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Abstract
Background: In gene therapy clinical trials, Hematopoietic Stem

Cells (HSCs) harvested from patient bone marrow are edited and
corrected by means of viral vectors. Upon infusion into the patient,
the HSCs will multiply and differentiate into other cell types.
Main question: Understanding cell differentiation process may play
a fundamental role in providing insights for efficacy of gene therapy.
However, hematopoiesis is not understood in detail since both the
differentiation phylogeny and the dynamics are not fully known. An
additional complication is that in vivo, in patient, clone-tracking is not
possible on a high-frequency basis. This means that simple descriptive
statistics will be unable to reveal the underlying dynamics.
Aim: The aim of this paper is to model the HSC differentiation process
via a stochastic differential equation and to use experimental data to
infer the dynamic parameters of the process.
Data: The gene therapy procedure has the dual effect of providing
treated cells of a copy of therapeutic gene of interest and of a unique
label, represented by viral insertion sites. Upon infusion into the
patients, the cellular progeny of engineered HSC will carry identical
insertion site markings. Therefore, analysing samples from patient
bone marrow and peripheral blood at different time-points after gene
therapy, it is possible to quantitatively track the population of blood
cells derived from each individual HSC.
Statistical method: In this work, we define a single-clone stochastic
logistic cell differentiation process. This process is defined as
multivariate continuous time Markov process, where each component
corresponds to the number of cells of each type present across
time. Starting from the Kramers-Moyal expansion of process’ Master
Equation, a system of ordinary differential equations for process
moments are derived. We then develop an inference procedure for
estimating the parameters governing the stochastic process, based on
constrained generalized non-linear least squares.
Results:The performance of themethod has been evaluated bymeans
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of a simulation study under different sampling time intervals and then
applied to gene therapy clinical data. The results are consistent with
alternative and more complex models recently proposed in biological
literature.

Keywords: Markov process, ODEs system, non-linear model, clone
tracking, method of moments.
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Introduction

Although mammalian organisms have more than a hundred
different cell types, many mammalian tissues are sustained by
relatively few varieties of multipotent stem cells [7, 27, 30]. Given their
importance, a comprehensive understanding of stem cells is crucial
for advancing the development of regenerative medicine, such as
transplantation of hematopoietic stem cells (HSCs), which is currently
used to treat a wide variety of haematologic malignancies and bone
marrow disorders. In gene therapy clinical trials, viral vector are used
to manipulate the genome of a pool of cells harvested from patients.
The aim is to permanently integrate a corrected copy of a particular
defective gene responsible for a disease. For a long-term correction,
stem cells represent the best target for gene therapy clinical trails
[2, 5, 23]. Although HSCs can regenerate 1011 new mature blood cells
in a human every day, many questions about HSCs behaviour are
still debated, such as whether the outcome of hematopoietic stem cell
differentiation is pre-determined or a stochastic event, or whether
the application of clinically relevant stresses can potentially influence
HSCs fate.

Several high-throughput assay systems exist that can
quantitatively track repopulation from an individual stem cell in
animal models [18, 19]. Clonal tracking by means of viral labelling
[20] is one of the most sensitive systems, which can track HSCs at
the single-cell level. In this procedure, each individual CD34+ HSC is
distinctly labelled by means of a random incorporation of a lentiviral
vector in the cell genome before transplantation into animal or patient
body. All cells that result from proliferation and differentiation of a
marked HSC will carry identical markings defined by the location of
the original viral insertion site. During the follow-up period, sampling
cells from bone marrow (BM) and peripheral blood (PB) and by means
of insertion site analysis [4], it is possible to quantify the cells that
arise from a single marked HSC. The set of cells, among all cell types,
having in common the same HSC ancestor, is commonly defined as
a clone. The motivational example in this paper is a gene therapy
clinical trial for Wiskott-Aldrich Syndrome (WAS), an inherited
immunodeficiency caused by mutations in the gene encoding for
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WAS protein. The trial represents a novel type of treatment, about
which much is still unknown.

From a modelling point of view, clonal tracking is quite new. [12]
analysed non-human primate rhesus macaque experiments presented
in [18]. Rather thanmodelling the dynamic evolutions of an individual
clone, the authors developed a mechanistically-inspired framework
to model the observed distribution of clone population sizes across
3 main groups of cell types (HSC, proenitors and fully differentiated
blood cells). In this paper we propose a multivariate continuous
time Markov process for single-clone dynamics among multiple cell
lineages, defined by means of a stochastic differential equation. Using
a Kramers-Moyal expansion of underlying Master Equation, a system
of ordinary differential equations for process moments are derived.
The “S” shape or logistic behaviour of sub-populations size [17] results
from a particular definition of the transition rates and bounds the
clone’s growth.

The model and its characteristics are presented in Section 3.2. In
Section 3.3 a non-linear generalized least square estimation procedure
for the parameters in the stochastic process is developed, both from
methodological and computational points of view. In Section 3.4
the performance of our proposal is compared for different sampling
time intervals with a simpler polynomial generalized least square
estimation procedure (details given in Section 3.3.1). In Section 3.5 we
apply our methodology to the WAS gene therapy clinical trial data.

Stochastic logistic cell differentiation process
We consider an N -dimensional, continuous time counting process

X(t), where t ∈ R and X(t) ∈ NN
0 . Each element of X(t) =

(X1(t), . . . , XN(t)), corresponds to the number of cells of cell type
Ci, i = 1, . . . , N present in the system at time t. By default we will
assume that X1 refers to the hematopoietic stem cell count.

We assume thatX evolves according to a continuous time Markov
process. There are three event types in the process, to wit cell
duplication, cell death and, importantly, cell differentiation. Individual
cells are assumed to be independent from each other and cells
belonging to the same Ci are assumed to obey to the same laws.
Single event rates are assumed constant over time. The generic
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cell duplication rate αi is assumed to be a linear growth term,
corresponding to the expected number of cell duplications per time
unit per cell of cell type i.

P (Xt+∂t,i = xt,i + 1, Xt+∂t,−i = xt,−i|Xt = xt) = xiαi∂t, (3.1)

for i = 1, . . . , N . It is biologically reasonable that for larger cell
populations, the cell death rates are not constant for each cell, but
depend on the size of those cell types present. If each of the xi cells of
type i are competing for the same vital resource, then the death rate
for each cell of type type i would be linearly related to the number of
cells, i.e., δixi. This implies that for overall population of xi cell of cell
type i, the death rate would be quadratic,

P (Xt+∂t,i = xt,i − 1, Xt+∂t,−i = xt,−i|Xt = xt) = x2i δi∂t, (3.2)

for i = 1, . . . , N . This definition results in a logistic type of growth
curve, whereby linear cell duplication is eventually overcome by
quadratic cell death. Furthermore, it is assumed that cell differentiation
from cell type i into cell type j is a process with constant rate λij ,
P (Xt+∂t,i = xt,i − 1, Xt+∂t,j = xt,j + 1, Xt+∂t,−ij = xt,−ij |Xt = xt) = xiλij∂t (3.3)

for i ̸= j some subset of {1, . . . , N}. For the moment we will assume
that the hematopoietic differentiation tree is known, i.e., we known
for which combination of (i, j) the differentiation rate λij ̸= 0. This
means that the total number of event types r is somewhere between
2N and N(N + 1).

