Performance of the (S −1,S) policy for different values of S.

(S −1,S) policy with Average cost per time unit Iterations
S = 1 1.92 28
S = 2 1.79 23
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(s1, s2, sh ) = (0,0,0) (s1, s2, sh ) = (1,0,0), and (0,1,0) (s1, s2, sh ) = (2,0,0), (0,2,0), and
(1,1,0)

x2 x2 x2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

0 00 00 00 00 00 0 00 00 00 00 00 0 00 00 00 00 00

1 00 00 00 00 00 1 00 00 00 00 00 1 00 00 00 00 00

2 00 00 00 00 00 2 00 00 00 00 00 2 00 00 00 00 00

3 00 00 00 00 00 3 00 00 00 00 00 3 00 00 00 00 00

x1

4 00 00 00 00 00

x1

4 00 00 00 00 00

x1

4 00 00 00 00 00

(s1, s2, sh ) = (0,0,1) (s1, s2, sh ) = (1,0,1) (s1, s2, sh ) = (0,1,1)

x2 x2 x2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

0 00 00 01 01 01 0 00 00 01 01 01 0 00 00 01 01 01

1 00 00 00 01 01 1 00 00 01 01 01 1 00 00 01 01 01

2 10 00 00 01 01 2 10 10 00 01 01 2 10 10 01 01 01

3 10 10 10 00 01 3 10 10 10 01 01 3 10 10 10 10 01

x1

4 10 10 10 10 10

x1

4 10 10 10 10 10

x1

4 10 10 10 10 10

(s1, s2, sh ) = (0,0,2)

x2

0 1 2 3 4 00 Replace none Do not order

0 00 00 01 01 01 10 Replace component 1 Order 1 spare

1 00 00 01 01 01 01 Replace component 2 Order 2 spares

2 10 10 11 11 11 11 Replace both

3 10 10 11 11 11

x1

4 10 10 11 11 11

Figure 7.3. Matrices with optimal maintenance and best (S −1,S) inventory actions, for S = 2, for
x1 and x2, for different realizations of (s1, s2, sh ).

per time unit corresponding to a certain policy consists of costs corresponding
to component downtime (i.e., the operating cost), replacements, ordering, and
holding costs. For the different policies, Figure 7.4 shows the corresponding
minimal average cost per time unit, divided into the different cost components. As
we did not include a fixed cost per order in this example, the ordering costs equal
zero and can thus be left out. Figure 7.4 shows that among the different policies,
the replacement cost remains approximately unchanged. This is explained by the
fact that all (nearly) failed components are ultimately replaced by any sensible
policy. However, due to the different timing of placing orders among the different
policies, the holding cost and downtime cost do vary. The single component
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1.79 (+14%) 1.84 (+17%)

Operating costs
Holding costs
Replacement costs          

Figure 7.4. Average cost per time unit divided per cost component, for different strategies.

policy has low operating costs, but very high holding costs. For different values of
S, the (S−1,S) policy also has either low operating costs or low holding costs, but is
unable to simultaneously minimize these. Even the best (S−1,S) policy, with S = 2,
increases the total inventory and holding costs with about 31 percent compared to
the condition-based inventory policy, as spares are ordered too soon for relatively
new components. Indeed, it has been shown in [55] that under a continuous
(s,S) policy spares are often ordered too early, indicating that delayed ordering
could be profitable. Basing the decisions on when to order spares on the complete
system state rather than applying a basic inventory policy (which only considers
the number of spares on hand and for which the demand process is memoryless)
is an effective way to delay orders, and thus to reduce costs significantly.

7.5. Sensitivity analysis

In this section, we will vary several parameters of the base case, divided into
different categories. We distinguish between the parameters that are related to
the replacement cost, R, the holding cost, H , and the order cost, F . Furthermore,
we will vary the deterioration parameter µ and the lead time T , and consider two
components that deteriorate at different rates.
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Figure 7.5. Average cost per time unit for different policies for different values of cr , along with
the percentage increase in cost from applying the best (S − 1,S) inventory policy or the single
component policy rather than the optimal policy.

7.5.1. Influence of replacement cost

In the original example, we chose the replacement cost vector as R = (5,5,5,5,5).
Hence, the replacement costs are independent of the state of the component. In
the sequel, we denote the replacement cost by cr . This means that the replace-
ment cost vector can be obtained as R = (cr ,cr ,cr ,cr ,cr ). In Figure 7.5, we vary
the preventive replacement cost cr between 2 and 15. Naturally, a higher value
for cr will increase the total average cost per time unit. The optimal policy, the
best (S −1,S) policy, and the single component policy are almost not affected
by the value of cr , indicating that the increases in total cost are mainly caused
by the more expensive replacements. Indeed, the absolute difference in costs
between the different policies remains approximately equal as cr increases, thus
decreasing the relative difference. Nevertheless, even for relatively high values of
cr , the optimal (condition-based) inventory policy significantly outperforms both
the best (S −1,S) policy and the single component policy.

7.5.2. Influence of holding cost

In Figure 7.6, we vary the holding cost H , which was equal to 0.5 for the base case,
between 0 and 2.2 per time unit. For small values of H , it is relatively cheap to hold
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Figure 7.6. Average cost per time unit for different policies for different values of H , along with the
percentage increase in cost from applying the best (S −1,S) policy or the single component policy
rather than the optimal policy.

spares on hand. The optimal policy thus approaches the (1,2) policy for small
H . For high holding costs, however, having spares on hand becomes expensive.
For this reason, the (0,1) policy is the best performing (S −1,S) policy for high
H , while the (1,2) policy results in much higher costs. Nevertheless, significant
savings can be obtained by applying the condition-based inventory policy, which
better coordinates the optimal ordering and replacement decisions. Furthermore,
we observe in Figure 7.6 that the single component policy performs quite well for
small values of H , which is in line with Figure 7.4 (where we found that the holding
costs mainly cause the cost difference with the optimal policy). For values of H
larger than 1.1, however, we observe that the costs corresponding to the single
component policy no longer increase, indicating that spares are no longer held
on hand. The cost difference with the optimal policy thus decreases for H > 1.1.

