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Statistics without science is incomplete,
science without statistics is imperfect.

K.V. Mardia





Chapter 1

Introduction

Statistics in computational biology

In several research contexts, technological advancement allows
the investigation of processes with a level of details previously
inconceivable. Examining phenomenon at microscopic level rather
than macroscopic, on the one hand provides a better understanding
of the underlying mechanisms but, on the other, often requires the
modeling approach to be able to take into account for the potential
impact that intrinsic heterogeneity might be present. In biological
research for example, the emerging usage of single-cell protocols, such
as single-cell RNA/DNA sequencing represents a promising tool to
shed light on dynamics occurring within and between cells but, at the
same time, unravel an unexpected diversity in cell sub-populations, so
far considered homogeneous.

In many different fields, the higher resolution (in time, space
or any other domain) provided by novel instruments is usually
accompanied by an increment of the amount of data generated,
giving birth to what is now known as the big data era. Time has
come that individuals and mainly organizations have to tackle the
problem of how to process large amounts of data in support of
their respective needs and operations, aiming at improving their
handling and response efficiency. Contrary to popular belief, the
combination of detailed information and big data is not a panacea
and the need for modelling and inference remains. New methods and
algorithms are required to enable the exploitation of the available
massive, multi-dimensional, multi-source, time varying information
available. It is not possible to answer questions about complex systems
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relying solely on numbers, without a profound knowledge of the issue,
perspective and sometimes intuition.

In modern science, to conduct a thorough investigation about
a relevant scientific hypothesis, is often necessary that different
disciplines interact and collaborate with each other. A research project
metaphorically represents ameeting point where scientists bring their
own baggage, share methods and ideas to reach a common final goal.
In many cases, interdisciplinarity becomes essential. Neuroscience,
bioengineering, data science, bioinformatics are all examples. In
computational biology different disciplines, such as biology, genetics,
genomics, mathematics, statistics, computer science, chemistry join
forces to make new predictions or to discover new biology. This
knowledge exchange is not always easy. Researchers are asked to
learn terminologies and concepts they are not familiar with, in order
to be able to share research questions with colleagues with different
backgrounds.

But, what is the statistics contribution in computational biology?
Statistics is concerned with the use of data in the context of
uncertainty, and most of the biological processes are driven by
a stochastic component. The majority of the fundamental steps
necessary to address a biologically relevant question needs statistical
expertise and reasoning. Crucial is the initial correct translation of the
biological goal in a statistical problem. Strictly connected is the design
of an appropriate experiment, able to guarantee a sufficient amount
and quality of collected data, crucial to provide strength and reliability
of findings. At the modelling stage, several aspect must be considered,
such as the possible presence of underlying dependences, hidden
unobservable entities and temporal dynamics among others. Finally,
the representation of the results by means of intuitive visualization
tools has a central role in current research, especially when the
dimensionality is large and incisive messages must be communicated
to users without a quantitative expertise.

Many biological processes can be modelled as dynamical systems
involving sequences of biological events. Finding a feasible way
to model their evolution represents the strong contribution that
statistical theory can give in understanding the mechanisms
underlying complex systems. In this thesis, statistical models
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and inferential procedures for the analysis of data derived from
experiments performed with the most recent and advance techniques,
will be presented. Two fundamental biological processes such as
hematopoiesis in humans and the mechanisms underlying the
information exchange occurring between connected neurons will be
investigated.

Modelling human hematopoiesis

Over the past decade, gene therapy has proved its potential as
a next generation therapy for many diseases with unmet clinical
need. Gene therapy can be exploited to overcome a cellular defect
due to a mutated gene, providing a fully functional copy of it or
to equip target cells with a new cellular function through genetic
engineering. Most clinical approaches are based on the delivery of
exogenous DNA molecules by viral vectors using, when stable gene
transfer is needed, retrovirus- or lentivirus-derived systems. This
fascinating process begins after the virus enters the cell and its RNA
genome is reverse transcribed into a double-stranded DNA. DNA
contains at its termini particular sequences specifically recognized by
the integrase, an enzyme produced by virus leading the integration
process. Depending upon the virus type, pre-integration complexes,
composed by a mixture of viral and host enzyme and proteins, enter
the nuclei of non-dividing cells through the nuclear pore (e.g., human
immunodeficiency virus, HIV) or wait until the nuclear membrane
dissolves during cell division (e.g., Moloney murine leukemia virus
MoMuLV). Once the pre-integration complex associates with the
host chromosome, viral integrase catalyzes the insertion of the viral
sequences into the host DNA. It is worth noting that integration site
selection is a stochastic, albeit not completely random, process.

A positive side effect of treating cell with virus derived vector is
that integration site coordinates can be used asmarker to track the fate
of individual cells after re-infusion in patients body. This innovative
methodology, named in-vivo clonal tracking, exploits the fact that all
cells that result from proliferation and differentiation of a corrected
cell will carry identical markings. With the advent of the sequencing
era and the refinement of antibodies based sorting protocols, it has
been possible not only to increase the size of molecular markers
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simultaneously traceable, but also to estimate the amount of cells,
over multiple lineages at different stage of maturation, deriving from
individual transplanted cells.

The data at our disposal regards three patients recruited in a
gene therapy clinical trial for Wiskott–Aldrich syndrome (WAS),
a rare X-linked recessive blood disorder characterized by a severe
immunodeficiency. Despite being efficacious and holding a life-long
curative potential, integrating vector platforms come with an
inherent risk of inducing insertional mutagenesis, consisting in the
activation of oncogenes by the nearby integration of a vector. By
means of integration site analysis on patients bone marrow and
peripheral blood samples performed at different time points during
the follow-up period, it is not only possible to assess the clonal
evenness generated by treated hematopoietic stem/progenitor cells
and to detect dangerous, abnormal clonal expansion, but also to
study how this particular cells sub-population continuously replenish
all classes of blood cells. Clearly, this data set represents an
unprecedented opportunity to interrogate hematopoiesis in humans.
Through appropriate statistical modelling, able to realistically mimic
single clone dynamics, it would be possible to improve our knowledge
about several open questions, such as the structure of hematopoietic
tree and lineage specific dynamics.

We propose to model individual clone evolution over time as an
multivariate continuous time Markov process, where each component
corresponds to the number of cells of a specific type generated
by a re-infused marked cell. Clone trajectories are then determined
by a random sequence of cellular events, grouped in three main
categories: cell duplication, death and differentiation. It is known that
any Markov process can be defined by means of a master equation, a
formulation widely used in many applied contexts in which process
state space has a direct, physical interpretation. Master equation is
strictly connected to the Kolmogorov forward equation and similarly
consists in set of ordinary differential equations (ODEs) describing
the time evolution of the probability of a system to occupy each
possible state configuration. Despite analytical exact solutions of the
master equation are possible to calculate only for special, simple cases,
for systems of arbitrary complexity it can be exploited to retrieve
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important information about the behaviour of process characterizing
indexes, such as moments. In this thesis moments equations will
be used as starting point to develop method-of-moments procedures
that allows us make inference on cellular event rates governing the
hematopoiesis differentiation process in humans, as well as perform
structural learning.

Modelling spontaneous neurotransmitters release at
synaptic level

The summation of synaptic inputs mediated by a neuron and the
impact that it produces on the activity of a neuronal network is one of
the most cutting-edge topics in neuroscience. A real comprehension is
limited by our approximative knowledge about the neurophysiological
mechanisms underlying the generation of synaptic signals, either
evoked by action potentials or spontaneous. Several studies prove
that synaptic transmission at chemical synapses has a quantal nature.
Chemical synapses of both the central and the peripheral nervous
systems are able to exchange information thanks to the release of
discrete amount of neurotransmitters, also known as synaptic quanta,
packed in anatomical elements represented by synaptic vesicles. Both
the action potential evoked and the spontaneous release process share
a common pool of synaptic vesicles and this duality of transmission
based on the same source of quanta explains the complex interaction
between these two processes. Although much is known about the
molecular elements involved in synaptic vesicles dynamics and the
cascade of maturation steps, still little is clear about the process
as a whole, how it is modulated in response to different stimuli
and its physiological relevance. Most importantly, still missing is a
comprehensive model able to establish a connection between vesicle
cycle and neurotransmitters release measured at synaptic level.

From a practical perspective, quanta discharges are detected by
means of the analysis of postsynaptic membrane voltage or current
fluctuations that correspond to exocytosis, the mechanism by which
vesicle membrane fuses with and becomes part of the outer cell
membrane, causing its neurotransmitter load to be expelled and bind
to postsynaptic receptors. In order to guarantee the conformational
stability of the presynaptic terminal, exocytosis is followed by the
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retrieval of synaptic vesicles by endocytosis. These two biological
processes occur at different and dedicated areas of the terminal,
where vesicles come into contact with specific membrane proteins
complexes. To reach the release site where exocytosis occurs, vesicles
are transported over a moderately small distance by motor proteins.
Once vesicles arrive in close proximity to release site, they come
into contact with tethering factors that can restrain them in a
docking status and enhance their fusion. The study of spontaneous
quanta release offers the opportunity to study neuron communication
at the level of its most elementary operating systems. The most
popular approach to study the statistics of quanta release is to
analyse the distribution of inter-quanta (inter-event) intervals. Strong
divergence from the Poisson nature initially postulated has been
accumulated in the years, encouraging the formulation of alternative
signal generating models, primary motivated by the necessity to find a
reasonable explanation for the presence of bursting episodes followed
by long periods of synaptic inactivity.

In this thesis, a new comprehensive model underlying the
generation of spontaneous quanta release time series is proposed.
It has been derived from an extensive review of the literature
available on each of the component contributing to determine
the vesicle lifespan, with particular attention for those reporting
statistical consideration and analysis. Through an appropriate model
for vesicles motion, motivated and supported by experimental data
published in various works, it is possible to mimic the characteristics
shape of inter-events intervals distribution. By means of dedicated
quantile-based inferential procedures and a set of experimental
recordings regarding spontaneous activity in primary cultures of
rat hippocampal neurons, we compare the reliability of different
alternative models of vesicle dynamics currently debated in the
neuroscientific literature.

Thesis outline

In the following chapters of this thesis, research questions will
be in primis introduced from a biological perspective. Dedicated
statistical models are described, along with their assumptions and
novelties. Particular efforts is devoted to the development of suitable
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inferential procedures that, in combination with data collected
from real experiments, provide estimation for biologically relevant
parameters. Two main biological problems will be investigated. The
second, third and fourth chapters of this thesis are focused on the
study of hematopoiesis in humans. The fifth chapter studies of the
basics of neuronal communication. A description of their content
follows.

In the second chapter, the transition rate matrix of the Markov
process modelling clone evolution has been defined through a set
of linear function involving event rates and sub-population sizes.
This formulation allows the analytical derivation of two coupled
sets of ODEs for expected lineage specific cell counts and their
variance-covariances, useful to developed a method-of-moments
estimation procedure. In order to favour computational efficiency,
ODEs solutions have been calculated by means of Euler’s method,
yielding an exact representation of moments dynamics under a
frequent sampling time setting. Estimation of rates requires to limit
the parametric space to non-negative values. To take into account
this restriction, a least square based objective function has been
optimized by means of an iterative quadratic programming approach.
To encourage realistic solutions with to a progressive loss of
differentiation potential moving from the top of hematopoietic
hierarchy towards the committed lineages, we introduced a
sparsity-inducing penalization terms in the objective function, in
order to force a subset of differentiation rates to be zeros. The
smoothly clipped absolute deviation (SCAD) penalty has been
preferred to the least absolute shrinkage and selection operator
(LASSO) since, at the cost of an additional tuning parameter, it can
produce sparse solutions and approximately unbiased estimations for
large coefficients.

The assumptions of linearity on both rates and sub-population
sizes imply an unfeasible possibility of unlimited clone growth.
To overcome this limitation, in the third chapter, transitions
probabilities are defined as polynomial functions of cell counts. By
considering a quadratic relationship for death event probabilities, a
logistic behaviour for lineages growth curves is obtained. Logistic
function is a common model in wide range of fields and is conceived
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to describe the self-limiting growth of a biological population. It is
particularly suitable for modelling clones evolution in patients, since
it is characterized by an initial stage of an approximately exponential
growth, corresponding to the reconstitution of hematopietic
heritage, followed by a steady state equilibrium. From an inferential
perspective, the presence of polynomial terms leads process moments
to be described by an infinite system of ODEs, approximated
by an finite system under specific distributional assumptions. A
solution is calculated by means of a numerical approach, rather than
approximated as proposed in the second chapter, allowing for a
remarkable improvement in terms of rates estimation performance at
the cost of additional computational effort. Based on the analysis of a
gene therapy data set, both the models shown in the second and third
chapters are consistent with recently published results derived from
studies performed on non-humans primate.

In the fourth chapter, the last dedicated to the investigation
of human hematopoiesis, various aspects regarding the activity of
distinct transplanted stem cells have been analysed and commented
from a biological perspective. The presence of clonal repopulating
waves has been assessed, along with some degree of heterogeneity
within the progenitor lineages and the contribution of different
progenitor classes during early and late post-transplant phases. From
a clinical point of view, the ability to provide a stable, long-term,
hematopoietic output by manipulated cell through viral vectors
protocols has been verified, supporting further development and
extension of gene therapy applications for other diseases.

In the fifth chapter, a comprehensive model for the generation of
spontaneous quanta release occurring at the level of a single synapse
is described. The model considers the recorded events time series as
the superimposition of an unknown, but fixed, amount of renewal
processes, each corresponding to vesicle specific fusion history. A
connection between vesicle cycle, simplified to a cascade of three
maturation steps, and the observed sequence of release events is
hypothesized. Since the pool of vesicle involved is small, asymptotic
results for inter-events intervals distribution cannot be exploited.
As an alternative, we propose an estimation procedure based on
both Monte Carlo simulation and a quantile-based scoring function.
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Experimental data sets analysis confirms that a small amount of vesicle
are likely to contribute to spontaneous signal generation and suggests
a short duration for both vesicle exo- and endocytosis.
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Abstract
Background: During their lifespan, stem/progenitor cells have

the ability to differentiate into more committed cell lineages.
Understanding the dynamics underlying this process can be key
in treating certain diseases. However, up until now only limited
information about the cell differentiation process is known.
Aim: The goal of this paper is to present a statistical framework able
to describe the cell differentiation process at single clone level, and
to implement an inferential procedure for parameters estimation and
structure reconstruction, i.e., model selection.
Approach: The developed model consists in a multidimensional,
continuous-time Markov process, with density dependent transition
probabilities linear in sub-population sizes and rates. The inferential
procedure is based on an iterative calculation of approximated
solutions for two systems of ordinary differential equations,
describing process moments evolution over time, analytically derived
starting from the Kramers-Moyal expansion of process’ Master
Equation. Sparsity of the rates vector is induced by adding a
SCAD-based penalization term in the generalized least square
objective function.
Results: The precision and reliability of methods here proposed
have been assessed by means of both a simulation study as well as
by applying it to a data set derived from a gene therapy clinical
trial, in order to investigate hematopoietisis in humans, in-vivo.
The simulation study revealed that the precision of estimations
provided by the inferential procedure depends on the distance
between consecutive observations of the system’s state. Nevertheless,
learning the process structure results to be only partially affected. The
hematopietic structure estimated starting from experimental data sets,
supports model recently proposed in the literature.
Keywords: Markov process, ODEs system, Euler’s method, SCAD
penalty, process structural learning.
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Introduction

Over the past decade, gene therapy (GT) has proved its potential
as a next generation therapy for many diseases with unmet clinical
need [21]. GT can be exploited to overcome a cellular defect due
to a mutated gene, providing a fully functional copy of it or to
equip target cells with a new cellular function through genetic
engineering. Most clinical approaches are based on the delivery of
exogenous DNA molecules by viral vectors using, when stable gene
transfer is needed, retrovirus- or lentivirus-derived systems. The
advent of next generation sequencing (NGS) platforms (i.e. Roche/454
pyrosequencing and Illumina sequencing technology) substantially
improved the accuracy and resolution of viral integration site (IS)
analyses [6]. The amount IS retrieved from a single experiment
increased of two order of magnitude, opening novel scenarios
for the exploitation of such a technique to investigate a wide
spectrum of biological processes. In clinical setting, GT has been
successfully used, for example, to treat hematological diseases such
as Wiskott-Aldrich syndrome (WAS), an inherited immunodeficiency
caused by mutations in the gene encoding WASP protein [2]. In
this context, to ensure life-long curative potential and limit possible
treatment side effect, hematopoietic stem/progenitor cells (HSC) are
harvested for patients’ bone marrow (BM), corrected by means of
virus-basedmanipulation and then re-infused in patients. Treated cells
will be unequivocally labelled by IS genomic coordinates, and this
label will be inherited by whole cellular offspring generated by both
duplication or differentiation in more committed cell types. In other
words, IS can be used as a molecular marker to track individual HSC
fate and evolution in-vivo.

The set of cells, among all lineages under investigation, sharing
a specific genomic marker, and therefore deriving from a common
HSC ancestor, is defined as a clone. The analysis of the in-vivo clone
evolution by means of periodic IS analysis performed on patients’ BM
or peripheral blood (PB) sample, is named clonal tracking.
In the experimental data analysed in this paper, 15 different cell
sub-populations (named also cell types or lineages), distributed
along the hematopoietic hierarchy, have been collected from three
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patients during their first three years after treatment. Lineage specific
population sizes have been measured by means of reads count values
[7], returned by NGS platforms. In total, more than 30000 individual
clones have been tracked.

In the light of this premises, it is clear how the data derived
from GT clinical trial for WAS disease provides a unique opportunity
to reveal novel insight on human hematopoiesis. The goals of
this paper are to propose a statistical framework able to model
the cell differentiation process (CDP) measured at single clone
resolution, to provide an inferential procedure able to perform
both process parameters estimation and model reconstruction and
finally, to investigate the hematopoietic process in humans. In the
literature, various mathematical approaches for the quantitative
analysis of hematopoiesis have been already proposed. For example,
stochastic models for simplified hierarchical structures, reduced to
two categories, have been developed in [1, 8] and [5] for cat
and mouse models respectively. In [20] authors proposed a more
complex multi-compartment model to compare possible alternative
mechanisms of regulation governing reconstitution after HSCs
transplantation in humans. The relationship between populations
sizes dynamics across multiple lineages, considered as continuous
real valued quantities, have been modelled by means of a set of
deterministic functions. To completely exploit the high resolution
information provided by individual clone tracking data, methods able
to properly address the stochastic nature of single HSC are needed.

In this paper, a continuous time, density dependent Markov chain
model for CDP is presented. A description of the model along with
the underlying assumptions, are detailed in Section 2.2. In Section
2.3 an efficient generalized least square estimation procedure, relying
on first order Euler’s method approximation for the evolution of
first and second order process moments, is derived. In Section 2.4
a sparsity-inducing penalty term is incorporated in the estimation
procedure, in order to reconstruct the differentiation structure of the
systems under investigation. In Section 2.5 the performance of our
proposal is verified by means of a simulation study. In Section 2.6
experimental data previously mentioned are described in more details
and then analysed. Finally, our findings are discussed and commented
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in Section 2.7. Section 2.8 is dedicated to final considerations, possible
extensions ad future directions to improve the methodology.

Stochastic cell differentiation model
ACDP can be defined as aN -dimensionalMarkov process,X , such

that each element Xi,t of Xt = (X1,t, . . . , XN,t), corresponds to the
number of cells (counts) of type (or lineage) Ci, i = 1, . . . , N present
in the system at time t. Given an initial state vector, x0, the process
evolves according to a random sequence of events, divided in three
categories: duplications, deaths and differentiations. Individual cells
are assumed to be independent from each other and cells belonging
to the same lineage are assumed to obey to the same law. Single
event rates are assumed to be non-negative and constant over time.
A description of cellular events categories follows.
Cell duplication

1Ci
αi−→ 2Ci

The net effect, or process state change induced by the duplication of
a cell of type Ci is the increment, of one unit, of Ci population size.
Duplication rates, α = (αi, i = 1, . . . , N), correspond approximately
to the probability that a generic cell of type Ci undergoes duplication,
in a time unit. The transition probability associated to a duplication
event in lineage Ci occurring in time interval [t, t + ∆t) for process
X being in state xt, is given by:

P (Xi,t+∂t = xi,t + 1, X−i,t+∂t = x−i,t|Xt = xt) ≈ xi,tαi∂t.

Cell death

Ci
δi−→ ∅

The net effect corresponding to a single death event is the decrease of
one unit in the Ci population size. Death rates in vector δ = (δi, i =
1, . . . , N), are the probabilities that a generic cell of type Ci dies, in
a time unit. The transition probability associated to the generic death
event in a time interval [t, t+∆t) is:

P (Xi,t+∂t = xi,t − 1, X−i,t+∂t = x−i,t|Xt = xt) ≈ xi,tδi∂t.
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Cell differentiation

Ci
λij−→ Cj

According to the biological literature, it is possible to distinguish
between two different models of differentiation: asymmetric cell
division and signalling induced differentiation. In the first case, cell
division gives rise to two daughter cells with distinct features and
fates. In the second case, differentiation is a process induced by
a set of cell-to-cell signals, leading to conformational and receptor
modifications and is not coupled with a duplication event. The kind
of differentiation considered in this work consists in the transition of
a single cell from lineage Ci to lineage Cj , and is equivalent to assume
signalling induced differentiation. Similarly to duplication and death
events, event rates λ = (λij, i, j = 1, . . . , N, i ̸= j) measure roughly
the probabilities that a generic cell of typeCi undergoes differentiation
intoCj , in a time unit. The transition probability associated to a single
differentiation event Ci → Cj in the time interval [t, t + ∆t), for a
system being in state xt is given by:

P (Xi,t+∂t = xi,t − 1, Xj,t+∂t = xj,t + 1, X−ij,t+∂t = x−ij,t|Xt = xt) = xi,tλij∂t

In a CDP involving N lineages, the complexity of the system depends
on the number of positive differentiation rates. This could vary from a
minimum of 0 up to a maximum ofN(N−1) in a fully interconnected
system.

Readers familiar with literature concerning the modelling of
systems of coupled biochemical reactions, could recognize similarities
between those models and the presentation made so far for the CDP.
Pursuing this parallelism, the set of cell events can be interpreted
as first-order mass-action kinetics (reactions), whilst the quantities
Xiαi, Xiδi and Xiλij correspond to reaction hazards or propensity
functions. Defining θ = (α, δ,λ) as the r-dimensional column vector
of parameters, the set of the reaction hazards hk(x;θ), k = 1, . . . , r
can be expressed in a compact matrix notation as a r-dimensional
column vector, h(x;θ) = D(x)θ, where D(x) is as a r × r diagonal
matrix with elements of vector x replicated. Finally, the state changes
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associated to cell events can be recast into a net effect or stoichiometry
matrix, V , defined as the r × n integer matrix.

In order to clarify the elements just introduced, their derivation for
a fully connected CDP of sizeN = 3, graphically represented in Figure
2.2, follows. In total, r = 3+ 3 + (3× 2) = 12 distinct cell events can
be defined and accordingly, the parameters vector is given by:
θ = (α1, α2, α3, δ1, δ2, δ3, λ2,1, λ3,1, λ1,2, λ3,2, λ1,3,, λ2,3)

⊺.
The net effect matrix is equal to:

V =

Vdupl.

Vdeath

Vdiff.


where

Vdupl. =

1 0 0
0 1 0
0 0 1

 ; Vdeath =

−1 0 0
0 −1 0
0 0 −1

 ; Vdiff. =



1 −1 0
1 0 −1
−1 1 0
0 1 −1
−1 0 1
0 −1 0


and D(X) = Diag(X1, X2, X3, X1, X2, X3, X2, X3, X1, X3, X1, X2).

Because X has been defined as a Markov process, given an initial
condition vector, Kolmogorov forward equations allows to determine
the time evolution of the process probability distribution P (X; t). An
alternative and equivalent formulation of the Kolmogorov equation,
widely used for modelling physical and chemical dynamic systems, is
known as master equation [11, 17, 25].

For the CDP described in this paper, the master equation is given
by:

dP (X; t)

dt
=

r∑
k=1

[hk(X − Vk,·;θ)P (X − Vk,·; t)− hk(X;θ)P (X; t)]

(2.1)

The solution of (2.1) involves the evaluation of the evolution of
P (X; t) over the whole set of admissible configurations for process
X . Clearly, for systems of realistic size and complexity this do not



2.2 Stochastic cell differentiation model 19

Figure 2.1: Network representation of a fully connected 3-dimensional CDP.
Each circle represent a lineage, arrows represent cell events and labels corresponding
events rates. Each lineage has two self-referring arrows, labelled with αi and δi,
corresponding to cell duplication and death respectively. Connections between
circles are differentiation paths.
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represent a feasible option. However, starting from (2.1), important
information about the dynamics of characteristic statistical features
of the system, can be obtained. In Appendix 2.9, two coupled sets of
ordinary differential equations (ODEs) are derived, describing the time
evolution over time of lineage population size averages E[Xt], named
m(t) = (mi(t), i = 1, . . . , N), and variances-covariances COV(Xt),
c(t) = (cij(t), i, j = 1, . . . , N :

dmi(t)

dt
=

r∑
k=1

vk,ihk(m(t);θ)

with initial condition:

mi(0) = xi,0 (2.2)

and

dcij(t)

dt
=

r∑
k=1

vk,jhk(m
2
i,·(t);θ) +

r∑
k=1

vk,ihk(m
2
j,·(t);θ) +

r∑
k=1

vk,ivk,jhk(m(t);θ)−

mi(t)
r∑

k=1

vk,jhk(m(t);θ)−mj(t)
r∑

k=1

vk,ihk(m(t);θ);

with initial conditions:

mi(0) = xi,0; m2
i,j(0) = xi,0xj,0 (2.3)

where m2
i,j(t) is the function describing the temporal behaviour of

second order moments E[Xi,tXj,t] and m2
i,· is the N -dimensional

vector considering the set of mixed second order moments involving
Xi component. In the next session, starting from (2.2) and (2.3), an
inference procedure is presented.