It is convenient to write the Markov process in a vectorized
form. Each cellular event k ∈ {1, . . . , r} can be associated with an
N -dimensional integer vector vk, describing the net change in the
state induced by event k. In particular, for cell duplication and cell
death for cell type i, vk is a N -dimensional zero vector, except for
element in position i equal to 1 and −1, respectively, whereas the net
change associated a differentiation event from cell type i into cell type
j, vk, is aN -dimensional zero vector with elements in positions i and
j equal to−1 and 1, respectively. The hazard hk(X,θ) corresponding
to these three types of events are, respectively, Xiαi, X2

i δi and Xiλij ,
for θ = (α, δ,λ). This means that we can write the process generally
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as
P (Xt+∂t = xt + v | Xt = xt) = hk(xt; θ).

The whole process can be recast in matrix notation involving the
net effect matrix, V , corresponding to an N × r integer matrix, in
which the columns correspond to the vectors vk (k = 1, . . . , r).
For simplicity we assume that the firsts N columns of V refer to
cell duplications, the second N to cell deaths and the remaining
columns to differentiation events. The hazardh(X,θ) = (h1, . . . , hr),
is the r-dimensional vector of the r individual event hazards. For
any stochastic process obeying to Markov property, given initial
conditionX0, is possible to determine the evolution of the probability
distribution function associated to the system states over time,
P (X; t), by means of the master equation [8, 15, 25]. The master
equation is defined as a differential equation for the process transition
probability and can be written as:

dP (X; t)

dt
=

r∑
k=1

{hk(X − V·k,θ)P (X − V·k, t)− hk(X,θ)P (X, t)}

(3.4)
By means of a multivariate Taylor expansion, is possible to derive an
equivalent and alternative formulation of any master equation, named
the Kramers-Moyal expansion [15]:

dP (X; t)

dt
=

∞∑
m=1

(−1)m

m!

N∑
j1,...,jm=1

dm

dXj1, . . . , dXjm

[am(X, θ)P (X, t)]

(3.5)
where am(X) arem-order symmetric tensors commonly called jump
moments [21] or propagator moment functions [10]. Jump moments
measure the impact of any given transition between states on the rate
of change of probability distribution moments values. The conclusion
of this expansion is that the evolution of all important measures for
X(t) can obtrain from the moments of the probability distribution
P (X; t). In particular, the first moment of P (X; t) relates to the mean
of X(t), the second to the variance, the third to skewness and the
fourth to kurtosis. Formally, (3.4) and (3.5) are equivalent and the latter
is not particularly easy to handle. However, under certain conditions,
the contribution of higher order terms (m > 2) in (3.5) is zero or
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negligible, reducing (3.5) to the sum of a finite set of elements [10, 15].
[28] provide a general schema to derive analytical expressions for

jump moments for any Markov process. The joint jump moments for
our cell differentiation process can be obtained as:

ai,j,...mi+mj+...(X,θ) =
r∑

k=1

[(Vk,i)
mi(Vk,j)

mj . . . ]hk(X,θ). (3.6)

They show that the dynamics of the generic m-order probability
distribution moments for any multivariate Markov process can be
formulated as a system of ordinary differential equations (ODEs)
involving the previously derived jump moments:

dE[X(m)(t)]

dt
= E[vec(am)] +

m−1∑
k=1

Πm
j E[X(k) ⊗ vec(am−k)] (3.7)

where ⊗ corresponds to the Kronecker product operator

X(m) =

m︷ ︸︸ ︷
X ⊗X · · · ⊗X

and where vec() symbolizes the vectorization of any matrix or tensor
into a column vector and Πm

j is an appropriate sum of Nm × Nm

permutationmatrices described in [28]. For our purposes, wewill need
the explicit expression form = 1, 2, which we will provide in the next
section.

Inference

The process is typically observed across a number of time points
and a number of replicates. In particular, we assume we have n

replicates and S time points for each replicate. To simplify notation,
we will assume that the observed times are 1, . . . , S, but equal spacing
is not required. A likelihood-based approach would need to evaluate
the likelihood of the observations. This involves integrating across the
intermediate time-points, effectively making closed-form inference
impossible. Instead, we will derive a methods of moments type
estimator to infer the parameters of interest. This involves matching
for each observation X t with its expected value given the previous
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observation,
Xt = m(t;θ) + ϵt (3.8)

where m(t;θ) is a known non-linear function of the process state
at time step t − 1 and εt is an N -dimensional mismatch variable
with E[εt] = 0N and Var(εt) = Wt and Wt = g(Xt−1;θ) is a
N×N matrix, for some conveniently defined expectation and variance
operators. Effectively, this means that we estimate the unknown
parameters vector θ governing a stochastic logistic cell differentiation
process by means of generalized method of moments. We begin with a
local linear approximation approach, before presenting the non-linear
correction, which in the case of sparse time course data is particularly
relevant.

Local linear approximation

In this section, we describe a linear approximation of (3.8), which
provides quick estimates for the parameters θ. This linear estimate is
used in this paper in two different situations. First and foremost, it
provides reasonable initial values for the exact non-linear algorithm
described in Section 3.3.2. Secondly, it serves as a comparison in the
evaluation of the proposed inference procedure for different sampling
intervals.

For correct inference by means of local linear approximations,
the system must be observed at time intervals ∆t that guarantee
macroscopically infinitesimal state changes within consecutive time
intervals. This condition, introduced in [11], means that during any
time interval within the follow-up period, no propensity function
h(X,θ) suffers a noticeable change in their value, yet every reaction,
i.e., cell event in our context, can be expected to happen many more
times than once.

If this condition is met, the discrete state Markov processX t can be
approximated by a diffusion process with the following formulation:

dX t = µ(X t,θ)∆t+ β
1
2 (X,θ)dBt. (3.9)

where dX t is the change in state space for X(t) over time interval
∆t, µ(X,θ) = V ⊺h(X t−1,θ)∆t is the mean (or drift) vector, where
β(X;θ) = V ⊺Diag (h(X t−1,θ))V ∆t is the variance (or diffusion)
matrix and dBt represents the change of a Brownian motion during 1
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time unit. As the hazard is linear in θ, the diffusion (3.9) can be written
as,

dX = Mθ + ϵ (3.10)
where

dX =


X1 −X0

X2 −X1
...

XS −XS−1

 (3.11)

is a (N × S)-dimensional column vector with observed cells counts
differences between consecutive time points, and where

M =


V ⊺D(X0)∆t

V ⊺D(X1)∆t
...

V ⊺D(XS−1)∆t

 (3.12)

is aNS× r matrix of predictors andD(X t) is a r× r diagonal matrix
with the appropriate polynomial ofX t involved in events rates vector
h(X t,θ),

D(X t) = Diag{Xt,1, . . . , Xt,N , X
2
t,1, . . . , X

2
t,N , Xt,d1, . . . , Xt,dr−2N

}
(3.13)

representing cell duplication, cell death and cell differentiation,
respectively, and where di (i = 1, . . . , r − 2N ) are the cell types
involved in cell differentiation events. Finally, ϵ is a NS-dimensional
error random variable with E[ϵt] = 0NS and Var(ϵt) = Ω, with Ω a
NS ×NS matrix equal to:

Ω =


Ω0 0 . . . 0
0 Ω1 . . . 0
... ... . . . ...
0 0 . . . ΩS−1

 .

