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1
I N T R O D U C T I O N

Ever since the advent of the Internet and of the world wide web in the
1980’s, and more recently with the upswing of the Internet of Things
(IoT), one thing has become exceedingly clear: the world in which we
live is becoming an increasingly interconnected place. Our phone talks to
our watch, our washing machine talks to our refrigerator, and our solar
panels talk to those of our neighbor. While only one of these examples
is currently commonplace, people in the control community are actively
working on making the other two a reality.

Interconnecting different systems creates a larger, more complex sys-
tem which we call a network. Such networks occur when, for instance,
modeling systems from physics (connected oscillators), artificial intelli-
gence (uav’s), biological chemistry (gene regulatory networks), or energy
systems (smart-grids). The behavior and properties of these networks are
determined not only by the properties of the individual subsystems, but
also by the specific structure with which these subsystems are intercon-
nected. In this setup of multiple interconnected system, we speak of com-
plex networks or networked multi-agent systems. In the theory of networked
multi-agent systems, the subsystems are dynamical systems called the
agents. These agents exchange information according to a certain com-
munication topology. In general this topology is modeled using a graph
called the network graph. In this graph, the nodes represent the agents
of the network, while the communication links are represented by the
edges. Depending on the context, the agents can have either identical
dynamics in which case we talk about homogeneous networks, or distinct
dynamics, in which case the network is called heterogeneous. Likewise,
the network graph can be directed or undirected and weighted or un-
weighted. In this thesis we will consider many of the different types of
networks. The manner in which the agents in the network exchange lo-
cal information is called a communication protocol. An important object in
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the theory of multi-agent systems is the Laplacian matrix of the network
graph. Many of the properties of a multi-agent system can be expressed
in terms of the eigenvalues of the Laplacian, see e.g. [39, 68].

For many different problems in the context of networked systems, the
aim is to design a protocol that achieves a certain goal. One such prob-
lem is the well-known problem of synchronization. Other important sub-
jects in networked systems include flocking, formation control, sensor
placement, and controllability of networks, see e.g. [10, 13, 15, 18, 41, 47,
48].

1.1 synchronization

One of the first problems to be researched in the theory of networked
systems is the problem of synchronization of interconnected systems. In
the synchronization problem the agents can be models of similar or iden-
tical physical systems, such as vehicles or oscillators, and the goal is to
find conditions on the communication protocols under which the states
of all the agents in the network converge to a single common trajectory.
If the protocol achieves this goal, then the network is said to be synchro-
nized. Already in 1665, the Dutch mathematician Christiaan Huygens
observed that two identical pendulum clocks that have been mounted
on a common wall will tend to synchronize in some sense: over time
their pendulums will swing either in phase or in anti-phase [63]. Since
those early beginnings in the 17th century, it has taken a few years for
synchronization to really capture the attention of the control commu-
nity. Starting at the end of the 20th century however, it has gathered a
substantial amount of interest and research, see e.g. [34, 40, 58, 62, 70].

Closely related to the synchronization problem, and as well-known, is
is the problem of consensus. Within the problem of consensus the agents
in the network, perhaps modeling a network of sensors, again exchange
local information with their neighbors only. The goal of this information
exchange is for the whole network to reach agreement on certain quanti-
ties of interest depending on the states of all the agents. A protocol that
achieves this aim is said to achieve consensus. Important work on the
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consensus problem can be found if for instance [49, 50, 54, 55, 66], with
some more recent work in e.g. [37, 38].

At first, the literature on synchronization and consensus considered
mostly networks of simple systems such as scalar systems with single or
double integrator agent dynamics. More recent work has diverted its at-
tention to networks with higher order agent dynamics. In these networks
the agent dynamics is a general finite dimensional linear input-output
system, see [15, 37, 38]. For networks with scalar agent dynamics or net-
works with higher dimensional agent dynamics where the relative state
is available, it is often possible to achieve synchronization or consen-
sus with static communication protocols. However, when working with
higher dimensional systems, the agents are not always able to exchange
their entire relative state. In these cases dynamic observer-based protocols,
using the measured relative output of the agents, can be used to achieve
the desired goal of consensus or synchronization. Using a dynamic pro-
tocol allows us to first create an estimate the relative state of each agent,
which we then feed back into the network.

An important concept in the field of control theory is robustness. In con-
trol theory, we often consider dynamical models representing physical
real world systems. This is especially prevalent in the networked system
problems of synchronization and formation control. When constructing
these mathematical models we make many idealized assumptions about
the dynamics of the physical system, which leads to a close but not com-
pletely accurate description of said physical system. However, it might
not be unreasonable to assume that the precise dynamics of the physical
system lies within a certain (to be appropriately defined) neighborhood
of our idealized mathematical model, which we call the the nominal sys-
tem. If a controller achieves a certain goal for all systems within a spec-
ified neighborhood of the nominal system then the controller is said to
achieve that goal robustly. One of the most well-known robustness prob-
lems is the problem of robust stabilization. In this case, the goal is to
find a controller that stabilizes the nominal system robustly.

Results from H∞ and robust control theory, such as the famous small
gain theorem, have been applied to the problem of robust synchronization
for networks with uncertain agent dynamics. Here the nominal agent dy-
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namics is identical for all the agents in the network, and is given by an
ordinary linear input-output system. For each agent this system is then
interconnected with an unknown system representing the perturbation.
The exact interconnection between the nominal dynamics and the per-
turbation depends on the context. For networks with additively perturbed
agent dynamics, conditions for the existence of observer-based dynamic
protocols achieving robust synchronization and methods to obtain such
protocols were established in [65]. In the second chapter of this thesis, we
consider the problem in which the nominal agent dynamics are instead
perturbed with coprime factor perturbations. We provide methods to con-
struct observer-based protocols that achieve robustly synchronization of
the network for all possible perturbations whose H∞-norm lies within a
certain achievable interval.

1.2 model reduction

Another topic that has gathered a great amount of interest is the problem
of model reduction. Model reduction hinges on the following idea: if we
consider a complex system which is difficult to simulate, analyze, or
control; can we approximate this system by a simplified model? Another
important aspect of the model reduction problem is to guarantee that
certain properties of the original model are preserved in the reduced
model. Furthermore it is important to establish some measure of exactly
how accurate the reduced model approximates the original system. In
the past few decades multiple model reduction techniques have been
developed, each with a different approach to the problem.

In [44] Lyapunov-based balanced truncation was first introduced. The
aim in balanced truncation is to construct a representation of the sys-
tem in which states that are easy to reach are also easy to observe, and
to make those that are difficult to reach difficult to observe as well. In-
formation regarding the difficult to be reached and observed states is
then truncated from the model, leading to a lower dimensional system.
Hankel-norm approximation takes a different approach to model reduc-
tion. Here the goal is to find an approximating system that is optimal
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with respect to a certain norm, see for instance [1, 77]. Finally, Krylov-
subspace based methods, known as moment-matching methods, take
a different direction altogether. In this technique Krylov-subspace pro-
jections are used to obtain a reduced order approximating system, see
e.g. [16, 17, 27].

When working with large scale networks, the dynamical models can
easily become extremely complex and high-dimensional. It is intuitively
understandable that problems for networked systems such as analysis
and controller design can benefit greatly from model reduction. How-
ever, direct application of the model reduction techniques mentioned
above generally leads to a complete loss of a very important property
of the system: the structure of the network itself. Often, it is impossible
to again interpret the reduced system as a network of interconnected
subsystems. This in turn leads to the situation that the tools that are nor-
mally available for dealing with networked systems are no longer usable
after the model reduction step.

In the past few years, different model reduction techniques have been
introduced that try to preserve some of the network and subsystem
structure of the original networked system. For example there exist tech-
niques that preserve the Lagrangian structure [35], the second order
structure [4, 36], and the subsystem interconnection structure of the
model [53, 57, 69]. For networked systems, the most important struc-
ture is of course the topology of the network. Recently model reduction
techniques specifically designed for networked systems have been in-
troduced. These techniques fall into roughly two categories: techniques
that reduce the dynamic order of the individual agents, see [42], and
techniques that reduce the complexity of the network topology, for in-
stance by clustering the agents in the network graph, see [8, 24, 25]. In
clustering based techniques the idea is to partition the agents of the net-
work into disjoint sets called clusters, and to associate a single new node
with each of the clusters in the graph of the reduced network. In this way,
the number of agents in the network is reduced, leading to a reduction
of the dynamical order of the entire networked system.

In this thesis we present a clustering based model reduction technique
that employs a special class of graph partitions called almost equitable par-
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titions to cluster networks with arbitrary higher dimensional agent dy-
namics. These techniques extend the results from [43] which considered
networks with single integrator agent dynamics. In these networks, the
agents are divided into two groups: a group of leaders and a group of
followers. The followers can only communicate with other agents in the
graph, but the leaders receive an external output. We provide a priori
upper bounds on the H2 and H∞ approximation errors if the agents
in the graph are clustered according to an almost equitable partition of
the network graph. For some graphs however, it can be either difficult
or impossible to find almost equitable partitions that are actually useful
for clustering. This might be the case if, for instance, the graph only has
trivial almost equitable partitions. If the chosen cluster is not almost eq-
uitable for the given network, one can ask oneself the following question:
is it possible to modify the network graph in such a way that the cho-
sen partition becomes an almost equitable partition of the new network
graph? In the final part of the third chapter, we investigate this prob-
lem and briefly investigate how one might apply the obtained results
for clustering networks according to arbitrary partitions.

Inspired by the results in the third chapter and the difficulty of finding
exact expressions for the approximation error in the case of arbitrary par-
titions, we investigate a related model reduction problem in the fourth
chapter of this thesis. In this chapter, we investigate the H2 approxima-
tion error when certain edges are removed from the network graph. In
a graph, cycles can be considered redundant in a certain sense: for con-
nectedness of a graph the existence of a spanning tree is necessary, and
in the case of single integrator agent dynamics also a sufficient condition
for the network to reach consensus.

In the theory of graph sparsification this idea is further developed and
algorithms are presented to compute a sparse graph, where the number
of edges is of the same order as the number of nodes, approximating a
full graph with many edges, see e.g. [60, 61]. The approximating graphs
are close to the original graphs in a certain sense, for instance in the
sense of cut-similarity [3] or spectral-similarity [61]. If the approximat-
ing graph is spectrally similar to the original graph, then the Laplacian
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eigenvalues of the approximating graph are close to that of the original
graph.

While these algorithms provide an efficient way of obtaining a sparse
approximating graph, they do not take any dynamics on the nodes of
the graph into consideration. For resistor networks with scalar agent dy-
namics, the problem of model reduction by edge-removal was studied
in [56] and [67]. In both papers, the nodes in the resistor networks are
divided into a set of external nodes and one of internal nodes. In [56]
an efficient method (reduceR) was introduced for finding an equivalent
resistor network with the same number of external nodes, but with a
reduced number of internal nodes. In [67] the number of external and
internal nodes is kept the same for the reduced network. However, the
approximations are not exact. The approximation error that is consid-
ered is the worst case relative error between the steady state voltages
over the nodes of the original and reduced network. The upper bound
on the approximation error given in [67] depends on the conductance
matrices of both the original and the reduced network.

We investigate the problem of approximating networks where the
agent dynamics are given by arbitrary symmetric dynamical system by
a reduced network that is obtained by removing precisely those edges
that close the cycles in the network graph. Inspired by the papers above,
we utilize ideas from [73] and [74] on the H2-performance of consensus
networks when adding and removing cycles in the network graph. The
approximation error we consider is the H2-norm of the error system,
comparing the output of the original and reduced networks.

1.3 outline of this thesis

This thesis is divided into two parts. In Part I, Chapter 2 we investigate
the problem of robust synchronization for networks with coprime factor
perturbed agent dynamics. The networks under consideration can be
either directed or undirected unweighted networks. We provide a com-
munication protocol that achieves consensus for all uncertain networks
within a uncertainty interval. Part II provides several perspectives on the
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problem of model reduction for networked multi-agent systems. Chap-
ter 3 considers the problem model reduction of leader-follower networks
by clustering using almost equitable partitions. Finally, in Chapter 4, we
consider the problem of model reduction, or more accurately model sim-
plification, by removing cycles from the network graph. Conclusions on
the main contributions and an outlook on further research opportunities
are detailed in Chapter 5.

1.4 origin of the chapters

Chapter 2 is based on [31], which appeared in the first special Jan C.
Willems memorial issue of Systems and Control Letters. Preliminary re-
sults were first presented in [28], at the 52nd ieee Conference on Deci-
sion and Control (cdc) in Florence, Italy, and partial results for directed
networks were presented at the 21st International Symposium on Math-
ematical Theory of Networks and Systems in Groningen, The Nether-
lands [29]. Results considering the model reduction problem in Chap-
ter 3 of networks with scalar agent dynamics were partially presented at
the 54th cdc in Osaka, Japan [30], while Chapter 3 itself is based on [33],
which has been submitted for publication. Finally, Chapter 4 constitutes
of [32], which is currently under review.

1.5 notation

Throughout this thesis, we will use fairly standard notation. The most
commonly used definitions will be listed here, while chapter specific
notation can be found in the chapters themselves.

Sets

The field of real numbers is denoted R, and the field of complex num-
bers is denoted C. Let Rn denote the linear space of vectors with n real
components and Rn×m (Cn×m) the space of real (complex) n×m ma-
trices. The set of non-negative real numbers is denoted R+. We denote
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the left open half of the complex plane by C−. The cardinality of a set S
is denoted |S|.

Matrices and vectors

For a set of column vectors or real numbers α1,α2, . . . ,αn, we define

col(α1,α2, . . . ,αn) =


α1

α2
...

αn

 .

The trace of a square matrix A is denoted trA and is the sum of the di-
agonal entries of A. For matrices A, B, and C of appropriate dimensions
such that ABC is square, the trace of ABC satisfies

trABC = trCAB = trBCA.

Given a matrix A ∈ Cn×m, let AT and A∗ denote its transpose and conju-
gate transpose, respectively. For a square matrix M, let σ(M) denote its
spectrum. The spectral radius ofM is denoted ρ(M). The largest singular
value of a matrix P is denoted σ1(P) and satisfies σ1(P) =

√
λmax(PTP).

Let M ∈ Rn×n be a symmetric matrix. We write M > 0 if M is positive
definite, and M < 0 if it is negative definite. If M is positive (negative)
semi-definite, we write M > 0 (M 6 0).

For a rectangular matrix A, let A+ denote its Moore–Penrose pseu-
doinverse. Let B ∈ Rn×m with m < n have full rank. A left annihilator
of B is denoted B⊥ ∈ R(n−m)×n and is any full-rank matrix such that
B⊥B = 0.

In this thesis, the vector of ones in Rn is denoted 1n, and In denotes
the n× n identity matrix. We will sometimes omit the subscript if the
appropriate dimension is clear from the context.
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For given real numbers α1,α2, . . . ,αn, let diag(α1,α2, . . . ,αn) denote
the n×n diagonal matrix with the αi’s on the diagonal:

diag(α1,α2, . . . ,αn) =


α1

α2
. . .

αn

 .

In the case of a collection of square matrices A1,A2, . . . ,An, we use
diag(A1,A2, . . . ,An) to denote the block diagonal matrix with the Ai’s
as diagonal blocks.

The Kronecker product of the matrices A ∈ Rm×n and B ∈ Rp×q
is denoted A ⊗ B ∈ Rmp×nq. The Kronecker product is bilinear and
associative. We list some of the important identities for the Kronecker
product used in this thesis:

A⊗ (B+C) = A⊗B+A⊗C,

(A⊗B)(C⊗D) = AC⊗BD,

(A⊗B)T = AT ⊗BT .

Transfer matrix norms

The H2-norm of a stable strictly proper real rational matrix G is denoted
‖G‖2 and is defined as

‖G‖2 =

√
1

2π

∫∞
−∞ trG(−iω)TG(iω) dω.

For a stable proper real rational matrix G, its H∞-norm is denoted ‖G‖∞
and is given by

‖G‖∞ := sup
ω∈R

σ1(G(iω)).

The space of square-integrable functions over R+ is denoted L2(R+), see
e.g. [64].



Part I

R O B U S T S Y N C H R O N I Z AT I O N





2
R O B U S T S Y N C H R O N I Z AT I O N O F U N C E RTA I N
M U LT I - A G E N T S Y S T E M S

2.1 introduction

The foundations of the state space approach to H∞ and robust control
theory for linear systems were developed in the eighties of the twentieth
century. Important results on optimal robust stabilization were obtained
by Glover in [19] and Glover and MacFarlane in [20], see also [64]. In
the present chapter we will adopt ideas from [20] to formulate and re-
solve a control synthesis problem in the more recent context of robust
synchronization of networked multi-agent systems. In the last decade,
extensive effort has been invested in the theory of distributed control of
networked multi-agent systems. A networked multi-agent system is a
dynamical system that consists of a group of input-output systems and
an interaction topology that dictates the allowed exchange of informa-
tion between these systems and their neighbours. These input-output
systems are called the agents of the network. The possible interactions
between the agents are modeled by a graph, called the network graph, in
which the nodes represent the agents, and the edges represent the in-
teraction topology. This network graph is unweighted and can either be
directed or undirected. Well-known problems in the theory of networked
systems are the problems of consensus and synchronization, see [49, 50, 54,
55] and [66] or, more recently, [38] and [37]. Consensus and synchroniza-
tion of networks with nonlinear dynamics were recently investigated
in [75] and [76]. In these problems, the goal is to reach a state of agree-
ment on certain quantities of interest which depend on the states of each
agent. This is to be achieved by means of local information exchange
only. A communication protocol that achieves this goal is said to achieve
consensus or synchronization within the network.
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Recently, in [65], results on synchronization of linear multi-agent sys-
tems have been extended to accommodate the presence of uncertainty
in the agent dynamics. While the agents in the network have identical
nominal dynamics, the actual dynamics of each agent is uncertain in
the sense that the transfer matrix of each agent is a perturbation of the
common nominal dynamics. In [65], for both directed and undirected
networks, additively perturbed agent dynamics was considered and condi-
tions for the existence of dynamic protocols that achieve robust synchro-
nization and methods to obtain such protocols were established. In the
current chapter, we extend these results to directed and undirected net-
worked multi-agent systems with coprime factor perturbed agent dynamics.
We provide explicit equations for dynamic protocols that achieve robust
synchronization for this kind of perturbations.

The outline of this chapter is as follows. In Sections 2.2 and 2.3 we
introduce some notation and review some basic facts in the theory of
networked systems. Next, in Section 2.4, the theory of synchronization
of unperturbed linear multi-agent systems is briefly reviewed. Then, in
Section 2.5 we provide a formulation of the problem of robust synchro-
nization of coprime factor perturbed multi-agent systems. In Section 2.6
we formulate the main results of this chapter. Section 2.7 gives a numeri-
cal example that illustrates the obtained results. Finally, some concluding
remarks are presented in Section 2.8.

2.2 preliminaries

In this chapter, we denote the set of all proper and stable real ratio-
nal matrices by RH∞. If G ∈ RH∞, then ‖G‖∞ denotes its H∞-norm,
‖G‖∞ = supRe(λ)>0 σ1(G(λ)). For a given square complex matrix M we
denote its spectral radius by ρ(M). A square matrix M is called Hurwitz
if all its eigenvalues have strictly negative real parts.

This chapter will use ideas and results from H∞-control. The H∞-
control problem dates back to work by G. Zames in [72] and the first
full solution in a state space setting was provided in [12]. A result that is
instrumental in H∞-control is the bounded real lemma, see also [64, Section
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12.6.2]. In this chapter we will use a version of this lemma that has been
adapted to our purposes.

lemma 2 .1: Consider the system ẋ = Ax+Bu, y = Cx+Du with transfer
matrix G(s) = C(sI−A)−1B +D. Assume DTD = I and A is Hurwitz.
Let τ > 1. The H∞-norm ‖G‖∞ of the transfer matrix from u to y satisfies
‖G‖∞ < τ if there exists ε > 0 and a real symmetric positive semi-definite
solution P to the Riccati inequality

ATP+ PA+CTC+
1

τ2 − 1
(PB+CTD)(BTP+DTC)

6 −ε(PB+CTD)(BTP +DTC). (2.1)

Proof. Assume that P is a solution to (2.1). Let δ = τ−
√

1
ε+1/(τ2−1)

+ 1.
It is easily verified that 0 < δ < τ and τ− δ > 1. Inequality (2.1) is then
equivalent to

ATP+ PA+CTC+
1

(τ− δ)2 − 1
(PB+CTD)(BTP+DTC) 6 0. (2.2)

Next, for any solution x(t) and at any time t, we have

d
dt
xTPx = xT (ATP+ PA)x+ uTBTPx+ xTPBu,

6−
1

(τ− δ)2 − 1
xT (PB+CTD)(BTP+DTC)x

+ uTBTPx+ xTPBu− xTCTCx,

=−

∥∥∥∥∥∥
√
(τ− δ)2 − 1u−

1√
(τ− δ)2 − 1

(BTP+DTC)x

∥∥∥∥∥∥
2

+ (τ− δ)2‖u‖2 − ‖y‖2,

6 (τ− δ)2‖u‖2 − ‖y‖2,

where the second inequality follows directly from (2.2). Now we take
x(0) = 0, u ∈ L2(R+) and integrate from 0 to ∞, which yields 0 6
(τ− δ)2‖u‖22 − ‖y‖

2
2. We obtain that ‖y‖22 6 (τ− δ)2‖u‖22 for all u ∈
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L2(R+). This implies that the operator norm ‖G‖∞ satisfies ‖G‖∞ 6
τ− δ < τ. The converse statement, that ‖G‖∞ < τ implies the existence
of P and ε, is not needed in this chapter.

2.3 graphs

In this chapter, we consider networks whose interaction topologies are
represented by directed or undirected graphs, see [39, 68]. A directed
graph consists of a pair G = (V,E), where V = {1, 2, . . . ,N} is the set of
nodes, and where E ⊂ V× V is the set of edges. Given two nodes i, j ∈ V

with i 6= j, then an edge from i to j is represented by the pair (i, j) ∈ E.
A graph with the property that (i, j) ∈ E implies (j, i) ∈ E is called
undirected. The neighboring set Ni of vertex i is defined as Ni := {j ∈ V |

(i, j) ∈ E}. For a graph G, its adjacency matrix A is given by A = (aij),
with aii = 0 and aij = 1 if (j, i) ∈ E, and aij = 0 otherwise. The Laplacian
matrix of G is defined as L = (lij), where we have lii =

∑
j6=i aij, lij =

−aij, i 6= j. Since all row-sums of L are zero, i.e.
∑
j lij = 0 ∀i, zero is an

eigenvalue of L with eigenvector 1 := col(1, . . . , 1). Consequently, L has
at most rank N− 1.

In the case that G is undirected, the Laplacian L is a positive semi-
definite real symmetric matrix. The Laplacian matrix of an undirected
graph has rank N − 1 if and only if the graph is connected. Under
this condition, the zero eigenvalue of L has multiplicity one. The N− 1

nonzero eigenvalues of L can be ordered increasingly as

0 < λ2 6 · · · 6 λN.

Furthermore, L can be diagonalized by an orthogonal transformation U
that brings it to the form Λ := UTLU = diag(0, λ2, . . . , λN), which is
denoted by Λ.

For a general directed graph G, L is not necessarily symmetric, and
the eigenvalues of L are not guaranteed to be real. In this case, still,
all eigenvalues of L have nonnegative real part. A directed graph con-
tains a spanning tree if and only if its Laplacian has rank N− 1. In this
case, the set of nonzero eigenvalues of L is denoted in arbitrary order
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by {λ2, λ3, . . . , λN}, and L can be brought to upper triangular form by a
complex unitary transformation U: U∗LU = Λu, where Λu is a complex
upper triangular matrix with 0, λ2, . . . , λN on the diagonal.

2.4 multi-agent systems

In this section, the problem of synchronization of multi-agent systems is
briefly reviewed. We consider multi-agent systems withN agents, where
the communication topology of the system is represented by a directed
or undirected graph G with Laplacian matrix L. For each agent i of the
network, the nominal agent dynamics is given by one and the same
finite-dimensional linear time-invariant system

ẋi = Axi +Bui, yi = Cxi. (2.3)

For each i, the state xi takes its values in Rn, and the input signal ui
and output signal yi take values in Rm and Rp, respectively. It is a
standing assumption in this chapter that (A,B) is stabilizable and (C,A)
is detectable.

Following [37, 65], these agents are then interconnected using an ob-
server-based dynamic protocol of the form

ẇi = Awi +B
∑
j∈Ni

(ui − uj) +G
∑
j∈Ni

(
(yi − yj) −Cwi

)
,

ui = Fwi.
(2.4)

for i = 1, 2, . . . ,N. The structure of this protocol is as follows. Each con-
troller is able to observe the disagreement output signal

∑
j∈Ni(yi − yj)

and the relative input
∑
j∈Ni(ui − uj) of its corresponding agent. The

differential equation in (2.4) acts as an observer for the relative state∑
j∈Ni(xi − xj) of agent i. The protocol state wi is an estimate of this

quantity. It is easily verified that the error ei := wi −
∑
j∈Ni(xi − xj)

has error dynamics ėi = (A−GC)ei, which is asymptotically stable if
A−GC is Hurwitz. This estimate is then fed back to the agent by means
of a static feedback.
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By interconnecting the agents (2.3) using the above protocol, we obtain
the closed-loop dynamics of the entire network. Denote

x = col(x1, x2, . . . , xN), u = col(u1,u2, . . . ,uN),

and similarly

y = col(y1,y2, . . . ,yN), w = col(w1,w2, . . . ,wN).

The network dynamics is now(
ẋ

ẇ

)
=

(
I⊗A I⊗BF
L⊗GC I⊗ (A−GC) + L⊗BF

)(
x

w

)
. (2.5)

Next, we state the prevalent definition of synchronization of such a net-
work.

definition 2 .2: The network with agent dynamics (2.3) is said to be
synchronized by protocol (2.4) if for all i, j = 1, 2, . . . ,N we have that
xi(t) − xj(t)→ 0 and wi(t) −wj(t)→ 0 as t→∞.

In [65], it is shown that synchronization of the network with agent
dynamics (2.3) by protocol (2.4) is equivalent to the stabilization of a
single linear system by each controller from a given set of N− 1 related
controllers. These controllers depend on the matrices F and G of the
protocol, and the nonzero eigenvalues of the Laplacian. We will use a
similar argument in the next section, where we examine the synchroniz-
ability of multi-agent system in which the agent dynamics is a coprime
factor perturbation of the nominal agent dynamics.

