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9C O N C L U S I O N S A N D F U T U R E R E S E A R C H

In this thesis, we studied two types of nonsmooth dynamical
systems; linear multi-modal systems and multi-agent systems
with a nonlinear communication protocol. First, we studied two
problems for linear multi-modal systems: the disturbance de-
coupling problem and the fault detection and isolation problem.
We used ideas and results from geometric control theory for
linear systems and nonsmooth dynamical systems, but had to
take state-dependent switching into account. Finally, we stud-
ied multi-agent systems with nonlinear consensus protocols.
The nonlinear, possibly discontinuous, functions appear on the
nodes and edges of the directed communication graph.

9.1 disturbance decoupling for linear

multi-modal systems

In Chapter 2 we started by studying the disturbance decoupling
problem for a simple class of piecewise linear systems: bimodal
systems. We presented necessary and sufficient conditions for
such systems to be disturbance decoupled. Furthermore, we
have given a complete characterization of the solvability of the
disturbance decoupling problem with mode-independent and
mode-dependent feedback controllers. In order to verify the
presented conditions, we provided subspace algorithms.

Next, in Chapter 3, we directed our attention to more general
continuous piecewise affine systems. We established necessary
conditions as well as sufficient conditions for a piecewise affine
system to be disturbance decoupled. Unfortunately, these con-
ditions do not coincide in general. However, we identified a
number of particular cases for which they do coincide. Fur-
thermore, we provided conditions for the existence of a mode-
independent static feedback controller that renders a given
piecewise affine system disturbance decoupled. All presented
conditions are geometric in nature and easily verifiable.

Then in Chapter 4, we turned our attention to linear comple-
mentarity systems of index zero, which can be rewritten as a
particular class of linear multi-modal systems. The resulting
system is closely related to the piecewise affine systems in
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9 . conclusions and future research

Chapter 3, and its linear subsystems exhibit a certain geometric
structure. By exploiting this geometric structure, we provided
necessary and sufficient conditions for a linear complemen-
tarity system to be disturbance decoupled. These conditions
are more compact and perhaps more insightful than the con-
ditions that we found for general piecewise affine systems in
Chapter 3.

Finally, in Chapter 5, we combined the ideas developed in
the previous chapters to tackle the disturbance decoupling
problem for a general class of linear multi-modal systems.
We presented necessary conditions and sufficient conditions,
geometric in nature, under which such multi-modal systems
are disturbance decoupled. These results generalize the existing
results in the literature on switched linear systems [Yurtseven
et al., 2012], as well as bimodal systems (Chapter 2), conewise
linear systems (Chapter 3) and linear complementarity systems
namely those of index zero (Chapter 4). In addition, these
results led to novel necessary and sufficient conditions for
passive-like linear complementarity systems whose disturbance
decoupling properties were not been studied before. For the
presented general linear multi-modal system the necessary
condition and the sufficient condition for being disturbance
decoupled do not coincide. However, we presented several
conditions under which these conditions do coincide.

In Chapter 4 and Chapter 5 we studied under what con-
ditions a linear complementarity system or a general linear
multi-modal system is disturbance decoupled; rendering such
systems disturbance decoupled by means of feedback is the
next step. Finding a static state feedback such that the resulting
closed-loop system satisfies the necessary condition for dis-
turbance decoupledness becomes a linear algebraic problem
and can be solved mimicking the footsteps for the linear case.
Studying the disturbance decoupling problem under different
feedback schemes is a future research possibility. Regarding
the disturbance decoupling problem for continuous piecewise
affine systems, further research possibilities include investigat-
ing the gap between the necessary conditions and sufficient
conditions as well as studying mode-dependent state feedback.
Another possible future research line is to study the exten-
sion to Filippov solutions. Furthermore, the results for the
linear complementarity systems might be extended to the more
general case with a not necessarily symmetric but positive semi-
definite matrix H for which there exists a positive symmetric
matrix K such that KGu = NTu for all u ∈ ker(H + HT).
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9.2 fault detection and isolation

9.2 fault detection and isolation

The next geometric control problem we addressed for bimodal
piecewise linear systems is the fault detection and isolation
problem. We used a geometric approach to find sufficient con-
ditions for the existence of an observer that produces residuals
that are sufficiently informative about the fault. A method
for finding an asymptotic observer based on bilinear matrix
inequalities has been discussed. A possible future research
direction includes extending these ideas and results towards
multi-modal piecewise linear systems.

As a by-product, in Chapter 7 we considered the fault detec-
tion and isolation problem for a class of linear systems defined
on an undirected graph, containing faultable vertices and ob-
server vertices. We provided a characterization of the so-called
conditioned invariant subspaces of such systems that satisfy the
distance-information preservation property. These subspaces
play a major role in the analysis of fault detection as well as
in the design of fault detectors. Based on this characterization,
we presented a graph-topological sufficient condition for the
so-called output separability requirement, which is the crux of
the fault detection problem in the setting of geometric control.
Furthermore, we have presented a condition under which the
output separability fails for the class of distance-information
preserving matrices. Future research problems include investi-
gating sharper sufficient conditions, devising observer vertex
selection methods and formulating conditions that would guar-
antee the asymptotic stability of fault detectors.

9.3 consensus dynamics with nonlinearities

The last problem that we studied in this thesis is a consensus
problem for a general model of distributed multi-agent sys-
tems defined on a directed graph, with nonlinear discontinuous
functions defined on the nodes and edges. In Chapter 8, we
provided sufficient conditions for all Filippov solutions of a
nonlinear consensus protocol to achieve consensus, whenever
the underlying communication graph contains a directed span-
ning tree and all the nonlinear functions are sign-preserving.
Future research possibilities include extending the results to
multi-agent systems with switching communication topologies
and studying higher-order nonlinear consensus protocols.
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