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Chapter 3

The pickup and delivery

problem with time windows

and handling operations

3.1 Introduction

In this chapter, we consider handling operations in a different setting than in Chapter

2, namely in a pickup and delivery problem with time windows. In pickup and de-

livery problems, a fleet of vehicles based at a depot is used to complete a set of

requests. A request consists of transporting an item (which can consist of multiple

units) from a specific location, where the item is loaded, to a specific location, where

it is unloaded. A time window is given for each pickup or delivery location, spe-

cifying the time interval during which service must start. We consider a fleet of

homogeneous vehicles of limited capacity, where the compartment is rear-loaded

and operated in a last-in-first-out (LIFO) fashion. The compartment is modeled as a

linear LIFO stack. This implies that when an item is picked up, it is positioned on top

of the stack. Therefore, an item is accessible for delivery if it is on top of the stack.

Otherwise, the items on top must be unloaded before the delivery of the item and

reloaded afterwards, which requires supplementary time. We define a rehandling

operation as the unloading and reloading operations of an item at a pickup or deliv-
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ery location. A handling operation can refer to a rehandling operation, loading an

item at its pickup location, or unloading an item at its delivery location. We indicate

this problem in the remainder as the pickup and delivery problem with time win-

dows and handling operations (PDPTWH). Let 0, i+ and i− denote the depot, and

the pickup and delivery locations corresponding to request i, respectively. Figure 3.1

illustrates two routes, where route (a) does not require rehandling, whereas in route

(b) item 2 needs to be rehandled before delivering item 1.

(a) 0 1+ 1−2+ 2− 0

(b) 0 1+ 2−2+ 1− 0

Figure 3.1: Route (a) does not require rehandling and route (b) requires one rehand-
ling operation before delivering item 1.

We introduce and analyze two different rehandling policies. Because an item

needs to be delivered at a delivery location, the customer will allow items to be re-

handled if its item is not on top of the stack. On the other hand, at a pickup location,

because other vehicles from different suppliers may wait to load or unload, the cus-

tomer might not allow items to be rehandled. Therefore, rehandling operations are

only allowed at delivery locations for both policies. We assume that it is not pos-

sible to stop at a random location in the route to do the rehandling, which implies

that eventual rehandling operations begin at the same time as the service. Therefore,

rehandling operations must start within the time window of the delivery location

where rehandling occurs. For both policies, there is no specific reloading order for

the rehandled items. We define two items i and j to be at the same level if the most

recent handling operation for both items occurred at the same location. Item i is

said to be on top of item j if the most recent handling operation for item i occurred

after the most recent handling operation for item j. Under the first rehandling policy,

called policy 1, only compulsory rehandling is allowed, i.e., all and only the items on

top of the delivered item must be rehandled. Note that policy 1 forbids the rehand-

ling of items that are on the same level as, or below, the delivered item. The second

rehandling policy, called policy 2, is a generalization of policy 1. Under policy 2,

compulsory rehandling must be done and preventive rehandling is allowed, i.e., all

items can be rehandled at once.

Figure 3.2 depicts a route and its corresponding vehicle configuration under policy
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0 1+ 2−2+ 4+3+ 3−1− 4− 0
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Figure 3.2: Example of a route with its corresponding vehicle configuration under
policy 1. There is no separation line between items at the same level.
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Figure 3.3: Example of a route with a corresponding vehicle configuration under
policy 2.

1, while Figure 3.3 depicts the same route and an example of a corresponding vehicle

configuration under policy 2. In Figure 3.2, two items are rehandled upon deliver-

ing item 1, namely items 2 and 3. Item 4 is rehandled upon delivering item 2 and

again upon delivering item 3. In Figure 3.3, two items are rehandled upon deliv-

ering item 1, namely items 2 and 3 and two items are rehandled upon delivering

item 2, namely items 3 and 4. Since items 2 and 3 are on the same level when de-

livering item 2, rehandling item 3 is done preventively. Since preventive rehandling

operations are not allowed under policy 1, the vehicle configuration in Figure 3.3

is infeasible under policy 1. Because each rehandling operation requires additional

time, it may happen that the time windows are respected under policy 2, but not

under policy 1. A vehicle route is feasible if (i) the capacity of the vehicle is always

respected, (ii) the time windows are respected, (iii) the pickup location of a request

is visited before its corresponding delivery location, and (iv) the rehandling policy is

respected. We denote by PDPTWH-1 and PDPTWH-2 the PDPTWH under policies 1

and 2, respectively. The goal of the PDPTWH is to compute feasible routes that first

minimize the number of vehicles and then the total travel costs.

The PDPTWH arises in the transportation of heavy, dangerous or large items in
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a less-than-truckload setting. To our knowledge, the PDPTWH has not previously

been studied, but several variants of this problem have been investigated, such as

the pickup and delivery problem (see Berbeglia et al. (2007), Parragh et al. (2008a),

Parragh et al. (2008b), and Savelsbergh and Sol (1995), for surveys), the pickup and

delivery problem with time windows (PDPTW), the pickup and delivery problem

with time windows and LIFO loading (PDPTWL), which prohibits rehandling op-

erations, the traveling salesman problem with pickups and deliveries and handling

costs (TSPPD-H), where two types of items are considered, those transported from

the depot to customers and those transported from customers to the depot, and the

pickup and delivery traveling salesman problem with handling costs (PDTSPH) in-

troduced in Chapter 2, where only compulsory rehandling is allowed and the re-

loading sequence is given.

Ropke et al. (2007) proposed a branch-price-and-cut algorithm for the PDPTW

that solves instances with up to 96 requests to optimality within two hours, on a

computer equipped with an AMD Opteron 250 processor (2.4 GHz). State-of-the-art

algorithms for the PDPTWL were developed by Cherkesly et al. (2015a,b). Cherkesly

et al. (2015a) proposed branch-price-and-cut algorithms that can solve instances with

up to 75 requests to optimality within one hour, on a computer equipped with an

Intel Core i7-3770 processor (3.4 GHz), while Cherkesly et al. (2015b) developed a

population-based metaheuristic that solves instances with up to 300 requests within

three hours, on a computer equipped with an Intel(R) Xeon(R) X5675 processor

(3.07 GHz). For the instances with known optimal values, the average optimality

gap obtained with their algorithm ranges between 0.17% and 0.34%. Battarra et al.

(2010) proposed two exact algorithms to solve the TSPPD-H under different hand-

ling policies: the first one is a branch-and-cut approach, while the second one com-

bines Benders decomposition and branch-and-cut. The tests were run on a computer

equipped with an AMD Athlon 64× 2 Dual processor (2.20 GHz), and instances with

up to 25 customers were solved within two hours. Erdoǧan et al. (2012) developed

heuristics for the TSPPD-H that can solve instances with up to 200 customers. The

experiments were performed on a computer equipped with an Intel Core 2 Quad

processor (2.83 GHz). The combination of tabu search and exact dynamic program-

ming performs best, resulting in an average percentage deviation of 0.07% from the

best known solutions. The largest instances were solved in approximately one hour

on average. In Chapter 2, a heuristic for the PDTSPH is proposed, but we did not
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report optimality gaps for the larger instances.