2.5 robust synchronization

While the nominal agent dynamics is still given by the unperturbed dy-
namics (2.3), we now allow uncertainty in the form of coprime factor
perturbations of the nominal agent dynamics. In [20], this paradigm for
model uncertainty was used in the context of optimal robust stabiliza-
tion, see also [64]. The agents have identical nominal transfer matrices
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given by G(s) = C(sI−A)−1B. It is well known that there exists a co-
prime factorization of G of the form G =M−1N with M,N ∈ RH∞ such
that NN∗ +MM∗ = I, where N∗(s) := NT (−s), see e.g. [20, 64]. Such
a factorization is called a normalized coprime factorization over RH∞.
Such factorization can be obtained by means of the algebraic Riccati
equation

AQ+QAT −QCTCQ+BBT = 0. (2.6)

By detectability it has a unique real symmetric positive semi-definite
solution such that A −QCTC is Hurwitz. This matrix Q is called the
stabilizing solution of (2.6). A normalized coprime factorization G =

M−1N is then obtained by taking

M(s) := I−C(sI−A+QCTC)
−1
QCT

and

N(s) := C(sI−A+QCTC)
−1
B.

In this chapter we consider the situation that the transfer matrices of the
agents are coprime factor perturbations of the nominal transfer matrix,
i.e. the transfer matrix G =M−1N of agent i is perturbed to

G(∆iM ∆iN) := (M+∆iM)
−1

(N+∆iN),

where ∆iM,∆iN ∈ RH∞, i = 1, 2, . . . ,N, and where ‖∆iM ∆iN‖∞ 6 γ,
with γ > 0 a desired uncertainty tolerance. It is easily verified that the
perturbed transfer matrix G(∆iM ∆iN) can be represented as the feedback
interconnection of the system

yi =M
−1(s)N(s)ui +M

−1(s)di

with feedback loop

di =
(
−∆iM(s) ∆iN(s)

)(yi
ui

)
,
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ui N

∆iN

M−1

−∆iM

yi

Figure 2.1: Block diagram of the coprime factor perturbed transfer matrix of
each agent.

see Figure 2.1. Since M−1(s) = C(sI−A)−1QCT + I, a state space repre-
sentation of this feedback interconnection is given by

ẋi = Axi +Bui +QC
Tdi, yi = Cxi + di,

zi =

(
C

0

)
xi +

(
0

I

)
ui +

(
I

0

)
di

(2.7)

with the feedback loop

di =
(
−∆iM ∆iN

)
zi. (2.8)

Figure 2.2 shows a block diagram of this interconnection. Here, Σcom

represents the common dynamics (2.7). Next, we give a definition of the
robust synchronization problem.

ui Σcom yi

(
−∆iM ∆iN

) zidi

Figure 2.2: Block diagram of a coprime factor perturbed agent.



2.5 robust synchronization 21

definition 2 .3: Given a desired tolerance γ > 0, the protocol (2.4) is
said to robustly synchronize the network (2.5) if for all ∆iM,∆iN ∈ RH∞
with ‖(∆iM ∆iN)‖∞ 6 γ we have that for all i, j = 1, 2, . . . ,N

xi(t) − xj(t)→ 0, wi(t) −wj(t)→ 0

as t→∞.

In this chapter we will treat the case that the ∆M-parts of the per-
turbations are identical for all agents i, that is, we will assume that
∆iM = ∆jM for all i, j = 1, 2, . . . ,N. The ∆N-parts may differ from agent to
agent. In other words, we assume that the perturbations are of the form
(−∆M ∆iN), with ‖(∆M ∆iN)‖∞ 6 γ, i = 1, 2, . . . ,N. Thus, the nominal
transfer matrix G(s) of each of the agents is allowed to be perturbed by
distinct perturbations in a somewhat restricted sense. This is different
from the situation in [65], where the (additive) perturbations were al-
lowed to be completely distinct for each of the agents. The more restric-
tive perturbation structure used in this chapter is a technical assump-
tion needed in order to prove that our robust synchronization problem
is equivalent to a problem of robust stabilization of a single system by
all controllers from a set of N− 1 feedback controllers. In the additive
perturbation case, this equivalence holds for arbitrary distinct perturba-
tions.

For notational convenience we will sometimes denote ∆i =
(
−∆M ∆iN

)
and write the uncertain feedback loop in the form di = ∆izi.

Following [65], for the robust synchronization problem, we consider
a modified version of protocol (2.4). A weighting factor on the Laplacian
matrix L of the network graph is used, denoted by κ.

ẇi = Awi +B
∑
j∈Ni

1

κ
(ui − uj) +G

∑
j∈Ni

(1
κ
(yi − yj) −Cwi

)
,

ui = Fwi.

(2.9)

The positive real valued parameter κ is introduced as an extra design pa-
rameter for which a value has to be determined, next to the gain matrices
F and G.
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To start off, we now first examine conditions under which, for a given
uncertainty tolerance γ > 0, there exists a robustly synchronizing proto-
col.

After interconnecting the agents with protocol (2.9), the overall net-
work dynamics can be conveniently represented by again denoting the
aggregate agent and controller state vectors by x = col(x1, x2, . . . , xN)
and w = col(w1,w2, . . . ,wN), and the aggregate output and input vec-
tors y = col(y1,y2, . . . ,yN) and u = col(u1,u2, . . . ,uN), respectively.
The aggregate output and input vectors of the feedback-loop are de-
noted d = col(d1,d2, . . . ,dN) and z = col(z1, z2, . . . , zN), respectively.
Then by interconnecting the perturbed network (2.7), (2.8) with the pro-
tocol (2.9) we obtain that the dynamics of the overall perturbed network
is given by(

ẋ

ẇ

)
=

(
I⊗A I⊗BF
1
κL⊗GC I⊗ (A−GC) + 1

κL⊗BF

)(
x

w

)

+

(
I⊗QCT
1
κL⊗G

)
d,

z =

(
I⊗

(
C

0

)
I⊗

(
0

F

))(
x

w

)
+

(
I⊗

(
I

0

))
d.

and

d =


∆1 0 . . . 0

0 ∆2 . . . 0
...

...
. . .

...

0 0 . . . ∆N

 z,
where we recall that ∆i := (−∆M ∆iN). Also recall that if the network
graph is undirected, then there exists a orthogonal transformation U

that diagonalizes L. As before, let Λ = diag(0, λ2, . . . , λN). By applying
the transformations(

x̃

w̃

)
:=

(
UT ⊗ I 0

0 UT ⊗ I

)(
x

w

)
, z̃ := (UT ⊗ I)z,
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and d̃ := (UT ⊗ I)d, we obtain(
˙̃x
˙̃w

)
=

(
I⊗A I⊗BF

1
κΛ⊗GC I⊗ (A−GC) + 1

κΛ⊗BF

)(
x̃

w̃

)
+

(
I⊗QCT
1
κΛ⊗G

)
d̃,

z̃ =

(
I⊗

(
C

0

)
I⊗

(
0

F

))(
x̃

w̃

)
+

(
I⊗

(
I

0

))
d̃,

d̃ = (UT ⊗ I)


∆1 0 . . . 0

0 ∆2 . . . 0
...

...
. . .

...

0 0 . . . ∆N

 (U⊗ I)z̃.

(2.10)

The following theorem reduces the problem of robust synchronization
to a problem of simultaneous robust stabilization, and gives necessary
and sufficient conditions on the weighting parameter κ and gains F and
G such that protocol (2.9) robustly synchronizes the network. We first
consider the case that the network topology is given by an undirected
graph.

theorem 2 .4: Consider the network with nominal agent dynamics given
by (2.3). Assume that the network graph is a connected, undirected graph. Let
γ > 0. Then the following statements are equivalent:

1. The dynamic protocol (2.9) synchronizes the network with coprime factor
perturbed agent dynamics

ẋi = Axi +Bui +QC
Tdi,

yi = Cxi + di,

zi =

(
C

0

)
xi+

(
0

I

)
ui+

(
I

0

)
di,

di =
(
−∆M ∆iN

)
zi,

(2.11)

for all ∆M,∆iN ∈ RH∞ with ‖(∆M ∆iN)‖∞ 6 γ, i = 1, 2, . . . ,N.
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2. The single coprime factor perturbed system

ẋ = Ax+Bu+QCTd,

y = Cx+ d,

z =

(
C

0

)
x+

(
0

I

)
u+

(
I

0

)
d,

d =
(
−∆M ∆N

)
z,

(2.12)

is internally stabilized for all ∆M,∆N ∈ RH∞ with ‖(∆M ∆N)‖∞ 6 γ
by all N− 1 controllers

ẇ = Aw+Bu+G(y−Cw), u =
1

κ
λiFw, (2.13)

where i = 2, 3, . . . ,N and λi is the ith eigenvalue of the Laplacian L.

Proof. In this proof, we use the shorthand notation ∆i for (−∆M ∆iN).
Let H be any (N− 1)×N matrix such that ker(H) = im(1). Note that
the first column of the orthogonal transformation U that diagonalizes L
is equal to u1 = 1√

N
1, the normalized vector of ones. Let U2 be such

that U = (u1 U2). Now we have HU = (0 HU2), where HU2 has full
column rank. It is clear that xi(t) − xj(t) → 0 as t → ∞ for all i, j if and
only if (H⊗ I)x → 0. Similarly, wi(t) −wj(t) → 0 for all i, j if and only
if (H⊗ I)w → 0. This is equivalent with x̃i(t) → 0 and w̃i(t) → 0 for
i = 2, 3, . . . ,N.

(only if) First, we show that if dynamic protocol (2.9) robustly synchro-
nizes the network, then the interconnection of the plant (2.12) with each
controller (2.13) is robustly stabilized. Assume that the network with
perturbed agent dynamics (2.7) is synchronized by protocol (2.9) for all
perturbations ∆i = (−∆M ∆iN) with ‖∆i‖∞ 6 γ. Let ∆ = (−∆M ∆N) ∈
RH∞ with ‖∆‖∞ 6 γ and take ∆i = ∆ for all i = 1, 2, . . . ,N, i.e., we per-
turb each agent in the network (2.11) with the same ∆. Since the network
is robustly synchronized by the protocol, we have that x̃i → 0, w̃i → 0
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as t→∞ for i = 2, 3, . . . ,N in (2.10). This implies that for i = 2, 3, . . . ,N
the following systems are internally stable:(

˙̃xi
˙̃wi

)
=

(
A BF

1
κλiGC A−GC+ 1

κλiBF

)(
x̃i

w̃i

)
+

(
QCT

1
κλiG

)
d̃i,

z̃i =

(
C 0

0 F

)(
x̃i

w̃i

)
+

(
I

0

)
d̃i,

d̃i = ∆z̃i.

(2.14)

Interconnecting (2.12) and (2.13) yields(
ẋ

ẇ

)
=

(
A 1

κλiBF

GC A−GC+ 1
κλiBF

)(
x

w

)
+

(
QCT

G

)
d,

z =

(
C 0

0 1
κλiF

)(
x

w

)
+

(
I

0

)
d,

d = ∆z.

(2.15)

By the simple state transformation w̃i = 1
κλiw̄i, we see that this system

is equivalent with (2.14). Therefore, the system (2.15) is internally stable
for i = 2, 3, . . . ,N.

(if) Next, assume that theN−1 controllers (2.13) stabilize system (2.12)
for all ∆ ∈ RH∞ with ‖∆‖∞ 6 γ. From the small gain theorem, it then
follows that for i = 2, 3, . . . ,N the closed-loop systems (2.15) are inter-
nally stable and the transfer matrices Gi from d to z satisfy ‖Gi‖∞ < 1

γ .
We show that the perturbed network is synchronized by protocol (2.9)
for all perturbations ∆i of the form (∆M ∆iN) that satisfy ‖∆i‖∞ 6 γ.
This is done by showing that for i = 2, 3, . . . ,N we have x̃i(t) → 0

and w̃i(t) → 0 as t → ∞, where x̃i and w̃i satisfy (2.10). Denote
x̄ = col(x̃2, x̃3, . . . , x̃N), w̄ = col(w̃2, w̃3, . . . , w̃N), z̄ = col(z̃2, z̃3, . . . , z̃N),
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and d̄ = col(d̃2, d̃3, . . . , d̃N). Let Λ1 = diag(λ2, λ3, . . . , λN). From (2.10)
we obtain(

˙̄x
˙̄w

)
=

(
IN−1⊗A IN−1⊗BF
1
κΛ1⊗GC IN−1⊗(A−GC)+ 1κΛ1⊗BF

)(
x̄

w̄

)

+

(
IN−1 ⊗QCT
1
κΛ1 ⊗G

)
d̄,

z̄ =

(
IN−1 ⊗

(
C

0

)
IN−1 ⊗

(
0

F

))(
x̄

w̄

)
+ (IN−1 ⊗

(
I

0

)
)d̄.

(2.16)

The transfer matrix G of this system from d̄ to z̄ is a block diagonal
matrix with G2,G3, . . . ,GN on the diagonal. We obtain that the transfer
matrix G of the network from d̄ to z̄ satisfies ‖G‖∞ < 1

γ . We now look
at the feedback loop from z̄ to d̄. Using the fact that the ∆iM parts of the
perturbations ∆i are identical, say ∆M, it can be verified immediately
that

(UT ⊗ I)


−∆M ∆1N 0 0 . . . 0 0

0 0 −∆M ∆2N . . . 0 0
...

...
...

...
...

...

0 0 0 0 . . . −∆M ∆NN

 (U⊗ I)

=


−∆M ∆11 0 ∆12 . . . 0 ∆1p

0 ∆21 −∆M ∆22 . . . 0 ∆2p
...

...
...

...
...

...

0 ∆p1 0 ∆p2 . . . −∆M ∆pp


for certain ∆ij ∈ RH∞. Denote the block matrices in the lower right
corner by

∆̄1 :=


∆21

...

∆p1

 , ∆̄2 :=


−∆M ∆22 . . . 0 ∆2p

...
...

...
...

0 ∆p2 . . . −∆M ∆pp

 .
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Using (2.10) note that

z̃i =

(
ỹi

ũi

)
:=

(
Cx̃i + d̃i

Fw̃i

)
(i = 1, 2, . . . ,N).

Also, (2.10) implies that ˙̃w1 = (A − GC)w̃1, where A − GC has all its
eigenvalues in C−. Finally, by (2.10) we have

d̄ = ∆̄1Fw̃1 + ∆̄2z̄ (2.17)

By observing that the H∞-norm of ∆̄2 is less then or equal to γ and
applying the small gain theorem, it follows that in the system (2.16) with
feedback loop (2.17) and external input w̃1 we have x̄(t)→ 0 and w̄(t)→
0 as t → ∞. So indeed, we have x̃i → 0 and w̃i → 0 in (2.10) for
i = 2, 3, . . . ,N.

In the case that the network graph is directed and contains a span-
ning tree, robust synchronization of the plant (2.12) by the N − 1 con-
trollers (2.13) implies robust synchronization of (2.10) against perturba-
tions (∆M ∆iN) with the restriction that also ∆iN = ∆

j
N for all i and j,

in other words, also the ∆N-parts of the perturbations are restricted to
be identical. A similar situation occured in [65], where in the directed
network case also all (additive) perturbations were restricted to be iden-
tical.

In this case, there exists a complex unitary transformation U that
brings the Laplacian L to upper traingular form U∗LU = Λu, with Λu
complex and 0, λ2, . . . , λN on the diagonal. The following lemma can be
proven by letting the the unitary transformation U take over the role of
the orthogonal transformation and replacing Λ with Λu in the proof of
Theorem 2.4.

lemma 2 .5: Consider the network with perturbed agent dynamics (2.7). As-
sume that the network graph is directed and contains a spanning tree. Let γ > 0.
Consider the statements (2) as formulated in Theorem 2.4. Then statement (2)
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implies that the dynamic protocol (2.9) synchronizes the network with homoge-
neously perturbed agents

ẋi = Axi +Bui +QC
Tdi,

yi = Cxi + di,

zi =

(
C

0

)
xi+

(
0

I

)
ui+

(
I

0

)
di,

di =
(
−∆M ∆N

)
zi,

(2.18)

for all ∆M,∆N ∈ RH∞ with ‖(∆M ∆N)‖∞ 6 γ.

2.6 robustly synchronizing protocols

In this section, we examine which values γ > 0 of the uncertainty toler-
ance can be achieved, given the nominal agent dynamics and the Lapla-
cian matrix of the network graph of either a directed network containing
a spanning tree or a connected undirected network. We characterize an
achievable interval, such that for every γ within this interval, there ex-
ist a dynamic protocol of the form (2.9) that robustly synchronizes the
network.

In addition to the Riccati equation (2.6), we consider the Riccati equa-
tion

ATP+ PA− PBBTP+CTC = 0. (2.19)

Next to the stabilizing solution Q of (2.6), let P be the unique real sym-
metric positive semi-definite solution of (2.19) such that A − BBTP is
Hurwitz. The existence and uniqueness of P follow from the fact that
(A,B) is stabilizable and (C,A) is detectable. In the remainder of this
chapter, we denote any eigenvalue of the Laplacian with the maximal
modulus by λM and any eigenvalue with minimal real part by λm, i.e.

Re(λm) = min
i=2,3,...,N

Re(λi), |λM| = max
i=2,3,...,N

|λi|.

Now we formulate the first main result of this chapter.
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theorem 2 .6: Consider the network with homogeneously perturbed agent
dynamics (2.18). Assume the network is directed and contains a spanning tree.
Define

γ∗ =
Re(λm)

|λM|

1√
1+ ρ(PQ)

. (2.20)

Then, for all γ in the open interval (0, γ∗), there exists a dynamic protocol of the
form (2.9) that robustly synchronizes the network with uncertainty tolerance γ.

In the remainder of this section, we show how to construct such a pro-
tocol, i.e. how to choose the parameter κ, and matrices F and G. Keeping
in mind Lemma 2.5, we will prove that for γ ∈ (0, γ∗), there exist κ, F,
and G such that the N− 1 controllers (2.13) stabilize the system (2.12) for
all ∆ = (−∆M ∆N) with ‖∆‖∞ 6 γ.

remark 2 .7: Note that for the case that N = 2, i.e. a ‘network’ consist-
ing of two agents, we have λ2 = λN = 1. In that case the bound γ∗ is
equal to 1√

1+ρ(PQ)
, which exactly coincides with the optimal uncertainty

tolerance in the problem of optimal robust stabilization of the single
system (2.12) as it was obtained in the work of Glover and MacFarlane
in [20], see also [64]. For general number of nodes N > 2, it is unclear
how conservative the tolerance γ∗ given by (2.20) is. However, the fact
that for N = 2 the bound γ∗ is actually optimal indicates that also for
general N it is not overly conservative.

First, we provide a lemma that will be instrumental in this proof. Re-
call that Q denotes the stabilizing solution to (2.6) and P denotes the
stabilizing solution of (2.19). Then the following holds:

lemma 2 .8: Let τ > 0 be such that τ2 < 1
1+ρ(PQ) . Then the matrix ( 1

τ2
−

1)I− PQ is nonsingular. Define

P̃ :=
(
(
1

τ2
− 1)I− PQ

)−1
P. (2.21)
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Then P̃ is a real symmetric solution of the algebraic Riccati equation

AT P̃+ P̃A+ τ2CTC−
1

τ2
P̃BBT P̃

+
1

1− τ2
(P̃Q+ τ2I)CTC(QP̃+ τ2I) = 0. (2.22)

Proof. The proof follows by combining equations (2.6) and (2.19). First,
pre- and post-multiply (2.22) with

(
1

τ2
− 1)I− PQ and

(
(
1

τ2
− 1)I− PQ

)T
respectively, to obtain(

(
1

τ2
− 1)I− PQ

)
ATP+ PA

(
(
1

τ2
− 1)I−QP

)
−
1

τ2
PBBTP

+ τ2
(
(
1

τ2
− 1)I− PQ

)
CTC

(
(
1

τ2
− 1)I−QP

)
+

1

1− τ2
(
(1− τ2)[PQ+ I]

)
CTC

(
(1− τ2)[QP+ I]

)
= (

1

τ2
− 1)[ATP+ PA] − P[QAT +AQ]P−

1

τ2
PBBTP

+ τ2
[
(
1

τ4
− 2

1

τ2
+ 1)CTC− (

1

τ2
− 1)PQCTC

− (
1

τ2
− 1)CTCQP+ PQCTCQP

]
+ (1− τ2)

(
CTC+ PQCTC+CTCQP+ PQCTCQP

)
= (

1

τ2
− 1)[ATP+ PA+CTC] − P[QAT +AQ−QCTCQ]P

−
1

τ2
PBBTP

= (
1

τ2
− 1)[ATP+ PA− PBBTP+CTC]

− P[QAT +AQ−QCTCQ+BBT ]P

= 0.



2.6 robustly synchronizing protocols 31

So indeed, we have that P̃ given by (2.21) is a solution to the algebraic
Riccati equation (2.22).

We will use this lemma to prove our second main result, giving ex-
plicit equations for a dynamic protocol that robustly synchronizes with
a desired uncertainty tolerance γ ∈ (0,γ∗):

theorem 2 .9: Consider the network with homogeneously perturbed agent
dynamics (2.18). Assume that the network graph is directed and contains a
spanning tree. Let γ > 0 be any uncertainty tolerance such that γ ∈ (0, γ∗),
with γ∗ given by (2.20). Choose κ any real number such that

κ >
|λM|2

Re(λm)
and γ2 <

Re(λm)

κ

1

1+ ρ(PQ)
. (2.23)

Finally, let η > 0 such that

η <
Re(λm)

κ
and

γ2

η
<

1

1+ ρ(PQ)
. (2.24)

Then ( η
γ2

− 1)I− PQ is nonsingular. Define

P̃ :=

(
(
η

γ2
− 1)I− PQ

)−1

P,

F := −
1

γ2
BT P̃,

G := QCT .

(2.25)

Then the dynamic protocol (2.9) with κ, F and G as chosen above synchronizes
the network for all perturbations ∆M,∆N ∈ RH∞ with ‖(∆M ∆N)‖∞ 6 γ.

Proof. It is straightforward to verify that κ and η satisfying (2.23) and
(2.24) indeed exist. By Lemma 2.5 it suffices to prove that the N − 1

controllers (2.13) with κ, F and G chosen as above, internally stabilize
the system

ẋ = Ax+Bu+QCTd,

y = Cx+ d,

z =

(
C

0

)
x+

(
0

I

)
u+

(
I

0

)
d,
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while accomplishing ‖Gi‖∞ < 1
γ , where Gi is the transfer matrix from d

to z (i = 2, 3, . . . ,N) in the closed-loop system given by (2.15). To show
that this is indeed the case, we apply the following state transformation:(

x̃

w̃

)
=

(
I 0

I −I

)(
x

w

)
.

Which results in the dynamics below:(
˙̃x
˙̃w

)
=

(
A+ µiBF −µiBF

0 A−GC

)(
x̃

w̃

)
+

(
QCT

QCT −G

)
d,

z =

(
C 0

µiF −µiF

)(
x̃

w̃

)
+

(
I

0

)
d,

(2.26)

where µi := λi
κ for i = 2, 3, . . . ,N. To proceed, we will apply Lemma 2.1

to the system (2.26). We will show that there exists a real symmetric
solution to the Riccati inequality associated with the system. As before,
denote

P̃ =

(
(
η

γ2
− 1)I− PQ

)−1

P,

and apply Lemma 2.8 with τ = γ√
η . We find that P̃ is a solution to the

following Riccati equation

AT P̃+ P̃A+
γ2

η
CTC−

η

γ2
P̃BBT P̃

+
η

η− γ2
(P̃Q+

γ2

η
I)CTC(QP̃+

γ2

η
I) = 0. (2.27)

We now return to the closed-loop system (2.26). For ease of notation, we
label the system matrices as

Ãi =

(
A+ µiBF −µiBF

0 A−GC

)
, B̃i =

(
QCT

QCT −G

)
,

C̃i =

(
C 0

µiF −µiF

)
, D̃ =

(
I

0

)
.
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Take the controller and observer gains F and G as defined in (2.25). Now
we will apply Lemma 2.1 to show that ‖Gi‖∞ < 1

γ , where Gi is the
transfer function from d to z (i = 2, 3, . . . ,N) in (2.26). We will show
that there exists a suitable choice for Zi such that Zi is a solution to the
complex version of algebraic Riccati inequality (2.1) with τ = 1

γ , and ε
sufficiently small:

Ã∗iZi +ZÃi + C̃
∗
i C̃i +

γ2

1− γ2
(ZiB̃i + C̃

∗
i D̃)(B̃∗iZi + D̃

∗C̃i)

6 −ε(ZiB̃i + C̃
∗
i D̃)(B̃∗iZi + D̃

∗C̃i) (2.28)

Lemma 2.1 requires that the matrices Ãi (i = 2, 3, . . . ,N) are Hurwitz.
The set of eigenvalues of Ãi is the union of those ofA+µiBF andA−GC.
We immediately see that A−GC = A−QCTC is Hurwitz. The fact that
A+ µiBF is Hurwitz for i = 2, 3, . . . ,N is also easily verified. Next, for
i = 2, 3, . . . ,N, let Yi be the unique positive semi-definite solution to the
Lyapunov equation

Yi(A−QCTC) + (A−QCTC)
T
Yi +

(
|µi|

2

γ4
+
ai
γ4

)
P̃BBT P̃ = 0, (2.29)

for a yet to be determined ai > 0. Since A−QCTC is Hurwitz, we can
find a solution Yi for any such ai. Next, take

Zi :=

(
ki
γ2
P̃ 0

0 Yi

)
, (2.30)

where ki =
|µi|

2

Re(µi)
. With Zi given by (2.30), the inequality (2.28) is equiv-

alent to(
Φ11 Φ12

Φ∗12 Φ22

)
6

(
−ε( ki

γ2
P̃Q+ I)CTC( ki

γ2
QP̃+ I) 0

0 0

)
, (2.31)
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where we have

Φ11 =
ki
γ2
P̃A+ ki

γ2
AT P̃− kiµi

γ4
P̃BBT P̃−

kiµ
∗
i

γ4
P̃BBT P̃

+CTC+
|µi|

2

γ4
P̃BBT P̃

+ γ2

1−γ2
( ki
γ2
P̃Q+ I)CTC( ki

γ2
QP̃+ I),

Φ12 =
kiµi
γ4

P̃BBT P̃−
|µi|

2

γ4
P̃BBT P̃,

Φ22 = Yi(A−QCTC) + (A−QCTC)
T
Yi +

|µi|
2

γ4
P̃BBT P̃.