Inference

In this section, a two step inference procedure for parameters
estimation and model selection is described. Let us assume for
simplicity that S, ∆t equispaced measurements x1, . . . ,xS are taken
from a CDP, X . Conditioning on the generic xs, the mean and
variance-covariance values for lineage counts at time s + 1, can
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be estimated by solving (2.2) and (2.3) with the following initial
conditions:

mi(s) = xi,s ; m2
i,j(s) = xi,sxj,s (2.4)

A computationally efficient, albeit approximated, solution for mi(s+
1) and cij(s+1) can be calculated by Euler’s method. Accordingly, for
the lineage specific mean population count, the following expression
is derived:

mi(s+ 1) ≃ mi(s) +
dmi(s)

dt
∆t. (2.5)

By substituting the second term on the RHS of (2.5) with (2.2) and
including initial condition defined in (2.4), equation (2.5) becomes:

mi(s+ 1) ≃ xi,s +
r∑

k=1

vk,ihk(xs;θ)∆t

or, in an equivalent matrix notation:

m(s+ 1) ≃ xs + V ⊺h(xs;θ)∆t. (2.6)

A similar reasoning can be applied to approximate the solutions for
variance-covariance indexes, cij(s+ 1), introduced in (2.3):

cij(s+ 1) ≃ cij(s) +
dcij(s)

dt
∆t. (2.7)

The first term in on the RHS of (2.7), by definition of
variances-covariances as second central moments and initial
conditions in (2.4), results equal to 0:

cij(s) = m2
i,j(s)−mi(s)mj(s)

= xi,sxj,s − xi,sxj,s = 0
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while the second term simplifies to:

dcij(s)

dt
=

r∑
k=1

vk,jhk(xi,sxs;θ) +
r∑

k=1

vk,ihk(xj,sxs;θ) +
r∑

k=1

vk,ivk,jhk(xs;θ)−

xi,s

r∑
k=1

vk,jhk(xs;θ)− xj,s

r∑
k=1

vk,ihk(xs;θ) =
r∑

k=1

vk,ivk,jhk(xs;θ)

or, by means of matrix notation:

c(s+ 1) ≃ V ⊺Diag [h(xs;θ)∆t]V . (2.8)

Let now define dXs as:

dXs = (X(s+ 1)−X(s)|X(s) = xs) (2.9)

a collection of N -dimensional r.v. modelling the state increment
occurring in a time interval ∆t for a process being at state xs at time
s. It is straight forward to show by linearity of expectation operator
that:

E[dXs] ≃ V ⊺h(xs;θ)∆t (2.10)

and by invariance propertywith respect to shift in location parameters
of variance-covariance index:

COV(dXs) ≃ V ⊺Diag [h(xs;θ)∆t]V . (2.11)

The piece-wise constant nature of the propensity functions over time,
allows to make some considerations concerning the degree of the
approximation provided by Euler’s method in (2.10) and (2.11). In
the time elapsing between consecutive cellular events, the propensity
functions are not subjected to variation, since they depend on the
current process configuration and on parameters θ, assumed constant
over time. Modification of their values can eventually occur only in
coincidence with cellular events. It follows that if the set of time
1, . . . , S corresponds to the sequence of events times, the probabilities
h(xs;θ)∆t associated to the set of possible state variations are
constant as well. It is thus possible to consider state increment
as a regular discrete r.v. and conclude that, under this specific
sampling schema, (2.10) and (2.11) are exact results rather than an



2.3 Inference 23

approximation. As long as the time distance between observations
increases and more events occur within them, the quality of the
approximation decreases. The impact of different sampling time
intervals will be investigate by means of a simulation study in Section
2.5.

Moreover, formulas given in (2.10) and (2.11) state that first
order approximation for both increments conditional expectation and
variance-covariances can be calculated as linear combination of the
propensity functions at time ts, in turn linear with respect to both
process state and parameters vector.
This result allows to approximate the estimations of θ as a linear
regression problem of type:

dx ≃ Mθ + ε; E[ε] = 0; COV(ε) = W (2.12)

where:

dx =


dx0

dx1
...

dxS−1

 (2.13)

is a [SN ]-dimensional column vector in which the generic element
dxs = vec(xs+1 − xs) is a N -dimensional column vector
corresponding to observed increments in cells counts, interpretable
as realizations of the r.v. defined in (2.9).

M =


M0

M1
...

MS−1

 (2.14)

is a [SN ] × r predictors matrix where the generic element Ms =
V ⊺D(xs)∆t is a N × r matrix.
The errors covariance matrix is given by:

W =


W0 0 . . . 0
0 W1 . . . 0
... ... . . . ...
0 0 . . . WS−1

 .
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a blocks diagonal matrix describing the dependence between lineages
counts increments belonging to the same time of point and
independence among all the other. Each blockWs is a N ×N matrix
and is approximated by (2.11). Before continuingwith the presentation
of the solution for the estimation problem, an issue regarding the
predictors matrix must be pointed out.

Both duplication and death events involve only a single lineage and
associated columns inM matrix result in pairs numerically equal but
with opposite sign, causing collinearity. To overcome this issue, a new
vector of parameters, γ = α−δ named net duplication rates is defined.
Differently from others, γ elements take value on R. In particular, γi
is positive if cells in lineage Ci undergo to duplication with an higher
rate than death (αi ≥ δi), negative if the reverse is true (αi ≤ δi).
Therefore, the following modifications have to be done. Parameters
vector θ reduces to θ∗ = (γ,λ), an r∗-dimensional vector, where r∗ is
equal to r−N ,V ∗ is the reduced net effect matrix of dimension r∗×N
andM∗ is a [SN ]×r∗ matrix equal toM but columns related to death
events removed. Although it is not possible to infer simultaneously
both duplication and death rates, the modifications introduced do not
affect the precision of the constrained generalized least squares (CGLS)
estimators following introduced, since the product Mθ is equal to
M∗θ∗.

It is now possible to define the CGLS solution as :

θ̂∗ = argmin
θ∗

(dx−M∗θ∗)⊺W ∗−1(dx−M∗θ∗) s.t. λ ≥ 0 (2.15)

Due to the non-negativity constraint on differentiation rates λ and
the dependence ofW ∗ on the unknown parameters θ∗, a closed form
solution for θ̂∗ is not available. The description of a iterative procedure
for the solution of the CGLS problem is presented in Section 2.3.1.
Algorithm

The algorithm described in pseudo-code notation in Algorithm 1
starts with the calculation of increments vector dx and predictors
matrix M∗ according to (2.13) and (2.14) respectively.
Parameters initial values for the proposed iterative procedure are

calculated by solving a constrained ordinary least square problem
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Data: dx,M∗

Result: Get parameters estimates θ̂∗

begin
Initialization: tol = ϵ , iter = 0;
θ̂∗

0
= argmin

θ∗
(dx−M∗θ∗)⊺(dx−M∗θ∗) s.t. λi,j ≥ 0;

while
∑r∗

i=1(| θ̂∗
iter

− θ̂∗
iter−1

|) ≥ tol do

Ŵ ∗
iter =


Ŵ ∗iter

0 0 . . . 0

0 Ŵ ∗iter
1 . . . 0

... ... . . . ...
0 0 . . . Ŵ ∗iter

S−1

 where

Ŵ ∗iter
s = V ∗⊺D(xs)(∆t)Diag(| θ̂∗

iter
|)V ∗;

iter = iter+ 1;
θ̂∗

iter
=

argmin
θ∗

[
θ∗⊺(M∗⊺Ŵ ∗

iterM
∗)θ∗ − 2(dx⊺Ŵ ∗

iterM
∗)⊺θ∗

]
s.t.Aθ∗ ≤ b

end
end

Algorithm 1: Iterative procedure for CGLS based parameters estimation.

(COLS), in which errors are assumed independent and homoscedastic.
The COLS estimates θ̂∗0 are then used to calculate a first estimation
for the covariance matrix Ŵ ∗. By means of an iterative procedure,
estimates for θ̂∗ and Ŵ ∗ are then sequentially refined, until
convergence criteria on parameters vector is satisfied. From a
optimization point of view, both COLS and CGLS estimations can be
interpreted as a quadratic programming (QP) problems, a special type
of mathematical optimization problem in which a quadratic function
have to be minimize (or maximized) taking into account for a set of
linear constraints on variables. In general, a quadratic programming
problem with n variables and m constraints can be formulated as
follows.

Given a n-dimensional vector c, an n× n symmetric matrixQ, an
m×nmatrixA and anm-dimensional vector b, the goal is to find the
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n-dimensional vector x, such that:

x̂ = argmin
x

(
1

2
x⊺Qx+ c⊺x

)
s.t.Ax ≤ b. (2.16)

The CGLS problem defined in (2.15) can be converted in a QP problem
of type (2.16) by setting x = θ∗, Q = 2(M∗⊺W ∗−1M∗), c =
−2(dx⊺W ∗−1M∗), b = 0r∗ and defining A as a r∗ × r∗ diagonal
matrix with elements Ai,i = 0 if ith element of θ∗ refers to a net
duplication rate (unconstrained) andAi,j = −1 if it is a differentiation
rate (non-negativity constrained). Finally, the QP problem becomes:

θ̂∗ = argmin
θ∗

[
θ∗⊺(M∗⊺W ∗−1M∗)θ∗ − 2(dx⊺W ∗−1M∗)⊺θ∗

]
s.t.Aθ∗ ≤ 0r∗ .

(2.17)

For COLS is sufficient to remove W ∗−1 in Q and c formulas,
other terms remain unchanged. It is worth noting that in case of
large systems and/or when the amount of observations is high, it
is possible to take advantage of the following property for block
structured matrix, in order to calculate the inverseW ∗−1:


Ŵ ∗iter

0 0 . . . 0

0 Ŵ ∗iter
1 . . . 0

...
... . . . ...

0 0 . . . Ŵ ∗iter
S−1


−1

=


Ŵ ∗iter

0

−1

0 . . . 0

0 Ŵ ∗iter
1

−1

. . . 0
...

... . . . ...

0 0 . . . Ŵ ∗iter
S−1

−1


In real data analysis, this aspect allows to remarkably reduce

both computational complexity and memory requirements of the
estimation algorithm.

Model selection
It is in general not debated that biologically meaningful and

realistic cell differentiation structure should be characterized by a
limited number of connections between lineages. From a statistical
modelling point of view, this type of results can be encouraged by
means of sparse promoting component on differentiation parameters
vector. Within the class of differentiation rates, it is usually possible
to distinguish two type of connection between lineages: rates known
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to be equal to zero, due to cellular hierarchical structure, and
unknown rates. The first category includes all rates related to
differentiation from more-to-less differentiated lineages (hierarchy
down-to-top connections), which are simply removed from the set of
cell events. The second corresponds to differentiation paths that may
be present in system. On these set, a penalization procedure based on
the smoothly clipped absolute deviation (SCAD) penalty function [9]
is applied. The SCAD penalty function is defined as:

pη(θ) =


η|θ|, if 0 ≤ |θ|≤ η

(ξ2 − 1)η2 − (|θ|−ξη)2

2(ξ − 1)
, if η ≤ |θ|≤ ξη

(ξ + 1)η2

2
, if |θ|≥ ξη

(2.18)

where η > 0 and ξ > 2.
This choice has been motivated and supported by the numerous
desirable theoretical properties of the SCAD penalty discussed in [10],
such as the asymptotic oracle property. Oracle property is defined
as the ability to estimate, with probabilities tending to one, as zeros
the set of null parameters and to estimate non zero parameters
as if the correct model is known. In addition, it has been shown
to outperform the maximum likelihood and standard generalized
least square estimators in sparse setting [10]. As for many others
penalization procedure, the role of the threshold parameters, η and ξ, is
to tune the degree of sparseness in the final model and a valid setting
criteria for them is needed to ensure the accuracy of the estimator.
Setting ξ = 3.7, the SCAD penalty has been demonstrated to give a
satisfactory performance in a variety of variable selection problems
[10] and it has therefore been adopted in this paper. The optimal
value for η instead, has been chosen according to the generalized
cross-validation (GCV) minimization criteria [13, 28].

GCV is defined as:

GCVη =
1

n

∥dx− d̂x∥2

(1− e/n)2
(2.19)

where d̂x = M∗θ̂∗
P and e = tr[M∗(M∗⊺W ∗−1M∗ +

P )−1M∗⊺W ∗−1] corresponds to the number of effective parameters.
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Finally, given a particular value for η, the parameters estimates are
calculated by minimizing the following objective function:

θ̂∗
P = argmin

θ∗
(dx−M∗θ∗)⊺W ∗−1(dx−M∗θ∗) + n

∑
pη(λi,j) s. t. λ ≥ 0 (2.20)

In the penalized CGLS (PCGLS) algorithm described in the
following Section 2.4.1, the penalization function is included in an
iterative procedure able to perform model selection and parameters
estimation simultaneously.
Algorithm

The minimization problem in (2.20) can be formulated as a QP
problem similarly to what presented in 2.3.1, by making the following
modification to the definition of matrixQ:

QP = 2(M∗⊺W ∗−1M∗ + Pη)

where
Pη =

[
Pγ 0
0 Pη,λ

]
is r∗ × r∗ diagonal penalization matrix, with elements defined as:

Pγ = 0N,N ; Pη,λ = n


p′η(λ1,2)

λ1,2
. . . 0

... . . . ...

0 . . .
p′η(λN−1,N)

λN−1,N


and the derivative of SCAD penalty function (2.18) is given by:

p′η(θ) = ηI(θ ≤ η) +
(ξη − θ)

(ξ − 1)η
I(θ η).

The QP problem for PCGLS becomes:

θ̂∗
P = argmin

θ∗

[
θ∗⊺(M∗⊺W ∗−1M∗ + Pη)θ

∗ − 2(dx⊺W ∗−1M∗)⊺θ∗
]
s.t.Aθ∗ ≤ 0r∗ .

(2.21)
The algorithm described in Algorithm 2 takes in input the parameters
vector estimates θ̂∗ obtained from the CGLS procedure, state
increments vector, dx, predictors matrix M∗ and a vector of
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candidate values for tuning parameter η, named η. For each value
in η, the initial values for parameters is set to θ̂∗ and then an
iterative procedure composed by estimation of the covariance matrix;
calculation of the penalty matrix, optimization of the objective
function; is reiterated until convergence criteria on parameters vector
estimates are met. For each value of η, based of the final estimates
returned by the iterative procedure, the GCV statistics is calculated
and stored. Finally the rates estimates corresponding to the minimum
GCV statistics are returned.

Data: θ̂∗,dx,M∗,η
Result: Model selection based on minimum GCV criteria.
Initialization: tol = ϵ, ξ;
begin

foreach η in η do
iter = 0;
θ̂∗

0

P=θ̂∗;
while

∑r∗

i=1(|θ̂∗
iter

P − θ̂∗
iter−1

P |) ≥ tol do

Ŵ ∗iter
P =


Ŵ ∗iter

P,t0
0 . . . 0

0 Ŵ ∗iter
P,t1

. . . 0
... ... . . . ...
0 0 . . . Ŵ ∗iter

P,tS−1

 where

Ŵ ∗iter
P,ts

= V ⊺D(xts)(ts+1 − ts)Diag(|θ̂∗
iter

P |)V ;
iter = iter+ 1;
P iter

η,λ ; P iter
η =

[
Pγ 0
0 P iter

η,λ

]
;

θ̂∗
iter

P = argmin
θ∗

{θ∗⊺[M∗⊺(Ŵ ∗iter
P )−1M∗ + P iter

η ]θ∗−

2[dx⊺(Ŵ ∗iter
P )−1M∗]⊺θ∗} s.t.Aθ∗ ≤ b;

end
GCV(η);

end
Return model associated to minimum GCV(η);

end

Algorithm 2: Iterative procedure for PCGLS based model selection and
parameters estimation.
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Simulated data

We next present a simulation study which strictly resemble
characteristics and variability of the gene therapy data set available
and analysed in Section 2.6 and most recent model of hematopoiesis
hypothesize for non-human primate [14]. A system of size N =
15, named Simulated Hierarchical Differentiation Process (SHDP)
has been designed, where a 3 layers hierarchical structure has been
assumed, with differentiation paths allowed only between adjacent
levels and in up-to-down direction. Top layer, constituted by a single
lineage, is characterized by a positive net duplication rate. Middle
layer is composed by 7 partially interconnected lineages, all derived
from differentiation events occurred in top lineage cells and able to
generate bottom level cell types. The net duplication rates in this layer
are heterogeneous and can be both positive or negative. Finally, the 7
lineages in the bottom layer have no differentiation potential and they
all die faster than duplicate. A biological interpretation is now given.
Top layer corresponds to stem cells, responsible for the generation
of a set of myeloid and lymphoid branches specific progenitors in
the BM (second layer). Each progenitor is then able to give rise to a
small subset of committed cell, circulating in the PB (third layer) and
characterized by limited lifespan. A graphical representation of the
SHDP model is given in Figure 2.2, along with a matrix representation
of rates intensities.

The aims of the simulation study are: 1. verify the performance of
the proposed inferential procedure in case of a hierarchical structured
systems; 2. measure the impact on both estimates precision and model
selection (reconstruction of the truth underlying structure) of different
sampling time interval lengths; 3. quantify the reliability of results
obtained from the analysis of the experimental data.

Each experiment is composed by n = 1000 simulated clone
evolutions, all generated starting from the same initial state vector
x0 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0). Continuous-time clones
dynamics are simulated by means of Gillespie algorithm [12, 29]
according to the SHDP configuration in Figure 2.2. Process states are
then recorded at equispaced time intervals with 2 different lengths,
dt = (0.1, 1), up to the end time-point fixed at tend = 3. Based on these
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fixed time observations, state increments vector are calculated and
given as input to algorithm described in Algorithm 1 for parameters
estimations by means of CGLS approach and to Algorithm 2 for model
selection and estimates refinement with SCAD penalization. In the
penalization procedure, in order to determine the optimal value for
η, minimizing the GCV statistics, a sequence of candidate values
η from 0.001 to 0.1, by steps equal to 0.001 has been considered.
For each combination of system configuration and sampling interval,
100 independent experiments have been analysed. The results are
graphically represented by means of a sequence of boxplots, one for
each parameter. Final estimates obtained for the SHDP system with
the two dt setting are showed in Figure 2.3 and Figure 2.4.

Figure 2.2: Hierarchically constrained model (SHDP). The structure and the
rates considered in the SHDP mimics realistic model of hematopoiesis according to
both literature and experimental data. A 3 levels underlying hierarchical structure is
assumed (level 1, cell type 1; level 2, cell types 1-8; level 3, cell types 9-15;), with no
down-to-top connections allowed and no differentiation in the bottom level (level
3). A)Network representation of the model. B) Parameters heatmap. Main diagonal
elements correspond to net duplication rate. Off diagonal elements correspond to
differentiation rates (row → column). Light-Grey entries are differentiations rates
fixed to 0 (67). Dark-Grey entries are differentiations constrained to 0, due to cell
hierarchy (112).

In addition, in order to point out more specifically the reliability
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Figure 2.3: Inference on SHDP with sampling time interval dt = 0.1. Boxplots
representing the distribution of the parameters estimates returned by PCGLS
procedure (eta value set such that minimize GCV score) with dt = 0.1. Each boxplot
refers to specific parameter and is based on the 100 values collected from the 100
independent experiment performed. True values are plotted as segments in red for
λi,j = 0, blue for λi,j > 0 and orange for net duplication rates γi.
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Figure 2.4: Inference on SHDP with sampling time interval dt = 1. Boxplots
representing the distribution of the parameters estimates returned by PCGLS
procedure (eta value set such that minimize GCV score) with dt = 1. Each boxplot
refers to specific parameter and is based on the 100 values collected from the 100
independent experiment performed. True values are plotted as segments in red for
λi,j = 0, blue for λi,j > 0 and orange for net duplication rates γi.
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of model selection procedure, for the simulation setting closest to
the experimental data, SHDP system configuration and dt = 1, the
differences between the estimated and true structures are classified
and detailed in Figure 2.5. From a computational and programming

Figure 2.5: Errors in SHDP system reconstruction with sampling interval
dt = 1. The estimated system structures obtained for each simulated experiment is
compared to the true system configuration. The discrepancies, for each experiement,
are then classified asmissed or false differentiation path. A) Histogram of the amount
of missed connections over the 100 replicates (λi,j wrongly estimated as 0). B)
Histogram of the amount of false connections over the 100 replicates (λi,j wrongly
estimated as different from 0). C) Histogram of the total amount of errors (Hamming
distance).

point of view, Gillespie algorithm is implemented in C++ [27] with
the support of Eigen library [15]. The inferential and penalization
procedures are implemented in R [24], by means of custom scripts
requiring Matrix packages for efficient dense and sparse matrices
manipulations [4]. QP problems (2.17) and (2.21) are solved by
means of IBM ILOG CPLEX Optimizer, freely available under IBM
Academic Initiative program [16].

Investigating hematopiesis in vivo, in humans
In this section, by means of the analysis of WAS GT clinical

trial data set, the structure of the hematopoietic process in humans
will be estimated, along with lineage specific duplication, death and
differentiation rates. Technical and experimental protocols used to
collect the data have been published in [2] and data partially analysed
in [7]. A brief summary focused on the relevant aspects of interest for
the content of this work, follows.
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At time t0, corrected HSCs harvested from BM are
re-infused in patients previously treated with drugs enhancing
immunosuppression, in order to ensure an higher level of engraftment
for corrected HSCs. In patient’s body, marked HSCs start to duplicate,
die and differentiate into functionally more specialized cells, passing
on the copy ofWASP gene to all the offspring generated, reconstituting
a functional hematopoietic heritage. Viral IS selection is itself a
quasi-random process and the probability that two integration events
occur in the same genomic position in two distinct cells is negligible
[3, 6, 22]. Therefore, IS coordinates can be used as molecular marker
to monitor the in-vivo evolution of single HSC and of its progeny.
BM and PB samples have been taken for 3 patients at 1, 2 and 3
years after treatment, enriched by means of magnetic cell sorting
(MACS) technology according to a set antibodies known to be lineage
specific and finally sequenced by means Illumina Miseq platform [6].
A bioinformatic pipeline, starting from sequencing output, allows
to: 1. detect ISs coordinate (labels); 2. quantify, by means of reads
count values, labels distributions over lineages and time. In total
37637 distinct clones have been tracked, among 15 cell types divided
in a 3 levels hierarchical structure: HSC level: CD34; BM level: CD3,
CD14, CD15, CD19, CD56, CD61, GLYCO; PB level: CD3, CD4, CD8,
CD14, CD15, CD19, CD56. According to the biological literature,
the following assumption are made: 1. lineages in HSC level can
differentiate in any other cell type in BM level; lineages in BM level
can be connected to any cell type in BM and PB level; lineages in PB
can not differentiate.

DNA library preparation for NGS based sequencing, requires a
linear amplification step known to be a source of noise potentially
affecting cells counts measurement. To investigate the reliability of
available information, part of HSCs sample has been sequenced after
a time interval in which is reasonable to assume that no or few cell
events occurred, therefore are clones of size 1. Based on 3104 ISs,
a median absolute deviation (MAD) statistics equal to 6.1 has been
calculated, leading to a process noise estimate σ̂2 = (1.48×MAD)2 =
81.5 [26]. This value has been incorporated in the inference and
model selection procedures by modifying variance-covariance matrix
as Ŵ ∗ = W ∗ + σ̂2I . The 3 levels hierarchy previously introduced
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and a network representation of the estimated human hematopoiesis
structure is given in Figure 2.6. Differentiation rates estimates are
reported in Figure 2.6, as arrows thickness, and along with net
duplication rates estimates in Figure 2.7.

Figure 2.6: Network representation of the estimated hematopoietic
differentiation process. The 3 hierarchical levels are reported as: level HSC,
in green; level BM, in blue; level PB, in orange. Arrows correspond to positive
differentiation rates λi,j returned by the iterative penalization procedure for the eta
minimizing the GCV index. Arrow thickness is proportional to rate estimate. Net
duplications rates are omitted for graphical clarity.

Discussion
In the simulation study presented in Section 2.5, a candidate model

of hematopoiesis of realistic complexity has been considered. The
inferential procedures presented in Section 2.3 relies on the repeated
calculation, by means of Euler’s approach, of approximated solutions
for 2 coupled systems of ODEs, with initial conditions recursively
updated. The degree of such approximations is known to be inversely
proportional to the time distance between consecutive observations, a
relevant aspect to be considered, given the sampling schema adopted
in the collection of the experimental data. For these reasons, two
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Figure 2.7: Parameters estimates for human hemaopoiesis, based on
experimental data. Parameters heatmap. Main diagonal elements correspond to
estimates for net duplication rate. Off diagonal elements correspond to estimates for
differentiation rates (row→ column).
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different values for dt have been considered and the clones’ evolution
have been observed until tend = 3.

As shown in Figure 2.3, with dt = 0.1, Euler’s method seems
to guarantee an adequate estimations performance, in terms of both
estimates precision and model learning. Parameters true values lie
within the interquartile range of estimates distributions for all but
3 coefficients, corresponding to γi for lineages i equal to 13, 14
and 15 (still lying within boxplots whiskers). In terms of model
reconstruction, the majority of the differences between estimated and
true structures are due to themissing of differentiation paths set to low
intensities (λ2,5, λ6,8, λ7,9, λ8,12, λ7,13, λ8,13, λ7,14 = 0.05). Thirty-two
λi,j = 0 out of sixty-seven have never been estimated as positive,
confirming, under these favourable dt condition, the reliability of
SCAD penalty function. Increasing the dt value to 1, affects not
only the quality provided by Euler’s method approximations, but also
drastically reduces the overall amount of information available on
clones dynamics. Under this scenario, as displayed in Figure 2.4, the
global performance of the proposals decreases, but some distinction
among parameters can be done. Particularly affected are higher and
lower values for γi, such as those considered for cell types 1, 2, 3, 14, 15.
In these cases, true values do not lye within maximum and minimum
estimated values obtained in the 100 replicates. A similar situation
is also observed for λ1,2 and λ1,3, but amount of bias is limited.
The distances between estimated and real underlying structures
graphically represented in Figure 2.5 is in general higher with respect
to dt = 0.1 setting but, in our opinion, still reasonable considered
the total amount of parameters to be estimated. On average, in
each experiment less then 2 present differentiation paths are shrunk
towards zero and less then 1, out 67 absent connections is on average
called as positive. Summarizing these considerations, is possible to
conclude that the impact on the reliability of the estimated model
structure amounts, on average, in less than 3 out of 98 differentiation
rates wrongly estimated.