This work is rooted in two different streams of research, namely, pickup and

delivery routing with LIFO loading, and pickup and delivery routing with hand-

ling operations. Ropke and Cordeau (2009) developed a branch-price-and-cut al-

gorithm for the PDPTW, in which several families of valid inequalities are intro-

duced. Cherkesly et al. (2015a) developed three branch-price-and-cut algorithms

for the PDPTWL. They proposed an ad hoc dominance criterion and a labeling al-

gorithm for the elementary shortest path problem with pickups and deliveries, time

windows, capacity, and LIFO constraints. Cherkesly et al. (2016) introduced the

pickup and delivery problem with multiple stacks (PDPTWMS) and implemented

two branch-price-and-cut algorithms. They adapted the hybrid branch-price-and-

cut algorithm of Cherkesly et al. (2015a) for the PDPTWL to the PDPTWMS. Battarra

et al. (2010) proposed three handling policies for the TSPPD-H. Under the first policy,

all items delivered at the depot are positioned on top of the items delivered at the

customers, whereas under the second policy all items delivered at customers are

positioned on top of the items delivered at the depot. The third policy is a hybrid

between the first two. We extend these ideas to develop rehandling policies for our

problem where items are transported from specific pickup locations to specific deliv-

ery locations. We propose branch-price-and-cut algorithms based on those of Ropke

and Cordeau (2009) and Cherkesly et al. (2015a, 2016).

The goal of this chapter is to model the PDPTWH and to develop for each re-

handling policy a specific branch-price-and-cut algorithm, with an ad hoc domin-

ance criterion for the labeling algorithm used to generate routes. The structure of the

chapter is the following. Section 3.2 proposes a set partitioning formulation for the

PDPTWH. Section 3.3 introduces branch-price-and-cut algorithms for the PDPTWH-

1 and the PDPTWH-2. Computational results are reported in Section 3.4, followed

by conclusions in Section 3.5.

3.2 Problem statement and mathematical formulation

Let n be the number of requests. The PDPTWH is defined on the graph G = (N,A),

where N is the set of nodes and A is the set of arcs. Let N = {0, 1, . . . , 2n, 2n + 1},
where 0 and 2n + 1 correspond to the origin and destination depot, respectively,

P = {1, . . . , n} corresponds to the set of pickup nodes, and D = {n + 1, . . . , 2n}
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corresponds to the set of delivery nodes. Request i is associated with a pickup node

i ∈ P and a delivery node n + i ∈ D, denoted as i+ and i−. For ease of notation,

we also denote the set of requests by P . A service time si is defined for each node

i ∈ N , where si > 0, ∀i ∈ P ∪D, and si = 0, ∀i ∈ {0, 2n+ 1}. A time window [wi, wi]

is associated with each node i ∈ N , where wi and wi represent the earliest and the

latest time at which the service and rehandling operations can begin, respectively.

The time windows at the depot are assumed to be unconstraining. A homogeneous

fleet of vehicles with capacity Q is given. Each node is associated with a load to be

picked up or delivered, that is, qi > 0, ∀i ∈ P , qi = −qi−n, ∀i ∈ D, and qi = 0,

∀i ∈ N\{P ∪D}. The time to rehandle one unit of an item is a constant value δ, thus

the total time to rehandle the item i ∈ P is δqi. With each arc (i, j) ∈ A are associated

a travel time tij and a travel cost cij . Note that the cost c0i on each arc (0, i), i ∈ P ,

may include a vehicle fixed cost sufficiently large to ensure the minimization of the

number of vehicles used.

A route is feasible if the pickup and delivery constraints are satisfied, i.e., if for

every pickup node i ∈ P visited, the corresponding delivery node n + i is visited

afterwards, the capacity is respected, and the time windows are respected. Given a

route r = {i0, i1, . . . , iρ} with i0 = 0 and iρ = 2n + 1 that satisfies the pickup and

delivery constraints, the load lik at each visited node ik, k ∈ {0, 1, . . . , ρ}, can be

computed recursively as follows:

li0 = 0 (3.1)

lik = lik−1
+ qik , ∀k = 1, . . . , ρ. (3.2)

Route r respects the vehicle capacity if lik ≤ Q for all k = 1, . . . , ρ. Further-

more, if Oik represents the subset of requests whose items are rehandled at node

ik, k ∈ {0, 1, 2, . . . , ρ} then the start of service time tik at each visited node ik, k ∈
{0, 1, . . . , ρ}, can be computed recursively as follows:

ti0 = 0 (3.3)

tik = max{wik , tik−1
+ sik−1

+
∑

i∈Oik−1

δqi + tik−1,ik}. (3.4)

Route r respects the time windows if tik ≤ wik for all k = 1, . . . , ρ.
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The PDPTWH consists of finding feasible routes such that each request is com-

pleted and the total cost is minimized. We propose a set partitioning formulation for

the PDPTWH, in which the rehandling operations can occur both at the pickup and

delivery locations, as long as the rehandling operations start at the same time as the

service, thus within the time windows. Let Ω denote the set of all feasible routes.

We define cr as the cost of route r ∈ Ω. Let air be a binary constant equal to one if

and only if route r ∈ Ω completes request i ∈ P . Let yr be a binary decision variable

equal to 1 if and only if route r ∈ Ω is used in the solution. The PDPTWH can be

modeled as

minimize
∑
r∈Ω

cryr (3.5)

subject to
∑
r∈Ω

airyr = 1, ∀i ∈ P, (3.6)

yr ∈ {0, 1}, ∀r ∈ Ω. (3.7)

The objective function (3.5) minimizes the total cost and the set partitioning con-

straints (3.6) ensure that each request is completed exactly once.

3.3 Branch-price-and-cut algorithms

Because model (3.5)–(3.7) usually contains a large number of variables we use a

branch-price-and-cut algorithm to solve it. A branch-price-and-cut algorithm is a

branch-and-cut algorithm that uses column generation to solve the linear relaxa-

tions. For the PDPTWH, column generation is used to solve the linear relaxation

of model (3.5)–(3.7), which is called the master problem. A restricted master prob-

lem (RMP), containing only a subset of variables (columns) is solved, yielding a

primal and a dual solution. The pricing problem is then solved to identify negat-

ive reduced-cost columns with respect to the dual solution. For the PDPTWH, the

pricing problem corresponds to an elementary shortest path problem with pickups

and deliveries, time windows, one capacity constraint, and rehandling operations.

Whenever columns with negative reduced costs are found, they are added to the

RMP and a new iteration begins. Otherwise, the process stops with an optimal solu-

tion to the master problem. If needed, cutting planes are added to strengthen the

linear relaxations and branching is performed to derive integer solutions.
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We develop branch-price-and-cut algorithms for the PDPTWH-1 and the PDP-

TWH-2, where the pricing problems are solved by means of labeling algorithms. We

present valid inequalities and the branching strategy for both the PDPTWH-1 and

the PDPTWH-2.

3.3.1 Labeling algorithm for the PDPTWH-1

We propose a labeling algorithm to solve the elementary shortest path problem with

pickups and deliveries, a capacity constraint, and time windows under rehandling

policy 1. A label E is a resource vector representing a partial path starting at the

origin depot and ending at a given node η(E). Starting from an initial label E0 as-

sociated with the origin depot and representing an empty path, labels are extended

forwardly throughout graph G using resource extension functions to create new la-

bels (paths). The number of generated labels is reduced by eliminating dominated

ones with a valid dominance criterion.

A given label E contains the following components:

• η(E), the node of the label;

• t(E), the start of the service time and rehandling operations at node η(E);

• l(E), the load of the vehicle after visiting node η(E);

• c(E), the cumulated reduced cost up to node η(E);

• Sij(E),∀i, j ∈ P , a binary matrix indicating the relative positions between any

pair of items i and j in the vehicle before visiting node η(E);

• U(E), the set of unreachable requests after visiting node η(E).

As defined in Section 3.1, items are at the same level if the most recent handling

operation for both items occurred at the same location. Then, Sij(E) is given by:

Sij(E) =



1 if items i and j are at the same level,

1 if item i is on top of item j,

1 if i = j and item i is in the vehicle,

0 otherwise.