To get some insights into the optimal policy structure, Figure 7.7 shows the
different cost components (operating, replacement, and holding costs) corre-
sponding to the optimal policy for different values of H . The jumps in the average
holding cost per time unit are caused by changes in the corresponding optimal
policy; as H increases, replacements are performed more frequently to avoid
high holding costs. Between these jumps, the optimal policy remains (almost)
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Figure 7.7. Average cost per time unit for the optimal policy divided into different cost components
for different values of the holding cost H .

unchanged, which means that the costs corresponding to replacements and the
operating costs remain unchanged. As H increases, the average holding cost will
increase with the same rate, thus gradually increasing total costs, until a new jump
occurs. As H increases further, replacements will be performed as soon as a spare
arrives to avoid paying the holding cost. Consider for example H = 10 (not shown
in the figure). The corresponding minimal total average costs are equal to 2.26 per
time unit, of which 0.46, 1.80, and 0 are the average operating cost, replacement
cost, and holding cost, respectively. Thus, as H increases, holding costs will be
avoided completely by postponing the ordering of spares and performing replace-
ments as soon as an order for spares arrives. This can also be observed from
the corresponding optimal maintenance and inventory policy, which is shown in
Figure 7.A.1 of Appendix 7.A.

7.5.3. Including a fixed cost per order

In the base case, we did not include a fixed cost per order, i.e., we chose F = 0. In
Figure 7.8, we do include a fixed cost per order, and vary it between 0 and 4. For
a non-zero fixed cost per order F , the (S −1,S) policy is no longer the best (s,S)
policy, but instead the (0,2) policy becomes best. Also in the optimal strategy,
spares are ordered in sets of two more frequently as F increases, thus reducing the
cost difference with the best (s,S) policy. With no fixed cost per order, the optimal
policy benefits most from basing the inventory decisions on the system’s condition
in such a way that spares arrive just in time. This benefit is reduced when a fixed
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Figure 7.8. Average cost per time unit for different policies for different values of F , along with
the percentage increase in cost from applying the best (s,S) policy or the single component policy
rather than the optimal policy.

order cost incites to order in (larger) batches. When we optimize the decisions for
each component separately (i.e., when we apply the single component strategy),
spares are ordered individually for each component, independent of F . The cost
difference with this policy thus remains substantial for any fixed cost per order.

7.5.4. Influence of deterioration parameter and lead time

In the original example, we considered a deterioration parameter of µ = 0.2,
which can be interpreted as an expected lifetime of 5 years. In Figure 7.9, we
consider expected lifetimes between 3 and 15 years. We observe that for relatively
small expected lifetimes of the components (of less than six years), spares are
needed quite often. Indeed, the optimal policy approaches the (1,2) policy. As
the expected lifetime increases, fewer spares are needed, and a condition-based
inventory policy becomes more rewarding. For an expected lifetime of 7 years,
the (0,1) policy is quite efficient, but for higher expected lifetimes, this policy
is not suitable as spares are ordered too soon. The optimal policy significantly
outperforms the best (S−1,S) policy by only ordering spares once the components
have deteriorated considerably. For expected lifetimes exceeding 9 years, the
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Figure 7.9. Average cost per time unit for different policies for different values of µ, along with the
percentage increase in cost from applying the best (S −1,S) policy or the single component policy
rather than the optimal policy.

single component policy even outperforms the best (S −1,S) policy, as it is able to
postpone the ordering of spares for relatively new components.

Furthermore, we considered a fixed lead time of T = 3 (nine months) in the
original example. In Figure 7.10, we vary T between 2 and 9 time units, i.e., we
consider lead times between 6 and 27 months. Since our state space is (N +
T )-dimensional, the choice of T influences the size of the state space and the
computation time. A maximum inventory position of S̄ = 2,2,2,2,3,3,3, and 4 is
sufficiently large for lead times of T = 2,3,4,5,6,7,8, and 9, for which the state
space consists of 150, 250, 375, 525, 2100, 3000, 4125, and 17875 states, and the
optimal policy can be found within 0.03, 0.04, 0.05, 0.08, 0.42, 0.99, 2.99, and 82.60
seconds, respectively. For a lead time of just 2 time units, it suffices to order one
spare at a time, and thus the (0,1) policy performs well, while for lead times of
5 and 9 time units the (1,2) and the (2,3) policy performs well, respectively. In
between, however, the best (S −1,S) policy does not result in a close-to-optimal
solution. Instead, significant cost savings can be obtained by basing both the
maintenance decisions as well as the inventory decisions on the actual system
state. Furthermore, the single component policy is significantly more expensive

170



7

Jo
in

t
C

B
M

an
d

in
ve

n
to

ry
o

p
ti

m
iz

at
io

n

2 3 4 5 6 7 8 9

2
3

4
5

T (Fixed lead time)

Lo
ng

-r
un

 a
ve

ra
ge

 c
os

t p
er

 ti
m

e 
un

it

Optimal policy
(0,1) policy
(1,2) policy
(2,3) policy
Single component         

(a) Average cost per time unit

2 3 4 5 6 7 8 9
0

5
10

15
20

25
T (Fixed lead time)

C
os

t i
nc

re
as

e 
(%

) 
fr

om
 a

pp
ly

in
g 

a 
di

ffe
re

nt
 p

ol
ic

y

Best (S-1,S) policy              
Single component

(b) Percentage increase in cost

Figure 7.10. Average cost per time unit for different policies for different values of T , along with the
percentage increase in cost from applying the best (S −1,S) policy or the single component policy
rather than the optimal policy.

than the optimal policy for all values of T considered. For a large lead time, the
sharing of spares becomes more rewarding.

