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Chapter 1

Introduction

Gravity is the ‘oldest‘ force we know of and, at the same time, the one least understood.
When speaking about gravity, we usually start from the very first theory of gravity known
to us, the Newtonian theory. Newton published his theory in the Philosophiae Naturalis
Principia Mathematica in the seventeenth century. Newton’s laws of gravity were able
to describe the motions of the planets very precisely and even helped discover new ones.
Even though the Newtonian theory was successful, it was unable to explain the motion
of the planet Mercury. This was the first indication that the Newtonian theory might
not be the complete theory of gravity. This question remained unanswered for many
centuries, until new theoretical discoveries took place. In 1905, Einstein proposed his
theory of Special Relativity and subsequently used notions from geometry to formulate
his new theory of gravity in 1915: General Relativity. General Relativity not only
provided a satisfactory explanation of the anomalous trajectories of Mercury but also
predicted that light would be deflected by the Sun.

General Relativity is the modern theory of gravity, which describes a massless spin-2
particle, called the graviton. It gives a correct description of the gravitational force
at low energies and large distances. It correctly predicts, for example, the perihelion
shift of Mercury and the deflection of light around a heavy object. The Newtonian
theory of gravity can be viewed as the non-relativistic limit of General Relativity. In
this thesis, we will discuss relativistic General Relativity as well as its non-relativistic
limit, Newtonian Gravity. Furthermore, we will discuss extensions of General Relativity
and new applications of Newtonian Gravity. Although General Relativity is the best
theory of gravity we have thus far, there are problems with it at both energy scales:
the infrared and the ultraviolet. In the infrared regime, General Relativity does not
explain the observed rotation curves of the galaxy, and this has led to the introduction
of the concept of dark matter. Another problem that General Relativity faces concerns
the cosmological constant problem. The measured value of the cosmological constant
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is orders of magnitude smaller than the theoretical predictions. This is related to the
dark energy problem. Dark energy acts repulsively and dominates the universe, but its
nature is still unknown. In the ultraviolet regime, when the energies are high, quantum
effects start playing an important role. Such quantum effects are needed when we want
to describe processes that occurred immediately after the Big Bang or occur close to
a Black Hole. However, the problem with this is that thus far there is no theory that
unifies quantum physics with General Relativity. Such a theory would be called quantum
gravity. There are some proposals for a theory of quantum gravity, such as string theory,
but it is not clear yet if string theory provides the correct description of the universe
we live in. Finding a theory of quantum gravity is one of the holy grails of modern
theoretical physics.

There have been many attempts to formulate a theory of quantum gravity. The
first attempts already began in the 1930s, and decades of hard work have yielded an
abundance of insights into the structure of quantum field theory, such as the discovery
of De Witt-Faddeev-Popov ghosts, the development of effective actions, background
field methods and the detailed analysis of the quantization of constrained systems [1].
Despite this enormous amount of effort, no one has yet succeeded in formulating a
complete, self-consistent theory of quantum gravity. The obstacles to quantizing gravity
are in part technical. General Relativity is a complicated non-linear theory. It is a
geometric theory of space-time, and quantizing gravity means quantizing space-time
itself. In a very basic sense, we do not know what this means. Faced with many technical
problems, it is natural to look for simpler models that share the important conceptual
features of General Relativity while avoiding some of the computational difficulties. One
simplification is to consider General Relativity in lower dimensions. General Relativity
in 2 + 1 dimensions, which has two dimensions of space plus one dimension of time, is
one such simplified model.

As a generally covariant theory of space-time geometry, (2 + 1)-dimensional grav-
ity has the same conceptual foundation as the realistic (3 + 1)-dimensional General
Relativity, and many of the fundamental issues of quantum gravity carry over to the
lower-dimensional setting. At the same time, however, the (2 + 1)-dimensional model
is technically simpler. Inspired by Einstein’s theory of General Relativity, our aim is to
investigate whether there are modifications that would improve the situation. We do
want to keep the nice features of Einstein’s theory, but at the same time we would like
to modify the theory in such a way that it could provide better predictions. When we
say better predictions, we mean that fit the experimental observations better. In that
respect, we will be studying different modifications, extensions and limits in order not
only to better understand the theory itself, but also to allow for the discovery of possible
new features.

One extension of General Relativity that we will consider in this thesis is a massive
extension. Massive Gravity refers to all the modified theories of General Relativity
that assume that the graviton is massive instead of massless. Making the graviton
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massive changes the gravitational potential, which could be relevant in connection with
the predictions of the cosmological constant. However, this way of modifying General
Relativity is not that easily performed. Making the graviton massive carries with it
the danger that new degrees of freedom will be introduced to the theory. These newly
introduced degrees of freedom could lead to the appearance of ghosts, particles with
negative kinetic energy.

There are two ways to modify General Relativity by making the graviton massive.
The first way is to add an explicit mass term to the Einstein-Hilbert action of General
Relativity. Dramatic progress with respect to this description was made by De Rham,
Gabadadze, and Tolley [2] [3]. The specific form of the mass term they used has led to a
theory of massive gravity that does not contain any ghosts. A second way to introduce
a mass to the graviton is by using terms that are of higher than second order in the
derivatives. The simplest possibility is to add terms quadratic in the Riemann tensor,
Ricci tensor and Ricci scalar. The effect of adding these higher order derivative terms is
two-sided. On the one hand, they improve the renormalizability properties of General
Relativity. On the other, they tend to lead to the appearance of unwanted ghosts. In
the presence of the 4th-order derivative terms in particular, the theory describes both
massive and massless spin-2 with opposite signs in the kinetic terms so that one of
them is a ghost. One way to avoid the appearance of these ghosts is by lowering the
number of dimensions by one, for example, by working in 3 space-time dimensions. In
fact, a theory of massive gravity with higher derivatives and without ghosts has been
formulated in three dimensions and is called New Massive Gravity (NMG) [4]. NMG is
an extension of three-dimensional General Relativity that includes 4th-order derivative
terms, quadratic in the Ricci tensor and Ricci scalar.1 The reason that three-dimensional
NMG, as opposed to a higher-derivative gravity theory in 4 space-time dimensions, does
not describe any ghosts is that there is no propagating massless spin-2 particle in three
dimensions, so we are left with only one propagating massive spin-2 particle. A massive
spin-2 particle describes two degrees of freedom: one is with helicity +2 and the other
with helicity −2. Note that this number of degrees of freedom is precisely the same as
that of a massless spin-2 particle in four dimensions. NMG is parity even, but a parity
odd version of NMG, which describes only one of the two helicities, also exists. It is
called Topologically Massive Gravity [5].

Our aim in this thesis is to describe three extensions of NMG: higher spins extensions,
extensions to higher dimensions and supersymmetric extensions.

Concerning the higher spins, General Relativity and NMG are based on the as-
sumption that the graviton is represented by a massless and massive spin-2 particle,
respectively. On the other hand, string theory, which is a candidate theory for quantum
gravity, predicts the existence of an infinite number of massive higher spins. This moti-
vates us to investigate higher spin extensions of General Relativity as well as of NMG.

1Note that in three dimensions the Riemann tensor is proportional to the Ricci tensor!
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An attempt to describe massless higher spins began with Fronsdal [6], who in 1978 pro-
posed a gauge theory describing integer higher spins, spin-2, spin-4, etc. Earlier, Fierz
and Pauli showed how to describe free massive higher spin particles [7]. Given the fact
that NMG is a theory of interacting massive spin-2 particles, it is natural to consider
whether similar interacting models describing higher spin particles exist as well.

A second modification that we considered was an extension of NMG to higher dimen-
sions. We will see that such an extension is possible, provided that the description of a
massive spin-2 particle by a symmetric tensor is replaced by a dual description in terms
of a mixed symmetry tensor. These extensions are possible at the linearized level only.
However, it is unclear how to introduce interactions for such mixed symmetry tensors;
nor is it clear what the underlying geometry for the mixed symmetry tensor would be.

The third extension that we will consider is a supersymmetric extension of NMG.
Such a supersymmetric extension necessarily contains massive fermions. In particular,
the massive graviton (spin-2) pairs up with a massive gravitino, which is a spin-3/2
particle. The supersymmetric extensions of NMG have already been discussed in [8],
but in this thesis we want to discuss different formulations of supersymmetric extensions
of NMG, in particular those including a lower derivative version.

An introduction to Massive Gravity and its extensions is covered in Part I and Part
II of this thesis, respectively. In Part III we will change gears and concentrate on non-
relativistic theories of gravity. When Einstein constructed his laws of gravity in 1915,
he achieved two things at the same time. First of all, he extended the non-relativistic
Newtonian theory by extending the Galilei symmetries to the Lorentz symmetries. Sec-
ondly, but independently, he provided a formulation of the laws of gravity that were
valid in any reference frame. To achieve this, he had to formulate these laws in terms of
Riemannian geometry. Knowing this geometry, one could ask what the arbitrary frame
for formulation of Newtonian gravity is. Certain effects, like the Coriolis force, are ex-
perienced only in rotating reference frames and not in frames of constant acceleration,
that is, in Earth-based frames. Therefore, it is very important to find an arbitrary frame
formulation for the laws of Newtonian gravity. Cartan succeeded in doing just this in
1923. The theory Cartan constructed is called Newton-Cartan theory, and the under-
lying geometry is called Newton-Cartan geometry [9]. Knowing the arbitrary frame
formulation, it is easy to proceed to a formulation that is valid in a restricted number
of frames by gauge fixing some of the Newton-Cartan gravitational fields. In this way,
we can proceed to Galilean gravity or Newtonian gravity, which is valid in a particular
set of frames only. The recent interest in Newton-Cartan geometry springs from various
sources. Many systems, such as the ones studied in condensed matter physics, are de-
scribed by non-relativistic field theories. To find out what the generic features of these
non-relativistic systems are, it is useful to give the arbitrary frame formulation of these
non-relativistic theories. To do this, one needs Newton-Cartan geometry. This point of
view was recently advocated by Son [10]. Independently, the same field theories also oc-
cur in studies of non-AdS holography. Recent studies of Lifshitz holography have shown



1.1 Outline 5

that gravity theories supporting Lifshitz geometries lead to a boundary geometry that
is characterized by what is known as torsional Newton-Cartan geometry [11]. Dynam-
ical Newton-Cartan geometry occurs in recent studies of Horava-Lifshitz gravity [12].
These results show that Newton-Cartan geometry is at the heart of many interesting
developments.

1.1 Outline

This thesis covers several topics that deal with three-dimensional gravity. Since the
content of this thesis is rather broad, we will first provide a short overview of General
Relativity (see Chapter 2). Next, we will divide the remainder of the thesis into three
parts.

In Part I, we will present an introduction to linearized Massive Gravity (see Chapter
3) and NMG (see Chapter 4). In Chapter 3, we will give examples of FP spin-1, FP
spin-2 and FP spin-s, since this serves as a nice basis for introducing higher spin fields
later in the thesis. We explain in Chapter 4 why considering Massive Gravity in three
dimensions is beneficial, and we will introduce TMG in the same chapter.

Once NMG is introduced, it is natural to think of its extensions, which we will
consider in Part II. Higher spin extensions are considered in Chapter 5. There, we will
provide the spin-4 analogue for both NMG and TMG. In Chapter 6, we will consider the
extension to higher dimensions, and in Chapter 7, we will discuss the supersymmetric
extensions of NMG.

In Part III, we will address the topic of non-relativistic gravity. We will introduce
Newton-Cartan (NC) gravity as the result of gauging the Bargmann algebra, and we
will consider a particle moving in different backgrounds (Galilei, curved Galilei, and
NC) in Chapter 8, and the supersymmetric version of this particle in Chapter 9. We
will consider both particles moving in a background with and without a cosmological
constant.

We will summarize and offer comments on future developments in the Conclusions:
see Chapter 10.
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Chapter 2

General Relativity

General Relativity (GR) is the geometrical formulation of gravity, published by Albert
Einstein more than one hundred years ago. The geometry of spacetime plays an impor-
tant role in the description of gravity. In particular, the Einstein equations tell us how
mass curves space-time. There are a few assumptions on which GR is based. Einstein’s
equations relate the curvature of space-time with the energy-momentum tensor of mat-
ter that is present. The dynamics of GR is described by a metric tensor gµν(x). This is
in contrast to Newtonian gravity, which is described by the gravitational potential Φ(x).
In GR, spacetime is a curved pseudo-Riemannian manifold with a metric that we take
to be of mostly plus signature. GR can be reduced to Special Relativity if we take a
Minkowski metric, so that gµν(x) is replaced by ηµν .

In GR, we define a distance between two objects as:

ds2 = gµν(x)dxµdxν . (2.0.1)

Here, gµν(x) is a metric of a spacetime whose inverse is defined by

gµνgνρ = δµρ . (2.0.2)

The metric tensor transforms under the general coordinate transformations xα → x′α(xµ)
as:

g′µν(x′) = ∂′µx
α∂′νx

βgαβ(x). (2.0.3)

It is well known that the ordinary derivative ∂µV
ν does not transform as a tensor:

∂′µV
′ν =

∂xµ

∂xµ′
∂xν

′

∂xν
∂µV

ν +
∂xµ

∂xµ′
V ν

∂

∂xµ
∂xν

′

∂xν
. (2.0.4)
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The first term transforms as a tensor, but the second term ruins it. For that reason we
introduce a covariant derivative as a partial derivative plus a correction that is linear in
the original tensor:

∇µV ν = ∂µV
ν + ΓνµρV

ρ, (2.0.5)

where the symbols Γνµρ are called the connection coefficients. When the connection
coefficients can be expressed in terms of the metric and its derivatives as follows:

Γρµν =
1

2
gρα (∂µgνα + ∂νgαµ − ∂αgµν) , (2.0.6)

they are called the Christoffel symbols. Note that they are symmetric in their lower
indices. The above expression for the Christoffel symbols follows from the metric com-
patibility condition:

∇ρgµν = 0. (2.0.7)

From the definition of the inverse metric, we also have the identity ∇ρgµν = 0. To derive
the curvature of space-time, we consider the commutator of two covariant derivatives:

[∇µ,∇ν ]V ρ =
(
∂µΓρσν − ∂νΓρσµ + ΓλσνΓρλµ − ΓλσµΓρλν

)
V σ. (2.0.8)

We can use the fact that the right hand side of this equation transforms covariantly to
define the Riemann tensor:

Rρσµν =
(
∂µΓρσν − ∂νΓρσµ + ΓλσνΓρλµ − ΓλσµΓρλν

)
. (2.0.9)

The single and double trace of the Riemann tensor are called the Ricci tensor and Ricci
scalar, respectively:

Rµν = Rρµρν , R = gµνRµν . (2.0.10)

Although the Riemann tensor has many indices, the number of components is strongly
reduced by the symmetries the Riemann tensor obeys. In fact, only 20 of the 256 com-
ponents of the Riemann tensor are independent. Here is a list of some of the useful
properties obeyed by the Riemann tensor, which are most easily expressed in terms of
the tensor with all indices lowered:

Rµνρσ = −Rµνσρ = −Rνµρσ, (2.0.11)

Rµνρσ = Rρσµν , (2.0.12)

Rµνρσ +Rµσνρ +Rµρσν = 0. (2.0.13)
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These identities imply that the Ricci tensor is symmetric:

Rµν = Rνµ. (2.0.14)

The Riemann tensor also obeys a differential identity, which is known as the Bianchi
identity:

∇[λRµν]ρσ = 0. (2.0.15)

We can define a new tensor, the Einstein tensor:

Gµν = Rµν −
1

2
gµνR. (2.0.16)

Then the Bianchi identity implies that this Einstein tensor satisfies the following identity:

∇µGµν = 0. (2.0.17)

In what follows we will discuss three topics relevant for this thesis: linearized GR,
the Vierbein formulation of GR, and we will explain how one can obtain GR by gauging
the Poincaré algebra.

2.1 Linearized General Relativity

It is well known that the Newtonian limit of GR can be obtained by imposing a weak
gravitational field, which is slowly changing and that the particles move much slower
then the speed of light. Instead of this, we can consider a less constrained situation
when we only assume that the gravitation field is weak. Note that linearized GR is a
relativistic theory, and hence we can still provide the description of some phenomena
that are not present in Newtonian gravity [13]. Assuming that the gravitational field is
weak, we can decompose the metric gµν into the sum of the Minkowski metric ηµν and
a small perturbation hµν � 1:

gµν = ηµν + hµν . (2.1.1)

Since we assume small perturbations, we can ignore all higher orders in terms of hµν .
Taking this into account, one can consider linearized GR as the theory of a symmetric
rank-2 tensor, hµν , which propagates on a flat background. To find the equation of
motion for the perturbation, hµν , we need to find the linearized version of the Einstein
equations

Gµν = Rµν −
1

2
gµνR = 0.
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The Christoffel symbols, which were defined above, up to the first order in the pertur-
bations, take the form:

Γρµν =
1

2
ηρα (∂µhνα + ∂νhαµ − ∂αhµν) .