We will now first consider the upper left corner of the left hand side
of (2.31). By adding and substracting ki

γ2
η

η−γ2
(P̃Q+ γ2

η I)C
TC(QP̃+ γ2

η I),
and using algebraic Riccati equation (2.27), it follows that Φ11 is equal
to

Φ11 =
ki
γ2

[
γ2(

1

ki
−
1

η
)CTC

+
1

γ2
(η− Re(µi))P̃BBT P̃

+ (
ki

1− γ2
γ4

k2i
−

η

η− γ2
γ4

η2
)CTC

+ (
ki

1− γ2
γ2

ki
−

η

η− γ2
γ2

η
)(P̃QCTC+CTCQP̃)

+ (
ki

1− γ2
−

η

η− γ2
)P̃QCTCQP̃

]
.

(2.32)

This expression can be greatly simplified by using the following nota-
tion:

αi :=
ki

1− γ2
γ4

k2i
−

η

η− γ2
γ4

η2
− γ2(

1

η
−
1

ki
),

βi :=
ki

1− γ2
γ2

ki
−

η

η− γ2
γ2

η
,

δi :=
ki

1− γ2
−

η

η− γ2
.
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Observe that we can now express (2.32) in terms of this notation as

ki
γ2

[
1

γ2
(η− Re(µi))P̃BBT P̃+

(
I P̃Q

)(αiCTC βiC
TC

βiC
TC δiC

TC

)(
I

QP̃

)]
.

(2.33)

We will now prove that for ε sufficiently small, it holds that

ki
γ2

(
I P̃Q

)(αiCTC βiC
TC

βiC
TC δiC

TC

)(
I

QP̃

)

6 −ε
ki
γ2

(
I P̃Q

)γ2ki CTC CTC

CTC ki
γ2
CTC

( I

QP̃

)
. (2.34)

Here, the right hand side is rewritten from the nonzero corner of the
right hand side of (2.31). Note that (2.34) is satisfied ifαi + εγ2ki βi + ε

βi + ε δi + ε
ki
γ2

 6 0. (2.35)

We will show this is indeed the case for ε > 0 sufficiently small. First,
we show that for all i = 2, 3, . . . ,N we have δi < 0. Indeed, we have

δi < 0⇔
ki

1− γ2
<

η

η− γ2

⇔ ki(η− γ
2) < η(1− γ2)

⇔ kiη− kiγ
2 < η− ηγ2.

Since η < Re(µi) 6 ki we already have −kiγ
2 6 −ηγ2. Furthermore,

ki < 1, which proves δi < 0. If we now take ε sufficiently small such that
δi +

ki
γ2
ε < 0, then it is straightforward to check that also αi + ε

γ2

ki
< 0.

It then follows that (2.35) holds if and only if (αi + ε
γ2

ki
)(δi + ε

ki
γ2

) −
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(βi + ε)
2 > 0. Below, we show that this is the case for ε sufficiently

small.

(αi + ε
γ2

ki
)(δi + ε

ki
γ2

) − (βi + ε)
2

= −γ2(
1

η
−
1

ki
)(

ki
1− γ2

−
η

η− γ2
)

−
ki

1− γ2
η

η− γ2
γ4(

1

η
−
1

ki
)
2

− εki

[
γ2

η

η− γ2
(
1

η
−
1

ki
)
2

+ (
1

η
−
1

ki
)

]
,

= −γ2(1η − 1
ki
) η
(1−γ2)(η−γ2)

[
ki − 1+ ε(

ki
γ2

− 1)(1− γ2)
]

.

Since −γ2(1η − 1
ki
) 6 0 and (1− γ2)(η− γ2) > 0, it follows that (αi +

εγ
2

ki
)(δi+ ε

ki
γ2

) − (βi + ε)
2 > 0 if ki− 1+ ε( kiγ2 − 1)(1−γ

2) 6 0. We have

that ki− 1 < 0, and ( ki
γ2

− 1)(1−γ2) > 0. It follows that there exists ε > 0
such that (2.35) is satisfied, and consequently (2.34) is satisfied.

Next, recall that Yi is a solution to (2.29). From (2.29), (2.31), and (2.34),
we have that the algebraic Riccati inequality (2.28) holds if

1

γ4

(
ki(η− Re(µi)) kiµi − |µi|

2

kiµ
∗
i − |µi|

2 −ai

)
⊗ P̃BBT P̃ 6 0. (2.36)

For this it suffices that

ki(Re(µi) − η)ai − (kiµi − |µi|
2)
∗
(kiµi − |µi|

2) > 0, (2.37)

for some ai > 0. Since Re(µi) − η is strictly greater than zero, for each
i there exists ai > 0 such that (2.37) holds. Since (2.34) and (2.37) hold,
it follows that (2.28) is satisfied by our choice of Zi in (2.30) for ε suffi-
ciently small. By Lemma 2.1 we obtain that for i = 2, 3, . . . ,N the transfer
matrix Gi of (2.26) satisfies ‖Gi‖∞ < 1

γ . Finally, we apply Lemma 2.5 and
obtain that the dynamic protocol robustly synchronizes the network.
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Theorem 2.6 and Theorem 2.9 both deal with the case that the network
graph is directed and contains a spanning tree. To conclude this chap-
ter, we will focus on the case that network graph is undirected. In that
case the homogeinity restriction on the perturbations can be lifted, and
results on robust synchronization against heterogeneous perturbations
of the form (∆M ∆iN) can be established. Also, we can improve the up-
per bound in (2.20) if we assume that the network graph is undirected.
Recall that in that case all eigenvalues of the Laplacian matrix L are real.
We then have that Re(λi) = |λi| = λi for i = 2, 3, . . . ,N and ki in (2.30)
reduces to µi = λi

κ . Furthermore, the left hand side of (2.31) becomes
a block diagonal matrix, which can then be further simplified by tak-
ing ai = 0 in (2.29) so that the bottom right corner also becomes zero.
It then follows that the network is synchronized if (η− µi)P̃BB

T P̃ 6 0

and for ε > 0 sufficiently small inequality (2.34) is satisfied. In the proof
of Theorem 2.9, it was shown that there exists ε > 0 sufficiently small
such that (2.34) holds, if ki < 1 and η 6 ki for i = 2, 3, . . . ,N, where η
satisfies (2.24). Then it follows that there exists ε > 0 such that (2.34) is
satisfied if µi < 1 and η 6 µi for i = 2, 3, . . . ,p, and η satisfies (2.24).
Hence, in (2.23), we can simply take κ > λN so that γ2 < λ2

κ
1

1+ρ(PQ) ,

and take η = λ2
κ = µ2 so that (2.24) is satisfied. From this observation,

we obtain the following corollary:

corollary 2 .10: Consider the network with perturbed agent dynam-
ics (2.11). Assume the network graph is undirected and connected. De-
fine

γ∗ =

√
λ2
λN

1√
1+ ρ(PQ)

. (2.38)

Then for all γ ∈ (0, γ∗) there exists a dynamic protocol of the form (2.9)
that robustly synchronizes the network with tolerance γ. In fact, for any
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such γ, choose κ any real number such that κ > λN and ( λ2
κγ2

− 1)I− PQ

is nonsingular. Define

P̃ :=

((
λ2
κγ2

− 1

)
I− PQ

)−1

P,

F := −
1

γ2
BT P̃,

G := QCT .

(2.39)

Then the dynamic protocol (2.9) with κ, F and G as chosen above syn-
chronizes the network for all perturbations ∆M,∆iN ∈ RH∞ satisfying
‖(∆M ∆iN)‖∞ 6 γ, i = 1, 2, . . . ,N.

It is interesting to note that in [65], for the case of additive perturba-
tions, an analogous guaranteed interval (0,γ∗) was found, with γ∗ =
λ2
λN

1√
ρ(P̄Q̄)

, with P̄ and Q̄ the maximal real symmetric solutions of the

are’s AQ+QAT −QCTCQ = 0 and PA+ATP − PBBTP = 0. A direct
comparison of this guaranteed interval with the one obtained in this
chapter is not relevant since the perturbation structure used in [65] is
completely different. In both cases however the guaranteed uncertainty
tolerance heavily depends on the quotient λ2λN .

As noted before, in contrast to [65] (where completely heterogeneous
perturbations were allowed), for undirected networks we were only able
to deal with heterogeneity of the perturbations in a restricted sense: the
∆M-parts of the perturbations are assumed to be identical for all agents.
Similar as in [65], for the directed network case we were only able to
deal with the case of homogeneous perturbations.

2.7 numerical example

In this section, we consider a numerical example to illustrate the results
obtained in this chapter.

example 2 .11: We consider a network where the nominal agent dy-
namics is given by the mass-spring system in Figure 2.3. This system
consists of two masses and two dampers. We take m1 = 1 and m2 = 2
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m1 m2 F
k1 k2

Figure 2.3: Mass-spring system with two masses.

as the weight of the masses, and k1 = 1, k2 = 0.5 as the spring con-
stants. The input to the system is the force F exerted on the mass m2
and the output of the system is the position of the mass m1. A state
space representation of this system is then given by

ẋ = Ax+Bu, y = Cx,

where the matrices A, B, and C are given by

A =


0 1 0 0

−1.5 0 0.5 0

0 0 0 1

0.25 0 −0.25 0

 , B =


0

0

0

0.5

 ,

C =
(
1 0 0 0

)
.

It is easily checked that (A,B) is stabilizable and (C,A) is detectable.
In fact, the system is both controllable and observable. Computing the
stabilizing solutions Q and P to the algebraic Riccati equations (2.6) and
(2.19), we obtain

Q =


0.5352 0.1432 1.0943 0.1355

0.1432 0.3324 0.4502 0.2123

1.0943 0.4502 3.1719 0.5988

0.1355 0.2123 0.5988 0.6677
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and

P =


6.7339 0.1188 −2.4745 −0.8905

0.1188 4.1821 0.3686 −0.9751

−2.4745 0.3686 1.3295 0.5730

−0.8905 −0.9751 0.5730 2.1410

 .

As the network graph, we take the undirected graph depicted in Fig-
ure 2.4. The smallest and largest nonzero eigenvalues of the Laplacian
matrix of the network graph are λ2 = 0.5674 and λN = 5.8634. Finally,
using ρ(PQ) = 3.2062, we can compute γ∗ in (2.38) as

γ∗ =

√
0.5674
5.8634

1√
1+ 3.2062

= 0.1517.

We take γ = 0.1 < γ∗ and κ = 6, such that κ > λN and ( λ2
κγ2

− 1)I− PQ

is nonsingular. Finally, we compute the gains

F =
(
8.7843 4.7366 −6.0489 −16.1689

)
,

G =
(
0.5352 0.1432 1.0943 0.1355

)T
.

As perturbations, we take

∆M(s) =
1
2(s+ 1)

(s+ 3) ∗ (s+ 4)
,

∆iN(s) =
1
2(s− i)

(s+ 3+ i) ∗ (s+ 4+ i)
.

We then have ‖(∆M ∆iN)‖∞ 6 γ for i = 1, 2, . . . ,N. After connecting
the agents with the disturbances and the controllers, we simulate the
network for random initial conditions between −5 and 5. The resulting
output (i.e. the position of m1) of the agents is plotted in Figure 2.5. For
clarity, we have only plotted the first five agents. Indeed, the network
reaches consensus.



2.7 numerical example 41

Figure 2.4: Undirected graph with N = 10 nodes.
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Figure 2.5: Output of the first five agents.



42 robust synchronization of uncertain multi-agent systems

2.8 conclusions

In this chapter, we have considered the problem of robust synchroniza-
tion of multi-agent networks with uncertain agent dynamics. For a given
network with identical nominal agent dynamics for each agent, coprime
factor perturbations have been considered. We have provided an achiev-
able interval for the values of the uncertainty tolerance. For the class of
protocols in this chapter and for a directed network, the supremum of
the achievable interval is proportional to the quotient of the smallest real
part and the largest modulus of the eigenvalues of the graph Laplacian.
For undirected graphs, these eigenvalues are real and the supremum of
the achievable interval is proportional to the square root of the quotient
of the smallest and largest eigenvalues of the Laplacian.
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3
M O D E L R E D U C T I O N B Y C L U S T E R I N G

3.1 introduction

In the last few decades, the world has become increasingly connected.
This has brought a significant interest to fields such as complex networks,
smart-grids, distributed systems, transportation networks, biological net-
works, and networked multi-agent systems, see e.g. [7, 14, 46]. Widely
studied problems in networked systems are the problems of consensus
and synchronization, see [37, 38, 45, 49]. In the consensus problem, the
goal is to have the agents in the network reach agreement on certain
physical or measured quantities depending on the states of all the agents,
where the agents use only locally available information. Other important
subjects in the theory of networked systems are flocking, formation con-
trol, sensor placement, and controllability of networks, see e.g. [10, 13,
15, 18, 41, 47].

Behavioral analysis and controller design for large-scale complex net-
works can potentially become extremely expensive from a computational
point of view, especially for problems where the complexity of the net-
work scales as a power of the number of nodes it contains. In order
to tackle this problem, there is a need for methods and procedures to
approximate the original networks by smaller, less complex ones.

Direct application of established model reduction techniques, such as
balanced truncation, Hankel-norm approximation, and Krylov subspace
methods, see e.g. [1, 6], to the dynamical models of networked systems
generally leads to a collapse of the network structure, as well as the loss
of important properties such as consensus. Furthermore, the resulting
reduced models often cannot even be interpreted as networked systems
anymore.

While there do exist structure-preserving techniques which preserve
certain properties such as the Lagrangian structure [35], the second or-
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der structure [36], and the interconnection structure of interconnected
subsystems [53, 57, 69], multi-agent systems possess their own specific
internal structure: the topology of the network. In the past, model re-
duction techniques specifically for networked multi-agent systems have
been proposed in [8, 24, 25]. These methods are based on clustering
nodes in the network. With clustering, the idea is to partition the set
of nodes in the network graph into disjoint sets called clusters, and to
associate with each cluster a single, new, node in the reduced network,
thus reducing the number of nodes and connections and the complexity
of the network topology. Other techniques instead reduce the network
topology in a different manner, for instance by removing connections in
the network graph that are of lesser importance, see e.g. [30].

In [43] a model reduction technique was introduced that harnesses
a specific class of graph partitions called almost equitable partitions. The
results in [43] provide explicit expressions for the H2 model reduction
error if a leader-follower network with single integrator agent dynamics
is clustered according to an almost equitable partition of the network
graph. In a leader-follower network, a subset of the nodes receive an
external input. These nodes are called the leaders of the network. The
other nodes only receive relative information from their neighbors in
the graph, these are called the followers. In the present chapter, we ex-
tend the results in [43] to networks where the agent dynamics is given
by an arbitrary multivariable input-state-output system. We provide a
priori upper bounds on both the H2 and the H∞ model reduction errors
if the agents are clustered according to almost equitable partitions. Com-
pared to [43], we use a slightly different output equation to measure the
disagreement between the agents in the network, which enables us to
also consider the problem of clustering a network according to arbitrary,
not necessarily almost equitable, graph partitions.

The outline of this chapter is as follows. In Section 3.2 we introduce
some notation and review the theory needed for computing the H2 and
H∞ model reduction error bounds in the remainder of the chapter. In
Section 3.3 we precisely formulate the problem of model reduction of
leader-follower networks with arbitrary agent dynamics. Section 3.4 re-
views the needed theory on graph partitions and introduces the reduced
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network, obtained by applying a Petrov-Galerkin projection to the dy-
namical system of the original network. In Section 3.5 we provide a pri-
ori error bounds on the H2 model reduction error for networks with
arbitrary agent dynamics, clustered according to almost equitable parti-
tions. In Section 3.6, we complement these results by providing upper
bounds on the H∞ model reduction error. In Section 3.7 the problem
of clustering networks according to general partitions is considered and
the first steps towards a priori error bounds on both the H2 and H∞
model reduction errors are made. Finally, Section 3.8 provides some con-
clusions.

3.2 preliminaries

Consider the input-state-output system

ẋ = Ax+Bu,

y = Cx,
(3.1)

with x ∈ Rn, u ∈ Rm, y ∈ Rp, and transfer matrix S(s) = C(sI−A)−1B.
It is well known that if A is Hurwitz, then the H2-norm of S can be
computed as

‖S‖22 = trBTXB,

where X is the unique positive semi-definite solution of the Lyapunov
equation

ATX+XA+CTC = 0. (3.2)

For the purposes of this chapter, we also need to deal with the situation
when A is not Hurwitz. Let X+(A) denote the unstable subspace of A,
i.e., the direct sum of the generalized eigenspaces of A corresponding to
its eigenvalues in the closed right half plane.

proposition 3 .1: Assume that X+(A) ⊂ kerC. Then the Lyapunov
equation (3.2) has at least one positive semi-definite solution. Among
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all positive semi-definite solutions, there is exactly one solution, say X,
with the property X+(A) ⊂ kerX. For this particular solution X we have
‖S‖22 = trBTXB.

Proof. Without loss of generality, assume that

A =

(
A− 0

0 A+

)
, B =

(
B−

B+

)
, C =

(
C− 0

)
,

where A− is Hurwitz, and A+ has all its eigenvalues in the closed right
half plane. Let X− be the unique solution to the reduced Lyapunov equa-
tion

AT−X− +X−A− +CT−C− = 0. (3.3)

Then X− =
∫∞
0 e

AT−tCT−C−e
A−t dt > 0. Obviously then, X = diag(X−, 0)

is a positive semi-definite solution of (3.2). Now let X be a positive semi-
definite solution to (3.2) with the property that X+(A) ⊂ kerX. Then X
must be of the form X = diag(X1, 0), and X1 must satisfy the reduced
Lyapunov equation (3.3). Thus X = diag(X−, 0). Finally, S is stable since
X+(A) ⊂ kerC. Moreover,

‖S‖22 = tr
(
BT

∫∞
0

eA
TtCTCeAt dt B

)
= tr

(
BT−

∫∞
0

eA
T
−tCT−C−e

A−t dt B−

)
= tr

(
BT−X−B−

)
= tr

(
BTXB

)
.

We will now deal with computing the H∞-norm of a stable transfer
function. The result is a generalization of Lemma 4 in [26].

lemma 3 .2: Consider the system (3.1). Assume that its transfer function S
has all its poles only in the open left half plane. If there exists X ∈ Rp×p such
that X = XT and CA = XC, then ‖S‖∞ = σ1(S(0)).
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Proof. For the first part of the proof, let us assume that (A,B,C) is mini-
mal. Then, in particular, A is a Hurwitz matrix and (A,B) is controllable.

Clearly, the inequality ‖S‖∞ > σ1(S(0)) is always satisfied. We will
prove that ‖S‖∞ 6 σ1(S(0)) using the bounded real lemma [52], which
states that ‖S‖∞ 6 γ if and only if there exists P ∈ Rn×n such that
P = PT and

ATP+ PA+CTC+
1

γ2
PBBTP 6 0.

Let us take γ = σ1(S(0)) = σ1(CA
−1B). This implies that

CA−1BBTA−TCT 6 γ2Ip. (3.4)

Defining P := −A−TCTXCA−1 and using (3.4) gives us

ATP+ PA+CTC+
1

γ2
PBBTP

= −CTXCA−1 −A−TCTXC+CTC

+
1

γ2
A−TCTXCA−1BBTA−TCTXCA−1

6 −CTXCA−1 −A−TCTXC+CTC+A−TCTXXCA−1

= (XCA−1 −C)T (XCA−1 −C)

= 0.

From the bounded real lemma, we conclude that ‖S‖∞ 6 σ1(S(0)).
For a non-minimal representation (A,B,C), applying the Kalman de-

composition, let T be a nonsingular matrix such that

T−1AT =


A1 0 A6 0

A2 A3 A4 A5

0 0 A7 0

0 0 A8 A9

 , T−1B =


B1

B2

0

0

 ,

CT =
(
C1 0 C2 0

)
,
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where (A1,B1,C1) is a minimal representation of (A,B,C) with A1 Hur-
witz. Obviously,

(CT)(T−1AT) = CAT = XCT = X(CT),

thus the condition is preserved under system transformation. From this,
it follows that C1A1 = XC1. Therefore, the minimal representation sat-
isfies the sufficient condition and using the result obtained above the
proof is completed.

Continuing our effort to compute the H∞-norm, we formulate a lemma
that will be instrumental in evaluating a transfer function at the origin.
Recall that for a given matrix A, its Moore–Penrose inverse is denoted
by A+.

lemma 3 .3: Consider the system (3.1). If A is symmetric and kerA ⊂ kerC,
then 0 is not a pole of the transfer function S and we have S(0) = −CA+B.

Proof. If A is nonsingular, then the conclusion follows immediately. Oth-
erwise, let A = UΛUT be an eigenvalue decomposition with orthogonal
U and Λ = diag(0,Λ2), where Λ2 ∈ Rr×r and r is the rank of A. We
denote U =

(
U1 U2

)
, with U2 ∈ Rn×r. Then

A+ = UΛ+UT =
(
U1 U2

)(0 0

0 Λ−1
2

)(
UT1

UT2

)
= U2Λ

−1
2 UT2 .

Note that CU1 = 0. We have

S(s) = CU(sI−Λ)−1UTB

= C
(
U1 U2

)(s−1I 0

0 (sI−Λ2)
−1

)(
UT1

UT2

)
B

= CU2(sI−Λ2)
−1UT2B.

Hence, S(s) is defined at s = 0 and S(0) = −CU2Λ
−1
2 UT2B = −CA+B.
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Finally we discuss the model reduction technique known as Petrov-
Galerkin projection.

definition 3 .4: Consider the system (3.1). Let W,V ∈ Rn×r, with r <
n, such that WTV = I. The matrix VWT is then a projector, called a
Petrov-Galerkin projector. The reduced order system

˙̂x =WTAVx̂+WTBu,

ŷ = CVx̂,

with x̂ ∈ Rr is called the Petrov-Galerkin projection of the original sys-
tem (3.1).

3.3 problem formulation

In this chapter, we consider networks of diffusively coupled linear sub-
systems. These subsystems, called agents, have identical dynamics, how-
ever a selected subset of the agents, called the leaders, also receive an in-
put from outside the network. The remaining agents are called followers.
The network consists of N agents, indexed by i, so i ∈ V := {1, 2, . . . ,N}.
The subset VL ⊂ V is the index set of the leaders, more explicitly VL =

{v1, v2, . . . , vm}. The followers are indexed by VF := V \ VL. More specifi-
cally, the leaders are represented by the finite dimensional linear system

ẋi = Axi +B

N∑
j=1

aij(xj − xi) + Euj, i ∈ VL, i = vj,

whereas the followers have dynamics

ẋi = Axi +B

N∑
j=1

aij(xj − xi), i ∈ VF.

The weights aij > 0 represent the coupling strengths of the diffusive
coupling between the agents. In this chapter, we assume that aij = aji
for all i, j ∈ V. Also, aii = 0 for all i ∈ V. Furthermore, xi ∈ Rn is the
state of agent i, and uj ∈ Rr is the external input to the leader vj. Finally,
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A ∈ Rn×n, B ∈ Rn×n and E ∈ Rn×r are real matrices. It is customary to
represent the interaction between the agents by the graph G with node
set V = {1, 2, . . . ,N} and adjacency matrix A = (aij). In the set up of
this chapter, this graph is undirected, reflecting the assumption that A

is symmetric. The Laplacian matrix of the graph G is denoted by L and
defined as

Lij =

di if i = j,

−aij if i 6= j.

with di =
∑N
j=1 aij.

Recall that the set of leader nodes is VL = {v1, v2, . . . , vm}, and define
the matrix M ∈ RN×m as

Mij =

1 if i = vj,

0 otherwise.

Denote x = col(x1, x2, . . . , xN) and u = col(u1,u2, . . . ,um). The total
network is then represented by

ẋ = (I⊗A− L⊗B)x+ (M⊗ E)u. (3.5)

The goal of this chapter is to find a reduced order networked system,
whose dynamics is a good approximation of the networked system (3.5).
In this chapter, the idea to obtain such approximation is to cluster groups
of agents in the network, and to treat each of the resulting clusters as a
node in a new, reduced order, network. The reduced order network will
again be a leader-follower network, and by the clustering procedure es-
sential interconnection features of the network will be preserved. We will
require that the synchronization properties of the network are preserved
after reduction. We will assume that the original network is synchro-
nized, meaning that if the external inputs uj = 0 for j = 1, 2, . . . ,m, the
network reaches synchronization, that is, for all i, j ∈ V, we have

xi(t) − xj(t)→ 0
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as t → ∞. We will impose that the reduction procedure preserves this
property. In this chapter, a standing assumption will be that the graph G
of the original network is connected. This is equivalent to the condition
that 0 is a simple eigenvalue of the Laplacian L, see [39, Theorem 2.8].
In this case, the network reaches synchronization if and only if (L ⊗
I)x(t)→ 0 as t→∞.

In order to be able to compare the original network (3.5) with its re-
duced order approximation and to make statements about the approx-
imation error, we need a notion of distance between the networks. One
way to obtain such notion is to introduce an output associated with the
network (3.5). By doing this, both the original network and its approx-
imation become input-output systems, and we can compare them by
looking at the difference of their transfer functions. Being a measure for
the disagreement between the states of the agents in (3.5), we choose
y = (L⊗ I)x as the output of the original network. Indeed, this output
y can be considered a measure of the disagreement in the network, in
the sense that y(t) is small if and only if the network is close to being
synchronized. Thus, with the original system (3.5) we now identify the
input-state-output system:

ẋ = (I⊗A− L⊗B)x+ (M⊗ E)u,

y = (L⊗ I)x.
(3.6)

The state space dimension of (3.6) is equal to nN, its number of inputs
equals to mr, and the number of outputs is nN.

In this chapter, we will use clustering to obtain a reduced order net-
work, i.e. a network with a reduced number of agents, as an approxima-
tion of the original network (3.6). We also aim at deriving upper bounds
for the approximation error. We will obtain upper bounds both for the
H2-norm as well as the H∞-norm of the difference of the transfer func-
tions of the original network and its approximation.

3.4 graph partitions and reduction by clustering

We consider networks whose interaction topologies are represented by
weighted graphs G with node set V. The graph of the original net-
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work (3.5) is undirected, however, our reduction procedure will lead
to networks on directed graphs. As before, the adjacency matrix of the
graph G is the matrix A = (aij), where aij > 0 is the weight of the arc
from node j to node i. As noted before, the graph is undirected if and
only if A is symmetric.

A nonempty subset C ⊂ V is called a cell or cluster of V. A partition of
a graph is defined as follows.

definition 3 .5: Let G be an undirected graph. A partition π of V, with
π = {C1,C2, . . . ,Ck}, is a collection of cells such that V =

⋃k
i=1Ci and

Ci ∩Cj = ∅ whenever i 6= j. When we say that π is a partition of G, we
mean that π is a partition of the vertex set V of G. Nodes i and j are
called cellmates in π if they belong to the same cell of π. The characteristic
vector of a cell C ⊂ V is the N-dimensional column vector p(C) defined
as

pi(C) =

1 if i ∈ C,

0 otherwise.