7.5.5. Non-identical failure rates

So far, we assumed that the two components are identical. Even though both
components require identical spares, one of the components could deteriorate
faster than the other, because they can operate in different environments or at
different intensities. For that reason, we now consider two components that
are deteriorating at different rates. To be able to compare our results to the
base case, we decided to keep the demand for spares approximately unchanged.
We vary the deterioration parameter of component 1 (µ1) between 0.05 and 0.2,
while we set the deterioration parameter of component 2 to µ2 = 0.4−µ1. The
results are shown in Figure 7.11. First, we observe that the single component
policy outperforms the best (S − 1,S) policy if the components have different
deterioration rates. For relatively low values of µ1 (and thus for large differences
between the components), the single component policy performs quite well,
indicating that an optimization on a component level makes sense for different
components. The (S −1,S) policy results in much higher costs than our optimal
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Figure 7.11. Average cost per time unit for different policies for different values of µ1 (while µ2 =
0.4−µ1), along with the percentage increase in cost from applying the best (S −1,S) policy or the
single component policy rather than the optimal policy.

policy for all values ofµ1 andµ2 considered. The (1,2) policy is the best performing
(S −1,S) policy in case µ1 < µ2, but results in costs that are at least 10 percent
higher than those of our optimal policy.

7.6. Varying the number of components
In Sections 7.4 and 7.5, we considered a system consisting of two components.
Analyzing larger systems is more complex and computationally time consuming,
as the condition of each component needs to be tracked. Also the optimal policy
is hard to represent graphically. Nevertheless, we are interested in extending our
system to more than two components. For that reason, we again consider the
system from the base case, with N components (between one and six) rather
than two. The cost and deterioration parameters remain unchanged, as well as
the lead time for spares. A maximum inventory position of S̄ = 1,2,2,3,3, and
4 is sufficiently large for N = 1,2,3,4,5, and 6, respectively, for which the state
space consists of 20, 250, 1250, 12500, 62500, and 546875 states, and our MDP
formulation can be used to find the optimal policy in 0.0, 0.0, 0.2, 2.1, 13.3, and
220.3 seconds, respectively. The results are shown in Figure 7.12. Compared with
the single component policy, the optimal policy benefits more from the pooling
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Figure 7.12. Average cost per time unit for different policies for different values of N , along with the
percentage increase in cost from applying the best (S −1,S) policy or the single component policy
rather than the optimal policy.

of spares as N increases. The cost difference with this policy thus increases up to
39 percent for N = 6. Furthermore, for N = 1, we observe that the (S −1,S) policy
performs best for S = 1. If S is chosen larger than 1, then too many spares are
hold on hand, resulting in higher holding costs. The cost difference between the
(1,2) and the (2,3) policy, for example, is thus exactly equal to 0.5: the holding
cost for one extra component. As N increases, the (0,1) policy is no longer the
best performing (S −1,S) policy, as too few spares are ordered, resulting in high
downtime costs. The (1,2) policy thus performs best for N between 2 and 4. For
N larger than 4, however, the (1,2) policy provides too few spares, and the (2,3)
policy performs better. Intuitively, Figure 7.12 illustrates that the cost difference
between the optimal policy and the best performing (S −1,S) policy will always
be between 0 and 0.5 (the holding cost for one extra spare). Indeed, we observed
in Section 7.4.4 that the cost difference is mainly caused by the different inventory
actions (rather than the replacement actions). Naturally, as N increases, the
corresponding minimal cost will also increase, thus reducing the relative cost
difference with the (S − 1,S) policy. The cost gap between the optimal policy
and the best (S − 1,S) policy depicted in Figure 7.12b shows non-monotonic
behavior, which is somewhat unexpected but can be explained by the integer
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Figure 7.13. Average cost gap between the optimal policy and the best (S −1,S) policy and the
single component policy from 20 uniform problem instances.

decision variable S that may lead to non-monotonic results for specific parameter
settings. To show that this behavior is indeed instance specific, we next present
the average cost gap over 20 randomly selected instances, drawing key parameters
with equal probabilities from the following sets: replacement cost cr : (2,3, . . . ,8),
fixed cost per order F : (0.0,0.5,1.0,1.5), holding cost H : (0.0,0.1, . . . ,1.0), fixed lead
time T : (2,3,4), and expected lifetime E : (3,4, . . . ,7). The resulting parameters
are shown in Table 7.B.1 in Appendix 7.B. For each instance, we determine the
cost corresponding to the optimal policy, the single component policy, and the
(S −1,S) policy for different values of S. Figure 7.13 shows the resulting average
cost increase (in percentage) of the 20 problem instances from applying either
the single component policy or the best (S −1,S) policy rather than the optimal
policy. Indeed, we observe that the average cost gap with the best (S −1,S) policy
decreases as the number of components increases, although it does not drop
below 5 percent. In addition, we again observe that the pooling of spares becomes
more beneficial as the number of components increases. The average cost gap
with the single component policy increases to 33 percent.
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7.7. Conclusion
We are the first to consider the joint optimization of condition-based mainte-
nance and a condition-based spares inventory for a multi-component system.
For a single-component system, it is optimal to use deterioration thresholds to
determine when a spare should be ordered and when a replacement should be
performed. For a multi-component system, however, such a monotonic policy
structure is not necessarily optimal. The components share a pool of spares, so
optimal decisions at the component level need not be optimal at the system level.