Each block Ωt = V ⊺D(X t)∆tDiag (θ)V is an N × N matrix
describing the covariance structure related to cells counts variations
belonging to the same time of observation. The estimator θ̃ defined as
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the constraint least squares estimator,

θ̃ = argmin
θ

(dX −Mθ)⊺Ω−1(dX −Mθ) s. t. θ ≥ 0r (3.14)

The main steps of a iterative procedure are presented presented as
pseudo-code in Algorithm 3 involving quadratic programming.

Data: dX ,M
Result: Get parameters estimates θ̃
begin

Initialization: tol = ϵ , it = 0;
θ̃(0) = argmin

θ
(dX −Mθ)⊺(dX −Mθ) s.t. θ ≥ 0;

while
∑r

i=1(| θ̃(it) − θ̃(it−1) |) ≥ tol do

Ω̃(it) =


Ω̃

(it)
0 0 . . . 0

0 Ω̃
(it)
1 . . . 0

... ... . . . ...
0 0 . . . Ω̃

(it)
S−1


where Ω̃(it)

s = V ⊺D(Xts)dt Diag(θ̃(it)V ;
θ̃(it+1) = argmin

θ
(dX −Mθ)⊺Ω̃(it)(dX −Mθ) s.t. θ ≥ 0r

it = it+ 1;
end

end

Algorithm 3: Iterative procedure for local linear approximation based parameters
estimation.

Non-linear generalized method of moments
The main problem of the previous algorithm is that when the

observed time instances are far apart, then the linear approximation
used both in the mean and covariance calculations are inaccurate,
leading to biased estimation. In this section, we extend the algorithm
to take the non-linearity into account.

The conditional expectation of the process at time t given the
previous time point t− 1

m(t;θ) = E[X t|X t−1,θ]
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is non-linear. It is an N -dimensional vector corresponding to the N
predicted values forX t at time t given the previous observed process
state, X t−1. Then (3.7) defines a system of differential equations for
the evolution of process first moments. We define the function m
as the solution of the N -dimensional system of ordinary differential
equations,

dmi(t)

dt
= E[ai1(X t;θ)|X t−1], i = 1, . . . , N, (3.15)

with initial conditions

m(t− 1) = Xt−1, i = 1, . . . , N,

where, according to (3.6)

ai1(x,θ) =
r∑

k=1

Vikhk(x;θ), i = 1, . . . , N. (3.16)

If the hazard functions hk are linear in x, then (3.15) simplifies to

dmi(t)

dt
= ai1(m;θ), i = 1, . . . , N.

This is not true for the stochastic cell differentiation model that we
defined in the previous section. The quadratic cell death rate implies
that the conditional expectation of a1 may involve 2 order moments,
with which we will deal now.

Using a similar approach it is possible to describe the covariance
structure g(Xt;θ) = W t, describing the dependence structure among
process components belonging to the same time point. A generic
element of g is given by:

gij(X t−1;θ) = Wt,ij

= Cov[Xi(t), Xj(t)|X t−1θ]

= cij(t;θ)−mi(t;θ)mj(t;θ), (3.17)

where cij(t) = E[Xi(t)Xj(t)|X t−1θ] according to (3.7) can be
expressed by means of the following system of ODEs (i ≥ j; i, j =
1, . . . , N ):

dcij(t)

dt
= ai,j2 (m(t)) + E[Xi(t)a

j
1(Xt)|Xt−1θ] + E[Xja

i
1(Xt)|Xt−1θ] (3.18)
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with initial conditions:

cij(t− 1) = Xi(t− 1)Xj(t− 1), i ≥ j; i, j = 1, . . . , N

where

ai,j2 (x,θ) =
r∑

k=1

Vi,kVj,khk(x,θ), i, j = 1, . . . , N (3.19)

and the generic ai1 element as defined in (3.16). Clearly, second order
moments are symmetric, i.e., cij = cji. Again, if the hazards hk were
linear in x, then (3.18) would simplify to

dcij(t)

dt
= ai,j2 (m(t)) + aj1(c.i(t)) + ai1(c.j(t)).

But, again, as the cell death rates are quadratic in our stochastic cell
differentiation model, the conditional expectation of Xt,ia2(X t;θ)
involves third order moments. In order to avoid an infinite regress, we
use the idea of moment closure. For a normal distribution [31] showed
that third order moments can be approximated as:

E[XiX
2
j ] = 2E[Xj] E[XiXj] + E[Xi] E[X

2
j ]− 2E[Xi] E[Xj]

2 (3.20)

and
E[X3

j ] = 3E[Xi] E[X
2
i ]− 2E[Xi]

3 (3.21)
which yields central third order moments, i.e., skewness, equal to 0.
We describe a small example in Section 3.7.

Is now possible to define a method of moment estimator via a
generalized least squares objective function that can be minimized in
order to estimate the unknown parameters vector θ:

θ̂ = argmin
θ

[X1:S −m(θ)]⊺W−1[X1:S −m(θ)] s.t. θ ≥ 0r (3.22)

where

X1:S =


X1

X2
...

XS

 (3.23)

is aNS-dimensional column vector with the observed cell type count
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data, and

m(θ) =


m(1;θ)
m(2;θ)

...
m(S;θ)

 (3.24)

is a NS-dimensional function of the predicted mean evolutions and

W =


g(X0;θ) 0 . . . 0

0 g(X1;θ) . . . 0
... ... . . . ...
0 0 . . . g(XS−1;θ)

 .

is a NS × NS block diagonal matrix, in which blocks correspond
to expected variance-covariance matrices and zeros reflect the
independence among measurements belonging to different
time-points. In Section 3.7 all the elements introduced in this
section are derived for simple example involving 3 cell types.

Summarizing, in order to calculatem and c at t it is first necessary
to solve the ODE systems (3.15) and (3.18), setting as initial conditions
for m(t − 1) and c(t − 1) the observed process state at t − 1, Xt−1,
and observed second moment at t − 1, X(2)

t−1, respectively, for all
time points. The result are SN functions of t, mi(t) (i = 1, . . . , N ),
describing the mean predicted dynamics and SN 2 functions of t,
cij(t), describing the second moment dynamics, for each component
of the process for any time point beyond t − 1. For this we need
to use the moment closure trick in the stochastic cell differentiation
model. The moment functions are the two elements that enter a
generalizedmethods of moments for estimating the cell differentiation
paramenters.
Algorithm

In order to find the solution to the minimization problem in (3.22), a
modified implementation of the Gauss-Newton algorithm is proposed
[6]. Its pseudo-code is available in Algorithm 4. The procedure receives
as input the initial cell count condition and observations during the
follow-up time, X0:S , and the system of ODEs for first order, m,
and second order, c, moment evolutions. The algorithm starts with
initial estimations for θ, θ̂(0), calculated by means of local linear
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approximation detailed in Section 3.3.1, assuming homoscedastic and
uncorrelated errors. Estimation for θ is then refined using an iterative
procedure returning, at each iteration k, an increments vector ∆̂θ, to
be used in the updating formula