(3.8)
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For a given labelE such that η(E) ∈ D the set of items on top of its corresponding

delivery item η(E)− n is defined as

Oη(E)(E) = {i ∈ P |Si,η(E)−n(E) = 1 and Sη(E)−n,i(E) = 0}. (3.9)

Otherwise, if η(E) /∈ D, Oη(E)(E) is not defined.

For a given label E, let R(E) be its corresponding partial path, i.e., R(E) = {i0 =

0, i1, . . . , iρ−1, iρ = η(E)}. Then, the unreachable requests U(E) are defined as the

requests for which either the pickup nodes have already been visited on the path, or

the extension to the pickup node would violate the time windows, that is

U(E) =


{i ∈ P |i ∈ R(E)} ∪ {i ∈ P |t(E) + sη(E) + tη(E),i > wi} if η(E) ∈ P,
{i ∈ P |i ∈ R(E)} ∪
{i ∈ P |t(E) + sη(E) + δ

∑
k∈Oη(E)(E)

qk + tη(E),i > wi} if η(E) ∈ D.

The extension along arc (η(E), j) ∈ A for a given label E is allowed if one of the

following four conditions is respected:

j ∈ P and j /∈ U(E), (3.10)

j ∈ D and Sj−n,j−n(E) = 1, (3.11)

j ∈ D and η(E) = j − n, (3.12)

j = 2n+ 1, η(E) ∈ D, and Sii(E) = 0,∀i ∈ P\{η(E)− n}. (3.13)

Condition (3.10) ensures that if j is a pickup node, it must be reachable. Con-

ditions (3.11)–(3.12) state that if node j is a delivery node, then its corresponding

item is onboard. Condition (3.13) ensures that, if node j is the destination depot, the

vehicle is empty.

The reduced cost for arc (i, j) ∈ A is as follows:

cij =

cij − αi, ∀i ∈ P,cij , ∀i ∈ N\P,
(3.14)

where αi, i ∈ P , are the dual variables corresponding to constraints (3.6).

The extension of label E along arc (η(E), j) will create a new label E′. The com-
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ponents of this new label are updated as follows:

η(E′) =j, (3.15)

t(E′) =


max{wj , t(E) + sη(E) + tη(E),j} if η(E) ∈ P,
max{wj , t(E) + sη(E)+

δ
∑

i∈Oη(E)(E)

qi + tη(E),j} if η(E) ∈ D,
(3.16)

l(E′) =l(E) + qj , (3.17)

c(E′) =c(E) + cη(E),j , (3.18)

U(E′) =


U(E) ∪ {j} ∪ {i ∈ P |t(E′) + sj + tji > wi} if j ∈ P,
U(E) ∪ {i ∈ P |t(E′) + sj+

δ
∑

k∈Oj(E′)

qk + tji > wi} if j ∈ D,
(3.19)

Ski(E′) =



1
if η(E) ∈ P, k = η(E), and

Sii(E) = 1,

1 if η(E) ∈ P and k = i = η(E),

1 if η(E) ∈ D and k, i ∈ Oη(E)(E),

0 if η(E) ∈ D and i = η(E)− n,

0 if η(E) ∈ D and k = η(E)− n,

Ski(E) otherwise.

∀k ∈ P, i ∈ P (3.20)

Equations (3.20) update the relative positions of the items upon leaving node

η(E). If η(E) is a pickup node, item η(E) is onboard and positioned on top of all

other onboard items. If η(E) is a delivery node, the set of items that are on top of

item η(E)− n are rehandled, implying that all those items are at the same level, and

item η(E)− n is unloaded from the vehicle. All other positions remain unchanged.

Label E′ is kept if the time windows and the capacity constraint are respected,

that is if

t(E′) ≤ wj , (3.21)

l(E′) ≤ Q. (3.22)
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A label E1 dominates label E2 if

η(E1) = η(E2), (3.23)

t(E1) ≤ t(E2), (3.24)

l(E1) ≤ l(E2), (3.25)

c(E1) ≤ c(E2), (3.26)

U(E1) ⊆ U(E2), (3.27)

Sij(E1) = Sij(E2), ∀i, j ∈ P. (3.28)

Note that conditions (3.28) imply that the same items must be onboard the vehicle

in the paths associated with labels E1 and E2.

Proposition 3.1. Conditions (3.23)–(3.28) constitute a valid dominance criterion for the

elementary shortest path problem with pickups and deliveries, a capacity constraint, and

time windows under rehandling policy 1.

Proof. We show that every feasible completion ofE2 is also feasible forE1 and yields

a reduced cost that is no worse than when it completes the path associated with E2.

LetR(E) as previously defined denote the partial path corresponding to label E. Let

r be a path extendingR(E2) to node 2n+1 such that (R(E2), r) is feasible with respect

to the elementarity constraints, pickup and delivery constraints, capacity constraint,

and time windows under rehandling policy 1. If no such path exists, label E2 can be

removed. Because (R(E2), r) is feasible with respect to the elementarity constraints,

pickup and delivery constraints, and capacity constraint, then so is (R(E1), r). The

time windows are not violated under rehandling policy 1, because the set of onboard

items for label E2 is equivalent to the set of onboard items for label E1 and their re-

lative positions are the same, that is Sij(E1) = Sij(E2), ∀i, j ∈ P. Because (R(E2), r)

is feasible with respect to the time windows under rehandling policy 1, then so is

(R(E1), r). Because c(E1) ≤ c(E2), the cost of (R(E1), r) is at most equal to that of

(R(E2), r). Hence, label E1 dominates label E2.

We cannot easily relax condition (3.28). In Figures 3.4 and 3.5, we give two ex-

amples that illustrate the underlying difficulties. We show that comparing items that

are not at the same level might lead to wrongly dominated labels. Both examples

compare two labels E1 and E2, where a feasible extension of label E2 may not be
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0 k 1− 2−

1
2

2

(a) Partial route and vehicle configurations
corresponding to label E1, where η(E1) =
1−, S11(E1) = S22(E1) = S21(E1) = 1,
and all other Sij(E1) = 0.

0 k 1− 2−

2
1

2

(b) Partial route and vehicle configurations
corresponding to label E2, where η(E2) =
1−, S11(E2) = S22(E2) = S12(E2) =
S21(E2) = 1, and all other Sij(E2) = 0.

Figure 3.4: Possible extension of labels E1 and E2, where items 1 and 2 are at the
same level for label E2, but at different levels for label E1. The extension might be
feasible for label E2 but not for label E1.

0 k 1− 2− 3−

2
1
3

2
3

3

(a) Partial route and vehicle configurations
corresponding to label E1, where η(E1) =
1−, S11(E1) = S22(E1) = S33(E1) =
S12(E1) = S21(E1) = S32(E1) =
S31(E1) = 1, and all other Sij(E1) = 0.

0 k 1− 2− 3−

1
2
3

2
3

3

(b) Partial route and vehicle configurations
corresponding to label E2, where η(E2) =
1−, S11(E2) = S22(E2) = S33(E2) =
S21(E2) = S31(E2) = S32(E2) = 1, and
all other Sij(E2) = 0.

Figure 3.5: Possible extension of labels E1 and E2, where items 1 and 2 are at the
same level for label E1, but at different levels for label E2. The extension might be
feasible for label E2 but not for label E1.

feasible for label E1. The same items are onboard the vehicle corresponding to labels

E1 and E2, but two items that are at the same level in the vehicle of one label are

at different levels in the vehicle of the other label. In the first example, two items,

i.e., items 1 and 2, are at the same level in the vehicle of label E2, but on different

levels in the vehicle of label E1. For label E1, item 2 is rehandled upon delivering

item 1, whereas for label E2, item 2 can be delivered without rehandling. Therefore,

the time window at node 2− could be respected for label E2 but not for label E1. In

the second example, two items, i.e., items 1 and 2, are at the same level in the vehicle
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of label E1, but on different levels in the vehicle of label E2. For label E1, item 3 is

rehandled upon delivering item 1, whereas item 2 cannot be rehandled since policy

1 only allows for compulsory rehandling. Therefore, item 3 is rehandled again upon

delivering item 2. For label E2, items 2 and 3 are rehandled upon delivering item 1,

and there is no rehandling upon delivering item 2. Therefore, the time window at

node 3− could be respected for label E2 but not for label E1.