Through an exact numerical analysis, we first obtained several structural
insights for a system consisting of two components. We found that a monotonic
policy structure is indeed not necessarily optimal for a multi-component system.
Instead, the maintenance and inventory decisions should both be based on all
available information, i.e., on the state of each component, the number of spares
on hand, and the size and expected arrival time of each outstanding order. We
observe that basing the inventory decisions on this complete system state rather
than applying a more standard inventory policy, such as the (s,S) strategy, can
reduce costs significantly. In particular, it can be beneficial to reserve the last
spare if both components are close to failure, and to delay an order for spares
if both components are in good condition. In a sensitivity analysis, we varied
several cost parameters (such as the replacement cost, the holding cost, and
the fixed cost per order), the expected lifetime, and the lead time for spares.
The main results are robust for a variety of parameter settings. In addition, we
considered two components that deteriorate at different rates, and we varied the
number of components between one and six. Results indicate, for example, that
the differences in costs between different policies (the optimal policy, the (s,S)
inventory policy, and a separate optimization for each component) are mainly
caused by the different ordering decisions rather than the replacement decisions.
A separate optimization thus makes more sense than an (s,S) policy for slowly
deteriorating components, as the latter is not able to postpone the ordering of
spares. Also for systems with more than two components significant cost savings
can be obtained by basing both the replacement and ordering decisions on the
complete system state, as the (s,S) policy will result in higher inventory-related
costs by ordering spares too early.

If a company decides to invest in monitoring equipment to increase the ef-
ficiency of their maintenance strategy, we believe that the obtained condition
information should also be used to apply a more cost efficient inventory policy.
Standard inventory policies order spares although the system may still be in a
very good state, leading to unnecessary holding costs. Implementing a condition-

175



7

based inventory policy can reduce holding costs substantially, whilst maintaining
a high level of availability, by only ordering spares for somewhat deteriorated
components.

In this chapter, we assumed that the system is monitored through periodic
inspections. In order to investigate the benefits of continuous, real-time monitor-
ing versus periodic inspections, future research could consider condition-based,
or just-in-time, ordering of spares for situations with continuous monitoring. Fur-
thermore, with the cost structure proposed in this chapter, it is relatively easy to
include economic dependence, in the form of a fixed set-up cost for maintenance.
Other possible directions for future research consider uncertain lead times, which
often occur in practice, or imperfect information. The latter occurs when an
inspection does not reveal the actual state of each component, but merely reveals
the probability of being in a certain state.
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Appendix 7.A. Optimal policy for H=10
Figure 7.A.1 depicts the optimal condition-based maintenance and inventory
policy for the case with holding costs equal to H = 10 per spare per time unit (see
Section 7.5.2).

(s1, s2, sh ) = (0,0,0) (s1, s2, sh ) = (1,0,0) (s1, s2, sh ) = (0,1,0)

x2 x2 x2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

0 00 00 00 00 00 0 00 00 00 00 00 0 00 00 00 00 00

1 00 00 00 00 00 1 00 00 00 00 00 1 00 00 00 00 00

2 00 00 00 00 00 2 00 00 00 00 00 2 00 00 00 00 00

3 00 00 00 00 00 3 00 00 00 00 00 3 00 00 00 00 00

x1

4 00 00 00 00 00

x1

4 00 00 00 00 00

x1

4 00 00 00 00 00

(s1, s2, sh ) = (2,0,0), (0,2,0), and
(1,1,0)

(s1, s2, sh ) = (0,0,1) (s1, s2, sh ) = (1,0,1), and (0,1,1)

x2 x2 x2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

0 00 00 00 00 00 0 10 01 01 01 01 0 10 01 01 01 01

1 00 00 00 00 00 1 10 10 01 01 01 1 10 10 01 01 01

2 00 00 00 00 00 2 10 10 01 01 01 2 10 10 10 01 01

3 00 00 00 00 00 3 10 10 10 10 01 3 10 10 10 10 01

x1

4 00 00 00 00 00

x1

4 10 10 10 10 10

x1

4 10 10 10 10 10

(s1, s2, sh ) = (0,0,2)

x2

0 1 2 3 4 00 Replace none Do not order

0 11 11 11 11 11 10 Replace component 1 Order 1 spare

1 11 11 11 11 11 01 Replace component 2 Order 2 spares

2 11 11 11 11 11 11 Replace both

3 11 11 11 11 11

x1

4 11 11 11 11 11

Figure 7.A.1. Optimal maintenance and inventory policy for N = 2, L = 4, O = (0,0,0,0,100), R =
(5,5,5,5,5), F = 0, H = 10, T = 3, and µ= 0.2.
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Appendix 7.B. Randomly selected problem instances
Table 7.B.1 shows the realizations of the replacement cost cr , fixed cost per order
F , holding cost H , lead time T , and expected lifetime E for the problem instances
analyzed in Section 7.6.

Table 7.B.1. Parameters of the randomly selected problem instances.

Instance number cr F H T E

1 2 0.0 0.2 2 4
2 5 2.0 0.8 4 5
3 4 0.5 0.6 4 4
4 3 0.5 0.3 2 4
5 6 0.5 0.4 3 7
6 3 0.0 0.7 2 6
7 5 1.0 0.1 2 3
8 8 2.0 0.4 3 5
9 8 2.0 0.9 3 6
10 2 0.5 0.8 2 3
11 4 0.0 0.5 3 4
12 2 1.5 0.4 3 4
13 5 0.0 1.0 2 7
14 8 1.0 0.2 3 5
15 5 0.0 0.4 2 4
16 5 0.0 0.2 3 3
17 7 1.5 0.7 3 5
18 6 1.5 0.2 2 7
19 5 0.0 0.7 3 3
20 5 1.5 0.6 4 4
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8.1. Introduction
Condition-Based Maintenance (CBM) offers great potential in the process indus-
tries. Under this policy, maintenance is only performed when necessary, while
failures are limited by monitoring the equipment. Developing an efficient CBM
policy can be complex, since systems generally comprise multiple components
subject to various inter-component dependencies. In this thesis, we provided
insights into the optimal CBM policy structure for various ill-researched complex
system settings. In Chapter 2, we proposed a classification of the different types
of dependencies (structural, stochastic, resource, and economic dependence),
along with a literature review on CBM policies. Based on the revealed gaps in the
literature, Chapters 3-7 investigated the optimal CBM policy structure for specific
system configurations.