In view of the above encouraging results, it is possible to give the
following interpretation of the final model for human hematopoiesis
shown in Figure 2.6 and Figure 2.7. According to the hematological
classification, the following branches can be defined: 1. lymphoid



2.8 Conclusion 39

branch, including CD3 and CD19 in BM and CD3, CD4, CD8 and CD19
in PB; 2. myeloid branch composed by CD14, CD15 and CD56 in both
BM and PM; 3. Glycophorin positive cells, corresponding to Glyco
BM; 4. CD61 positive lineage. The flexibility of such a classification is
currently debated and evidence for the presence of progenitors in BM
straddling multiple branches emerged in multiple independent studies
[2, 18, 19]. Our results support this hypothesis. The complexity of the
relationship among BM lineages is high and characterized by relevant
cross-branches differentiation paths, mainly in myeloid to lymphoid
direction, such as CD14→CD19, CD14→GLYCO and CD56→CD19.
A possible explanation, can be found in recent investigation aimed
to dissect the heterogeneous CD34 HSC population, suggesting the
presence of intermediate stages, named Myeloid PluriPotent (MPP)
then followed by a Multi Lymphoid Progenitor (MLP) [7]. All lineages
in BM, with exception of CD3, have connection with their committed
homologous in PB compartment, as biologically expected.

Conclusion

In this paper we presented a statistical model for cell differentiation
process along with a inferential procedure able to provide parameters
estimation and model reconstruction. The model has been defined
as continuous-time Markov chain, with density dependent transition
probabilities and considers three categories of cellular events:
duplications, deaths and differentiations. Starting from a special
formulation of the Kolmogorov forward equation, two coupled set
of ODEs have been derived, describing the time evolution of process
first and second central moments over time. ODEs solutions have
been approximated by Euler’s method, and parameters estimation as
a linear regression problem.

In order to take into account for the dependence among
process components due to differentiation events and non-negativity
constraints on a subset of parameters, estimation is performed by
means of an iterative generalized least square procedure, solved using
an efficient quadratic programming approach. However, biologically
meaningful differentiation structures are expected to be characterized
by a limited amount of connections between lineages. To encourage
this type of solutions and to provide an estimation of the best candidate
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differentiation pathway, a penalization step, based on SCAD penalty
function and GCV minimization criteria, has been introduced.

Inferential procedures have been tested in a simulation study,
mimicking a realistic candidate structure for human hematopoiesis.
As expected, in case of frequently repeated observations for process
state over time, Euler’s method provides a good approximation for
moments evolution and, consequently, both parameters and model
structure estimations are precise. When the time elapsing between
consecutive observations increases, the quality of the estimations
decreases, in particular for a subset of parameters. Despite this model
structure reconstruction is still reliable. The main limitation of the
proposedmodel for cell differentiation, from a biological point of view,
is represented by the linearity of the propensity functions, potentially
allowing for unlimited clone expansion. However, it is worth noting
that patients are immunodepressed at the time of treatment and that
time necessary to reach a stable steady state equilibrium for lineages
total populations is in the order of years.

Finally, human hematopoiesis structure and lineages specific
parameters have been investigated by applying the developed method
to WAS GT data sets. The obtained result supports recently proposed
more complex, interconnected, biological model of myeloid/lymphoid
branching, with respect to previous simpler alternatives.
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Appendix: derivation of moments equations

By means of the summation operator,
∑

x∈x̃, spanning over the
whole set of possible state for process X(t), x̃ = ZN , it is possible
to derived a functional connection between the evolution for the
expected population size of each process component and the dynamics
of the process probability distribution P (X; t):

dmi(t)

dt
=
d
∑

x∈x̃ xiP (X = x; t)

dt

=
∑
x∈x̃

xi
dP (X = x; t)

dt

The evolution of P (X; t) can be expressed by means of the master
equation introduced in 2.1:

dmi(t)

dt
=
∑
x∈x̃

xi

r∑
k=1

[hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)]

Due to the fact that the summation operator
∑

x∈x̃ span over the
all possible state configurations, the order of summation operators in
the RHS can be inverted:

dmi(t)

dt
=

r∑
k=1

∑
x∈x̃

xi [hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)]

=
r∑

k=1

[∑
x∈x̃

xihk(x− Vk,·;θ)P (X = x− Vk,·; t)−
∑
x∈x̃

hk(x;θ)P (X = x; t)

]

Now, the summation variable in the first term of the RHS can be
modified, without affecting the sum domain, since it cover all the
possible state configuration:
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dmi(t)

dt
=

r∑
k=1

{∑
x∈x̃

(xi + vk,i)hk(x;θ)P (X = x; t)−
∑
x∈x̃

xihk(x;θ)P (X = x; t)
}

=

r∑
k=1

{∑
x∈x̃

xihk(x;θ)P (X = x; t) + vk,ihk(x;θ)P (X = x; t)−∑
x∈x̃

xihk(x;θ)P (X = x; t)
}

=

r∑
k=1

∑
x∈x̃

vk,ihk(x;θ)P (X = x; t)

Given the known property for expected value of function f(x) of a
r.v. x with probability distribution P (x), E[f(x)] =

∑
x f(x)P (x):

dmi(t)

dt
=

r∑
k=1

E [vk,ihk(Xt;θ)]

Finally, by linearity of expectation:

dmi(t)

dt
=

r∑
k=1

vk,ihk(E [Xt] ;θ) =
r∑

k=1

vk,ihk(m(t);θ) (2.22)

A similar approach can be extended to define a system of ODEs for the
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time evolution for second order moments ofX(t):
dm2

i,j

dt
=

d
∑

x∈x̃ xixjP (X = x; t)

dt

=
∑
x∈x̃

xixj
dP (X = x; t)

dt

=
∑
x∈x̃

xixj

r∑
k=1

{hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)}

=
r∑

k=1

∑
x∈x̃

xixj{hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)}

=
r∑

k=1

{∑
x∈x̃

xixjhk(x− Vk,·;θ)P (X = x− Vk,·; t)−
∑
x∈x̃

xixjhk(x;θ)P (X = x, t)
}

=
r∑

k=1

{∑
x∈x̃

(xi + vk,i)(xj + vk,j)hk(x;θ)P (X = x; t)−
∑
x∈x̃

xixjhk(x;θ)P (X = x; t)
}

=
r∑

k=1

{∑
x∈x̃

xixjhk(x;θ)P (X = x; t) +
∑
x∈x̃

vk,jxihk(x;θ)P (X = x; t)+∑
x∈x̃

vk,ixjhk(x;θ)P (X = x; t) +
∑
x∈x̃

vk,ivk,jhk(x;θ)P (X = x; t)−∑
x∈x̃

xixjhk(x;θ)P (X = x; t)
}

=

r∑
k=1

{∑
x∈x̃

vk,jxihk(x;θ)P (X = x; t) +
∑
x∈x̃

vk,ixjhk(x;θ)P (X = x; t)+∑
x∈x̃

vk,ivk,jhk(x;θ)P (X = x; t)
}

=

r∑
k=1

E [vk,jXi,thk(Xt;θ)] +

r∑
k=1

E [vk,iXj,thk(Xt;θ)] +

r∑
k=1

E [vk,ivk,jhk(Xt;θ)]

=

r∑
k=1

vk,jhk(E [Xi,tXt)] ;θ) +

r∑
k=1

vk,ihk(E [Xj,tXt)] ;θ)+

r∑
k=1

vk,ivk,jhk(E [Xt)] ;θ)

=

r∑
k=1

vk,jhk(m
2
i,·(t);θ) +

r∑
k=1

vk,ihk(m
2
j,·(t);θ) +

r∑
k=1

vk,ivk,jhk(m(t);θ)

The generic element of the covariance matrix cij(t), describing the
covariance between the X components Xi and Xj , can be expressed
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as a combination of first and second order moments:

cij(t) = m2
i,j(t)−mi(t)mj(t) (2.23)

Applying derivation rule to both sides, it is possible to derived a system
of ODE for the evolution of covariance matrix elements as:

dcij(t)

dt
=

dm2
i,j(t)

dt
−
(
mi(t)

dmj(t)

dt
+mj(t)

dmi(t)

dt

)

Finally, substituting the RHS elements with the corresponding
expression derived in (2.22), the following is obtained:

dcij(t)

dt
=

r∑
k=1

vk,jhk(m
2
i,·(t);θ) +

r∑
k=1

vk,ihk(m
2
j,·(t);θ) +

r∑
k=1

vk,ivk,jhk(m(t);θ)−

mi(t)

r∑
k=1

vk,jhk(m(t);θ)−mj(t)

r∑
k=1

vk,ihk(m(t);θ);
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Abstract
Background: In gene therapy clinical trials, Hematopoietic Stem

Cells (HSCs) harvested from patient bone marrow are edited and
corrected by means of viral vectors. Upon infusion into the patient,
the HSCs will multiply and differentiate into other cell types.
Main question: Understanding cell differentiation process may play
a fundamental role in providing insights for efficacy of gene therapy.
However, hematopoiesis is not understood in detail since both the
differentiation phylogeny and the dynamics are not fully known. An
additional complication is that in vivo, in patient, clone-tracking is not
possible on a high-frequency basis. This means that simple descriptive
statistics will be unable to reveal the underlying dynamics.
Aim: The aim of this paper is to model the HSC differentiation process
via a stochastic differential equation and to use experimental data to
infer the dynamic parameters of the process.
Data: The gene therapy procedure has the dual effect of providing
treated cells of a copy of therapeutic gene of interest and of a unique
label, represented by viral insertion sites. Upon infusion into the
patients, the cellular progeny of engineered HSC will carry identical
insertion site markings. Therefore, analysing samples from patient
bone marrow and peripheral blood at different time-points after gene
therapy, it is possible to quantitatively track the population of blood
cells derived from each individual HSC.
Statistical method: In this work, we define a single-clone stochastic
logistic cell differentiation process. This process is defined as
multivariate continuous time Markov process, where each component
corresponds to the number of cells of each type present across
time. Starting from the Kramers-Moyal expansion of process’ Master
Equation, a system of ordinary differential equations for process
moments are derived. We then develop an inference procedure for
estimating the parameters governing the stochastic process, based on
constrained generalized non-linear least squares.
Results:The performance of themethod has been evaluated bymeans
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of a simulation study under different sampling time intervals and then
applied to gene therapy clinical data. The results are consistent with
alternative and more complex models recently proposed in biological
literature.

Keywords: Markov process, ODEs system, non-linear model, clone
tracking, method of moments.
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Introduction

Although mammalian organisms have more than a hundred
different cell types, many mammalian tissues are sustained by
relatively few varieties of multipotent stem cells [7, 27, 30]. Given their
importance, a comprehensive understanding of stem cells is crucial
for advancing the development of regenerative medicine, such as
transplantation of hematopoietic stem cells (HSCs), which is currently
used to treat a wide variety of haematologic malignancies and bone
marrow disorders. In gene therapy clinical trials, viral vector are used
to manipulate the genome of a pool of cells harvested from patients.
The aim is to permanently integrate a corrected copy of a particular
defective gene responsible for a disease. For a long-term correction,
stem cells represent the best target for gene therapy clinical trails
[2, 5, 23]. Although HSCs can regenerate 1011 new mature blood cells
in a human every day, many questions about HSCs behaviour are
still debated, such as whether the outcome of hematopoietic stem cell
differentiation is pre-determined or a stochastic event, or whether
the application of clinically relevant stresses can potentially influence
HSCs fate.

Several high-throughput assay systems exist that can
quantitatively track repopulation from an individual stem cell in
animal models [18, 19]. Clonal tracking by means of viral labelling
[20] is one of the most sensitive systems, which can track HSCs at
the single-cell level. In this procedure, each individual CD34+ HSC is
distinctly labelled by means of a random incorporation of a lentiviral
vector in the cell genome before transplantation into animal or patient
body. All cells that result from proliferation and differentiation of a
marked HSC will carry identical markings defined by the location of
the original viral insertion site. During the follow-up period, sampling
cells from bone marrow (BM) and peripheral blood (PB) and by means
of insertion site analysis [4], it is possible to quantify the cells that
arise from a single marked HSC. The set of cells, among all cell types,
having in common the same HSC ancestor, is commonly defined as
a clone. The motivational example in this paper is a gene therapy
clinical trial for Wiskott-Aldrich Syndrome (WAS), an inherited
immunodeficiency caused by mutations in the gene encoding for
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WAS protein. The trial represents a novel type of treatment, about
which much is still unknown.

From a modelling point of view, clonal tracking is quite new. [12]
analysed non-human primate rhesus macaque experiments presented
in [18]. Rather thanmodelling the dynamic evolutions of an individual
clone, the authors developed a mechanistically-inspired framework
to model the observed distribution of clone population sizes across
3 main groups of cell types (HSC, proenitors and fully differentiated
blood cells). In this paper we propose a multivariate continuous
time Markov process for single-clone dynamics among multiple cell
lineages, defined by means of a stochastic differential equation. Using
a Kramers-Moyal expansion of underlying Master Equation, a system
of ordinary differential equations for process moments are derived.
The “S” shape or logistic behaviour of sub-populations size [17] results
from a particular definition of the transition rates and bounds the
clone’s growth.

The model and its characteristics are presented in Section 3.2. In
Section 3.3 a non-linear generalized least square estimation procedure
for the parameters in the stochastic process is developed, both from
methodological and computational points of view. In Section 3.4
the performance of our proposal is compared for different sampling
time intervals with a simpler polynomial generalized least square
estimation procedure (details given in Section 3.3.1). In Section 3.5 we
apply our methodology to the WAS gene therapy clinical trial data.

Stochastic logistic cell differentiation process
We consider an N -dimensional, continuous time counting process

X(t), where t ∈ R and X(t) ∈ NN
0 . Each element of X(t) =

(X1(t), . . . , XN(t)), corresponds to the number of cells of cell type
Ci, i = 1, . . . , N present in the system at time t. By default we will
assume that X1 refers to the hematopoietic stem cell count.

We assume thatX evolves according to a continuous time Markov
process. There are three event types in the process, to wit cell
duplication, cell death and, importantly, cell differentiation. Individual
cells are assumed to be independent from each other and cells
belonging to the same Ci are assumed to obey to the same laws.
Single event rates are assumed constant over time. The generic
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cell duplication rate αi is assumed to be a linear growth term,
corresponding to the expected number of cell duplications per time
unit per cell of cell type i.

P (Xt+∂t,i = xt,i + 1, Xt+∂t,−i = xt,−i|Xt = xt) = xiαi∂t, (3.1)

for i = 1, . . . , N . It is biologically reasonable that for larger cell
populations, the cell death rates are not constant for each cell, but
depend on the size of those cell types present. If each of the xi cells of
type i are competing for the same vital resource, then the death rate
for each cell of type type i would be linearly related to the number of
cells, i.e., δixi. This implies that for overall population of xi cell of cell
type i, the death rate would be quadratic,

P (Xt+∂t,i = xt,i − 1, Xt+∂t,−i = xt,−i|Xt = xt) = x2i δi∂t, (3.2)

for i = 1, . . . , N . This definition results in a logistic type of growth
curve, whereby linear cell duplication is eventually overcome by
quadratic cell death. Furthermore, it is assumed that cell differentiation
from cell type i into cell type j is a process with constant rate λij ,
P (Xt+∂t,i = xt,i − 1, Xt+∂t,j = xt,j + 1, Xt+∂t,−ij = xt,−ij |Xt = xt) = xiλij∂t (3.3)

for i ̸= j some subset of {1, . . . , N}. For the moment we will assume
that the hematopoietic differentiation tree is known, i.e., we known
for which combination of (i, j) the differentiation rate λij ̸= 0. This
means that the total number of event types r is somewhere between
2N and N(N + 1).

It is convenient to write the Markov process in a vectorized
form. Each cellular event k ∈ {1, . . . , r} can be associated with an
N -dimensional integer vector vk, describing the net change in the
state induced by event k. In particular, for cell duplication and cell
death for cell type i, vk is a N -dimensional zero vector, except for
element in position i equal to 1 and −1, respectively, whereas the net
change associated a differentiation event from cell type i into cell type
j, vk, is aN -dimensional zero vector with elements in positions i and
j equal to−1 and 1, respectively. The hazard hk(X,θ) corresponding
to these three types of events are, respectively, Xiαi, X2

i δi and Xiλij ,
for θ = (α, δ,λ). This means that we can write the process generally
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as
P (Xt+∂t = xt + v | Xt = xt) = hk(xt; θ).

The whole process can be recast in matrix notation involving the
net effect matrix, V , corresponding to an N × r integer matrix, in
which the columns correspond to the vectors vk (k = 1, . . . , r).
For simplicity we assume that the firsts N columns of V refer to
cell duplications, the second N to cell deaths and the remaining
columns to differentiation events. The hazardh(X,θ) = (h1, . . . , hr),
is the r-dimensional vector of the r individual event hazards. For
any stochastic process obeying to Markov property, given initial
conditionX0, is possible to determine the evolution of the probability
distribution function associated to the system states over time,
P (X; t), by means of the master equation [8, 15, 25]. The master
equation is defined as a differential equation for the process transition
probability and can be written as:

dP (X; t)

dt
=

r∑
k=1

{hk(X − V·k,θ)P (X − V·k, t)− hk(X,θ)P (X, t)}

(3.4)
By means of a multivariate Taylor expansion, is possible to derive an
equivalent and alternative formulation of any master equation, named
the Kramers-Moyal expansion [15]:

dP (X; t)

dt
=

∞∑
m=1

(−1)m

m!

N∑
j1,...,jm=1

dm

dXj1, . . . , dXjm

[am(X, θ)P (X, t)]

(3.5)
where am(X) arem-order symmetric tensors commonly called jump
moments [21] or propagator moment functions [10]. Jump moments
measure the impact of any given transition between states on the rate
of change of probability distribution moments values. The conclusion
of this expansion is that the evolution of all important measures for
X(t) can obtrain from the moments of the probability distribution
P (X; t). In particular, the first moment of P (X; t) relates to the mean
of X(t), the second to the variance, the third to skewness and the
fourth to kurtosis. Formally, (3.4) and (3.5) are equivalent and the latter
is not particularly easy to handle. However, under certain conditions,
the contribution of higher order terms (m > 2) in (3.5) is zero or
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negligible, reducing (3.5) to the sum of a finite set of elements [10, 15].
[28] provide a general schema to derive analytical expressions for

jump moments for any Markov process. The joint jump moments for
our cell differentiation process can be obtained as:

ai,j,...mi+mj+...(X,θ) =
r∑

k=1

[(Vk,i)
mi(Vk,j)

mj . . . ]hk(X,θ). (3.6)

They show that the dynamics of the generic m-order probability
distribution moments for any multivariate Markov process can be
formulated as a system of ordinary differential equations (ODEs)
involving the previously derived jump moments:

dE[X(m)(t)]

dt
= E[vec(am)] +

m−1∑
k=1

Πm
j E[X(k) ⊗ vec(am−k)] (3.7)

where ⊗ corresponds to the Kronecker product operator

X(m) =

m︷ ︸︸ ︷
X ⊗X · · · ⊗X

and where vec() symbolizes the vectorization of any matrix or tensor
into a column vector and Πm

j is an appropriate sum of Nm × Nm

permutationmatrices described in [28]. For our purposes, wewill need
the explicit expression form = 1, 2, which we will provide in the next
section.

Inference

The process is typically observed across a number of time points
and a number of replicates. In particular, we assume we have n

replicates and S time points for each replicate. To simplify notation,
we will assume that the observed times are 1, . . . , S, but equal spacing
is not required. A likelihood-based approach would need to evaluate
the likelihood of the observations. This involves integrating across the
intermediate time-points, effectively making closed-form inference
impossible. Instead, we will derive a methods of moments type
estimator to infer the parameters of interest. This involves matching
for each observation X t with its expected value given the previous
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observation,
Xt = m(t;θ) + ϵt (3.8)

where m(t;θ) is a known non-linear function of the process state
at time step t − 1 and εt is an N -dimensional mismatch variable
with E[εt] = 0N and Var(εt) = Wt and Wt = g(Xt−1;θ) is a
N×N matrix, for some conveniently defined expectation and variance
operators. Effectively, this means that we estimate the unknown
parameters vector θ governing a stochastic logistic cell differentiation
process by means of generalized method of moments. We begin with a
local linear approximation approach, before presenting the non-linear
correction, which in the case of sparse time course data is particularly
relevant.

Local linear approximation

In this section, we describe a linear approximation of (3.8), which
provides quick estimates for the parameters θ. This linear estimate is
used in this paper in two different situations. First and foremost, it
provides reasonable initial values for the exact non-linear algorithm
described in Section 3.3.2. Secondly, it serves as a comparison in the
evaluation of the proposed inference procedure for different sampling
intervals.

For correct inference by means of local linear approximations,
the system must be observed at time intervals ∆t that guarantee
macroscopically infinitesimal state changes within consecutive time
intervals. This condition, introduced in [11], means that during any
time interval within the follow-up period, no propensity function
h(X,θ) suffers a noticeable change in their value, yet every reaction,
i.e., cell event in our context, can be expected to happen many more
times than once.

If this condition is met, the discrete state Markov processX t can be
approximated by a diffusion process with the following formulation:

dX t = µ(X t,θ)∆t+ β
1
2 (X,θ)dBt. (3.9)

where dX t is the change in state space for X(t) over time interval
∆t, µ(X,θ) = V ⊺h(X t−1,θ)∆t is the mean (or drift) vector, where
β(X;θ) = V ⊺Diag (h(X t−1,θ))V ∆t is the variance (or diffusion)
matrix and dBt represents the change of a Brownian motion during 1
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time unit. As the hazard is linear in θ, the diffusion (3.9) can be written
as,

dX = Mθ + ϵ (3.10)
where

dX =


X1 −X0

X2 −X1
...

XS −XS−1

 (3.11)

is a (N × S)-dimensional column vector with observed cells counts
differences between consecutive time points, and where

M =


V ⊺D(X0)∆t

V ⊺D(X1)∆t
...

V ⊺D(XS−1)∆t

 (3.12)

is aNS× r matrix of predictors andD(X t) is a r× r diagonal matrix
with the appropriate polynomial ofX t involved in events rates vector
h(X t,θ),

D(X t) = Diag{Xt,1, . . . , Xt,N , X
2
t,1, . . . , X

2
t,N , Xt,d1, . . . , Xt,dr−2N

}
(3.13)

representing cell duplication, cell death and cell differentiation,
respectively, and where di (i = 1, . . . , r − 2N ) are the cell types
involved in cell differentiation events. Finally, ϵ is a NS-dimensional
error random variable with E[ϵt] = 0NS and Var(ϵt) = Ω, with Ω a
NS ×NS matrix equal to:

Ω =


Ω0 0 . . . 0
0 Ω1 . . . 0
... ... . . . ...
0 0 . . . ΩS−1

 .

Each block Ωt = V ⊺D(X t)∆tDiag (θ)V is an N × N matrix
describing the covariance structure related to cells counts variations
belonging to the same time of observation. The estimator θ̃ defined as
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the constraint least squares estimator,

θ̃ = argmin
θ

(dX −Mθ)⊺Ω−1(dX −Mθ) s. t. θ ≥ 0r (3.14)

The main steps of a iterative procedure are presented presented as
pseudo-code in Algorithm 3 involving quadratic programming.

Data: dX ,M
Result: Get parameters estimates θ̃
begin

Initialization: tol = ϵ , it = 0;
θ̃(0) = argmin

θ
(dX −Mθ)⊺(dX −Mθ) s.t. θ ≥ 0;

while
∑r

i=1(| θ̃(it) − θ̃(it−1) |) ≥ tol do

Ω̃(it) =


Ω̃

(it)
0 0 . . . 0

0 Ω̃
(it)
1 . . . 0

... ... . . . ...
0 0 . . . Ω̃

(it)
S−1


where Ω̃(it)

s = V ⊺D(Xts)dt Diag(θ̃(it)V ;
θ̃(it+1) = argmin

θ
(dX −Mθ)⊺Ω̃(it)(dX −Mθ) s.t. θ ≥ 0r

it = it+ 1;
end

end

Algorithm 3: Iterative procedure for local linear approximation based parameters
estimation.

Non-linear generalized method of moments
The main problem of the previous algorithm is that when the

observed time instances are far apart, then the linear approximation
used both in the mean and covariance calculations are inaccurate,
leading to biased estimation. In this section, we extend the algorithm
to take the non-linearity into account.

The conditional expectation of the process at time t given the
previous time point t− 1

m(t;θ) = E[X t|X t−1,θ]
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is non-linear. It is an N -dimensional vector corresponding to the N
predicted values forX t at time t given the previous observed process
state, X t−1. Then (3.7) defines a system of differential equations for
the evolution of process first moments. We define the function m
as the solution of the N -dimensional system of ordinary differential
equations,

dmi(t)

dt
= E[ai1(X t;θ)|X t−1], i = 1, . . . , N, (3.15)

with initial conditions

m(t− 1) = Xt−1, i = 1, . . . , N,

where, according to (3.6)

ai1(x,θ) =
r∑

k=1

Vikhk(x;θ), i = 1, . . . , N. (3.16)

If the hazard functions hk are linear in x, then (3.15) simplifies to

dmi(t)

dt
= ai1(m;θ), i = 1, . . . , N.

This is not true for the stochastic cell differentiation model that we
defined in the previous section. The quadratic cell death rate implies
that the conditional expectation of a1 may involve 2 order moments,
with which we will deal now.