Similarly, the Riemann tensor is given by

Rµνρσ =
1

2
(∂σ∂µhνρ + ∂ρ∂νhµσ − ∂σ∂νhµρ − ∂ρ∂µhνσ) , (2.1.2)

from which it follows that the Ricci tensor takes the following form:

Rµν =
1

2
(∂α∂µh

α
ν + ∂α∂νh

α
µ − ∂µ∂νh−�hµν) . (2.1.3)

Taking the trace of this equation, we derive the Ricci scalar, which is given by:

R = ∂µ∂νh
µν −�h. (2.1.4)

At this point, one can finally derive the form of the linearized Einstein tensor:

Gµν = Rµν −
1

2
ηµνR

=
1

2

(
∂σ∂νh

σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−�hµν − ηµν∂α∂βhαβ + ηµν�h

)
.

(2.1.5)

The linearized gravity theory has a gauge freedom given by:

δhµν = ∂µξν + ∂νξµ, (2.1.6)

where the parameters ξµ(x) are arbitrary functions of x. In other words, hµν and
hµν+δhµν describe the same physical perturbation. This is similar to electromagnetism,
where the gauge freedom has the form: δAµ = ∂µf . We can use the gauge freedom to
simplify the form of the linearized Einstein equations. This gauge freedom enables us
to impose the following gauge condition:

∂ν h̃µν = 0, (2.1.7)

where h̃µν is defined as

h̃µν = hµν −
1

2
ηµνh. (2.1.8)

The gauge condition (2.1.7) is the analogue of the Lorentz gauge condition in electromag-
netism. Substituting this gauge condition into the Einstein equations gives the following
Einstein equation in vacuum:

�h̃µν = 0. (2.1.9)
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This is the Klein-Gordon equation for a massless spin-2 particle, and together with
∂ν h̃µν = 0, represents the linearized Einstein equations which we will discuss in the
next chapter.
We conclude that the Einstein equations in linear approximation reduce to the equation
of a massless spin-2 particle. In that sense, we can say that linearized GR is a theory of
a massless spin-2 particle.

2.2 The Vierbein formulation of General Relativity

Sometimes it is not enough to work with the metric tensor alone. This happens, for
example, when we describe the Dirac equation in curved spacetime. In flat space-time,
the Dirac equation has the form:

iγa∂aΨ = mΨ (2.2.1)

where Ψ is a 4-component spinor.
Moving from flat to curved space-time, one not only needs to replace the flat metric

with the curved metric:

ηab → gµν (2.2.2)

but also to define the covariant derivative of a spinor. The problem is that spinors not
only transform as scalars under general coordinate transformations with parameter ξλ,
but also under local Lorentz transformations with parameter Λab

δΨ = ξµ∂µΨ + ΛabΓabΨ. (2.2.3)

Here we distinguish between flat indices a and curved ones µ. In order to incorporate,
we introduce a Vierbein such that for every vector Vµ we have:

Vµ = eaµVa, Va = eµaVµ, (2.2.4)

where the Vierbein eaµ and it’s inverse eµa satisfy the following set of equations:

eµ
aeµb = δab , (2.2.5)

eµaeν
a = δµν (2.2.6)

and

δeµ
b = Λbae

a
µ (2.2.7)
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The metric description of GR and the Vierbein description are equivalent. The
relation between the two is given by:

gµν = eµ
aeν

bηab. (2.2.8)

They describe the same number of degrees of freedom. The metric is a symmetric
tensor and in d dimensions it contains d(d+ 1)/2 components. The Vierbein counts d2

components, but one has to subtract d(d − 1)/2 components due to the local Lorentz
invariance, which leaves d(d+ 1)/2 in total for eµ

a.
To define the covariant derivative of an object that transforms under local Lorentz

transformations, we need to introduce what is called the spin connection ωµ
ab. Consider,

for instance, a vector Aa and how it transforms under local Lorentz transformations:

δ(∂µA
a) = ∂µ(ΛabA

b) = ∂µΛabA
b + Λab∂µA

b. (2.2.9)

In order to cancel the first term on the right-hand side we introduce the spin connection,
and we define the covariant derivative in the following way:

DµA
a = ∂µA

a + ωµ
abAb. (2.2.10)

We require that this covariant derivative transforms as: δ(Dµ(ΛabA
b)) = ΛabDµA

b.
This requirement will then dictate the transformation rule for the spin connection un-
der Lorentz transformations. The relation between the spin connection ωµ

ab and the
Christoffel symbols Γρµν follows from substituting (2.2.8) into the compatibility metric
condition (2.0.7), which leads to the identity:

Dµeνa = 0, (2.2.11)

where

Dµeνa = ∂µeνa − Γρµνeρa + ωµ
abeνb. (2.2.12)

Taking the antisymmetric part of this identity, one can express the spin connection in
terms of the Vierbeine, as follows:

ωµ
ab = 2eν[a∂[µeν]

b] − eν[ae|σ|b]eµc∂νeσ
c. (2.2.13)

By hitting equation (2.2.13) with another derivative, one can express the Riemann tensor
in terms of the spin connections as follows:

Rµνab(ω) = Rµν
ρσ(Γ)eρaeσb = ∂µωνab − ∂νωµab + ωµacων

c
b − ωνacωµcb, (2.2.14)

where we have used the formula for the Riemann tensor expressed in terms of the
Christoffel connections: see (2.0.9). Once we have defined the covariant derivative for
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a vector, we can do the same for a spinor. To be explicit, we can define the covariant
derivative of a spinor as follows:

DµΨ = ∂µΨ− ωµabΓabΨ. (2.2.15)

The Dirac equation of the spinor is then given by:

iγaDaΨ = mΨ. (2.2.16)

2.3 General Relativity from gauging the Poincaré al-
gebra

To derive the transformation rules for the Vierbein, which will often be used in this
thesis, we explain how it can be done by gauging the Poincaré algebra. The Poincaré
algebra is given by:

[Pa, Pb] = 0, (2.3.1)

[Jab, Pc] = −2ηa[bPc], (2.3.2)

[Jab, Jcd] = 4η[a[cJd]b] . (2.3.3)

The generators that we denote by P and J are the generators of space translations and
rotations, respectively.

We associate a gauge field to each of the generators of the Poincaré algebra. In
particular, we associate the Vierbein field eµ

a to the P-generator, and we associate ωµ
ab

to the Lorentz transformations. The gauging of the algebra assumes the promotion of
constant group parameters to local ones. Denoting the constant parameter of the P-
transformations as ζa and the parameter for the Lorentz transformations as Λab, we
replace them in the gauging procedure by arbitrary functions of space-time:

ζa → ζa(x), Λab → Λab(x).

Before continuing with the gauging of the Poincaré algebra, we will first review the
gauging of an arbitrary Lie algebra. Starting from the Lie algebra with generators TA,
whose commutator relation is given by:

[TA, TB ] = fAB
CTC , (2.3.4)

where fAB
C are the structure constants, one associates a field hAµ to each generator TA.

This field acts as a gauge field for that transformation in particular, with the parameter
εA. The transformation rules of the gauge fields, with parameters εA, follow from the
structure constants of the algebra and are given by:

δ(ε)hµ
A = ∂µε

A + εChµ
BfBC

A. (2.3.5)
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From these transformation rules it follows that the commutators are given by the fol-
lowing algebra:

[δ(εA1 ), δ(εB1 )] = δ(εB2 ε
A
1 fAB

C). (2.3.6)

One more object needs to be defined: the curvature. We obtain the curvatures from
the commutators of the covariant derivatives

[∇µ,∇ν ] = −RAµνTA, (2.3.7)

where the covariant derivative for the field φ, transforming as δφ = εATAφ, is given by:

∇µφ = ∂µφ− hAµTAφ. (2.3.8)

From (2.3.7) and (2.3.8) we obtain the following expression for the curvature:

RAµν = ∂µhν
A + hν

Chµ
BfBC

A. (2.3.9)

We now return to the specific case of the Poincaré algebra, where we have two generators:
the P-generator and the J-generator. Then we can write:

hµ
ATA = eµ

aPa + ωµ
abJab. (2.3.10)

Following the formulas given above we can easily derive the expression for the curvatures
and the transformation rules. We find that the curvatures corresponding to these two
generators of the Poincaré algebra are given by:

Rµν
a(P ) = ∂[µeν]

a − ω[µ
a
beν]

b, (2.3.11)

Rµν
ab(J) = ∂[µων]

ab − ω[µ
caων]

b
c (2.3.12)

and the transformation rules are given by:

δeµ
a = ∂µξ

a − ωµabξb + λabeµ
b, (2.3.13)

δωµ
ab = ∂µλ

ab + λc[aωb]µ c. (2.3.14)

It is well known that in GR the spin connection is not an independent field. Imposing
the curvature constraint:

Rµν
A(P ) = 0 (2.3.15)

and making use of the fact that the Vierbein is invertible allows us to express the spin
connection as a function of the Vielbein and its derivatives. This leads to the following
expression for the spin connection:

ωµ
ab(e, ∂e) = 2eνa∂[νeµ]

b + eµ
ceνaeρb∂[νeρ]

c. (2.3.16)
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By imposing the curvature constraint, we change the theory in the sense that we change
the initial Poincaré algebra. In other words, we effectively replace the space translations
by general coordinate transformations (GCT). To see this, we consider the following
general relation:

δGCT (ξα)hµ
A + ξαRµα

A −
∑
C

δ(ξαhα
C)hµ

A = 0, (2.3.17)

where the sum over all symmetries P = (P, J) is taken and ξα is the parameter of
the general coordinate transformations. This expression allows us to exchange the P-
transformations for the general coordinate transformations plus the J symmetries. For
instance, the transformation rules for the Vielbein are given by:

δP eµ
a = δGCT eµ

a + ξνRµν
a(P )− δJ(ξνωabν )eµ

a, (2.3.18)

with ξλ = ea
λζa. This brings us to close our discussion of the gauging procedure.
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Chapter 3

Linearized Massive Gravity

Einstein’s theory of General Relativity (GR) is the best theory of gravity we know of
thus far. It explains the perihelion shift of Mercury and gives precise predictions for the
deflection angle of light when passing by a massive object. In an appropriate limit, GR
agrees with the predictions of Newtonian gravity. Despite its success, GR is confronted
with a few problems, as we already mentioned in the Introduction. These problems occur
at both ends of the energy scale. For instance, in the infrared regime the problem is that
the rotation curves of galaxies do not match the theoretical predictions. This is why the
concept of dark matter was introduced [14]. Another problem lies in the cosmological
constant. This value is many orders smaller than the theoretical predictions:

Λ ≈ 10−52m−2 ≈ 10−122l−2
P , (3.0.1)

where lP is the Planck length. It is many orders of magnitude smaller than what we
would naively have expected.

In the ultraviolet regime, we would like to understand the singularities that plague
the classical equations with quantum effects, and see how they disappear with a putative
quantum theory of gravity. Yet, there is no such theory that we could rightfully call
a quantum theory of gravity, one that would, for example, explain microscopically the
entropy of black holes or the information paradox.1

These problems with GR motivate us to search for extensions for Einstein’s theory
of gravity. Alternative theories of gravity can help in understanding General Relativity
itself better. One such alternative scenario for the theory of gravity is not necessarily
based upon the assumption of the spin-2 particle being massless but rather on its being
massive. If a graviton were massive, it would be on the same footing as the force
carrying W+, W−, Z0 particles of the weak interactions. The assumption of a graviton

1Though the gauge/gravity or AdS/CFT correspondence has enabled us to understand these phe-
nomena much better.
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being massive would affect long range interactions by suppressing them exponentially.
The modified gravitational potential is given by:

V ∼ −e
−mr

r
. (3.0.2)

At distances r � 1/m it reduces to the standard Newtonian potential, but for the
distances r > 1/m it weakens the effect of gravity. This could play a role in a better
prediction of the value of the cosmological constant.

Constructing a massive gravity theory is not straightforward. The analogy with a
spin-1 field, Aµ, where one could simply add a mass term m2AµA

µ to the kinetic term,
will not work here. The reason is that we do not know how to construct a mass term
for the metric field alone, since gµνg

µν is just a (cosmological) constant.
The problem is much easier in the case of linearized GR. In that case, there are

two ways to introduce a mass to the graviton. One way is to introduce the massive
graviton, in a given background, into the theory through explicit mass terms. For a flat
background this leads to the well-known Fierz-Pauli (FP) theory, which we will discuss
in this chapter. Another way of introducing a massive graviton is by adding higher-
derivative terms to the kinetic term. Examples of doing it this way are New Massive
Gravity [15] and Topologically Massive Gravity [15], which will be considered in the next
chapter. We will see there that, unlike the FP case, these models can be generalized to
the non-linear case in a straightforward manner.

3.1 The Fierz-Pauli Theory

In this section, we will focus on one of the oldest attempts to describe a massive particle
of a given spin. This theory was proposed in 1939 by Fierz and Pauli [7], and is based
on modifying the linearized General Relativity action by an explicit mass term. In the
next subsection, we will see how to describe massive spin-1, then we will extend it to
spin-2, and finally we will discuss the general higher-spin case.

3.1.1 Spin-1

In D dimensions, we start by considering a massive vector field hµ that satisfies the
Klein-Gordon equation: (

�−m2
)
hµ = 0. (3.1.1)

This vector has D components and hence the above equation describes D degrees
of freedom. On the other hand, a massive spin-1 field has D − 1 helicity states, and
hence describes only D−1 degrees of freedom instead. In order to reduce the number of
degrees of freedom from D to D− 1, we need to impose a constraint. The only Lorentz
covariant possibility is:

∂µhµ = 0. (3.1.2)
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The Klein-Gordon equation for a field hµ and the constraint can be merged into one
equation:

∂ρ(∂ρhµ − ∂µhρ)−m2hµ = 0. (3.1.3)

To see whether this equation follows from a Lagrangian, we consider the most general
form of the Lagrangian, which contains all possible contractions of two powers of the
field hµ up to 2 derivatives. The ansatz is:

Lspin-1 = hµ(�−m2)hµ + a(∂µhµ)2, (3.1.4)

where a is some unknown coefficient. The variation of this Lagrangian with respect to
hµ leads to the equation of motion:

∂ν(∂νhµ − a∂µhν)−m2hµ = 0 . (3.1.5)

Taking the divergence of this equation of motion gives:

(1− a)�∂µhµ −m2∂µhµ = 0 . (3.1.6)

These new equations imply the differential constraint (3.1.2), provided a = 1. Substi-
tuting this equation back to the (3.1.3), we derive equations of motion describing the
massive spin-1 particle.

The Lagrangian above, which gives Klein-Gordon equations for massive spin-1 field,
is called the Proca Lagrangian and the condition ∂µhµ = 0 is known as the Lorentz
condition. This Lorentz condition assures the absence of the ghost particles.

3.1.2 Spin-2

To describe a massive spin-2 particle, we use a symmetric rank-2 tensor, hµν . In D
dimensions this tensor has D(D+ 1)/2 components. On the other hand, a massive spin-
2 particle has D(D − 1)/2 − 1 degrees of freedom in D dimensions, hence we need to
reduce the number of degrees of freedom. This can be done by imposing the following
constraints:

∂µhµν = 0, ηµνhµν = 0. (3.1.7)

In this way the helicities, which correspond to the lower spin modes, spin-0 and spin-1,
will be eliminated. The constraints can be obtained from the Lagrangian:

LFP = Llin
EH −

1

2
(hµνhµν − h2), (3.1.8)

where h = ηµνhµν is the trace of hµν . We require that after imposing the set of differ-
ential and algebraic constraints (3.1.7), we end up with the KG equation:

(�−m2)hµν = 0 (3.1.9)
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To see how this works, we start from the most general form of the Lagrangian:

Lspin 2 = hµν(�−m2)hµν + a1∂µh
µν∂ρhρν

+ a2h
µν∂µ∂νh+ h(a3�− a4m

2)h,
(3.1.10)

where a1, a2, a3, a4 are arbitrary coefficients. The equation of motion corresponding to
this Lagrangian is:

2(�−m2)hµν − 2a1∂(µ∂
ρh|ρ|ν) + a2∂µ∂νh+ a2η

µν∂α∂βh
αβ

+ 2a3ηµν�h− 2a4m
2ηµνh = 0.