Our key finding is that CBM planning extends beyond merely using monitoring
information to schedule maintenance right before component failure. Compo-
nent dependencies can severely complicate the maintenance decisions at the
system level. Many complex systems require a custom-fit, dynamic CBM policy,
as classical maintenance policies or threshold CBM policies can be significantly
more expensive.

In this final chapter, we provide an overview of the insights that we obtained,
and use these to construct general guidelines for performing maintenance on
complex systems. We focus on decisions such as when to inspect, when to main-
tain, when to add a redundant component to the system, and when to order
spares. In addition, we compare the performances of our CBM policies for spe-
cific system settings to both classical maintenance policies (such as failure-based
maintenance, age-based maintenance, and block replacement) and threshold
(or control-limit) CBM policies. We conclude this chapter by providing some
recommendations for future research.

8.2. CBM guidelines for complex systems

8.2.1. Scheduling inspections

The process industries often deal with externally determined inspection moments,
typically because physical inspections are legally enforced with a fixed periodicity.
Also in case of internally decided inspection moments, inspections are commonly
performed periodically, without clear justifications for the chosen periodicity.
As inspections can involve safety risks or require a temporary system shutdown,
optimizing the inspection moments constitutes an important element of CBM
planning. Moreover, relatively new systems require less frequent inspections
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than equipment that is approaching the end of its life, which reveals the need
for an aperiodic inspection schedule. In Chapters 3 and 4, we simultaneously
optimized the aperiodic inspections moments and maintenance decisions for
systems subject to both economic dependence and structural dependence (through
a series configuration in Chapter 3 and a parallel setting in Chapter 4). For both
system configurations, we observed significant cost savings compared with a
periodic inspection scheme, thus stressing the importance of optimizing both the
inspection and maintenance decisions.

8.2.2. Scheduling maintenance
Although a threshold CBM policy is typically optimal for single-component sys-
tems, multi-component systems require an efficient maintenance policy at the
system level. Components are not necessarily replaced at their individual optimal
replacement moments, as further discussed below.

Clustering maintenance actions For systems subject to (positive) economic de-
pendence, combining (or clustering) maintenance on several components yields
a lower cost than maintaining each component separately. We investigated the
effects of economic dependence in Chapters 3-6 for different system structures
(series, parallel, and k-out-of-N ), i.e., for various cases of structural dependence.
For all cases, we found that maintenance clustering becomes more rewarding un-
der a stronger degree of economic dependence. Such maintenance clustering can
either be achieved by performing preventive maintenance at an earlier stage (also
known as opportunistic maintenance) or by postponing maintenance actions, as
explained below.

Performing preventive maintenance at an earlier stage Threshold CBM poli-
cies can incorporate clustering possibilities by including an additional, oppor-
tunistic maintenance threshold as done in Chapters 3 and 4. This threshold is
typically set lower than the preventive replacement threshold, and serves to decide
which components should be replaced opportunistically if at least one compo-
nent requires a preventive or corrective replacement. We found that economic
dependence forms an incentive to lower the opportunistic replacement threshold,
such that maintenance actions are clustered more often. In Chapters 5 and 6, we
applied dynamic CBM policies, where we optimized the maintenance decisions
for each possible system state. Also under such policies, maintenance should
sometimes be performed at an earlier stage to allow maintenance clustering.
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Postponing preventive maintenance Maintenance clustering can also be a-
chieved by postponing preventive maintenance rather than performing it at an
earlier stage. This property cannot be captured by threshold policies, but requires
dynamic CBM policies as considered in Chapters 5-7. Postponing preventive
maintenance increases the probability of a component failure, and is therefore
mainly suitable for systems that incorporate redundancy (i.e., structural depen-
dence). This setting is investigated in Chapters 5 and 6, and results indicated that
preventive maintenance is postponed more frequently under a stronger degree of
economic dependence. Preventive maintenance actions can thus either be post-
poned or scheduled at an earlier stage, depending on the complete system state
and the system structure.

For systems subject to both redundancy (i.e., structural dependence) and load
sharing (i.e., stochastic dependence), a component failure does not necessarily
affect the system availability, but will increase the load on the remaining compo-
nents. The latter forms an incentive to avoid failures, so postponing preventive
maintenance is not always rewarding. Indeed, Chapter 6 revealed that the optimal
policy is heavily influenced by both the degree of economic dependence and the
degree of load sharing.

A different incentive for postponing preventive maintenance arises when
multiple components share a set of spares (i.e., resource dependence). Chapter 7
showed that a lack of spares can form an incentive to postpone preventive main-
tenance until either a component fails or an order for additional spares arrives.
Consider for example the case with one spare on hand, and two identical compo-
nents that are equally close to failure. Rather than using the spare to replace any
one of these components and risking a failure of the other component, the spare
is kept on hand until more spares arrive. Naturally, the spare is used in the event
of a component failure.

Postponing corrective maintenance For systems with redundancy (i.e., struc-
tural dependence), the system performance is not necessarily affected by com-
ponent downtime. This means that corrective maintenance can sometimes be
postponed until other components require preventive maintenance, provided
that the cost savings from the economic dependence outweigh the increased prob-
ability of a system failure. In Chapter 5, we found that corrective maintenance
is indeed sometimes postponed to reduce costs on a k-out-of-N system with
economic dependence. In Chapter 6, however, we found that load sharing (i.e.,
stochastic dependence) forms an incentive to perform corrective maintenance as
soon as possible. Similar to postponing preventive maintenance, we observed
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that the optimal CBM policy structure depends heavily on both the degree of
economic dependence and load sharing.