The characteristic matrix of the partition π = {C1,C2, . . . ,Ck} is defined
as the N× k matrix

P(π) =
(
p(C1) p(C2) · · · p(Ck)

)
.

For a given partition π = {C1,C2, . . . ,Ck}, consider the cells Cp and
Cq with p 6= q. For any given node j ∈ Cq, we define its degree with
respect to Cp as the sum the weights of all arcs from j to i ∈ Cp, i.e. the
number

dpq(j) :=
∑
i∈Cp

aij.

Next, we will construct a reduced order approximation of (3.6) by clus-
tering the agents in the network according to a partition of G. Let π be
a partition of G, and let P := P(π) be its characteristic matrix. Extend-
ing the main idea in [43], we take as reduced order system the Petrov-
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Galerkin projection of the original system (3.6), with the following choice
for the matrices V and W:

W = P
(
PTP

)−1 ⊗ I, V = P⊗ I.

The dynamics of the resulting reduced order model is then given by

˙̂x = (I⊗A− L̂⊗B)x̂+ (M̂⊗ E)u
ŷ = (LP⊗ I)x̂.

(3.7)

where

L̂ =
(
PTP

)−1
PTLP

M̂ =
(
PTP

)−1
PTM,

We claim that the matrix L̂ is the Laplacian of a weighted directed graph
with node set {1, 2, . . . ,k}, with k equal to the number of clusters in the
partition π. Indeed, by inspection it can be seen that the adjacency matrix
of this reduced graph is Â = (âpq), with

âpq =
1

|Cp|

∑
j∈Cq

dpq(j),

where dpq(j) is the degree of j ∈ Cq with respect to Cp, and |Cp| the
cardinality of Cp. Note also that the row sums of L̂ are equal to zero
since L̂1k = 0. The matrix M̂ ∈ Rk×m satisfies

M̂pj =

 1
|Cp|

if vj ∈ Cp,

0 otherwise,

where v1, v2, . . . , vm are the leader nodes, and we have p = 1, 2, . . . ,k,
and j = 1, 2, . . . ,m.

Clearly, the state space dimension of the reduced order network (3.7) is
equal to nk, whereas the dimensionsmr and nN of the input and output
have remained unchanged. Thus we can investigate the error between
the original and reduced order network by looking at the difference of
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their transfer functions. In the sequel we will both investigate the H2-
norm as well as the H∞-norm of this difference.

Before doing this however, we will first study the question whether
our reduction procedure preserves synchronization. It is important to
note that since, by assumption, the original undirected graph is con-
nected, it has a directed spanning tree. It is easily verified that this prop-
erty is preserved by our clustering procedure. Then, since the property
of having a directed spanning tree is equivalent with 0 being a simple
eigenvalue of the Laplacian (see [39, Proposition 3.8]), the reduced order
Laplacian L̂ has again 0 as a simple eigenvalue.

Now assume that the original network (3.6) is synchronized. It is well
known, see e.g. [65], that this is equivalent with the condition that for
each nonzero eigenvalue λ of the Laplacian L the matrix A− λB is Hur-
witz. Thus, synchronization is preserved if and only if for each nonzero
eigenvalue λ̂ of the reduced order Laplacian L̂ the matrix A− λ̂B is Hur-
witz.

Unfortunately, in general, the fact that A − λB is Hurwitz for every
nonzero λ ∈ σ(L) does not imply that also A− λ̂B is Hurwitz for every
nonzero λ̂ ∈ σ(L̂). An exception is the ‘single integrator’ case A = 0 and
B = 1, where this condition is trivially satisfied, so in this special case
synchronization is preserved. Also if we restrict ourselves to a special
type graph partitions, namely almost equitable partitions, then synchro-
nization turns out to be preserved. We will review this type of partition
now.

Again let G be a weighted, undirected graph, and let π = {C1,C2, . . . ,
Ck} be a partition of G. Given two cells Cp and Cq with p 6= q, and
a given node j ∈ Cq, recall that dpq(j) denotes its degree with respect
to Cp. We call the partition π an almost equitable partition (AEP) if for
each p,q with p 6= q, the degree dpq(j) is independent of j ∈ Cq, i.e.
dpq(j1) = dpq(j2) for all j1, j2 ∈ Cq.

It is easily verified that every graph with N > 1 nodes has at least two
trivial almost equitable partitions: a partition in which every node is in
a cell by itself and a partition where all the nodes are in a single cell. An
example of a graph with a nontrivial almost equitable partition is shown
in Figure 3.1.
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Figure 3.1: Graph G with N = 11 nodes. It has a nontrivial almost equitable
partition π = {{1, 2, 3}, {4, 5}, {6}, {7}, {8}, {9, 10}, {11}}.
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Figure 3.2: Reduced order graph Ĝ with N = 7 nodes. The colored nodes rep-
resent the clusters in the original graph.



58 model reduction by clustering

It is a well known fact (see [9, Prop. 1]) that π is an AEP if and only if
the image of its characteristic matrix is invariant under the Laplacian.

lemma 3 .6: Consider the weighed undirected graph G with Laplacian matrix
L. Let π be a partition of G with characteristic matrix P := P(π). Then π is an
almost equitable partition if and only if L imP ⊂ imP.

As an immediate consequence, the reduced Laplacian L̂ obtained us-
ing an AEP satisfies LP = PL̂. Indeed, since imP is L-invariant we have
LP = PX for some matrix X. Obviously we must then have

X =
(
PTP

)−1
PTLP = L̂.

From this, it follows that σ(L̂) ⊂ σ(L). It then readily follows that syn-
chronization is preserved if we cluster according to an AEP:

theorem 3 .7: Assume that the network (3.6) is synchronized. Let π be an
almost equitable partition. Then the reduced order network (3.7) obtained by
clustering according to π is synchronized.

example 3 .8: Consider the graph G in Figure 3.1. The Laplacian L of
G is given by

L =



4 0 0 −4 0 0 0 0 0 0 0

0 6 −2 −1 −3 0 0 0 0 0 0

0 −2 6 −1 −3 0 0 0 0 0 0

−4 −1 −1 8 0 −2 0 0 0 0 0

0 −3 −3 0 8 −2 0 0 0 0 0

0 0 0 −2 −2 8 −1 −3 0 0 0

0 0 0 0 0 −1 7 −2 −2 −2 0

0 0 0 0 0 −3 −2 8 0 0 −3

0 0 0 0 0 0 −2 0 3 −1 0

0 0 0 0 0 0 −2 0 −1 3 0

0 0 0 0 0 0 0 −3 0 0 3



.
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Let π = {{1, 2, 3}, {4, 5}, {6}, {7}, {8}, {9, 10}, {11}}. It is easily verified that π
is an almost equitable partition of G. Next, let P(π) be the characteristic
matrix of π. We then have

P(π) =



1 1 1 0 0 0 0 0 0 0 0

0 0 0 1 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 1 1 0

0 0 0 0 0 0 0 0 0 0 1



T

.

If G is clustered according to π, then the reduced graph is given by Ĝ in
Figure 3.2. The reduced Laplacian L̂ is then given by

L̂ =



4 −4 0 0 0 0 0

−6 8 −2 0 0 0 0

0 −4 8 −1 −3 0 0

0 0 −1 7 −2 −4 0

0 0 −3 −2 8 0 −3

0 0 0 −2 0 2 0

0 0 0 0 −3 0 3


.

3.5 H2 -error bounds

In this section, we investigate the H2-norm of the error system mapping
the input u to the difference y− ŷ in the case that the original network is
clustered according to an AEP. Let S and Ŝ denote the transfer functions
of the original (3.6) and reduced order network (3.7), respectively. We
have the following lemma:

lemma 3 .9: Let π be an almost equitable partition of the graph G. The ap-
proximation error when clustering G according to π then satisfies∥∥S− Ŝ∥∥2

2
= ‖S‖22 −

∥∥Ŝ∥∥2
2

.
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Proof. First, note that the columns of P(π) are orthogonal. We construct
a matrix T =

(
P Q

)
, where P := P(π), and where the N × (N − k)

matrix Q is chosen such that the columns of T form an orthogonal basis
for RN. In this case, we have PTQ = 0. Next, we apply the state space
transformation x = Tx̃ to system (3.6). We obtain(

˙̃x1
˙̃x2

)
= Ae

(
x̃1

x̃2

)
+Beu

y = Ce

(
x̃1

x̃2

)
,

(3.8)

where the matrices Ae, Be, and Ce are given by

Ae =

(
I⊗A−

(
PTP

)−1
PTLP⊗B −

(
PTP

)−1
PTLQ⊗B

−
(
QTQ

)−1
QTLP⊗B I⊗A−

(
QTQ

)−1
QTLQ⊗B

)
,

Be =

( (
PTP

)−1
PTM⊗ E(

QTQ
)−1

QTM⊗ E

)
, Ce =

(
LP⊗ I LQ⊗ I

)
.

Obviously, in (3.8) the transfer function from u to y is equal to S. Fur-
thermore, if the state component x̃2 is truncated from (3.8), what we are
left with is the reduced order model (3.7). Since π is an AEP of G, by
Lemma 3.6, imP is invariant under L. From this, it follows that not only
QTP = 0, but also

QTLP = 0 and QTL2P = 0. (3.9)

It is easily checked that

S(s) = Ŝ(s) +∆(s),

where ∆(s) is given by

∆(s) = (LQ⊗ I)
(
sI−

(
I⊗A−

(
QTQ

)−1
QTLQ⊗B

))−1
×
((
QTQ

)−1
QTM⊗ E

)
.

(3.10)
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From (3.9) and (3.10), we have Ŝ(−s)
T
∆(s) = 0. Thus we find that

‖S‖22 =
∥∥Ŝ∥∥2

2
+ ‖∆‖22,

which concludes the proof.

We will now formulate the main theorem of this section, which estab-
lishes an a priori upper bound for the H2-norm of the approximation
error in the case that we cluster according to an AEP. Before formulating
the theorem, we discuss some important ingredients. An important role
is played by the N− 1 auxiliary input-state-output systems

ẋ = (A− λB)x+ Ed,

z = λx,
(3.11)

where λ ranges over the nonzero eigenvalues of the Laplacian L. Let
Sλ(s) = λ(sI−A+ λB)−1E be the transfer functions of these systems. We
assume that the original network (3.6) is synchronized, so that all of the
A−λB are Hurwitz. Let ‖Sλ‖2 denote the H2-norm of Sλ. Recall that the
set of leader nodes is VL = {v1, v2, . . . , vm}. Node vi will be called leader
i. This leader is an element of cluster Cki for some ki ∈ {1, 2, . . . ,k}. We
now have the following theorem:

theorem 3 .10: Assume that the network (3.6) is synchronized. Let π be an
almost equitable partition of the graph G. The absolute approximation error
when clustering G according to π then satisfies

∥∥S− Ŝ∥∥2
2
6 S2max,H2

m∑
i=1

(
1−

1

|Cki |

)
,

where Cki is the set of cellmates of leader i, and

Smax,H2
:= max
λ∈σ(L)\σ(L̂)

‖Sλ‖2.

Furthermore, the relative approximation error satisfies∥∥S− Ŝ∥∥2
2

‖S‖22
6
S2max,H2

S2min,H2

∑m
i=1

(
1− 1

|Cki |

)
m
(
1− 1

N

) ,
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where

Smin,H2
:= min
λ∈σ(L)\{0}

‖Sλ‖2.

remark 3 .11: We see that with a fixed number of agents and a fixed
number of leaders, the approximation error is equal to 0 if in each cluster
that contains a leader, the leader is the only node in that cluster. In
general, the upper bound increases if the number of cellmates of the
leaders increases.

Proof. Recall that σ(L̂) ⊂ σ(L). Label the eigenvalues of L as 0, λ2, λ3, . . . ,
λN in such a way that 0, λ2, λ3, . . . , λk are the eigenvalues of L̂. Also,
without loss of generality, we assume that π is regularly formed, i.e. all
ones in each of the columns of P(π) are consecutive. One can always
relabel the agents in the graph in such a way that this is achieved. For
simplicity, we again denote P(π) by P. Recall that the reduced Laplacian
matrix is given by L̂ =

(
PTP

)−1
PTLP. From Lemma 3.9 we have that the

approximation error satisfies

‖S− Ŝ‖22 = ‖S‖
2
2 − ‖Ŝ‖

2
2.

We will first compute the H2-norms of S and Ŝ separately and then give
an upper bound for the difference.

Consider the symmetric matrix

L̄ :=
(
PTP

) 1
2 L̂
(
PTP

)− 1
2 =

(
PTP

)− 1
2PTLP

(
PTP

)− 1
2 . (3.12)

Note that the eigenvalues of L̄ and L̂ coincide. Let Û be an orthogonal
matrix that diagonalizes L̄. We then have

ÛT
(
PTP

)− 1
2PTLP

(
PTP

)− 1
2 Û = diag(0, λ2, . . . , λk) =: Λ̂. (3.13)

Next, take U1 = P
(
PTP

)− 1
2 Û. The columns of U1 have unit length and

are orthogonal:

UT1U1 = Û
T
(
PTP

)− 1
2PTP

(
PTP

)− 1
2 Û = ÛT Û = I.
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Furthermore, we have that

UT1LU1 = Û
T
(
PTP

)− 1
2PTLP

(
PTP

)− 1
2 Û = Λ̂.

Now choose U2 such that U =
(
U1 U2

)
is an orthogonal matrix and

Λ := UTLU =

(
Λ̂ 0

0 Λ̄

)
,

where Λ̄ = diag(λk+1, . . . , λN). It is easily verified that the first column
of U1, and thus the first column of U, is given by 1√

N
1N, where 1N is the

N-vector of 1’s, a fact that we will use in the remainder of this chapter.
To compute the H2-norm of S we can use the result of Proposition 3.1. It
can be verified, using the fact that A− λiB is Hurwitz for i = 2, 3 . . . ,N,
that

X+(I⊗A− L⊗B) = 1N ⊗X+(A).

This immediately implies that X+(I⊗A− L⊗ B) ⊂ ker(L⊗ I). As a con-
sequence, we have

‖S‖22 = tr
(
MT ⊗ ET

)
X(M⊗ E),

where X is the unique positive semi-definite solution to the Lyapunov
equation(

I⊗AT − L⊗BT
)
X+X(I⊗A− L⊗B) + L2 ⊗ I = 0 (3.14)

with the property that X+(I⊗A− L⊗ B) ⊂ kerX. In order to compute
this solution X, premultiply (3.14) by UT ⊗ I and postmultiply by U⊗ I,
and substitute Z = (UT ⊗ I)X(U⊗ I) to obtain(

I⊗AT −Λ⊗BT
)
Z+Z(I⊗A−Λ⊗B) +Λ2 ⊗ I = 0. (3.15)

Solving (3.15) we take Z as

Z = diag(0,X2, . . . ,XN),
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where Xi, for i = 2, . . . ,N, is the observability Gramian of the auxiliary
system (A−λiB,E, λiI) in (3.11). Next, X := (U⊗ I)Z(UT ⊗ I) is a solution
of the original Lyapunov equation, and it is easily verified that indeed
X+(I⊗A− L⊗ B) ⊂ kerX. Thus we obtain the following expression for
the H2-norm of S:

‖S‖22 = tr
(
MTU⊗ ET

)
diag(0,X2, . . . ,XN)

(
UTM⊗ E

)
,

= tr
(
UTMMTU⊗ I

)
diag(0,ETX2E, . . . ,ETXNE).

(3.16)

Next, we compute the H2-norm for the reduced system. Firstly, it can be
verified that

X+(I⊗A− L̂⊗B) = 1k ⊗X+(A)

This implies that X+(I⊗A− L̂⊗B) ⊂ ker(LP⊗ I). By Proposition 3.1 we
then have∥∥Ŝ∥∥2

2
= tr

(
M̂T ⊗ ET

)
X̂
(
M̂⊗ E

)
,

where X̂ is the unique positive semi-definite solution to the Lyapunov
equation(

I⊗AT − L̂T ⊗BT
)
X̂+ X̂(I⊗A− L̂⊗B) + PTL2P⊗ I = 0. (3.17)

with the property that X+(I⊗A− L̂⊗ B) ⊂ ker X̂. In order to compute

this solution, pre- and postmultiply (3.17) by
(
PTP

)− 1
2 ⊗ I and substitute

Ŷ =
((
PTP

)− 1
2 ⊗ I

)
X̂
((
PTP

)− 1
2 ⊗ I

)
to obtain(

I⊗AT − L̄⊗BT
)
Ŷ + Ŷ

(
I⊗A− L̄⊗B

)
+
(
PTP

)− 1
2PTL2P

(
PTP

)− 1
2 ⊗ I = 0.

(3.18)

Recall from Section 3.4 that LP = PL̂. From this it follows that(
PTP

)− 1
2PTL2P(PTP)

− 1
2 = L̄2.
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Consequently, we can diagonalize the corresponding term in (3.18) by
premultiplying by ÛT ⊗ I and postmultiplying by Û⊗ I, where Û is as
in (3.13). Next, we denote Ẑ = (ÛT ⊗ I)Ŷ(Û⊗ I) so that (3.18) reduces to(

I⊗AT − Λ̂⊗BT
)
Ẑ+ Ẑ

(
I⊗A− Λ̂⊗B

)
+ Λ̂2 ⊗ I = 0,

which can be solved by taking

Ẑ = diag(0,X2, . . . ,Xk),

where again Xi, for i = 2, . . . ,k, is the observability Gramian of the
auxiliary system (A− λiB,E, λiI) in (3.11). Next,

X̂ =

((
PTP

) 1
2 Û⊗ I

)
Ẑ

(
ÛT
(
PTP

) 1
2 ⊗ I

)
then satisfies (3.17), and it can be verified that X+(I⊗A− L̂⊗B) ⊂ ker X̂.
Thus, the H2-norm of Ŝ is given by:∥∥Ŝ∥∥2

2
= tr

(
M̂T

(
PTP

) 1
2 Û⊗ ET

)
diag(0,X2, . . . ,Xk)

×
(
ÛT
(
PTP

) 1
2M̂⊗ E

)
,

= tr
(
ÛT
(
PTP

) 1
2M̂M̂T

(
PTP

) 1
2 Û⊗ I

)
× diag

(
0,ETX2E, . . . ,ETXkE

)
.

(3.19)

Using Lemma 3.9, and formulas (3.16) and (3.19), we compute∥∥S− Ŝ∥∥2
2
= tr

(
UTMMTU⊗ I

)
diag

(
0,ETX2E, . . . ,ETXNE

)
− tr

(
ÛT
(
PTP

) 1
2M̂M̂T

(
PTP

) 1
2 Û⊗ I

)
× diag

(
0,ETX2E, . . . ,ETXkE

)
= tr

((
UT1MM

TU1 UT1MM
TU2

UT2MM
TU1 UT2MM

TU2

)
⊗ I

)
× diag

(
0,ETX2E, . . . ,ETXNE

)
− tr

(
UT1MM

TU1 ⊗ I
)

diag
(
0,ETX2E, . . . ,ETXkE

)
= tr

(
UT2MM

TU2 ⊗ I
)

diag
(
ETXk+1E, . . . ,ETXNE

)
,

(3.20)
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where the second equality follows from the fact that

M̂T
(
PTP

) 1
2 Û =MTP

(
PTP

)−1(
PTP

) 1
2 Û

=MTP
(
PTP

)− 1
2 Û

=MTU1.

Next, observe that (3.20) can be rewritten as∥∥S− Ŝ∥∥2
2
= tr

(
UT2MM

TU2 ⊗ I
)

diag
(
ETXk+1E, . . . ,ETXNE

)
= tr

(
UT2MM

TU2
)

× diag
(
trETXk+1E, . . . , trETXNE

)
= tr

(
UT2MM

TU2
)

diag
(
‖Sλk+1‖

2
2, . . . , ‖SλN‖

2
2

)
,

where Sλj for j = k + 1, . . . ,N is the transfer function of the auxiliary
system (3.11). An upper bound for this expression is given by

tr
(
UT2MM

TU2
)

diag
(
‖Sλk+1‖

2
2, . . . , ‖SλN‖

2
2

)
6 S2max,H2

trUT2MM
TU2,

where S2max,H2
= maxk+16j6N‖Sλj‖

2
2. Furthermore, we have

trUT2MM
TU2 = trUTMMTU− trUT1MM

TU1

= m− trP
(
PTP

)−1
PTMMT .

Since, by assumption, the partition π is regularly formed, the matrix
P
(
PTP

)−1
PT is a block diagonal matrix of the form

P
(
PTP

)−1
PT = diag(P1,P2, . . . ,Pk).

It is easily verified that each Pi is a |Ci|× |Ci| matrix whose elements
are all equal to 1

|Ci|
. The matrix MMT is a diagonal matrix whose di-

agonal entries are either 0 or 1. We then have that the ith column of
P
(
PTP

)−1
PTMMT is either equal to the ith column of P

(
PTP

)−1
PT if

agent i is a leader, or zero otherwise. It then follows that the diagonal
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elements of P
(
PTP

)−1
PTMMT are either zero or 1

|Cki |
if i is part of the

leader set, where Cki is the cell containing agent i. Hence, we have

trUT1MM
TU1 =

m∑
i=1

1

|Cki |
,

and consequently

trUT2MM
TU2 = m−

m∑
i=1

1

|Cki |
.

In conclusion, we have∥∥S− Ŝ∥∥2
2
6 S2max,H2

m∑
i=1

(
1−

1

|Cki |

)
,

which completes the proof of the first part of the theorem.
We now prove the statement about the relative error. For this, we will

establish a lower bound for ‖S‖22. By (3.16) we have

‖S‖22 = tr
(
MTU⊗ ET

)
diag(0,X2, . . . ,XN)

(
UTM⊗ E

)
= tr

(
UTMMTU⊗ I

)
diag

(
0,ETX2E, . . . ,ETXNE

)
= tr

(
UTMMTU

)
diag

(
0, trETX2E, . . . , trETXNE

) (3.21)

The first column of U spans the eigenspace corresponding to the eigen-
value 0 of L and hence must be equal to u1 = 1√

N
1N. Let Ū be such that

U =
(
u1 Ū

)
. It is then easily verified using (3.21) that

‖S‖22 = tr
(
ŪTMMT Ū

)
diag

(
trETX2E, . . . , trETXNE

)
= tr

(
ŪTMMT Ū

)
diag

(
‖Sλ2‖

2
2, . . . , ‖SλN‖

2
2

)
Finally, since

tr ŪTMMT Ū = trMT ŪŪTM = trMT
(
UUT − u1u

T
1

)
M = m−

m

N
,

we obtain that ‖S‖22 > m
(
1− 1

N

)
S2min,H2

. This then yields the upper
bound for the relative error as claimed.
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remark 3 .12: Note that by our labeling of the eigenvalues of L, in
the formulation of Theorem 3.10, we have that σ(L) \ σ(L̂) is equal to
{λk+1, . . . , λN} used in the proof. We stress that this should not be con-
fused with the notation often used in the literature, where the λi’s are
labeled in increasing order.

remark 3 .13: For the special case that the agents are single integrators
(so n = 1, A = 0, B = 1, and E = 1) it is easily seen that Smax,H2

=
1
2 max{λ | λ ∈ σ(L) \σ(L̂)} and Smin,H2

= 1
2 min{λ | λ ∈ σ(L), λ 6= 0}. Thus,

in the single integrator case the corresponding a priori upper bounds
explicitly involve the Laplacian eigenvalues.

As noted in the Introduction, the single integrator case was also stud-
ied in [43] for the slightly different set up that the output equation in the
original network (3.6) is taken as y = (W

1
2RT ⊗ I)x instead of y = (L⊗ I)x.

Here, R is the incidence matrix of the graph and W the diagonal matrix
with the edge weights on the diagonal (in other words, L = RWRT ). It
was shown in [43] that in that case the absolute and relative approxima-
tion errors admit the explicit expressions

‖S− Ŝ‖22 =
1

2

m∑
i=1

(
1−

1

|Cki |

)
,

and

‖S− Ŝ‖22
‖S‖22

=

∑m
i=1

(
1− 1

|Cki |

)
m
(
1− 1

N

) .

3.6 H∞ -error bounds

In the previous section, we obtained a priori upper bounds for the ap-
proximation error in terms of the H2-norm of the difference between
the transfer functions of the original network and its reduced order ap-
proximation. In the present section, we express the error in terms of the
H∞-norm.
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3.6.1 The single integrator case

In this first subsection, we consider the special case that the agent dy-
namics is a single integrator system. In this case, we have A = 0, B = 1,
and E = 1 and the original system (3.6) then reduces to

ẋ = −Lx+Mu,

y = Lx.
(3.22)

The state space dimension of (3.22) is then simply N, the number of
agents. For a given partition π = {C1,C2, . . . ,Ck}, the reduced system
(3.7) is now given by

˙̂x = −L̂x̂+ M̂u,

ŷ = LPx̂,

where P = P(π) is again the characteristic matrix of π and x̂ ∈ Rk. The
transfer functions S and Ŝ, of the original and reduced system respec-
tively, are given by

S(s) = L(sIN + L)−1M,

Ŝ(s) = LP
(
sIk + L̂

)−1
M̂.

We then have the following explicit expressions for the H∞ model reduc-
tion error:

theorem 3 .14: Let π be an AEP of the graph G. If the network with single
integrator agent dynamics is clustered according to π, then the H∞-error is
given by

∥∥S− Ŝ∥∥2∞ =


max
16i6m

(
1− 1

|Cki |

)
if the leaders are in different cells,

1 otherwise,

where Cki is the set of cellmates of leader i for some ki ∈ {1, 2, . . . ,k}. Further-
more, since ‖S‖∞ = 1, the relative and absolute H∞-errors coincide.
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remark 3 .15: We see that the H∞-error lies in the interval [0, 1]. The
error is maximal (= 1) if and only if two or more leader nodes occupy
one and the same cell. The error is minimal (= 0) if and only if each
leader node occupies a different cell, and is the only node in this cell.
In general, the error decreases if the number of cellmates of the leaders
decreases.

Proof. To simplify notation, denote ∆(s) = S(s) − Ŝ(s). Note that both S
and Ŝ have all poles in the open left half plane. We now first show that
since π is an AEP we have

‖∆‖∞ = σ1(∆(0)). (3.23)

First note that Ŝ(s) = LP
(
PTP

)− 1
2 (sIk + L̄)

−1(
PTP

) 1
2M̂, where the sym-

metric matrix L̄ is given by (3.12). Thus, a state space representation for
the error system is given by

ẋe =

(
−L 0

0 −L̄

)
xe +

(
M(

PTP
) 1
2M̂

)
u

e =
(
L −LP

(
PTP

)− 1
2

)
xe.