(3.1.11)

Taking the divergence of this equation leads to the following vector equation:

(2− a1)�∂µhµν − 2m2∂µhµν − a1∂ν∂
ρ∂µhρµ + a2�∂νh = 0. (3.1.12)

One can also obtain scalar equations in two different ways, either by taking the double
divergence or by taking the trace of the equations of motion, respectively:

(2− 2a1 + a2)�∂µ∂νhµν + (a2 + 2a3)�2h− 2m2∂µ∂νhµν − 2a4m
2�h = 0, (3.1.13)

(4a2 − 2a1)∂µ∂νhµν + (2 + a2 + 8a3)�h− (2 + 8a4)m2h = 0. (3.1.14)

From equation (3.1.14) we will express ∂µ∂νhµν in terms of h and �h as follows:

∂µ∂νhµν = −2 + a2 + 8a3

4a2 − 2a1
�h+

2 + 8a4

4a2 − 2a1
m2h = 0. (3.1.15)

Substituting the equation (3.1.15) into equation (3.1.13), we obtain the following:

α��h+ β�h+ γh = 0, (3.1.16)

where the coefficients α, β and γ are given by:

α = a2 + 2a3 +
(2 + a2 + 8a3)(2− 2a1 + a2)

2a1 − 4a2
, (3.1.17)

β =
(2− 2a1 + a2)(2 + 8a4)

2a1 − 4a2
+ 2

2 + a2 + 8a3

2a1 − 4a2
+ 2a4, (3.1.18)

γ =
2 + 8a4

2a1 − 4a2
. (3.1.19)

We require the terms with four derivatives and terms with two derivatives to vanish.
These requirements impose the following restrictions on the coefficients:

α = 0 β = 0, (3.1.20)
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while we keep γ 6= 0. Taking this into account, equation (3.1.16) reduces to the desired
constraint:

h = 0. (3.1.21)

Substituting equation (3.1.21) into (3.1.15), we obtain the following:

∂µ∂νhµν = 0. (3.1.22)

Next, we substitute the obtained constraints (3.1.21) and (3.1.22) into the vector equa-
tion (3.1.12). As a result of this subsection the equation (3.1.12) reduces to the following:

(2− a1)�∂µhµν − 2m2∂µhµν = 0. (3.1.23)

We require the terms with three derivatives to vanish, and therefore we impose the
following condition on the coefficient a1:

a1 − 2 = 0. (3.1.24)

In this way we obtain:

∂µhµν = 0. (3.1.25)

Substituting all the constraints on hµν , which are given by equations (3.1.21), (3.1.22)
and (3.1.25), back into the tensor equation (3.1.11), we obtain the Klein-Gordon equa-
tions for a massive spin-2 field: see [14]. From the set of the equations (3.1.20) and the
equation (3.1.24), we obtain the solution for their coefficients:

a1 = 2, a2 = 2, a3 = −1, a4 = −1. (3.1.26)

Substituting these coefficients back into the Lagrangian and equations, we have shown
that we can derive all the FP equations from the following Lagrangian:

Lspin-2 = hµν(�−m2)hµν + 2∂µh
µν∂ρhρν + 2hµν∂µ∂νh− h(�−m2)h. (3.1.27)

It is interesting to note that, except for the appearance of the field hµν and its derivatives,
one can find the trace h of the field hµν in the Lagrangian. Although the equation of
motion for this field is zero, we have seen that we need this field in order to derive the
Fierz-Pauli equations. A field with this property is called an auxiliary field.

3.1.3 Spin-s

The case of spin-1 and spin-2 above can be generalized to any integer spin. All relativistic
field theories are based on the invariance under the Poincaré group. The theory of higher
spins for massive particles was developed by Fierz and Pauli in 1939. Their approach
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was focused on the requirements of Lorentz invariance and the positivity of the energy.
Later, Bargmann and Wigner showed that the requirement for the positivity of the
energy could be replaced by the requirement that 1-particle states carry an irreducible
unitary representation of the Poincaré group.

Given a particle of mass m and spin-s, the Casimir operators P 2 = PµP
µ and

P 2S2 = 1
2JµνJ

µνP 2 − JµνJµλPνPλ are given by:

P 2 = −m2

and
S2 = s(s+ 1).

We use a symmetric and traceless tensor field φµ1···µs of rank-s to describe a particle of
mass m and spin-s. The condition P 2 = −m2 is satisfied provided that the field φµ1···µs
satisfies the Klein-Gordon equation with mass parameter m:

(�−m2)φµ1···µs = 0. (3.1.28)

Without any constraints, the field φµ1···µs will describe the lower spins as well. Under
the group O(3) of spatial rotations, the representation D( 1

2s,
1
2s) is reducible; all spin

values from 0 to s are present. Since the condition S2 = s(s+ 1) suggests that all lower
spin values (modes) should be eliminated, additional conditions should be imposed, such
as the Lorentz condition:

∂µ1φµ1···µs = 0 (3.1.29)

and the tracelessness condition:

ηµνφµνρ1···ρs−2
= 0. (3.1.30)

Fierz and Pauli showed that all equations, the Klein-Gordon equations and the con-
straints (3.1.25) and (3.1.26), can be derived from a Lagrangian, as we showed for the
spin-1 and spin-2 cases. As in the spin-2 case, in order to derive these equations it is
necessary to introduce additional fields like the trace of the spin-2 symmetric tensor,
which we call auxiliary fields and which vanish upon applying the equations of motion.
How these auxiliary fields arrive and in which representations they occur we will show
in Chapter 5.



Chapter 4

New Massive Gravity

Massive gravity theories are theories where the graviton is assumed to be a massive spin-
2 particle. In the previous chapter, we discussed the Fierz-Pauli theory where the mass
was obtained at the linear level by adding an explicit mass term. In this chapter, we
will show how, as an alternative, we can add a mass by including higher-order derivative
terms in the action. The danger of adding higher-derivative terms in the action is that it
may lead to unpleasant features of the theory, like the appearance of ghosts, i.e. particles
with unphysical degrees of freedom. Natural candidates for the higher-derivative terms
are contracted products of curvature tensors [16]. The lowest order higher-derivative
terms that one can add to the action are of quadratic order in the curvatures, i.e. of 4th
order in the derivatives. It is instructive to first make some general remarks about such
higher-derivative terms. We consider the following general action, based on an analogy
with the General Relativity action:

S =

∫
d4x
√
−gG, (4.0.1)

where G is a scalar that depends on the geometry only, i.e., on the metric gµν and its
derivatives [17]. The requirement that this action is invariant under general coordinate
transformations, xµ → xµ + ξµ, is expressed as:

δS = −2

∫
d4x
√
−gξµGµν ;ν = 0, (4.0.2)

where the tensor Gµν is given by the following expansion

Gµν =
1√
−g

(
∂(
√
−g)G

∂gµν
− ∂α

∂(
√
−g)G

∂∂αgµν
+ ∂α∂β

∂(
√
−g)G

∂∂α∂βgµν
− ...

)
. (4.0.3)
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Requiring the action to be invariant under general coordinate transformations leads to
the following constraints:

Gµν ;ν = 0. (4.0.4)

For G = R, the action is simply the Einstein-Hilbert action. Candidates for a 4th order
contribution for G are the tensors: R2, RµνR

µν , and RµνρσR
µνρσ. Taking G = R2 leads

to the following equations of motion:

−1

2
R2gµν + 2RRµν + 2R;µν − 2gµν�R = 0. (4.0.5)

In the case where G = RµνR
µν we obtain:

−1

2
RρσRρσgµν −�Rµν +R;µν −

1

2
gµν�R+ 2RµρσνRρσ = 0. (4.0.6)

Finally, for G = RµνρσR
µνρσ, the equations of motion are:

−1

2
RρσλτR

ρσλτgµν + 2RµρστRν
ρστ + 2Rµρνσ

;σρ + 2Rµρνσ
;ρσ = 0 (4.0.7)

The three terms, mentioned previously, are not independent. The following special
Gauss-Bonnet combination will not contribute to the equations of motion:

LGauss−Bonnet =
√
−g
(
RµνρσR

µνρσ − 4RµνR
µν +R2

)
. (4.0.8)

Note that the Gauss-Bonnet term in 4D vanishes for space-time topologically equivalent
to flat space. This means that we can restrict ourselves to considering only terms
proportional to R2 and RµνR

µν . For generic coefficients, one finds that these terms,
when added to the Einstein-Hilbert term, describe a massive spin-2, a massless spin-2
and a scalar. In 4 dimensions, some of these extra degrees of freedom are ghosts. In 3
dimensions the situation is different; we will discuss this in the following section.

4.1 New Massive Gravity

Adding higher-derivative terms will lead to the propagation of some additional degrees
of freedom. Hence, in 4 dimensions, the new action will not only describe the graviton, a
massless spin-2 particle, but also a massive scalar and a massive spin-2 ghost at the same
time. However, this problem does not exist in 3 dimensions due to its special property.
It is easy to understand why the situation in 3 dimensions is different. The special thing
about 3 dimensions is that General Relativity (the Einstein-Hilbert action) describes no
degrees of freedom.1 This means that, after adding the 4th-order derivative terms to

1In 4 dimensions there are two particles, massive and massless spin-2 with opposite signs in kinetic
terms.
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the Einstein-Hilbert action, the theory will describe only a massive spin-2 particle and
a scalar particle. By taking a special combination of the curvature squared terms, one
can arrange for there to be an accidental scale invariance at the linearized level that
eliminates the scalar particle. In this way, we end up with the three-dimensional action
for New Massive Gravity, which is given by:

SNMG =
1

κ2

∫
d3x
√
−g
[
−R+

1

m2
(RµνRµν −

3

8
R2)

]
, (4.1.1)

where κ is a constant with mass dimension −1/2 that is the 3D version of
√
G where

G is the Newton constant [18]. The sign in front of the Einstein-Hilbert term is the
opposite of what we have in the case of 4-dimensional General Relativity. The reason
for the presence of the “wrong” sign is to avoid the massive graviton being a ghost. The
coefficient −3/8 is tuned in such a way that this action does not describe any massive
scalar in 3D. The NMG action is ghost-free, and it describes two propagating degrees of
freedom.

It is easy to show that NMG describes only massive spin-2. Starting from the equa-
tions of linearized NMG, one can obtain the FP equations for a massive spin-2 field.
The equations of motion of NMG are:

2m2Gµν + 2�Rµν −
1

2
(∂µ∂νR+ gµν�R)− 8Rµ

σRσν

+ gµνRρσRρσ +
9

2
RRµν −

13

12
gµνR

2 = 0.

(4.1.2)

The equivalence of NMG and FP can be made visible at the level of the Lagrangian
as well. For this purpose, we need to introduce an auxiliary field fµν , symmetric in its
indices µν, and construct the following equivalent Lagrangian:

SNMG =

∫
d3x
√
−g
[
R+ fµνGµν −

m2

4
(fµνfµν − f2)

]
, (4.1.3)

where on-shell

fµν =
2

m2
Sµν , Sµν = Rµν −

1

4
Rgµν . (4.1.4)

Here, Sµν is the Schouten tensor. By integrating out the auxiliary field fµν , one can
see that the Lagrangian (4.1.3) is equivalent to the Lagrangian (4.1.1). The linearized
Lagrangian corresponding to this action is given by:

LNMG = (fµν − 1

2
hµν)Glinµν (h)− m2

4
(fµνfµν − f2). (4.1.5)
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Diagonalizing the kinetic terms by redefining hµν → hµν−fµν , we obtain the FP action:

LFP = −1

2
hµνGlinµν (h) +

1

2
[fµνGlinµν (f)− m2

2
(fµνfµν − f2)]. (4.1.6)

The fine-tuning of the two mass terms in the FP Lagrangian is related to the fine-tuning
of the two curvature squared terms in the NMG Lagrangian. The FP Lagrangian is
equivalent to the linearized NMG Lagrangian. The first term does not describe any
propagating DOF, and the remaining part of the Lagrangian is precisely the Fierz-Pauli
Lagrangian.

One can also start the other way around, i.e. starting from the Fierz-Pauli equa-
tions and ending up with NMG. The procedure we apply here is called the boosting-up
procedure since it increases the number of derivatives in the Lagrangian. We start from
the FP equations in terms of h̃µν :

(�−m2)h̃µν = 0, ηµν h̃µν = 0, ∂µh̃µν = 0. (4.1.7)

First, we introduce a new field hµν such that:

h̃µν = Glinµν (h), (4.1.8)

where Glinµν (h) is given by:

Glinµν (h) = Rlinµν −
1

2
gµνR

lin.

Note that this solution is invariant under the gauge symmetry δhµν = ∂µξν + ∂νξµ. In

order to solve the differential subsidiary condition, we can replace h̃µν by Glinµν (h). Then,

∂µGlinµν (h) = 0 (4.1.9)

always holds, as it follows from the definition of Gµν . The tracelessness condition be-
comes

ηµνGlinµν (h) = 0, (4.1.10)

which implies that Rlin = 0. Using the equations above, we obtain the following equa-
tions:

(�−m2)Glinµν = 0, Rlin = 0. (4.1.11)

This set of equations is the linearized version of the set (4.1.2) that corresponds to the
NMG Lagrangian. Hence, one can show that from the linearized Fierz-Pauli one can
derive the linearized NMG model and the other way around.
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4.2 Topologically Massive Gravity

There is another higher-derivative theory of gravity in 3D, which was proposed a long
time ago in [5]. Its action contains terms that are third order in the derivatives. It is
a combination of the Einstein-Hilbert term and a Chern-Simons term. This theory is
called Topologically Massive Gravity (TMG). The action of TMG is given by:

STMG =

∫
d3x
√
−g
[
−R+

1

2m
εµνρΓλµσ(∂νΓσλρ +

2

3
ΓσνδΓ

δ
ρλ)

]
. (4.2.1)

The model is parity odd and describes only one propagating mode, of helicity +2 or
−2, depending on the sign of the Chern-Simons term. Note that the FP equations for
spin-2 describe two helicity states, +2 and −2. We will show how the second order in
derivative FP equations can be split into two first order in derivative equations, each of
which describes a single helicity state, +2 and −2, respectively.

In order to show how this can be done, we will discuss the example of spin-1. The
set of FP equations for the spin-1 field, Aµ, is given by:

(�−m2)Aµ = 0, ∂µAµ = 0. (4.2.2)

In 3D, the Klein-Gordon operator can be factorized as follows:

(εµ
νρ∂ν +mδρµ)(ερ

λσ∂σ −mδσρ )Aσ = 0. (4.2.3)

This equation is clearly equivalent to the following one:

εµ
νρ∂νAρ −mAµ = 0, (4.2.4)

εµ
νρ∂νAρ +mAµ = 0. (4.2.5)

Taking the divergence of either equation, we obtain the divergenceless condition for the
spin-1 field. Roughly speaking, we can consider the first order in derivative equations
as a square root of the FP (Proca for spin-1) ones, and we refer to it as

√
FP (

√
Proca)

in this thesis.
We will now show that the same manipulation holds for the spin-2 field. In that case

the
√
FP equations take the form:

εµ
ρσ∂ρhσν −mhµν = 0, (4.2.6)

εµ
ρσ∂ρhσν +mhµν = 0. (4.2.7)

This first set of equations follows from the action:

S =
1

2

∫
d3x

(
εµνρhµ

σ∂νhρσ −m(hνµhµν − h2)
)

(4.2.8)
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where hµν is a non-symmetric rank-2 tensor. The tensor hµν can be proven to be
symmetric after applying the variational principle and then manipulating its equations
of motion, but being a fundamental field in the action it is not symmetric. Its anti-
symmetric part behaves like the kind of auxiliary fields we discussed in the case of
NMG.

We will now apply the ”boosting up” procedure and consider the
√

FP equations
(4.2.6) and (4.2.7) in terms of a symmetric tensor h̃µν . We first solve for the divergence-

less condition by expressing the tensor h̃µν in terms of a linearized second-order Einstein
operator acting on another symmetric tensor hµν :

h̃µν = Glin
µν(h) . (4.2.9)

Substituting this solution of the differential subsidiary condition back into the original√
FP equations, one obtains the following equivalent set of higher-order equations of

motion:
mGlin

µν(h) = εµ
ρσ∂ρG

lin
σν(h) . (4.2.10)

These equations can be integrated into a higher-order in a derivative version of the
Lagrangian (4.2.8) that can be viewed as the linearization of the Lagrangian of TMG
(4.2.1) [5] around a Minkowski spacetime. To linearize, one first writes gµν = ηµν + hµν
and then expresses the Lagrangian in terms of quadratic order in hµν .

This completes our introduction of NMG and TMG and Part I of this thesis. In Part
II we will consider possible extensions of these two models.



Part II: Extensions of Massive
Gravity
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Chapter 5

Higher Spins

There is a well-developed theory of relativistic free-field spin-s gauge theories in a 4-
dimensional Minkowski spacetime (4D), based on symmetric rank-s gauge potentials.
The topic was initiated by Fronsdal [19], and its geometric formulation was provided
by de Wit and Freedman [20]. We will refer to these models as lower-derivative spin
theories. A more recent review is presented in [21]. The s ≤ 2 cases are standard;
in particular, the s = 2 field equation is the linearized Einstein equation for a metric
perturbation. The spin-1 and spin-2 cases provide key examples to construct the model
for integer ‘higher-spin’ (s > 2). In particular, the gauge-invariant two-derivative Field
strength for these higher spins is an analogue of the linearized Riemann tensor. A feature
of these higher-spin gauge theories of relevance here is that the gauge transformation
parameter, a symmetric tensor of rank s − 1, is constrained to be trace-free. If this
constraint on the parameter were relaxed, then any gauge-invariant equation would
necessarily be higher than second order in the derivatives, and this would normally
imply the propagation of ghost modes, i.e. modes of negative energy. It turns out
that the situation in 3 dimensions is different in many respects. One feature is that
the massless ‘higher-spin’ gauge field equations with two derivatives do not actually
propagate any modes in 3D. One may take advantage of the fact that 3D gravity can
be recast as a Chern-Simons (CS) theory [22,23] to construct CS models for higher-spin
fields interacting with 3D gravity in an anti-de Sitter (AdS) background. The first model
of this type [24] contains an infinite number of these higher spins and is analogous to
Vasiliev’s 4D theory of integer higher spins interacting in an AdS background [25–27].
A special property of 3D is that one can consider a ‘truncated’ version describing only a
finite number of higher-spin fields coupled to gravity [28,29]. Such models have recently
yielded interesting insights [30, 31], although the absence of propagating modes may
limit their impact. Propagating massive modes arise in 3D when higher-derivative terms
are included in the action. The best-known example is ‘topologically massive gravity’
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(TMG), which involves the inclusion of a 3rd-order in derivatives with Lorentz-Chern-
Simons terms [5]. This is a parity-violating gravity model that propagates a single
massive spin-2 mode, thereby illustrating another special feature of 3D: gauge invariance
is consistent with non-zero mass. TMG is ghost-free, despite the higher-derivative nature
of the field equations. As we show later in this chapter, it has been discovered that a
parity-preserving unitary model with curvature-squared terms also exists, and hence
4th-order equations, which are ghost-free and propagate two massive spin-2 modes that
are exchanged by parity. This model is called “New Massive Gravity” (NMG) [15, 18].
It is notable that the ghost problems that usually arise in higher-derivative theories [32]
are absent in NMG [33].