3.3.2 Labeling Algorithm for the PDPTWH-2

We propose a labeling algorithm for the elementary shortest path problem with

pickups and deliveries, a capacity constraint, and time windows under rehandling

policy 2. In a given label E, the components η(E), t(E), l(E), c(E), Sij(E), and U(E)

defined as in Section 3.3.1 are stored. The extension along arc (η(E), j) ∈ A for a

given label E is allowed if one of the conditions (3.10)–(3.13) is respected.

For label E, for each onboard item i ∈ P at node η(E), we define Bi(E) =

{j ∈ P |Sij(E) = 1 and Sji(E) = 0} as the set of items below i, Li(E) = {j ∈
P\{i}|Sij(E) = Sji(E) = 1} as the set of items at the same level as i, and Ti(E) =

{j ∈ P |Sij(E) = 0 and Sji(E) = 1} as the set of items on top of i. Thus, under policy

2, for a given label E such that η(E) ∈ D, all items that need compulsory rehandling

are in Tη(E)−n(E). Preventive rehandling is allowed for the items at the same level,

i.e., in Lη(E)−n(E), and the items below η(E) − n, i.e., in Bη(E)−n(E), as long as all

items that are on top are handled. Let H(E) represent the set of all feasible combin-

ations of rehandled items. For η(E) ∈ P , we have H(E) = ∅. For η(E) ∈ D, H(E) is

the collection of all feasible combinations of rehandled items, where a feasible com-

bination of rehandled items is a set S ⊆ Bη(E)−n(E)∪Lη(E)−n(E)∪Tη(E)−n(E) such

that, if i ∈ S, j ∈ Ti(E), and j 6= η(E) − n, then j ∈ S, and if k ∈ Tη(E)−n(E), then

k ∈ S, i.e., if an item is in a feasible set of rehandled items, then all items on top

(except for the delivered item) are also in this set, and so are all items on top of the

delivered item.

Figure 3.6 illustrates a vehicle configuration for a given label E corresponding

to the partial path R(E) = {0, . . . , k, 3−}. In this example, we have Tη(E)−n(E) =

{1}, Lη(E)−n(E) = {2, 4}, Bη(E)−n(E) = {5, 6, 7}. The set of all feasible combina-

tions of rehandled items is given by H(E) = {{1}, {1, 2}, {1, 4}, {1, 2, 4}, {1, 2, 4, 5},
{1, 2, 4, 6}, {1, 2, 4, 5, 6}, {1, 2, 4, 5, 6, 7}}.

The extension of label E along arc (η(E), j) creates multiple labels Eh, ∀h ∈
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{1, . . . , |H(E)|}, that is one for each feasible combination of rehandled items. Let

Hh(E) be the set of rehandled items corresponding to label extension h ∈ {1, . . . ,
|H(E)|}. The components of label Eh are set as follows:

η(Eh) =j, (3.29)

t(Eh) =


max{wj , t(E) + sη(E) + tη(E),j} if η(E) ∈ P,

max{wj , t(E) + sη(E) + δ
∑

i∈Hh(E)

qi + tη(E),j} if η(E) ∈ D,

(3.30)

l(Eh) =l(E) + qj , (3.31)

c(Eh) =c(E) + cη(E),j , (3.32)

U(Eh) =



U(E) ∪ {j} ∪ {i ∈ P |t(Eh) + tη(Eh),i+

sη(Eh) > wi}
if j ∈ P,

U(E) ∪ {i ∈ P |t(Eh) + tη(Eh),i+

sη(Eh) + δ
∑

k∈Hh(Eh)

qk > wi} if j ∈ D,
(3.33)

Ski(Eh) =



1
if η(E) ∈ P, k = η(E),

and Sii(E) = 1,

1 if η(E) ∈ P and k = i = η(E),

1 if η(E) ∈ D and k, i ∈ Hh(E),

0

if η(E) ∈ D, Skk(E) = 1,

k 6= η(E)− n, k /∈ Hh(E),

and i ∈ Hh(E),

0 if η(E) ∈ D and i = η(E)− n,

0 if η(E) ∈ D and k = η(E)− n,

Ski(E) otherwise,

∀k, i ∈ P. (3.34)

Equation (3.34) updates the relative positions of the items upon leaving η(E). If

η(E) is a pickup node, item η(E) is positioned on top of all other onboard items. If

η(E) is a delivery node, all items in the set Hh(E) are rehandled, implying that all

those items are at the same level and on top of the other onboard items. Moreover,

item η(E) − n is unloaded from the vehicle. All other positions remain unchanged.

Label Eh is kept if the time windows and the capacity constraint are respected, that
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Figure 3.6: A vehicle configuration corresponding to label E associated with node
η(E) = 3−.

is if inequalities (3.21)–(3.22) are respected. A label E1 dominates a label E2 if it

respects (3.23)–(3.27) and

Sij(E1) ≤ Sij(E2)
∀i, j ∈ P such that

Sij(E1) + Sji(E1) ≤ 1 or i = j,
(3.35)

Sij(E1) + Sji(E1) = 2
∀i, j ∈ P such that

Sij(E2) + Sji(E2) = 2.
(3.36)

Conditions (3.35)–(3.36) imply thatE1 andE2 have the same set of onboard items,

i.e., Sii(E1) = Sii(E2), ∀i ∈ P . Moreover, they imply that all items that are on top of

each other in the vehicle corresponding to label E1 must also be on top of each other

in the vehicle corresponding to label E2, and all items that are at the same level in

E1 can be or not at the same level in the vehicle corresponding to label E2.

Proposition 3.2. Conditions (3.23)–(3.27), (3.35)–(3.36) constitute a valid dominance cri-

terion for the elementary shortest path problem with pickups and deliveries, a capacity con-

straint, and time windows under rehandling policy 2.

Proof. We show that every feasible completion ofE2 is also feasible forE1 and yields

a reduced cost that is no worse than when it completes the path associated with E2.

LetR(E) as previously defined denote the partial path corresponding to label E. Let

r be a path extendingR(E2) to node 2n+1 such that (R(E2), r) is feasible with respect

to the elementarity constraints, pickup and delivery constraints, capacity constraint,

and time windows under rehandling policy 2. If no such path exists, label E2 can be

removed. Because (R(E2), r) is feasible with respect to the elementarity constraints,
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pickup and delivery constraints, and capacity constraint, then so is (R(E1), r). Con-

ditions (3.35)–(3.36) imply that labels E1 and E2 have the same set of onboard items.

In addition, conditions (3.36) ensure that all items that are at the same level for label

E2 are also at the same level for label E1. Items that are not at the same level for

E2 either have the same relative positions for label E1 or are at the same level for

label E1. In the latter case, the items can be ordered similarly to the items in label

E2, since all items can be rehandled at the delivery nodes. Hence, at each delivery

node, the number of rehandling operations for label E1 cannot be more than for la-

bel E2, thus (R(E1), r) is feasible with respect to the time windows under policy 2.

Because (R(E2), r) is feasible, then so is (R(E1), r). Because c(E1) ≤ c(E2), the cost

of (R(E1), r) is at most equal to that of (R(E2), r). Hence, label E1 dominates label

E2.