(3.24)

Next, we show that (3.23) holds by applying Lemma 3.2 to system (3.24).
Indeed, with X = −L we have(

L −LP
(
PTP

)− 1
2

)(−L 0

0 −L̄

)
=
(
−L2 LP

(
PTP

)− 1
2 L̄

)
=
(
−L2 LPL̂

(
PTP

)− 1
2

)
=
(
−L2 L2P

(
PTP

)− 1
2

)
= X

(
L −LP

(
PTP

)− 1
2

)
,

and from Lemma 3.2 it then immediately follows that ‖∆‖∞ = σ1(∆(0)).
To compute σ1(∆(0)) we apply Lemma 3.3 to system (3.24). First, it is
easily verified that

ker

(
−L 0

0 −L̄

)
⊂ ker

(
L −LP

(
PTP

)− 1
2

)
.
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By applying Lemma 3.3 we then obtain

∆(0) =
(
L −LP

(
PTP

)− 1
2

)(L 0

0 L̄

)+(
M(

PTP
) 1
2M̂

)

= L
(
L+ − P

(
PTP

)− 1
2 L̄+

(
PTP

)− 1
2PT

)
M.

(3.25)

Recall that Û in (3.13) is an orthogonal matrix that diagonalizes L̄ and

that U1 = P
(
PTP

)− 1
2 Û. Then L̄+ = ÛΛ̂+ÛT . Thus we have

P
(
PTP

)− 1
2 L̄+

(
PTP

)− 1
2PT = U1Λ̂

+UT1 .

Next, we compute

LL+ = UΛUTUΛ+UT

= UΛΛ+UT

= IN −
1

N
1N1

T
N,

(3.26)

where the last equality follows from the fact that the first column of U is
1√
N
1N. Next, observe that

LU1Λ̂
+UT1 = UΛUTU1Λ̂

+UT1

= U1Λ̂Λ̂
+UT1

= U1U
T
1 −

1

N
1N1

T
N

= P
(
PTP

)−1
PT −

1

N
1N1

T
N.

(3.27)

Combining (3.26) and (3.27) with (3.25), we obtain

∆(0) =
(
IN − P

(
PTP

)−1
PT
)
M.
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From (3.23) then, we have that the H∞-error is given by∥∥S− Ŝ∥∥2∞ = λmax

(
∆(0)T∆(0)

)
= λmax

(
MT

(
IN − P

(
PTP

)−1
PT
)2
M

)
= λmax

(
Im −MTP

(
PTP

)−1
PTM

)
= 1− λmin

(
MTP

(
PTP

)−1
PTM

)
.

(3.28)

All that is left now is to compute the minimal eigenvalue of the matrix
MTP

(
PTP

)−1
PTM. Again let {v1, v2, . . . , vm} be the set of leaders and

note that M satisfies

M =
(
ev1 ev2 · · · evm

)
.

Again, without loss of generality, assume that π is regularly formed.
Then the matrix P

(
PTP

)−1
PT is block diagonal where each diagonal

block Pi is a |Ci|× |Ci| matrix whose entries are all 1
|Ci|

. Next, let ki ∈
{1, 2, . . . ,k} be such that vi ∈ Cki . If all the leaders are in different cells,
then

MTP
(
PTP

)−1
PTM = diag

(
1

|Ck1 |
,
1

|Ck2 |
, . . . ,

1

|Ckm |

)
,

and so

λmin

(
MTP

(
PTP

)−1
PTM

)
= min
16i6m

1

|Cki |
. (3.29)

Now suppose that two leaders vi and vj are cellmates. Then we have

MTP
(
PTP

)−1
PTM(ei − ej) =M

TP
(
PTP

)−1
PT (evi − evj) = 0.

which together with MTP
(
PTP

)−1
PTM > 0 implies

λmin

(
MTP

(
PTP

)−1
PTM

)
= 0. (3.30)
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From (3.28), (3.29), and (3.30), we find the absolute H∞-error. To find
the relative H∞-error, we compute ‖S‖∞ by applying Lemma 3.2 and
Lemma 3.3 to the original system (3.22). Combined with (3.26), this re-
sults in the H∞-norm of the original system:

‖S‖2∞ = λmax

(
S(0)TS(0)

)
= λmax

(
MT

(
IN −

1

N
1N1

T
N

)
M

)
= 1.

3.6.2 The general case with symmetric agent dynamics

In this subsection, we deal with the case that the agent dynamics is
given by an arbitrary multivariable system. The original and the reduced
network are again given by (3.6) and (3.7), respectively. As in the proof
of Theorem 3.14 we will rely heavily on Lemma 3.3 to compute the H∞-
error. Since Lemma 3.3 relies on a symmetry argument, we will need to
assume that the matrices A and B are both symmetric, which will be a
standing assumption in the remainder of this section.

The main theorem of this section establishes an a priori upper bound
for the H∞-norm of the approximation error in the case that we cluster
according to an AEP. Again, an important role is played by the N − 1

auxiliary systems (3.11) with λ ranging over the nonzero eigenvalues of
the Laplacian L. Again, let Sλ(s) = λ(sI−A+ λB)−1E be their transfer
functions We assume that the original network (3.6) is synchronized, so
that all of the A− λB are Hurwitz. We again use S, Ŝ, and ∆ to denote
the relevant transfer functions.

We have the following theorem:

theorem 3 .16: Consider the network (3.6) and assume that A and B are
symmetric matrices. Assume the network is synchronized. Let π be an almost
equitable partition of the graph G. The H∞-error when clustering G according
to π then satisfies

∥∥S− Ŝ∥∥2∞ 6


S2max,H∞ max

16i6m

(
1− 1

|Cki |

)
if the leaders are in different cells,

S2max,H∞ otherwise
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and

∥∥S− Ŝ∥∥2∞
‖S‖2∞ 6


S2max,H∞
S2min,H∞ max

16i6m

(
1− 1

|Cki |

)
if the leaders are in different cells,

S2max,H∞
S2min,H∞ otherwise,

where

Smax,H∞ := max
λ∈σ(L)\σ(L̂)

‖Sλ‖∞ (3.31)

and

Smin,H∞ := min
λ∈σ(L)\{0}

σmin(Sλ(0)), (3.32)

with Sλ(s) the transfer function of the auxiliary system (3.11).

remark 3 .17: The absolute H∞-error thus lies in the closed interval
[0,Smax,H∞ ] with Smax,H∞ the maximum over the H∞-norms of the trans-
fer functions Sλ with λ ∈ σ(L) \ σ(L̂). The error is minimal (equal to 0)
if each leader node occupies a different cell, and is the only node in this
cell. In general, the upper bound decreases if the number of cellmates of
the leaders decreases.

Proof. First note that the transfer function Ŝ of the reduced network (3.7)
is equal to

Ŝ(s) =
(
LP
(
PTP

)− 1
2 ⊗ In

)(
sI− Ik ⊗A+ L̄⊗B

)−1((
PTP

) 1
2M̂⊗ E

)
,

(3.33)

with the symmetric matrix L̄ given by (3.12). Analogous to the proof of
Theorem 3.14, we first apply Lemma 3.2 to the error system

ẋe =

(
IN ⊗A− L⊗B 0

0 Ik ⊗A− L̄⊗B

)
xe +

(
M⊗ E(

PTP
) 1
2M̂⊗ E

)
u

e =
(
L⊗ In −LP

(
PTP

)− 1
2 ⊗ In

)
xe,
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with transfer function ∆(s). Take X = IN ⊗A− L⊗B. We then have(
L⊗ In −LP

(
PTP

)− 1
2 ⊗ In

)(IN ⊗A− L⊗B 0

0 Ik ⊗A− L̄⊗B

)
= X

(
L⊗ In −LP

(
PTP

)− 1
2 ⊗ In

)
.

From Lemma 3.2, we then obtain that

‖∆‖∞ = σ1(∆(0)) = λmax

(
∆(0)T∆(0)

) 1
2
.

In the proof of Lemma 3.9, it was shown that

Ŝ(−s)T∆(s) = Ŝ(−s)T (S(s) − Ŝ(s)) = 0.

Since all transfer functions involved are stable, in particular this holds
for s = 0. We then have that Ŝ(0)T (S(0) − Ŝ(0)) = 0, i.e. Ŝ(0)TS(0) =

Ŝ(0)T Ŝ(0). By transposing, we also have S(0)T Ŝ(0) = Ŝ(0)T Ŝ(0). There-
fore,

∆(0)T∆(0) =
(
S(0) − Ŝ(0)

)T
(S(0) − Ŝ(0))

= S(0)TS(0) − S(0)T Ŝ(0) − Ŝ(0)TS(0) + Ŝ(0)T Ŝ(0)

= S(0)TS(0) − Ŝ(0)T Ŝ(0).

By applying Lemma 3.3 to system (3.6), we obtain

S(0)TS(0) =
(
MT ⊗ ET

)
(IN ⊗A− L⊗B)+

(
L2 ⊗ In

)
× (IN ⊗A− L⊗B)+(M⊗ E)

=
(
MT ⊗ ET

)
(U⊗ In)(IN ⊗A−Λ⊗B)+

(
Λ2 ⊗ In

)
× (IN ⊗A−Λ⊗B)+

(
UT ⊗ In

)
(M⊗ E)

=
(
MTU⊗ ET

)
× diag

(
0, λ22(A− λ2B)

−2, . . . , λ2N(A− λNB)
−2
)

× (UTM⊗ E)

=
(
MTU⊗ Ir

)
diag

(
0,Sλ2(0)

TSλ2(0), . . . ,SλN(0)
TSλN(0)

)
×
(
UTM⊗ Ir

)
,
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(3.34)

where Sλ is again the transfer function of the auxiliary system (3.11).

Recall that M̂ =
(
PTP

)−1
PTM and U1 = P

(
PTP

)− 1
2 Û. We now apply

Lemma 3.3 to the transfer function (3.33) of the system (3.7):

Ŝ(0)T Ŝ(0) =
(
MTP

(
PTP

)− 1
2 ⊗ ET

)(
IN ⊗A− L̄⊗B

)+
×
((
PTP

)− 1
2PTL2P

(
PTP

)− 1
2 ⊗ In

)
×
(
IN ⊗A− L̄⊗B

)+((
PTP

)− 1
2PTM⊗ E

)
=
(
MTP

(
PTP

)− 1
2 ⊗ ET

)(
Û⊗ In

)(
IN ⊗A− Λ̂⊗B

)+
×
(
Λ̂2 ⊗ In

)(
IN ⊗A− Λ̂⊗B

)+
×
(
ÛT ⊗ In

)((
PTP

)− 1
2PTM⊗ E

)
=
(
MTU1 ⊗ ET

)
× diag

(
0, λ22(A− λ2B)

−2, . . . , λ2k(A− λkB)
−2
)

×
(
UT1M⊗ E

)
=
(
MTU1 ⊗ Ir

)
× diag

(
0,Sλ2(0)

TSλ2(0), . . . ,Sλk(0)
TSλk(0)

)
×
(
UT1M⊗ Ir

)
.

Combining the two expression above, it immediately follows that

∆(0)T∆(0) = S(0)TS(0) − Ŝ(0)T Ŝ(0)

=
(
MTU2 ⊗ Ir

)
× diag

(
Sλk+1(0)

TSλk+1(0), . . . ,SλN(0)
TSλN(0)

)
×
(
UT2M⊗ Ir

)
.
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By taking Smax,H∞ as defined by (3.31) it then holds that

∆(0)T∆(0) 6
(
MTU2 ⊗ Ir

)
diag(S2max,H∞Ir, . . . ,S2max,H∞Ir)

×
(
UT2M⊗ Ir

)
= S2max,H∞

(
MTU2U

T
2M⊗ Ir

)
= S2max,H∞

(
MT (IN −U1U

T
1 )M⊗ Ir

)
= S2max,H∞

((
Im −MTP

(
PTP

)−1
PTM

)
⊗ Ir

)
.

Continuing as in the proof of Theorem 3.14, we find an upper bound for
the H∞-error:

‖∆‖2∞ 6 S2max,H∞λmax

(
Im −MTP

(
PTP

)−1
PTM

)
.

To compute an upper bound for the relative H∞-error, we bound the H∞-
norm of system (3.6) from below. Again, let Ū be such that U =

(
u1 Ū

)
and let Smin,H∞ be as defined by (3.32). From (3.34) it now follows that

S(0)TS(0) =
(
MT Ū⊗ Ir

)
diag

(
Sλ2(0)

TSλ2(0), . . . ,SλN(0)
TSλN(0)

)
×
(
ŪTM⊗ Ir

)
>
(
MT Ū⊗ Ir

)
diag

(
S2min,H∞Ir, . . . ,S2min,H∞Ir

)(
ŪTM⊗ Ir

)
= S2min,H∞

(
MT ŪŪM⊗ Ir

)
= S2min,H∞

(
MT

(
IN −

1

N
1N1

T
N

)
M⊗ Ir

)
.

Again using Lemma 3.3, we find a lower bound to the H∞-norm of S:

‖S‖2∞ = λmax

(
S(0)TS(0)

)
> S2min,H∞ ,

which concludes the proof of our theorem.

3.7 towards a priori error bounds for general graph par-
titions

Up to now, in this chapter we have dealt with establishing a priori error
bounds for network reduction by clustering using AEPs of the network
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graph. Of course, an important problem is to find error bounds for ar-
bitrary, possibly non almost equitable, partitions. In this section, we ad-
dress this more general problem. We restrict ourselves to the special case
that the agents have single integrator dynamics. Thus, we consider the
multi-agent network

ẋ = −Lx+Mu,

y = Lx.
(3.35)

As before, we assume that the underlying (undirected) graph G is con-
nected, so that the network is synchronized. Next, assume that π =

{C1,C2, . . . ,Ck} is a graph partition, not necessarily an AEP, and let
P = P(π) ∈ RN×k be its characteristic matrix. As before, the reduced
order network is taken to be the Petrov-Galerkin projection of (3.35),
and is represented by

˙̂x = −L̂x̂+ M̂u,

ŷ = LPx̂,
(3.36)

Again, let S and Ŝ be the transfer functions of (3.35) and (3.36), respec-
tively. We address the problem of obtaining a priori upper bounds for∥∥S− Ŝ∥∥

2
and

∥∥S− Ŝ∥∥∞.
The idea for establishing such upper bounds is as follows: as a first

step we will approximate the original Laplacian matrix L (of the original
network graph G) by a new Laplacian matrix, denoted by LAEP (corre-
sponding to a ‘nearby’ graph GAEP) such that the given partition π is an
AEP with respect to this new graph GAEP. This new graph GAEP defines
a new multi-agent system with transfer function

SAEP(s) = LAEP(sI+ LAEP)
−1M.

The reduced order network of SAEP (using the AEP π) has transfer func-
tion ŜAEP(s) = LAEPP

(
sI+ L̂AEP

)−1
M̂. Then using the triangle inequality

both for p = 2 and p = ∞ we have∥∥S− Ŝ∥∥
p
=
∥∥S− SAEP + SAEP − ŜAEP + ŜAEP − Ŝ

∥∥
p

6 ‖S− SAEP‖p +
∥∥SAEP − ŜAEP

∥∥
p
+
∥∥ŜAEP − Ŝ

∥∥
p

.
(3.37)
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The idea is to obtain a priori upper bounds for all three terms in (3.37).
We first propose an approximating Laplacian matrix LAEP, and subse-
quently study the problems of establishing upper bounds for the three
terms in (3.37) separately.

For a given matrix M, let ‖M‖F := (trMTM)
1
2 denote its Frobenius

norm. In the following, denote P := P
(
PTP

)−1
PT . Note that P is the

orthogonal projector onto imP. As approximation for L, we compute the
unique solution to the convex optimization problem

minimize
LAEP

‖L− LAEP‖2F,

subject to (IN −P)LAEPP = 0,

LAEP = LTAEP,

LAEP > 0,

LAEP1N = 0.

(3.38)

In other words, we want to compute a positive semi-definite matrix LAEP

with row sums equal to zero, and with the property that imP is invariant
under LAEP (equivalently, the given partition π is an AEP for the new
graph). We will show that such LAEP may correspond to an undirected
graph with negative weights. However, it is constrained to be positive semi-
definite, so the results of Sections 3.4, 3.5, and 3.6 in this chapter will
remain valid.

theorem 3 .18: The matrix LAEP := PLP+(IN−P)L(IN−P) is the unique
solution to the convex optimization problem (3.38). If L corresponds to a con-
nected graph, then, in fact, kerLAEP = im1N.

Proof. Clearly, LAEP is symmetric and positive semi-definite since L is.
Also, (IN − P)LAEPP = 0 since (IN − P)P = 0. It is also obvious that
LAEP1N = 0 since P1N = 1N. We now show that LAEP uniquely min-
imizes the distance to L. Let X satisfy the constraints and define ∆ =

LAEP −X. Then we have

‖L−X‖2F = ‖L− LAEP‖2F + ‖∆‖
2
F + 2 tr(L− LAEP)∆.
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It can be verified that L− LAEP = (IN −P)LP+PL(IN −P). Thus,

tr(L− LAEP)∆ = tr(IN −P)LP∆+ trPL(IN −P)∆.

Now, since both X and LAEP satisfy the first constraint, we have (IN −

P)∆P = 0. Using this we have

tr(IN −P)LP∆ = trP∆(IN −P)L = trL(IN −P)∆P = 0.

Also,

trPL(IN −P)∆ = trL(IN −P)∆P = 0.

Thus, we obtain

‖L−X‖2F = ‖L− LAEP‖2F + ‖∆‖
2
F,

from which it follows that ‖L − X‖F is minimal if and only if ∆ = 0,
equivalently X = LAEP.

To prove the second statement, let x ∈ kerLAEP, so xTLAEPx = 0. Then
both xTPLPx = 0 and xT (IN − P)L(IN − P)x = 0. This clearly implies
LPx = 0 and L(IN − P)x = 0. Since L corresponds to a connected graph
we must have Px ∈ im1N and (IN − P)x ∈ im1N. We conclude that
x ∈ im1N as desired.

As announced above, LAEP may have positive off-diagonal elements,
corresponding to a graph with some of its edge weights being negative.
For example, for

L =



1 −1 0 0 0

−1 2 −1 0 0

0 −1 2 −1 0

0 0 −1 2 −1

0 0 0 −1 1


, P =



1 0

1 0

1 0

0 1

0 1
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Figure 3.3: Modifying the line graph on 5 nodes to make the partition
{{1, 2, 3}, {4, 5}} almost equitable.

we have

LAEP =



11
9 −79 −19 0 −13
−79

20
9 −109 0 −13

−19 −109
14
9 −12

1
6

0 0 −12
3
2 −1

−13 −13
1
6 −1 3

2


,

so the edge between nodes 3 and 5 has a negative weight. Figure 3.3
shows the graphs corresponding to L and LAEP. Although LAEP is not
necessarily a Laplacian matrix with only nonpositive off-diagonal ele-
ments, it has all the properties we associate with a Laplacian matrix.
Specifically, it can be checked that all results in this chapter remain valid,
since they only depend on the symmetric positive semi-definiteness of
the Laplacian matrix.

Using the approximating Laplacian LAEP = PLP+ (IN − P)L(IN − P)

as above, we will now deal with establishing upper bounds for the
three terms in (3.37). We start off with the middle term

∥∥SAEP − ŜAEP
∥∥
p

in (3.37).
According to Remark 3.13, for p = 2 this term has an upper bound

depending on the maximal eigenvalue of LAEP that is not an eigenvalue
of L̂AEP, on the minimal nonzero eigenvalue of LAEP, and on the number
of cellmates of the leaders with respect to the partitioning π.
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For p = ∞, in Theorem 3.14 this term was expressed in terms of the
maximal number of cellmates with respect to the partitioning π (noting
that it is equal to 1 in case two or more leaders share the same cell).

Next, we will take a look at the first and third term in (3.37), i.e. ‖S−
SAEP‖p and

∥∥Ŝ− ŜAEP
∥∥
p

. Let us denote ∆L = L− LAEP. We find

S(s) − SAEP(s) = L(sI+ L)
−1M− LAEP(sI+ LAEP)

−1M

= L(sI+ L)−1M

− LAEP

[
(sI+ L)−1 + (sI+ LAEP)

−1∆L(sI+ L)−1
]
M

= L(sI+ L)−1M− LAEP(sI+ L)
−1M

− LAEP(sI+ LAEP)
−1∆L(sI+ L)−1M

= ∆L(sI+ L)−1M− LAEP(sI+ LAEP)
−1∆L(sI+ L)−1M

=
[
IN − LAEP(sI+ LAEP)

−1
]
∆L(sI+ L)−1M.

Thus, for p = 2 and p = ∞ we have

‖S− SAEP‖p 6
∥∥∥IN − LAEP(sI+ LAEP)

−1
∥∥∥∞∥∥∥∆L(sI+ L)−1M∥∥∥p

6 2
∥∥∥∆L(sI+ L)−1M∥∥∥

p
.

(3.39)

It is also easily seen that L̂AEP =
(
PTP

)−1
PTLAEPP =

(
PTP

)−1
PTLP = L̂

and LAEPP = P
(
PTP

)−1
PTLP = PL̂. Therefore,

Ŝ(s) − ŜAEP(s) = LP
(
sI+ L̂

)−1
M̂− LAEPP

(
sI+ L̂AEP

)−1
M̂

= LP
(
sI+ L̂

)−1
M̂− PL̂

(
sI+ L̂

)−1
M̂

=
(
LP− PL̂

)(
sI+ L̂

)−1
M̂.

Since, finally, (LP− PL̂)
T
(LP− PL̂) = PT (∆L)2P, for p = 2 and p = ∞ we

obtain∥∥Ŝ− ŜAEP
∥∥
p
6
∥∥∥∆LP(sI+ L̂)−1M̂∥∥∥

p
. (3.40)
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Thus, both in (3.39) and (3.40) the upper bound involves the difference
∆L = L− LAEP between the original Laplacian and its optimal approxi-
mation in the set of Laplacian matrices for which the given partition π
is an AEP. In a sense, the difference ∆L measures how far π is away from
being an AEP for the original graph G. Obviously, ∆L = 0 if and only if
π is an AEP for G. In that case only the middle term in (3.37) is present.

3.8 conclusions

In this chapter, we have extended results on model reduction of leader-
follower networks with single integrator agent dynamics to leader-fol-
lower networks with arbitrary linear multivariable agent dynamics. The
proposed model reduction technique reduces the complexity of the net-
work topology by clustering the agents according to a special class of
graph partitions called almost equitable partitions. We have shown that
if the original undirected network is reduced by means of a specific
Petrov-Galerkin projection associated with such graph partition, then
the resulting reduced order model can be interpreted as a networked
multi-agent system with a weighted, directed network graph. If the orig-
inal network is clustered according to an almost equitable partition, then
its consensus properties are preserved. We have provided a priori upper
bounds on the H2 and H∞ model reduction errors in this case. These
error bounds depend on an auxiliary system closely related to the agent
dynamics, the eigenvalues of the Laplacian matrices of the original and
the reduced network, and on the number of cellmates of the leaders
in the network. Finally, we have provided some insight into the general
case of clustering according to arbitrary, not necessarily almost equitable,
partitions. Here, direct computation of a priori upper bounds on the er-
ror is not as straightforward as in the case of almost equitable partitions.
We have shown that in this more general case one can bound the model
reduction errors by first optimally approximating the original network
by a new network for which the chosen partition is almost equitable, and
then bounding the H2 and H∞ errors using the triangle inequality.





4
M O D E L S I M P L I F I C AT I O N B Y C Y C L E - R E M O VA L

4.1 introduction

Even with the almost exponential increase in computing power that has
been achieved in the past years and is predicted for the future, the analy-
sis of the behavior of large-scale networked systems still remains a com-
plicated task. This holds in particular for problems that scale in com-
plexity as a power of the number of nodes or the number of edges in a
graph. A helpful approach is to use simplified models to approximate
the behavior of networked systems. This can ease some of the difficulties
arising in analysis and controller design for these complex networked
systems.

Applying existing well-known model reduction techniques, such as bal-
anced truncation, Hankel-norm approximation, and Krylov projection,
to the dynamical models of networked systems will in general result in
the loss of the spatial structure of the network and other important prop-
erties. In order to circumvent this problem, in the past, clustering based
algorithms have been introduced in [8, 24, 25]. These clustering based
techniques cluster certain groups of agents and edges in the network
graph, thus reducing the dimension of the network state, while retain-
ing some of the original network structure. In [43], clustering techniques
based on a specific class of graph partitions, called almost equitable par-
titions, were introduced. In Chapter 3 of this thesis, we extended results
for single integrator networks obtained in [43] to network with arbitrary
agent dynamics.

In this chapter, we will study an alternative method for model reduc-
tion of networks based on removing edges that close cycles in the net-
work graph. This approach is inspired by results from [73, 74] on the
H2-performance of consensus networks when adding and removing cy-
cles in the network graph.
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By the removal of certain edges from the network graph, the com-
plexity of the interconnection topology of the network is reduced. Thus,
removing edges can indeed be considered as a method of model reduc-
tion or, more accurately, model simplification for networked multi-agent
systems.

The idea of removing edges from the graph in order to reduce com-
plexity has been adopted before. For example in [60] and [61], in the
theory of graph sparsification, algorithms have been presented that com-
pute a sparse graph, where the number of edges is of the same order as
the number of nodes, thus approximating a full graph with many edges.
These approximating graphs are close to the original graphs according to
a certain metric, for instance in the sense of cut-similarity [3] or spectral-
similarity [61]. While these algorithms provide accurate approximations
of the original graph, they do not take dynamics on the nodes of the net-
work into consideration. Consequently, these algorithms are not directly
applicable to the problem of model reduction of networked multi-agent
systems. For resistor networks with scalar agent dynamics, the problem
of model reduction by edge-removal was studied in [56] and [67]. In
both papers, the nodes in the resistor networks are divided into a set
of external nodes and one of internal nodes. In [56] an efficient method
(reduceR) was introduced for finding an equivalent resistor network with
the same number of external nodes, but with a reduced number of in-
ternal nodes. In [67] the number of external and internal nodes is kept
the same for the reduced network. The approximation error that is con-
sidered is the worst case relative error between the steady state voltages
over the nodes of the original and reduced network. The upper bound
on the approximation error given in [67] depends on the conductance
matrices of both the original and the reduced network.

In the present chapter, we will provide expressions for the H2-ap-
proximation error, expressed in terms of the signed path vectors of the
removed edges, the nonzero Laplacian eigenvalues, and the associated
eigenvectors of the edge Laplacian matrices of the original and reduced
network graphs. In [30], preliminary results were achieved for the case
that the agent dynamics is a single integrator and the networked system
is a standard diffusively coupled network. In the present chapter, we
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extend these results to the case that the agent dynamics is given by a
general, symmetric linear input-state-output system.

