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Here, we investigate the dynamical sensitivity of electrostatic torsional type microelectromechanical

systems (MEMS) on the optical properties of interacting materials. This is accomplished by

considering the combined effect of mechanical Casimir and electrostatic torques to drive the device

actuation. The bifurcation curves and the phase portraits of the actuation dynamics have been

analyzed to compare the sensitivity of a single beam torsional device operating between materials

with conductivities that differ by several orders of magnitude. It is shown that the range of stable

operation of torsional MEMS against stiction instabilities can increase by decreasing the conductivity

of interacting materials. Moreover, the introduction of controlled dissipation, corresponding to a

finite quality factor, in an otherwise unstable torsional system, could alter an unstable motion

towards stiction to dissipative stable motion. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4982762]

I. INTRODUCTION

Nowadays, the improvement of micro/nanofabrication

technologies has given a strong impetus to device architec-

tures deep into submicron length scales, where Casimir

forces between components inevitably will play a significant

role on their actuation dynamics.1–4 These interactions

between two objects arise due to fluctuations of the

Electromagnetic (EM) field,4,5 as it was predicted by

Casimir in 19486 assuming two perfectly conducting parallel

plates. A few years later, Lifshitz and co-workers in the 50s7

considered the general case of real dielectric plates by

exploiting the fluctuation-dissipation theorem, which relates

the dissipative properties of matter (via optical absorption by

many microscopic dipoles) and the resulting EM fluctua-

tions. This theory describes the attractive interaction due to

fluctuations of the EM field for all separations covering both

the Casimir (long-range) and van der Waals (short-range)

regimes.1,7,8 In any case, the dependence of the Casimir

force on materials is an important topic since in principle

one can tailor the force by suitable choice of materials.9–16

Casimir forces could have a strong technological poten-

tial for micro/nanoelectromechanical systems (MEMS/

NEMS) such as switches, accelerometers, and quantum levi-

tation systems because they have surface areas large enough

but gaps small enough for the force to draw components

together, and affect their actuation dynamics.1–4 On the other

hand, the strong dependence of the Casimir force on the

material optical properties9–16 can be utilized to tune the

actuation of devices. Although metals give strong Casimir

forces due to the high absorption of conduction electrons in

the infrared range, other materials with less conductivity but

suitable for operation in harsh environments can also be used

in actuating components.17 Therefore, a suitable choice of

materials could open a multitude of opportunities for device

engineering and increase operation yield of these devices.

Furthermore, the broken symmetry in periodic MEMS

has also attracted strong interest for contactless motion trans-

mission. Indeed, when the translation symmetry is broken

along two parallel periodic plates, it leads to creation of lat-

eral Casimir forces.4,19,20 Moreover, a Casimir torque can

arise in systems with broken rotational symmetry.21–23 The

Casimir torque has also been investigated in optically aniso-

tropic materials, where the torque originates from anisotropy

or misalignment between the optical axes of interacting

plates.24–27 Nonetheless, the Casimir torque due to the bro-

ken rotational symmetry is stronger than that in the aniso-

tropic systems.22 In addition, a mechanical torque can arise

in torsional electrostatic actuators due to the normal Casimir

force.28–32 The torsional actuator is constructed from two

electrodes, one of which is fixed and the other is able to

rotate around an axis. By applying a voltage between two

electrodes, the moving electrode can rotate because of the

electrostatic force, while at a certain voltage the rotating

electrode can become unstable and collapse on the fixed

one.33 This dynamical behavior has been studied extensively

in parallel-plate and sphere-plate geometries17,18,34–38 by

considering the interaction between materials with measured

optical properties.

On the other hand, the dynamics of torsional electro-

static actuator was studied by considering the effect of van

der Waals forces without including measured optical proper-

ties.31,39 So far, however, the effect of the influence of the

Casimir force on the dynamical behavior of torsional actua-

tors made of materials with different optical properties still

remains unexplored. In addition, torsional oscillators have

been used for the measurement of the Casimir force,8,28,40

underlying the importance of this type of MEMS in table top
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cosmology to probe fundamental physics. Therefore, a realis-

tic analysis of torsional dynamics will be performed here,

where the mechanical torque due to the Casimir forces will

be considered, using the measured optical properties of mate-

rials with diverse conductivities over several orders of mag-

nitude, as input to the Lifshitz theory.