These facets of gauge-field dynamics in 3D are well known. What is less well known
at this point, because it is peculiar to ‘higher spin’ (s > 2), is that there is yet another
unusual feature, namely that the usual trace-free constraint on the gauge parameter may
be relaxed, resulting in what we will call an ‘unconstrained’ higher-spin gauge invariance.
We will refer to these models as conformal higher-spin models. Relaxing the trace-free
condition implies that one has to work with equations that are of even higher order in
derivatives. Remarkably, this does not necessarily imply a violation of unitarity in 3D.
We refer to these models as higher-derivative spin theories.

The general example of the spin-3 case was discussed in [34]. Two distinct parity-
violating ghost-free conformal spin-3 modes were found there. One is a natural spin-3
analogue of TMG and, as for TMG, the absence of ghosts is essentially a consequence
of the fact that only one mode is propagated. Nevertheless, the unconstrained nature
of the gauge invariance is crucial; a previous attempt to construct a spin-3 analogue of
TMG with a trace-free gauge parameter led to a model propagating an additional spin-1
ghost [35,36].

In addition to the lower-derivative spin theories and the higher-derivative ones, we
have one more model that we call a conformal higher-spin theory. These models contain
even more derivatives than the higher-derivative spin theories. In this chapter, we will
consider three different cases of higher spin theories: lower-derivative, higher-derivative,
and conformal, based on its unconstrained or constrained gauge invariance. We will
first comment on the generic higher-derivative and conformal spin theories. Next, we
will consider as specific examples lower-derivative spin-3 and spin-4 theories, higher-
derivative spin-4 theories, and finally we will comment on conformal spin-4 theories.

5.1 Generic Spin

Higher-derivative Spin Theories

We will start our discussion of higher-spin gauge theories in 3D with unconstrained
gauge invariance leading to higher-derivative spin theories. A systematic procedure for
the construction of such theories was proposed in [34]. Starting from the 3D version
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of the standard massive Fierz-Pauli (FP) equations for a rank-s symmetric tensor field,
Gµ1...µs , one can solve the divergence-free condition on this field in order to obtain an
expression1 for it, in terms of another rank-s symmetric tensor gauge potential hµ1...µs :

Gµ1...µs = εµ1

τ1ν1 · · · εµsτsνs∂τ1 · · · ∂τs hν1···νs (5.1.1)

We now view G as the field strength for h; it is invariant under the gauge transformation

δξhµ1···µs = ∂(µ1
ξµ2···µs) , (5.1.2)

where the infinitesimal symmetric tensor parameter of rank-(s − 1) is unconstrained.
Substituting (5.1.1) into the original FP equations, we obtain the following:(

�−m2
)
Gµ1···µs = 0 , ηµνGµνρ1···ρs−2

= 0 . (5.1.3)

These equations now contain terms that are of s + 2 order in derivatives and hence
are ‘higher-derivative’ terms for s > 0. What was the algebraic constraint is now a
differential constraint of order s, and what was the differential constraint is now the
Bianchi identity

∂νGνµ1···µs−1
≡ 0 . (5.1.4)

This procedure can equally be applied to the parity-violating ‘square-root FP’ (
√

FP)
spin-s equations that propagate one mode rather than two. Substituting the solution
to the divergence-free condition (5.1.1) into the

√
FP equations with mass µ, we obtain

the topologically-massive spin-s equations

εµ1

τλ∂τGλµ2···µs = µGµ1µ2···µs , ηµνGµνρ1···ρs−2
= 0 . (5.1.5)

For s = 2, these are the equations of linearized TMG, and, for s = 3, they are the
equations of the spin-3 analogue of TMG, mentioned at the beginning of this chapter.

Given the equivalence of the unconstrained gauge theory formulation with the stan-
dard FP and

√
FP equations, one may ask what is to be gained by a gauge theory

formulation: what advantage does it have over the original FP formulation? In the
s = 2 case, the answer is that it allows for the introduction of local interactions, through
a gauge principle, which would otherwise be impossible: linearized NMG is the lineariza-
tion of the non-linear NMG, which is not equivalent to any non-linear modification of the
FP theory of massive spin-2 (and the same is true of TMG). One may hope for something
similar in the higher-spin case, although we expect this to be much less straightforward.
It may be necessary to consider all even spins or an AdS background, as in Vasiliev’s
4D theory. There is also a potential link to new 3D string theories [37,38].

The linear gauge theory equations (5.1.3) propagate, by construction, two spin-s
modes that are interchanged by parity, but the construction only guarantees an on-shell

1Here we use a normalization different from that used in [34].
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equivalence with FP theory. There is no guarantee that both spin-s modes are physical
rather than ghosts; this depends on the signs of the kinetic energy terms in an (off-shell)
action.2 The action that yields the s = 1 case of (5.1.3) has been studied previously
as ‘extended topologically massive electrodynamics’ (ETME) [39], and one of the two
spin-1 modes turns out to be a ghost, so the on-shell equivalence to FP does not extend
to an off-shell equivalence for s = 1. In contrast, the 4th-order spin-2 equations are
those of linearized NMG, for which both spin-2 modes are physical. Moving on to s = 3,
which we will discuss later in Section 4, the construction of an action shows that one
of the spin-3 modes is a ghost [34], exactly as for spin-1. No attempt to construct
actions for s ≥ 4 was made in [34], because this requires additional ‘auxiliary’ fields.
Here we construct actions that can be described as spin-4 analogues of TMG and NMG
by finding the required auxiliary fields. In the latter case, the absence of ghosts is a
non-trivial issue [8, 40]. This result is consistent with the conjecture [34], which we will
elaborate on at the end of this chapter, that a spin-s analogue of NMG (i.e. a ghost-free
parity-invariant action of order s+2 in derivatives propagating two spin-s modes) exists
only for even s.

Conformal Spin Theories

Although it might seem remarkable that a 6th-order action for spin-4 can be ghost-
free, it is possible to construct (linear) ghost-free spin-4 models with still higher orders
by enlarging the gauge invariance to include a spin-4 analogue of linearized spin-2 con-
formal invariance with a symmetric 2nd-rank tensor parameter. In fact, spin-s gauge
field equations of this type can be found by simultaneously solving both the differential
subsidiary condition of the FP or

√
FP theory and its algebraic trace-free condition (see

Chapter 4) [34], and these equations may be integrated to an action without the need
for auxiliary fields. For example, conformal spin-s

√
FP equations become the equations

that follow by variation of the symmetric rank-s tensor h in the action

S[h] =
1

2

∫
d3x

{
hµ1...µsCµ1...µs +

1

µ
εµ
αβhµν1...νs−1∂αCβν1...νs−1

}
, (5.1.6)

where C is the spin-s Cotton-type tensor for h [41], defined as the rank-s symmetric
tensor of order (2s − 1) in derivatives that is invariant under the spin-s generalization
of the linearized conformal gauge transformations:

δΛhµ1µ2µ3...µs = η(µ1µ2
Λµ3...µs) . (5.1.7)

A convenient expression for the Cotton-type tensor is

Cµ1...µs = εµ1...µs = ε(µ1

ν1ρ1 · · · εµs−1

νs−1ρs−1∂|ν1 · · · ∂νs−1
Sρ1...ρs−1|µs) , (5.1.8)

2As already mentioned, this is not an issue for ‘topologically-massive’ theories, because they propa-
gate only one mode and the sign of the action may be chosen such that this one mode is physical.
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where the rank-s symmetric tensor S, of order s in derivatives, is a spin-s generalization
of the linearized 3D Schouten tensor 3 with the conformal-type transformation

δΛSµ1µ2µ3...µs = ∂(µ1
∂µ2

Ωµ3...µs)(Λ) , (5.1.9)

where Ω(Λ) is a rank-(s − 2) tensor operator, of order (s − 2) in derivatives, acting
on the rank-(s − 2) tensor parameter Λ. When applied to the

√
FP spin-2 model, this

construction yields the linearized 4th-order ‘new topologically massive gravity’ theory
of [8], found and analysed independently in [42]. It was also used in [34] to find a
6th-order ghost-free action for a single spin-3 mode. In the next subsection we will
present details of the lower-derivative s = 3 case. In subsequent subsections we will
discuss several examples of spin-4 theories: lower-derivative, higher-derivative (parity
even), higher-derivative (parity odd), and conformal. In particular, we will verify that
the 8th-order spin-4 action of the type (5.1.6) propagates a single mode, and we will
show that it is ghost-free. We will also apply the construction to the spin-4 FP theory,
obtaining a 9th parity-preserving action, but in this case one of the two spin-4 modes
will be a ghost, just as was the case for the analogous lower-spin cases considered in [34].

5.2 Lower-derivative Spin-3

In order to construct the action for a spin-3 field, we will follow the same procedure
we used in the examples of spin-1 and spin-2 fields, which were discussed in the previ-
ous chapter. As a reminder, in those examples we started from the set of Fierz-Pauli
equations and considered the most general form of the action that could yield those
equations. In this chapter, we will follow these examples closely. In this subsection, we
show how one can construct the actions for spin-3 using the same methodology.

Since it was already necessary to introduce an auxiliary field in the case of spin-2 (the
trace of the symmetric 2-tensor), we intuitively expect the appearance of auxiliary fields
for the higher-spin actions as well. In the spin-2 example, we could form two rank-0
projections (equations with zero indices) out of the equations of motion and one rank-1
projection (an equation with 1 index). Since our aim was to describe only spin-2 modes,
we required all lower rank projections of the spin-2 field (any trace and divergence) to
vanish. To show that the rank-1 projection of the spin-2 field vanishes, one first needs to
show that the two rank-0 projections (the double divergence and the trace) vanish. We
apply the same procedure to the spin-3 field, which we describe by a rank-3 tensor hµνρ.

3The spin-s generalization of the Schouten tensor is defined as follows:

Sµ1...µs (h) = Gµ1...µs (h) +

s/2∑
t=1

ctη(µ1µ2
. . . ηµ2t−1µ2tG

(tr)
µ2t+1...µs)

(h),

where G
(tr)
µ2t+1...µs(h) = ηµ1µ2 . . . ηµ2t−1µ2tGµ1...µs (h) and where the coefficients ct have been chosen

such that under the gauge transformation (5.1.7) S transforms as (5.1.9).
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Out of the spin-3 field we can construct one rank-2 projection (by taking the divergence)
∂µhµνρ, two rank-1 projections ∂µ∂νhµνρ (by taking the double divergence) and ηµνhµνρ
(by taking the trace), and two rank-0 projections ∂µ∂ν∂ρhµνρ (a triple divergence) and
ηµν∂ρhµνρ (a divergence and the trace). It turns out that one needs to introduce an
auxiliary field in order to show that all rank-0 projections of the spin-3 field vanish. The
new scalar field, π, is called an auxiliary field. We will use this auxiliary scalar field
π to show that ∂µ∂ν∂ρhµνρ = 0 and ηµν∂ρhµνρ = 0 and that the auxiliary field itself
is zero. Following the same analogy as in the spin-1 and spin-2 cases, we will consider
the most general form of the Lagrangian for the spin-3 case. We consider all possible
combinations up to two derivatives of the field hµνρ as well as the auxiliary field π and
the term, which should describe the coupling of the scalar field π with hµνρ. Since the
auxiliary field π is a scalar field, it can couple with one of the rank-0 projections of the
field hµνρ. Since we do not want more than 2 derivatives in our Lagrangian, we will
not consider the coupling of π with ∂µ∂ν∂ρhµνρ. The only possibility that remains is to
couple π with ηµν∂ρhµνρ. In this way, we obtain the following form for the most general
Lagrangian:

Lspin-3 =
1

2
hµνρ

(
�−m2

)
hµνρ +

1

2
hµ
(
a1�− a2m

2
)
hµ

−1

2
a3∂µh

µνρ∂σhσνρ −
1

2
a4(∂µhµ)2 + a5h

µνρ∂µ∂νhρ (5.2.1)

+
1

2
π
(
a6�− a7m

2
)
π + a8mπ∂µh

µ

where hµ ≡ ηρσhµνρ and a1, ..a8 are arbitrary coefficients. Varying this Lagrangian with
respect to the field hµνρ, we obtain the following equation of motion:

(�−m2)hµνρ + η(µν(a1�− a2m
2)hρ) + a3∂(µ∂

σh|σ|νρ) + a4η(µν∂ρ)∂σh
σ

+a5∂(µ∂νhρ) + a5η(µν∂
λ∂τh|λτ |ρ) + a8mη(µν∂ρ)π = 0, (5.2.2)

while the variation over the field π gives the following equation of motion:

(a6�− a7m
2)π + a8m∂ρh

ρ = 0. (5.2.3)

The equation of motion for hµνρ is a rank-3 equation. We can form one rank-2 equation
by taking the divergence of (5.2.2) and two rank-1 equations by taking the double
divergence and the trace, respectively, of (5.2.2) and two rank-0 equations by taking the
triple divergence and divergence together with the trace of (5.2.2). The rank-0 equations
are given by:

(1 + a3 + a5)�∂µ∂ν∂ρhµνρ −m2∂µ∂ν∂ρhµνρ

+(a1 + a4 + a5)�2∂µhµ −m2a2�∂
µhµ + a8m��π = 0, (5.2.4)
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and

(2a3 + (D + 2)a5) ∂µ∂ν∂ρhµνρ + (3 + 3a5 + (D + 2)(a+ d) + a3)�∂µhµ

−m2 (3 + (D + 2)a2) ∂µhµ + (D + 2)a8m�π = 0 (5.2.5)

where D is the number of dimensions. It follows from equation (5.2.3) that we can solve
for ∂µhµ in terms of π as

∂µhµ = − a6

a8m
�π +

a7m

a8
π. (5.2.6)

We substitute this expression into the other two rank-0 equations. Similarly, we can
solve for the triple divergence ∂µ∂ν∂ρhµνρ from equation (5.2.5) by:

∂µ∂ν∂ρhµνρ = a�2π + b�π + cπ, (5.2.7)

where the new coefficients are given in terms of the old ones by:

a =
a6

a8m

3 + a3 + 3a5 + (D + 2)(a1 + a4)

2a3 + (D + 2)a5
, (5.2.8)

b = −
a7
a8
m(3 + a3 + 3a5 + (D + 2)(a1 + a4)) + a6

a8
m(3 + (D + 2)a2) + 5a8

2a3 + (D + 2)a5
, (5.2.9)

c =
a7m

3

a8

3 + (D + 2)a2

2a3 + (D + 2)a5
. (5.2.10)

Substituting this solution for the triple divergence back into the remaining equation
(5.2.4), we obtain an equation containing the auxiliary field π only:

H�3π + E�2π + F�π −m2Cπ = 0 (5.2.11)

where the coefficients H,E, F are given by:

H = a(1 + a3 + a5)− a6(a1 + a4 + a5)

hm
, (5.2.12)

E = b(1 + a3 + a5) +
a2a6m

h
+
a7m(a1 + a4 + a5)

a8
+ (a8m− am2), (5.2.13)

F = c(1 + a3 + a5)− bm2 − a2a7m
3

a8
. (5.2.14)

Setting the coefficients of all terms containing �π in equation (5.2.11) to zero, i.e.

H = 0, E = 0, F = 0, (5.2.15)

we derive that:

π = 0. (5.2.16)
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Hence, we have shown that the auxiliary field is zero. Substituting (5.2.16) back into
the set of equations (5.2.3), (5.2.4) and (5.2.5), we obtain:

∂µhµ = 0, (5.2.17)

∂µ∂ν∂ρhµνρ = 0. (5.2.18)

In this way, we proved that the rank-0 components of the original field vanish. We delib-
erately chose generic coefficients that were introduced in the most general Lagrangian.