This chapter is organized as follows. In Section 4.2 we review some
relevant graph theory and investigate the notion of signed path vectors
and the edge Laplacian matrix of a graph. In Section 4.3 we discuss
the dynamical model of a network with symmetric agent dynamics and
investigate the dynamics of the reduced networked system. Then, Sec-
tion 4.4 contains the main results of this chapter and expressions for the
model reduction error when a single, or multiple edge-disjoint cycles
are removed from the network graph. In Section 4.5 we elaborate on the
special case that the network graph has a star graph as a spanning tree.
In Section 4.6 we briefly investigate the case that the agent dynamics is
a single integrator with a drift term and how these results relate to the
main results of [30]. In Section 4.7, we illustrate our results by means of a
few numerical examples. Finally, we conclude the chapter in Section 4.8
with concluding remarks.

4.2 preliminaries

This chapter considers networks whose interconnection topology is rep-
resented by an unweighted, undirected graph. An undirected graph is a pair
G = (V,E), which consists of a set of nodes V = {1, 2, . . . ,N} and a set of
edges E which is a subset of {{i, j} | i, j ∈ V}, the set of all unordered pairs.
These edges can, for example, represent the communication channels be-
tween unordered pairs of nodes, see [21, 39]. While the network graph
is undirected, in this chapter an arbitrary orientation will be assigned to
each edge. The specific orientation that is chosen is not important. We
call two distinct nodes adjacent if they are connected by an edge. A se-
quence of nodes in which sequential nodes are adjacent is called a path.
The length of a path is the number of edges that have been traversed
while following the path. A path is called a cycle if the first and last node
in the path coincide, and all other nodes in the path occur only once.
In a connected graph, there exists a path from every single node to every
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other node. Throughout the chapter we will only consider networks that
have connected network graphs.

A graph G′ = (V′,E′) is called a subgraph of G, if V′ ⊂ V and E′ ⊂ E.
This is denoted by G′ ⊂ G. A spanning tree T = (V,Et) of the graph
G = (V,E) is any connected and cycle-free subgraph of G. Since any
spanning tree of G has N nodes and is a tree, we have |Et| = N− 1. Let
Et contain the edges of a spanning tree T. The set containing the edges
in G that are not in T is then Ec = E \ Et. Therefore, these edges close
the cycles in G. Of course, which edges are in Ec depends on the specific
choice of T. The complement of a given graph G is denoted by G = (V,E),
and is the graph defined on the same node set V with the complementary
edge set E = {{i, j} | i, j ∈ V} \ E.

After fixing the orientation of the edges in G, the incidence matrix of G
is the |V|× |E|-dimensional matrix E, where Eik = 1 if node i is the initial
node of the edge k, Eik = −1 if it is the terminal node, and Eik = 0

otherwise, see e.g. [21]. The incidence matrix depends on the numbering
and the orientation of the edges in E.

For a specific spanning tree T of G, let Et denote the columns of the
incidence matrix E that correspond to the edges in Et. Let Ec contain the
columns that correspond to the edges in Ec, that close the cycles of G.
After a suitable renumbering of the edges in E, we then have

E = (Et Ec).

Next, we discuss signed path vectors, which are representations for paths
in G, see e.g. [74]. Recall that we have assigned a specific but otherwise
arbitrary orientation to each edge in the undirected graph G. A signed
path vector v ∈ R|E| then encodes how a given path traverses the oriented
edges in E. The ith element of v is 1 if the path follows the edge ei ∈ E in
the positive direction, i.e. from the initial to the terminal node. The ith
element is −1 if edge ei is traversed in the opposite direction, and it is 0
if the path does not follow the edge at all. It is easily seen that the length
of the path, denoted l(v), is given by l(v) = vTv. The next lemma plays
an important role in this chapter, and follows from Theorem 1 of [74].
The lemma implies that the columns of Ec are linear combinations of the
columns of Et.
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lemma 4 .1: For a connected graph G and spanning tree T, let Et correspond
to the edges in Et and Ec to the edges in Ec. Define T = (ETt Et)

−1
ETt Ec. Then

T satisfies EtT = Ec.

The proof of this lemma is omitted here. We can interpret the columns
of T = (c1 · · · c|Ec|) as signed path vectors which express the edges in
Ec in terms of paths in the spanning tree T. Indeed, let the ith column
Etci of Ec represent the (cycle closing) edge from node u to node v. Then
ci is the signed path vector of the (alternative) path from u to v in the
graph T. An element of ci is 1 if that path traverses the corresponding
edge in T in the chosen positive direction, −1 if in the opposite direction,
and 0 if the edge is not part of the path. In this chapter we often refer to
ci as the ith cycle of the graph G. Obviously, the length of this cycle is
equal to cTi ci + 1. Following [74], we have the following definitions for
edge-disjoint and correlated cycles.

definition 4 .2: Two cycles are called edge-disjoint, or independent if
they have no edges in common. Two cycles are called correlated, or depen-
dent if they are not edge-disjoint.

The matrix T encodes the above mentioned features of the cycles in
the graph. This is captured by the following lemma, for which the proof
can be derived from that of Proposition 1 of [74].

lemma 4 .3: The matrix TTT encodes the following information of the cycles
in G:

• (TTT)ii = c
T
i ci = l(ci) − 1.

• (TTT)ij = c
T
i cj = 0 if and only if ci and cj are edge-disjoint.

We will further use the fact that the matrix I+ TTT is invertible.

example 4 .4: As an example, consider the graph in Figure 4.1. The
graph is defined on 7 nodes and contains the star graph S6 as a subgraph.
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If we choose as a spanning tree T = S6, we see that the matrices Et, Ec,
T , and TTT are given by

Et =



1 1 1 1 1 1

−1 0 0 0 0 0

0 −1 0 0 0 0

0 0 −1 0 0 0

0 0 0 −1 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1


, Ec =



0 0

1 0

−1 0

0 0

0 0

0 −1

0 1


,

T =



−1 0

1 0

0 0

0 0

0 1

0 −1


, TTT =

(
2 0

0 2

)
.

Indeed, it is easily verified that Ec = EtT . Note that the length of the
cycles and the fact that they are edge-disjoint, can be obtained from the
columns of T . Each column has two nonzero elements, so the length of
each cycle is 3. Furthermore, the columns of T are orthogonal to each
other, so the cycles are edge-disjoint.

1 2

34

5

6 7

Figure 4.1: Graph on 7 nodes with star graph S6 as spanning tree.
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An important object in graph theory is the Laplacian matrix. The Lapla-
cian matrix L of an undirected graph G is a positive semi-definite matrix
in RN×N. It can be defined in terms of the incidence matrix E as

L = EET .

The Laplacian matrix does not depend on the chosen numbering and
orientation of the edges. It has rank N− 1 if and only if the graph G is
connected. In that case, L has a simple eigenvalue at 0. Obviously, the
remaining eigenvalues of L are real and positive. They can therefore be
ordered in increasing fashion as

0 = λ1 < λ2 6 · · · 6 λN.

Closely related to the Laplacian matrix is the edge Laplacian matrix of a
graph, see [73], which is defined as

Le = ETE.

The edge Laplacian is a symmetric positive semi-definite matrix and
Le ∈ R|E|×|E|. It has the same nonzero eigenvalues as the Laplacian. For
a tree graph on N nodes, the edge Laplacian Le is in R(N−1)×(N−1),
and is a positive definite matrix. Since it is symmetric, there exists an
orthogonal transformation U that brings Le to diagonal form:

UTLeU = Λ = diag(λ2, λ3, . . . , λN). (4.1)

Here, the columns of U = (x2 x3 · · · xN) are orthonormal eigenvectors
of Le.

4.3 consensus model

In the standard consensus model, the agents of the network are single in-
tegrators that exchange their relative state with their neighbors in the net-
work graph. In [30], model reduction for the standard consensus model
was investigated. In the single integrator case, the network dynamics is
given by

ẋ = −Lx,
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where x ∈ RN contains the states of all the agents in the network. Here,
L is the Laplacian matrix of the network graph G. In [30], the behavior of
the network is approximated by a reduced network with network graph
Ĝ, with Ĝ a connected subgraph of G. After reduction, the network dy-
namics is given by

˙̂x = −L̂x̂,

with L̂ the Laplacian of Ĝ and x̂ again in RN. In [30] we also derived
expressions and bounds for the approximation error.

In the present chapter, we will consider the case that the agent dynam-
ics no longer consists of a single integrator system, but is given by the
symmetric input-state-output system

ẋi = Axi +Bui, yi = B
Txi, (4.2)

where xi ∈ Rn, ui,yi ∈ Rm and A = AT . Symmetric input-state-output
systems appear, for example, in electrical and power networks, and chem-
ical reactions networks. In particular, they appear in mechanical systems
with only potential energy or only kinematic energy, and in electrical
systems with only electrical energy or only magnetic energy (e.g., RL or
RC circuits), see e.g. [71] or [2].

The agents are connected through the diffusive coupling

ui = −
∑
j∈Ni

yi − yj = −BT
∑
j∈Ni

xi − xj, (4.3)

where Ni is the neighboring set of agent i. The network dynamics is then
represented by the autonomous system

ẋ = (I⊗A− L⊗BBT )x. (4.4)

The vector x ∈ RNn contains the states of all agents and L is the Lapla-
cian matrix of the network graph G = (V,E). It will be a standing as-
sumption in this chapter that the network (4.4) reaches consensus, i.e.
xi − xj → 0 as t → ∞ for all i, j. It is a well-known fact, see e.g. [37],
that (4.4) reaches consensus if and only if the matrices A − λiBB

T are
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Hurwitz for all nonzero eigenvalues λ2, λ3, . . . , λN of the Laplacian ma-
trix L.

The idea of the model reduction procedure proposed in this chapter
is now to remove selected edges from the underlying network graph.
This then yields a reduced network, and the corresponding reduced graph
G′ = (V,E′) ⊂ G is the subgraph of G, constructed by removing these
edges in the original graph. It has the same nodes as G, and the edge set
E′ is a strict subset of E. The dynamics of the reduced network is given
by

ẋ′ = (I⊗A− L′ ⊗BBT )x′. (4.5)

where L′ denotes the Laplacian of G′. Since the reduced network has
the same number of agents, the state-space dimension remains equal
to Nn. The reduced network will reach consensus if and only if the
nonzero eigenvalues ω2,ω3, . . . ,ωN of the reduced Laplacian L′ satisfy
A−ωiBB

T is Hurwitz for i = 2, 3, . . . ,N. In the sequel, we will formu-
late necessary and sufficient conditions for consensus of both the orig-
inal and reduced network. For this, we will use Finsler’s Lemma, see
e.g. [59, Thm. 2.3.10], which, for a given symmetric A, gives necessary
and sufficient conditions for the existence of a µ ∈ R such that A−µBBT

is Hurwitz, and a lower bound for such µ.
First note that the algebraic connectivity does not increase with the

removal of edges from a graph, see [21, 74]. This implies that for every
reduced network, we have ω2 6 λ2. Combining this fact with Finsler’s
Lemma, we immediately obtain the following necessary and sufficient
conditions for consensus of both the original and reduced network.

lemma 4 .5: Assume that m < n and that B has full column rank. Then the
original and reduced network reach consensus if and only if B⊥AB⊥T < 0 and

ω2 > λmax

(
B+
(
A−AB⊥T (B⊥AB⊥T )

−1
B⊥A

)
B+T

)
. (4.6)

Here, B+ is any left inverse of B. If B is square nonsingular, then consensus is
reached for both networks if and only if

ω2 > λmax
(
B−1AB−T

)
.



94 model simplification by cycle-removal

For the case that B does not have full column rank, analogous con-
ditions can be obtained, see [59]. The details are omitted here. In the
remainder of this chapter we will assume that both the original and the
reduced network reach consensus.

We will now make the idea of reducing the network by removing
edges explicit. First, we assign a virtual input d and an output z to the
original network (4.4). This is done as follows: given the network graph
G = (V,E), we first choose a particular spanning tree T = (V,Et), with
incidence matrix Et, and as output we consider the disagreement over the
spanning tree, i.e. z = (ETt ⊗ I)x. Thus, we associate with the original
network (4.4), the two-port consensus model

ẋ = (I⊗A− L⊗BBT )x+ (I⊗ I)d
z = (ETt ⊗ I)x.

(4.7)

remark 4 .6: A usual choice of output in consensus models is z =

(ET ⊗ I)x, with E the incidence matrix of G. This output represents the
disagreements between all neighboring nodes. Note from the previous
that, after choosing a spanning tree T, there exists a matrix T such that
E = (Et EtT). Thus, actually

z =

(
(ETt ⊗ I)x

(TTETt ⊗ I)x

)
,

which shows that already (ETt ⊗ I)x contains all relevant information on
the disagreements: the second part of the output vector is just a linear
transformation of the first part. This observation is the motivation for us
to choose as output z = (ETt ⊗ I)x in (4.7). A similar approach was taken
in [73] and [74].

The impulse response of the system (4.7) quantifies the initial condi-
tion response of (4.4) to the vector of disagreements over the spanning
tree T. While the state space representation (4.7) is controllable, it is not
a minimal representation since it is not observable. Indeed, let 1 be the
vector of ones, and let y and λ be such that y is nonzero and Ay = λy,
then

(I⊗A− L⊗BBT )1⊗ y = λ(1⊗ y), (ETt ⊗ I)1⊗ y = 0.
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Utilizing ideas from [74], we construct a minimal representation for (4.7)
by taking ξ = (ETt ⊗ I)x as the new state. Indeed, using the fact that
Ec = EtT (where T = (c1 · · · cr) encodes the cycles in the graph) we
obtain the following minimal representation Σ of (4.7):

ξ̇ = (I⊗A− Le(I+ TT
T )⊗BBT )ξ+ (ETt ⊗ I)d

z = ξ.
(4.8)

The matrix Le(I+ TT
T ) appearing in (4.8) is called the essential edge Lapla-

cian of G, see [74]. The matrix Le appearing in (4.8) is the edge Laplacian
of the spanning tree T, satisfying

Le = ETt Et.

Now, the system (4.8) is a minimal state space representation of the orig-
inal network (4.7). It is straightforward to verify that the eigenvalues of
I⊗A− Le(I+ TT

T )⊗BBT coincide with the eigenvalues of the matrices
A− λiBB

T for i = 2, 3, . . . ,N. Since it is assumed that the system reaches
consensus, the matrix I⊗A− Le(I+ TT

T )⊗ BBT is Hurwitz, and for d
equal to zero, ξ → 0 as t → ∞. The procedure of model reduction of
the original network (4.7) that we propose is now to remove selected cy-
cles from the network graph. This is exactly achieved by removing the
columns corresponding to these cycles from the matrix T in the minimal
realization (4.8) of the network. In this way we obtain a reduced order
network having a T matrix, say T̂ , with a reduced number of columns.
This reduced order network Σ̂ is represented by

ẇ = (I⊗A− Le(I+ T̂ T̂
T )⊗BBT )w+ (ETt ⊗ I)d

ẑ = w.
(4.9)

Again, by our standing assumption we have that the reduced network
achieves consensus and that the matrix I⊗A− Le(I+ T̂ T̂

T )⊗BBT is also
Hurwitz. Obviously, the extreme case is to remove all cycles from the
network, which is achieved by setting T̂ = 0.

We summarize the above in the following reduction procedure:
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input : Network with graph G, incidence matrix E, Laplacian L,

step 1 : Choose a spanning tree T with incidence matrix Et,

step 2 : Choose a list of to be removed cycle-closing edges,

step 3 : Renumber the edges in G so that its incidence matrix is
(Et Ec) and Ec = (Êc Ēc), where the columns of Ēc correspond
to the to-be-removed edges,

output : Network with reduced graph Ĝ, defined by the incidence
matrix Ê = (Et Êc), Laplacian L̂ = EtE

T
t + ÊcÊ

T
c .

As error we take the H2-norm of the difference of the transfer ma-
trices of the original two-port consensus network (4.7) and the reduced
network, which is represented by

˙̂x = (I⊗A− L̂⊗BBT )x̂+ (I⊗ I)d
ẑ = (ETt ⊗ I)x̂.

(4.10)

Clearly, these transfer matrices coincide with those of Σ and Σ̂ given
by (4.8) and (4.9), respectively, and this will be exploited heavily in the
sequel.

remark 4 .7: We note that a different choice of orientations of the edges
in G will in general lead to different representations (4.7) and (4.10) of
the original and reduced network. Obviously, in both representations the
state equations remain the same (by the way the Laplacians are formed),
but the components of z and ẑ may differ in sign. However, if a com-
ponent of z changes sign, the same will happen with the corresponding
component in ẑ. Thus, the H2-norm of the system mapping d to z− ẑ
will be independent of the orientation chosen.

In the following section, we will derive explicit expressions and upper
bounds for the error between Σ and Σ̂.
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4.4 model reduction error

In this section we will first establish expressions for the error in the case
that from the original network graph we remove all edges that close cy-
cles. The reduced network is then given by (4.9), with T̂ = 0, equivalently
by (4.10) with L̂ = EtE

T
t , the Laplacian of the chosen spanning tree. As

a measure for the accuracy of the approximation (4.9) we take the H2-
norm of the error system. The error system maps the input d to the error
e = ẑ− z. The error dynamics is given by(

ẇ

ξ̇

)
= Ae

(
w

ξ

)
+Bed,

e = Ce

(
w

ξ

)
,

(4.11)

where the system matrices in (4.11) are given by

Ae :=

(
I⊗A− Le ⊗BBT 0

0 I⊗A− Le(I+ TT
T )⊗BBT

)

Be :=

(
ETt ⊗ I
ETt ⊗ I

)
, Ce :=

(
I⊗ I −I⊗ I

)
.

For the system to have a well-defined H2-norm, we need the matrix Ae
to be Hurwitz. Since, by assumption, the matrices I⊗A− Le(I+ TT

T )⊗
BBT and I⊗A− Le ⊗ BBT are both Hurwitz, this is clearly the case. It
is well-known, see e.g. [64], that the squared H2-norm ‖Σ− Σ̂‖22 of the
error system equals

‖Σ− Σ̂‖22 = tr(CeXCTe ), (4.12)

where the symmetric positive semi-definite matrix X is the unique solu-
tion to the Lyapunov equation

AeX+XATe +BeB
T
e = 0. (4.13)

By partitioning X as

X =

(
X1 X12

XT12 X2

)
,
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with X1,X12,X2 ∈ R(N−1)n×(N−1)n, it follows that (4.12) can be rewrit-
ten as

‖Σ− Σ̂‖22 = tr(X1) + tr(X2) − 2 tr(X12). (4.14)

It is easily seen that X solves Lyapunov equation (4.13) if and only if the
matrices X1, X12, and X2 solve the following equations:

(I⊗A− Le ⊗BBT )X1 +X1(I⊗A− Le ⊗BBT )
+ Le ⊗ I = 0 (4.15a)

(I⊗A− Le ⊗BBT )X12
+X12(I⊗A− (I+ TTT )Le ⊗BBT ) + Le ⊗ I = 0 (4.15b)

(I⊗A− Le(I+ TT
T )⊗BBT )X2

+X2(I⊗A− (I+ TTT )Le ⊗BBT ) + Le ⊗ I = 0 (4.15c)

We will now first compute X1. Let U be the orthogonal matrix that diag-
onalizes the edge Laplacian Le of the spanning tree T. Then we have
UTLeU = Ω = diag(ω2,ω3, . . . ,ωN), where ω2,ω3, . . . ,ωN are the
nonzero eigenvalues of the Laplacian matrix of the spanning tree. We
premultiply (4.15a) by UT ⊗ I and postmultiply by U⊗ I. We then sub-
stitute Y1 = (UT ⊗ I)X1(U⊗ I) into the resulting expression to obtain

(I⊗A−Ω⊗BBT )Y1 + Y1(I⊗A−Ω⊗BBT ) +Ω⊗ I = 0. (4.16)

This equation is solved by taking

Y1 = diag(Z2,Z3, . . . ,ZN),

where Zi for i = 2, 3, . . . ,N solves

Zi(A−ωiBB
T ) + (A−ωiBB

T )Zi +ωiI = 0.

Hence Zi is the observability gramian of the system

ẋ = (A−ωiBB
T )x+ ETd, z =

√
ωix,
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and we can compute

Zi =
ωi
2
(ωiBB

T −A)
−1

.

Note that, by assumption, the reduced network reaches consensus, and
equivalently, A−ωiBB

T is Hurwitz, so its inverse exists. Finally, since
X1 = (U⊗ I)Y1(UT ⊗ I) we obtain the following expression for X1:

X1 = (U⊗ I)diag(Z2,Z3, . . . ,ZN)(UT ⊗ I). (4.17)

Next, we will compute X2. First, we symmetrize (4.15c) by pre- and post-

multiplying (4.15c) by (I+ TTT )
1
2 ⊗ I. We then substitute

Y2 =

(
(I+ TTT )

1
2 ⊗ I

)
X2

(
(I+ TTT )

1
2 ⊗ I

)
to obtain

[I⊗A− (I+ TTT )
1
2L2(I+ TT

T )
1
2 ⊗BBT ]Y2

+ Y2[I⊗A− (I+ TTT )
1
2Le(I+ TT

T )
1
2 ⊗BBT ]

+ (I+ TTT )
1
2Le(I+ TT

T )
1
2 ⊗ I = 0.

The expression above can be brought to block diagonal form by the trans-
formation V ⊗ I, where V is an orthogonal matrix that brings the matrix

L̄e = (I+ TTT )
1
2Le(I+ TT

T )
1
2 (4.18)

to diagonal form:

Λ := VT L̄eV = VT (I+ TTT )
1
2Le(I+ TT

T )
1
2V

= diag(λ2, λ3, . . . , λN).

The matrix L̄e is similar to the matrix Le(I+ TT
T ), hence its eigenvalues

coincide with the nonzero eigenvalues λ2, λ3, . . . , λN of the Laplacian
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matrix L of our original network graph G. Applying the transformation
V ⊗ I, we obtain

(I⊗A−Λ⊗BBT )Ỹ2 + Ỹ2(I⊗A−Λ⊗BBT ) +Λ⊗ I = 0, (4.19)

where Ỹ2 = (VT ⊗ I)Y2(V ⊗ I). Solving for Ỹ2 gives

Ỹ2 = diag(Q2,Q3, . . . ,QN),

where Qi for i = 2, 3, . . . ,N solves

Qi(A− λiBB
T ) + (A− λiBB

T )Qi + λiI = 0.

Hence, Qi is the observability gramian of the system

ẋ = (A− λiBB
T )x+ ETd, z =

√
λix.

An explicit solution for Qi is then given by

Qi =
λi
2
(λiBB

T −A)
−1

.

Here, again, the inverse exists since we assume that the network reaches
consensus, equivalently, A − λiBB

T is Hurwitz. Finally, we obtain the
following expression for X2:

X2 =

(
(I+ TTT )

− 1
2V ⊗ I

)
diag(Q2,Q3, . . . ,QN)

×
(
VT (I+ TTT )

− 1
2 ⊗ I

)
. (4.20)

The solution X12 to the Sylvester equation (4.15b) can be given in terms
of the eigenvectors and eigenvalues of I ⊗ A − Le ⊗ BBT . From Theo-
rem 6.5 of [1, p. 178], we derive the following lemma:

lemma 4 .8: Let M = MT , N, and C be square matrices in Rq×q. Further-
more, let xi be a normalized eigenvector of M corresponding to eigenvalue µi
(i = 1, 2, . . . ,q). If σ(M) and σ(−N) are disjoint, then the Sylvester equation

MX+XN = C,
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has a unique solution given by

X =

q∑
i=1

xix
T
i C(µiI+N)−1.

A proof follows immediately from the proof of the more general case
in [1]. Using Lemma 4.8, we have the following expression for X12:

X12 =
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)T (−Le ⊗ I)

×
(
σijI⊗ I+ I⊗A− (I+ TTT )Le ⊗BBT

)−1
(4.21)

where i = 2, 3, . . . ,N and j = 1, 2, . . . ,n. The vectors xi are normalized
eigenvectors of Le, σij is the jth eigenvalue of the matrix A −ωiBB

T

and yij a corresponding normalized eigenvector. To see that the vectors
xi ⊗ yij are indeed eigenvectors of the matrix I ⊗ A − Le ⊗ BBT , first
apply the transformation U⊗ I to the matrix, where U = (x2 x3 · · · xN)
is the orthogonal matrix that diagonalizes Le. We obtain

(UT ⊗ I)(I⊗A− Le ⊗BBT )(U⊗ I) = I⊗A−Ω⊗BBT .

This yields a block-diagonal matrix with A−ωiBB
T for i = 2, 3, . . . N

on the diagonal. Since A is symmetric, the matrices A−ωiBB
T are also

symmetric. Thus there exists an orthogonal matrix Yi = (yi1 yi2 · · · yin)
such that

YTi (A−ωiBB
T )Yi = diag(σi1,σi2, . . . ,σin).

It is easily seen that the vectors xi⊗yij are eigenvectors and the σijs are
the eigenvalues of I⊗A− Le ⊗ BBT . Next, we will prove a lemma that
will be instrumental in proving one of our main results.

lemma 4 .9: Let xi be an eigenvector of Le with corresponding eigenvalue
ωi and let yij be an eigenvector of the matrix A−ωiBB

T corresponding to
eigenvalue σij. Denote

Mij = −σijL
−1
e ⊗ I− L−1e ⊗A+ I⊗BBT .
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We then have

M−1
ij (xi ⊗ yij) = −

ωi
2σij

(xi ⊗ yij).

Proof. First, we have

M−1
ij = (U⊗ I)

(
−σijΩ

−1 ⊗ I−Ω−1 ⊗A+ I⊗BBT
)−1

× (UT ⊗ I). (4.22)

The matrix −σijΩ
−1 ⊗ I −Ω−1 ⊗A + I⊗ BBT is a block-diagonal ma-

trix, whose diagonal blocks are given by 1
ωi

(−σijI −A +ωiBB
T ), i =

2, 3, . . . ,N. It is easily checked that multiplying xi⊗yij with M−1
ij yields

M−1
ij (xi ⊗ yij) = xi ⊗

(
1

ωi
(−σijI−A+ωiBB

T )

)−1

yij.

Furthermore, since yij is an eigenvector of the matrix A−ωiBB
T corre-

sponding to eigenvalue σij, we have

(σijI+A−ωiBB
T )

−1
yij =

1

2σij
yij.

Combining the two expressions above completes the proof.