3.3.3 Valid inequalities

We now present the valid inequalities used in the branch-price-and-cut algorithm for

both the PDPTWH-1 and the PDPTWH-2. These are valid inequalities based on the

number of vehicles, the subset-row inequalities, and the two-path cut inequalities.

As in Cherkesly et al. (2015a), we propose valid inequalities based on the number

of vehicles to generate a solution with an integer number of vehicles. If the linear

relaxation solution (ỹ1, . . . , ỹ|Ω|) at a node of the search tree involves a fractional

number of vehicles, we round up this number by adding the inequality

∑
r∈Ω

yr ≥

⌈∑
r∈Ω

ỹr

⌉
. (3.37)

This inequality is valid assuming that the vehicle fixed cost is sufficiently large to

minimize first the number of vehicles used.

Jepsen et al. (2008) introduced the subset-row inequalities for the vehicle rout-

ing problem with time windows (VRPTW). For the PDPTWH, these inequalities are

given by

∑
r∈Ω

⌊
1

χ

∑
i∈S

air

⌋
yr =

⌊
|S|
χ

⌋
, ∀S ⊆ P, 2 ≤ χ ≤ |S|, (3.38)

where S ⊆ P is a subset of pickup nodes. As in Cherkesly et al. (2015a), Desaulniers
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et al. (2008), and Jepsen et al. (2008), we consider the inequalities imposed by subsets

of three customers. These inequalities can be rewritten as

∑
r∈ΩS

yr ≤ 1, ∀S ⊆ P such that |S| = 3, (3.39)

where ΩS ⊆ Ω is the subset of paths that complete at least two requests in S. These

inequalities are separated by means of an enumerative procedure.

The two-path inequalities were introduced by Kohl et al. (1999) for the VRPTW

and adapted for several other vehicle routing problems including the PDPTW and

the PDPTWL (Ropke and Cordeau, 2009; Cherkesly et al., 2015a). Let S ⊆ P ∪D be a

subset of nodes that needs to be served by more than one vehicle because of the time

windows. Then, the inequality

∑
r∈Ω

∑
(i,j)∈A|i∈S,j /∈S

brijyr ≥ 2, (3.40)

is valid, where brij is the number of times arc (i, j) ∈ A is used in path r ∈ Ω. A

set S ⊆ P ∪ D needs to be served by more than one vehicle if there is no feasible

path visiting all nodes in S. Since identifying such a set S is NP-complete, a greedy

heuristic is used to separate these valid inequalities (Ropke and Cordeau, 2009).

The order in which the cuts are generated is as follows: (1) the valid inequal-

ities based on the number of vehicles, i.e., inequalities (3.37), (2) the two-path cut

inequalities, i.e., inequalities (3.40), and (3) the subset-row inequalities, i.e., inequal-

ities (3.39). Those inequalities are added to the master problem and the associated

duals modify the arc reduced costs. In order to account for the duals of inequalities

(3.38), the labeling algorithm must be modified (see Desaulniers et al., 2011).

Acceleration strategies for the labeling algorithms

In order to speed up the labeling algorithms, a heuristic is used for the dominance

under policies 1 and 2: we start with a reduced network and slowly increase the size

of the network to its full size, thus ensuring that the solution is optimal. Moreover,

for policy 1 we use a heuristic dominance criterion which corresponds to equations

(3.23)–(3.27) and (3.35)–(3.36). When no more columns of negative reduced costs are

found, the exact dominance criterion which corresponds to equations (3.23)–(3.28) is

applied to ensure that the algorithm ends up with an optimal solution.
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3.3.4 Branching

Branching is imposed to obtain an integer feasible solution. In branch-and-price,

the branching strategies must be consistent with the column generation approach,

especially with the labeling algorithm. For the PDPTWH-1 and the PDPTWH-2,

two different branching strategies can be applied; branching on arcs and branching

on the outflow of a subset of nodes. The branch-and-bound search tree is explored

through a best-first strategy.

Branching on arcs was proposed by Christofides et al. (1981) for the CVRP. The

arc (i, j) ∈ A, i 6= 0, j 6= 2n+ 1, with the largest difference of
∑
r∈Ω

brij ỹr to the nearest

integer is selected. Two branches are then created:

∑
r∈Ω

brijyr = 0, (3.41)

∑
r∈Ω

brijyr = 1. (3.42)

For both branches, the underlying network is adapted, and therefore no complex-

ity is added. For the first branch, the selected arc is removed from the network, and

for the second branch, all arcs (i, k) ∈ A such that k 6= j and all arcs (k, j) ∈ A such

that k 6= i are removed.

Naddef and Rinaldi (2002) proposed branching on the outflow of a subset of

nodes for the CVRP. This has later been adapted by Ropke and Cordeau (2009) for

the PDPTW, and used by Cherkesly et al. (2015a) for the PDPTWL. The subset of

nodes S with the largest difference of
∑
r∈Ω

∑
(i,j)∈A|i∈S,j /∈S

brij ỹr to the nearest integer is

selected. For this set of nodes, two branches are created:

∑
r∈Ω

∑
(i,j)∈A|i∈S,j /∈S

brijyr ≤

∑
r∈Ω

∑
(i,j)∈A|i∈S,j /∈S

brij ỹr

 , (3.43)

∑
r∈Ω

∑
(i,j)∈A|i∈S,j /∈S

brijyr ≥


∑
r∈Ω

∑
(i,j)∈A|i∈S,j /∈S

brij ỹr

 . (3.44)
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Inequalities (3.43)–(3.44) are added to the master problem and their dual vari-

ables influence the arc reduced costs.

Preliminary experiments showed that branching on the outflow of a subset of

nodes outperformed branching on arcs or a combination of both strategies. There-

fore, we only used branching on the outflow of a subset of nodes in the algorithms

for the PDPTWH-1 and the PDPTWH-2. In the branch-and-cut loop, priority is given

to the cuts.

3.4 Computational results

The branch-price-and-cut algorithms were implemented using the GENCOL library

and CPLEX 12.4.0.0 to solve the restricted master problems. All experiments were

performed on a Linux computer equipped with an Intel(R) Core(TM) i7-3770 pro-

cessor (3.4 GHz). We have tested our algorithms on a modified version of the in-

stances of Ropke and Cordeau (2009). We will discuss the impact of the rehandling

policies and the effect of the parameter value for the rehandling time on the results.

Moreover, we compare our results with those obtained by Cherkesly et al. (2015a)

for the PDPTWL.

3.4.1 Instances

To test the algorithms, we used the modified instances of Ropke and Cordeau (2009)

as described by Cherkesly et al. (2015a). The instance set is composed of four groups

AA, BB, CC, and DD, each containing 10 instances, where the number of requests

ranges from 30 to 75. Moreover, we created the two additional instance groups AA’

and BB’, by increasing the vehicle capacity in the AA and BB instances. The char-

acteristics of the instances are summarized in Table 3.1. This table reports for each

group of instances the vehicle capacity Q, the width of the time windows W, the

delay of the delivery nodes ∆, and the average demand per customer d. The para-

meter ∆ is used to adjust the time windows of the delivery nodes with respect to

the original time windows of Ropke and Cordeau (2009) as follows wi = wi + ∆

and wi = wi + ∆, ∀i ∈ D. This adjustment is performed to increase the number

of requests that can be onboard the same vehicle simultaneously. A fixed vehicle

cost equal to 10,000 is added to each arc (0, i), i ∈ P , to ensure the minimization of
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the vehicles as a primary objective. We consider several values for the rehandling

parameter δ, namely δ ∈ {0, 0.5, 1, 5, 10, 50}.

Table 3.1: Instance characteristics.