Next, we move on to consider the rank-1 equations. In order to show that the rank-1
components of hµνρ vanish, we apply the same procedure as we presented in the case
of the rank-0 components. We start from the rank-1 equations, which are obtained, as
was mentioned earlier, by taking the double divergence and taking the trace of equation
(5.2.2), respectively:

(3 + 2a3 + a5)(�− 3m2)∂µ∂νhµνρ + (a1 + a5)(�− a2m
2)�hρ = 0, (5.2.19)

(2a3 + a5(D + 2)) ∂µ∂νhµνρ + (3 + a5 + a1(D + 2))�hρ −m2(3 + a2(D + 2))hρ = 0.
(5.2.20)

where we used the fact that the auxiliary field π and the spin-0 projections of hµνρ are
vanishing. From the last equation we can solve for ∂µ∂νhµνρ as:

∂µ∂νhµνρ = − (3 + a5 + a1(D + 2))

(2a3 + a5(D + 2))
�hρ +m2 (3 + a2(D + 2))

(2a3 + a5(D + 2))
hρ. (5.2.21)

Substituting this solution back into the other rank-1 equation, (5.2.19) we obtain:

j�2hρ + km2�hρ + lm4hρ = 0, (5.2.22)

with the coefficients j, k and l given by:

j = −a1 − a5 − (3 + 2a3 + a5)
(3 + a3 + a1(D + 2))

2a3 + a5(D + 2)
, (5.2.23)

k = (3 + 2a3 + a5)
3 + (D + 2)a2

2a3 + (D + 2)a5
+ 3

3 + a5 + a1(D + 2)

2a3 + a5(D + 2)
− a2, (5.2.24)

l = −3
3 + a2(D + 2)

2a3 + a5(D + 2)
. (5.2.25)

Requiring that the coefficients j, k, l in (5.2.22) satisfy:

j = 0, k = 0, l 6= 0, (5.2.26)

we derive that

hµ = 0. (5.2.27)
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Then from (5.2.21) it follows that:

∂µ∂νhµνρ = 0. (5.2.28)

In this way, we have shown that all rank-1 projections of the field hµνρ are zero.
Our next step is to consider the rank-2 equation, which we obtained from the equation

of motion (5.2.2) by taking the divergence, as we already mentioned earlier. After using
the fact that all rank-0 and rank-1 projections of hµνρ are zero, the rank-2 equation
reads as follows:

(1 +
a3

3
)�∂µhµνρ −m2∂µhµνρ = 0. (5.2.29)

We now choose a3 = −3 and obtain

∂µhµνρ = 0. (5.2.30)

In this way, we set the rank-2 projection to zero as well. Finally, setting all lower-
spin projections of hµνρ equal to zero, the equation of motion (5.2.2) reduces to the
Klein-Gordon equation:

(�−m2)hµνρ = 0. (5.2.31)

Finally, from the conditions that we imposed on them, we need to solve the set of
equations for the coefficients that appear in the Lagrangian. Solving the system of
equations (5.2.15) and (5.2.26), and taking a3 = −3, we find that:

a1 = a2 = a3 = −3, a4 = −3/2, a5 = 3, a6 = −4

3

D − 1

D − 2
, (5.2.32)

a7 = − 2D2

(D − 2)2
, a8 = 1. (5.2.33)

The values of the coefficients are dependent on the number of dimensions D. In the case
of D = 3, we obtain the Lagrangian (5.2.34), which has the following form:

Lspin-3 =
1

2
hµνρ

(
�−m2

)
hµνρ +

3

2
∂µh

µνρ∂σhσνρ

−3

2
hµ
(
�−m2

)
hµ +

3

4
(∂µhµ)2 + 3hµνρ∂µ∂νhρ (5.2.34)

−1

2
π

(
4(D − 1)

3(D − 2)
�− 2D2

(D − 2)2
m2

)
π +mπ∂µh

µ .

This Lagrangian can be rewritten in terms of what is called the Fronsdal tensor
Fµνρ(h) in the following way:

Lspin-3 =
1

2
hµνρ

(
Fµνρ(h)− 3

2
η(µνFρ)(h)

)
− 1

2
m2 (hµνρhµνρ − 3hµhµ)
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−1

2
π

(
�− 27

4
m2

)
π +

1

2

√
3

2
mπ∂µh

µ, (5.2.35)

where the Fronsdal tensor is given by:

Fµνρ(h) = �hµνρ − 3∂(µ∂
σhνρ)σ + 3∂(µ∂νhρ). (5.2.36)

The Fronsdal tensor is invariant under the restricted gauge transformations:

δhµνρ = ∂(µξνρ), ηµνξµν = 0. (5.2.37)

The Lagrangian Lspin-3 is invariant under the same transformations when m2 → 0.

5.3 Lower-derivative Spin-4

In the previous chapters and subsections, we gave examples of spin-1, spin-2 and spin-3
theories, and we noticed an interesting pattern in the numerology concerning the number
of lower-rank equations and the lower-spin projections of the spin-s field. Extrapolating,
we expect that in the spin-4 case an auxiliary vector field will need to be introduced.

We can use the same procedure we used in the previous cases of spin-1, spin-2, and
spin-3, for deriving the Lagrangian for spin-4. We consider a symmetric rank-4 tensor
hµνρσ. Following the spin-3 case, to derive all the constraints on hµνρσ one expects to
need 4 rank-0 equations and 3 rank-1 equations. Since we can construct only three rank-0
projections (∂µ∂ν∂ρ∂σhµνρσ, ηµνηρσhµνρσ, ∂µ∂νηρσhµνρσ) and only 2 rank-1 projections
(∂µ∂ν∂ρhµνρσ, ∂µηνρhµνρσ) we will need to introduce an auxiliary rank-1 (vector) field
πµ. The auxiliary vector field πµ will increase the number of rank-1 equations exactly
by one, while its divergence ∂µπµ will increase the number of rank-0 equations by one.
The final result is that the spin-4 Lagrangian has the form (we have skipped the details
and only given the answer here):

Lspin-4 =
1

2
hµνρσ

(
�−m2

)
hµνρσ + 2∂µh

µνρσ∂τhτνρσ + 6hµνρσ∂µ∂νhρσ

− 3hρσ
(
�−m2

)
hρσ − 3hµν∂µ∂

ρhρν +
1

2
h
(
� + 3m2

)
h (5.3.1)

+
3

2
mπρ (∂σhρσ)− 1

2
πρ
(
�− 25

8
m2

)
πρ −

1

16
πρ∂ρ∂σπ

σ ,

where hµν ≡ ηρσhµνρσ. Varying this Lagrangian and applying the same procedure as
in the previous sections, it is straightforward to show that the auxiliary vector field
vanishes as well as all ranks lower than 4 projections of hµνρσ. This leads to a Klein-
Gordon type of equation for the symmetric rank-4 tensor; it also yields all the algebraic
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and differential conditions on hµνρσ. The general result is that we can describe a higher-
spin-s > 2 mode using a symmetric rank s tensor hµ1···µs , together with a rank s − 3
auxiliary field πµ1···µs−3

.
In the following subsections, we will show how the structure of the required auxiliary

fields changes once we introduce higher derivatives.

5.4 A Spin-4 Analogue of NMG

In this section, we will consider a higher-derivative version of spin-4. As mentioned
previously, we use a totally symmetric rank-4 tensor to describe the spin-4 mode. We
will boost up the derivatives by starting from the FP -like equations for the rank-4 tensor
Gµνρσ (see equation (5.1.1) for s = 4) and generate NMG-like models of spin-4.

The set of FP -like equations of higher-derivative spin-4 is given by the following two
equations: (

�−m2
)
Gµνρσ(h) = 0 , Gtr

µν(h) = 0 (5.4.1)

where Gµνρσ(h) is the generalized Einstein tensor for the symmetric field hµνρσ and
Gtr
µν(h) is its trace:

Gµνρσ(h) = εµ
ταεν

ηβερ
ξγεσ

ζδ∂τ∂η∂ξ∂ζ hαβγδ , Gtr
µν(h) = ηρσGµνρσ(h) . (5.4.2)

The tensor G(h) is invariant under the gauge transformation

δhµνρσ = ∂(µξνρσ) , (5.4.3)

with unconstrained infinitesimal rank-3 symmetric tensor parameter ξ.
We now need to find a gauge-invariant and manifestly a Lorentz-invariant action that

yields the spin-4 equations (5.4.1). It turns out that in this case we need a symmetric
tensor πµν and an additional scalar φ. Defining

Gµν(π) = εµ
τρεν

ησ∂τ∂η πρσ (5.4.4)

we may write an ansatz for the action as follows:

L =

{
− 1

2m4
hµνρσGµνρσ (h) +

1

2m6
hµνρσ�Gµνρσ (h)

+
a1

m4
πµνGtr

µν (h) (5.4.5)

− a2

m2
πµνGµν(π) + a3π

µνπµν − a4π
2

+a5φπ + a6φ
2 + a7

1

m2
φ�φ

}
,
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where π = ηµνπµν and a1, ..., a7 are arbitrary coefficients.
Applying the same procedure we used in the previous section, we can determine

the coefficients in this action. Varying this Lagrangian over the field hµνρσ leads to its
equation of motion:

−Gµνρσ (h) +
1

m2
�Gµνρσ (h) = a1η(µν�Gρσ) (π)− a1∂(µ∂νGρσ) (π) . (5.4.6)

At the same time, variation over πµν leads to the equation of motion for πµν :

a1

m4
Gtr
µν (h) +

2a2

m2
Gµν (π) + 2a3πµν − 2a4ηµνπ + a5ηµνφ = 0. (5.4.7)

In the same way, we obtain the equation of motion for the scalar field φ:

a5π + 2a6φ+
2a7

m2
�φ = 0 (5.4.8)

We will now analyse equations (5.4.6), (5.4.7), and (5.4.8), which are equations with
4, 2 and 0 indices, respectively. We first construct out of these equation all possible
equations with fewer indices by taking divergences and traces. This leads to one (zero,
two, one, four) equations with four (three, two, one, zero) indices. The fact that there
is no equation with three indices follows from the Bianchi identity

∂µGµνρσ(h) ≡ 0 , (5.4.9)

which is the s = 4 case of (5.1.4). The two rank-2 equations are given by equation
(5.4.7); the one obtained by taking the trace of (5.4.6) is given below:

−Gtr
µν(h) +

1

m2
�Gtr

µν(h) = a1�Gµν(π) +
a1

6
ηµν�G

tr(π)− a1

6
∂µ∂νG

tr(π). (5.4.10)

The only rank-1 equation, derived from (5.4.7), is given by:

2a3∂
λπλµ − 2a4∂µπ + a5∂µφ = 0. (5.4.11)

From (5.4.7) and (5.4.6), we can derive three more rank-0 equations which are given by:

a1

m4
Gtr2(h) + 2

a2

m2
Gtr(π) + (2a3 − 6a4)π + 3a5φ = 0, (5.4.12)

2a3∂
µ∂νπµν − 2a4�π + a5�φ = 0, (5.4.13)

Gtr2 (h)− 1

m2
�Gtr2 (h) +

4a1

3
�Gtr (π) = 0. (5.4.14)

We first fix the normalization of the fields by setting a1 = a5 = 1 and substitute it in
all equations. From (5.4.8) we can express π in the following way:

π = −2a6φ−
2a7

m2
�φ (5.4.15)



5.4 A Spin-4 Analogue of NMG 45

Substituting this expression into the three other rank-0 equations, we derive the following
set of equations:

∂µ∂νπµν = − 1

a3
(1 + 2a6γ)�φ− 2a7

a4

a3

1

m2
�2φ, (5.4.16)

G(h) = b1�
2φ+ b2m

2�φ+m4b3φ, (5.4.17)

c1�
2�φ+m2c2�

2φ+m4c3�φ+m6c4φ = 0, (5.4.18)

where

b1 = 4a7a2(
a4

a3
− 1), (5.4.19)

b2 = 2a2((
2a6a4

a3
+

1

2a3
)− 2a6)− 2a7(6a4 − 2a3), (5.4.20)

b3 = −3− 2a6(6a4 − 2a3) (5.4.21)

and

c1 = b1 −
8a7

3
+

4

3

2a7a4

a3
, (5.4.22)

c2 = b2 − b1 −
8a6

3
+

4

3

1

a3
(1 + 2ca4), (5.4.23)

c3 = b3 − b2, c4 = −b3. (5.4.24)

Imposing the constraints c1 = c2 = c3 = 0, we derive that:

φ = 0. (5.4.25)

Substituting this back into equations (5.4.15), (5.4.16), and (5.4.17), we derive that

π = 0, ∂µ∂νπµν = 0, G(h) = 0 (5.4.26)

Taking this into account, equation (5.4.11) reduces to:

∂απαµ = 0, (5.4.27)

assuming that a3 6= 0. The two rank-2 equations now obtain a very simple form presented
by the following two equations:

Gtr
µν (h) + 2a2m

2Gµν (π) + 2m4a3πµν = 0, (5.4.28)

Gtr
µν (h)− 1

m2
�Gtr

µν (h) + �Gµν (π) = 0. (5.4.29)

Using that Gµν (π) = �πµν − 2∂(µ∂
απν)α, the first rank-2 equation gives:

Gtr
µν (h) = −2a2m

2
(
�πµν − 2∂(µ∂

απν)α

)
− 2a3m

4πµν . (5.4.30)
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Substituting this into the second rank-2 equation (5.4.29), we obtain:

(1 + 2a2)�2πµν − 2m2(a2 − a3)�πµν − 2a3m
4πµν = 0. (5.4.31)

Setting the coefficients in front of the terms �2πµν and �πµν to zero, we finally derive
that:

πµν = 0. (5.4.32)

It follows that

Gµν(π) = 0, Gtr
µν (h) = 0. (5.4.33)

Now the original equation (5.4.6) reduces to a Klein-Gordon equation for the spin-4
mode. What remains is to find the coefficients. Given equation (5.4.31), we imposed
that a2 = a3 = − 1

2 . Solving the set of equations c1 = c2 = c3 = 0 with c1, c2, c3, given
by equations (5.4.22)-(5.4.24) gives us the following values for the coefficients:

a2 = a3 = a4 = −1

2
, a7 =

1

12
, c =

13

12
(5.4.34)

Substituting these values into the original ansatz (5.4.5), the proposed Lagrangian has
the form:

L = − 1

2m4
hµνρσGµνρσ(h) +

1

2m6
hµνρσ�Gµνρσ(h)

+
1

m4
πµνGtr

µν(h)− 1

2m2
πµνGµν(π)− 1

2
πµνπµν +

1

2
π2

+φπ +
13

12
φ2 +

1

12m2
φ�φ. (5.4.35)

By construction, the action (5.4.35) propagates two spin-4 modes. First, we need to
look at the equations of motion to investigate whether or not there are indeed two
propagating spin-4 modes. Later, by a canonical analysis of the Lagrangian, we will
show whether those modes are ghosts or not. To do this, we first need to rewrite the
action in terms of gauge-invariant variables only and then eliminate the auxiliary fields
to obtain an action for the propagating physical modes alone. Using the ‘canonical’
methods of [8, 40], we first show that the equations of motion (5.4.1) propagate two
massive modes. This analysis will be useful when we later turn to a similar analysis of
the actions. Focusing on the canonical structure of the equations of motion, we make a
time/space split of the components of the various fields, setting µ = (0, i) where i = 1, 2.
It is convenient to choose the gauge where

∂ihiµνρ = 0. (5.4.36)
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In this gauge, we may write the components of h in terms of five independent gauge-
invariant fields (ϕ0, ϕ1, ϕ2, ϕ3, ϕ4) as follows:

h0000 =
1

(∇2)
2ϕ0 , h000i =

1

(∇2)
2 ∂̂iϕ1 , h00ij =

1

(∇2)
2 ∂̂i∂̂jϕ2 ,

h0ijk =
1

(∇2)
2 ∂̂i∂̂j ∂̂kϕ3 , hijkl =

1

(∇2)
2 ∂̂i∂̂j ∂̂k∂̂lϕ4 , (5.4.37)

where
∂̂i = ε0

ij∂j . (5.4.38)

Substituting these components into equation (5.4.2) we obtain the following expressions
for the components of the generalized Einstein tensor:

G0000(h) = (∇2)2ϕ4 , G000i(h) = ∇2
(
∂̂iϕ3 + ∂iϕ̇4

)
,

G00ij(h) =
(
∂̂i∂̂jϕ2 + 2∂̂(i∂j)ϕ̇3 + ∂i∂jϕ̈4

)
,

G0ijk(h) =
1

∇2

[
∂̂i∂̂j ∂̂kϕ1 + 3∂̂(i∂̂j∂k)ϕ̇2 + 3∂̂(i∂j∂k)ϕ̈3 + ∂i∂j∂k

(
∂3
t ϕ4

)]
,

Gijkl(h) =
1

(∇2)2

[
∂̂i∂̂j ∂̂k∂̂lϕ0 + 4∂̂(i∂̂j ∂̂k∂l)ϕ̇1 + 6∂̂(i∂̂j∂k∂l)ϕ̈2

+ 4∂̂(i∂j∂k∂l)
(
∂3
t ϕ3

)
+ ∂i∂j∂k∂l

(
∂4
t ϕ4

)]
, (5.4.39)

together with

Gtr
00(h) = ∇2 (ϕ2 −�ϕ4) ,

Gtr
0i(h) = ∂̂i (ϕ1 −�ϕ3) + ∂i (ϕ̇2 −�ϕ̇4) , (5.4.40)

Gtr
ij(h) =

1

∇2

[
∂̂i∂̂j (ϕ0 −�ϕ2) + 2∂̂(i∂j) (ϕ̇1 −�ϕ̇3) + ∂i∂j (ϕ̈2 −�ϕ̈4)

]
.