The next theorem now gives an explicit expression for the approxima-
tion error in the special case that the network consists of a tree combined
with one single extra edge. The approximation error is given in terms of
eigenvectors and the eigenvalues of matrices related to the original and
reduced systems and the signed path vector of the removed cycle.

theorem 4 .10: Let Σ be a network consisting of the tree T combined with a
single extra edge e ∈ Et, with graph G = (V,Et ∪ e), such that the graph has
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exactly one cycle c with length l(c). Let Σ̂ be the network obtained by removing
the edge e. Then, the approximation error is given by

‖Σ− Σ̂‖22 =

1

2

∑
i,j

(xTi c)
2ω2i
σ2ij
yTijB

(
I+

N∑
k=2

ωk(x
T
kc)

2
Gk(−σij)

)−1

BTyij

+
1

2

N∑
i=2

(1−
(vTi c)

2

l(c)
)λi tr (λiBBT −A)

−1

−
1

2

N∑
i=2

ωi tr (ωiBBT −A)
−1

. (4.23)

Here, i runs from 2, 3, . . . ,N and j from 1, 2, . . . ,n. In the above expression:

• ωi are the nonzero Laplacian eigenvalues of T and xi denote correspond-
ing normalized eigenvectors of Le.

• λi are the nonzero Laplacian eigenvalues of G and vi denote correspond-

ing normalized eigenvectors of L̄e = (I+ ccT )
1
2Le(I+ cc

T )
1
2 .

• σij and yij denote the jth eigenvalue and corresponding normalized eigen-
vector of the matrix A−ωiBB

T .

• Gk(s) denotes the transfer matrix of the system

ẋ = (A−ωkBB
T )x+Bu, y = BTx. (4.24)

remark 4 .11: To compute (4.23), we first need to compute the eigenval-
ues and corresponding eigenvectors of both Le and L̄e. These can be com-
puted using, for instance, the Jacobi eigenvalue algorithm, which is a fast
iterative algorithm that computes all eigenpairs of a symmetric N×N
matrix Q in O(N3) time, see e.g. [51, Chap. 9]. Next, for i = 2, 3, . . . ,N,
we need to compute the eigenpairs (σij,yij) of A−ωiBB

T and eigen-
values of A− λiBB

T , which carries a total time cost of O(Nn3). We then
have all information needed to compute the last two terms in (4.23). Next,
we can compute BTyij for i = 2, 3, . . . ,N, j = 1, 2, . . . n in O(Nn2m)



104 model simplification by cycle-removal

time. Reusing the eigenpairs of A −ωiBB
T and our previously com-

puted BTyij’s, we can compute the m×m matrix

Nij = I+

N∑
k=2

ωk(x
T
kc)

2
Gk(−σij),

where

Gk(−σij) = B
TYk diag(

1

−σij − σk1
, . . . ,

1

−σij − σkn
)(BTYk)

T
,

using only matrix multiplication and addition in O(Nnm2) time. Finally,
we can compute yTijBN

−1
ij B

Tyij inO(m3) time. To compute the first term
in (4.23), this calculation needs to be performed for i = 2, 3, . . . ,N, j =
1, 2, . . . ,n. If m 6 n, then the first term can be computed in O(N2n2m2)
time. Computing (4.23) by solving (4.15) combined with (4.14) in general
takes O(N3n3) time, see [5], however, iterative algorithms might be able
to capitalize on the sparsity of (4.15) to more efficiently compute the
approximation error.

remark 4 .12: Note that in the above theorem, ideally we would like
to express the nonzero Laplacian eigenvalues ωi of the reduced net-
work in terms of the nonzero Laplacian eigenvalues λi of the original
network. For general graphs this is however a hard problem. Only for
special types of graphs it is possible to explicitly compute these eigenval-
ues and associated eigenvectors of the edge Laplacians, thus obtaining
a simplified expression for the error. We will elaborate on this for star
graphs in Section 4.5 of this chapter. Another, different, approach could
be to use results on graph sparsification, see [60, 61]. One might be able
to obtain a specific spanning tree for which the nonzero Laplacian eigen-
values of the reduced network graph are close to those of the original
one, together with bounds relating the eigenvalues and eigenvectors of
the reduced edge Laplacian to those of the original edge Laplacian. Com-
bining these bounds with the expression in Theorem 4.10 could lead to
upper bounds on the approximation error that are cheaper to compute.

Proof. Since the graph only contains a single cycle, we have that T = c

and the essential edge Laplacian is given by Le(I + cc
T ). From (4.17)
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and (4.20), we have expressions for X1 and X2. We can now compute the
trace of both matrices. For X1 we have

trX1 = tr(U⊗ I)diag(Z2,Z3, . . . ,ZN)(UT ⊗ I)
= tr diag(Z2,Z3, . . . ,ZN)

=

N∑
i=2

trZi

=

N∑
i=2

ωi
2

tr (ωiBBT −A)
−1

(4.25)

Similarly for X2, we have

trX2 = tr((I+ ccT )
− 1
2V ⊗ I)diag(Q2,Q3, . . . ,QN)

× (VT (I+ ccT )
− 1
2 ⊗ I)

= tr(VT (I+ ccT )
−1
V ⊗ I)diag(Q2,Q3, . . . ,QN)

= tr(I−
VTccTV

l(c)
⊗ I)diag(Q2,Q3, . . . ,QN)

=

N∑
i=2

(1−
(vTi c)

2

l(c)
) trQi

=

N∑
i=2

(1−
(vTi c)

2

l(c)
)
λi
2

tr (λiBBT −A)
−1

(4.26)

where the third equality follows from the Sherman–Morrison inversion
formula

(I+ ccT )
−1

= I−
ccT

1+ cTc
,
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with l(c) = cTc+ 1, and the fact that V is an orthogonal matrix. Next, we
consider the trace of X12. Using (4.21), we have the following expression
for X12:

X12 =
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)T (−Le ⊗ I)

×
(
σijI⊗ I+ I⊗A− (I+ ccT )Le ⊗BBT

)−1
. (4.27)

Next, take Mij as in Lemma 4.9. Then (4.27) can be rewritten as

X12 =
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)T (−Le ⊗ I)

×
(
σijI⊗ I+ I⊗A− (I+ ccT )Le ⊗BBT

)−1
=

∑
i,j

(xi ⊗ yij)(xi ⊗ yij)T

×
(
−σijL

−1
e ⊗ I− L−1e ⊗A+ (I+ ccT )⊗BBT

)−1
=

∑
i,j

(xi ⊗ yij)(xi ⊗ yij)T
(
Mij + (c⊗B)(c⊗B)T

)−1
Using the Sherman–Morrison–Woodbury matrix inversion formula, see
e.g. [23], we find that

(
Mij + (c⊗B)(c⊗B)T

)−1
=M−1

ij −M−1
ij (c⊗B)

×
(
I+ (c⊗B)TM−1

ij (c⊗B)T
)−1

(c⊗B)TM−1
ij .
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We obtain

X12 =
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)TM−1
ij

−
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)TM−1
ij (c⊗B)

×
(
I+ (c⊗B)TM−1

ij (c⊗B)T
)−1

(c⊗B)TM−1
ij

= X1 −
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)TM−1
ij (c⊗B)

×
(
I+ (c⊗B)TM−1

ij (c⊗B)T
)−1

(c⊗B)TM−1
ij , (4.28)

where the fact that

X1 =
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)TM−1
ij

follows immediately by interpreting (4.15a) as a Sylvester equation and
taking X1 as the explicit solution, similar to (4.21). Next, denote

E =
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)TM−1
ij (c⊗B)

×
(
I+ (c⊗B)TM−1

ij (c⊗B)T
)−1

(c⊗B)TM−1
ij .

Combining (4.14) with (4.28), we obtain that the approximation error is
then given by

‖S− Ŝ‖22 = trX2 − trX1 + 2 trE. (4.29)

We can now write the trace of E as

trE =
∑
i,j

(xi ⊗ yij)TM−1
ij (c⊗B)

(
I+ (c⊗B)TM−1

ij (c⊗B)T
)−1

× (c⊗B)TM−1
ij (xi ⊗ yij).
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Using Lemma 4.9, this expression can be rewritten as

trE =
1

4

∑
i,j

ω2i
σ2ij

(xi ⊗ yij)T (c⊗B)

×
(
I+ (c⊗B)TM−1

ij (c⊗B)
)−1

(c⊗B)T (xi ⊗ yij)

=
1

4

∑
i,j

ω2i
σ2ij

(xTi c⊗ yTijB)

×
(
I+ (c⊗B)TM−1

ij (c⊗B)
)−1

(cTxi ⊗BTyij)

=
1

4

∑
i,j

(xTi c)
2ω2i
σ2ij
yTijB

(
I+ (c⊗B)TM−1

ij (c⊗B)
)−1

×BTyij.

Using (4.22) for the inverse of Mij, we can compute that

(c⊗B)TM−1
ij (c⊗B)

= (cTU⊗BT )
(
−σijΩ

−1 ⊗ I−Ω−1 ⊗A+ I⊗BBT
)−1

× (UTc⊗B)

=

N∑
k=2

ωk(x
T
kc)

2
BT (−σijI−A+ωkBB

T )
−1
B.

Using the two expressions above, we arrive at the following expression
for the trace of E:

trE =
1

4

∑
i,j

(xTi c)
2ω2i
σ2ij
yTijB

(
I+

N∑
k=2

ωk(x
T
kc)

2
Gk(−σij)

)−1

BTyij.

where we observe that Gk(s) = BT (sI−A+ωkBB
T )

−1
B is indeed the

transfer matrix of system (4.24), which together with (4.25) and (4.26)
proves the last equality in expression (4.23).

Theorem 4.10 gives an explicit expression for the approximation error
if a single cycle is removed from the graph. A similar result holds if mul-
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tiple edge-disjoint cycles are removed. An expression for the approxima-
tion error in the case that the network contains precisely r edge-disjoint
cycles is given in the next theorem.

theorem 4 .13: Consider a network Σ consisting of a tree T together with r
edges e1, e2, . . . , er ∈ Et, with graph G = (V,Et ∪

⋃r
j=1{ej}), such that the

associated cycles c1, c2, . . . , cr are edge-disjoint. Let l(ck) denote the length of
the cycle ck. Let Σ̂ denote the reduced network obtained by removing all r edges
ej. Then the approximation error is given by

‖Σ− Σ̂‖22 =
1

2

∑
i,j

ω2i
σ2ij

(xTi T ⊗ yTijB)
(
I+ (T ⊗B)TM−1

ij (T ⊗B)
)−1

× (TTxi ⊗BTyij)

+
1

2

N∑
i=2

(
1−

r∑
k=1

(vTi ck)
2

l(ck)

)
λi tr (λiBBT −A)

−1

−
1

2

N∑
i=2

ωi tr (ωiBBT −A)
−1

(4.30)

where i = 2, 3, . . . ,N and j = 1, 2, . . . ,n. In the above expression:

• T = (c1 c2 . . . cr),

• ωi are the nonzero Laplacian eigenvalues of T and xi corresponding nor-
malized eigenvectors of Le,

• λi are the nonzero Laplacian eigenvalues of G and vi corresponding nor-

malized eigenvectors of L̄e = (I+ TTT )
1
2Le(I+ TT

T )
1
2 ,

• σij denotes the jth eigenvalue of the matrix A−ωiBB
T .

Proof. In the case of multiple cycles, equation (4.25) for the trace of X1
still holds. The matrix X2 is again given by (4.20), and similarly to (4.26),
the trace of X2 satisfies

trX2 = tr(VT (I+ TTT )
−1
V ⊗ I)diag(Q2,Q3, . . . ,QN), (4.31)
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where V is an orthogonal matrix that diagonalizes the matrix L̄e in (4.18).
Again using the Woodbury inversion formula, we find that the inverse
of I+ TTT is given by I− T(I+ TTT)−1TT . Since the cycles c1, . . . , cr are
independent, the matrix TTT is diagonal with cTi ci = l(ci) − 1 on the
diagonal. It then follows that

(I+ TTT )
−1

= I−

r∑
k=1

ckc
T
k

l(ck)
.

It is immediate that the trace of X2 is then given by

trX2 = tr

(
I−

r∑
k=1

VTckc
T
kV

l(ck)
⊗ I

)
diag(Q2,Q3, . . . ,QN)

=

N∑
i=2

(
1−

r∑
k=1

(vTi ck)
2

l(ck)

)
trQi

=

N∑
i=2

(
1−

r∑
k=1

(vTi ck)
2

l(ck)

)
λi
2

tr (λiBBT −A)
−1

.

Analogous to (4.28), we have the following expression for X12:

X12 = X1 −
∑
i,j

(xi ⊗ yij)(xi ⊗ yij)TM−1
ij (T ⊗B) (4.32)

×
(
I+ (T ⊗B)TM−1

ij (T ⊗B)
)−1

(T ⊗B)TM−1
ij .

In general, the matrix I+ (T ⊗B)TM−1
ij (T ⊗B) is not easily simplified. It

is a block matrix consisting of r× r blocks Kijmq, where the

Kijmq =

I+
∑N
k=2ωk(x

T
kcm)

2
Gk(−σij) if m = q,∑N

k=2ωk(x
T
kcm)(xTkcq)Gk(−σij) otherwise.

(4.33)

Combining (4.14) with (4.32) and the result of Lemma 4.9 completes the
proof.
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The result in Theorem 4.13 is not a straightforward generalization
of (4.23), mainly because the inverse of the matrix I+(T ⊗B)TM−1

ij (T ⊗B)
is not easily expressed in simpler terms. For some specific graph topolo-
gies, expression (4.30) can however be further simplified. This will be
illustrated in the next section, in which we will study the case that our
network graph has a star graph as a spanning tree.

Finally, we will take a look at the case that only a subset of the cy-
cle closing edges is removed from the network graph. In other words,
we consider a network Σ consisting of a tree T together with r edges
e1, e2, . . . , er ∈ Et, with graph G = (V,Et ∪

⋃r
j=1{ej}). We number the

edges in such a way that the last r−k edges ek+1, . . . , er are removed, re-
sulting in the reduced network Σ̂. In this case we can find an upper bound
to the error by comparing both Σ and Σ̂ with the network obtained by re-
moving all edges e1, e2, . . . , er, resulting in the spanning tree T. Denote
this network by ΣT . Then we obtain:

‖Σ− Σ̂‖2 6 ‖Σ− ΣT‖2 + ‖ΣT − Σ̂‖2 (4.34)

Next, an upper bound can be obtained by applying Theorem 4.13 to both
errrors on the right hand side of (4.34).

remark 4 .14: For the case of scalar single integrator dynamics, in [30]
explicit expressions were obtained also for the case that the reduced net-
work is obtained by removing multiple dependent cycles. Due to the com-
plexity of the error expressions, in the present chapter we will not treat
the extension of these results to symmetric input-state output systems.

4.5 star graphs

In this section we will zoom in on the special case that the chosen span-
ning tree is given by a star graph: a tree graph where all the nodes
are connected only to a single root node. It turns out that in that case
the expression for the approximation error can be greatly simplified, be-
cause we can explicitly compute the Laplacian eigenvalues of the origi-
nal graph and its spanning tree, and also corresponding eigenvectors of
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Le and L̄e. In addition, if the original network reaches consensus, then
automatically also the reduced network does.

First, we will formulate and prove a lemma that will be instrumental
in the sequel:

lemma 4 .15: Let c1, c2, . . . , cr be edge-disjoint cycles. Then for the matrix
T = (c1 c2 · · · cr) we have

(I+ TTT )
1
2 = I+ TDTT ,

where D = diag(α1,α2, . . . ,αr) and αi =
√
1+|ci|

2−1

|ci|
2 .

Proof. The claim is easily checked by squaring I+ TDTT and verifying
that I + 2TDTT + TDTTTDTT equals I + TTT , if and only if |ci|

2α2i +

2αi = 1. By taking αi as the positive solution of |ci|
2α2i + 2αi = 1, obvi-

ously I+ TDTT is positive semi-definite.

The following result deals with the case that after removal of multiple
edge-disjoint cycles we obtain a star graph as spanning tree. The result
gives an expression for the approximation error between the network on
the original graph and the reduced network on the star graph:

theorem 4 .16: Consider a network Σ consisting of a star graph SN−1 to-
gether with r edges e1, e2, . . . , er ∈ E(SN−1), with graph G = (V,E(SN−1)∪⋃r
j=1{ej}), such that the associated cycles c1, c2, . . . , cr are edge-disjoint. Let

Σ̂ be the reduced network obtained by removing all r edges ej. Then Σ and Σ̂
reach consensus if and only if A−BBT is Hurwitz. The approximation error is
then given by

‖Σ− Σ̂‖22 = r
n∑
j=1

1

σ2j
yTj B

(
I+ 2G(−σj)

)−1
BTyj

+
r

2

(
tr (3BBT −A)

−1
− tr (BBT −A)

−1
) (4.35)

where σj is the jth eigenvalue with corresponding normalized eigenvector yj of
the matrix A−BBT , and G(s) := BT (sI−A+BBT )

−1
B.
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remark 4 .17: Note that the approximation error (4.35) is independent
of the number of agents in the network. The error is proportional to the
number of cycles that have been removed from the network.

Proof. The proof follows easily by computing the eigenvalues and eigen-
vectors of the edge Laplacian of the star graph SN−1 and constructing
the unitary matrix U such that UTLeU = Ω. It is well-known that the
eigenvalues of the edge Laplacian Le of the star graph SN−1 are given
by

ω2 = ω3 = · · · = ωN−1 = 1, ωN = N, (4.36)

see e.g. [39, 68]. The edge Laplacian Le has an N− 2 dimensional eigen-
space associated with the eigenvalue 1 and a one dimensional eigen-
space associated with the eigenvalue ωN = N. The eigenspace associ-
ated with ωN is the span of the vector 1 ∈ RN−1, the vector of ones, so
we can take xN = 1√

N−1
1. Since Le is symmetric, these two eigenspaces

are each other’s orthogonal complement.
If we number and orient the edges in the star graph such that edge

i is from node 1 to node i+ 1, then without loss of generality we can
assume that c1 = (−1 1 0 · · · 0)T , c2 = (0 0 − 1 1 0 · · · 0)T , etc. The
interpretation is that the first removed edge points from node 2 to node
3, the second edge points from node 4 to node 5, etc. It is easily seen
that indeed all the cycles are independent. For each cycle ci we have
that cTi 1 = 0, from which it follows that they all lie in the eigenspace of
Le associated with the eigenvalue 1. Now, for j = 1, 2, . . . , r, choose

xj+1 =
1

|cj|
cj =

1√
2
cj. (4.37)

Since the cycles are edge-disjoint, we have that xTj xi = 0 if i 6= j (i, j <
r+ 2). Finally, choose xi for i = r+ 2, r+ 3, . . . ,N− 1 such that the matrix

U = (x2 · · · xr+1 xr+2 · · · xN−1 xN)
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is orthogonal. We then have that the xi’s are eigenvectors of Le and that
UTLeU = Ω. Furthermore, it holds that

xTi cj =


√
2 if i = j+ 1

0 otherwise.
(4.38)

This follows from the fact that for i = j+ 1, we have xTi cj =
cTj cj
|cj|

=
√
2,

and from the orthogonality of the eigenvectors. Next, we compute the

eigenvalues λi and eigenvectors vi of L̄e = (I+ TTT )
1
2Le(I+ TT

T )
1
2 . For

all cycles, we have that |cj|
2 = 2. From Lemma 4.15 it then follows that

(I+ TTT )
1
2 = I+αTTT

where α = 1
2(
√
3− 1). For i = 2, 3, . . . , r we obtain

(I+αTTT )Le(I+αTT
T )xi

= (I+αTTT )Le(xi +α|ci−1|
2xi)v

= (I+αTTT )(xi +α|ci−1|
2xi)

= xi +α|ci−1|
2xi +α|ci−1|

2 +α2|ci−1|
4

= xi + |ci−1|
2(2α+α2|ci−1|

2)xi

= 3xi,

which follows from (4.37), the fact that |cj|
2 = 2 for all j and from

|cj|
2α2 + 2α = 1. From (4.38), it follows that for i = r+ 2, r+ 3, . . . ,N

we have TTxi = 0 and consequently

(I+αTTT )Le(I+αTT
T )xi = (I+αTTT )Lexi

= (I+αTTT )ωixi

= ωixi.

We see that the eigenvectors of Le are also the eigenvectors of L̄e and
that λ2 = · · · = λr+1 = 3, λr+2 = · · · = λN−1 = 1, and λN = N. Recall
that we have assumed that A − BBT is Hurwitz. Thus also A − 3BBT
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and A−NBBT are Hurwitz, so both the original network as well as the
reduced network reach consensus.

We can now compute

trX2 − trX1

=
1

2

(
N∑
i=2

(1−

r∑
k=1

(vTi ck)
2

l(ck)
)λi tr (λiBBT −A)

−1

−

N∑
i=2

ωi tr (ωiBBT −A)
−1

)

=
1

2

(
(N− 2− r) tr (BBT −A)

−1
+ r tr (3BBT −A)

−1

+ N tr (NBBT −A)
−1
)

−
1

2

(
(N− 2) tr (BBT −A)

−1
+N tr (NBBT −A)

−1
)

=
r

2

(
tr (3BBT −A)

−1
− tr (BBT −A)

−1
)

. (4.39)

Next, we consider the following trace:

trE =
1

4

∑
i,j

ω2i
σ2ij

(xTi T ⊗ yTijB)
(
I+ (T ⊗B)TM−1

ij (T ⊗B)
)−1

× (TTxi ⊗BTyij). (4.40)

As mentioned in the proof of Theorem 4.13, the matrix

I+ (T ⊗B)TM−1
ij (T ⊗B)

is in general not easily simplified. However, by combining (4.33) and
(4.38) and the fact that xTmcj and xTqcj are never simultaneously nonzero
for m 6= q, we see that in the case of a star graph, the matrix is block
diagonal. The diagonal blocks are given by

Kijmm = I+ωm+1(x
T
m+1cm)

2
Gm+1(−σij)

for m = 1, 2, . . . , r. From (4.36) and (4.38), we obtain that

Kijmm = I+ 2G2(−σij),
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where G2 is the transfer matrix of system (4.24) with ω2 = 1. The equa-
tion (4.40) then reduces to

trE =
1

4

∑
i,j

ω2i
σ2ij

(xTi TT
Txi)y

T
ijB
(
I+ 2G2(−σij)

)−1
BTyij.

Recall that for i > r+ 1, we have TTxi = 0, so only the first r terms of the
sum over i are nonzero. From (4.36) we have that for i = 2, 3, . . . , r+ 1
the eigenvalues ωi and σij do not depend on i. Combined with (4.38),
we finally obtain

trE =
r

2

n∑
j=1

1

σ2j
yTj B

(
I+ 2G2(−σj)

)−1
BTyj, (4.41)

with σj and yj as in Theorem 4.16. We conclude the proof by combin-
ing (4.29), (4.39), and (4.41).

4.6 single integrator dynamics

In this section we will return to the case that we have a general (undi-
rected and connected) graph, and zoom in on the special case of simple
first order agent dynamics. In [30], the agent dynamics was given by a
single integrator, which resulted in a standard diffusively coupled net-
work. In this section we take another look at the single integrator case,
however we include a drift term a in the agent dynamics, in other words,
we assume that the dynamics of each agent is given by ẋi = axi+ui with
a ∈ R. We will show that the results in [30] indeed follow from the more
general results presented in this chapter. For the single integrator case,
in the agent dynamics (4.2) we now have A = a, B = 1. Thus, the state of
each agent is scalar and n = 1. The original model dynamics (4.8) now
reduces to

ξ̇ =
(
aI− Le(I+ TT

T )
)
ξ+ ETt d, z = ξ (4.42)

and, in the case that all cycles are removed, the reduced model dynam-
ics (4.9) is given by

ẇ = (aI− Le)w+ ETt d, ẑ = w.
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The eigenvalues σij in Theorem 4.10 are now given by a−ωi and we
have yij = 1 for j = 1. To guarantee consensus, we assume that the drift
term a satisfies a < ω2 6 λ2, where ω2 and λ2 are the algebraic con-
nectivities of respectively the reduced network graph and the original
network graph. The transfer function Gk(s) is now given by 1

s−a+ωk
.

Finally, we observe that now s tr (sBBT −A)−1 = s
s−a . Using these ob-

servations, we arrive at the following corollary of Theorem 4.10:

corollary 4 .18: Let Σ be a network consisting of the tree T combined
with a single extra edge e ∈ Et, with graph G = (V,Et ∪ e), such that
the graph has exactly one cycle c. Let the agent dynamics be given by
coupled integrators with drift term a, i.e. by ẋi = axi + ui with a ∈
R. Let Σ̂ the reduced network obtained by removing the edge e. The
approximation error is then given by

‖Σ− Σ̂‖22 =
1

2

(
N∑
i=2

ω2i

(ωi − a)
2

(xTi c)
2

1+
∑N
j=2

ωj
ωj+ωi−2a

(xTj c)
2

+

N∑
i=2

(
1−

(vTi c)
2

l(c)

)
λi

λi − a
−

N∑
i=2

ωi
ωi − a

)
(4.43)

remark 4 .19: Of course, by applying Theorem 4.13, the above can be
extended to the case that multiple edges that close edge-disjoint cycles
are removed. Also note that by taking a = 0 in (4.43), we immediately
reobtain the result on the single integrator case of Theorem 5 in [30]:

‖Σ− Σ̂‖22 =
1

2

 N∑
i=2

(xTi c)
2

1+
∑N
j=2

ωj
ωj+ωi

(xTj c)
2
+

1

l(c)
− 1

 .

remark 4 .20: If, as in Section 4.5, we consider the special case that
the network graph contains a star graph as a spanning tree, we can
take A = a, B = 1 in (4.35). For a star graph, we need to assume that
a < 1, in order to guarantee that the original and reduced networks
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reach consensus. Thus we obtain that, after removing r edges closing
edge-disjoint cycles, the approximation error is given by

‖Σ− Σ̂‖22 =
r

(1− a)(2− a)
+
r

2

(
1

3− a
−

1

1− a

)
.

Computing the limit for a → −∞ we see that the approximation error
approaches zero. Thus, the approximation error decreases with increas-
ing stability of the agent dynamics. For a → 1 from the left, we see that
the approximation error tends to infinity instead. This means that if the
original and reduced network come closer to losing consensus, the error
grows unboundedly. If we assume that the agent dynamics is a simple
integrator without a drift term, i.e. a = 0, then we obtain that the error is
exactly r

6 . If we remove one edge, the error is always 16 , for any number
of nodes in the star graph.

4.7 numerical examples

In this section we consider a number of examples to illustrate the theory
developed in this chapter.

example 4 .21: Consider a network in which each agent is the RL cir-
cuit depicted in Figure 4.2. The circuit was taken from [2]. As the net-
work graph, we take the graph of Figure 4.1. This graph consists of
N = 7 nodes, has two edge-disjoint cycles (r = 2), and contains S6 as a
spanning tree.

As the state of each agent, we take the currents through the inductors
L1, L2, and L3, so n = 3. The input each agent receives is the voltage Vd.