II. INFLUENCE OF OPTICAL PROPERTIES ON
CASIMIR FORCES

Prior to modeling the torsional system and its actuation

dynamics, we will present briefly the Lifshitz theory, which

will be necessary for the calculation of the torsional Casimir

torques, and illustrate the influence of different material opti-

cal properties that will be used in this study. Indeed, we con-

sider here Au,15 which is a good metal conductor and has been

used in torsional devices,8,40 and nitrogen doped SiC, which is

a poor conductor but suitable for operation in harsh environ-

ments and well integrated in Si-based MEMS technolo-

gies.17,36 The imaginary parts e00ðxÞ of the measured

frequency dependent dielectric response function eðxÞ of

Au and SiC, and the corresponding functions at imaginary

frequencies eðinÞ are shown in Fig. 1. Extrapolation at low

frequencies for e00ðxÞ, where measurements are not available,

was performed using the dissipative Drude model (for

details about extrapolations for low and high frequencies, see

the Appendix). Differences can occur if one uses the non-

dissipative plasma model8,40 having influence also on the

jump-to-contact for MEMS (details will be given elsewhere

for torsional systems).37 In any case, the ratio x2
p=xs as

obtained from the analysis of the optical data shown in Fig. 1,
15,17 where xp is the plasma frequency and xs the damping

factor in terms of the Drude model (see Appendix), yields

the sample conductivity¼ ðx2
p=xsÞ=4p. For SiC, we have

obtained x2
p=xsjSiC ¼ 0:4 eV,17 and for Au x2

p=xsjAu

� 1600 eV.15 These values indicate a conductivity contrast for

Au/SiC more than three orders of magnitude. Moreover, sig-

nificant differences in eðinÞ for Au and SiC appear for frequen-

cies n< 1 eV, which will manifest to differences in the

Casimir force for separations c/2n> 10 nm.

The non-measurable dielectric function eðinÞ is the nec-

essary input for the calculation of the Casimir force via the

Lifshitz theory between two parallel plates at separation d

and finite temperature T7

FCas dð Þ ¼ kB T

p

X0
l¼0

X
�¼TE;TM

ð1
0

dk? k? k0

� r 1ð Þ
� r 2ð Þ

� exp �2k0dð Þ
1� r 1ð Þ

� r 2ð Þ
� exp �2k0dð Þ

: (1)

The prime in the first summation indicates that the term

corresponding to l ¼ 0 should be multiplied with a factor

1=2. The Fresnel reflection coefficients are given by r
ðiÞ
TE

¼ ðk0 � kiÞ=ðk0 þ kiÞ and r
ðiÞ
TM ¼ ðei k0 � e0 kiÞ=ðei k0 þ e0 kiÞ

for the transverse electric and magnetic polarizations, respec-

tively (with ei the corresponding dielectric functions at imag-

inary frequencies). kið¼0; 1;2Þ ¼ ðei ðinlÞ þ k2
?Þ

1=2
represents

the out-of plane wave vector in the gap between the plates

(k0), and in each of the interacting plates (ki¼ð1;2Þ), as well as

k? is the in-plane wave vector.

III. ACTUATION DYNAMICS THEORY FOR SINGLE
BEAM TORSIONAL MEM

Here, we consider the electrostatic torsional actuator

shown in Fig. 2, where only the upper plate can rotate with-

out any buckling due to the applied torques. This is a cantile-

ver type motion that applies in the limit where the cantilever

does not elastically deform because we assume large beam

lengths (Lx) and small torsional angles at maximum separa-

tion (d=Lx � 1). It is assumed that both plates are coated

with an optically bulk coating of Au or SiC (thicknesses

> 100 nm).15,17 The initial distance when the plates are par-

allel is assumed to be d¼ 200 nm, and the system tempera-

ture T¼ 300 K. When a voltage V is applied between the

two electrodes, the electrostatic torque will rotate the moving

plate. If we denote with h the torsional angle, the electro-

static torque is given by32,39

FIG. 1. Dielectric functions eðinÞ are calculated using the Drude model for

Au and conductive SiC. Here, we use the data for Au from the sample 3 in

Ref. 15. The inset shows the imaginary part e00ðxÞ of the frequency-

dependent dielectric function measured with ellipsometry.

FIG. 2. Casimir torques calculated for different pairs of materials (Au-Au,

Au-SiC, SiC-SiC) using as input the optical data from Fig. 1 (see also the

Appendix). u ¼ h=h0 is the normalized torsional angle with h0 ¼ d=Lx. The

inset shows the schematics of the torsional MEM system at initial separation

d ¼ 200 nm with the acting torques indicated.