Using these results, the tensor equation Gtr = 0 implies that

ϕ0 = �2ϕ4 , ϕ1 = �ϕ3 , ϕ2 = �ϕ4 , (5.4.41)

which eliminates (ϕ0, ϕ1, ϕ2) as independent fields. Similarly, one can show that the
dynamical equations (5.4.1) are equivalent to(

�−m2
)
ϕ3 = 0 ,

(
�−m2

)
ϕ4 = 0 , (5.4.42)

which shows that there are two propagating degrees of freedom of equal mass m. The
spins of the propagated modes cannot be determined easily by this method since they
are defined with respect to the Lorentz transformations that leave invariant the original



48 Higher Spins

equations, and this was broken by the gauge-fixing condition and subsequent (space non-
local) field redefinitions.4 However, the initial construction, which guarantees on-shell
equivalence to the FP equations for spin-4, determines that the modes have spin-4.

What remains to be discussed now is whether the two propagating modes are ghosts
or not. For that reason we need to analyse the action. We have already seen how to
write the gauge potential h in terms of the five gauge-invariant fields (ϕ0, ϕ1, ϕ2, ϕ3, ϕ4).
The auxiliary tensor πµν has six independent components, which we may write in terms
of six independent fields (ψ0, ψ1, ψ2;λ0, λ1, λ2) as follows:

π00 = − 1

∇2

(
ψ0 + 2λ̇0

)
, π0i = − 1

∇2

[
∂̂i

(
ψ1 + λ̇1

)
+ ∂i

(
λ0 + λ̇2

)]
,

πij = − 1

∇2

(
∂̂i∂̂jψ2 + 2∂̂(i∂j)λ1 + 2∂i∂jλ2

)
. (5.4.43)

The dependence on the variables (λ1, λ2, λ3) is that of a spin-2 gauge transformation,
so the tensor Gµν(π), which is invariant under such a transformation, depends only on
the three variables (ψ0, ψ1, ψ2). Specifically, substituting the above expressions for the
components of πµν gives

G00(π) = −∇2ψ2 , G0i(π) = −
(
∂̂iψ1 + ∂iψ̇2

)
,

Gij(π) = − 1

∇2

(
∂̂i∂̂jψ0 + 2∂̂(i∂j)ψ̇1 + ∂i∂jψ̈2

)
(5.4.44)

and hence

ηµνGµν(π) = − (ψ0 −�ψ2) . (5.4.45)

We are now in a position to determine the form of the action in terms of the gauge-
invariant variables. A direct substitution yields the result

S =

∫
d3x {L1 + L2} , (5.4.46)

where

L1 =
4

m6
ϕ1

(
�−m2

)
ϕ3 −

2

m4
ψ1 (ϕ1 −�ϕ3)− 1

m2
ψ2

1 − λ2
1

−
(
ψ1 + λ̇1

) 1

∇2

(
ψ1 + λ̇1

)
, (5.4.47)

4In the light of this, it is notable that the resulting equations are still Lorentz invariant, but these
Lorentz transformations are not those of the original action.
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which depends only on the four fields (ϕ1, ϕ3;ψ1;λ1), and

L2 =
1

m6
ϕ0

(
�−m2

)
ϕ4 +

3

m6
ϕ2

(
�−m2

)
ϕ2

− 1

m4
ψ0 (ϕ2 −�ϕ4)− 1

m4
ψ2 (ϕ0 −�ϕ2)− 1

m2
ψ0ψ2

+2λ2ψ2 − (ψ2 + 2λ2)
1

∇2

(
ψ0 + 2λ̇0

)
−
(
λ0 + λ̇2

) 1

∇2

(
λ0 + λ̇2

)
+ φ

1

∇2

(
ψ0 + 2λ̇0

)
−φψ2 − 2φλ2 +

13

12
φ2 +

1

12m2
φ�φ , (5.4.48)

which depends only on the remaining eight fields (ϕ0, ϕ2, ϕ4;ψ0, ψ2;λ0, λ2;φ). We have
already seen that the propagating fields are ϕ3 and ϕ4, so it must be that one spin-4
mode is propagated by each of these two parts of the action. We now aim to confirm
this and to determine whether the propagated modes are physical modes or ghosts. A
systematic analysis is possible, but in this thesis we will give only the final results.

Discarding total derivatives, the Lagrangian L1 can be rewritten as

L1 =
1

m8
ϕ̃1

(
�−m2

)
ϕ̃1 + ψ̃2

1 − λ̃2
1 +

1

m2
ϕ̃2

3 , (5.4.49)

where

ϕ̃1 = ϕ1 +m2ϕ3 +
1

2
m2ψ1 , ϕ̃3 = ϕ3 −

1

m2
ϕ1 −

1

2
ψ1 ,

ψ̃1 =
1√
−∇2

[(
1 +

∇2

2m2

)
ψ1 + λ̇1 +

∇2

m4
ϕ1 −

∇2

m2
ϕ3

]
,

λ̃1 = λ1 +
1

m4
ϕ̇1 +

1

2m2
ψ̇1 −

1

m2
ϕ̇3 . (5.4.50)

Using these relations, the field equations of (5.4.49) can be shown to imply that ψ1 =
λ1 = 0 and

ϕ1 = �ϕ3 ,
(
�−m2

)
ϕ3 = 0 , (5.4.51)

in agreement with our earlier conclusion that ϕ3 is the only other independent propa-
gating field (in the original basis). In a similar way, the Lagrangian L2 can be rewritten
as

L2 =
4

m6
ϕ̃2

(
�−m2

)
ϕ̃2 − φ̃ ϕ̃4 −

1

m4
ψ̃2 ϕ̃0 + λ̃2ψ̃0 + λ̃2

0 , (5.4.52)
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where

ϕ̃0 = ϕ0 −m2ϕ2 +m2
(
� +m2

)
ψ2 −m2�φ− 7

6
m4φ , ϕ̃2 = ϕ2 +

1

6
m2φ ,

ϕ̃4 = ϕ4 −
1

m2
ϕ2 −

1

6
φ , ψ̃0 = − 1

∇2
(ψ0 −�ψ2 + �φ) ,

ψ̃2 = ψ2 −
1

m2

(
�−m2

)
ϕ4 , λ̃0 =

1√
−∇2

(
λ0 − ψ̇2 − λ̇2 + φ̇

)
,

λ̃2 = 2λ2 +
∇2

m4
(ϕ2 −�ϕ4) +

(
1 +
∇2

m2

)
ψ2 − φ ,

φ̃ =
7

6
φ− 1

6m2
�φ− 1

m4

(
�−m2

)
ϕ2 − ψ2 . (5.4.53)

Using these relations, the field equations of L2 can be shown to be equivalent to ψ0 =
ψ2 = λ0 = λ2 = φ = 0 and

ϕ0 = �2ϕ4 , ϕ2 = �ϕ4 ,
(
�−m2

)
ϕ4 = 0 , (5.4.54)

again in agreement with our earlier conclusion that ϕ4 is the only independent propa-
gating field (in the original basis).

If we now recombine the two Lagrangians L1 and L2 and eliminate all auxiliary fields,
we arrive at the Lagrangian

L =
1

m8
ϕ̃1

(
�−m2

)
ϕ̃1+

4

m6
ϕ̃2

(
�−m2

)
ϕ̃2 . (5.4.55)

Note that both terms have the same sign. This means that the overall sign can be chosen
such that both modes are physical. In our conventions, the sign that we have chosen is
precisely such that this is the case, so our spin-4 action is ghost-free.

5.5 Spin-4 analogue of TMG

In this subsection, we consider a parity-odd version of higher-derivative spin-4, which is a
spin-4 analog of the spin-2 TMG. After boosting up the derivatives, the set of

√
FP -like

equations of higher-derivative spin-4 is given by the following two equations:

εµ
τλ∂τGλνρσ = m,Gµνρσ , Gtr

µν(h) = 0 (5.5.1)

where Gµνρσ(h) is the generalized Einstein tensor, as it was defined by equation (5.4.2).
We will now seek a gauge-invariant and manifestly Lorentz-invariant action that

yields the topologically massive spin-4 equations (5.5.1). One can show that such an
action must involve additional ‘auxiliary’ fields that are set to zero by the equations of
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motion. Again, there is a systematic procedure that can be used to find these auxiliary
fields, but here we will just give the final result. We find that one needs an auxiliary
symmetric tensor πµν and an auxiliary vector field φµ :

S =

∫
d3x

{
1

2µ4
hµνρσGµνρσ (h)− 1

2µ5
hµνρσεµ

αβ∂αGβνρσ (h)

+
1

µ4
πµνGtr

µν (h) +
1

µ3
πµνCµν (π) +

2

µ2
πµνGµν (π)

+
4

µ
πµνεµ

αβ∂απβν + 8
(
πµνπµν − π2

)
− 1

µ
φµ∂µπ +

1

µ
φµ∂απαµ

− 1

16µ
φµεµ

αβ∂αφβ +
1

4
φµφµ

}
, (5.5.2)

where

π = ηµνπµν (5.5.3)

and where Cµν(π) denotes the Cotton tensor of πµν :

Cµν(π) = ε(µ
αβ∂|αSβ|ν)(π) , Sµν(π) = Gµν(π)− 1

2
ηµνG

tr(π) . (5.5.4)

We will now schematically indicate how the equations of motion of this action may be
shown to be equivalent to the equations (5.5.1). We first write down the uncontracted
equations of motion of hµνρσ, πµν and φµ. These are equations with 4, 2 and 1 indices.
We next construct out of these equations all possible equations with fewer indices by
taking divergences and/or traces. In total, this leads to one (zero, two, two, four)
equation with four (three, two, one, zero) indices. We now first use the four equations
with zero indices to derive that

ηµνGtr
µν(h) = ∂ρ∂σπρσ = π = ∂µφµ = 0 . (5.5.5)

Next, we use the two equations with one index to show that ∂λπλµ = φµ = 0. From the
two equations with two indices we can then subsequently deduce that

Gtr
µν(h) = πµν = 0 . (5.5.6)

Substituting all these equations back into the original equation of motion for the tensor
potential h then leads to the equations (5.5.1).

5.6 Conformal spin-4

So far, we have considered massive spin-4 gauge theories with equations that can be
obtained by solving the differential subsidiary condition of the corresponding FP (Sub-
section 5.4) or

√
FP (Subsection 5.5) equations. As mentioned in the introduction to
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this chapter, it is possible to solve, simultaneously, both the differential subsidiary con-
straint and the algebraic trace-free condition on the FP field, which thereby becomes a
Cotton-type tensor for a gauge potential h that is subject to a conformal-type linearized
gauge transformation that can be used to remove its trace. Here we present a few fur-
ther details of this construction for spin-4, and we analyse the physical content of the
‘conformal’ models that one finds this way. The original spin-4 FP field becomes the
spin-4 Cotton-type tensor in terms of another field hµνρσ as

Cµνρσ = ε(µ
α1β1εν

α2β2ερ
α3β3∂|α1

∂α2
∂α3

Sβ1β2β3|σ)(h) , (5.6.1)

where the spin-4 Schouten-type tensor S, for a symmetric rank-4 tensor potential h, is
given by

Sµνρσ(h) = Gµνρσ(h)− η(µνG
tr
ρσ)(h) +

1

8
η(µνηρσ)η

αβGtr
αβ(h) . (5.6.2)

The conformal-type transformation of spin-4 is

δhµνρσ = η(µν Λρσ) . (5.6.3)

The invariance of the Cotton-type tensor under this gauge transformation is an imme-
diate consequence of the following simple transformation law for the spin-4 Schouten
tensor:

δSµνρσ(h) = ∂(µ∂νΩρσ) , Ωµν = Gµν(Λ)− 1

6
ηµνG

tr(Λ) (5.6.4)

where the tensor G(Λ) is the linearized Einstein tensor for the 2nd-rank tensor parameter
Λ. Following the procedure outlined above, we deduce that the spin-4 FP equations are
equivalent to the single equation

(�−m2)Cµνρσ = 0 (5.6.5)

with no lower-derivative constraints; what were the differential and algebraic constraints
of the FP theory are now the Bianchi and trace-free identities of the Cotton tensor:

∂µCµνρσ ≡ 0 , ηµνCµνρσ ≡ 0 . (5.6.6)

The equation (5.6.5) can be integrated to the following 9th-order action, without the
need of auxiliary fields:

S(9) =
1

2

∫
d3x hµνρσ(�−m2)Cµνρσ(h) . (5.6.7)

Similarly, the
√

FP spin-4 equations become

εµ
αβ∂αCβνρσ = µCµνρσ , (5.6.8)
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again with no lower-derivative constraints. These equations can be integrated to the
following action, 8th order in derivatives:

S(8) =
1

2

∫
d3x

{
hµνρσCµνρσ(h) +

1

µ
εµ
αβhµνρσ∂αCβνρσ(h)

}
. (5.6.9)

Again, no auxiliary fields are needed.
By construction, the actions S(8) and S(9) propagate, respectively, one or two modes

of spin-4, although there is no guarantee that none of the modes is a ghost. To settle
this issue, we may use the additional gauge invariance (5.6.3) to go to a gauge in which
hiiµν = 0. In this gauge the only non-zero components appearing in the decomposition
(5.4.37) are

h0000 =
1

(∇2)2
ϕ0 , h000i =

1

(∇2)2
∂̂iϕ1 . (5.6.10)

As a consequence of this simplification, we will need only the following components of
the Cotton-type tensor

C0000 = −1

2
(∇2)2ϕ1 ,

C000i = −1

8
∇2∂̂iϕ0 −

1

2
∇2∂iϕ̇1 ,

C00ij = −1

2
∂̂i∂̂j�ϕ1 −

1

4
∂̂(i∂j)ϕ̇0 −

1

2
∂i∂jϕ̈1 . (5.6.11)

The remaining components are not zero, but they are determined in terms of the ones
given by the conditions (5.6.6).

Using these results for the Cotton-type tensor, we find that

S(9) = −1

2

∫
d3x ϕ0

(
�−m2

)
ϕ1 (5.6.12)

This action propagates two modes, but one is a ghost. This was to be expected, because
this is what happens for s = 2, 3. In contrast S(8) propagates a single mode. To check
this, we may use the above expressions for the Cotton-type tensor components to deduce
that

S(8) =

∫
d3x

{
−1

2
ϕ0ϕ1 +

1

16µ
ϕ2

0 +
1

µ
ϕ1�ϕ1

}
(5.6.13)

The field ϕ0 is now auxiliary and may be trivially eliminated, so that

S(8) → 1

µ

∫
d3 x ϕ1

(
�− µ2

)
ϕ1 . (5.6.14)

This action clearly propagates a single mode, and this mode is physical if µ > 0. We
have therefore found an 8th order ghost-free action that propagates a single spin-4 mode.
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5.7 Beyond Spin-4

Inspired by the case of spin-4, we will consider now how we can extend the spin-4 NMG
model to generic spin-s. One approach is to construct an action by analogy with spin-4.
However, this does not seem to be a good idea without knowing the structure of the
auxiliary fields that we expect to be required for the description of the spin-s field. A
way to overcome this subtlety is to start from the action for just the dynamical variables
and later introduce the constraint equations by hand. In that respect, we start from the
following Lagrangian for the dynamical variables:

Lspin-s =
1

2
hµ1···µs

(
�−m2

)
Gµ1···µs (h) + ... (5.7.1)

where the dots refer to the terms that include the auxiliary fields, and we impose the
following constraint:

Gtr
µ1···µs−2

(h) = 0 . (5.7.2)

Keeping the analogy with the example of spin-4, represented in the previous section, we
can also do the canonical analysis here. Let us assume:

hi1i2···it0···0 =
1

(−∇2)
s/2

∂̂i1 · · · ∂̂itϕt , (t = 0, . . . , s). (5.7.3)

From here it follows that for r = 0, · · · , s, we obtain:

Gi1···ir0···0 (h) = (−1)
r (−∇2

) s
2−r

r∑
p=0

(
r

p

)
∂̂(i1 · · · ∂̂ip∂ip+1

· · · ∂ir)∂
r−p
0 ϕs−p , (5.7.4)

and, for r = 2, · · · , s:

Gtr
i1···ir−20···0 (h) = (−1)

r+1 (−∇2
) s

2−r+1 × (5.7.5)

r−2∑
p=0

(
r − 2

p

)
∂̂(i1 · · · ∂̂ip∂ip+1 · · · ∂ir−2)∂

r−p−2
0 (ϕs−p−2 −�ϕs−p) .

We follow the same procedure as explained for the spin-4 case. The way to proceed is
to substitute these expressions into the Lagrangian (5.7.1). Then we obtain:

Lspin-s =


1
2

(
s

s/2

)
ϕs/2

(
�−m2

)
ϕs/2 +

∑(s/2)−1
t=0

(
s

t

)
ϕt
(
�−m2

)
ϕs−t even s ,

−
∑(s−1)/2
t=0

(
s

t

)
ϕt
(
�−m2

)
ϕs−t odd s .

(5.7.6)
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For both cases represented above, the equations of motion are(
�−m2

)
ϕt = 0 , (t = 0, · · · , s) . (5.7.7)

Now, we should also take into account that we need to add the tracelessness condition,
which we imposed by hand from the beginning. This condition takes the following form:

ϕs−p−2 = �ϕs−p , (p = 0, · · · , s− 2) . (5.7.8)

From this it follows that all the components can be expressed in terms of ϕ0 and ϕ1.
Combining the equations of motion together with the imposed constraints, we can ex-
press the fields as:

ϕ0 = mtϕt , t = 0, 2, 4, · · · , (5.7.9)

ϕ1 = mt−1ϕt , t = 1, 3, 5, · · · . (5.7.10)

This holds for t ≤ s. In order to eliminate the other fields, we replace these results into
the Lagrangian for both odd and even spins. In the case where s is even, the Lagrangian
reduces to:

Lspin-s = ϕ0

(
�−m2

)
ϕ0 + ϕ1

(
�−m2

)
ϕ1, for s even (5.7.11)

Since both terms have the same sign, we conclude that this Lagrangian is ghost-free. In
the case of odd spins, the situation is different: we find that the following term

Lspin-s = ϕ0

(
�−m2

)
ϕ1, for s odd (5.7.12)

is present in the Lagrangian, which means that one of these components will lead to a
ghost.