Group Q W ∆ d
AA 22 60 45 9.9
BB 30 60 45 13.2
CC 18 120 15 10.0
DD 25 120 15 11.8
AA’ 26 60 45 9.9
BB’ 35 60 45 13.2

3.4.2 Summary of the results

The branch-price-and-cut algorithms for the PDPTWH-1 and the PDPTWH-2 were

run with a time limit of three hours for each instance. Tables 3.2 and 3.3 provide a

summary of the results. For each group of instances and each value of δ, these tables

report #, the number of instances solved to optimality within the specified time

limit, Sec., the average computation time in seconds, and Gap, the average optimality

gap in percentage. The optimality gap is computed as (z∗ − z
¯
)/z

¯
, where z∗ is the

optimal value and z
¯

is the lower bound obtained at the root node before adding

cuts. The average computation time and the average optimality gap are computed

by only including the instances that could be solved to optimality within the time

limit. Detailed computational results are reported in Appendix B.

Table 3.2: Summary results for the PDPTWH-1.

δ = 0 δ = 0.5 δ = 1 δ = 5 δ = 10 δ = 50
Group # Sec. Gap # Sec. Gap # Sec. Gap # Sec. Gap # Sec. Gap # Sec. Gap
AA 10 1,292.9 3.6 8 168.4 2.6 9 1,346.0 4.0 9 480.5 3.7 10 309.8 4.2 10 239.5 4.2
BB 8 380.1 3.1 8 1,486.8 7.7 6 464.0 6.1 10 755.8 5.5 10 225.2 5.5 10 357.5 5.5
CC 4 2,700.2 26.4 3 78.6 27.0 3 106.1 26.8 4 2,173.3 23.2 3 67.9 26.6 3 52.9 26.6
DD 1 3,346.3 15.0 0 0 1 6,331.4 42.0 1 8,699.9 42.1 1 7,030.5 42.1
AA’ 8 258.0 3.9 6 1,003.6 5.2 5 916.8 6.2 7 1,617.2 3.9 7 238.9 1.9 8 848.5 1.7
BB’ 6 505.7 5.1 6 846.1 11.4 6 2,921.2 14.1 7 1,043.3 9.2 8 1,344.6 8.9 9 866.1 8.3

Comparing the results for the PDPTWH-1 with those for the PDPTWH-2, we ob-

serve that some instances were solved to optimality within the prescribed time limit

by the algorithm for the PDPTWH-1, but not for the PDPTWH-2, i.e., instances AA70

with δ = 1, CC55 with δ = 5, DD30 with δ = 0, BB’55 with δ = 1, and BB’60 with
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Table 3.3: Summary results for the PDPTWH-2.

δ = 0 δ = 0.5 δ = 1 δ = 5 δ = 10 δ = 50
Group # Sec. Gap # Sec. Gap # Sec. Gap # Sec. Gap # Sec. Gap # Sec. Gap
AA 10 1,015.1 3.6 8 298.4 2.6 8 646.3 2.3 9 497.0 3.7 10 341.9 4.2 10 333.7 4.2
BB 8 594.6 3.1 8 1,705.8 7.8 6 1,117.2 6.1 10 852.9 5.5 10 248.6 5.5 10 451.2 5.5
CC 4 2,680.5 26.4 3 290.6 27.0 4 1,533.1 23.7 3 125.6 26.6 3 69.4 26.6 3 54.1 26.6
DD 0 0 0 1 7,012.6 42.0 1 9,384.5 42.1 1 7,996.8 42.1
AA’ 8 1,089.8 3.9 7 657.4 4.4 5 594.3 6.2 7 985.8 3.9 7 268.0 1.9 8 1,193.6 1.7
BB’ 6 325.0 5.1 6 869.5 11.7 4 235.5 11.6 8 1,482.2 8.5 8 1,832.8 8.9 9 1,147.2 8.3

δ = 1. On the other hand, the three instances CC55 with δ = 1, AA’60 with δ = 0.5,

and BB’70 with δ = 5 were solved to optimality by the algorithm for the PDPTWH-2,

but not for the PDPTWH-1. Comparing the results for the different instance groups,

we see that increasing the width of the time windows makes the problem harder to

solve. For the AA and BB groups, the total number of instances for all rehandling

time δ solved within the time limit is 56 and 52 for the PDPTWH-1, respectively,

and 55 and 52 for the PDPTWH-2, respectively. For the CC and DD groups fewer

instances are solved, i.e., 20 and 4 for the PDPTWH-1, respectively, and 20 and 3

for the PDPTWH-2, respectively. Increasing the width of the time windows results

in harder to solve elementary shortest path problems, which probably explains the

large amount of time needed for the instances in the CC and DD groups. Having a

closer look at the effect of the capacity increase, we observe that fewer instances were

solved to optimality within the prescribed time limit for the AA’ group compared

with the AA group, namely 41 compared to 56 for the PDPTWH-1, and 42 compared

to 55 for the PDPTWH-2. A similar result can be found when comparing the BB’

group with the BB group, namely 42 compared to 52 instances that were solved to

optimality with the prescribed time limit for the PDPTWH-1, and 41 compared to

52 for the PDPTWH-2. Again, by increasing the vehicle capacity, the elementary

shortest path problems are harder to solve.

By increasing the value of δ, we see that the total number of instances solved to

optimality within the time limit first decreases and then increases. With a value of

δ = 50 most instances were solved, namely 66.7% of all instances. This pattern holds

for both the PDPTWH-1 and the PDPTWH-2. There are four exceptions: instance

groups CC and BB’ for the PDPTWH-1 and instance groups CC and DD for the

PDPTWH-2. For the PDPTWH-1 and δ ∈ {0, 5}, and for the PDPTWH-2 and δ ∈
{0, 1} four instances were solved to optimality in the CC group and three instances

were solved to optimality for the other values of δ. For the PDPTWH-1 and group
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BB’, and for the PDPTWH-2 and group DD we only observe an increase and no

decrease in the number of instances solved to optimality within the time limit.

3.4.3 Impact of the rehandling policy

Table 3.4 provides a comparison between the travel costs for the optimal solutions

under policies 1 and 2. We only report the instances for which the value of the

optimal solution differs between the two rehandling policies, namely BB35, BB45,

BB50, BB55, AA’40, AA’45, AA’50, AA’55, BB’55, and BB’60. For all these instances,

the algorithms for the PDPTWH-1 and the PDPTWH-2 provide optimal solutions

with the same costs for δ ∈ {0, 10, 50}. Therefore, we only report the results for

δ ∈ {0.5, 1, 5}. For each of these values of δ the table reports TC1 and TC2, which are

the travel costs corresponding to the optimal solutions obtained for the PDPTWH-1

and PDPTWH-2, respectively, and Diff (%), the difference in percentage between the

travel costs corresponding to the optimal solutions of policies 1 and 2 computed as

(TC1− TC2)/TC2.

Table 3.4: Difference in travel costs for the optimal solutions under policies 1 and 2.