174302-2 Tajik, Sedighi, and Palasantzas J. Appl. Phys. 121, 174302 (2017)



selec ¼
1

2
e0Lyv2 1

sin2 hð Þ
ln

d�Lx sin hð Þ
d

� �
þ Lxsin hð Þ

d� Lxsin hð Þ

" #
;

(2)

where Lx and Ly are length and width of each plate, respec-

tively (here, we consider Lx ¼ Ly ¼ 10 lm), and e0 is the

permittivity of vacuum. Any rotation of the beam will gener-

ate a torsional restoring torque

sres ¼ kh; (3)

with k the torsional spring constant around the support point

allowing rotation of the beam.8,28,40,41

Besides the electrostatic and restoring torques, a

mechanical Casimir torque will also act on the rotating

beam, pulling it towards the fixed plate. If we apply the prox-

imity force approximation (PFA), where one takes the sum-

mation from all area strips Lydr contributing a torque

rFCasðd0ÞLy dr (with d0 ¼ d� r sin h),32,42 the Casimir torque

is given by31,39

sCas ¼
ðLx

0

rFCasðd0ÞLy dr : (4)

Here, we consider for simplicity flat plates because at short

separations (<100 nm), nanoscale roughness can also have

significant influence.34,38,43 Since d0 ¼ d � r sin h, one can

simplify the calculations of the torque in Eq. (4) by expand-

ing FCasðd0Þ for small h since h � 1. The latter condition

is satisfied since h � h0 ð¼ d=LxÞ ¼ 0:02. Calculations of

Casimir torques for Au and SiC coated plates are shown in

Fig. 2, where the mechanical torque is stronger for the Au-

Au system due to higher absorption of conduction electron

in the infrared range (considering the Drude model to extrap-

olate at low frequencies where the optical measurements are

not available, see the Appendix).

If we now consider all acting torques on the moving

plate, then the equation of motion for torsional system reads

of the form

I0

d2h

dt2
þ I0

x
Q

dh
dt
¼ �sres þ selec þ sCas; (5)

where I0 is the moment of inertia. The second term at the

right hand of Eq. (5) is the intrinsic energy dissipation of the

moving plate with Q the quality factor of the MEM system.

In the following, we will consider high quality factors

(unless it is stated otherwise) Q � 104,44 so that we can

neglect the effect of this term. The frequency x is assumed

to be typical for many resonators like AFM cantilever, and

MEMS.8,28,40,44

IV. RESULTS AND DISCUSSION

Our goal is to find out under what conditions there is

a periodic solution for the torsional system, which will indi-

cate that the restoring torque is strong enough to prevent col-

lapsing of the rotating plate onto the fixed plate. For this

purpose, we introduce the bifurcation parameter dCas ¼ sm
Cas=

kh0 that represents the ratio of the minimal Casimir torque

sm
Cas ¼ sCasðh ¼ 0Þ, and the maximum restoring torque kh0.

A small change in dCas can lead to an abrupt change in the

actuation of the MEM system.18,45 Using dCas, Eq. (5)

obtains the more convenient form

I
d2u

dt2
¼ �uþ dv

1

u2
ln 1� uð Þ þ u

1� u

� �
þ dCas

scas

sm
Cas

� �
;

(6)

with u ¼ h=h0, I ¼ I0=k, and dv ¼ ðe0 V2 Ly L3
xÞ=ð2kd3Þ

the bifurcation parameter for the electrostatic force.30,35

The equilibrium points of Eq. (6) correspond to stotalð¼ �sres

þselec þ sCasÞ ¼ 0 and dstotal=du ¼ 0. As a result, we obtain

from Eq. (6)

�uþ dv

1

u2
ln 1� uð Þ þ u

1� u

� �
þ dCas

scas

sm
Cas

� �
¼ 0: (7)

A. Strongest Casimir torque system: Au-Au

Figure 3(a) shows a plot of dCas vs. u for the case of Au-

Au system that has the strongest Casimir torque, and differ-

ent applied voltages V or equivalently different bifurcation

parameters dv. The maximum of dCas decreases with increas-

ing dv. For a specific voltage, if the restoring torque is strong

enough so that dCas < dMAX
Cas , then there are two equilibrium

points. The stationary points near to u ¼ 0 are stable centers

for which periodic solutions exist around them, while the

other ones close to u ¼ 1 are unstable saddle points. In the

latter case, the torsional system is unstable during oscillation

around these points due to the stronger Casimir torque lead-

ing to the collapse of the moving plate on the fixed plate, a

situation known as stiction.