8.2.3. Adding a redundant component
When system availability is crucial, redundancy can be incorporated by installing
more components than strictly necessary (i.e., structural dependence). We inves-
tigated redundancy through a k-out-of-N setting in Chapter 5, and through a
parallel setting in Chapter 6. Both systems are also subject to economic depen-
dence. The main advantage of installing redundant components is the increased
system availability, and thereby the decreased probability of an expensive sys-
tem failure. For the k-out-of-N setting, we found that installing one redundant
component (i.e., choosing N = k +1) reduces costs substantially compared with
selecting N = k. Adding a second redundant component, however, appeared to
be less beneficial in this particular example.

An additional benefit of incorporating redundancy is that the load can be
shared among the components (i.e., stochastic dependence), thereby lowering the
deterioration rate of each functioning component. We investigated this scenario
for a parallel system (i.e., structural dependence) in Chapter 6, and found that
adding a redundant component is most beneficial for systems with both a strong
degree of economic dependence and a strong degree of load sharing.

8.2.4. Ordering spares
In practice, components can only be replaced if the required spares are on hand.
Typically, a time lag (i.e., lead time) exists between the moment of ordering a
spare and receiving it, which reveals the need for an efficient inventory policy.
In Chapter 7, we therefore considered multiple components with a shared set of
spares (i.e., resource dependence), for which we jointly optimized the maintenance
and inventory decisions. We based both the maintenance and the inventory
decisions on the system condition, and found that an order for spares should
be postponed if all components are relatively new. The (s,S) inventory policy,
popular both in theory and practice, is not able to incorporate this property, and
can therefore be significantly more expensive than our condition-based inventory
policy.

In addition, we observed in Chapter 7 that a joint optimization for all com-
ponents leads to significant lower costs than a decomposed approach at the
component level. We can thus conclude that pooling spares is beneficial, as fewer
spares are needed to ensure an efficient maintenance policy.
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8.3. Comparison with other maintenance policies

8.3.1. Classical maintenance policies

Throughout this thesis, we compared the performances of our CBM policies
with those of various classical maintenance policies, varying from Failure-Based
Maintenance (FBM) to preventive maintenance strategies such as Age-Based
Maintenance (ABM) and Block Replacement (BR). We found that the FBM and
BR strategies can be obtained as special cases of the threshold CBM policies
considered in Chapters 3 and 4.

Corrective maintenance In Chapters 3-5, we compared the performances of
our CBM policy to those of a purely corrective, FBM policy for a series, parallel, and
k-out-of-N system, respectively (i.e., different cases of structural dependence),
all subject to economic dependence. In all cases, FBM was found to perform
significantly worse than CBM. Indeed, failures should be prevented in the process
industries, as they can lead to safety issues and losses of revenue, confirming that
FBM is not suitable for critical components.

Preventive maintenance In Chapter 5, we optimized the CBM decisions for a
k-out-of-N system (i.e., structural dependence) subject to economic dependence,
and compared the performances to those of an ABM policy. Under ABM, each
component is replaced upon reaching a certain age. Clustering opportunities
cannot be incorporated in this type of preventive maintenance policy. Indeed,
we found that ABM can be up to 50 percent more expensive than CBM, and that
this difference increases for systems subject to stronger degrees of economic
dependence.

Contrary to ABM, BR is a preventive maintenance strategy in which all main-
tenance actions are clustered; complete system replacements are performed with
a certain periodicity. In this thesis, we distinguished between BR with and with-
out corrective replacements upon component failure between two consecutive
system replacements. The former is considered in Chapters 3 and 4, while both
cases are investigated in Chapter 5. Although BR with intermediate corrective
replacements does outperform the ABM strategy in Chapter 5, overall results
indicate that BR is also significantly more expensive than CBM.

8.3.2. Threshold CBM policies

In Chapters 3 and 4, we applied a threshold CBM policy consisting of thresh-
olds for preventive replacements and for opportunistic replacements, whereas
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we constructed more dynamic CBM policies in Chapters 5-7. Throughout these
chapters, we compared our results with those of threshold policies with and with-
out a threshold for opportunistic maintenance (i.e., with and without clustering
possibilities).

In Chapters 3 and 5, we observed that including an opportunistic replacement
threshold can be rewarding, as costs can be reduced by incorporating clustering
possibilities. Nevertheless, we also observed that even larger cost decreases can
be obtained by considering a more dynamic CBM policy that is not restricted to
thresholds, as developed in Chapters 5 and 6. In these chapters, a threshold policy
is too restrictive due to the redundancy that allows maintenance to be postponed.
In Chapter 7, where no economic dependence is considered, we actually observed
that the optimal CBM policy shows much resemblance with a threshold policy.
Whether or not CBM can be successfully implemented through thresholds is thus
dependent on the types of dependencies within the system.

8.4. Recommendations for future research

8.4.1. Heuristics for large systems

This thesis incorporates a variety of exact methods to obtain the optimal CBM
policy for several system structures. We focused on obtaining insights into the
optimal policy structure, for which we studied systems consisting of up to six
components. The resulting policies proved complex, and difficult to extend to
more components, while computing times increase dramatically with the number
of components. For large systems consisting of many components, we therefore
recommend the development of heuristics which incorporate the insights that we
obtained.