δ = 0.5 δ = 1 δ = 5
Inst. TC1 TC2 Diff. (%) TC1 TC2 Diff. (%) TC1 TC2 Diff. (%)
BB35 1,258.1 1,256.7 0.1 1,277.8 1,277.8 0.0 1,310.8 1,310.8 0.0
BB45 1,413.2 1,407.2 0.4 1,441.4 1,436.5 0.3 1,519.6 1,519.6 0.0
BB50 1,636.4 1,625.6 0.7 1,685.9 1,671.6 0.9 1,777.2 1,777.2 0.0
BB55 1,692.3 1,689.5 0.2 1,852.4 1,846.6 0.3
AA’40 1,217.9 1,217.9 0.0 1,230.8 1,229.6 0.1 1,343.5 1,343.5 0.0
AA’45 1,387.3 1,384.6 0.2 1,414.8 1,413.6 0.1 1,587.1 1,587.1 0.0
AA’50 1,526.8 1,524.6 0.1 1,647.6 1,596.1 3.2 1,521.2 1,521.2 0.0
AA’55 1,518.5 1,515.8 0.2 1,706.6 1,706.6 0.0
BB’55 1,661.5 1,661.5 0.0 1,570.3 1,776.4 1,771.5 0.3
BB’60 1,924.2 2,073.8 2,068.6 0.3

For the 10 instances in Table 3.4 and for various values of δ, the value of the

optimal solution differs under the two policies. For these instances, the number of

vehicles used in the optimal solution is the same under both rehandling policies and

the difference in costs is due to the difference in travel costs. These instances are

all contained in the BB, AA’, or BB’ group, which are the groups with the largest

vehicle capacity. This suggests that the extra flexibility in rehandling operations can

be more effectively used when the vehicle capacity is larger. Because more items

can be onboard a vehicle if its capacity increases, this results in more options for
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preventive rehandling operations. The decrease in travel costs gained by allowing

more flexibility in the rehandling operations is up to 3.2% for the instances under

study.

3.4.4 Impact of the rehandling time

We now analyze the impact of the rehandling time by comparing the values of the

optimal solutions for the PDPTWH for different values of δ. Since the values of the

optimal solutions for the instances under study are quite comparable for rehandling

policies 1 and 2, we compare the results under the least restrictive policy, which is

rehandling policy 2. Similar results can be obtained for rehandling policy 1. Note

that, for the instances under study, the optimal solutions for the PDPTWH-2 with

δ = 50 correspond to the optimal solutions for the PDPTWL.

Table 3.5 presents the increase in travel costs and number of vehicles used when

increasing the rehandling time δ. The first column reports the name of the instances

defined as its group and the number of requests. For δ = 0, we report Veh., the num-

ber of vehicles used in the optimal solution and TC, the total travel costs in this solu-

tion. For all other values of δ, we report ∆Veh., the increase in the number of vehicles

computed as Vehδ − Veh0, where Vehδ and Veh0 are the number of vehicles in the

optimal solution with δ ∈ {0.5, 1, 5, 10, 50} and δ = 0, respectively, and ∆TC (%), the

impact in percentage on the total travel costs computed as (TCδ − TC0)/TC0, where

TCδ and TC0 are the travel costs in the optimal solution with δ ∈ {0.5, 1, 5, 10, 50}
and δ = 0, respectively. We only report instances for which the PDPTWH-2 with

δ = 0 has been solved within the prescribed time limit.

Table 3.5: Impact on travel costs and number of vehicles used when increasing the
rehandling time δ.

δ = 0 δ = 0.5 δ = 1 δ = 5 δ = 10 δ = 50

Inst. Veh. TC ∆Veh. ∆TC
(%) ∆Veh. ∆TC

(%) ∆Veh. ∆TC
(%) ∆Veh. ∆TC

(%) ∆Veh. ∆TC
(%)

AA30 3 969.4 0 2.0 0 2.2 0 10.1 0 16.5 0 16.5
AA35 3 1,089.0 0 0.1 0 2.3 0 13.0 0 18.8 0 18.8
AA40 4 1,241.7 0 1.0 0 2.2 0 6.8 0 8.4 0 8.7
AA45 4 1,412.2 0 0.7 0 2.2 0 6.6 0 7.5 0 7.7
AA50 4 1,531.6 0 0.3 0 1.8 0 6.7 0 7.3 0 7.3
AA55 4 1,667.1 0 1.8 0 5.9 1 2.0 1 4.6 1 4.6
AA60 4 1,822.7 0 1.4 0 5.4 1 4.0 1 6.9 1 7.0
AA65 4 2,011.6 1 –6.2 1 –5.6 1 0.5 1 3.3 1 3.3

Continued on next page
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Table 3.5 – Continued from previous page
δ = 0 δ = 0.5 δ = 1 δ = 5 δ = 10 δ = 50

Inst. Veh. TC ∆Veh. ∆TC
(%) ∆Veh. ∆TC

(%) ∆Veh. ∆TC
(%) ∆Veh. ∆TC

(%) ∆Veh. ∆TC
(%)

AA70 5 1,992.8 0 11.4 0 11.4
AA75 5 2,102.8 0 9.8 0 10.8 0 10.8
BB30 3 1,017.6 0 0.4 0 1.4 0 5.1 0 5.9 0 5.9
BB35 3 1,211.4 0 3.7 0 5.5 0 8.2 0 8.3 0 8.3
BB40 3 1,503.2 1 –12.8 1 –12.4 1 –8.9 1 –6.8 1 –6.6
BB45 4 1,386.5 0 1.5 0 3.6 0 9.6 0 10.8 0 10.9
BB50 4 1,564.9 0 3.9 0 6.8 0 13.6 0 14.5 0 14.5
BB55 4 1,801.4 1 –6.2 1 2.5 1 4.9 1 6.1
BB60 6 2,034.2 0 1.9 0 3.5 0 10.9 0 13.3 0 13.3
BB65 6 2,212.3 0 2.0 0 15.7 0 15.9 0 15.9
CC30 3 1,054.0 0 0.0 0 0.0 0 1.6 0 2.9 0 3.3
CC35 3 1,184.5 0 0.0 0 1.3 0 3.2 0 4.4 0 4.5
CC40 3 1,279.5 0 0.0 0 0.0 0 1.7 0 4.2 0 4.8
CC50 4 1,592.5
AA’30 3 934.4 0 0.7 0 1.6 0 6.4 0 11.2 0 11.2
AA’35 3 1,034.3 0 1.0 0 1.6 0 9.5 0 14.2 0 14.2
AA’40 3 1,204.1 0 1.1 0 2.1 0 11.6 0 12.7 0 12.7
AA’45 3 1,343.0 0 3.1 0 5.3 0 18.2 0 19.3 0 19.3
AA’50 3 1,457.5 0 4.6 0 9.5 1 4.4 1 5.3 1 5.3
AA’55 4 1,482.3 0 2.3 0 15.1 0 16.0 0 16.0
AA’60 4 1,605.2 0 3.0 0 16.5 0 17.5 0 17.5
AA’65 4 1,715.5 0 18.0
BB’30 3 973.4 0 1.0 0 1.7 0 9.9 0 10.7 0 10.7
BB’35 3 1,143.4 0 3.9 0 6.8 0 14.1 0 14.4 0 14.4
BB’40 3 1,294.3 1 –3.3 1 –2.3 1 4.8 1 5.9 1 6.0
BB’45 3 1,362.3 1 –3.8 1 –2.8 1 6.8 1 8.9 1 8.9
BB’50 4 1,408.0 0 2.6 0 23.2 0 24.8 0 24.8
BB’55 4 1,565.8 0 6.1 1 13.1 1 15.8 1 17.5

The primary objective is to minimize the number of vehicles used in the solution.

By increasing the value of δ, the optimal solution for the problem with δ = 0 may

not be feasible anymore with respect to the time windows. Therefore, it occurs for

some instances that for a value of δ > 0, all feasible solutions use more vehicles than

the optimal solution with δ = 0. If so, the number of vehicles could increase, but

the travel costs could decrease. This is actually the case for the following instances:

AA65, BB40, BB55, BB’40, and BB’45. For nine instances, i.e., AA55, AA60, AA65,

BB40, BB55, AA’50, BB’40, BB’45, and BB’55, the number of vehicles used in the

optimal solution increases, compared with the optimal solution with δ = 0. For the

five instances AA65, BB40, BB55, BB’40, and BB’45, this increase is already observed

for δ = 0.5, for the other four instances the increase in vehicles used in the optimal

solution is observed for the first time for δ = 5. For the instances under study, the
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travel costs can increase up to 24.8%. For all instances in the groups AA’ and BB’, the

increase in rehandling time has a large impact on the value of the optimal solutions.