θ̂(k+1) = θ̂
(k)

+ ∆̂θ,

where ∆̂θ is the solution to the following constrained quadratic
problem,

∆̂θ = argmin
∆θ

[r(θ̂(k))− J(θ̂(k))∆θ]⊺[W (θ̂(k))]−1[r(θ̂(k))− J(θ̂(k))∆θ]

such that∆θ ≥ −θ̂(k) (3.25)

in which
r(θ̂(k)) = X1:S −m(θ̂(k)) (3.26)

is the residual NS-dimensional column vector,

J(θ̂(k)) =



dm(X0; θ̂
(k))

dθ
dm(X1; θ̂

(k))

dθ...
dm(XS−1; θ̂

(k))

dθ


(3.27)

is the NS × r Jacobian matrix. Each dm(X t; θ̂
(k))

dθ
is a N × r matrix

measuring the change in predicted evolution for the mean of each
component of the stochastic cell differentiation model caused by a
small displacement of parameter vector around θ̂(k). Finally,

W (θ̂(k)) =


g(Xt0; θ̂

(k)) 0 . . . 0

0 g(Xt1; θ̂
(k)) . . . 0

... ... . . . ...
0 0 . . . g(XtS−1

; θ̂(k))


(3.28)

is the estimated NS ×NS covariance matrix, setting the parameters
vector to current value θ̂(k).
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Data:X0:S , m, c, dX , M
Result: Get parameters estimates θ̂
begin

Initialization: tol = ϵ , k = 0;
θ̂(0) = argmin

θ
(dX −Mθ)⊺(dX −Mθ) s.t. θ ≥ 0;

while (∥∆̂θ∥1) ≥ tol do
Calculate r(θ̂(k)),J(θ̂(k)),W (θ̂(k));
∆̂θ = argmin

∆θ
[r(θ̂(k))− J(θ̂(k))∆θ]⊺[W

tS−1

t0 (θ̂(k))]−1[r(θ̂(k))−

J(θ̂(k))∆θ]

s.t.∆θ ≥ −θ̂(k);
θ̂(k+1) = θ̂(k) + ∆̂θ
k = k+ 1;

end
θ̂=θ̂(k)

end

Algorithm 4: Iterative procedure for the non-linear generalized method of
moments based parameter estimation.

Simulation study

The inference procedure presented in this paper requires one to
calculate as many solutions of finite systems of non-linear ODEs
related to process first and secondmoments, as available observations.
This step, as well as the calculation of Jacobian matrix (3.24), is
performed by means of numerical methods and the computational
effort grows fast in system dimension N . For this reason, we restrict
extensive simulation testing to systems of N = 5 cell types.
Figure 3.1 shows the network representation of the simulated system.
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We consider the following parameter settings,

α = (1.0, 1.5, 1.8, 2.5, 2.8)

δ = (0.033, 0.03, 0.045, 0.0312, 0.043)

λ =


0 0.2 0.35 0 0
0 0 0 0.75 0
0 0 0 0.25 0.5
0 0 0 0 0
0 0 0 0 0



Figure 3.1: Structure of a 5 cell stochastic cell differentiation process.

The stochastic cell differentiation process implemented has been
designed with a low number of cell differentiations (5 out of 20) to
reflect the expectation of such events in real biological systems. The
aim of the simulation is partly to determine whether our procedure
is capable of identifying the zero cell differentiation parameters
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Figure 3.2: A trajectory of a simulation 5 cell type stochastic cell
differentiation process.A continuous time solution to themaster equation (3.4) for
the 5-cell types stochastic cell differentiation process obtained by means of Gillespie
algorithm. Alternatively, this can be interpreted as a clone evolution.
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Param. Value ∆t = 0.1 ∆t = 0.5 ∆t = 1

NLGMoM . Loc.Lin.Approx. NLGMoM reg. Loc.Lin.Approx. NLGMoM Loc.Lin.Approx.

α1 1 1.01E+00 1.07E+00 1.01E+00 1.47E+00 1.02E+00 2.57E+00
(1.51E-02) (1.60E-02) (1.82E-02) (2.56E-02) (2.23E-02) (5.84E-02)

α2 1.5 1.50E+00 1.57E+00 1.50E+00 1.92E+00 1.50E+00 2.40E+00
(2.46E-02) (2.52E-02) (2.87E-02) (3.90E-02) (3.39E-02) (7.82E-02)

α3 1.8 1.80E+00 1.94E+00 1.80E+00 2.73E+00 1.82E+00 3.95E+00
(2.18E-02) (2.43E-02) (2.61E-02) (4.40E-02) (3.22E-02) (7.75E-02)

α4 2.5 2.50E+00 2.51E+00 2.50E+00 2.54E+00 2.50E+00 2.38E+00
(1.62E-02) (1.57E-02) (1.80E-02) (2.16E-02) (2.24E-02) (3.30E-02)

α5 2.8 2.80E+00 2.77E+00 2.81E+00 2.63E+00 2.82E+00 2.26E+00
(1.77E-02) (1.82E-02) (2.32E-02) (2.98E-02) (3.07E-02) (4.94E-02)

δ1 0.033 3.39E-02 3.42E-02 3.38E-02 3.63E-02 3.38E-02 4.67E-02
(1.39E-03) (1.41E-03) (1.57E-03) (1.54E-03) (1.70E-03) (2.23E-03)

δ2 0.03 3.01E-02 3.05E-02 3.00E-02 3.35E-02 3.02E-02 4.03E-02
(8.86E-04) (8.36E-04) (9.28E-04) (9.41E-04) (1.03E-03) (1.44E-03)

δ3 0.045 4.52E-02 4.53E-02 4.53E-02 4.97E-02 4.56E-02 6.62E-02
(6.79E-04) (6.72E-04) (8.42E-04) (8.76E-04) (1.01E-03) (1.56E-03)

δ4 0.0312 3.12E-02 3.16E-02 3.13E-02 3.32E-02 3.13E-02 3.31E-02
(1.89E-04) (1.86E-04) (2.19E-04) (2.53E-04) (2.68E-04) (3.67E-04)

δ5 0.043 4.31E-02 4.30E-02 4.31E-02 4.29E-02 4.34E-02 3.97E-02
(2.76E-04) (2.80E-04) (3.44E-04) (4.16E-04) (4.53E-04) (6.69E-04)

λ21 0 8.20E-06 1.66E-05 2.08E-05 5.26E-05 5.65E-07 1.67E-08
(3.86E-05) (9.83E-05) (1.70E-04) (2.99E-04) (3.75E-06) (3.37E-08)

λ31 0 1.57E-05 8.77E-06 3.64E-05 1.90E-07 1.66E-06 8.27E-09
(1.35E-04) (8.29E-05) (1.93E-04) (1.03E-06) (4.74E-06) (1.59E-08)

λ4,1 0 6.09E-07 7.88E-06 3.45E-09 5.24E-09 3.82E-09 1.32E-09
(3.44E-06) (6.67E-05) (2.36E-08) (1.32E-08) (1.89E-08) (1.65E-09)

λ5,1 0 9.92E-07 4.98E-06 3.38E-06 6.85E-09 3.01E-08 1.50E-09
(7.05E-06) (4.20E-05) (3.05E-05) (1.32E-08) (1.82E-07) (2.01E-09)