We will conclude with an argument that goes some way towards a proof of the
conjecture that a NMG-like action for integer spin-s is ghost-free only if s is even. The
even spin Lagrangians are therefore ghost-free. In contrast, the Lagrangians for odd
spins contain only one off-diagonal term, which is proportional to ϕ0

(
�−m2

)
ϕ1. In

this case, therefore, one mode is physical and the other a ghost. Although this argument
falls short of a proof that there is a ghost-free spin-s NMG-type action only for even s,
we believe that it captures the essential difference between the even and odd spin cases.

5.8 Summary

In this chapter, we constructed two ghost-free actions that yield spin-4 analogues of
linearized massive gravity models. One model, which is of 5th order in derivatives, is a
parity-violating field theory that propagates a single spin-4 mode; it is a spin-4 analogue
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of linearized ‘topologically massive gravity’ (TMG): see equation (5.5.2). The other, of
the 6th order of derivatives, is a parity-preserving field theory that propagates two spin-4
modes; it is a spin-4 analogue of ‘new massive gravity’ (NMG): see equation (5.4.35). In
both cases the action involves auxiliary fields and is invariant under an unconstrained
spin-4 gauge transformation (i.e. one in which the 3rd-rank symmetric tensor gauge
parameter is not constrained to be trace-free). The absence of ghosts is non-trivial in
the NMG-type case, but we have verified by ‘canonical’ methods that both propagating
modes are physical.

We have also constructed a parity-violating ghost-free ‘conformal spin-4’ action that
propagates a single spin-4 mode. In this case the action is the 8th order of derivatives
but invariant under a spin-4 analogue of a spin-2 linearized conformal gauge invariance,
in addition to the unconstrained spin-4 gauge invariance. This is the spin-4 analogue of
‘new topologically massive gravity’. There is a parity-preserving version, of the 9th-order
of derivatives, that propagates two spin-4 modes, but one mode is a ghost.

In the spin-2 case, both TMG and NMG are particular limits of a ‘general massive
gravity’ model that propagates two spin-2 modes, generically with different masses. We
expect there to exist a spin-4 analogue of this model such that the TMG-type and NMG-
type spin-4 models constructed here arise as special cases. It appears that the auxiliary
fields required will be those of the TMG-type model, but such that the auxiliary vector
becomes the derivative of an auxiliary scalar in the NMG-type limit; this would explain
why the auxiliary field content of the NMG-type model differs from that of the TMG-
type model.

Given a spin-s TMG-type model, we could construct a parity-preserving theory by
taking the action to be the sum of two TMG-type models with opposite sign masses.
This bi-field model has the same propagating content as a single NMG-type model but
is one order lower in derivatives. In the spin-2 case there exists a ‘soldering’ procedure
that allows one to convert the bi-field TMG model into an NMG model [43]. We do not
expect this to work for spin-3 (because the attempt to construct a spin-3 NMG-type
model, along the lines of this thesis, yields a model with ghosts), but there might be
some analogous ‘soldering’ procedure for spin-4.

What is ultimately of importance is which, if any, of the various models constructed
here has some extension to an interacting theory or, more likely, plays a role in the
context of some interacting 3D theory of higher spins. We expect that a much improved
understanding of the general spin-s > 2 case will be needed to begin addressing this
issue. This lies outside the scope of this thesis.



Chapter 6

Higher Dimensions

In Chapter 5 of this thesis, we explained how one can start from the 3D FP equations for
generic spin-s and, by applying the boosting-up derivative technique, describe massive
gravity models for higher spins. We considered parity-odd TMG-like and parity-even
NMG-like massive gravity models. In this chapter,1 we wish to extend our analysis to
higher dimensions.

In [45], it was pointed out that the NMG model can be extended to four dimensions
at the linearized level, provided one describes the massive spin-2 state by a non-standard
representation corresponding to a mixed-symmetry Young tableau with two columns of
height 2 and 1, respectively. A similar extension does not apply to the TMG model. This
can be understood as follows. One may view TMG as the ’square root’ of NMG in the
same way that one may view Topologically Massive Electrodynamics (TME) [46] as the
’square root’ of the Proca theory. The latter property is based on the fact that the Klein-
Gordon operator, when acting on divergence-free vectors, as it does in the 3D Proca
equation, factorizes into the product of two first-order operators, each of which separately
describes a single state of helicity +1 and −1 [34]. 2 The equation of motion describing
one of the two helicity states is a massive self-duality equation [47, 48]. This property
of the 3D Proca equation carries over to the 3D Fierz-Pauli (FP) equation, describing
masssive spin-2 particles, where the Klein-Gordon operator acts on a divergence-free
symmetric tensor of rank 2. It also applies to 3D generalised FP equations, describing
massive particles of higher spin, where one considers symmetric tensors of rank p > 2 [49].

The above property of the Klein-Gordon operator, when acting on 3D divergence-free
vectors, can be extended as follows. Consider a generalized Proca equation where the
Klein-Gordon operator acting on a divergence-free form-field of given rank gives zero.

1This chapter is based on our published paper [44].
2Alternatively, one may act on vectors that are not divergence-free. The product of the two first-

order operators then leads to a modified Proca equation. Next, by taking the divergence of this modified
equation, one may derive that the vector is divergence-free.



58 Higher Dimensions

One can show that in D = 4k − 1 dimensions this Klein-Gordon operator factorizes
into the product of two first-order operators, provided the form-field is of rank 2k − 1.
Each of the two operators describes half of the helicity states that were described by
the original generalized Proca equation. For k = 1, one obtains 3D 1-forms, which
we already discussed. The next case to consider is k = 2, which leads to 3-forms in
D=7 dimensions. The corresponding massive self-duality equation was encountered first
in the context of seven-dimensional gauged supergravity, where the mass m plays the
role of the gauge coupling constant [47]. The 7D Proca equation describes 20 degrees
of freedom that transform as the 10+ + 10− of the little group SO(6). The 10+ and
10− degrees of freedom are each separately described by the two massive self-duality
equations. 3

As we will discuss in this thesis, the above property of the 7D Proca equation carries
over to generalized FP equations [50–52] in D = 4k − 1 dimensions, where the Klein-
Gordon operator acts on fields whose indices are described by a GL(D,R) Young tableau
with an arbitrary number of columns, each of which has height 2k − 1. We are inter-
ested in models describing propagating massive spin-2 particles that generalize, at the
linearized level, the 3D TMG model. 4 Interpreting ’spin’ in higher dimensions as the
number of columns in the Young tableau that characterize the index structure of the
field under consideration, 5 we are led to consider 7D fields hµ1µ2µ3,ν1ν2ν3 whose index
structure is given by the following GL(7,R) Young tableau

µ1 ν1

µ2 ν2

µ3 ν3

. (6.0.1)

To keep in line as much as possible with the construction of the 3D TMG model, and, fur-
thermore, to avoid writing down too many indices, we will use a notation where µ̄ stands
for a collection of three antisymmetrized indices µ1, µ2 and µ3, i.e., µ̄ ↔ [µ1 µ2 µ3]
or hµ̄,ν̄ ≡ hµ1µ2µ3,ν1ν2ν3 . If we regard the field h as a field describing the propagation
of a massive particle via a generalized FP equation, the number of propagating degrees
of freedom equals the dimension of the irreducible, traceless representation of the little

3A similar factorization of the Klein-Gordon operator, when acting on divergence-free 5D 2-forms,
requires that one considers a Klein-Gordon operator with the wrong sign in front of the mass term
[47]. Such a wrong sign can be avoided by considering a symplectic doublet of 2-forms and using the
corresponding epsilon symbol in the massive self-duality equation. This is very similar to extending
Majorana spinors to Symplectic Majorana spinors. We will not consider this possibility further in this
thesis.

4A different extension, which we will not consider here, is to add higher-derivative topological terms
to the Einstein-Hilbert term. Such an extension in 7D has been considered in [53].

5More precisely, for massless spin-2, we only consider two-column Young tableaux where the first
column has a maximum number of D−3 boxes. For massive spin-2, the maximum number of boxes is
D−2. The Young tableaux with more boxes in the first column describe either ’spin-1’ particles or no
degrees of freedom at all.
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group SO(6), given by the same Young diagram (6.0.1). This leads to 70 propagating de-
grees of freedom, which transform as the 35+ +35− of SO(6). These two representations
are interchanged by the action of parity.

In the next section, we wish to construct a parity-violating free 7D ’Topologically
Massive Spin-2 Gauge Theory’ for the field h, such that 35 degrees of freedom are
propagating. This theory is analogous to the 3D TMG model at the linearized level.
The construction of this topologically massive gauge theory will proceed in the same
fashion as can be done for the 3D TMG model. We will first consider the massive self-
duality equation and then boost up the number of derivatives by solving the differential
subsidiary conditions.

In order to extend our analysis to higher dimensions, it is instructive to first clarify
how to construct the higher-derivative theory by boosting up derivatives for general
spin-s using Young tableaux. Similarly, we will explain taking the square root method
for the general spin-s case. In particular, we will consider the example of spin-1 in
different dimensions in detail, and we will extend our analysis to the case of spin-2 case.
We will show the details of the canonical analysis for the higher dimensional spin-2.

6.1 Spins and Young tableaux

In this section, we will first explain the general procedure of how to construct a higher-
derivative gauge theory for a massive spin-s field in a pictorial way using Young tableaux.
We will first explain how to ’boost up the derivatives’ of a given massive theory and later
how to ’take the square root’ of a massive theory. Following [50,51,54], the starting point
is a field S in D dimensions with indices corresponding to a GL(D,R) Young tableau
with s columns. In order to elucidate the general procedure, we consider as an example a
4D field with indices corresponding to the following Young tableau with s = 2 columns:

S ∼ . (6.1.1)

For the case of simplicity, we will restrict the discussion below to the cases s = 1 and
s = 2 only. Most of the discussion, however, is valid for any s. In order for the field S to
describe a massless spin 6 corresponding to the same Young tableau but with the indices
now referring to the SO(D − 2) little group 7, the field S should transform under a set
of gauge transformations whose parameters λ correspond to GL(D,R) Young tableaux
that are obtained from the original tableau by deleting one box in all possible ways so

6In 3D there is no concept of massless spin. In D=3,4 a Young tableau with s columns always
describes (massless or massive) degrees of freedom of spin-s or less. For D > 4 the specification of spin
requires more than one number. For ease of notation we will call any field with indices corresponding
to a GL(D,R) Young tableau with s columns a “spin-s” field.

7To obtain an irreducible SO(D − 2) representation from the field S, one should first require that
all indices only take values in the (D− 2) transverse directions and, next, that all traces in any of these
transverse directions vanish.
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to obtain an allowed Young tableau. For our example (6.1.1) given above, this leads
to gauge parameters λ1 and λ2 corresponding to the following two GL(D,R) Young
tableaux

λ1 ∼ λ2 ∼ . (6.1.2)

This corresponds to a generic 2-tensor gauge parameter λ = λ1+λ2. The transformation
rule of the gauge field S is obtained by hitting the parameters λ1,2 with a derivative and
projecting to the original Young tableau:

δ = ∂ +
∂

(6.1.3)

or, in short, δS = ∂λ1 + ∂λ2.
For a Young tableau with s columns, gauge-invariant curvature is obtained by adding

one box, representing a derivative, to each column. This leads to a curvature with s
derivatives. Following the 4D spin-2 case, we will call this curvature the ’generalized’
Riemann tensor R(S) or, in short, the Riemann tensor. For our example (6.1.1), we
obtain

R(S) ∼ ∂
∂

. (6.1.4)

That this Riemann tensor is gauge-invariant can be seen from the fact that the sub-
stitution of the transformation rule (6.1.3) into the expression (6.1.4) always leads to a
column with two derivatives and hence a vanishing result, since two derivatives commute.

We can now construct out of the Riemann tensor R(S) another tensor G(S) by taking
the dual of each column. Due to the Bianchi identities of the Riemann tensor, this new
tensor is divergence-free in each of its indices. We now assume that the field S and the
tensor G(S) have indices corresponding to the same Young tableau. For the example
given in eq. (6.1.1), this assumption is valid. Assuming this property, we can identify
G(S) with the ’generalized Einstein’ tensor for S and write down the following equations
of motion for S:

G(S) = 0 . (6.1.5)

Restricting to s = 1, 2, we find that, for a single-column s = 1 Young tableau with p
boxes (p odd) and for any two-column s = 2 Young tableau, these equations of motion
can be integrated to the following Lagrangian for S: 8

L ∼ S G(S) . (6.1.6)

Making use of the property that the Einstein tensor G(S) is divergence-free in each of its
indices, one can show that this Lagrangian is invariant under the gauge transformations
(6.1.3). The corresponding Euler-Lagrange equations imply the equations of motion

8For s = 1 and p even this Lagrangian would be a total derivative.



6.1 Spins and Young tableaux 61

Table 6.1.1: This table lists, for s = 1, 2, all the GL(D,R) representations of S in
3 ≤ D ≤ 7 dimensions for which the massless representation describes zero physical
degrees of freedom. The star indicates that the equation of motion of the corresponding
field S cannot be integrated to a Lagrangian. The s = 2 Young tableaux with a †
indicate the family of fields S that are all dual to a symmetric tensor.

D = 3 D = 4 D = 5 D = 6 D = 7

s = 1
?

s = 2 †
†

†
†

†

(6.1.5). To derive these equations, we use the fact that the Einstein tensor G(S) defines
a rank s self-adjoint differential operator. The special thing about the cases described
by the Lagrangian (6.1.6) is that the vanishing of the Einstein tensor G(S) implies the
vanishing of the Riemann tensor R(S), since, by construction, the two are dual to each
other. Since the Riemann tensor is zero, the original field S is a pure gauge and therefore
does not describe any massless physical degrees of freedom. The fact that there are no
non-trivial solutions S of the equation G(S) = 0 is the crucial property that underlies
the construction of the higher-derivative massive gauge theories we are going to describe
below.

For a single-column s = 1 Young tableau with p boxes, the fact that S and G(S)
correspond to the same Young tableau implies that the following relation between p and
D must hold:

p =
1

2
(D − 1) . (6.1.7)

Similarly, for a Young tableau with s = 2 columns, of height p and q, we obtain the
condition

p+ q = D − 1 , p, q 6= 0 . (6.1.8)

Consider now a field S corresponding to a given GL(D,R) Young tableaux. Follow-
ing [55], [56], and [50], we may write down the massive ’generalized’ Fierz-Pauli (FP)
equations for this field as follows:(

�−m2
)
S = 0 , Str = 0 , ∂ · S = 0 . (6.1.9)

Here Str indicates the trace of any of the two indices carried by S, while ∂ · S denotes
the divergence taken with respect to any of the indices of S. The effect of the algebraic
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and differential subsidiary conditions given in eq. (6.1.9) is that the massive physical
degrees of freedom described by S transform according to a SO(D − 1) Young tableau
that is equal to the original GL(D,R) Young tableau that corresponds to S. We now
assume that the massless representation corresponding to S describes zero degrees of
freedom. This requires imposing the restrictions (6.1.7) and (6.1.8), for s = 1 and s = 2,
respectively. For 3 ≤ D ≤ 7 this leads to the cases listed in Table 6.1.1. Note that
for s = 2 we obtain in each dimension a mixed-symmetry tensor that is the massive
dual of a symmetric tensor [57]. This family of fields is indicated by a dagger in table
6.1.1. They play a special role later in this section in the construction of ’New Massive
Gravity’ theories beyond 3D [45]. We will now describe two procedures, the ’boosting-
up’ procedure and the ’taking the square root’ procedure.

The ’Boosting-Up’ Procedure

Assuming from now on that we restrict ourselves to the cases listed in Table 6.1.1,
we know that the Einstein tensor G(S) is in the same representation as S. We may
now exploit this fact and solve the divergence-free condition ∂ · S = 0 by making the
following replacement in the massive equations of motion (6.1.9):

S = G(T ) , (6.1.10)

for some other field T that is in the same GL(D,R) representation as S. Note that after
the replacement (6.1.10) one ends up with a gauge theory for T , although the starting
point (6.1.9) is not a gauge theory. The important thing is for the equation G(T ) = 0
not to have any non-trivial solution that is not a pure gauge. Therefore, the replacement
(6.1.10) represents all solutions of the equation ∂ · S = 0. This implies that the degrees
of freedom remain the same, independent of whether they are described in terms of S or
T . The substitution (6.1.10) therefore leads us to an equivalent higher-derivative gauge
theory for the massive field T with the following equations of motion:(

�−m2
)
G(T ) = 0 , G(T )tr = 0 . (6.1.11)

For s = 2, the above procedure was first applied to the case of a symmetric tensor in
3D, in which case it leads to the (linearized) equations of motion of NMG [15].