Using a similar approach it is possible to describe the covariance
structure g(Xt;θ) = W t, describing the dependence structure among
process components belonging to the same time point. A generic
element of g is given by:

gij(X t−1;θ) = Wt,ij

= Cov[Xi(t), Xj(t)|X t−1θ]

= cij(t;θ)−mi(t;θ)mj(t;θ), (3.17)

where cij(t) = E[Xi(t)Xj(t)|X t−1θ] according to (3.7) can be
expressed by means of the following system of ODEs (i ≥ j; i, j =
1, . . . , N ):

dcij(t)

dt
= ai,j2 (m(t)) + E[Xi(t)a

j
1(Xt)|Xt−1θ] + E[Xja

i
1(Xt)|Xt−1θ] (3.18)
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with initial conditions:

cij(t− 1) = Xi(t− 1)Xj(t− 1), i ≥ j; i, j = 1, . . . , N

where

ai,j2 (x,θ) =
r∑

k=1

Vi,kVj,khk(x,θ), i, j = 1, . . . , N (3.19)

and the generic ai1 element as defined in (3.16). Clearly, second order
moments are symmetric, i.e., cij = cji. Again, if the hazards hk were
linear in x, then (3.18) would simplify to

dcij(t)

dt
= ai,j2 (m(t)) + aj1(c.i(t)) + ai1(c.j(t)).

But, again, as the cell death rates are quadratic in our stochastic cell
differentiation model, the conditional expectation of Xt,ia2(X t;θ)
involves third order moments. In order to avoid an infinite regress, we
use the idea of moment closure. For a normal distribution [31] showed
that third order moments can be approximated as:

E[XiX
2
j ] = 2E[Xj] E[XiXj] + E[Xi] E[X

2
j ]− 2E[Xi] E[Xj]

2 (3.20)

and
E[X3

j ] = 3E[Xi] E[X
2
i ]− 2E[Xi]

3 (3.21)
which yields central third order moments, i.e., skewness, equal to 0.
We describe a small example in Section 3.7.

Is now possible to define a method of moment estimator via a
generalized least squares objective function that can be minimized in
order to estimate the unknown parameters vector θ:

θ̂ = argmin
θ

[X1:S −m(θ)]⊺W−1[X1:S −m(θ)] s.t. θ ≥ 0r (3.22)

where

X1:S =


X1

X2
...

XS

 (3.23)

is aNS-dimensional column vector with the observed cell type count
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data, and

m(θ) =


m(1;θ)
m(2;θ)

...
m(S;θ)

 (3.24)

is a NS-dimensional function of the predicted mean evolutions and

W =


g(X0;θ) 0 . . . 0

0 g(X1;θ) . . . 0
... ... . . . ...
0 0 . . . g(XS−1;θ)

 .

is a NS × NS block diagonal matrix, in which blocks correspond
to expected variance-covariance matrices and zeros reflect the
independence among measurements belonging to different
time-points. In Section 3.7 all the elements introduced in this
section are derived for simple example involving 3 cell types.

Summarizing, in order to calculatem and c at t it is first necessary
to solve the ODE systems (3.15) and (3.18), setting as initial conditions
for m(t − 1) and c(t − 1) the observed process state at t − 1, Xt−1,
and observed second moment at t − 1, X(2)

t−1, respectively, for all
time points. The result are SN functions of t, mi(t) (i = 1, . . . , N ),
describing the mean predicted dynamics and SN 2 functions of t,
cij(t), describing the second moment dynamics, for each component
of the process for any time point beyond t − 1. For this we need
to use the moment closure trick in the stochastic cell differentiation
model. The moment functions are the two elements that enter a
generalizedmethods of moments for estimating the cell differentiation
paramenters.
Algorithm

In order to find the solution to the minimization problem in (3.22), a
modified implementation of the Gauss-Newton algorithm is proposed
[6]. Its pseudo-code is available in Algorithm 4. The procedure receives
as input the initial cell count condition and observations during the
follow-up time, X0:S , and the system of ODEs for first order, m,
and second order, c, moment evolutions. The algorithm starts with
initial estimations for θ, θ̂(0), calculated by means of local linear
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approximation detailed in Section 3.3.1, assuming homoscedastic and
uncorrelated errors. Estimation for θ is then refined using an iterative
procedure returning, at each iteration k, an increments vector ∆̂θ, to
be used in the updating formula

θ̂(k+1) = θ̂
(k)

+ ∆̂θ,

where ∆̂θ is the solution to the following constrained quadratic
problem,

∆̂θ = argmin
∆θ

[r(θ̂(k))− J(θ̂(k))∆θ]⊺[W (θ̂(k))]−1[r(θ̂(k))− J(θ̂(k))∆θ]

such that∆θ ≥ −θ̂(k) (3.25)

in which
r(θ̂(k)) = X1:S −m(θ̂(k)) (3.26)

is the residual NS-dimensional column vector,

J(θ̂(k)) =



dm(X0; θ̂
(k))

dθ
dm(X1; θ̂

(k))

dθ...
dm(XS−1; θ̂

(k))

dθ


(3.27)

is the NS × r Jacobian matrix. Each dm(X t; θ̂
(k))

dθ
is a N × r matrix

measuring the change in predicted evolution for the mean of each
component of the stochastic cell differentiation model caused by a
small displacement of parameter vector around θ̂(k). Finally,

W (θ̂(k)) =


g(Xt0; θ̂

(k)) 0 . . . 0

0 g(Xt1; θ̂
(k)) . . . 0

... ... . . . ...
0 0 . . . g(XtS−1

; θ̂(k))


(3.28)

is the estimated NS ×NS covariance matrix, setting the parameters
vector to current value θ̂(k).
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Data:X0:S , m, c, dX , M
Result: Get parameters estimates θ̂
begin

Initialization: tol = ϵ , k = 0;
θ̂(0) = argmin

θ
(dX −Mθ)⊺(dX −Mθ) s.t. θ ≥ 0;

while (∥∆̂θ∥1) ≥ tol do
Calculate r(θ̂(k)),J(θ̂(k)),W (θ̂(k));
∆̂θ = argmin

∆θ
[r(θ̂(k))− J(θ̂(k))∆θ]⊺[W

tS−1

t0 (θ̂(k))]−1[r(θ̂(k))−

J(θ̂(k))∆θ]

s.t.∆θ ≥ −θ̂(k);
θ̂(k+1) = θ̂(k) + ∆̂θ
k = k+ 1;

end
θ̂=θ̂(k)

end

Algorithm 4: Iterative procedure for the non-linear generalized method of
moments based parameter estimation.

Simulation study

The inference procedure presented in this paper requires one to
calculate as many solutions of finite systems of non-linear ODEs
related to process first and secondmoments, as available observations.
This step, as well as the calculation of Jacobian matrix (3.24), is
performed by means of numerical methods and the computational
effort grows fast in system dimension N . For this reason, we restrict
extensive simulation testing to systems of N = 5 cell types.
Figure 3.1 shows the network representation of the simulated system.
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We consider the following parameter settings,

α = (1.0, 1.5, 1.8, 2.5, 2.8)

δ = (0.033, 0.03, 0.045, 0.0312, 0.043)

λ =


0 0.2 0.35 0 0
0 0 0 0.75 0
0 0 0 0.25 0.5
0 0 0 0 0
0 0 0 0 0



Figure 3.1: Structure of a 5 cell stochastic cell differentiation process.

The stochastic cell differentiation process implemented has been
designed with a low number of cell differentiations (5 out of 20) to
reflect the expectation of such events in real biological systems. The
aim of the simulation is partly to determine whether our procedure
is capable of identifying the zero cell differentiation parameters
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Figure 3.2: A trajectory of a simulation 5 cell type stochastic cell
differentiation process.A continuous time solution to themaster equation (3.4) for
the 5-cell types stochastic cell differentiation process obtained by means of Gillespie
algorithm. Alternatively, this can be interpreted as a clone evolution.
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Param. Value ∆t = 0.1 ∆t = 0.5 ∆t = 1

NLGMoM . Loc.Lin.Approx. NLGMoM reg. Loc.Lin.Approx. NLGMoM Loc.Lin.Approx.

α1 1 1.01E+00 1.07E+00 1.01E+00 1.47E+00 1.02E+00 2.57E+00
(1.51E-02) (1.60E-02) (1.82E-02) (2.56E-02) (2.23E-02) (5.84E-02)

α2 1.5 1.50E+00 1.57E+00 1.50E+00 1.92E+00 1.50E+00 2.40E+00
(2.46E-02) (2.52E-02) (2.87E-02) (3.90E-02) (3.39E-02) (7.82E-02)

α3 1.8 1.80E+00 1.94E+00 1.80E+00 2.73E+00 1.82E+00 3.95E+00
(2.18E-02) (2.43E-02) (2.61E-02) (4.40E-02) (3.22E-02) (7.75E-02)

α4 2.5 2.50E+00 2.51E+00 2.50E+00 2.54E+00 2.50E+00 2.38E+00
(1.62E-02) (1.57E-02) (1.80E-02) (2.16E-02) (2.24E-02) (3.30E-02)

α5 2.8 2.80E+00 2.77E+00 2.81E+00 2.63E+00 2.82E+00 2.26E+00
(1.77E-02) (1.82E-02) (2.32E-02) (2.98E-02) (3.07E-02) (4.94E-02)

δ1 0.033 3.39E-02 3.42E-02 3.38E-02 3.63E-02 3.38E-02 4.67E-02
(1.39E-03) (1.41E-03) (1.57E-03) (1.54E-03) (1.70E-03) (2.23E-03)

δ2 0.03 3.01E-02 3.05E-02 3.00E-02 3.35E-02 3.02E-02 4.03E-02
(8.86E-04) (8.36E-04) (9.28E-04) (9.41E-04) (1.03E-03) (1.44E-03)

δ3 0.045 4.52E-02 4.53E-02 4.53E-02 4.97E-02 4.56E-02 6.62E-02
(6.79E-04) (6.72E-04) (8.42E-04) (8.76E-04) (1.01E-03) (1.56E-03)

δ4 0.0312 3.12E-02 3.16E-02 3.13E-02 3.32E-02 3.13E-02 3.31E-02
(1.89E-04) (1.86E-04) (2.19E-04) (2.53E-04) (2.68E-04) (3.67E-04)

δ5 0.043 4.31E-02 4.30E-02 4.31E-02 4.29E-02 4.34E-02 3.97E-02
(2.76E-04) (2.80E-04) (3.44E-04) (4.16E-04) (4.53E-04) (6.69E-04)

λ21 0 8.20E-06 1.66E-05 2.08E-05 5.26E-05 5.65E-07 1.67E-08
(3.86E-05) (9.83E-05) (1.70E-04) (2.99E-04) (3.75E-06) (3.37E-08)

λ31 0 1.57E-05 8.77E-06 3.64E-05 1.90E-07 1.66E-06 8.27E-09
(1.35E-04) (8.29E-05) (1.93E-04) (1.03E-06) (4.74E-06) (1.59E-08)

λ4,1 0 6.09E-07 7.88E-06 3.45E-09 5.24E-09 3.82E-09 1.32E-09
(3.44E-06) (6.67E-05) (2.36E-08) (1.32E-08) (1.89E-08) (1.65E-09)

λ5,1 0 9.92E-07 4.98E-06 3.38E-06 6.85E-09 3.01E-08 1.50E-09
(7.05E-06) (4.20E-05) (3.05E-05) (1.32E-08) (1.82E-07) (2.01E-09)

λ12 0.2 2.01E-01 2.11E-01 2.01E-01 2.52E-01 2.00E-01 3.02E-01
(5.74E-03) (5.91E-03) (6.50E-03) (7.60E-03) (8.60E-03) (1.16E-02)

λ3,2 0 9.40E-06 1.65E-05 3.39E-05 2.41E-05 4.97E-06 1.20E-05
(5.59E-05) (1.63E-04) (1.90E-04) (1.49E-04) (2.71E-05) (1.17E-04)

λ4,2 0 1.49E-05 9.33E-06 1.01E-05 1.46E-05 5.31E-07 4.20E-08
(6.79E-05) (5.02E-05) (4.72E-05) (6.61E-05) (2.02E-06) (3.37E-07)

λ5,2 0 4.29E-06 1.52E-05 3.71E-06 1.26E-05 4.61E-07 1.15E-06
(2.61E-05) (7.27E-05) (3.53E-05) (5.96E-05) (3.69E-06) (8.99E-06)

λ13 0.35 3.52E-01 3.75E-01 3.52E-01 4.69E-01 3.52E-01 5.91E-01
(7.74E-03) (8.12E-03) (9.38E-03) (1.23E-02) (1.15E-02) (1.85E-02)

λ23 0 1.51E-05 1.88E-07 1.68E-06 7.02E-08 4.19E-06 7.43E-08
(1.16E-04) (6.96E-07) (6.18E-06) (2.13E-07) (1.32E-05) (5.24E-07)

λ4,3 0 2.47E-07 2.73E-06 3.59E-07 5.02E-06 4.06E-07 1.41E-09
(1.15E-06) (2.60E-05) (2.47E-06) (4.69E-05) (1.46E-06) (2.09E-09)

λ5,3 0 4.91E-06 2.35E-07 7.00E-06 1.40E-08 1.66E-05 1.42E-09
(4.44E-05) (8.21E-07) (5.93E-05) (4.07E-08) (1.11E-04) (3.29E-09)

λ1,4 0 1.11E-03 1.45E-02 2.27E-03 1.50E-01 3.79E-03 5.79E-01
(1.60E-03) (3.15E-03) (3.13E-03) (1.20E-02) (5.61E-03) (3.19E-02)

λ2,4 0.75 7.47E-01 8.10E-01 7.48E-01 1.12E+00 7.48E-01 1.48E+00
(1.94E-02) (2.11E-02) (2.25E-02) (3.16E-02) (2.62E-02) (5.92E-02)

λ3,4 0.25 2.50E-01 3.04E-01 2.48E-01 5.78E-01 2.50E-01 9.75E-01
(9.24E-03) (1.03E-02) (1.08E-02) (1.86E-02) (1.16E-02) (3.12E-02)

λ5,4 0 1.02E-05 1.48E-05 9.93E-06 1.64E-06 4.10E-05 6.17E-06
(6.58E-05) (9.48E-05) (6.59E-05) (5.85E-06) (1.69E-04) (1.44E-05)

λ1,5 0 7.77E-04 1.11E-02 2.00E-03 1.21E-01 2.93E-03 5.20E-01
(1.02E-03) (2.08E-03) (2.70E-03) (1.12E-02) (3.88E-03) (2.81E-02)

λ2,5 0 4.38E-05 9.01E-06 3.87E-06 1.69E-05 8.12E-06 5.39E-07
(1.98E-04) (6.81E-05) (1.17E-05) (1.50E-04) (3.14E-05) (3.46E-06)

λ3,5 0.5 4.98E-01 5.89E-01 4.96E-01 1.03E+00 5.01E-01 1.54E+00
(1.23E-02) (1.37E-02) (1.42E-02) (2.50E-02) (1.80E-02) (3.96E-02)

λ4,5 0 1.41E-05 4.10E-06 7.57E-07 1.62E-05 8.05E-06 7.96E-07
(7.68E-05) (2.45E-05) (3.29E-06) (8.60E-05) (3.36E-05) (1.94E-06)

Table 3.1: Comparison between proposed inferential procedure (non-linear
generalizedmethod ofmoment -NLGMoM -) and local linear approximation
(- Loc.Lin.Approx. -) regression based method on simulated 5 cell type
system. Observation time interval ∆t is fixed at 3 values: 0.1, 0.5 and 1, and
each experiment is composed by 1000 clones. Values reported are mean and
corresponding std. deviation of parameters estimation based on 100 replicates.
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Figure 3.3: Comparison between the non-linear generalized method of
moments (red boxplots) and local linear approximation (green boxplots)
for different ∆t setting. A) Performance of methods for duplication rate α2

(1.5) estimation. B) Performance of methods for death rate δ2 (0.03) estimation.
C) Performance of methods for differentiation rate λ1,3 (0.35) estimation. D)
Performance of methods for differentiation rate λ1,5 (0) estimation.



70 Stochastic logistic growth process

λi,j for absent differentiations. Clone dynamics are simulated by
means of the Gillespie algorithm [9], known to generate statistically
correct trajectories of the stochastic equation described in (3.4). The
Gillespie algorithm is implemented in C++ [29] with the support
of Eigen library [13]. An illustrative trajectory is showed in Figure
3.2. Continuous-time trajectories are then sampled at three different
equispaced (0.1, 0.5, 1) time intervals of length ∆t until stopping
time tend = 10 is reached. Parameter estimates obtained by using
the proposed algorithm and the local linear approximation approach
are compared on 100 experiments, each composed of n = 1000
clones starting from initial conditions vector X0 = (1, 0, 0, 0, 0).
Results are tabulated in Table 3.1 and by means of boxplots in
Figure 3.3. On average, our algorithm converges in 2.8, 4.2 and 5.9
iterations, respectively, for∆t equal to 0.1, 0.5 and 1. The local linear
approximation approach converged on average in 3.2, 6.2 and 7.2
iterations. Our inferential procedure, described in Algorithm 4, is
implemented in R [24] by means of custom scripts requiring Matrix
packages for efficient dense and sparse matrices manipulations [3]
and integrated with C++ scripts calling ODEint [1] routines that
are available in the Boost library [22]. The quadratic programming
problem is solved by means of IBM ILOG CPLEX Optimizer, freely
available under IBM Academic Initiative program [14].

In the simulation study, the performance of non-linear inference
procedure is compared to a simpler local linear approximation
approach on a total of 100 experiments. As aforementioned, each
experiment is composed by 1000 simulated clones dynamics and
the impact of the distance between consecutive sampling time,
∆t, is investigated. The local linear approximation, its underlying
assumptions and the conditions for which it gives satisfactory results
are fully described in Section 3.3.1. The local linear approximation
based estimates clearly show how, for systems involving a small
amount of cell counts, the piecewise constant hazards assumption does
not hold, even for small values of∆t. In fact, a clear bias is present for
all the∆t considered. Moreover, a high positive relation between bias
and distance between time points is evident.

However, for∆t = 0.1, local linear approximation approach seems
to be able to recognize the underlying structure of the system, since
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almost all absent differentiation paths are correctly estimated as very
closed to zero. This is not true for larger time gaps ∆t, e.g., 0.5 or 1,
where, in addition to a considerable bias for all estimates, some of the
absent links – λ1,4 and λ1,5 in particular – are systematically estimated
as greater than 0. The non-linear inference procedure, instead, shows
unbiased estimates for all ∆t considered and for all parameters.

Application to real data: gene therapy for
Wiskott-Aldrich Syndrome

In this section we consider a recent experiment treating patients
suffering from Wiskott-Aldrich Syndrome with a stem cell treatment.
Within the experiment the amount of cell counts for N = 15 of
cell types were tracked over time. The aim of our analysis is to
provide novel insights about hematopoietic stem cell differentiation
process in vivo by means of clonal tracking data, in particular,
the differentiation tree, cell duplication rates and cell death rates.
Technical and experimental protocols used to collect the data are
described in [2].

The 15 distinct cell types can be organized in a three hierarchical
levels, corresponding to the original HSC level, i.e., CD34 cells, then
the bone marrow (BM) level, corresponding to CD3, CD14, CD15,
CD19, CD56, CD61 and GLYCO precursor cells and finally the
peripheral blood (PB) level, i.e., CD3, CD4, CD8, CD14, CD15, CD19
and CD56 mature cells. Based on the available biological knowledge,
the following constraints and assumptions are made,

• the hematopoietic stem cell type can differentiate in any cell type
in the BM level;

• cell types at the BM level can differentiate in any cell type in BM
and PB level;

• cell types at the PB level can not differentiate.

These assumptions are incorporated in the stochastic cell
differentation model and inferential algorithm by setting the
appropriate λi,j to zero. Additional constraints can be added, based on
biologically motivated considerations. However, the aim of this paper
is to investigate the potential of the stochastic cell differentiation
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model and its capability to produce meaningful results without the
imposition of full prior knowledge of the underlying model.

From a practical perspective, the re-infusion of corrected HSC
cells in patient’s body is considered as starting time t = 0. Initial
conditions vector X0 consists in a 15-dimensional vector, with the
count corresponding to CD34, the hematopoietic stem cell, equal to 1
and the rest to zero. During the follow-up period, S = 3 samples from
patient’s HSC, BM and PB cells are taken after 1, 2 and 3 years. The
amount of cells, within each lineage, generated by individual labelled,
re-infused hematopoietic stem cell, is counted by means of insertion
site analysis technique described in [2]. Data are collected from 3
patients, across nc = 37637 clones.

Parameter estimation

Plots of data available are showed in Figures 3.4 and 3.5. Insertion
site analysis relies on NGS platform derived measurements, known
to be subject to various sources of noise. In order to estimate
the reliability of the observations, an ad-hoc experiment has been
performed on a pool of 3104 treated cells, resulting in a robust estimate
for σ̂2 = 81.5 [26]. This information is included in inference algorithm
Algorithm 4, replacing the covariance matrixW (θ̂(k)) byW (θ̂(k))+
σ̂2I .

In Table 3.2 the parameter estimates and corresponding standard
deviations are shown. In order to investigate the structure of the
differentiation tree, differentiation parameters λ are tested by means
of the following asymptotic approximation derived from generalized
method of moments theory:

θ̂ ∼ Nr(θ,Σ)

where θ̂ is the final vector estimates returned by Algorithm 4 and the
asymptotic covariance matrixΣ is a r×rmatrix, that can be estimated
by means of

Σ̂ = [J(θ̂)
⊺
W (θ̂)−1J(θ̂)]−1.

To take into account for the positivity constraint, we consider
truncated normal distributions as asymptotic distributions, with
mean=0, variance equal to the corresponding diagonal element of
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Figure 3.4: Observed clones dynamics (1/2). Semitransparent lines correspond to
observed single clone cell counts. Dark grey lines is the average over clones.
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Figure 3.5: Observed clones dynamics (2/2). Semitransparent lines correspond to
observed single clone cell counts. Dark grey lines is the average over clones.
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Parameter Est. (std. dev.) Parameter Est. (std. dev)

αCD34_HSC 2.64E-01 (2.62E-05) λGLY CO_BM→CD19_BM 5.46E-03 (3.39E-04)
αCD3_BM 1.44E+00 (2.21E-04) λCD34_HSC→CD56_BM 1.42E-01 (1.94E-04)
αCD14_BM 1.32E+00 (2.36E-04) λCD3_BM→CD56_BM 3.68E-11 (1.05E-03)
αCD15_BM 5.19E-11 (2.64E-04) λCD14_BM→CD56_BM 2.92E-02 (7.51E-04)
αCD19_BM 1.07E-10 (1.73E-04) λCD15_BM→CD56_BM 5.92E-02 (6.30E-04)
αCD56_BM 6.77E-01 (2.23E-04) λCD19_BM→CD56_BM 4.78E-02 (4.81E-04)
αCD61_BM 1.36E-10 (2.40E-05) λCD61_BM→CD56_BM 1.96E-01 (2.07E-04)

αGLY CO_BM 3.30E-11 (1.99E-04) λGLY CO_BM→CD56_BM 1.66E-02 (5.52E-04)
αCD3_PB 3.41E-12 (7.40E-04) λCD34_HSC→CD61_BM 6.54E-04 (6.02E-05)
αCD4_PB 6.16E-12 (1.41E-04) λCD3_BM→CD61_BM 4.02E-01 (3.74E-04)
αCD8_PB 2.09E-12 (1.14E-03) λCD14_BM→CD61_BM 9.37E-03 (2.96E-04)
αCD14_PB 7.68E-12 (9.16E-05) λCD15_BM→CD61_BM 3.73E-01 (2.75E-04)
αCD15_PB 4.95E-12 (2.87E-04) λCD19_BM→CD61_BM 4.04E-02 (2.31E-04)
αCD19_PB 2.82E-12 (3.32E-04) λCD56_BM→CD61_BM 1.59E-05 (3.04E-04)
αCD56_PB 7.42E-12 (2.41E-04) λGLY CO_BM→CD61_BM 1.08E+00 (1.91E-04)
δCD34_HSC 4.51E-03 (3.91E-05) λCD34_HSC→GLY CO_BM 1.52E-01 (1.50E-04)
δCD3_BM 1.48E-04 (1.32E-06) λCD3_BM→GLY CO_BM 7.40E-02 (7.16E-04)
δCD14_BM 2.91E-07 (4.11E-06) λCD14_BM→GLY CO_BM 5.78E-01 (3.83E-04)
δCD15_BM 2.74E-06 (8.00E-07) λCD15_BM→GLY CO_BM 2.86E-01 (3.77E-04)
δCD19_BM 4.70E-03 (4.12E-05) λCD19_BM→GLY CO_BM 9.38E-02 (4.15E-04)
δCD56_BM 3.50E-05 (4.07E-06) λCD56_BM→GLY CO_BM 1.57E-01 (3.74E-04)
δCD61_BM 1.01E-02 (9.41E-05) λCD61_BM→GLY CO_BM 3.51E-01 (1.33E-04)

δGLY CO_BM 1.32E-04 (8.80E-06) λCD3_BM→CD3_PB 3.27E-01 (1.43E-03)
δCD3_PB 3.48E-04 (1.99E-06) λCD14_BM→CD3_PB 1.96E-11 (1.18E-03)
δCD4_PB 2.91E-04 (2.25E-06) λCD15_BM→CD3_PB 1.86E-03 (1.24E-03)
δCD8_PB 4.90E-05 (2.73E-07) λCD19_BM→CD3_PB 4.35E-02 (5.69E-04)
δCD14_PB 3.66E-03 (1.28E-05) λCD56_BM→CD3_PB 1.26E-05 (1.38E-03)
δCD15_PB 1.06E-03 (4.73E-06) λCD3_BM→CD4_PB 4.07E-02 (8.66E-04)
δCD19_PB 8.18E-04 (4.76E-06) λCD14_BM→CD4_PB 2.31E-11 (1.17E-03)
δCD56_PB 3.75E-04 (1.75E-06) λCD15_BM→CD4_PB 1.84E-03 (1.19E-03)