λ12 0.2 2.01E-01 2.11E-01 2.01E-01 2.52E-01 2.00E-01 3.02E-01
(5.74E-03) (5.91E-03) (6.50E-03) (7.60E-03) (8.60E-03) (1.16E-02)

λ3,2 0 9.40E-06 1.65E-05 3.39E-05 2.41E-05 4.97E-06 1.20E-05
(5.59E-05) (1.63E-04) (1.90E-04) (1.49E-04) (2.71E-05) (1.17E-04)

λ4,2 0 1.49E-05 9.33E-06 1.01E-05 1.46E-05 5.31E-07 4.20E-08
(6.79E-05) (5.02E-05) (4.72E-05) (6.61E-05) (2.02E-06) (3.37E-07)

λ5,2 0 4.29E-06 1.52E-05 3.71E-06 1.26E-05 4.61E-07 1.15E-06
(2.61E-05) (7.27E-05) (3.53E-05) (5.96E-05) (3.69E-06) (8.99E-06)

λ13 0.35 3.52E-01 3.75E-01 3.52E-01 4.69E-01 3.52E-01 5.91E-01
(7.74E-03) (8.12E-03) (9.38E-03) (1.23E-02) (1.15E-02) (1.85E-02)

λ23 0 1.51E-05 1.88E-07 1.68E-06 7.02E-08 4.19E-06 7.43E-08
(1.16E-04) (6.96E-07) (6.18E-06) (2.13E-07) (1.32E-05) (5.24E-07)

λ4,3 0 2.47E-07 2.73E-06 3.59E-07 5.02E-06 4.06E-07 1.41E-09
(1.15E-06) (2.60E-05) (2.47E-06) (4.69E-05) (1.46E-06) (2.09E-09)

λ5,3 0 4.91E-06 2.35E-07 7.00E-06 1.40E-08 1.66E-05 1.42E-09
(4.44E-05) (8.21E-07) (5.93E-05) (4.07E-08) (1.11E-04) (3.29E-09)

λ1,4 0 1.11E-03 1.45E-02 2.27E-03 1.50E-01 3.79E-03 5.79E-01
(1.60E-03) (3.15E-03) (3.13E-03) (1.20E-02) (5.61E-03) (3.19E-02)

λ2,4 0.75 7.47E-01 8.10E-01 7.48E-01 1.12E+00 7.48E-01 1.48E+00
(1.94E-02) (2.11E-02) (2.25E-02) (3.16E-02) (2.62E-02) (5.92E-02)

λ3,4 0.25 2.50E-01 3.04E-01 2.48E-01 5.78E-01 2.50E-01 9.75E-01
(9.24E-03) (1.03E-02) (1.08E-02) (1.86E-02) (1.16E-02) (3.12E-02)

λ5,4 0 1.02E-05 1.48E-05 9.93E-06 1.64E-06 4.10E-05 6.17E-06
(6.58E-05) (9.48E-05) (6.59E-05) (5.85E-06) (1.69E-04) (1.44E-05)

λ1,5 0 7.77E-04 1.11E-02 2.00E-03 1.21E-01 2.93E-03 5.20E-01
(1.02E-03) (2.08E-03) (2.70E-03) (1.12E-02) (3.88E-03) (2.81E-02)

λ2,5 0 4.38E-05 9.01E-06 3.87E-06 1.69E-05 8.12E-06 5.39E-07
(1.98E-04) (6.81E-05) (1.17E-05) (1.50E-04) (3.14E-05) (3.46E-06)

λ3,5 0.5 4.98E-01 5.89E-01 4.96E-01 1.03E+00 5.01E-01 1.54E+00
(1.23E-02) (1.37E-02) (1.42E-02) (2.50E-02) (1.80E-02) (3.96E-02)

λ4,5 0 1.41E-05 4.10E-06 7.57E-07 1.62E-05 8.05E-06 7.96E-07
(7.68E-05) (2.45E-05) (3.29E-06) (8.60E-05) (3.36E-05) (1.94E-06)

Table 3.1: Comparison between proposed inferential procedure (non-linear
generalizedmethod ofmoment -NLGMoM -) and local linear approximation
(- Loc.Lin.Approx. -) regression based method on simulated 5 cell type
system. Observation time interval ∆t is fixed at 3 values: 0.1, 0.5 and 1, and
each experiment is composed by 1000 clones. Values reported are mean and
corresponding std. deviation of parameters estimation based on 100 replicates.
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Figure 3.3: Comparison between the non-linear generalized method of
moments (red boxplots) and local linear approximation (green boxplots)
for different ∆t setting. A) Performance of methods for duplication rate α2

(1.5) estimation. B) Performance of methods for death rate δ2 (0.03) estimation.
C) Performance of methods for differentiation rate λ1,3 (0.35) estimation. D)
Performance of methods for differentiation rate λ1,5 (0) estimation.
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λi,j for absent differentiations. Clone dynamics are simulated by
means of the Gillespie algorithm [9], known to generate statistically
correct trajectories of the stochastic equation described in (3.4). The
Gillespie algorithm is implemented in C++ [29] with the support
of Eigen library [13]. An illustrative trajectory is showed in Figure
3.2. Continuous-time trajectories are then sampled at three different
equispaced (0.1, 0.5, 1) time intervals of length ∆t until stopping
time tend = 10 is reached. Parameter estimates obtained by using
the proposed algorithm and the local linear approximation approach
are compared on 100 experiments, each composed of n = 1000
clones starting from initial conditions vector X0 = (1, 0, 0, 0, 0).
Results are tabulated in Table 3.1 and by means of boxplots in
Figure 3.3. On average, our algorithm converges in 2.8, 4.2 and 5.9
iterations, respectively, for∆t equal to 0.1, 0.5 and 1. The local linear
approximation approach converged on average in 3.2, 6.2 and 7.2
iterations. Our inferential procedure, described in Algorithm 4, is
implemented in R [24] by means of custom scripts requiring Matrix
packages for efficient dense and sparse matrices manipulations [3]
and integrated with C++ scripts calling ODEint [1] routines that
are available in the Boost library [22]. The quadratic programming
problem is solved by means of IBM ILOG CPLEX Optimizer, freely
available under IBM Academic Initiative program [14].

In the simulation study, the performance of non-linear inference
procedure is compared to a simpler local linear approximation
approach on a total of 100 experiments. As aforementioned, each
experiment is composed by 1000 simulated clones dynamics and
the impact of the distance between consecutive sampling time,
∆t, is investigated. The local linear approximation, its underlying
assumptions and the conditions for which it gives satisfactory results
are fully described in Section 3.3.1. The local linear approximation
based estimates clearly show how, for systems involving a small
amount of cell counts, the piecewise constant hazards assumption does
not hold, even for small values of∆t. In fact, a clear bias is present for
all the∆t considered. Moreover, a high positive relation between bias
and distance between time points is evident.

However, for∆t = 0.1, local linear approximation approach seems
to be able to recognize the underlying structure of the system, since
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almost all absent differentiation paths are correctly estimated as very
closed to zero. This is not true for larger time gaps ∆t, e.g., 0.5 or 1,
where, in addition to a considerable bias for all estimates, some of the
absent links – λ1,4 and λ1,5 in particular – are systematically estimated
as greater than 0. The non-linear inference procedure, instead, shows
unbiased estimates for all ∆t considered and for all parameters.