Comparing the value of the optimal solutions for δ = 0 and δ = 50, we observe that

for each of these instances either the number of vehicles used in the optimal solution

increases, or the travel costs increase with at least 10.7%.

3.4.5 Comparison with the PDPTWL

The optimal solutions for the PDPTWH-1 and the PDPTWH-2 with δ = 50, cor-

respond to the optimal solutions for the PDPTWL. In order to gain some insights

into the computational complexity added by allowing rehandling operations, we can

compare the computation time needed to solve the instances for the three different

problems. For the PDPTWL, we use the results obtained by the best branch-price-

and-cut algorithm as reported by Cherkesly (2015). The results in Cherkesly (2015)

are an improvement of the results in Cherkesly et al. (2015a), obtained by an im-

proved labeling algorithm. Note that the results in Cherkesly (2015) are obtained by

using the same computer as the one used for the experiments in this chapter.

For each instance group AA, BB, CC, and DD, Table 3.6 reports for the PDPTWL

#, the number of instances solved to optimality within the prescribed time limit,

and Sec., the average computation time in seconds, and for the PDPTWH-1 and the

PDPTWH-2 it reports #, the number of instances solved to optimality within the

prescribed time limit, and ∆Sec.(%), the increase in percentage of the average com-

putation time, computed as (Seci-SecL)/SecL, where Seci and SecL are the average

computation times in seconds for the PDPTWH-i, i ∈ {1, 2}, and the PDPTWL,

respectively. Furthermore, we report the row Total, which combines all instances

solved for groups AA, BB, CC, and DD, and where the time is an average of all in-

stances solved within the prescribed time limit. Except for instances CC50, CC55,

DD30, DD40, DD45, and DD50, which are only solved to optimality within the time

limit by the algorithm for the PDPTWL, the same instances in groups AA, BB, CC,

and DD, could be solved to optimality by the algorithms for the three different prob-

lems. In order to make a fair comparison between the computation times for the

different problems, we did not include instances CC50, CC55, DD30, DD40, DD45,

and DD50 when calculating the average computation time for the PDPTWL. The

AA’ and BB’ groups are excluded from the table, because they were not solved by

Cherkesly (2015) for the PDPTWL.
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Table 3.6: Comparative computational results for the PDPTWL, PDPTWH-1, and the
PDPTWH-2, the latter two with δ = 50.

PDPTWL PDPTWH-1 PDPTWH-2
Group # Sec. # ∆Sec. (%) # ∆Sec. (%)
AA 10 150.1 10 59.6 10 122.3
BB 10 286.4 10 24.8 10 57.5
CC 5 30.9 3 71.2 3 75.1
DD 5 154.4 1 4,453.4 1 5,079.3
Total 30 192.2 24 185.3 24 247.1

All instances in the AA and BB groups were solved to optimality within the

time limit by all three algorithms. For each of the algorithms, the average com-

putation time was higher for the BB group compared to the AA group. However,

comparing the average computation time for the PDPTWH-1 and the PDPTWH-2

with the PDPTWL, we observe that the difference is higher for the AA instances,

i.e., 59.6% and 122.3% for the PDPTWH-1 and the PDPTWH-2, respectively, than

for the BB instances, i.e., 24.8% and 57.5% for the PDPTWH-1 and the PDPTWH-2,

respectively. The algorithm for the PDPTWL could solve five instances to optimal-

ity within the time limit for both the CC and DD group, where only three instances

for the CC group and one instance for the DD group were solved to optimality by

the algorithms for the PDPTWH-1 and the PDPTWH-2. For all groups, the average

computation time is the least for the PDPTWL and the highest for the PDPTWH-2.

Compared with the PDPTWL, the average computation time is 185.3% and 247.1%

higher for the PDPTWH-1 and the PDPTWH-2, respectively. From this, we can con-

clude that allowing rehandling operations requires additional computation time for

these instances. This can be explained by the more restrictive dominance criterion

for the PDPTWH-1 compared with the PDPTWL, which implies that the PDPTWH-1

is harder to solve. When comparing the PDPTWH-2 with the PDPTWL, we see that

there are more label extensions in the algorithm for the PDPTWH-2, which makes

the PDPTWH-2 harder to solve. Comparing the average computation time for the

optimal solutions of the PDPTWH-1 and the PDPTWH-2, we observe for all instance

groups that the average time to solve the instances to optimality is larger for the

PDPTWH-2 compared with the PDPTWH-1. This implies that allowing the more

general rehandling policy 2 requires additional time. The major differences in the al-

gorithms for the PDPTWH-1 and the PDPTWH-2 are the dominance criteria and the

label extension functions. The dominance criterion for the PDPTWH-1 is the most
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restrictive. This implies that relatively more labels are eliminated by the dominance

criterion for the PDPTWH-2 compared with the PDPTWH-1. However, whereas in

the algorithm for the PDPTWH-1 only one new label is created when extending a

label along an arc, multiple labels are created when extending a label along an arc in

the algorithm for the PDPTWH-2. This results in a large number of labels that are

created for the PDPTWH-2. The shorter average computation time for the PDPTWH-

1 in comparison with the PDPTWH-2 for δ = 50 suggests that for these instances the

relatively larger number of labels eliminated in the PDPTWH-2 does not counterbal-

ance the large number of extra labels created.

3.5 Conclusions

We have introduced the pickup and delivery problem with time windows and hand-

ling operations, which arises in the transportation of heavy, dangerous or large items

in a less-than-truckload setting. For this problem, we have defined and analyzed two

different rehandling policies. The first rehandling policy only allows compulsory re-

handling. The second policy is a generalization of the first one, where compulsory

rehandling must be done and preventive rehandling is allowed. For both policies, we

have developed a specific branch-price-and-cut algorithm, where the pricing prob-

lems correspond to elementary shortest path problems with pickups and deliveries,

time windows, a capacity constraint, and rehandling operations. To solve the pri-

cing problems, we have developed labeling algorithms that consider the relative po-

sitions of items in a vehicle and thereby break symmetry between orders of items.

Non-straightforward dominance criteria were proposed for both policies. The la-

beling algorithm for policy 2 extends each label by multiple labels to account for each

feasible combination of rehandled items. Both branch-price-and-cut algorithms are

able to solve instances with up to 75 requests to optimality. For the instances under

study, the travel costs can be reduced by up to 3.2% by allowing rehandling policy

2 instead of the more restrictive rehandling policy 1. However, more instances were

solved by the algorithm under policy 1 and the average computation time for the al-

gorithm under policy 2 is larger than for the algorithm under policy 1, which can be

explained by the generation of a large number of labels in the labeling algorithm for

policy 2. In conclusion, even though policy 2 allows more flexibility in the rehand-

ling operations, it does not always results in a larger cost reduction compared with
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policy 1 for the instances studied in this chapter, and the problem becomes harder to

solve. For the instances under study, the PDPTWH under policy 1 already provides

interesting insights. Compared with the PDPTWL it is more flexible since it allows

rehandling operations. For other instances with larger vehicle capacities and differ-

ent time windows, investigating additional handling policies could be interesting.

The algorithms developed in this chapter could be adapted to other versions of the

PDPTW, such as the PDPTWMS where rehandling operations could be allowed, or

to a version of the PDPTWH that would minimize the total route duration as a sec-

ondary objective. Another area of future research is the development of heuristics

for the PDPTWH.