8.4.2. Other types or combinations of dependencies

Chapter 2 revealed that several types of dependencies have not been researched
yet in a CBM setting. This holds in particular for systems subject to resource
dependence, e.g. through a shared set of tools, a fixed budget, or differently skilled
maintenance workers. Negative economic dependence has also not been studied
yet for CBM, as well as mandatory joint replacements of certain components
(i.e., structural dependence on a technical level). Moreover, very limited research
has been performed on the joint effects of several types of dependencies. Most
existing research focuses on combinations with structural dependence from a
performance point of view and economic dependence, while joint effects of
other types of dependencies have received little attention to date. As systems
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in the process industries are often complex and generally comprise multiple
dependencies, there is a clear need for insights into the optimal policy structures
for various systems.

8.4.3. Non-negligible maintenance durations
Besides revealing ill-researched types of dependencies, Chapter 2 also showed
that most contributions on CBM (including this thesis) assume negligible mainte-
nance durations. A general justification for this assumption is that maintenance
durations in practice are typically short compared with the overall period for
which maintenance is scheduled. Nevertheless, non-negligible maintenance
durations can for example form an additional incentive to cluster maintenance.
This holds in particular for a series structure (i.e., structural dependence through
performance), where maintenance on one component requires the complete
system to be shut down for the duration of the maintenance action. Alternatively,
a redundant setting could form an incentive to avoid simultaneous replacements.
In a two-component parallel system, for example, a simultaneous replacement
of both components will imply a system stop. Future research on non-negligible
maintenance durations can thus be deemed at least as important as extending
the existing research on negligible maintenance durations to other types of de-
pendencies.

8.4.4. Varying component functionality
In Chapters 5 and 6, we considered active redundant systems. In these systems,
all components are fully operational and subject to failure, although fewer com-
ponents would suffice. Under the assumption that maintenance is only possible
at fixed, predetermined moments in time, it could be interesting to switch off
certain components or set them to a lower speed. If a component approaches
the end of its lifetime, e.g., switching off this component will prevent failure and
allow maintenance clustering with other components at a later point in time.
Alternatively, a component can be kept running at a lower speed, reducing its
deterioration rate. The latter can also prove effective for avoiding or achieving
simultaneous replacements of multiple components.
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Summary

Condition-based maintenance for complex systems
CO O R D I N AT I N G M A I N T E N A N C E A N D LO G I S T I C S P L A N N I N G F O R T H E P RO C E S S

I N D U S T R I E S

Maintenance planning in the process industries is extremely complex for various
reasons. Plants are expected to yield a continuous, high output, which is generally
achieved by running the plant nonstop. Limited time is available for performing
preventive maintenance, but failures should be prevented as they can lead to
system downtime and high losses of revenue. Corrective maintenance strategies,
such as failure-based maintenance, are thus not suitable. Moreover, preventive
maintenance strategies, such as age-based maintenance or block replacement, are
generally too conservative, by scheduling maintenance more often than strictly
necessary. Condition-Based Maintenance (CBM) therefore offers a lot of potential,
as it bases the maintenance decisions on the actual system condition.

For systems consisting of a single component, CBM can be successfully im-
plemented through a deterioration threshold. Under such a control-limit policy,
preventive maintenance is initiated as soon as the deterioration level reaches
the threshold. In the process industries, however, systems generally comprise
multiple components subject to various inter-component dependencies. In such
cases, the optimal policy for one component may not result in a close-to-optimal
solution at the system level.

As research is shifting to more complex systems that better match practice, we
found that existing classifications of types of dependencies (structural, stochastic,
and economic) are no longer sufficient. We thus proposed a more complete classi-
fication in this thesis, in which we extended the notion of structural dependence
to cover the cases where the system performance depends on the system structure
(e.g., series or parallel). Moreover, we added resource dependence as the case
where multiple components share for instance a set of tools or spares, or where the
maintenance of multiple components is done by the same maintenance workers.
Based on this new classification, we reviewed the advances made with respect to
CBM. We focused on the effects of different types of dependencies on the optimal
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CBM policy structure, and highlighted current gaps in the literature that formed
the basis for this thesis.

We focused on obtaining insights into the optimal CBM policy structure for
systems subject to various types of dependencies, thereby focusing on decisions
such as when to inspect, when to maintain, when to add a redundant component,
and when to order spares. For systems subject to economic dependence and
structural dependence (through either a series or a parallel setting), we found
that significant cost savings can be obtained by applying an aperiodic inspection
schedule, in which inspections are scheduled more frequently as the system is
approaching the end of its life. Furthermore, we observed for various complex
systems that components are not necessarily replaced at their individual optimal
replacement moments. Economic dependence forms an incentive to cluster main-
tenance actions, which can either be achieved by performing maintenance at an
earlier stage or by postponing maintenance actions. Redundancy (i.e., structural
dependence), even allows maintenance on failed components to be postponed
without affecting the system availability, to further achieve clustering opportuni-
ties. Load sharing (i.e., stochastic dependence), however, can form an incentive
to perform corrective maintenance as soon as possible. The effects of these types
of dependencies are thus heavily intertwined. Moreover, we observed that adding
a redundant component to the system will increase the maintenance costs, but
decrease the probability of a system failure. Load sharing forms an additional in-
centive to add a redundant component. Resource dependence (through a shared
set of spares) is also shown to affect the maintenance decisions. Furthermore,
we found that a condition-based inventory policy can significantly outperform
the commonly applied (s,S) inventory policy, as holding costs can be reduced by
postponing an order for spares if the components are in good condition.