This can also be demonstrated by plotting dv versus u,

as it is shown in Fig. 3(b) for different values of dCas. The

lowest diagram in this figure is for the case of the maximum

dCas ¼ 0:14 (for V¼ 0 in Fig. 3(a)), and it implies that if

dCas > 0:14 , the torsional system will lose its stability even

in the absence of any applied voltage due the strong

Casimir torque. And also for 0 < dCas < 0:14 and dv > 0 ,

there are two equilibrium points in Fig. 3(b) as it was dis-

cussed for Fig. 3(a). The critical saddle points, where the

motion becomes unstable, satisfy the additional condition

dstotal=du ¼ 0. The latter yields from Eq. (5) the second

condition for dCas and dv

�1þ dv

2u� 3

u2 1�uð Þ2
þ 2 ln 1�uð Þ

u3

" #
þ dCas

1

sm
Cas

dsCas

du

� �
¼ 0:

(8)

Besides the bifurcation analysis, the dynamics of the

torsional system can be illustrated with the aid of the phase

portraits that show the angular velocity du=dt vs. the rotation

angle u.46 Indeed, in Fig. 3(c) we show the phase portraits

around the stable and saddle points for the case dv ¼ 0

(V¼ 0) of Fig. 3(b). Any solution with initial conditions

within the homoclinic orbit that goes through the unstable

saddle point (squares in Fig. 3(c)) will lead to stable motion,
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while for any other initial conditions outside the homoclinic

orbit the upper plate will perform unstable motion leading to

the collapse on the fixed plate. The periodic solutions indi-

cate that the restoring torque is strong enough to keep system

in operation and avoid any stiction instabilities.

B. Optically different material systems: Au/SiC-SiC

Having illustrated the dynamical analysis for the Au-

Au, we will proceed further with the comparison between

different materials. For this purpose, we considered for the

minimum Casimir torque sm
Cas in Eqs. (7) and (8) its lowest

value that occurs for the SiC-SiC system. Figures 4(a) and

4(b) show the bifurcation parameter dCas is strongly sensitive

to changes of the material optical properties with or without

applied voltage. The region which corresponds to the stable

actuation is strongly increased for the systems involving the

less conductive material SiC. There are regions where the

Au–Au system is unstable, while there are equilibrium points

for the Au-SiC and SiC–SiC systems. Figure 4(c) shows that

dCas decreases with increasing dv, while it increases as over-

all with decreasing conductivity of the interacting materials.

Similarly, the inset in Fig. 4(c) shows that the corresponding

angle for the maximum of dCas (circles) moves towards

smaller values with decreasing conductivity. Therefore, we

can infer that a torsional system, where the interacting surfa-

ces under motion are coated with high conduction materials,

will lose sooner its stability with decreasing restoring torque

(since dCas � 1=k) in comparison to a system made from

lower conductivity materials.

The phase portraits for different materials are presented

in Figs. 5(a) and 5(b). The closed orbits, which correspond to

FIG. 3. (a) Bifurcation diagrams dCas vs. u for different dv for the Au-Au

system. All points of the solid and dashed lines represent the stable and

unstable saddle points, respectively. (b) Variation of dv for different values

of dCas for the Au-Au system. (c) Phase portraits for dv ¼ 0, dCas ¼ 0:01 and

initial conditions inside and outside the homoclinic orbit. The stable and

unstable orbits are indicated.

FIG. 4. Bifurcation diagrams dCas vs. u for material combinations Au and

SiC. The solid and dashed lines represent the center and unstable saddle

points, respectively. (a) dv ¼ 0, and (b) dv ¼ 0:3. (c) dCas vs. dv for all com-

binations of Au and SiC. The inset shows dCas vs. u.
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periodic motion around the stable center equilibrium point,

are very sensitive to changes in the material conductivity

with the Au-Au system having the largest orbit due to the

stronger Casimir torque, bringing the moving plate closest to

the fixed plate. This is manifested in Fig. 5(b), which shows

the Au-Au system to be driven rapidly to stiction, while the

other systems remain functional. If, however, we increase

the dissipation or equivalently reduce the quality factor Q,

then it is still feasible to reduce the possibility to drive

the system into stiction. For finite Q factor, Eq. (5) obtains

the form

I
d2u

dt2
þ I

x
Q

du
dt
¼�uþdv

1

u2
ln 1�uð Þþ u

1�u

� �
þdCas

scas

sm
Cas

� �
:

(9)