λCD34_HSC→CD3_BM 1.78E-02 (1.91E-04) λCD19_BM→CD4_PB 2.20E-01 (4.97E-04)
λCD14_BM→CD3_BM 2.84E-11 (7.06E-04) λCD56_BM→CD4_PB 1.50E-04 (1.47E-03)
λCD15_BM→CD3_BM 3.00E-04 (9.12E-04) λCD3_BM→CD8_PB 4.37E-01 (5.81E-04)
λCD19_BM→CD3_BM 1.79E-01 (4.39E-04) λCD14_BM→CD8_PB 1.82E-11 (9.70E-04)
λCD56_BM→CD3_BM 3.68E-02 (4.85E-04) λCD15_BM→CD8_PB 1.55E-04 (8.20E-04)
λCD61_BM→CD3_BM 3.21E-02 (1.96E-04) λCD19_BM→CD8_PB 4.67E-05 (5.97E-04)

λGLY CO_BM→CD3_BM 1.18E-02 (6.25E-04) λCD56_BM→CD8_PB 2.10E-11 (1.26E-03)
λCD34_HSC→CD14_BM 9.42E-03 (2.25E-04) λCD3_BM→CD14_PB 7.11E-02 (1.28E-03)
λCD3_BM→CD14_BM 4.65E-02 (1.20E-03) λCD14_BM→CD14_PB 1.39E-01 (5.14E-04)
λCD15_BM→CD14_BM 1.16E-02 (1.10E-03) λCD15_BM→CD14_PB 3.85E-01 (3.63E-04)
λCD19_BM→CD14_BM 8.75E-02 (5.03E-04) λCD19_BM→CD14_PB 1.18E-04 (7.23E-04)
λCD56_BM→CD14_BM 9.15E-02 (5.34E-04) λCD56_BM→CD14_PB 1.62E-03 (1.25E-03)
λCD61_BM→CD14_BM 1.75E-01 (1.92E-04) λCD3_BM→CD15_PB 1.02E-11 (7.56E-04)

λGLY CO_BM→CD14_BM 2.40E-02 (3.78E-04) λCD14_BM→CD15_PB 1.68E-01 (8.01E-04)
λCD34_HSC→CD15_BM 1.83E-03 (1.55E-04) λCD15_BM→CD15_PB 9.50E-02 (6.61E-04)
λCD3_BM→CD15_BM 1.85E-01 (7.24E-04) λCD19_BM→CD15_PB 3.75E-04 (9.05E-04)
λCD14_BM→CD15_BM 3.53E-01 (4.00E-04) λCD56_BM→CD15_PB 1.42E-01 (7.87E-04)
λCD19_BM→CD15_BM 2.36E-02 (4.16E-04) λCD3_BM→CD19_PB 6.09E-02 (1.02E-03)
λCD56_BM→CD15_BM 4.13E-05 (4.36E-04) λCD14_BM→CD19_PB 1.15E-11 (9.13E-04)
λCD61_BM→CD15_BM 1.72E-01 (1.65E-04) λCD15_BM→CD19_PB 3.40E-01 (5.09E-04)

λGLY CO_BM→CD15_BM 3.57E-01 (3.54E-04) λCD19_BM→CD19_PB 8.77E-05 (6.35E-04)
λCD34_HSC→CD19_BM 4.21E-01 (5.17E-05) λCD56_BM→CD19_PB 3.09E-01 (4.64E-04)
λCD3_BM→CD19_BM 6.81E-11 (1.44E-03) λCD3_BM→CD56_PB 2.96E-02 (7.65E-04)
λCD14_BM→CD19_BM 1.64E-01 (3.63E-04) λCD14_BM→CD56_PB 5.03E-11 (1.06E-03)
λCD15_BM→CD19_BM 6.59E-05 (3.66E-04) λCD15_BM→CD56_PB 8.95E-06 (1.17E-03)
λCD56_BM→CD19_BM 5.06E-01 (2.80E-04) λCD19_BM→CD56_PB 6.23E-02 (5.86E-04)
λCD61_BM→CD19_BM 7.85E-01 (1.44E-04) λCD56_BM→CD56_PB 3.85E-01 (3.19E-04)

Table 3.2: Parameter estimates for hematopoiesis in human, in vivo, based on gene
therapy clinical trial data, assuming an underlying stochastic cell differentiation
process.
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Figure 3.6: Estimate hemotopoietic differentiation pattern. Graphical
representation of HSC differentiation process. Arrow thickness is proportional to
corresponding estimate differentiation rate. Only significant links are plotted.
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V̂ and domain restricted to (0;+∞). Finally, a Wald type test is
performed on each parameter and only those resulting significantly
greater than zero (significance level α = 0.05) are plotted as arrows
in Figure 3.6.
Relevance of the results

To be able to discuss the results regarding gene therapy data
analysis, some biological relevant premises are needed. Within the
cell types, a major distinction in three subgroups, named lymphoid,
myeloid and erythroid branches, can be made. The lymphoid branch,
responsible for the adaptive immune system, can in turn be subdivided
in T-cell (CD3 in BM and CD4, CD8, CD3 in PB), B-cell (CD19)
and natural killer cells ( CD56). Myeloids cell types are involved
in such diverse roles as innate immunity, adaptive immunity and
blood clotting and are composed by macrophages (CD14), granulocyte
(CD15) and megakaryocytes (CD61). Erythroid cells are the oxygen
carrying red blood cells (GLYCO).

Two different models of hematopoiesis are currently debated.
The classical dichotomy model assumes that HSCs first generate
a common myeloid-erythroid progenitor (CMEP) and a common
lymphoid progenitor (CLP). The CLP then produces only T-cells
or B-cells. The alternative myeloid-based model, postulates that
HSCs first diverges into the CMEP and a common myelo-lymphoid
progenitor (CMLP), which generates T- and B-cell progenitors through
a bipotential myeloid-T progenitor and a myeloid-B progenitor stage.
The main difference is that according to the second, all erythroid,
T- and B-lineage branches retain the potential to generate myeloid
cells, even after the segregation of T- and B-cell lineages. The model
proposes the idea of erythroid, T- and B-cells as specialized types of a
prototypic myeloid HSC [16].

The estimated duplication parameters indicate dominant role of
progenitors located in BM in populating the total blood compartment,
in agreement with [12]. In particular, within BM, the contribution of
CD3, CD14 and CD56 seems to be essential. HSC duplication rate are
relevant as well, whereas the duplication rates of PB cells are very
close to zero. A distinction between lymphoid an myeloid branch
at BM-PB maturation level is clear, with significant differentiation
parameters between CD3 BM and CD3, CD8 PB (T-cell), CD56 BM
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and CD56, CD19 PB (NK and B-cell), CD14 and CD15 BM and CD14,
CD15 PB (myeloids). At the BM level, the estimated differentiation
structure is highly complex and interconnected. This supports the
aforementionedmyeloid-based model. A further sub-distinction of the
heterogeneous HSC marked cells could help in identifying the hidden
CMEP and CMLP.

Conclusion
In order to improve our knowledge about cell differentiation

process, which in many context such as gene therapy might be
fundamental for providing biological and therapeutic new insights,
we implemented a flexible statistical framework for the analysis of
clonal tracking data. The underlying stochastic process is assumed to
be a multidimensional Markov process and this allows to represent
the process moment dynamics by means of systems of non-linear
ODEs. The particular definition of the transition probabilities induce
a logistic behaviour of sub-populations growth curves and allows
to investigate steady state levels. The model and the related
iterative inferential procedure propose shows stability in terms of
both parameters estimation, structure recognition and convergence
rate. The model could easily be extended in order to incorporate
time dependent individual cell rates, different feedback regulation
mechanism or random effects on specific parameters. Applying the
modeling to real gene therapy data, we obtain a high degree of
consistency with biological models previously published on animals
model, thus supporting the recently proposed myeloid-based model
for human hematopoiesis.
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Appendix: example with N = 3 cell types
In this section the most relevant elements defined in Section 3.2

and Section 3.3 are derived, to allow parameters inference for an
illustrative hypothetical N = 3 stochastic cell differentiation model.
Let define the parameters governing stochastic cell differentiation
process as:

- Individual cell duplication rates vector

α = (α1, α2, α3);

- Individual cell death rates vector:

δ = (δ1, δ2, δ3);

- Individual cell differentiation rates:

λ =

 0 λ12 λ13

λ21 0 λ23

λ31 λ32 0

 .

According to the ordering rule described in Section 3.2, the r = 12
distinct cellular events are associated with a vector of events rates,
h(X,θ):

h(X,θ) = (α1X1, α2X2, α3X3, δ1X
2
1 , δ2X

2
2 , δ3X

2
3 ,

λ21X2, λ31X3, λ12X1, λ3,2X3, λ13X1, λ23X2);

and a net effect matrix V :

V =

1 0 0 −1 0 0 1 1 −1 0 − 1 0
0 1 0 0 −1 0 −1 0 1 1 0 − 1
0 0 1 0 0 −1 0 −1 0 −1 1 1

 .

Within the local linear approximation framework described in Section
3.3.1, the diagonal matrix D(X) corresponds to

D(X) = Diag(X1, X2, X3, X
2
1 , X

2
2 , X

2
3 , X2, X3, X1, X3, X1, X2)

For the non-linear generalized method of moments approach,
described in Section 3.3.2, we require the first and second order jump
moments defined in (3.16) and (3.19), which are, respectively, given
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by:

ai
1(X,θ) =


α1X1 − δ1X

2
1 + λ21X2 + λ31X3 − λ12X1 − λ13X1 i = 1

α2X2 − δ2X
2
2 − λ21X2 + λ12X1 + λ3,2X3 − λ23X2 i = 2

α3X3 − δ3X
2
3 − λ31X3 − λ3,2X3 + λ13X1 + λ23X2 i = 3;

and

ai,j
2 (X,θ) =



α1X1 + δ1X
2
1 + λ21X2 + λ31X3 + λ12X1 + λ13X1 i = 1, j = 1

−λ21X2 − λ12X1 i = 1, j = 2

−λ31X3 − λ13X1 i = 1, j = 3

α2X2 + δ2X
2
2 + λ21X2 + λ12X1 + λ3,2X3 + λ23X2 i = 2, j = 2

−λ3,2X3 − λ23X2 i = 2, j = 3

α3X3 + δ3X
2
3 + λ31X3 + λ3,2X3 + λ13X1 + λ23X2 i = 3, j = 3

According to schema introduced in (3.7), by means of combinations of
jump moments, is possible to derive systems of linear ODEs for time
evolutions of process moments. In particular, for first moments of the
process we obtain:

dm1(t)

dt
= α1m1(t)− δ1c11(t) + λ21m2(t) + λ31m3(t)− λ12m1(t)− λ13m1(t);

dm2(t)

dt
= α2m2(t)− δ2c22(t)− λ21m2(t) + λ12m1(t) + λ3,2m3(t)− λ23m2(t);

dm3(t)

dt
= α3m3(t)− δ3c33(t)− λ31m3(t)− λ3,2m3(t) + λ13m1(t) + λ23m2(t);
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and for second moments of the process:

dc11(t)

dt
= (α1m1(t) + δ1c11(t) + λ21m2(t) + λ31m3(t) + λ12m1(t)+

λ13m1(t)) + 2(α1c11(t)− δ1 E[X
3
1 ] + λ21c12(t)+

λ31c13(t)− λ12c11(t)− λ13c11(t));

dc12(t)

dt
= (−λ21m2(t)− λ12m1(t)) + (α1c12(t)− δ1 E[X

2
1X2]+

λ21c22(t) + λ31c23(t)− λ12c12(t)− λ13c12(t))+

(α2c12(t)− δ2 E[X1X
2
2 ]− λ21c12(t) + λ12c11(t)+

λ3,2c13(t)− λ23c12(t));

dc13(t)

dt
= (−λ31m3(t)− λ13m1(t)) + (α1c13(t)− δ1 E[X

2
1X3]+

λ21c23(t) + λ31c33(t)− λ12c13(t)− λ13c13(t))+

(α3c13(t)− δ3 E[X1X
2
3 ]− λ31c13(t)− λ3,2c13(t)+

λ13c11(t) + λ23c12(t));

dc22(t)

dt
= (α2m2(t) + δ2c22(t) + λ21m2(t) + λ12m1(t) + λ3,2m3(t)+

λ23m2(t)) + 2(α2c22(t)− δ2 E[X
3
2 ]− λ21c22(t)+

λ12c12(t) + λ3,2c23(t)− λ23c22(t));

dc23(t)

dt
= (−λ3,2m3(t)− λ23m2(t)) + (α2c23(t)− δ2 E[X

2
2X3]−

λ21c23(t) + λ12c13(t) + λ3,2c33(t)− λ23c23(t))+

(α3c23(t)− δ3 E[X2X
2
3 ]− λ31c23(t)− λ3,2c23(t)+

λ13c12(t) + λ23c22(t));

dc33(t)

dt
= (α3m3(t) + δ3c33(t) + λ31m3(t) + λ3,2m3(t) + λ13m1(t)+

λ23m2(t)) + 2(α3c33(t)− δ3 E[X
3
3 ]− λ31c33(t)−

λ3,2c33(t) + λ13c13(t) + λ23c23(t));

To remove the dependence of second order moments on higher order
moments, is possible to apply the moment closure schema introduced
in Section 3.3.2. In practice, it consists in substituting for the third
order moment terms the expression in (3.20) and (3.21), consisting of
non-linear functions of moments up to order 2.
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Abstract
Hematopoietic stem/progenitor cells (HSPC) are capable of

supporting life-long production of blood cells exerting a wide
spectrum of functions. Lentiviral vector HSPC gene therapy generates
a human hematopoietic system that is stably marked at clonal level
by vector integration sites (IS). Using IS analysis, we longitudinally
tracked > 89,000 clones from 15 distinct bone marrow and peripheral
blood lineages purified during up to four years after transplant
in 4 Wiskott-Aldrich syndrome patients treated with HSPC gene
therapy. We measured at clonal level repopulating waves, population
size/dynamics, activity of distinct HSPC subtypes, contribution of
various progenitor classes during early and late post-transplant phases
and hierarchical relationships among lineages. We discovered that
in vitro manipulated HSPC retain the ability to return to latency
after transplant, and to be physiologically reactivated sustaining a
stable hematopoietic output. This study constitutes a comprehensive
tracking in vivo in humans of hematopoietic clonal dynamics during
early and late post-transplant phases.

Keywords: Clonal tracking, hematopoiesis, gene therapy.
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Introduction

The hematopoietic system is a complex hierarchical structure that
produces several different types of specialized blood cells, most of
which are short-lived and thereby require continuous replenishment
with hematopoietic stem/progenitor cells (HSPC). Autologous or
allogeneic transplantation of HSPC is widely used to reconstitute
functional hematopoiesis in patients affected by hematological
diseases [15, 24, 26, 32, 36, 47]. Despite the well-established clinical
use of HSPC, their short- and long-term fate after transplantation
and the clonal dynamics of hematopoietic reconstitution in humans
remain poorly understood. Over the past years, a series of phenotypic
and functional characterization studies have identified various HSPC
subpopulations within cells expressing the CD34 antigen, including
Hematopoietic Stem Cells (HSC), which are the most undifferentiated
stem-cell types, and Multipotent Progenitors (MPP), which are
downstream of the differentiation hierarchy, but are still capable of
a multilineage output [18].

Different cell hierarchies of human hematopoiesis have been
proposed, including the early branching of myeloid and lymphoid
lineages [5, 30], or suggesting the ontological proximity of lymphoid
lineages to myeloid compartments due to the existence of a
myeloid-primed lymphoid progenitor that is distinct from HSC [20,
27]. Data onHSPC activity have been collectedmainly through in vitro
assays, or using humanized-/wild-type animal models [7, 8, 16, 38,
39, 48]. Barcoded vector libraries and retroviral integration sites have
been used to track HSPC upon transplantation in small animal models
and in non-human primates [19, 22, 29, 35, 41, 49]. Additionally,
recent mouse studies marking HSPC in vivo suggest that unperturbed
hematopoiesis may be driven more substantially by multipotent
progenitors, rather than by HSC [44]. Ideally, hematopoietic clonal
dynamics should be studied by the tracking of the fate of individual
clones in humans, revealing the rate and extent of hematopoietic
recovery after transplant, and evaluating the possibility of long-term
exhaustion due to in vitro cell manipulation. Such a study would have
highly relevant implications for the broad clinical use of HSPC, and
for the long-term prognosis of treated patients.
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Ex vivo gene therapy (GT), based on the permanent gene correction
of human HSPC through the transfer of a therapeutic gene using
retroviral (RV) or lentiviral (LV) vectors, has recently provided
preliminary evidence of safety and efficacy for the treatment of
various blood-borne genetic disorders [1, 4, 11, 12, 21, 25, 36, 47].
Following GT each vector-marked cell is univocally barcoded by a
vector integration site (IS), providing an ideal setting for the study of
human hematopoiesis [37]. We, and others, have already shown that
IS-based tracking can be exploited to study the clonal composition
of engineered cells, and to suggest safe gene transfer and in vivo
engraftment of marked HSPC [1, 2, 3, 10, 45, 46, 49].

In the present study, we used IS-based clonal tracking on
individually purified lineages to examine early and late human
hematopoiesis up to four years after transplant in the context of
LV gene therapy for Wiskott-Aldrich Syndrome (WAS), an inherited
disorder characterized by thrombocytopenia, bleeding episodes,
eczema and immunodeficiency [2]. We measured, at qualitative and
quantitative levels, the contribution of progenitors to an extensively
engineered hematopoietic system, and assessed over time the in vivo
clonal relationships among blood cells, providing crucial information
on human hematopoietic dynamics.

Results

Tracking of clonal dynamics and estimates of population size
of engineered cells

During a three- to four-year follow-up period, we studied the
clonal dynamics and relationships of gene-corrected cells in four WAS
patients treated with LV HSPC gene therapy [2, 14]. The patients
received an average cell dose of 10.8 million CD34+ cells/kg, with
gene-correction efficiency ranging from 88% to 100%. All patients were
alive and well after GT, with no reports of eczema or major bleeding
episodes. Patients showed multilineage reconstitution of engineered
cells, and no sign of severe adverse event related to the treatment
[2, 14].

We collected IS from eight distinct peripheral-blood (PB) and
seven distinct bone-marrow (BM) lineages, as well as from whole
PB, whole BM, and mononuclear cell samples using a combination
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of LAM-PCR and next-generation sequencing (NGS) technologies.
This yielded 28,601,017 sequence reads which were mapped to 89,594
individual integration sites (IS) (Table 4.1 and Table 4.2). Each clone
was unequivocally identified by its integration locus and nearest gene.
Sequence reads belonging to each IS were used as surrogate markers
of relative clonal size.

We first estimated the evolution of the clonal repertoire of
gene-corrected cells over time by calculating the diversity index
for each sample and timepoint on the basis of richness (number
of unique integration sites marking individual clones) and evenness
(relative clonal contribution in terms of sequence reads associated to
each IS). The diversity index of pre-infusion samples was consistent
among patients, ranging between 5.6 and 6.2 (Figure 4.2.1), and
represented the highest average level of polyclonality observed, as
expected from a heterogeneous population containing a large number
of committed non-engrafting progenitors. After intravenous infusion
in patients, we found that the diversity of the clonal repertoire of
genetically engineered PB cells was lower in the early phases of
hematopoietic reconstitution. It then stabilized in all patients after
the first 6-9 months, and remained steady until the last follow-up at
four years after GT (Diversity index ranging from 3.6 to 5.9, Figure
4.2.1A). In particular, when analyzing individual lineages including
BM samples we observed fluctuation of the diversity index during the
first three months after GT (Figure 4.2.1B and Figure S1). Lymphoid
cells displayed lower diversity in the early months after GT compared
to myeloid lineages, in concordance with previously observed delayed
lymphoid reconstitution [2]. Conversely, myeloid cells better mirror
the early clonal dynamics of BM CD34+ progenitors when compared
to B and T lymphocytes (Figure S1).

Since the differences in diversity might be affected by an uneven
collection of integration sites over time, we compared diversity on
randomized subsamples of identical amounts of IS, confirming that
in both myeloid and lymphoid lineages the highest diversity in vivo
was observed at the last timepoints, irrespective of the IS sample size
(Supplemental Experimental Procedures). To evaluate whether clonal
relationships among lineages and timepoints also changed over time
we calculated pairwise positive associations on the basis of the sharing
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Patient Number of IS Seq reads
Pt1 27489 5773290
Pt2 25535 9405296
Pt3 24779 6539976
Pt4 11791 6882455
Total 89594 28601017

Table 4.1: IS data summary. Total number of unique integration sites and relative
sequence reads retrieved from 4 WAS patients up to 48 months after GT.

Samples Pt1 Pt2 Pt3 Pt4
Pre-infusion 1228 938 619 622
BM CD34 1277 2542 2357 1409
BM CD14 1205 778 2925 2481
BM CD15 3233 4056 4135 2840
BM CD19 2332 5158 5083 2084
BM CD3 3650 3707 5999 1536
BM CD56 1217 3335 3849 1746
BM CD61 1140 735 1721 1642
BM GLYCO 1194 1863 2633 1337
PB CD14 8691 5881 7402 2764
PB CD15 7391 7084 6007 2314
PB CD19 8804 8558 11351 3358
PB CD3 6874 5886 6323 2908
PB CD4 10839 7490 6993 2798
PB CD8 5975 4017 4409 2256
PB CD56 6953 7977 3203 2194

Table 4.2: Lineage based classification for observed IS. Cumulative number
of unique integration sites retrieved on the infused cell product and at different
timepoints after GT from different cell types purified from the BM or PB of 4 WAS
patients (GLYCO = Glycophorin+ cells)
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of identical IS between two cell types (Supplemental Experimental
Procedures). Using unsupervised clustering we distinguished two
major phases of hematopoietic reconstitution. The most stable
sharing of identical IS was observed over a period ranging from
3-6 to 48 months post-GT (Figure S2). This outcome was not
influenced by potential background detection of IS contaminants
associated with a low number of sequence reads as these results were
confirmed even after stringent data filtering to progressively remove
poorly represented IS from the datasets (Supplemental Experimental
Procedures and Figure S3).

Although population size estimates have been performed in
animal clonal tracking studies [29], there is currently no information
available on the number of clones that make up different cell
compartments derived from transplanted HSPC in humans in
steady-state hematopoiesis. In order to comprehensively address this
point, we first calculated the probability of recapturing identical IS
within the same lineages over time. We observed a general increase
in the probability of recapturing identical clones over time, which
reached a stable level at around 12 months after GT (Figure S4).

On the basis of these results, we then estimated, using Markov
processes enclosed on an open population estimator, the number
of clones making up different PB lineages isolated after 12 months
(Supplemental Experimental Procedures). As shown in Figure 4.2.1C,
the estimated population size of differentiated PB gene-corrected
clones was constant over a period of 2-3 years in all patients,
ranging between 1600 and 4300 clones. The estimated total number
of clones differed between lineages and was greater in the lymphoid
compartment than in the myeloid one (Figure 4.2.1D, upper panel).
This result is consistent with the longer survival potential of
lymphoid cells and with the early effects of selective advantage for
gene-corrected lymphocytes expressing WAS protein [2, 42]. Within
the BM CD34+ cell population the number of clones was higher in
the early post-GT phase, and decreased over the following months
to a smaller steady-state population composed of around 1200 clones
(Figure S5).
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Figure 4.1: Tracking of engineered population dynamics and clonal
abundance over time. (Full caption on the following page.)
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Figure 4.1: A) Diversity index calculated on number of IS and relative sequence
counts of pooled PB lineages purified from four patients over time. Black asterisk
on y axis indicates the average diversity index of pre-infusion samples. B) Diversity
index of BM CD34+ cells (in red), and individual samples over time (in grey)
from representative patient 2 (see supplementary material). Red asterisk shows
the diversity index of BM CD34+ cells before infusion. C) Estimates of population
clonal abundance of PB mature lineages from four WAS patients. Time intervals
are reported as months after GT on the x axis of each graph. D) Overall clonal
size estimates of BM CD34+ and PB mature populations at the last follow-up when
both BM and PB were collected (36 months after GT for Pt1, 2, 3 and 24 months for
Pt4). (GLYCO = glycophorin+; MNC = mononuclear cells; PBMC = peripheral blood
mononuclear cells). See also Figures S1-S5.

Longitudinal analysis of HSPC activity in early and late phases
of hematopoietic reconstitution

In order to study the clonal output of transduced progenitors to
differentiated lineages we evaluated the level of IS sharing between
BM CD34+ and myeloid or lymphoid cells over time. As shown
in Figure 4.2.1A, the percentage of IS shared between CD34+ cells
and myeloid or lymphoid lineages was much lower in early vs. late
timepoints, the lowest being at three months after GT. The nature of
the output measured at later timepoints was predominantly bi-potent
(myeloid and lymphoid), reflecting the activity of multipotent
progenitors. Although we applied stringent filters before performing
this analysis to account for potential cross-contamination, a similar
trend was observed even when analyzing the entire dataset (Figure
S6). This suggests that the observed increase in shared integrations
reflects an underlying biological phenomenon, and is not simply
due to technical artifacts of potential contamination among purified
subpopulations, which would not be expected to change owing to the
time of collection.