L1 L2 L3

R4R1 R2 R3

+

−

Vd

Figure 4.2: RL circuit with three inductors and four resistors.
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Finally, as output we take the current through the first inductor L1. This
results in the following agent dynamics:

ẋi =


−R2
L1

R2
L1

0

R2
L2

−(R2+R3)
L2

R3
L2

0 R3
L3

−(R3+R4)
L3

 xi +

1
L1

0

0

ui,
yi =

(
1 0 0

)
xi.

(4.44)

If we take L1 = L2 = L3 = 1H, then (4.44) is a symmetric system. As
in [2], for the resistors we take R1 = 0.5 ohm, R2 = 8 ohms, R3 = 5 ohms,
R4 = 1 ohm. The matrices A, B, and C are now given by

A =

−8 8 0

8 −13 5

0 5 −6

 , B = CT =

10
0

 .

Using expression (4.35) in Theorem 4.16 we will now compute the ap-
proximation error when removing all cycles from the network graph.
We first compute the eigenvalues σj and normalized eigenvectors yj of
A− BBT . We obtain σ1 = −20.3691, σ2 = −6.9764, and σ3 = −0.6545
with corresponding eigenvectors

Y =
(
y1 y2 y3

)
=

 0.5535 0.6039 0.5735

−0.7866 0.1528 0.5983

0.2737 −0.7823 0.5596

 .

Thus, A− BBT is Hurwitz, so both the original network as well as its
approximation reach consensus. We then compute the first term in (4.35)
as

3∑
j=1

1

σ2j
yTj B

(
I+ 2G(−σj)

)−1
BTyj = 0.4790.
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Next, we compute the trace of (BBT −A)−1 and (3BBT −A)
−1, and ob-

tain tr (BBT −A)−1 = 1.7204, tr (3BBT −A)−1 = 0.9950. Combining the
above, we find as approximation error

‖Σ− Σ̂‖22 = 0.4790× 2+
2

2
× (0.9950− 1.7204) = 0.2326. (4.45)

Note that, by Theorem 4.16, this error is independent of the number of
nodes in the resulting star graph. If the original graph would be the
union of SN−1 with r edges that close edge-disjoint cycles, then remov-
ing these r edges yield an approximation error 0.4790× r+ r

2 × (0.9950−
1.7204).

While this approximation error is independent of the number of nodes
in the graph and is always proportional to the number of removed
edges, it heavily depends on the eigenvalues of the matrices A − BBT

and A− 3BBT . In the previous section, it was shown that in the single
integrator case the approximation error decreases as the agent dynamics
becomes more stable. We again consider the system (4.44) and investi-
gate what happens to the approximation error if we vary the resistance
of R4 from 1 ohm to 50 ohms, thereby moving the eigenvalues ofA−BBT

closer to −∞. As seen in in Figure 4.3 the eigenvalue σ1 of A− BBT re-
mains strictly monotonically decreasing, while both σ2 and σ3 decrease
slightly before converging to a constant lower bound. The corresponding
approximation error per removed edge is shown in Figure 4.4. Figure 4.4
shows that the approximation error rapidly decreases as the resistance
of R4 increases. Indeed, increasing R4 from 1 to 10 reduces the approxi-
mation error per removed edge from 0.1163 to 0.0184.

example 4 .22: As a final example we investigate network (4.42) with
network graph G shown in Figure 4.5. In this network, the agent dy-
namics is given by a single integrator system with drift term a = 0.03.
This network has N = 20 agents and 5 edge-disjoint cycles. Computing
λ2 we obtain λ2 = 0.0910, so the original network reaches consensus. It
is easily verified that the graph has 1200 spanning trees: in each cycle
we need to remove a single edge, so the number of different spanning
trees can be computed by taking the product of the cycle lengths. After
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Figure 4.3: Eigenvalues σ1,σ2,σ3 of A−BBT for increasing R4.
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Figure 4.4: Approximation error ‖S− Ŝ‖22 per removed edge.
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selecting a specific spanning tree, Theorem 4.13 can be used to compute
the approximation error. However, how to select the spanning tree that
minimizes the approximation error remains an open question. In [30] an
upper bound on the approximation error was obtained that decreases
with the increase of the algebraic connectivity ω2 of the reduced net-
work graph. Thus, a sensible approach could be to use the spanning tree
with the largest algebraic connectivity ω2. Unfortunately no algorithm
currently exists that efficiently computes this spanning tree. However,
while there is no direct relationship between the algebraic connectivity
ω2(T) of the spanning tree T and its diameter diam(T), the diameter can
be used to obtain an upper bound on ω2, see e.g. [11, Thm. 4.1]. This
bound is given by

ω2(T) 6 2

(
1− cos

(
π

diam(T) + 1

))
.

The upper bound increases as the diameter of the spanning tree de-
creases. The problem of finding a spanning tree with minimum diam-
eter for a given graph has been widely studied and can be solved in
O(qN+N2 logN) time, where q is the number of edges in the graph,
see e.g. [22].

For each possible spanning tree T of the graph G in Figure 4.5, the
value of ω2(T) and the relative approximation error ‖S − ŜT‖2/‖S‖2,
with ‖S‖2 = 2.7598, have been plotted in Figure 4.6. Each point in the
scatter plot has been colored according to the diameter diam(T) of the
spanning tree, with small diameters colored blue and large diameters
colored red. The spanning tree T1 with the minimum value of ω2, ob-
tained at ω2(T1) = 0.0329, also achieves the worst relative approxima-
tion error: ‖S − ŜT1‖2/‖S‖2 = 0.3308. This tree is obtained from G by
removing the red edges in Figure 4.5. Furthermore, diam(T1) = 15, so
it is among the spanning trees with the maximum possible diameter.
The tree T2, which maximizes ω2 = 0.0622, is obtained by removing
the blue edges from G. For T2 we have diam(T2) = diam(G) = 9 and
‖S − ŜT2‖2/‖S‖2 = 0.1687, which is very close to the minimal relative
approximation error obtained at minT‖S− ŜT‖2/‖S‖2 = 0.1679.
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Figure 4.5: Graph on N = 20 nodes with 5 edge-disjoint cycles.
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Figure 4.6: Relative approximation error versus ω2(T) of all possible spanning
trees.
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4.8 conclusions

In this chapter we proposed a new method for model reduction of lin-
ear multi-agent systems. Instead of a clustering based approach, this
new method is based on removing cycles from the network graph. We
provided explicit expressions and upper bounds for the approximation
error when approximating a network that has a symmetric system as
its agent dynamics. The approximation error is expressed in terms of
the signed path vectors of the removed cycles and the eigenvalues and
eigenvectors of the edge Laplacian matrices of the original and reduced
network graphs. Results have been presented for the cases that either a
single cycle or multiple uncorrelated cycles have been removed from the
network graph. If the reduced network topology is given by a star graph,
these expressions can be further simplified. We have shown that previ-
ously obtained results for single integrator agent dynamics are easily
obtained from the more general results presented in this chapter.

While the chapter concentrates on the case that the reduced network
graph is a tree graph, one can use the present results to obtain upper
bounds on the approximation error for general reduced graphs, such as
the approximation error when removing a arbitrary cycle, by using the
expressions presented in the chapter and the triangle inequality. Future
research could try to improve these bounds or could try to find explicit
expressions for the approximation error in the more general case. The ex-
pressions presented in this chapter depend on the Laplacian eigenvalues
and eigenvectors of the original and reduced networks. The computation
of these values might prove expensive for networks with a large number
of agents. Combining the expressions in this chapter with results from
graph sparsification could produce upper bounds on the approximation
error that are cheaper to compute.

In this chapter, we have assumed that the chosen spanning tree and
to be removed cycles are given. A natural question to ask is how to opti-
mally choose such a spanning tree in such a way that the approximation
error in minimized. From the expressions for the approximation error
that have been provided in this chapter, the answer to this question is not
immediately apparent. Earlier results on networks with single integrator
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dynamics have shown that the approximation error can be bounded by
an upper bound that increases with the length of the to be removed cy-
cles and decreases with the increase of the algebraic connectivity of the
spanning tree. Future research should investigate whether it is possible
to obtain similar upper bounds in the multivariable case.

Other possible extensions could be to find expressions for or bounds
on the H∞-norm of the error system instead of the H2-norm used in the
present chapter. Furthermore, it could be possible to combine the results
in this chapter with clustering based techniques. For example, in the past,
clustering based techniques based on almost equitable partitions have
been proposed. While finding almost equitable partitions of graphs is a
difficult combinatorial problem in general, it might be more feasible for
tree graphs. Combining results from both techniques could provide low-
dimensional but accurate approximating systems. Finally, this chapter
only deals with the case that the agents are represented by a symmetric
input-state-output system. In our chapter, this assumption is made for
technical reasons. Future research could aim at extending our results to
the case that the agent dynamics is a general input-state-output system.





5
C O N C L U S I O N S

In this thesis we have considered the problems of robust synchroniza-
tion of networks with uncertain agent dynamics, and the problem of
model reduction for networks. In this chapter, we discuss the main con-
tributions and findings presented in Chapters 2–4. Finally, we provide
an outlook on some further research opportunities.

5.1 contributions

In Chapter 2, we have considered the problem of robust synchronization
of undirected and directed multi-agent networks with uncertain agent
dynamics. For the agents in the network, the nominal agent dynam-
ics was given by the same linear input-output system. For each agent
this nominal dynamics was then perturbed by coprime factor pertur-
bations. We have provided an achievable interval for the values of the
H∞-norm of the perturbations. We provided methods to construct a dy-
namic observer-based protocol that achieves consensus robustly. It was
shown that in the case of undirected networks with coprime factor per-
turbed agent dynamics, robust synchronization is equivalent with simul-
taneous robust stabilization of a single uncertain plant system by N− 1

controllers, whereN is the number of agents in the network. For directed
networks, the latter condition implies the former.

For the dynamic protocol proposed in Chapter 2 and for directed net-
work, the supremum of the achievable interval is proportional to the
quotient of the smallest real part and the largest modulus of the eigen-
values of the graph Laplacian. If the network is undirected, then the
Laplacian eigenvalues are real and we have shown that in this case the
supremum of the achievable interval is proportional to the square root
of the quotient of the smallest and largest eigenvalues of the Laplacian.
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In Chapter 3, we have extended results on clustering based model
reduction for leader-follower networks with single integrator agent dy-
namics to network with arbitrary linear multivariable agent dynamics.
The proposed model reduction technique achieve a reduction of the
complexity of the network topology by clustering the agents according
to an almost equitable partition of the network graph. We have shown
that if we reduce the original undirected network according to a spe-
cific Petrov-Galerkin projection, then the resulting reduced system can
be interpreted as a weighted, directed networked multi-agent system. It
was shown that if the network is clustered according to an almost equi-
table partition, then consensus of the network is preserved. For both the
H2- and the H∞-approximation error, we have provided a priori upper
bounds. These error bounds are dependent on a auxiliary system which
is closely related to the agent dynamics, the Laplacian eigenvalues of
the original and reduced network graphs, and the number of cellmates
of the leaders. It was shown that the approximation is exact if each leader
occupies a cell by itself.

Chapter 3 also briefly considered the case the the agents in the net-
work are clustered according to a general, non-almost equitable partition.
We have provided some insight into this problem and have shown how
one can obtain upper bounds on both the H2- and H∞-approximation
errors by first computing an optimal approximating network for which
the chosen partition is almost equitable, and then using the triangle in-
equality to bound the approximation error.

In Chapter 4, we have introduced a new method for model reduction
of networked multi-agent systems where the agent dynamics is given
by an arbitrary higher-dimensional symmetric system. This method is
based on removing the edges in the network graph that close the cy-
cles. We establish explicit expressions and upper bounds for the H2-
approximation error and give necessary and sufficient conditions for the
consensus properties of the original network to be preserved. The ap-
proximation error has been expressed in terms of the eigenvectors of
the edge Laplacian matrices of the original and reduced network graphs.
The presented results are applicable in the case that either a single cy-
cle, or multiple uncorrelated cycles are removed from the graph. We
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have shown that if the reduced network graph is a star graph, then the
obtained expression can be greatly simplified, and the approximation
error is independent of the number of agents in the network.

5.2 outlook

As is common in science, this thesis poses more questions than it can an-
swer. Some interesting topics for future research will now be discussed.

There are few topics in the theory of networked systems that have
seen as much interest as the problems of consensus and synchroniza-
tion. Still, there are opportunities for future research. In the problem of
robust synchronization for directed networks especially, finding proto-
cols that allow for non-homogeneous perturbations seems to remain an
open problem. This is the case for the protocols presented in this the-
sis, as well as for existing results on robust synchronization of networks
where the agent dynamics are perturbed using additive perturbations.

In this thesis, we have provided upper bounds on the H2- and H∞-
approximation errors when clustering the network according to an al-
most equitable partition of the network graph. In general, graphs may
not always have non-trivial almost equitable partitions. We have pro-
vided a method to obtain an upper bound on the approximation error in
this case. Future research could investigate whether this bound is sharp
or could provide different methods for obtaining an upper bound on
the modeling error if the network is clustered according to an arbitrary
partition.

In the context of cycle-removal based model reduction, this thesis fo-
cuses on the case that the reduced network graph is a tree graph. One
can use the triangle inequality together with the presented results to
obtain upper bounds on the approximation error for general reduced
graphs, such as the approximation error when removing an arbitrary cy-
cle. Again, the sharpness of the bounds obtained in this manner could
be established after further investigation.

The expressions for the approximation error in the case of cycle-re-
moval require the computation of the eigenvalues and eigenvectors of
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the Laplacian matrices of the original and reduced networks. For net-
works with a large number of nodes, this might prove too computation-
ally expensive. Combining the results in this thesis together with results
on graph simplification might allow us to compute upper bounds that
do not require the computation of (all) the eigenvalues and eigenvectors
of both Laplacian matrices. In the case of single integrator agent dynam-
ics, these upper bounds have already been found.

In the case of model reduction by clustering, we have provided up-
per bounds on the H2- and H∞-approximation error. For model reduc-
tion by cycle-removing, only expressions for the H2-approximation er-
ror have been provided. Since the H∞-approximation error can be inter-
preted as a kind of worst case error, finding expressions for this error can
be a worthwhile venture.

In our chapter on cycle-removal, we have restricted our analysis to
networks where the agent dynamics is given by an arbitrary symmetric
system. This restriction was made for technical reasons. Future research
could extend the results in this thesis to networks with arbitrary linear
input-output systems as agent dynamics. Furthermore, we assume the
network graph is undirected, but assign a orientation to every edge. If
we start with a directed network, are the results still applicable and if
this is not the case, can we extend the obtained results to this situation?

Finally, combining the two model reduction techniques that have been
investigated in this thesis might lead to low-dimensional, but accurate
approximating systems. Finding almost equitable partitions of a general
graph is a complex combinatorial problem. First reducing the network to
a three graph and only then searching for an almost equitable partition
might prove a more feasible approach.
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1 vector of ones 9

C field of complex numbers 8

diag(a1,a2, . . . ,ap) (block) diagonal matrix with a1,a2, . . . ,
ap on the diagonal 10

E edges in the network graph 16

H∞ H∞-norm 3

H2 H2-norm 6

im(B) image of a matrix 24

A⊗B Kronecker product of A and B 10

λmax(A) largest eigenvalue of a positive semi-
definite matrix 9

N set of neighboring agents 16

B⊥ left annihilator of B 9

R field of real numbers 8

Re(α) real part of α ∈ C 14

RH∞ set of all proper and stable real rational
matrices 14

ρ(A) spectral radius of a square matrix 9

σ1(A) largest singular value of a matrix 9

σmin(A) smallest singular value of a matrix 74

V nodes in the network graph 16





S U M M A RY

This thesis considers two important problems in the theory of networked
multi-agent systems: the problem of robust consensus and synchroniza-
tion and the problem of model reduction of networked systems. We will
now give a summary of the problems discussed in this thesis.

A networked multi-agent system consists of a group of subsystems
called agents, which are interconnected with each other. The agents
are interconnected according to a certain communication topology. This
topology is represented by a graph: the network graph. In this graph, the
nodes represent the agents and the communication links are represented
by the edges.

First, we consider the problem of robust synchronization of networks
with uncertain agent dynamics. In this problem, the nominal dynamics
of all the agents in the network is given by a common linear input-output
system. For each of the agents in the network, this nominal system is
then perturbed by a coprime factor perturbation. The goal is to find a
communication protocol that robustly synchronizes the network for all
such perturbations. This means that for all allowable perturbations, the
states of all the agents converge to a common trajectory.

If the network graph is undirected, then robust synchronization is
equivalent to simultaneous robust stabilization of a single plant model,
closely related to the nominal dynamics, by a given set of stabilizing
controllers. This allows us to utilize important results from the theory of
robust control, such as the small gain theorem. In the case of a directed
network graph, then still it can be shown that robust synchronization
can be achieved by solving a simultaneous stabilization problem.

We establish communication protocols that achieve robust synchro-
nization for undirected networks with heterogeneous perturbations and
directed networks with homogeneously perturbed agent dynamics. The
protocols achieve robust synchronization for a certain achievable inter-
val. For directed networks, the supremum of this interval is proportional
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to the ratio of the smallest real part and largest modulus of the nonzero
eigenvalues of the Laplacian matrix of the network graph. In the case
that the network graph is undirected, the Laplacian eigenvalues are real.
It can then be shown that the supremum of the achievable interval is
proportional to the square root of the ratio of the smallest and largest
nonzero Laplacian eigenvalues.

Next, we investigate two different methods for model reduction of
multi-agent systems. We first consider the problem of model reduction
by clustering for leader-follower networks. In these networks, a subset
of the agents receives an external output. These agents are called the
leaders of the network. The other agents are called the followers and
can only communicate with other agents in the network. The goal is to
accurately approximate these networks by lower dimensional models,
while preserving some of the structure of the network.

We establish a model reduction technique for networks with arbitrary
higher dimensional agent dynamics that uses a particular class of graph
partitions called almost equitable partitions. The agents in the network
are clustered according to a almost equitable partition of the network
graph, thus reducing the number of agents and in turn the model or-
der of the entire network. If the network is clustered according to an
almost equitable partition, then its consensus properties are maintained.
We provide upper bounds on the modeling error in both the H2 and
H∞-norm. The provided upper bounds depend on the number of cell-
mates of the leaders, the eigenvalues of the Laplacian matrix, and on an
auxiliary model closely related to the agent dynamics.

Since finding almost equitable partitions of a given network graph is
computationally expensive, we also investigate the approximation error
if the network is clustered according to an arbitrary partition. We first
compute a graph that optimal approximates the original network graph,
such that the given partition is an almost equitable partition of the re-
duced graph. Then, we can compute an upper bound using the triangle
inequality and the earlier obtained bounds.

Finally, we consider a different approach to model reduction of net-
works. In contrast to the previous model reduction technique, this tech-
nique is not based on reducing the number of nodes in the network,
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but reducing the number of edges instead. Given a undirected network
where the agent dynamics is given by a arbitrary symmetric linear input-
output system, we reduce the network by removing all edges from the
graph that close the cycles.

We establish necessary and sufficient conditions under which both the
original and reduced network reach consensus. We provide explicit ex-
pressions for the resulting H2-approximation error which depend on the
signed path vectors describing the removed cycles and the eigenvalues
and eigenvectors of the edge Laplacian matrix of both the original and
the reduced network.

If the reduced network graph is a star graph, the expressions for the
approximation error can be greatly simplified. We provide these reduced
expressions and show that in this case, the approximation error is inde-
pendent of the number of agents in the network. We further show that
earlier results on networks with single integrator agent dynamics follow
directly from the more general results in this thesis.





S A M E N VAT T I N G

In dit proefschrift worden twee belangrijke problemen in de theorie
van gekoppelde multi-agent systemen bestudeerd: het probleem van ro-
buuste consensus en synchronisatie en het probleem van modelreductie
van netwerksystemen. Wij zullen nu een samenvatting geven van de in
dit proefschrift besproken problemen.

Een gekoppeld multi-agent systeem bestaat uit een groep subsyste-
men die agenten worden genoemd. Deze agenten zijn onderling verbon-
den via een gegeven communicatietopologie. Deze topologie is gevat in
een graaf: de netwerkgraaf. In deze graaf vertegenwoordigen de knopen
de verschillende agenten en de communicatielinks zijn vertegenwoor-
digd door de zijden.

Het eerste probleem dat wordt onderzocht is het probleem van ro-
buuste synchronisatie van netwerken van agenten met onzekere dyna-
mica. In dit probleem delen de agent hun nominale dynamica, welke
is gegeven door een gangbaar lineair input-output systeem. Vervolgens
wordt voor elke agent in het netwerk deze nominale dynamica verstoord
door middel van een coprime factor verstoring. Het doel is om een com-
municatieprotocol op te stellen dat het netwerk op een robuuste wijze
synchroniseert voor alle coprime factor verstoringen. Dit houdt in dat
voor elk van de toegestane verstoringen de toestand van alle agenten
convergeert naar een gedeelde baan.

Als de netwerkgraaf een ongerichte graaf is, dan kan worden aange-
toond dat robuuste synchronisatie equivalent is met het tegelijkertijd
robuust stabiliseren van één bepaald systeem door een set van nauw
verwante stabiliserende controllers. Dit stelt ons in staat om resultaten te
gebruiken uit robust control zoals de welbekende small gain stelling. Dit
systeem is gerelateerd aan de eerder genoemde nominale dynamica. Als
de netwerkgraaf gericht is, ook dan is het mogelijk om het robuuste syn-
chronisatieprobleem op te lossen door middel van het oplossen van een
simultaan stabilisatieprobleem.
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In dit proefschrift construeren wij communicatieprotocollen die ro-
buuste synchronisatie tot stand brengen voor ongerichte netwerken met
heterogene verstoringen en gerichte netwerken waarin de agenten op ho-
mogene wijze zijn verstoord. Deze protocollen bewerkstelligen robuuste
synchronisatie voor verstoringen die binnen een bepaald haalbaar inter-
val vallen. Voor een gericht netwerk is het supremum van dit interval
proportioneel aan de ratio van het kleinste reële deel en de grootste mo-
dulus van de eigenwaarden, ongelijk aan nul, van de Laplaciaan van de
netwerkgraaf. Indien de netwerkgraaf ongericht is, dan zijn deze eigen-
waarden reëel. Er kan dan worden aangetoond dat het supremum van
het haalbare interval proportioneel is aan de wortel van de ratio van de
kleinste en grootste eigenwaarde van de Laplaciaan die ongelijk aan nul
zijn.

In het tweede deel van dit proefschrift onderzoeken we twee verschil-
lende manieren om modelreductie toe te passen op multi-agent syste-
men. Eerst bestuderen we het modelreductieprobleem waarin agenten
in een leader-follower netwerk worden geclusterd. In deze netwerken is
een deelverzameling van de agenten aangeduid als leider en de overige
agenten zijn volgers. De leiders zijn de enige agenten die een externe
input ontvangen. De volgers kunnen alleen met de rest van de agenten
informatie uitwisselen. Het doel is nu om deze netwerken accuraat te
benaderen door middel van een lager dimensionaal model, terwijl de
structuur van het netwerk behouden blijft.

Wij presenteren een modelreductietechniek voor netwerken waarin de
agentdynamica wordt gegeven door arbitraire hogere-orde systemen. Bij
deze techniek wordt gebruik gemaakt van een speciale klasse van graaf-
partities, namelijk almost equitable partities. De agenten in het netwerk
worden geclusterd aan de hand van een almost equitable partitie van
de netwerkgraaf. Hierdoor wordt het aantal agenten in de resulterende
graaf gereduceerd, wat tot gevolg heeft dat de dynamische orde van het
hele netwerk daalt. In het geval dat het netwerk aan de hand van een
almost equitable partitie wordt geclusterd, dan blijven de consensusei-
genschappen van het netwerk behouden. Wij geven bovengrenzen voor
de benaderingsfout in zowel de H2- als de H∞-norm. Deze bovengren-
zen hangen af van het aantal celgenoten van de leiders, van de eigen-
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waarden van de Laplaciaan van de netwerkgraaf en van een systeem dat
nauw verwant is aan de dynamica van de agenten.

Omdat het vinden van een partitie die almost equitable is veel reken-
kracht vereist, bespreken wij ook het geval waarin het netwerk aan de
hand van een willekeurige partitie wordt geclusterd, die niet noodzake-
lijkerwijs almost equitable is. Hiervoor wordt eerst een graaf geconstru-
eerd die een optimale benadering is van de originele netwerkgraaf. De
gegeven partitie is een almost equitable partitie van deze nieuwe graaf.
Vervolgens wordt door middel van de eerder verkregen bovengrenzen
en de driehoeksongelijkheid een bovengrens gegeven voor de benade-
ringsfout.

In het laatste deel van dit proefschrift bestuderen wij een alternatieve
techniek voor het toepassen van modelreductie op netwerken. In tegen-
stelling tot de eerder besproken techniek is deze niet gebaseerd op re-
duceren van het aantal agenten in het netwerk. In plaats hiervan wordt
de communicatietopologie van het netwerk versimpeld door het wegha-
len van bepaalde communicatielinks. In een gegeven netwerk, waarin de
agentdynamica is gegeven door een arbitrair symmetrisch lineair input-
output systeem, wordt de communicatiestructuur versimpeld door alle
zijden in de netwerkgraaf weg te halen die de cykels in de graaf afslui-
ten.

We geven noodzakelijke en voldoende voorwaarden waaronder zowel
het originele als het gereduceerde netwerk consensus bereiken en presen-
teren expliciete uitdrukkingen voor de resulterende H2-benaderingsfout.
De fout wordt uitgedrukt in termen van de getekende padvectoren die
de verwijderde zijden beschrijven en de eigenvectoren en eigenwaarden
van de zijde-Laplaciaanse matrix van zowel de originele als de geredu-
ceerde netwerkgraaf.

In het geval dat de gereduceerde netwerkgraaf wordt gegeven door
een stergraaf, dan kunnen de verkregen uitdrukkingen worden versim-
peld. Wij geven deze versimpelde uitdrukkingen en tonen aan dat, in het
geval van een stergraaf, de benaderingsfout niet afhangt van het aantal
agenten in het netwerk. Tenslotte tonen wij aan dat eerder verkregen re-
sultaten met betrekking tot netwerken waarin de agentdynamica wordt



150 samenvatting

gegeven door enkelvoudige integratoren direct volgen uit de algemene
resultaten in dit proefschrift.



colophon

The ‘tree graph’ depicted on the front cover is, in fact, an illustration of
a soft coral known as Gorgonia verticillata.

This thesis was typeset using the typographical style classicthesis,
which is developed by André Miede. The style was inspired by Robert
Bringhurst’s seminal book on typography “The Elements of Typographic
Style”.
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