The effect of finite Q due to intrinsic and extrinsic

dissipation mechanisms44 of the oscillating plate is shown in

Fig. 5(c). The values of the Q factor considered here are typi-

cal for a multitude of MEMS/NEMS operating in air or

vacuum.8,28,40,44 Indeed, calculations indicate that the transi-

tion from stable, but dissipative motion, to unstable motion

towards stiction takes place in Fig. 5(c) for the critical qual-

ity factor QC� 370. The latter is typical for operation under

ambient conditions.44 Therefore, proper tuning of the system

Q factor can also help to prevent the stiction of an otherwise

unstable system. From Eq. (9), we can estimate the critical

QC by setting in Eq. (7) I ðd2u=dt2Þ � 0 (around the critical

point u ¼ uC where the transition from stiction to dissipa-

tive stable motion occurs) and du=dt ¼ x. Substitution in

Eq. (9) yields for QC

1

Qc

� uC þ dv

1

u2
C

ln 1� uCð Þ þ uC

1� uC

� �
þ dCas

scas uCð Þ
sm

Cas

� �
:

(10)

For the conditions in Fig. 5(c) (dv ¼ 0, dCas ¼ 0:66, and

uC ¼ 0:47), Eq. (9) yields for Qc the numerical value

Qc � 370.

V. CONCLUSION

In conclusion, we have investigated how the dependence

of the mechanical Casimir torque on the optical properties

of interacting materials could play a role in the actuation

dynamics of single beam torsional MEMS. The bifurcation

curves and the phase portraits of the actuation dynamics have

been analyzed to compare the sensitivity of a single beam tor-

sional device operating between materials with conductivities

that differ by several orders of magnitude. It is shown that the

range of stable operation of torsional MEMS against stiction

instabilities can increase by decreasing the conductivity of

interacting materials. Moreover, the introduction of controlled

dissipation, corresponding to a finite quality factor Q, in an oth-

erwise unstable torsional system, could alter an unstable motion

towards stiction to dissipative stable motion. Therefore, the

proper choice of the conductivity of interacting materials in tor-

sional MEM systems, and the tuning of energy dissipation, can

help to maximize their regime of stable operation.
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APPENDIX: ANALYSIS AND CALCULATION OF
OPTICAL PROPERTIES

eðinÞ is the dielectric function evaluated at imaginary

frequencies, which is necessary for calculating the Casimir

force between real materials using the Lifshitz theory. Using

the Kramers-Kronig relation, e(in) is given by7

FIG. 5. (a) Phase portraits for torsional system which made from Au, SiC by

using the Drude model with dCas ¼ 0:06 and dv ¼ 0. (b) dCas ¼ 0:066,

dv ¼ 0. Closed orbits indicate stable motion, while an open orbit is the sign

of unstable motion leading to stiction c. (c) Influence of the damping term

on actuation dynamics of Au torsional MEMS with dCas ¼ 0:066, dv ¼ 0

and different values of the quality factor Q.
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e inð Þ ¼ 1þ 2

p

ð1
0

x e00 xð Þ
x2 þ n2

dx: (A1)

For the calculation of the integral in Eq. (A1), one needs the

measured data for the imaginary part e00ðxÞ of the frequency

dependent dielectric function eðxÞ. The latter are shown in

Fig. 1 for Au and SiC. Both type of materials were optically

characterized by ellipsometry over a wide range of frequen-

cies (J. A. Woollam Co., VUV-VASE (0.5–9.34 eV) and

IR-VASE (0.03–0.5 eV)).15,17,36 The experimental data for

the imaginary part of dielectric function cover only a limit

range of frequencies x1 ð¼ 0:03 evÞ < x < x2 ð¼ 8:9 evÞ.
Therefore, for the low optical frequencies (x < x1 ) we

extrapolated using the Drude model for the imaginary

part15,17

e00L xð Þ ¼
x2

p xs

x x2 þ x2
s

� � ; (A2)

where xp is the plasma frequency, and xs is the relaxation

frequency. And for the high optical frequencies (x > x2),

we extrapolated using the expression15,17,36

e00H xð Þ ¼ A

x3
: (A3)

Using Eqs. (A1)–(A3), eðinÞ is given by17,36

e inð Þ ¼ 1 þ 2

p

ðx1

0

x e00exp xð Þ
x2 þ n2

dx þ DLe inð Þ þ DHe inð Þ;

(A4)

with

DLe inð Þ ¼ 2

p

ðx1

0

x e00L xð Þ
x2 þ n2

dx

¼
2x2

pxs

p n2 � x2
s

� � arctan
x1

xs

� �
xs

�
arctan

x1

n

� �
n

2
64

3
75
(A5)

and

DHe inð Þ ¼ 2

p

ð1
x2

x e00H xð Þ
x2 þ n2

dx

¼
2x3

2 e00 x2ð Þ
pn2

1

x2

�

p
2
� arctan

x2

n

� �
n

2
64

3
75
: (A6)
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