We then expanded the analysis of CD34+ cell output to all lineages
isolated from the BM and PB of WAS patients over time. The rainbow
area of the plots in Figure 4.2.1B shows the IS percentage shared
between BMCD34+ cells and each of the purified cell subtypes. During
the first three months, we observed a shrinkage in output towards all
lineages analyzed for each patient. Starting at six months, the level
of IS sharing increased, and progenitor output was highly distributed
to all lineages. This substantial multipotent output was consistently
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Figure 4.2: IS sharing and clonal output of BM CD34+ progenitors over time.
(Full caption on the following page.)
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Figure 4.2: A) Bar charts showing the percentage of IS from BM CD34+ cells
shared with only myeloid (green), only lymphoid (blue), and both myeloid and
lymphoid lineages (orange) from the same timepoint (months after GT). The
fractions of IS detected only in BM CD34+ cells at each given time are shown
in gray. Data have been filtered for potential cross-contaminations as described
in supplementary materials. B) Circos plots showing the levels of CD34+ output
measured as multilineage sharing of IS from BM CD34+ cells over time (ordered
in columns per months after GT). The rainbow area of the circle is composed of
ribbons showing relative IS sharing towards different BM and PB lineages listed on
the left. The red area comprises the total number of IS from CD34+ cells. The larger
the rainbow area compared to the red area the higher the CD34+ output. The more
colored the rainbow area the more diverse and multilineage the CD34+ output. C)
Heatmap using blue-to-green color intensity to show the frequency of IS shared by
each lineage (in rows) with BMCD34+ cells (in columns) over time as ameasurement
of clonal input received with BM CD34+ progenitors. Unsupervised clustering was
performed, as described in the supplementary material. See also Figures S6-S7.

maintained up to three years after GT.
To formally validate IS sharing as being representative of

progenitor activity, we isolated IS from colony forming cells (CFC)
generated in vitro from the same CD34+ cells analyzed above at the
last follow-up when patient hematopoiesis was steady-state. These
represented highly purified samples, in which at the end of clonogenic
assay, contamination with mature cells from the original harvest was
virtually absent. The average VCN of vector positive CFC, at the latest
follow up available, ranged from 1.2 to 1.7. As shown in Figure S7,
we observed a substantial number of IS retrieved from CFC in each
patient analyzed, identical to those detected in myeloid and lymphoid
cells isolated in vivo at the same timepoint.

To gain additional information on HSPC activity, we then studied
the datasets from the opposite perspective, evaluating the input level
that each lineage received from CD34+ cells at different timepoints.
Figure 4.2.1C shows on a heatmap the proportion of integration sites
within each lineage and timepoint shared with CD34+ progenitors
over time. In line with the data reported above, the greatest IS
similarities between different cell types and BM CD34+ cells were
observed at the last follow-up after gene therapy. Unsupervised
clustering for lineages and sources showed that PB lymphoid cells,
myeloid cells, and megakaryocte-erythroid progenitors clustered
separately from each other on the basis of their relationships with BM
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Figure 4.3: Analysis of purified HSC and MPP output over time. (Full caption
on the following page.)
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Figure 4.3: A) Output of HSC and MPP progenitors over time isolated from Pt2 and
Pt3 at 36 months after GT. Bar graphs on the left show the fraction of HSC or MPP
IS (in blue) detected in multiple lineages and timepoints. Heatmaps on the right
show the detection of each shared IS (in rows) over time. Each column represents
an individual lineage and timepoint. Blue color intensity is proportional to the level
of multilineage and over-time detection of each shared IS. The number of clones
(15 HSC and 8 MPP) mentioned in the text is the sum of the clones identified as
sharing IS with at least another lineages in the 2 patients overtime (HSC clones:
6 (heatmap above) + 9 (heatmap below)=15; MPP clones: 4 (heatmap above) + 4
(heatmap below)=8). B) Horizontal column graphs showing the real-time input of
HSC or MPP shared IS as relative abundance (percentage of sequence counts) within
whole BM, whole PB, BM MNC or PBMC isolated from the same patient at the
same timepoint. C) Line plots showing the sharing scores (on y axis) of HSC or
MPP IS towards individual Myeloid and Lymphoid lineages over time (months after
GT on x axis). Sharing scores were calculated according to the rules reported in
supplementary materials. (N.A: = Not Available). See also Figure S8.

CD34+ precursors. CD56+NK cells isolated fromBMor PBwere found
to be co-clustered with myeloid cells purified from PB, and not with
lymphoid T cells that were rather grouped independently.
Assessment of HSC and MPP contribution to engineered

hematopoiesis over time
Previous studies using xenotransplantation assays have identified

the human Lin-/CD34+/CD38-/CD90+/CD45RA- fraction as being
endowed with long-term repopulation potential [18, 31? ]. Recent
studies on mice have questioned, however, whether HSC and/or
MPP are responsible for the steady-state maintenance of blood-cell
production in humans [44]. To address this point, we FACS-sortedHSC
(defined as Lin-/CD34+/CD38-/CD90+/CD45RA-) andMPP (defined as
Lin-/CD34+/CD38-/CD90-/CD45RA-) progenitor subpopulations from
CD34+ cells isolated from the BM of two WAS patients at 36 months
after GT, and collected IS from each subtype (Figure S8). Using
IS analysis, we back-tracked the activity of 51 HSC and 10 MPP
genetically engineered clones in the two patients. The Heatmap in
Figure 4.2.1A, at 36 months after GT, shows that 15 out of 51 and 8
out of 10 IS isolated from HSC or MPP respectively were detected in
at least one other lineage and timepoint. The majority of IS collected
from HSC and MPP could be traced back over multiple lineages
isolated at different timepoints, but their activity appeared more
consistent after the first 3-6 months following GT.
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Figure 4.4: Hierarchical relationships among hematopoietic lineages. (Full
caption on the following page.)
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Figure 4.4: A) Dot plots representing, from left to right, the frequency of IS shared
with at least another cell type, number of unique IS, diversity index and vector copy
number of different cell compartments isolated from four WAS patients at the last
timepoint when both BM and PB were collected (Mann-Whitney Test: ∗ p ≤ 0.05,
∗∗p ≤ 0.01, ∗ ∗ ∗p ≤ 0.001, ∗ ∗ ∗∗p ≤ 0.0001) B) Schematic representation of two
alternativemodels of hematopoietic hierarchies implying distinctmyeloid-lymphoid
(left top graph) or myeloid-based (right top graph) branching of hematopoietic
differentiation. A Bayesian Network approach was used to visualize, estimate, and
compare complex dependence structures among lineages of the first three WAS
patients at last timepoint after GT (supplementary materials) starting from IS data.
The corresponding two different model constraints used for the test, not-allowing
or allowing probability dependencies between IS retrieved in myeloid precursors
and lymphoid mature cells, are schematically shown respectively on the left and
right panels below. A measure of the strength of informativeness of each model
is provided using the Bayesian Information Criterion (BIC) score, which allows
the statistical comparison of different hierarchical structures. The resulting BIC
scores are shown above each panel. The resulting best fitting model is framed with
a red square. (models of hematopoietic hierarchies are adapted from Kawamoto
et al. [28]; Differentiation potential are labeled as follows: E= Erythroid, M=
Myeloid, B = Lymphoid B, T = Lymphoid T; Common progenitors are labeled as
follows: CMP = common myeloid progenitor, CLP = common lymphoid progenitor,
CMEP = common myelo-erythroid progenitor, CMLP = common myelo-lymphoid
progenitor, MTP = myeloid-Lymphoid T progenitor, MBP = myeloid-Lymphoid B
progenitor) C) Dynamic model of lineage similarities designed on m-dimensional
continuous-time stochastic Markov process, observed at fixed timepoints (schematic
representation and calculation formulas of different rates are shown on the left).
Principal component analysis (PCA) performed on estimated death, duplication, and
differentiation rates during 12, 24 and 36 months after GT calculated on IS sharing
and sequence reads belonging to each IS (First two principal components shown on
PCA plot on the right). Clustering of BM and PB lineages shown as rounded areas
coloured in blue and orange, respectively. Similarities among lineages are shown
by the relative distance/proximity of the boxes tagged with their relative cellular
surface markers (supplementary materials). See also Figures S9-S10.

To evaluate the real-time output of these clones on the BM and
PB of WAS patients, we quantified the contribution in terms of the
sequence reads of these IS on whole BM, whole PB, and mononuclear
cell samples collected at 36 months after GT (Figure 4.2.1B). In line
with their predicted biological behavior from xenotransplantation
studies, only a fraction of the HSC appeared to be actively contributing
to the hematopoietic output at the time of sampling, while all
MPPs were doing so. Nonetheless, HSC clones displayed a higher
contribution to the PB and BM samples of the same timepoint
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compared to MPP clones. We also quantified the output of HSC and
MPP over all timepoints by calculating sharing scores, i.e. the level of
identical IS detected inHSC orMPP and variousmyeloid and lymphoid
lineages over time (Supplemental Experimental Procedures). As a
result, we found that both HSC and MPP clones isolated at 36
months after GT had actively participated in myeloid and lymphoid
production for a period of 2.5 years, starting from 3-6 months after
infusion of gene-corrected CD34+ cells (Figure 4.2.1C).
Analysis of clonal relationship among individual lineages in

steady-state hematopoiesis
The level of detail achieved by our IS-based clonal tracking might

allow assessment of the hierarchical relationships among engineered
blood-cell types in humans. To test the validity of different models
of hematopoietic hierarchy, we first evaluated the overall biological
consistency of four different parameters of molecular tracking in
steady-state hematopoiesis (Figure 4.2.1 A). The percentage of shared
integrations was higher in BM CD34+ cells, consistent with the
hierarchical level of these precursors compared to other subtypes,
while it was lower in the lymphoid compartment. Conversely, the
number of unique IS, the diversity index, and the vector copy number
were generally higher in lymphoid cells, in agreement with the
selective growth advantage effect of gene-corrected clones belonging
to this lineage. In addition, the lower number of IS and the lower
diversity of BM- vs. PB-derived myeloid progenitor and mature cells
might reflect the effect of sampling from a localized tissue site vs. the
PB, which should more homogeneously represent overall output.

On the basis of these results, we studied IS similarities among
lineages purified from the first three WAS patients at the last BM
and PB collection to infer and test hematopoietic cell hierarchies by
combining conditional probability distributions and graphical models
of dependencies (Figure 4.2.1B and Supplemental Experimental
Procedures). In model 1, we assumed that the observation of a specific
IS in a myeloid progenitor only conditions the probability for the
same IS to be observed in a myeloid mature cell. These constraints
were designed to recapitulate at best, with our given set of data, a
model where myeloid and lymphoid cells are segregated early on
the hematopoietic hierarchy and should be marked by a significantly
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distinct set of IS. In model 2, we assumed that the observation of a
specific IS in a myeloid progenitor conditions the probability for the
same IS to be observed in bothmyeloid and lymphoid cells. This model
was designed to test the existence of a higher clonal relationships
between myeloid and lymphoid cells as compared to model 1, due to a
late segregation of myeloid and lymphoid compartment downstream
the hematopoietic hierarchy.

Given these underlining structures, we tested our IS data collected
from WAS GT patients and measured which model fitted best the
observed distribution of shared IS along the lineages by means of
the Bayesian Information Criterion (BIC) (Supplemental Experimental
Procedures). As a result, the best scoring model, based on IS tracking
data, was model 2 which suggest the existence of a significant clonal
relationship between myeloid and lymphoid lineages, i.e. we found
that the probability of detecting an IS in a PB lymphoid lineage was
significantly dependent on having observed the same IS in a BM
myeloid precursor.

We then added a dynamic component to the analysis of clonal
relationships, making use of sequence reads as surrogate markers
of clonal dimensions. This method is based on the assumption
that at time 0, transduced BM CD34+ cells re-infused into patients
have been unequivocally marked by IS coordinates. Each individual
cell fate is composed by a stochastic sequence of events of three
different types: duplication, death, and differentiation into more
committed cell types. Rates governing this dynamic evolution are
assumed to be constant over time, shared among cells belonging
to the same lineage but different across them. The result is that
each cell behaves independently, and the collections of observed
clone dynamics correspond to realizations (trajectories) of the same
underlying stochastic process. On the basis of these assumptions,
using the methodology specified in supplementary materials, it is
possible to simultaneously impose branching structures and make
inferences about rates (Figure 4.2.1C left schematic representation and
Supplemental Experimental Procedures). In an exploratory setting, we
only constrained the differentiation process according to three levels
of hierarchy, where we assumed that BM CD34+ can differentiate into
any other cell type in BM and PB; BM can be connected to any cell type
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at BM and PB level; PB lineages cannot differentiate. The output of the
procedure was a matrix of rate estimates (Supplemental Experimental
Procedures) on which we performed principal component analysis
(PCA) to calculate the clonal proximity of different lineages (Figure
4.2.1C, right PCA plot).

In the resulting graph, the closer two or more lineages, the
higher their similarity based on estimated duplication, death and
differentiation rates. In line with their differentiation potential
and in concordance with the long-term preservation of engrafted
progenitors, BM CD34+ cells (in green) resulted distinct from the
other lineages and displayed a positive duplication-death rates
(Supplemental Experimental Procedures). Importantly, as expected
from their different biological activity, the BM progenitors and
PB mature cells were clustered separately according to the three
estimated parameters of duplication, death and differentiation used
as input for the PCA analysis. Another important validation of
the analysis relied on the observation that the duplication-death
rates were negative in all PB lineages (Supplemental Experimental
Procedures), testifying that, as predictable, these populations require
a clonal supply from the upstream progenitors. The biological
consistency of these results allowed interrogating the PCA analysis
on more refined questions, as clustering PB populations according to
similar population rates. Within the PB cells, the algorithm clustered
together lymphoid T and B cells, most likely due to their common
capacity of long-term survival and to their clonal supply from shared
lymphoid progenitors. Notably, these estimates again revealed a
proximity between NK and myeloid cells, suggesting a parallelism in
population rates that might derive from a potential common origin of
these two lineages. This dynamic model also allowed the investigation
of candidate branching structures to confirm the validity of those
findings obtained with the Bayesian approach, as shown in Figure
4.2.1B. To achieve this, as reported in supplementary materials, we
imposed a set of constraints to test which of the models proposed
in Figure 4.2.1B was more supported by the experimental data. The
results suggest again that the empirical data appear to support a
structure implying late branching of myeloid and lymphoid lineages.
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Assessment of potential unbalances in clonal contribution due
to insertional mutagenesis

The permanent molecular marking achieved by vector integration
has the inherent potential to induce clonal skewing in vivo due
to insertional mutagenesis [9]. We thus assessed whether major
clonal imbalances could be observed over time in the PB of our
patients, which might affect the interpretation of our IS data. As
reported in Figure S9, none of the four GT-treated patients showed
overrepresented clones (composing >20% of analyzed whole blood),
and we could not detect any evidence of IS-driven proto-oncogene
perturbations leading to clonal dominance up to 48 months after GT.
Moreover, the profile of genes neighboring vector IS (Figure S10)
was in line with known LV insertional preferences, and was still
comparable with that shown for the early follow-up of WAS GT
patients [2].

Discussion

We herein described a detailed clonal tracking of hematopoietic
reconstitution dynamics and HSPC activity in humans at early-
and late-stage post-autologous transplantation. The number of
tracked clones (about 90,000 individual IS from four WAS patients),
homogeneously contributing to hematopoiesis in a highly polyclonal
fashion, and the multiple cell types analyzed (15 individual
cell lineages analyzed including BM CD34+ subtypes) permitted
comprehensive and detailed observation of the fate of human blood
cells. Furthermore, as long-term monitoring using insertion site
analyses, peripheral blood TCRVbeta analyses, multiple bone-marrow
evaluation, karyotypic analyses, and clinical observation continues to
show a lack of evidence for genotoxicity [37], we can consider LV
genome marking to be mostly neutral, thus providing a reliable tool
for studying human hematopoiesis in vivo.

To address all the potential limitations of our analytical methods,
we used multiple approaches and stringent filtering criteria (see
supplementary materials). We exploited the statistical methodologies
used in ecology, which are specifically designed to account for
sampling variability. We also introduced customized data filtering
to reduce the confounding effects of sample impurity after sorting,
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and assessed and limited the impact of cross-contamination during
processing (Supplemental Experimental Procedures, Section 8). To
reinforce our results, we applied additional filters and modeling
constraints to account for PCR-related biases affecting sequence reads,
and assessed the accuracy of IS identification and quantification using
dedicated validation assays (Supplemental Experimental Procedures,
Section 8).

We analyzed several parameters at individual lineage level and
we were able to unveil the presence of two phases of human
hematopoietic reconstitution, and to provide estimate of the number
of engrafted clones actively contributing to long-term hematopoiesis
after transplantation. We showed that the reconstitution of human
hematopoiesis early after autologous transplantation is characterized
by fluctuating phases, and that steady-state hematopoiesis is reached
at around 6-12 months. The clonal repertoire diversity of each
population in vivo was consistent with the longer time needed to
achieve lymphoid reconstitution and with the presence of unevenly
active clones in the initial reconstitution phases after GT. Our clonal
population estimates, based on IS re-capture approaches, revealed that
only a few thousand clones appear responsible for the maintenance of
the whole engineered blood system in steady state. In our GT trial, we
infused 80 to 230 million CD34+ HSPC per patient [2, 14]. Considering
that the gene-correction frequency of infused CD34+ cells was above
88%, our estimates suggest that about 1 in 105-106 gene-corrected
HSPC had the potential to engraft long-term. Despite the fact that we
could not measure the actual number of infused HSC and that our
calculation could be partially biased by the existence of a fraction of
clones bearing more than one integrant, this estimate would fall in
the upper range of our predictions, according to the marking level of
vector-positive CD34+ cells before infusion, indicating that cell culture
and transduction did not induce a substantial loss of harvested HSC.

The estimated higher clonal abundance of BM CD34+ cells in
early vs. steady-state phases of hematopoietic reconstitution might
suggest that the first wave of short-term precursors involves a larger
population compared to that composed of long-term engrafting HSPC,
which takes over hematopoiesis only after 3-6 months. These results
confirm, and expand the information previously generated from clonal
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tracking on non-human HSPC [19, 22, 35, 41, 49].
A substantial improvement over previous studies is that our

real-time clonal tracking was not only performed on PB mature
populations but also on BM progenitors at different stages of
maturation, purified over the course of the study at different
timepoints, allowing real-time analysis of progenitor output. The
results obtained from this longitudinal tracking of BM CD34+ cell
activity suggests that the first phases of hematopoietic reconstitution
are most likely sustained by lineage-committed progenitors that are
possibly primed during in vitro manipulation, and are more numerous
in the graft upon infusion. We were able to identify a switch around
six months after GT when we observed exhaustion of the first wave
of clonal reconstitution, reduction in the total number of CD34+
clones, and progressive takeover of long-termHSC, generating a stable
output up to the last follow-up three years after GT. There was little
evidence of lineage output from long-term HSC during the first six
months post-GT, indicating a sharp segregation of tasks among the
engrafting progenitors, with cells contributing to early hematopoietic
recovery being short-lived and mostly of restricted lineage potency,
and long-term multi-potent HSC apparently entering quiescence
within this time. We considered that potential uneven distribution of
early engrafting clones in the BM niches might affect the detection of
HSC active in early vs. late phases. The tracking of PB cells, and in
particular of PB myeloid populations (a recognized surrogate readout
for progenitor activity), also confirmed the independent clustering of
two distinct clonal waves in PB lineages that are, by definition, much
less affected by sampling biases than topologically localized BM HSC
(Figure S2).

Our clonal characterization of bona fide HSC and MPP isolated
from patients at three years after GT showed that at least a fraction of
BM-resident HSC actively contributes to the hematopoietic output in
real-time at the time of analysis (Figure 4.2.1B). The relative fraction
of HSC clones involved in hematopoietic production was lower
compared to MPP (30% vs. 80%), indicating that a substantial fraction
ofHSC is dormant for a prolonged time. However, the absolute number
of clones identifiable over time (15 vs. 8), and the extent of overall
multilineage output (Figure 4.2.1C), was greater for HSC than for
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sampled MPP. Intriguingly, these data appear to partially differ from
what was reported in a recent work by Sun [44], where the authors
suggest that native steady-state hematopoiesis might be more actively
supported by MPP than by HSC. In this regard, to address the impact
of experimental settings and species-specific conditions, additional
investigations are underway based on the prospective tracking of
different subsets of human progenitor cells.

One remarkable result of our analysis was that both progenitor
subtypes isolated at steady-state hematopoiesis contained clones
whose activity could be tracked back to 3-6 months after GT, but
not earlier. Based on these data, several important conclusions can
be made. Firstly, we achieved formal proof of the ability of individual
human HSC clones to constantly self-renew and differentiate in vivo
over a period of up to three years. Secondly, although obviously
present in the engrafted pool of HSPC, these clones could not be
identified as being active in the first months after GT. This suggests
that HSC clones were, in most part, maintained quiescent until the
first active set of committed progenitors reached exhaustion, and
potentially made space in the BM for the activation and expansion
of long-term HSC clones and their differentiation inside committed
progenitor niches [34]. In this context, one could postulate that the
MPP clones isolated at three years, and showing peripheral output
well before, had an HSC phenotype at previous timepoints. It is
still possible, however, that MPP, contained in the infused sample
of transduced CD34+ cells, engrafted and preserved their phenotype,
and might thus be endowed with long-term self-renewing potential
like HSC. We are currently carrying out longitudinal studies, tracking
individual BM CD34+ progenitor cell subsets, to better address this
issue.

Our results on IS-based tracking were consistent with the current
understanding of the biology of the hematopoietic system, and
showed important parallelisms with data deriving from the tracking
of normal hematopoiesis in animal studies. In particular, the main
conclusions here collected on human hematopoietic reconstitution
are in agreement with the evidences previously obtained by Kim and
colleagues on the dynamics of blood cell repopulation in wild type
rhesus macaques after transplant with genetically modified HSPC
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[29]. These similarities include: 1) the observed timing of exhaustion
of the first wave of short term progenitors; 2) the stable contribution of
multipotent progenitors with a balanced myelo-lymphoid potential at
steady state; 3) the estimated relative small fraction of stem cell clones
actually contributing to the long-term clonal output. In this context,
our findings constitute a first comparative platform to test the validity
of animal studies in recapitulating human hematopoiesis and could
be of significant help on refining and reducing the use of animals in
future preclinical xeno-transplantation studies.

Furthermore these observations strongly support the notion that
although clonal tracking studies in humans can be conducted, by
definition, only in the context of clinical trials based on the genetic
correction of a diseased background, hematopoiesis in our WAS
GT patients was, for the most part, restored with physiological
reconstitution dynamics to normal levels. Indeed, hematological
and clinical parameters of the patients (including bone marrow
and peripheral blood cell counts, immune phenotype, morphology
and karyotype as well as amount of CD34+ progenitor cells),
with the exception of platelets counts, are all comparable to
those of healthy untreated age-matched individuals (manuscript in
preparation). Given the initial lymphopenic environment and the
Fludarabine conditioning, the dynamics of lymphoid reconstitution
observed in the peripheral blood of WAS patients during the
early phases after GT could partially differ from other allogeneic
HSPC transplantation settings [6, 33, 40, 43]. Importantly, in
WAS patients showing normalization of lymphocytes content after
allogeneic HSPC transplantation, T cell counts reached a plateau
at 12 months after transplant [40], a result in agreement with our
data on lymphocytes recovery dynamics. It will be also important,
in future studies, to compare the pattern of reconstitution in our
patients with those observed in other GT trials using myeloablative
conditioning and in disease contexts where no selective advantage for
gene-corrected lymphocytes is expected [11, 13]. Still, the nature of
hematopoietic reconstitution in WAS patients does not suggest that
there is an original defect in the progenitor niches of the lymphoid
compartment. Actually, most of the selective advantage for gene
corrected lymphocytes is occurring at later stages of maturation
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indicating that, upon correction of the genetic defect, the normally
engrafting progenitors became able to fully overcome the cell-intrinsic
differentiation defect [2, 14].

As all patients reached a normal and stable hematopoietic output
at around 12 months after GT, we reasoned that this clinical
setting represent a valid model to interrogate steady-state blood-cell
production and dynamics in humans beings. We therefore explored
methods to assess clonal similarities among blood-cell lineages,
and to test different models of human hematopoiesis. With the
application of model-driven statistical approaches, we showed that the
probability of observing IS in a mature lymphoid cell was statistically
dependent on observing the same IS in a myeloid progenitor
(Figure 4.2.1B and Supplemental Experimental Procedures). Hence,
we can suggest a substantial connection between myeloid and
lymphoid lineages. This is in contrast with an early branching
of lymphoid and myeloid precursors immediately downstream of
the HSC compartment, and rather supports the recently proposed
myeloid-based model of hematopoiesis, envisaging the existence of
commonmyelo-lymphoid progenitors distinct from the HSC [28]. The
dynamic framework developed for this study, employing individual
clonal sizes to estimate death/duplication/differentiation rates, was
coherent with the accepted biology of the hematopoietic system, and
allowed unsupervised clustering of BM and PB lineages. Within the
BM compartment, CD3+ and CD14+ cells were distinct from the other
BM Lin+ cells. This might be due to the fact that some or most of these
cells re-circulated from other sites to the BM at the time of collection,
therefore being genealogically distinct from the locally sampled BM
precursors. With regard to PB cell types, both our statistical model
and the unsupervised clustering of clonal relationships with CD34+
cells shown in Figure 4.2.1C support the notion that NK CD56+ cells
might have a distinct origin compared to other lymphoid cells, and
are possibly more closely related to the myeloid lineage. These results
match the observations recently made in non-human-primate clonal
tracking studies, on the basis of which Wu proposes an ontologically
distinct origin of NK cells [49]. They are also in accordance with
Grzywacz et al. model [23], in which human NK cells are able to
differentiate from myeloid progenitors [23].
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Overall, we believe that the statistical and mathematical models
developed for this study represent valid instruments to investigate
complex biological processes, such as the shape of hematopoietic
differentiation in vivo in humans using IS analysis. Future refinement
of these tools might increase the resolution and precision of the
assessment of clonal relationship and behavior.
Finally, we were able to exclude that major clonal skewing, due
to insertional mutagenesis events, occurred in our patients. No
progressive clonal expansion was detected in any of the studied
patients, and we can reasonably assume that the proportion and
impact of clones representing >5% of the population on our
analysis of clonal dynamics is negligible (7 putative overrepresented
clones/89,594 tracked clones = 0.008% of the analyzed population;
Supplementary Figure 9). Our analyses were performed using
parameters in line with standard safety assessments for GT clinical
trials, and support the notion that data generated from both short-
and long-term analyses are not significantly affected by vector-linked
clonal unbalances.