Application to real data: gene therapy for
Wiskott-Aldrich Syndrome

In this section we consider a recent experiment treating patients
suffering from Wiskott-Aldrich Syndrome with a stem cell treatment.
Within the experiment the amount of cell counts for N = 15 of
cell types were tracked over time. The aim of our analysis is to
provide novel insights about hematopoietic stem cell differentiation
process in vivo by means of clonal tracking data, in particular,
the differentiation tree, cell duplication rates and cell death rates.
Technical and experimental protocols used to collect the data are
described in [2].

The 15 distinct cell types can be organized in a three hierarchical
levels, corresponding to the original HSC level, i.e., CD34 cells, then
the bone marrow (BM) level, corresponding to CD3, CD14, CD15,
CD19, CD56, CD61 and GLYCO precursor cells and finally the
peripheral blood (PB) level, i.e., CD3, CD4, CD8, CD14, CD15, CD19
and CD56 mature cells. Based on the available biological knowledge,
the following constraints and assumptions are made,

• the hematopoietic stem cell type can differentiate in any cell type
in the BM level;

• cell types at the BM level can differentiate in any cell type in BM
and PB level;

• cell types at the PB level can not differentiate.

These assumptions are incorporated in the stochastic cell
differentation model and inferential algorithm by setting the
appropriate λi,j to zero. Additional constraints can be added, based on
biologically motivated considerations. However, the aim of this paper
is to investigate the potential of the stochastic cell differentiation
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model and its capability to produce meaningful results without the
imposition of full prior knowledge of the underlying model.

From a practical perspective, the re-infusion of corrected HSC
cells in patient’s body is considered as starting time t = 0. Initial
conditions vector X0 consists in a 15-dimensional vector, with the
count corresponding to CD34, the hematopoietic stem cell, equal to 1
and the rest to zero. During the follow-up period, S = 3 samples from
patient’s HSC, BM and PB cells are taken after 1, 2 and 3 years. The
amount of cells, within each lineage, generated by individual labelled,
re-infused hematopoietic stem cell, is counted by means of insertion
site analysis technique described in [2]. Data are collected from 3
patients, across nc = 37637 clones.

Parameter estimation

Plots of data available are showed in Figures 3.4 and 3.5. Insertion
site analysis relies on NGS platform derived measurements, known
to be subject to various sources of noise. In order to estimate
the reliability of the observations, an ad-hoc experiment has been
performed on a pool of 3104 treated cells, resulting in a robust estimate
for σ̂2 = 81.5 [26]. This information is included in inference algorithm
Algorithm 4, replacing the covariance matrixW (θ̂(k)) byW (θ̂(k))+
σ̂2I .

In Table 3.2 the parameter estimates and corresponding standard
deviations are shown. In order to investigate the structure of the
differentiation tree, differentiation parameters λ are tested by means
of the following asymptotic approximation derived from generalized
method of moments theory:

θ̂ ∼ Nr(θ,Σ)

where θ̂ is the final vector estimates returned by Algorithm 4 and the
asymptotic covariance matrixΣ is a r×rmatrix, that can be estimated
by means of

Σ̂ = [J(θ̂)
⊺
W (θ̂)−1J(θ̂)]−1.

To take into account for the positivity constraint, we consider
truncated normal distributions as asymptotic distributions, with
mean=0, variance equal to the corresponding diagonal element of
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Figure 3.4: Observed clones dynamics (1/2). Semitransparent lines correspond to
observed single clone cell counts. Dark grey lines is the average over clones.
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Figure 3.5: Observed clones dynamics (2/2). Semitransparent lines correspond to
observed single clone cell counts. Dark grey lines is the average over clones.
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Parameter Est. (std. dev.) Parameter Est. (std. dev)

αCD34_HSC 2.64E-01 (2.62E-05) λGLY CO_BM→CD19_BM 5.46E-03 (3.39E-04)
αCD3_BM 1.44E+00 (2.21E-04) λCD34_HSC→CD56_BM 1.42E-01 (1.94E-04)
αCD14_BM 1.32E+00 (2.36E-04) λCD3_BM→CD56_BM 3.68E-11 (1.05E-03)
αCD15_BM 5.19E-11 (2.64E-04) λCD14_BM→CD56_BM 2.92E-02 (7.51E-04)
αCD19_BM 1.07E-10 (1.73E-04) λCD15_BM→CD56_BM 5.92E-02 (6.30E-04)
αCD56_BM 6.77E-01 (2.23E-04) λCD19_BM→CD56_BM 4.78E-02 (4.81E-04)
αCD61_BM 1.36E-10 (2.40E-05) λCD61_BM→CD56_BM 1.96E-01 (2.07E-04)

αGLY CO_BM 3.30E-11 (1.99E-04) λGLY CO_BM→CD56_BM 1.66E-02 (5.52E-04)
αCD3_PB 3.41E-12 (7.40E-04) λCD34_HSC→CD61_BM 6.54E-04 (6.02E-05)
αCD4_PB 6.16E-12 (1.41E-04) λCD3_BM→CD61_BM 4.02E-01 (3.74E-04)
αCD8_PB 2.09E-12 (1.14E-03) λCD14_BM→CD61_BM 9.37E-03 (2.96E-04)
αCD14_PB 7.68E-12 (9.16E-05) λCD15_BM→CD61_BM 3.73E-01 (2.75E-04)
αCD15_PB 4.95E-12 (2.87E-04) λCD19_BM→CD61_BM 4.04E-02 (2.31E-04)
αCD19_PB 2.82E-12 (3.32E-04) λCD56_BM→CD61_BM 1.59E-05 (3.04E-04)
αCD56_PB 7.42E-12 (2.41E-04) λGLY CO_BM→CD61_BM 1.08E+00 (1.91E-04)
δCD34_HSC 4.51E-03 (3.91E-05) λCD34_HSC→GLY CO_BM 1.52E-01 (1.50E-04)
δCD3_BM 1.48E-04 (1.32E-06) λCD3_BM→GLY CO_BM 7.40E-02 (7.16E-04)
δCD14_BM 2.91E-07 (4.11E-06) λCD14_BM→GLY CO_BM 5.78E-01 (3.83E-04)
δCD15_BM 2.74E-06 (8.00E-07) λCD15_BM→GLY CO_BM 2.86E-01 (3.77E-04)
δCD19_BM 4.70E-03 (4.12E-05) λCD19_BM→GLY CO_BM 9.38E-02 (4.15E-04)
δCD56_BM 3.50E-05 (4.07E-06) λCD56_BM→GLY CO_BM 1.57E-01 (3.74E-04)
δCD61_BM 1.01E-02 (9.41E-05) λCD61_BM→GLY CO_BM 3.51E-01 (1.33E-04)