Our key finding is that CBM planning extends beyond merely using monitoring
information to schedule maintenance right before component failure. Compo-
nent dependencies can severely complicate the (maintenance) decisions at the
system level. Many complex systems require a custom-fit, dynamic CBM policy,
as classical maintenance policies or threshold CBM policies can be significantly
more expensive. The insights obtained in this thesis constitute an important step
towards such customized CBM policies.
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Samenvatting

Conditiegestuurd onderhoud voor complexe systemen
GE CO Ö R D I N E E R D E P L A N N I N G VA N O N D E R H O U D E N LO G I S T I E K VO O R D E

P RO C E S I N D U S T R I E

Onderhoudsplanning in de procesindustrie is uiterst complex om verscheidene
redenen. Van installaties wordt verwacht dat ze een continue hoge output leve-
ren, wat over het algemeen wordt bereikt door de installatie non-stop te laten
draaien. Er is beperkte tijd beschikbaar voor het uitvoeren van preventief onder-
houd, terwijl storingen voorkomen moeten worden omdat deze kunnen leiden tot
stilstand en hoge inkomstenverliezen. Correctieve onderhoudsstrategieën, zoals
storingsgestuurd onderhoud (failure-based maintenance), zijn dus niet geschikt.
Bovendien zijn preventieve onderhoudsstrategieën, zoals leeftijdsgestuurd onder-
houd (age-based maintenance) of periodieke vernieuwingen (block replacement),
over het algemeen te conservatief, door onderhoud vaker te plannen dan strikt
noodzakelijk is. Conditiegestuurd onderhoud (condition-based maintenance,
CBM) biedt daarom veel potentieel, omdat het de onderhoudsbeslissingen op de
huidige staat van het systeem baseert.

CBM kan succesvol worden geïmplementeerd middels een slijtagedrempel
voor systemen bestaande uit één component. Preventief onderhoud wordt dan
uitgevoerd zodra de slijtagewaarde (conditie) deze drempelwaarde bereikt. In
de procesindustrie omvatten systemen over het algemeen echter meerdere com-
ponenten, die onderling op verscheidene manieren afhankelijk kunnen zijn. In
dergelijke gevallen leidt de optimale onderhoudsstrategie voor één component
niet altijd tot een (vrijwel) optimale oplossing voor het complete systeem.

Aangezien onderzoek zich in toenemende mate richt op complexere systemen
die beter aansluiten bij de praktijk, constateerden we dat de bestaande classi-
ficaties van typen afhankelijkheden (structureel, stochastisch en economisch)
niet langer toereikend zijn. We stelden daarom een completere classificatie voor
in dit proefschrift, waarin we de definitie van structurele afhankelijkheid uit-
breidden met de gevallen waarin de prestatie van het systeem afhangt van de
systeemstructuur (zoals serie of parallel). Bovendien voegden we afhankelijkheid
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van hulpbronnen (resource afhankelijkheid) toe als het geval waarin meerdere
componenten bijvoorbeeld een set van gereedschappen of reserveonderdelen
delen, of waarbij het onderhoud op meerdere componenten wordt gedaan door
hetzelfde onderhoudspersoneel. Op basis van deze nieuwe indeling hebben we
de vooruitgang die is geboekt met betrekking tot CBM onderzocht. Onze aan-
dacht ging hierbij uit naar de effecten van verschillende typen afhankelijkheden
op de structuur van de optimale CBM strategie, waarbij we huidige hiaten in de
literatuur benadrukten die de basis voor dit proefschrift vormden.

We richtten ons op het verkrijgen van inzichten in de structuur van de op-
timale CBM strategie voor systemen met verschillende typen afhankelijkheden,
en in het bijzonder op beslissingen zoals wanneer te inspecteren, wanneer te
onderhouden, wanneer een redundant component toe te voegen, en wanneer
reserveonderdelen te bestellen. Voor systemen met economische afhankelijkheid
en structurele afhankelijkheid (via een seriële of parallelle opstelling) bleek dat
significante kostenbesparingen verkregen kunnen worden door een aperiodiek
inspectieschema toe te passen. Hierbij worden inspecties vaker gepland naar-
mate het systeem verslechtert. Verder hebben we voor diverse complexe systemen
aangetoond dat componenten niet noodzakelijk op hun individuele optimale
onderhoudsmoment worden vervangen. Economische afhankelijkheid vormt
een stimulans om onderhoudsactiviteiten te clusteren, wat bereikt kan worden
door onderhoud te vervroegen of uit te stellen. Redundantie (i.e., structurele af-
hankelijkheid) staat zelfs toe dat onderhoud op gefaalde componenten uitgesteld
wordt, zonder de beschikbaarheid van het systeem te beïnvloeden, om verdere
clustermogelijkheden te realiseren. Een gedeelde belasting (load sharing, i.e.,
stochastische afhankelijkheid) kan echter reden zijn om correctief onderhoud
zo spoedig mogelijk uit te voeren. De effecten van deze typen afhankelijkheden
zijn dus sterk met elkaar verweven. Daarnaast bleek dat het toevoegen van een
redundant component aan het systeem de onderhoudskosten doet toenemen,
maar de kans op een systeemstoring reduceert. Load sharing vormt een extra
stimulans om een redundant component toe te voegen. Tevens hebben we aan-
getoond dat resource afhankelijkheid (via een gedeelde set reserveonderdelen)
de onderhoudsbeslissingen kan beïnvloeden. Een conditiegestuurde voorraad-
strategie presteert aanzienlijk beter dan de veelgebruikte (s,S) strategie, doordat
kosten bespaard kunnen worden door een bestelling voor reserveonderdelen uit
te stellen zolang de componenten in goede staat zijn.

Onze belangrijkste bevinding is dat CBM planning verder reikt dan enkel
het gebruik van conditie-informatie voor tijdige planning van onderhoud. Zo
kunnen afhankelijkheden tussen componenten de (onderhouds)beslissingen op
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systeemniveau in sterke mate compliceren. Veel complexe systemen vereisen
een op maat gemaakte dynamische CBM strategie, aangezien klassieke onder-
houdsstrategieën of CBM via een drempelwaarde aanzienlijk duurder kunnen zijn.
De verkregen inzichten in dit proefschrift vormen een belangrijke stap richting
dergelijke toegespitste CBM strategieën.
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