We herein provide a comprehensive clonal tracking of
hematopoietic reconstitution after HSPC transplantation in humans.
The information collected in our study validate some long-standing
models regarding human hematopoiesis, and offer insights into the
clonal dynamics of blood cells in vivo at early and late stages, as
well as on HSPC activity in steady-state hematopoiesis in humans.
In addition, our results further establish the potential of the safe and
extensive engineering of human hematopoiesis with ex vivo lentiviral
gene transfer. These data provide a crucial reference for the follow-up
of ongoing HSPC gene therapy clinical trials, and will be critical in
designing novel approaches for the treatment of a wide spectrum of
hematological disorders.

Materials and methods

Patients
Four male WAS patients (age range, 1.1-5.9 years) for whom

no HLA-identical sibling donor and a suitable matched unrelated
donor was available, underwent lentiviral GT at a median age of
2.75 years after a reduced-conditioning regimen protocol [2, 14,
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17]. Details of the clinical study can be found at ClinicalTrials.gov
(no. NCT01515462). CD34+ cells were isolated from the BM of all
patients (for Pt1 a proportion of CD34+ cells were also isolated
from G-CSF mobilized PB), transduced ex vivo with the lentiviral
w1.6W vector, and reinfused at a similar dose ranging from 8.9
to 14.1 CD34+ cells/Kg. Clinical protocol, CD34+ transduction
conditions, methods to calculate transduction efficiency, VCN of
infused cells, and measurement of clinical endpoints have been
reported elsewhere [2]. All patients treated with lentiviral GT in
this study are alive and clinically well at the time of submission of
this report. Patients recovered from transient neutropenia following
chemotherapy, showed gradual reduction in the frequency and
severity of infection and bleeding, and became independent from
platelet transfusion. No clinical manifestations of autoimmunity were
observed after year 1 follow-up, and no adverse event associated
to vector integration has been reported to date (manuscript in
preparation). Biological samples were obtained from WAS patients,
with the approval of the San Raffaele Scientific Institute’s Ethics
Committee, together with consent from patients or parents.
Collection of samples for integration sites analysis

CD3+, CD4+, CD8+, CD14+, CD15+, CD19+, and CD56+ cells
were purified from mononuclear cells (MNC) from PB. CD3+, CD14+,
CD15+, CD19+, CD34+, CD56+, CD61+, and glycophorin+ (GLYCO)
cells were purified from BM-derived MNCs using positive selection
with immunomagnetic beads (average purity 94.2%), according to the
manufacturer’s specifications (Miltenyi Biotec, Bergisch-Gladbach,
Germany). Whole PB, peripheral blood mononuclear cells (PBMC),
Whole BM, and BM MNC were also collected. CFC assay was
performed on ex vivo BMCD34+ cells according to themanufacturer’s
specifications in Methocult medium (Stem Cell Technologies,
Vancouver, Canada). At day 14, colonies were collected and genomic
DNA was extracted for IS retrieval. Bone marrow mononuclear cells
(MNC) from WAS-GT patients were isolated using Ficoll-Hypaque
gradient separation (Lymphoprep, Fresenius), and enriched for CD34+
cells with the human anti-CD34 MicroBeads Isolation Kit (Miltenyi
Biotec) according to the manufacturer’s specifications. To isolate HSC
and MPP, CD34+ cells were labeled with anti-human Lineage cocktail
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(anti-CD3, anti-CD14, anti-CD16, ancti-CD19, anti-CD20, anti-CD56),
anti-CD15, anti-CD34, anti-CD38, anti-CD45RA (Biolegend), and
anti-CD90 (BD Bioscience) fluorescent antibodies, and FACS-purified
with MoFlo-XDP cell sorter (Beckman Coulter), achieving purity
in the range between 92 and 99 percent. In total, we collected 3150
HSC and 2300 MPP from patient 2 and 600 HSC and 155 MPP from
patient 3. See supplementary materials Section 8 for further details
on isolation and purity of cell samples.
Integration site retrieval

IS were collected from beads-isolated or FACS-sorted blood
cell types through LAM-PCR and high-throughput sequencing as
previously described [2]. Genomic DNA from isolated cell types was
extracted (Qiagen QIAamp DNA Blood Mini kit or Micro kit), and
whole genome amplification was performed (Qiagen Repli-G Mini
Kit) only on FACS-sorted HSC and MPP populations as previously
described [10]. To collect vector-genome junctions using LAM-PCR,
linear PCR amplification of vector LTR and genomic host sequence
flanking was carried out with biotinylated primers, followed by
magnetic capture and second strand reconstitution. The resulting
fragments were digested with Tsp509I/MluI, HpyCH4IV, or AciI and
linker cassette ligation complementary to the restriction sites. These
sequences were then detached frommagnetic beads, and consequently
underwent two sequential rounds of exponential PCR. The resulting
LAM-PCR products were then tagged with adapters containing 6- or
8-nt (nucleotide) specific barcodes for each cell subpopulation and
patient, pooled, and sequenced on several independent IlluminaMiSeq
runs. The resulting sequences were processed with a bioinformatic
pipeline, based on LTR trimming and linker cassette sequences,
mapping, and annotating of genomic fragments to human genome
(GRCh37 version UCSC hg19, Feb/2009) [2, 11]. All data sets were
filtered for contamination (collisions) in accordance with previously
reported rules to unequivocally assign each IS to an individual patient
[2, 11]. Raw datasets also underwent a series of different additional
bioinformatic filtering procedures, according to the type of analysis
required (see supplementary materials).
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Abstract
Background: Albeit extensive research in the last 40 years, a

comprehensive description of the biological mechanisms underlying
the communication between interconnected neurons is still poorly
understood. The analysis of miniature currents, corresponding to
quanta discharge of a neurotransmitter in resting condition, has been
shown to be a powerful tool to investigate the fundamentals of this
complex process.
Aim: The aim of this paper is to provide a biologically motivated
stochastic model for the analysis of spontaneous quantal release
measured at postsynaptic level. In addition, through a specifically
developed inferential procedure, the set of parameters governing the
process will be estimated.
Approach: Events time series is considered as stochastic process
obtained by means of the superposition of an unknown number of
independent renewal processes. Inference is performed by means
of simulation based approach, in which the empirical cumulative
distribution function calculated on data is match with those obtained
under different known parameters settings.
Results: The model proposed is able to mimic several features
typically observed in the analysis of synaptic events, such as bursting
episodes. The estimation procedure, albeit computationally intensive,
has been tested by means of a simulation study, showing a satisfactory
performance on wide range of scenarios.

Keywords: Neurotransmitter release, synaptic signalling, Monte
Carlo simulation, quantile-based inference, renewal processes
superimposition.
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Introduction

Neurotransmission, also called synaptic transmission, is the
process by which neurons communicate their excitation state to other
neurons in a synaptic network. Although different forms of synapses
connecting neurons exist, namely electrical and chemical synapses,
the latter one is the most studied due to its central role in most neural
functions, from sensory processing to memory storage. Chemical
synapses are tiny structures generally located at varicosities of the
neuronal axon (synaptic boutons) or at the level of its terminal. At
the synapse, the plasma membrane of the signal-passing neuron (the
presynaptic neuron) comes into close apposition with the plasma
membrane of the target (postsynaptic) neuron. Neurotransmitters
are packaged in very small organelles termed vesicles (∼ 50 nm
in diameter), found in the presynaptic terminal. When neurons are
activated, i.e. they fire an action potential, some of these vesicles fuse
with the cell membrane (exocytosis), releasing neurotransmitter in the
extracellular space, which is referred to as the synaptic cleft (evoked
release). Neurotransmitter molecules must then cross the synaptic
cleft in order to reach and bind specific receptors on the postsynaptic
membrane, before going through a reuptake mechanism or being
broken down by specific enzymes. Coupled to exocytosis, there is the
recovery of the fused membrane, called endocytosis, which accounts
for the reconstitution of synaptic vesicles pools for further rounds
of reuse. Although such activity-evoked vesicle fusion represents the
main fraction of synaptic release events and is at the basis of neural
communication, vesicle exo-endocytosis can also occur in the absence
of action potentials, albeit at much lower rate, a phenomenon which is
referred to as spontaneous, or quanta, release. This phenomenon has
been shown to support a variety of functions such as stabilization and
maintenance of synaptic structure and transmission efficacy [14, 30,
33].

Beginning in the early 1970s, two models have been put forward
for describing synaptic vesicle recycling, based on the analysis of
frog neuromuscular junction (NMJ) by electron microscopy and
electrophysiology: full-collapse [16, 28, 40] and kiss-and-run [5, 6,
8, 11]. Speed is the factor that distinguishes these two models.
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According to the full-collapse fusion model, vesicle shape is lost
during exocytosis and its remoulding after endocytosis requires the
action of two important proteins, namely dynamin and clathrin,
taking approximately 10 to 20 s [3, 4]. Although many studies have
demonstrated the essential role of these proteins in synaptic vesicle
recycling [10, 15, 31, 40], equally numerous studies revealed the
presence of a faster regime (1 to 2 s), supporting the view of the
kiss-and-run fusion model, where a small fusion pore opens and
rapidly closes in order to transiently allow neurotransmittermolecules
to be released. In addition, a third alternative model has been
recently proposed [38]. Briefly, according to this latter hypothesis,
the recycling mechanism seems to have an ultrafast component
followed by a slower one. The ultrafast component rapidly removes
the excess of membrane from the fusion sites. The slower component,
a clathrin-dependent process, reconstitutes vesicles at a more leisurely
pace starting from already available endosomes. Despite extensive
research in the last 40 years, there are not definitive models for vesicle
retrieval mechanisms under neither evoked nor spontaneous regimes.

Since the pioneering work of [9] at the NMJ, the analysis of
miniature currents (minis), which are elicited by quanta discharge of
neurotransmitter occurring spontaneously, has been one of the most
powerful tools to study synaptic transmission and to investigate the
complexity of the release machinery. Initially, quantal release has been
modelled as a memoryless random Poisson process, characterized by
mono-exponential inter-mini-interval distributions. However, when
this model was thoroughly tested in relation to both population and
single-synapse recordings, some clear evidence in favour of a more
complex scenario emerged. For example, in [1] a multi-exponential
mini interval distribution results to be more likely with respect to a
mono-exponential alternative when tested on real data, or in [23, 24?
] mini rate has been showed to exhibit a 1/f spectral behaviour.
The critical feature observed in experimental recordings leading to
a rejection of the homogeneous Poisson assumption is the presence
of the so called bursting dynamics, in which periods characterized by
an higher events frequency are followed by a period of quiescence.
In addition, evidence for a 1/f behaviour of this process has been
put in relation with the power-law features of Brownian motion
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dynamics [24], which have been recently shown to govern motion of
vesicles involved in spontaneous release [33]. Since the component
of vesicle motion and its effects on exo-endocytosis dynamics has
not been considered previously in the modelling of the quantal
release process, its introduction could be valuable for capturing
simultaneously various stochastic aspects previously evidenced in real
data.

Starting from this consideration, in this paper, a new statistical
model for spontaneous neurotransmitter release occurring at a single
synaptic boutons is presented. The model assumes that during a
limited timespan corresponding to the recording time, spontaneous
fusion events are generated by an unknown but fixed number of
vesicles, each one being potentially reusable for an infinite number
of cycles. The time needed by a single vesicle to complete an entire
cycle has been modelled as the sum of three different and independent
stochastic components: 1. endocytosis time 2. motion time and 3.
exocytosis time. The endocytosis (or reuptake) component captures
the time required by the presynaptic terminal to remould a vesicle
after an exocytosis event occurred. The motion component accounts
for the time spent by the vesicle freely diffusing in the presynaptic
cytoplasmuntil it reaches again the release site, where it docks. Finally,
the exocytosis time takes into account the time elapsing between the
arrival at the release site and the initiation of actual vesicle fusion.

A complete description of all model assumptions together with
the supporting motivations, regarding both single model components
and the proposed synaptic transmission model as a whole, follows
in Section 5.2. A statistical interpretation of the model proposed
in Section 5.2 is given in Section 5.3, along with a dedicated
inference procedure. Themethod tries to address several issues related
to the biological model hypothesised, assumptions on components
distributions and to the type of observations available for process
under investigation. The performance of the proposal is evaluated
by means of a simulation study reported in Section 5.4 before being
applied, in Section 5.5, to 13 single-synapse recordings, obtained from
primary cultures of rat hippocampal neurons [12]. Discussion on the
modelling results from both the computational and the biological
viewpoints is reported in 5.5.2. Some final considerations, future work
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Figure 5.1: Key steps of synaptic transmission. A schematic representation
of the biological process underlying neurotransmitter release and vesicle cycle
components described in Section 5.2.

and possible extensions conclude the paper.

Spontaneous quantal release model

In this section a comprehensive statistical model for spontaneous
quantal release is described. The model, its assumptions and
biological motivations are first introduced at whole process level
and subsequently at single component level. As aforementioned,
depending on the synaptic bouton under investigation, it is fairly
reasonable to assume that during minis recording an unknown but
fixed number of vesicles, v, is involved in spontaneous release.
Furthermore, vesicles are assumed to be independent from each other,
with no significant interaction, and to sharemotion characteristics and
exo-endocytosis rates.

Synaptic vesicle cycle can be divided into a cascade of few key steps
showed in Figure 5.1 and described as follows. Focusing on a single
vesicle, the time required to perform a full cycle, Tcyc, is decomposed
into three independent stochastic times:

Tcyc = Tend + Tmot + Texo

where: Tend is a random variable (r.v.) with cumulative distribution
function (c.d.f.) FTend

(t) modelling the time for vesicle endocytosis;
Tmot is a r.v. distributed as FTmot

(t), corresponding to the time spent
by a vesicle to reach the active site where fusion takes place; Texo is
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a r.v. with c.d.f FTexo
(t) modelling the duration of vesicle transition

from docked state to exocytosis. After exocytosis, vesicle goes through
endocytosis again starting a new cycle. As a result, the c.d.f for Tcyc can
be calculated as the following convolution:

Tcyc ∼ FTcyc
(t) = P(Tcyc < t) = P(Tend + Tmot + Texo < t) (5.1)

From a modelling point of view, fusion events time series observed
at synaptic level corresponds to the superposition of v asynchronous
vesicles fusion histories, without any possibility to associate
individual recorded events to any specific vesicle. A graphical
representation of minis time series from single vesicles and
synaptic level perspective is showed in Figure 5.2. In the biological
literature, vesicle cycle components aforementioned have been
studied separately, in different conditions, and with the aim to
test different underlying biological hypotheses. In what follows, a
summary of the most recent results available is reported, along with
some considerations from a modelling point of view.

Size of vesicle pool involved in spontaneous quantal release, v
In [2, 32, 34] vesicles in the nerve terminal are grouped into three pools
(slightly different terminologies are used, here definitions given in [2]
have been adopted): the readily releasable pool, the recycling pool,
and the resting pool. These pools are distinguished by their function
and position in the nerve terminal. The readily releasable pool (∼ 10
vesicles, 5 % of total) are docked to the presynaptic membrane, making
these the first group of vesicles to be released upon arrival of an action
potential. The recycling pool is proximate to the cell membrane (∼ 20
vesicles, 10 % of total), and its vesicles tend to be fused at moderate
stimulation, so that the rate of vesicle release is the same as, or lower
than, the rate of vesicle formation. The resting pool constitutes the
vast majority of vesicles in the nerve terminal (∼ 170 vesicles, 85 %
of total), but their function has remained largely unknown and it is
not clear if they are released under normal conditions or only act as a
long-term reservoir.

Which pool of vesicles is involved in spontaneous quantal release
is still unclear and debated. One widely accepted assumption is
that both spontaneous and activity-dependent modes of fusion
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Figure 5.2: Minis time series from single vesicle and synaptic level
perspective.Neurotransmitter release events measured at synaptic level (Syn. rec.)
corresponds to the temporal superimposition of three individual vesicles fusion
histories (V esicle1,2,3). In the red rectangular box, the time between two consecutive
fusion of V esicle1 is split into the three components described in Section 5.2.
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use the same set of vesicles, corresponding to the union of readily
releasable and recycling pools. More recent studies have proposed
that these two modes of release may draw vesicles from different
pools [27, 35]. It is worth mentioning that some experiments, based
on a genetically-encoded probe [13], suggest that the resting pool of
vesicles alone could be responsible for spontaneous fusions.

Time for vesicle endocytosis, Tend

In the literature, there are few recent works focusing on the temporal
dependence between vesicles exo- and endo- cytosis. In [4], by
observe single rat hippocampal boutons by means of an improved
optical strategy, showing that these two processes are stochastically
coupled. In fact, after an exocytosis occurs, individual synaptic
vesicles are retrieved by a stochastic process well described with an
exponential distribution of delay times, with a mean time equal to
14 s. However, the existence of ultrafast endocytosis, which appears
to be able retrieving vesicles as fast as 50–100 ms, has been recently
demonstrated in [39]. Although the latter results are very intriguing,
due to the lack of further studies reporting data or analysis on this
phenomenon, an exponential distribution with parameter λ1 for
Tend has been adopted here. Assuming any different underlying
statistical model would represent speculation without any supporting
motivation and would require dedicated experiments.

Motion time to reach the release site, Tmot

Given the relative small size of synaptic vesicles (diameter∼ 40 nm on
average, [18]) with respect to presynaptic boutons (∼ 1µm), vesicles
motion is well approximated by a 3-dimensional Brownian motion
without drift. The reliability of this approximation is supported
by results presented in [33], where the motion dynamics vesicles
involved into either evoked or spontaneous releases have been
studied and compared. Evoked release vesicles move twice as fast as
spontaneous release ones and spend, on average, twice the amount of
time in a motion classified with a significant drift component (12 %
and 5% respectively). The no-drift diffusion model is also supported
by results in [41]. From a conformational perspective, presynaptic
terminal is simplified to a 3-dimensional box structure, where all
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sides can be assumed as reflecting barriers, except for the bottom one,
the active site, that is viewed as an absorbing barrier, as represented
in Figure 5.3A. These two assumptions allow to further simplify the
problem and to interpret the Tmot component as a first hitting time
(FHT) problem (graphically shown in Figure 5.3B) of the type:

Tmot := inf{t > 0;Yt = lb}

for a particle Y (t) moving in a 1-dimensional space according to
a reflected Brownian motion (RBM) where lb represents the level
of the absorbing barrier. Although some papers proposed methods
for the calculation of FHT density in RBM condition [17, 19, 36],
an approximation based on truncated Lévy distribution has been
adopted to model Tmot. The main reasons for this choice have been:
1. the methods proposed in the literature for the calculation of
FHTD for a RBM are based on spectral representation or numerical
Laplace inversion and both suffer of computational issue affecting
their precision for values in the lower part of the support; 2. The
distance between exact FHTD and truncated Lévy distribution is very
small; 3. efficient sampling algorithm for r.v. with Lévy distribution
are available.
If a Brownian motion (BM) is assumed instead of a RBM, the FHT
density for a particle starting at s, with s > lb, is given by:

L(t; s, lb, D) =
|lb − s|√
4πDt

exp

(
−(lb − s)2

4Dt

)
(5.2)

whereD is the diffusion constant, a measure related to particle speed.
Equation (5.2) corresponds to the Lévy distribution, with location
parameter set to zero and scale parameter c = (lb−s)2

2D . In order to
avoid very extreme values, a threshold M has been imposed to limit
the Lévy distribution domain, obtaining the so called truncated Lévy
distribution [26]:

Ltrunc(t; s, lb, D,M) =


0, if t ≤ 0

L(t; s, lb, D), if 0 ≤ t ≤ M

0, if t ≥ M

This distribution provides a good balance between realistic modelling
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Figure 5.3: Schematic representation of motion component. A) Box
representation of presynaptic terminal composed by five reflecting (yellow) and
one absorbing (red) barriers. B) A trajectory for the reflected Brownian motion
corresponding to the individual vesicle Tmot component.

and the possibility to efficiently generate random values for this
crucial vesicle cycle component.

Time for vesicle exocytosis, Texo

The biological mechanisms underlying vesicles exocytosis are not
fully understood yet. There are different stages throughwhich vesicles
in release site proximity are supposed to undergo, such as tethering,
docking, priming, maturation and finally fusion. In addition, all these
processes involve interactions between different protein complexes
that are difficult, if not impossible, to be observed directly. For these
reasons, quantitative studies aimed at measuring exocytosis time
duration are missing. Data that have been modelled in this work
have been generated under particular conditions, aimed to allow only
spontaneous events to occur by blocking action-potential generation.
In the absence of stimuli, these events are likely to be triggered by
random interactions between proteins of the vesicle fusion machinery
and single calcium ions, which are always present in the presynaptic
terminal at very low concentrations (∼ 50nM ). For such reasons, Texo

has been modelled as an exponentially distributed r.v. with parameter
λ2 .
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Statistical model and inference

The goal of this section is to provide a statistical interpretation
of the biological process described in Section 5.2 and an inferential
framework that allows, based on a sequence of fusion events recorded
at synaptic level, to estimate the parameters vector θ = (v, c,λ)
where: v is the number of vesicles generating the spontaneous signal
in the synapse under investigation; c and λ = (λ1, λ2) are parameters
regulating vesicle cycle duration.

We define the single vesicle fusion time series, Vj , as a renewal
or arrival process, composed by a sequence of increasing r.v.s 0 <
Vj,1 <, . . . , < Vj,mj

in which the generic element Vj,i corresponds
to the time for the ith fusion event of vesicle j, j = 1, . . . , l. Note
that the process starts at time 0 and that fusion events cannot occur
simultaneously. An alternative, but equivalent, formulation of Vj can
be expresses bymeans of the collection of r.v.s describing the sequence
of inter-event intervals,∆Vj = (∆Vj,1, . . . ,∆Vj,m), where the generic
element ∆Vj,i is equal to Vj,i+1 − Vj,i and Vj,i =

∑i
k=1∆Vj,k.

According to the model described in Section 5.2, inter-event intervals
∆Vj can be assumed i.i.d. r.v. with c.d.f. FTcyc

(t) defined in (5.1)
and, as consequence, Vj is a pure renewal process. The process
modelling fusion events at synaptic level,X , composed by a sequence
of increasing r.v.s 0 < X1 <, . . . , < Xm where Xk corresponds to
the time for the kth event and ∆X = (∆X1, . . . ,∆Xn) gives its
representation in terms of time intervals, cannot be considered as
renewal process. At the time when a generic eventXk is observed, one
vesicle, let say i, starts a new cycle. Yet, the other j = 1, . . . , l, j ̸= i
vesicles, have already spent some time, D1, . . . , Dl, where Dj =
Xk − Vj,(k) is a r.v. and (k) = max(i ∈ 1, . . . ,m : Vj,i ≤ Xk). This
information is relevant and alter the c.d.f. for the Vj,(k+1).
In this respect, let’s define, givenDi = di, the delayed c.d.f. F di

Tcyc
(t) as:

F di
Tcyc

(t) =
FTcyc

(t+ di)− FTcyc
(di)

1− FTcyc
(di)

where

F di
Tcyc

(t) = P(∆V di
i < t) = P(Tcyc < t+ di|Tcyc > di).
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As a result, the c.d.f. for the generic inter-event interval at synaptic
level ∆Xk, depends on spent times (delays) vector d = (d1, . . . , dl)
and is given by:

P(∆Xk(d) < t) = 1−
l∏

j=1

(1− F
dj
Tcyc

(t)). (5.3)

In words, (5.3) states that in order to give a probabilistic quantification
of a particular realization ∆X = ∆xn, it is necessary to
know the parameters vector θ, in order to characterized FTcyc

(t)
distribution (5.1), and the sequences of vesicle specific fusion events,
an information not available and difficult to estimate.

Several papers have been focused on investigating which particular
conditions must be satisfied in order to consider the inter-event
intervals ∆Xk as i.i.d. r.v.s with a common distribution F∆X(t),
independent from delays vector d. However, all of the results require
the number of superimposed independent renewal processes l to tend
to infinity [7, 22, 29]. In the context of this work, l corresponds to
the number of vesicles v, as aforementioned expected to be in the
order of tens or less according to the biological literature, hence this
notable results cannot be exploited from an inferential perspective.
Through the realizations ∆xn however, it is possible to obtain the
empirical c.d.f F̂ n

∆X , an estimate of the marginal distribution for
∆Xi. To establish an analytical relationship between the unknown
F∆X and θ remains difficult. Several different aspects of the the
distribution, like centrality measure, dispersion, tails weight are
affected by modifications of parameters setting. In the Appendix
5.7, the impact of the variation of one element of θ at the time is
graphically represented.

The inferential procedure proposed in thiswork can be summarized
as follows. Given a vector of observed inter-event intervals, the goal
is to find the best match between the target c.d.f. F̂ n

∆X(∆xn) and one
of the simulation based c.d.f. F̃ θ

∆X , say the candidates set, generated
under different, known, parameters settings. The different candidates
are then evaluated and the best is identified as the solution of the
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following optimization problem:

θ̂ = min
θ∈Θ̃

[
J∑

j=1

n∑
i=1

ρτj(∆xi − Q̃θ(τj)

]
(5.4)

where ρτj(·) is the tilted absolute value:

ρτj(x) =

{
τjx, if x ≥ 0

(τj − 1)x, if x < 0

Q̃θ(τj) is the quantile of order τj, j = 1, . . . , J ; τj ∈ [0, 1] estimated
by means of simulations generated with specific parameters setting θ
in the set of tested parameter configurations Θ̃.

Equation 5.4 has been proposed in [21] and allows to interpret
quantile estimation as an optimization problem, rather than as
an ordering and sorting procedure. In general application, the
non-differentiable quantile objective function can be minimized via
the simplex method, which is guaranteed to yield a solution in a
finite number of iterations. Nevertheless, in the context of this paper,
Equation 5.4 has been used as measure of the match between target
and candidates distributions. Considering quantiles of multiple order
spread across the [0, 1] interval in the definition of the score function,
the aim is to define an index able to provide a global measure
of similarity, including both central tendency and tails behaviour.
Alternative distance measures commonly used in statistics, such as for
example the integral quadratic distance

∫∞
0 (F̂ n

∆X(x) − F̃ θ
∆X(x))

2dx,
are dominated by center parts of the distributions and are not able
highlight small differences occurring at boundaries of the domain,
particularly relevant in the context of this work in which extreme
values are not only expected, but an important source of information
to exploit during parameters estimation. In situations as shown in
Figure 5.4 for example, coefficients leading to less variable evolution
are systematically preferred independently from the true settings,
increasing the risk of misleading estimations.