δGLY CO_BM 1.32E-04 (8.80E-06) λCD3_BM→CD3_PB 3.27E-01 (1.43E-03)
δCD3_PB 3.48E-04 (1.99E-06) λCD14_BM→CD3_PB 1.96E-11 (1.18E-03)
δCD4_PB 2.91E-04 (2.25E-06) λCD15_BM→CD3_PB 1.86E-03 (1.24E-03)
δCD8_PB 4.90E-05 (2.73E-07) λCD19_BM→CD3_PB 4.35E-02 (5.69E-04)
δCD14_PB 3.66E-03 (1.28E-05) λCD56_BM→CD3_PB 1.26E-05 (1.38E-03)
δCD15_PB 1.06E-03 (4.73E-06) λCD3_BM→CD4_PB 4.07E-02 (8.66E-04)
δCD19_PB 8.18E-04 (4.76E-06) λCD14_BM→CD4_PB 2.31E-11 (1.17E-03)
δCD56_PB 3.75E-04 (1.75E-06) λCD15_BM→CD4_PB 1.84E-03 (1.19E-03)

λCD34_HSC→CD3_BM 1.78E-02 (1.91E-04) λCD19_BM→CD4_PB 2.20E-01 (4.97E-04)
λCD14_BM→CD3_BM 2.84E-11 (7.06E-04) λCD56_BM→CD4_PB 1.50E-04 (1.47E-03)
λCD15_BM→CD3_BM 3.00E-04 (9.12E-04) λCD3_BM→CD8_PB 4.37E-01 (5.81E-04)
λCD19_BM→CD3_BM 1.79E-01 (4.39E-04) λCD14_BM→CD8_PB 1.82E-11 (9.70E-04)
λCD56_BM→CD3_BM 3.68E-02 (4.85E-04) λCD15_BM→CD8_PB 1.55E-04 (8.20E-04)
λCD61_BM→CD3_BM 3.21E-02 (1.96E-04) λCD19_BM→CD8_PB 4.67E-05 (5.97E-04)

λGLY CO_BM→CD3_BM 1.18E-02 (6.25E-04) λCD56_BM→CD8_PB 2.10E-11 (1.26E-03)
λCD34_HSC→CD14_BM 9.42E-03 (2.25E-04) λCD3_BM→CD14_PB 7.11E-02 (1.28E-03)
λCD3_BM→CD14_BM 4.65E-02 (1.20E-03) λCD14_BM→CD14_PB 1.39E-01 (5.14E-04)
λCD15_BM→CD14_BM 1.16E-02 (1.10E-03) λCD15_BM→CD14_PB 3.85E-01 (3.63E-04)
λCD19_BM→CD14_BM 8.75E-02 (5.03E-04) λCD19_BM→CD14_PB 1.18E-04 (7.23E-04)
λCD56_BM→CD14_BM 9.15E-02 (5.34E-04) λCD56_BM→CD14_PB 1.62E-03 (1.25E-03)
λCD61_BM→CD14_BM 1.75E-01 (1.92E-04) λCD3_BM→CD15_PB 1.02E-11 (7.56E-04)

λGLY CO_BM→CD14_BM 2.40E-02 (3.78E-04) λCD14_BM→CD15_PB 1.68E-01 (8.01E-04)
λCD34_HSC→CD15_BM 1.83E-03 (1.55E-04) λCD15_BM→CD15_PB 9.50E-02 (6.61E-04)
λCD3_BM→CD15_BM 1.85E-01 (7.24E-04) λCD19_BM→CD15_PB 3.75E-04 (9.05E-04)
λCD14_BM→CD15_BM 3.53E-01 (4.00E-04) λCD56_BM→CD15_PB 1.42E-01 (7.87E-04)
λCD19_BM→CD15_BM 2.36E-02 (4.16E-04) λCD3_BM→CD19_PB 6.09E-02 (1.02E-03)
λCD56_BM→CD15_BM 4.13E-05 (4.36E-04) λCD14_BM→CD19_PB 1.15E-11 (9.13E-04)
λCD61_BM→CD15_BM 1.72E-01 (1.65E-04) λCD15_BM→CD19_PB 3.40E-01 (5.09E-04)

λGLY CO_BM→CD15_BM 3.57E-01 (3.54E-04) λCD19_BM→CD19_PB 8.77E-05 (6.35E-04)
λCD34_HSC→CD19_BM 4.21E-01 (5.17E-05) λCD56_BM→CD19_PB 3.09E-01 (4.64E-04)
λCD3_BM→CD19_BM 6.81E-11 (1.44E-03) λCD3_BM→CD56_PB 2.96E-02 (7.65E-04)
λCD14_BM→CD19_BM 1.64E-01 (3.63E-04) λCD14_BM→CD56_PB 5.03E-11 (1.06E-03)
λCD15_BM→CD19_BM 6.59E-05 (3.66E-04) λCD15_BM→CD56_PB 8.95E-06 (1.17E-03)
λCD56_BM→CD19_BM 5.06E-01 (2.80E-04) λCD19_BM→CD56_PB 6.23E-02 (5.86E-04)
λCD61_BM→CD19_BM 7.85E-01 (1.44E-04) λCD56_BM→CD56_PB 3.85E-01 (3.19E-04)

Table 3.2: Parameter estimates for hematopoiesis in human, in vivo, based on gene
therapy clinical trial data, assuming an underlying stochastic cell differentiation
process.
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Figure 3.6: Estimate hemotopoietic differentiation pattern. Graphical
representation of HSC differentiation process. Arrow thickness is proportional to
corresponding estimate differentiation rate. Only significant links are plotted.
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V̂ and domain restricted to (0;+∞). Finally, a Wald type test is
performed on each parameter and only those resulting significantly
greater than zero (significance level α = 0.05) are plotted as arrows
in Figure 3.6.
Relevance of the results

To be able to discuss the results regarding gene therapy data
analysis, some biological relevant premises are needed. Within the
cell types, a major distinction in three subgroups, named lymphoid,
myeloid and erythroid branches, can be made. The lymphoid branch,
responsible for the adaptive immune system, can in turn be subdivided
in T-cell (CD3 in BM and CD4, CD8, CD3 in PB), B-cell (CD19)
and natural killer cells ( CD56). Myeloids cell types are involved
in such diverse roles as innate immunity, adaptive immunity and
blood clotting and are composed by macrophages (CD14), granulocyte
(CD15) and megakaryocytes (CD61). Erythroid cells are the oxygen
carrying red blood cells (GLYCO).

Two different models of hematopoiesis are currently debated.
The classical dichotomy model assumes that HSCs first generate
a common myeloid-erythroid progenitor (CMEP) and a common
lymphoid progenitor (CLP). The CLP then produces only T-cells
or B-cells. The alternative myeloid-based model, postulates that
HSCs first diverges into the CMEP and a common myelo-lymphoid
progenitor (CMLP), which generates T- and B-cell progenitors through
a bipotential myeloid-T progenitor and a myeloid-B progenitor stage.
The main difference is that according to the second, all erythroid,
T- and B-lineage branches retain the potential to generate myeloid
cells, even after the segregation of T- and B-cell lineages. The model
proposes the idea of erythroid, T- and B-cells as specialized types of a
prototypic myeloid HSC [16].