In the literature, the adoption of quantile based methods when
dealing with heavy-tailed distribution or when the analysis of tail
behaviour (extreme values) is the needed, has been already proposed
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Figure 5.4: An example of three different parameters settings leading
to a similar trends. 100 simulated time series of 300 minis (light color) and
corresponding trends (dark colour) for parameters settings θ = (v, c,λ) equal to
[20, 2.5, (0.1, 0.1)] (green), [8, 100, (0.1, 5)] (red) and [1, 158, (10, 10)] (blue). A) The
three data sets show very similar trends but are clearly distinguishable in terms of
trajectories variability. B) Logarithmically binned (log10) histograms of inter-event
intervals (lag 1) based on the three sets of simulated realizations.

in [20, 21, 37] with satisfactory results. Most of these works extend the
regression framework usually employed to investigate the behaviour
of the conditional mean of a response variable with respect to some
predictors, substituting the mean with quantiles of a given order.

Finally, in order to take into account for possible dependence
among consecutive inter-event intervals ∆Xi, the objective function
(5.4) has been extended to consider the distributions F̂ n

∆kX(∆
kxn) for

multiple k-lagged intervals, where∆kx = xi−xi−k, i = k+1, . . . , n.
The final optimization problem is given by:

θ̂ = min
θ∈Θ̃

[
K∑
k=1

J∑
j=1

n∑
i=1

ρτj(∆xi − Q̃k
θ(τj)

]
(5.5)

where Q̃k
θ(τj) is the empirical quantile of order τj for the k-lagged

intervals distribution estimated by simulations with parameters
setting θ. The adopted optimization strategy consists in an exhaustive
grid search performed over Θ̃, indeed computationally demanding, it
minimizes the risk to converge to a local minimum.
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Algorithm
The inference procedure relies on the minimization of the objective

function (5.5) by means of an exhaustive grid search. This approach,
requires an efficient method for minis simulation. A description of the
simulation algorithm follows.

Assume the goal is to simulate a synaptic time series composed by
n fusion events and involving v vesicles. Since vesicles are assumed
independent renewal processes, v fusion histories of length n + b are
generated separately. The role of b is described hereafter. Every time
interval,∆V − j, i, elapsing between consecutive events is generated
according to (5.1), where the truncation threshold,M , has been set to
100, corresponding to the maximum inter-event interval observed in
experimental recordings (Section 5.5). Once all the v fusion histories
have been generated, the [v × (n + b)] event times are rearranged
and sorted in a vector called Tl, l = 1, . . . , v × (n + b). Finally, the
minis time series is obtained as: xi = Tb+i − Tb, i = 0, . . . , n. From a
practical perspective, the first b observations act as burn-in phase and
have the purpose to remove the temporal dependence introduced by
the common initialization of vesicles histories.

Simulation

Before applying the presented inference algorithm to real data
sets derived from single-synapse recordings, its performance has been
tested under different simulated scenarios. The search grid is defined
by combining the following vectors of candidate parameter values
and is used for both simulation study and experimental data analysis
reported in Section 5.5.

The size of vesicle pool has been set to ṽ = (1, 2, . . . 20) since,
according to the biological literature, it is well established that less
than 20 vesicles should be involved in spontaneous release events.
For a precise imputation of Lévy distribution scale parameter c,
additional synaptic specific features would be required. Both vesicle
diffusion coefficient (measuring vesicles speed in the cytoplasm) and
distance between the final location of endocytosis (vesicle motion
starting point) and the active site of fusion play a role in c definition.
Since such information is usually not available for synaptic terminals
under electrophysiological investigation, c̃ has been populated with
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21 log10-equispaced values ranging from 1 to 10000, in order to span
over a wide range of possible configurations.

Exo-endocytosis processes duration are of primary interest from
a physiological point of view and different biological models,
accompanied by related rates, are currently debated. To include all
these hypotheses in the candidate values vector, both λ̃1 and λ̃2 have
been set to (0.05, 0.1, 0.5, 1, 5, 10, 50). Combining the two vectors
elements, the aim is to model and possibly distinguish different
coupled regimes for exo-endocytosis presented in Section 5.1, such as
two slow (full-collapse model), one slow and one fast (ultrafast-slow
model), or two fast processes (kiss-and-run model). In order to avoid
identifiability problems, only the combinations of λ̃1 and λ̃2 are
considered.

The resulting search grid Θ̃ is composed by 11760 points. For each
parameters combination, 1000 simulated minis time series of length
300 have been generated, rearranged and employed for the calculation
of Q̃k

θ(τj). In this work, other inference procedure specific parameters
are set to: J = 7, τj = (0.05, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95) andK = 5.
From a practical perspective, for each point in the grid, the information
used for objective function minimization is stored in aK × J matrix,
where the k-th row corresponds to τj order quantile of the k-lagged
differences empirical distribution.

Additionally, 3 validation data sets (V DS1,2,3) composed by 100
simulated time series have been generated by means of algorithm
described in Section 5.3.1 and parameters setting θ = (v, c,λ) equal
to: 1. θV DS1

= [3, 100, (10, 50)]; 2. θV DS2
= [8, 10, (0.5, 5)]; 3.

θV DS3
= [13, 1000, (0.1, 0.5)]. The grid search algorithm has been

executed individually for each record in the validation data sets and
the estimates are graphically represented as histograms in Figures 5.5
, 5.6 and 5.7.

Results
Minis time series dynamics is the result of a complex interaction

among vesicle cycle components coefficients and vesicle pool size.
Almost identical, even if complex, statistics can be calculated over
sets of trajectories generated under completely different settings, as
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Figure 5.5: Inference for validation data set θV DS1 . Performance of the inference
procedure described in Section 5.3 tested on 100 simulated time series generated
with parameters θV DS1 = [3, 100, (10, 50)], corresponding to a small sized vesicles
pool and fast/fast exo-endocytosis rates.
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Figure 5.6: Inference for validation data set θV DS2 . Performance of the inference
procedure described in Section 5.3 tested on 100 simulated time series generated
with parameters set to θV DS2 = [8, 10, (0.5, 5)], corresponding to a medium sized
vesicles pool and slow/fast exo-endocytosis rates.
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Figure 5.7: Inference for validation data set θV DS3 . Performance of the inference
procedure described in Section 5.3 tested on 100 simulated time series generated
with parameters set to θV DS3 = [13, 1000, (0.1, 0.5)], corresponding to a moderate
sized vesicles pool and slow/slow exo-endocytosis rates.
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shown in Figure 5.4. As described in the Appendix 5.7, albeit difficult
to quantify, it is still possible to have a general idea of the impact
of parameters modification on events distribution. As an example,
when vesicles pool size and exo-endocytosis rates are increased, a
decrease of total timespan is observed (Appendix 5.7). While some
modifications have a macroscopic effects, others can be recognized
only by means of the comparison of sets of trajectories, able to
highlight additional features differences, such as evolution variability
and the occurring probability of bursting episodes.

More in detail, bursting frequency, that is particularly relevant as
a feature of deviation from the homogeneous Poisson case, seems
to be positively related to fast/fast exo-endocytosis regime (λ ≥
(10, 10)) and small sized vesicle pool conditions. In such situations, the
Tmot component, with its heavy-tailed distribution (Lévy distribution)
assumes a predominant role in determining Tcyc values, causing long
intervals between consecutive events to be observedwith considerable
high probability. If this condition is combined to the presence of
few vesicles involved in spontaneous signalling (v ≤ 5), such long
intervals are conserved in whole synaptic recordings (Figure 5.11).If
these settings are modified, by decreasing exo-endocytosis rates for
example, the contribution of Tmot becomes less evident, and values
sampled from the two exponential distributions, Tend and Texo, tend
to regularize Tcyc distribution (Figure 5.13). On the contrary, if v is
increased, long intervals are masked by vesicles fusion time series
superposition and not observed at synaptic level (Figure 5.11). The
effects described above, which are predicted bymodifications of model
parameters, highlight the relevance of this modelling approach to
extract precious information about the state of the release machinery.
The introduction of the motion step, with its Brownian dynamics, has
a double advantage: from the one hand, it introduces a physical aspect
of the release process which is generally underestimated and omitted,
albeit supported by many experimental observations, i.e. the diffusive
motion of vesicles. From the other hand, its sole introduction allows
to model two deviations from the homogenous Poisson case that have
been experimentally observed in the past on both single-synapse and
population recordings: bursting (that is, alternation of long intervals
with epochs of high release rate) and power-law behaviour. Both these
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features are provided by the heavy tail of the Lévy distribution.
The factors that lead to the development of the inference procedure
introduced in Section 5.3 are: 1. only a single recording is available for
each synapse, 2. strong influence (instability) on inter-minis intervals
distribution moments of Lévy distributed component, 3. unknown
temporal dependence structures between minis events. By means of
simultaneous quantiles distances minimization, it is possible to match
the individual ∆kX experimental empirical distributions without
suffering of moments (mean and variance in particular) instabilities.

The outcome of the simulation study highlights differences in
procedure performances according to underlying parameters settings.
In the first scenario, θV DS1

= [3, 100, (10, 50)], very good estimates
are obtained for all the considered parameters (Figure 5.5). For v

and c parameters, estimates distributions result squeezed around true
values. Exo-endocytosis rates are correctly recovered respectively in
more than 60 % and 90 % of the cases. Setting θV DS2

= [8, 10, (0.5, 5)],
corresponds to an intermediate situation in terms of size of vesicles
pool and slow/fast regime for exo/endocytosis. Results, showed in
Figure 5.6, are less precise with respect to θV DS1

, in particular in
terms of variability. Based on the 100 runs on simulated quantal release
time series, estimated v ranges between 2 and 18, with a median
value of 9. Returned c values practically span over the whole set
of candidate values and empirical distribution is positively skewed,
with a median value 6.3, very closed to the real one 10. Similarly,
exo-endocytosis rates distributions showed higher dispersion, but
modes and median values coincide in both cases with the real
underlying parameters. Under scenario θV DS3

= [13, 1000, (0.1, 0.5)],
satisfactory performances are reported for v and λ rates. For these
parameters, the majority of tested simulated minis time series leads to
correct estimates (respectively in 43, 86 and 65 out of 100 trajectories).
Regarding c, candidate values around the true setting are characterized
by higher frequency and both mode and median values correspond to
630, immediately before 1000 in c̃ vector.
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Electrophysiological measurements of quantal
release

All experimental series of quantal releases analysed in this
study are shown in Figure 5.8 and have been extracted from
electrophysiological recordings of mini currents generated at single
synaptic boutons and selected based on their length [12]. The
electrophysiological technique used for gathering single-synaptic
minis is referred as loose-patch (LP) recording will be briefly described
in this section, together with the production of primary neuronal
cultures.

Most scientific papers dealing with minis recordings exploit a
different and much simpler technique known as whole-cell (WC)
patch clamp. WC recordings are performed on the postsynaptic
neuron soma, thus collecting the miniature currents elicited by
spontaneous releases of all the synapses which are found present
on the postsynaptic neuron dendritic arbour. LP recordings, on the
contrary, electrically isolate the single synaptic bouton and provide
a series of releases, which spontaneously occur at that synapse only,
while minis generated on neighbouring terminals are too weak to be
detected.

Recordings are performed on different boutons in different
time intervals and therefore independent on each others. The
exo-endocytosis rates are vesicles related features and can be
reasonably considered as shared parameters among measurements
collected. Motion component coefficient and vesicle pool size instead,
are strongly correlated to individual synapse conformation, hence
recording specific. Inference is done on each data sets.
Experimental description

In order to visualize the bouton while approaching it which
the recording electrode, consisting in a glass micropipette with tip
diameter of about 2 µm and resistance of 1-2 MΩ, synapses were
labelled by a styryl dye able to stain membranes and widely used to
label vesicles in synapses (FM1–43). During recordings, neurons were
perfused with a standard Tyrode solution containing (in mM ): 119
NaCl, 5 KCl, 5 CaCl2, 25 HEPES, 30 glucose. To this solution,
some toxins were added to block specific postsynaptic receptor
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channels, a common approach in mini recording studies: 100 µM
picrotoxin was used to block GABA receptors, 25-100 µM APV was
introduced to block NMDA receptors, while 0.5 µM TTX allows for
the complete blockade of voltage-dependent sodium channels, thus
avoiding action potential firing. The solution was adjusted to 305
mOsm and pH 7.4. The recording solution filling the pipette is very
similar to the latter solution, since the pipette tip is not meant to
break cell membrane (contrary to the WC case). However, in the
pipette solution the concentration of Ca2+ was increased from the
physiological concentration 2 mM to 5 mM , since this promotes
the frequency of releases at single synaptic terminals, while Mg2+

was removed to avoid changes in charge screening of the membrane
surface.

Recordings were performed in voltage-clamp mode with zero
command current, with series resistance of 2-11 MΩ and without
applying any suction. Traces were filtered at 5 kHz and stored using
a digital tape recorder. Later, mini events were detected based on
shape features on the raw trace, and the resulting time series analysed.
All recordings were performed on postnatal hippocampal neuronal
cultures. The procedure for dissection and culturing is described
in [12] and [25] . In brief, the hippocampus was dissected out
from the brains of postnatal day 25 SpragueDawley rats. Only the
CA3CA1 region of both hippocampi was kept. Neural tissue was
trypsin digested and cells were mechanically dissociated in a custom
medium containing DNAaseI. Neurons were grown on polyornitine
coated coverslips in standard incubation conditions (37, 5% C2). The
cell culture medium contain: 0.1 mg biotin, 30 mg insulin, 1.5 mg
B12 vitamin, 100 mg L-ascorbic acid, 100 mg Glutamax, 100 mg
transferring, 7 g glucose, 3.6 g HEPES and 1 l of MEM Gibco with
Earle’s salts without phenol red. Every 3 days half volume of culture
medium was replaced with fresh one supplemented with ARA-C to
prevent excessive glial cells proliferation. Neurons were used for
recordings 6–21 div after plating.

Results
From the biological viewpoint, parameters manipulation suggests

that when exo-endocytosis regime is fast enough (and these two
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Figure 5.8: Minis time series published in [1]. Graphical representation of the 13
spontaneous quantal release recordings obtained by means of loose patch technique
on independent rat hippocampal neuron synapses.
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Figure 5.9: Comparison between experimental minis time series and
associated simulated trajectories. Experimental recordings leading to the same
amount of vesicles, v, estimate are grouped together and plotted along with 100
simulated time series generated with analogous parameters setting. λ has been set
equal to the overall average value in all simulations, since exo/endocytosis rates
should be synapse independent. c parameters has been set equal to the median
value among c estimates within each group. More in details: A) [1, 158, (40, 46)] B)
[2, 158, (40, 46)] C) [4, 158, (40, 46)] D) [5, 10, (40, 46)] E) [8, 10, (40, 46)].
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Figure 5.10: Comparison of inter-minis intervals distribution for
experimental data set, proposed model and exponential distribution.
Logarithmically binned (log10) histograms have been calculated for inter-minis
intervals on: 1. experimental recordings with estimated size of vesicle pool equal
to 1 (Rec. 2,3,5,6,9,12,13), for a total amount of 2196 observations (green); 2. 100
trajectories simulated according to the proposed model and parameters setting
equal to [1, 158, (40, 46)] (orange); 3. the expected distribution assuming intervals
being exponential r.v. (homogeneous Poisson process) with parameter equal to

1
0.757

, where 0.757 corresponds to the experimental recordings sample mean (grey).
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Recording nv c λ1 λ2

Rec. 1 2 100 50 50
Rec. 2 1 158 50 50
Rec. 3 1 158 50 50
Rec. 4 5 10 50 50
Rec. 5 1 158 10 50
Rec. 6 1 630 50 50
Rec. 7 4 158 50 50
Rec. 8 8 10 50 50
Rec. 9 1 63 50 50
Rec. 10 2 158 10 50
Rec. 11 2 251 50 50
Rec. 12 1 158 10 10
Rec. 13 1 100 50 50
Average 40 46

Table 5.1: Parameter estimates obtained executing grid search algorithm on
experimental minis recordings.

processes are stochastically coupled, which is admissible in most
cases), the motion of few recycling vesicles drives the release,
exacerbating bursting and the presence of long intervals without
events. Since small recycling pools are typical of central synapses,
especially in spontaneous fusion regimes, and the analysed recordings
are performed in a condition ofmild promotion of fusion (5mM Ca2+),
it is remarkable that the parameters estimated on experimental series
largely fall in this case (Table 5.1). Parameters confidence intervals,
reported in Table 5.2, suggest an overall high degree of stability for
retrieved estimates, confirming the reliability and robustness with
respect to possible outliers of the proposed quantile-based inference
procedure. Obtained exo-endocytosis rates support the presence of
a kiss-and-run like model underlying spontaneous activity. Plots in
Figure 5.9 compare experimental recordings, appropriately grouped
according to estimated vesicle pool size, with a set of corresponding
simulated trajectories. They provide an indirect measure of the overall
satisfactory goodness-of-fit of our final models. Figure 5.10 confirms
the inadequacy of mono-exponential (Poisson process) assumption for
inter-events distribution and shows the better representation provided
by our approach. Besides their biological consistency, these results
suggest that this model could help in the detection of changes in
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biological parameters whose direct measurement is challenging: the
exocitosys rate and the diffusion constant (or the crowdedness) of
the presynaptic compartment. The latter generally requires complex
microscopy approaches which limit experimental design.

This feature could be particularly valuable for investigating the
targets of those pharmacological treatments that are likely to act on
the presynaptic compartment, or when studying the mechanisms of
induction and maintenance of synaptic plasticity. Furthermore, the
results here provided support the role of vesicle motion in modulating
the dynamics of vesicle recycling, thus challenging the view that
vesicles which are involved in exo-endocytosis cycles lie anchored
to the presynaptic membrane most of the time, waiting for fusion to
occur.

Conclusion

In this paper, a novel model for spontaneous quantal release has
been described from both biological and statistical points of view.
The biological assumptions are based on a detailed review of the
literature concerning each one of the key steps contributing in this
complex process. The corresponding statistical model results to be
the superposition of a unknown, but limited, number of pure renewal
process, characterized by a inter-events distribution obtained as the
convolution of three, independent components. In particular, the
component modelling the vesicle motion in the presynaptic terminal,
allows on the one hand to mimic some peculiar features of this
type of data, such as irregularities in the intensity function of fusion
events, but on the other introduce several additional difficulties in the
inference step.

Estimates for the parameters regulating each component have been
performed by means of a method of moments-like approach, in which
the empirical distribution calculated on available data, is matched
to a set of reference empirical distributions generated through a
Monte Carlo approach. The performance is not homogeneous over
all the scenarios investigated, but typically quite satisfactory. From
a biological perspective, the results derived by the application of our
proposal on real data sets, suggests that a fast/fast exo-endocytosis
regime is highly supported by the data, a condition that, when few
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vesicles are involved in the signalling, exacerbating bursting and the
presence of long intervals without any event.
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Recording nv c λ1 λ2

Rec. 1

Rec. 2

Rec. 3

Rec. 4

Rec. 5

Rec. 6
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Recording nv c λ1 λ2

Rec. 7

Rec. 8

Rec. 9

Rec. 10

Rec. 11

Rec. 12
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Rec. nv c λ1 λ2

Rec. 13

Table 5.2: Bootstrap distributions for experimental recordings estimates. To
asses the accuracy and stability of the estimates obtained running the proposed
estimation procedure on experimental recordings, bootstrap distribution has been
caluated for each parameter. These are based on 1000 bootstrap samples taken from
experimental lagged differences.
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Appendix: parameters effect on release time series
behaviour

In this section, the impact on minis time series has been
investigated for each parameter governing the proposed model.
This is performed by means of the superposition of 3 data sets, each
composed by 100 simulated realizations of 300 events (panel A), and
of the corresponding inter-minis intervals distributions (panel B),
where only 1 parameter has been modified and set to 3 different
values. This allows to graphically understand the relationship between
process features, such as total process timespan, variability, bursting
behaviour etc etc and variation of the parameters.

Figure 5.11: Simulated minis time series for different settings of size of
vesicles pool, v. v parameter has been set equal to: 3 (green), 5 (red), 13 (blue)
and (c,λ) = [100, (0.5, 5)].

Figure 5.12: Simulated minis time series for different settings of Lévy
distribution scale parameter (motion related parameter), c. c parameter has
been set equal to: 10 (green), 100 (red), 1000 (blue) and (v,λ) = [3, (0.5, 5)].
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Figure 5.13: Simulated minis time series for different settings of
exo/endocytosis rates, λ. λ rates have been set equal to: (0.1, 0.5) (green),(0.5, 5)
(red), (5, 10) (blue).
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Summary

In this thesis two relevant biological problems will be addressed
from a statistical modelling perspective.

The first regards the study of hematopoiesis, a still not well
understood biological process rarely observable in humans due to
technical and ethical reasons. Hematopoiesis is responsible for the
to production and replenishment of all blood cellular components
and occurs throughout the whole life. Improving our knowledge
about the dynamics of this process can help scientists and clinicians
to understand better the mechanisms behind blood disorders and
cancers. Exploiting follow-up data collected from three patients
recruited in a gene therapy clinical trial forWiskott-Aldrich syndrome,
a rare blood disorder, we are able to track the in vivo evolution
of several corrected hematopoietic stem cells over multiple lineages.
Modelling individual clone dynamics by means of a multidimensional,
continuous-time Markov process, through the master equation it
is possible to analytical derive systems of ordinary differential
equation for process moments temporal behaviour. Based on these,
we developed method-of-moments procedures to infer both the set of
lineages specific rates governing the stem cells differentiation process
and the hematopoietic tree structure. Our results support recent
published work, in which the lineage characterization in one of the
two major branches of blood cells, lymphoids and myeloids, occurs at
a later stage.

The second biological investigation lies in the context of
neuroscience. We focused our attention on neuron communication
at the level of its most elementary operating systems, spontaneous
neurotransmitter release occurring at single synapses. Starting from
an extensive review of the literature, we have proposed a new
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comprehensive generative model for these kind of signals, creating
a direct link between their statistical features and the dynamics of the
anatomical carrier of neurotransmitters, the synaptic vesicles. Events
recorded bymeans of electrophysiological protocols correspond to the
fusions of vesicles with the presynaptic membrane, while synapses
time series are modelled as the superimposition of an unknown but
fixed amount of renewal processes, one for each vesicle involved
spontaneous release. The derived distribution for vesicle cycle length
allows to mimic, at a synaptic level, the characteristic presence
of bursting episodes followed by long intervals of inactivity. The
estimation procedure is based on both Monte Carlo simulation and
a quantile-based scoring function. Experimental data sets analysis
confirm that a small amount of vesicle are likely to contribute to this
particular process and suggest a short duration for both vesicle fusion
and re-uptake.
Samenvatting

In dit proefschrift worden twee relevante biologische problemen
behandeld vanuit een statistische modellering perspectief.

De eerste betreft de studie van hematopoiese, een nog steeds niet
goed begrepen biologisch proces dat zeldenwaarneembaar bij demens
is als gevolg van technische en ethische redenen. Hematopoiese is
verantwoordelijk voor de productie en het bijvullen van alle bloedcel
bestanddelen tijdens het hele leven. Het verbeteren van onze kennis
over de dynamiek van dit proces kan helpen wetenschappers en clinici
beter inzicht te verkrijgen in de mechanismen achter bloedziekten
en kanker. Gebruik makend van longitudinale data verzameld van
drie patiënten gerekruteerd in een gentherapie klinische studie
voor het Wiskott-Aldrich syndroom, een zeldzame bloedziekte,
kunnen we de in vivo ontwikkeling van verschillende gecorrigeerde
hematopoïetische stamcellen bijhouden over meerdere lijnen. Het
modelleren individuele kloon dynamiek via een multidimensionele,
continue-tijd Markov proces maakt het mogelijk om analytische
stelsels van differentiaalvergelijkingen af te leiden voor proces-
momenten als een functie van tijd. Op basis hiervan hebben we
een momenten methode ontwikkeld om zowel de verzameling van
cellijn-specifieke parameters en de hematopoietische boomstructuur
af te leiden. Onze resultaten ondersteunen recentelijk gepubliceerd
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werk, waarbij de differentiatie in een van de twee belangrijkste
takken van bloedcellen, lymphoids en myeloids, pas later optreedt dan
oorspronkelijk gedacht.

De tweede biologische vraag ligt in de context van de
neurowetenschappen. We concentreren onze aandacht op
neuron communicatie op het niveau van de meest elementaire
besturingssystemen, spontane neurotransmitters ontladingen via
enkelvoudige synapsen. Na een uitgebreid literatuuroverzicht,
hebben wij een nieuwe alomvattende generatief model voor
deze ontladingssignalen voorgesteld,dat een direct verband legt
tussen de probabilistische kenmerken en de dynamiek van de
anatomische drager van neurotransmissie, de synaptische blaasjes.
De waargenomen tijdreeksen van fusies van presynaptische
membraanblaasje en synapsen worden beschouwd als de superpositie
van een onbekend aantal vernieuwingsprocessen, één voor elke
betrokken spontane afgifteblaasje. De afgeleide verdeling voor
de blaasjes cyclus lengte maakt het mogelijk om op synaptische
niveau de karakteristieke aanwezigheid van fusie explosies na
te bootsen gevolgd door lange intervallen van inactiviteit. De
schattingsprocedure is gebaseerd zowel op Monte Carlo simulatie
als op een kwantiel gebaseerde scoringsfunctie. Experimentele
data-analyse bevestigt dat slechts een kleine hoeveelheid blaasje
waarschijnlijk bij te dragen aan dit bijzondere proces en suggereert
een korte duur voor zowel de blaasjesfusie als de heropname.
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