The estimated duplication parameters indicate dominant role of
progenitors located in BM in populating the total blood compartment,
in agreement with [12]. In particular, within BM, the contribution of
CD3, CD14 and CD56 seems to be essential. HSC duplication rate are
relevant as well, whereas the duplication rates of PB cells are very
close to zero. A distinction between lymphoid an myeloid branch
at BM-PB maturation level is clear, with significant differentiation
parameters between CD3 BM and CD3, CD8 PB (T-cell), CD56 BM
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and CD56, CD19 PB (NK and B-cell), CD14 and CD15 BM and CD14,
CD15 PB (myeloids). At the BM level, the estimated differentiation
structure is highly complex and interconnected. This supports the
aforementionedmyeloid-based model. A further sub-distinction of the
heterogeneous HSC marked cells could help in identifying the hidden
CMEP and CMLP.

Conclusion
In order to improve our knowledge about cell differentiation

process, which in many context such as gene therapy might be
fundamental for providing biological and therapeutic new insights,
we implemented a flexible statistical framework for the analysis of
clonal tracking data. The underlying stochastic process is assumed to
be a multidimensional Markov process and this allows to represent
the process moment dynamics by means of systems of non-linear
ODEs. The particular definition of the transition probabilities induce
a logistic behaviour of sub-populations growth curves and allows
to investigate steady state levels. The model and the related
iterative inferential procedure propose shows stability in terms of
both parameters estimation, structure recognition and convergence
rate. The model could easily be extended in order to incorporate
time dependent individual cell rates, different feedback regulation
mechanism or random effects on specific parameters. Applying the
modeling to real gene therapy data, we obtain a high degree of
consistency with biological models previously published on animals
model, thus supporting the recently proposed myeloid-based model
for human hematopoiesis.
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Appendix: example with N = 3 cell types
In this section the most relevant elements defined in Section 3.2

and Section 3.3 are derived, to allow parameters inference for an
illustrative hypothetical N = 3 stochastic cell differentiation model.
Let define the parameters governing stochastic cell differentiation
process as:

- Individual cell duplication rates vector

α = (α1, α2, α3);

- Individual cell death rates vector:

δ = (δ1, δ2, δ3);

- Individual cell differentiation rates:

λ =

 0 λ12 λ13

λ21 0 λ23

λ31 λ32 0

 .

According to the ordering rule described in Section 3.2, the r = 12
distinct cellular events are associated with a vector of events rates,
h(X,θ):

h(X,θ) = (α1X1, α2X2, α3X3, δ1X
2
1 , δ2X

2
2 , δ3X

2
3 ,

λ21X2, λ31X3, λ12X1, λ3,2X3, λ13X1, λ23X2);

and a net effect matrix V :

V =

1 0 0 −1 0 0 1 1 −1 0 − 1 0
0 1 0 0 −1 0 −1 0 1 1 0 − 1
0 0 1 0 0 −1 0 −1 0 −1 1 1

 .

Within the local linear approximation framework described in Section
3.3.1, the diagonal matrix D(X) corresponds to

D(X) = Diag(X1, X2, X3, X
2
1 , X

2
2 , X

2
3 , X2, X3, X1, X3, X1, X2)

For the non-linear generalized method of moments approach,
described in Section 3.3.2, we require the first and second order jump
moments defined in (3.16) and (3.19), which are, respectively, given
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by:

ai
1(X,θ) =


α1X1 − δ1X

2
1 + λ21X2 + λ31X3 − λ12X1 − λ13X1 i = 1

α2X2 − δ2X
2
2 − λ21X2 + λ12X1 + λ3,2X3 − λ23X2 i = 2

α3X3 − δ3X
2
3 − λ31X3 − λ3,2X3 + λ13X1 + λ23X2 i = 3;

and

ai,j
2 (X,θ) =



α1X1 + δ1X
2
1 + λ21X2 + λ31X3 + λ12X1 + λ13X1 i = 1, j = 1

−λ21X2 − λ12X1 i = 1, j = 2

−λ31X3 − λ13X1 i = 1, j = 3

α2X2 + δ2X
2
2 + λ21X2 + λ12X1 + λ3,2X3 + λ23X2 i = 2, j = 2

−λ3,2X3 − λ23X2 i = 2, j = 3

α3X3 + δ3X
2
3 + λ31X3 + λ3,2X3 + λ13X1 + λ23X2 i = 3, j = 3

According to schema introduced in (3.7), by means of combinations of
jump moments, is possible to derive systems of linear ODEs for time
evolutions of process moments. In particular, for first moments of the
process we obtain:

dm1(t)

dt
= α1m1(t)− δ1c11(t) + λ21m2(t) + λ31m3(t)− λ12m1(t)− λ13m1(t);

dm2(t)

dt
= α2m2(t)− δ2c22(t)− λ21m2(t) + λ12m1(t) + λ3,2m3(t)− λ23m2(t);

dm3(t)

dt
= α3m3(t)− δ3c33(t)− λ31m3(t)− λ3,2m3(t) + λ13m1(t) + λ23m2(t);
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and for second moments of the process:

dc11(t)

dt
= (α1m1(t) + δ1c11(t) + λ21m2(t) + λ31m3(t) + λ12m1(t)+

λ13m1(t)) + 2(α1c11(t)− δ1 E[X
3
1 ] + λ21c12(t)+

λ31c13(t)− λ12c11(t)− λ13c11(t));

dc12(t)

dt
= (−λ21m2(t)− λ12m1(t)) + (α1c12(t)− δ1 E[X

2
1X2]+

λ21c22(t) + λ31c23(t)− λ12c12(t)− λ13c12(t))+

(α2c12(t)− δ2 E[X1X
2
2 ]− λ21c12(t) + λ12c11(t)+

λ3,2c13(t)− λ23c12(t));

dc13(t)

dt
= (−λ31m3(t)− λ13m1(t)) + (α1c13(t)− δ1 E[X

2
1X3]+

λ21c23(t) + λ31c33(t)− λ12c13(t)− λ13c13(t))+

(α3c13(t)− δ3 E[X1X
2
3 ]− λ31c13(t)− λ3,2c13(t)+

λ13c11(t) + λ23c12(t));

dc22(t)

dt
= (α2m2(t) + δ2c22(t) + λ21m2(t) + λ12m1(t) + λ3,2m3(t)+

λ23m2(t)) + 2(α2c22(t)− δ2 E[X
3
2 ]− λ21c22(t)+

λ12c12(t) + λ3,2c23(t)− λ23c22(t));

dc23(t)

dt
= (−λ3,2m3(t)− λ23m2(t)) + (α2c23(t)− δ2 E[X

2
2X3]−

λ21c23(t) + λ12c13(t) + λ3,2c33(t)− λ23c23(t))+

(α3c23(t)− δ3 E[X2X
2
3 ]− λ31c23(t)− λ3,2c23(t)+

λ13c12(t) + λ23c22(t));

dc33(t)

dt
= (α3m3(t) + δ3c33(t) + λ31m3(t) + λ3,2m3(t) + λ13m1(t)+

λ23m2(t)) + 2(α3c33(t)− δ3 E[X
3
3 ]− λ31c33(t)−

λ3,2c33(t) + λ13c13(t) + λ23c23(t));

To remove the dependence of second order moments on higher order
moments, is possible to apply the moment closure schema introduced
in Section 3.3.2. In practice, it consists in substituting for the third
order moment terms the expression in (3.20) and (3.21), consisting of
non-linear functions of moments up to order 2.