For Young tableaux with s = 1 or s = 2 columns, one can write down actions
corresponding to the equations of motion (6.1.9) and the boosted-up equations of motion
(6.1.11). 9 However, there is no guarantee that, after boosting up the derivatives, the
action will not contain ghosts. We consider first the s = 1 case. It turns out that, for a
(2k− 1)-form T in D = 4k− 1 dimensions, ghosts will occur. The reason for this is that
in these dimensions the ’helicities’ described by the (2k−1)-form T split into two groups

9Starting from s = 3, one needs to introduce an extra set of auxiliary fields to write down such
actions.
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that are not in the same induced representation of the Poincaré group. They can only
be mapped to each other by a parity transformation. Since the replacement (6.1.10)
breaks parity in these cases, one does end up with a relative minus sign between the
kinetic terms of these two groups of helicities. Therefore, one cannot adapt the overall
sign of the action so as to avoid ghosts. On the other hand, for a 2k-form in D = 4k+ 1
dimensions, the equations of motion cannot be integrated to an action, and the issue
does not arise. It turns out that for s = 2 the issue of ghosts does not arise, since the
replacement (6.1.10) never breaks parity for s = 2. It has been conjectured that the
same will be true for any even s [34].

The ’Taking the square root’ Procedure

The feature described above, namely that the helicities described by a field S, for
given s, split into two groups, which are only connected by a parity transformation,
manifests itself in a factorization of the Klein-Gordon operator acting on that field. To
be explicit, for D = 4k− 1 one can show that the Klein-Gordon operator �−m2, when
acting on a field S corresponding to a Young tableaux with s columns of height 2k − 1
each that satisfies the massive FP equation (6.1.9), can be factorized in terms of two
first-order matrix operators D(±m)µ1···µ2k−1

ν1···ν2k−1 as follows: 10

D(m)D(−m)S = 0 , Str = 0 , ∂ · S = 0 , (6.1.12)

where the full index structure of the operator D(m) is given by

D(m)µ1···µ2k−1

ν1···ν2k−1 =
1

(2k − 1)!
εµ1···µ2k−1

αν1···ν2k−1∂α +mδ
ν1···ν2k−1
µ1···µ2k−1 . (6.1.13)

It is understood that this operator acts on the first column of the Young tableaux
corresponding to S. It is an on-shell projector:

D2(m)S = D(m)S if S sastisfies (6.1.12) . (6.1.14)

One can show that the symmetry properties of D(m)D(−m)S are the same as that of
S itself as a consequence of the algebraic and differential subsidiary conditions.

One could try to write down a similar factorization in D = 4k + 1 dimensions for
a Klein-Gordon operator when acting on a Young tableau with s columns of height 2k
each. However, in this case one finds that the Klein-Gordon operator with the ’wrong”
sign of the mass term factorizes:(

� +m2
)
S = −D(m)D(−m)S = 0 , Str = 0 , ∂ · S = 0 . (6.1.15)

10We do not indicate indices. In later sections, we will give the precise form of the equations in
specific examples, including the indices.
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The factorization (6.1.12) of the Klein-Gordon operator � − m2 in D = 4k − 1
dimensions shows that one can take the ’square root’ of the generalized FP equations
(6.1.9) and describe the dynamics of only half of the degrees of freedom by the first-order
differential equations

D(m)S = 0 . (6.1.16)

Note that this equation is not in the same representation as that of S. One can show
that it implies the algebraic conditions Str = 0 and the differential subsidiary conditions
∂ · S = 0. The other half of the degrees of freedom are described by a similar set of
equations but with m replaced by −m. Under parity, the two equations are mapped into
each other. For s = 1 these equations reduce to the massive self-duality equations [47,48]

R(S) = ±m ? S . (6.1.17)

Such massive self-duality equations occur, for instance, in seven-dimensional gauged
supergravity theories, where S is a 3-form and m plays the role of the gauge coupling
constant [47].

One can play the same trick of ’boosting up the derivatives’ not only on the gen-
eralized FP equations (6.1.9), but also in D = 4k − 1 dimensions, on the ’square root’
of these equations: see eq. (6.1.16). One thus arrives at the following higher-order
derivative equations describing the same degrees of freedom:

D(m)G(T ) = 0 . (6.1.18)

The integration of these equations of motion to an action in this case does not lead to
ghosts, since the degrees of freedom are always in the same irreducible induced repre-
sentation of the Poincaré group. In D = 3 dimensions, this leads to Topological Massive
Electrodynamics (TME) for s = 1 and Topological Massive Gravity (TMG) for s = 2.
The analogue of the equations (6.1.18) does not exist in D = 4k+1 dimensions, since the
integration of these equations would lead to a Klein-Gordon equation with the ’wrong’
sign in front of the mass term.

This ends our discussion of the general procedure of how to obtain a massive higher-
derivative gauge theory for a field T without ghosts out of a generalized massive FP
theory for a massive field S, or its ’square root’. In the next section, we will further
explain the general expressions introduced in this section at the hand of the one-column
Young tableaux, i.e., s = 1.

6.2 Spin-1

In this section, we consider the general case of a field S in D dimensions with indices
corresponding to a one-column s = 1 Young tableau. As explained in footnote 6, we will
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generically denote this set of fields as ’spin-1’ fields. In these cases we are dealing with
a p-form gauge field Sµ1···µp(x) with gauge transformation

δSµ1···µp(x) = p∂[µ1
λµ2···µp](x) . (6.2.1)

The gauge-invariant curvature, or ’Riemann tensor’ of S is given by the curl of this
gauge field:

Rµ1···µp+1(S) = (p+ 1)∂[µ1
Sµ2···µp+1] . (6.2.2)

In what follows we will discuss the cases p = 1 , p = 2, and p = 3 in more detail.

p = 1. The simplest case that satisfies the condition (6.1.7) is a vector (p = 1) in
D = 3 dimensions. In this case, the curvature or ’Riemann tensor’ R(S) and the
’Einstein tensor’ G(S) are given by

Rµν(S) = 2∂[µSν] , Gµ(S) =
1

2
εµ
νρRνρ(S) . (6.2.3)

The massless Lagrangian (6.1.6) is now given by

L =
1

2
εµνρSµRνρ(S) , (6.2.4)

which indeed does not describe any massless spin-1 degree of freedom. We next consider
the massive Proca equation for a 3D massive vector field Sµ:(

�−m2
)
Sµ = 0 , ∂µSµ = 0 . (6.2.5)

These equations are derivable from the Proca Lagrangian

L =
1

2
Gµ(S)Gµ(S)− 1

2
m2SµSµ . (6.2.6)

This Lagrangian describes the unitary propagation of two states, one with helicity +1
and one with helicity −1. In order to show this, we do the following decomposition of
the mass term:

SµSµ = S0S0 + SiSi = −S0S0 + SiSi = (6.2.7)

=
(
φ0 + λ̇

) 1

∇2

(
φ0 + λ̇

)
−
(
∂̂iφ1 + ∂iλ

) 1

∇2

(
∂̂iφ1 + ∂iλ

)
, (6.2.8)

where ∂̂i ≡ εij∂j . This can be rewritten as follows:

SµSµ = φ0
1

∇2
φ0 + λ̇

1

∇2
λ̇+ 2φ0

1

∇2
λ̇+ φ2

1 + λ2 . (6.2.9)
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Similarly, the first term in (6.2.6) reduces to:

Gµ(S)Gµ(S) = −1

2
RµνR

µν = −2R0iR0i +RijRij = −2
(
φ1�φ1 + φ2

0

)
. (6.2.10)

Substituting the expressions

R0i =
1√
−∇2

(
∂̂iφ̇1 − ∂iφ0

)
, Rij =

1√
−∇2

(
∂i∂̂jφ1 − ∂j ∂̂iφ1

)
(6.2.11)

we obtain
Gµ(S)Gµ(S) = −2

(
φ1�φ1 + φ2

0

)
. (6.2.12)

Then the Lagrangian (6.2.6) obtains the following form:

L =
1

2

(
φ2

0 −m2φ0
1

∇2
φ0 − 2m2φ0

1

∇2
λ̇−m2λ2 −m2λ̇

1

∇2
λ̇+ φ1�φ1 −m2φ2

1

)
(6.2.13)

from which we can derive the equation of motion for the field φ0:

φ0 −
m2

∇2
φ0 −

m2

∇2
λ = 0 or φ0 =

m2

∇2 −m2
λ̇ . (6.2.14)

Substituting this back into the Lagrangian and using that

φ2
0 = −λ̇2 + 2λ̇

1

1− ∇2

m2

λ̇ = −λ̇2 − 2λ̇φ0 , (6.2.15)

1

∇2
φ0 = − 1

∇2
λ̇+

1

m2
φ0 (6.2.16)

we obtain the following expression for the Lagrangian:

L =
1

2

(
φ1�φ1 −m2φ2

1 − λ̇
m2

∇2 −m2
λ̇−m2λ2

)
. (6.2.17)

We next redefine λ in terms of a λ̃

λ =
√
−∇2 +m2 λ̃ (6.2.18)

to obtain the simpler expression

L =
1

2

(
φ1�φ1 −m2φ2

1 −m2λ̃∂0∂0λ̃+m2λ̃∇2λ̃−m4λ̃2
)
, (6.2.19)

which reduces to

L =
1

2
φ1

(
�−m2

)
φ1 +

1

2
λ1

(
�−m2

)
λ1 (6.2.20)
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in terms of λ1 = m2λ̃. It is clear from the last expression that the Lagrangian (6.2.20)
describes two degrees of freedom where both have the same sign in front of the kinetic
terms, and therefore we can say this Lagrangian does not contain any ghosts.

Now we can solve the differential subsidiary condition by making the substitution:

Sµ = Gµ(T ) (6.2.21)

in terms of another vector field Tµ. Note that Tµ is a gauge field with gauge transfor-
mations δTµ = ∂µλ. The substitution (6.2.21) leads to the following higher-derivative
known as ’extended Proca’ equation, for Tµ:(

�−m2
)
Gµ(T ) = 0 , (6.2.22)

which can be integrated to the following Lagrangian containing the ’extended Chern-
Simons’ term introduced in [39]:

L = −1

2
TµGµ(T ) +

1

2m2
εµνρGµ(T )∂νGρ(T ) . (6.2.23)

A canonical analysis shows that this higher-derivative gauge theory contains ghosts
[34,39]. It is easy to show the appearance of the ghosts in this action. To show this, we
decompose the field Tµ as follows:

T0 =
1√
−∇2

φ0 , Ti =
1√
−∇2

εij∂j φ1 . (6.2.24)

Substituting this back into equation (6.2.23), the first term of the Lagrangian becomes:

TµGµ(T ) = −ε0jkT0∂jTk + εoijTj∂0Ti + εij0Ti∂jT0 + εijkTi∂jTk

= −
(

1√
−∇2

φ0

)
∂̂k
(

1√
−∇2

∂̂kφ1

)
+

(
1√
−∇2

∂̂iφ1

)(
1√
−∇2

∂̂iφ0

)
= 2φ0φ1 . (6.2.25)

Similarly, the second term in the Lagrangian (6.2.23) can be rewritten as:

εµνρGµ(T )∂νGρ(T ) = ε0
ijTj�∂iT0 − εi0jTj∂0T

i − εij0T0�∂jT
i − εijkTk�∂jT i

= 2ε0
ijTj�∂iT0 = 2Tj�∂̂

jT0

= 2

(
1√
−∇2

∂jφ1

)
�∂̂j

(
1√
−∇2

φ0

)
= 2φ1�φ0 . (6.2.26)

Substituting the last two relations back into the original Lagrangian 6.2.23 we obtain:

L =
1

m2
φ1

(
�−m2

)
φ0 . (6.2.27)
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Table 6.2.1: This table lists all the s = 1 cases, with 3 ≤ D ≤ 7, where the ’boosting-up
the derivatives’ trick works without encountering ghosts. This leads to the 3D and 7D
’Topological Massive Electrodynamics’ (TME) theories indicated in the table. The 5D
’Extended Proca’ (EP) theory, indicated by a star in the table, is special in the sense
that the equation of motion of this theory cannot be integrated to a Lagrangian.

D = 3 D = 4 D = 5 D = 6 D = 7

EP
?

TME

At this stage, we are allowed to redefine the fields φ0 and φ1:

φ0 = η − ψ , φ1 = η + ψ (6.2.28)

Finally, the Lagrangian can be expressed in terms of the new fields as follows:

L =
1

m2

[
η
(
�−m2

)
η − ψ

(
�−m2

)
ψ
]
. (6.2.29)

The relative minus sign between the two kinetic terms shows that there are two propa-
gating degrees of freedom, one of which is a ghost.

To avoid ghosts, one should first take the ’square root’ and consider the massive
self-duality equations

Rµν(S) = mεµν
ρ Sρ . (6.2.30)

Boosting up the derivatives and integrating the equations of motion leads to the La-
grangian of 3D TME [58,59]: see table 6.2.1

L = − 1

4m
Rµν(T )Rµν(T ) +

1

2
εµνρTµ∂νTρ . (6.2.31)

p = 2 We will now move on and consider the next simplest case of a 2-form (p = 2) in
5D. In this case, we are dealing with gauge fields S, gauge parameters λ, and Riemann
tensors R(S) corresponding to the following Young tableaux

S ∼ λ ∼ R(S) ∼
∂

(6.2.32)

These expressions correspond to the following formulae:

δSµν = 2∂[µλν] , Rµνρ(S) = 3∂[µSνρ] , (6.2.33)
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while the Einstein tensor Gµν(S) is given by

Gµν(S) =
1

3
εµν

ρστRρστ (S) . (6.2.34)

In this case, the equation Gµν(S) = 0 cannot be integrated to a Lagrangian since the
candidate kinetic term SµνGµν(S) is a total derivative: see table 8.1.4. This is similar
to the self-dual 2-form in IIB string theory whose dynamics is described by an equation
of motion without having a Lagrangian.

We next consider the equations of motion for a massive 5D two-form Sµν :(
�−m2

)
Sµν = 0 , ∂µSµν = 0 . (6.2.35)

These equations are derivable from the following Lagrangian:

L =
1

8
Gµν(S)Gµν(S) +

1

2
m2SµνSµν . (6.2.36)

The differential subsidiary condition given in (6.2.35) is solved by making the following
substitution:

Sµν = Gµν(T ) (6.2.37)

in terms of another 2-form field Tµν . Note that Tµν is a gauge field with gauge trans-
formations δTµν = 2∂[µλν]. The substitution (6.2.37) leads to the following higher-
derivative equations of motion for T :(

�−m2
)
Gµν(T ) = 0 . (6.2.38)

Again, these equations cannot be integrated. Trying a Lagrangian of the form L ∼
αTµνGµν(T ) +βεµνρστGµν(T )∂ρGστ (T ) one finds that both terms are total derivatives.
The dynamics of this case can only be described by a set of equations of motion without
having a Lagrangian. Taking the ’square root’ is not an option in this case, since
the integrability conditions of the massive self-duality equations would lead to a Klein-
Gordon equation with the wrong sign in front of the mass term.

p = 3 Finally, we consider a 3-form (p = 3) in D = 7 dimensions. We are now
dealing with gauge fields S, gauge parameters λ, and Riemann tensors R(S) given by
the following Young tableaux:

S ∼ λ ∼ R(S) ∼
∂

(6.2.39)

These expressions correspond to the following formulae:

δSµνρ = 3∂[µλνρ] , Rµνρσ(S) = 4∂[µSνρσ] , (6.2.40)
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while the Einstein tensor Gµνρ(S) is given by

Gµνρ(S) =
1

4
εµνρ

αβγδRαβγδ(S) . (6.2.41)

This leads to the following massless Lagrangian

L = Sµνρ(S)Gµνρ(S) , (6.2.42)

which does not describe any massless degrees of freedom.
We will consider the massive Proca equation for a 7D massive 3-form Sµνρ next:(

�−m2
)
Sµνρ = 0 , ∂µSµνρ = 0 . (6.2.43)

These equations are derivable from the Lagrangian

L = Gµνρ(S)Gµνρ(S) +
1

2
m2SµνρSµνρ . (6.2.44)

The differential subsidiary condition is solved by making the substitution:

Sµνρ = Gµνρ(T ) (6.2.45)

in terms of another 3-form field Tµνρ. This substitution leads to the following higher-
derivative equations for Tµνρ: (

�−m2
)
Gµνρ(T ) = 0 , (6.2.46)

which can be integrated to the following Lagrangian

L =
1

2
Tµνρ

(
�−m2

)
Gµνρ (T ) . (6.2.47)

To see whether the Lagrangian (6.2.47) describes ghosts or not, we perform a canon-
ical analysis. We first fix all gauge degrees of freedom by imposing the following gauge-
fixing conditions on the 3-form T and the 2-form gauge parameters λ:

∂iTiµν = 0 , ∂iλiµ = 0 , i = 1, · · · , 6 . (6.2.48)

Using these conditions, it follows that δ
(
∂iTiµν

)
= ∇2λµν , which shows that all gauge

degrees of freedom in T are indeed fixed.
Taking the gauge-fixing conditions (6.2.48) into account, we decompose T as follows:

T0ij = Tij , Tijk = εijk
lmn∂lUmn , (6.2.49)

where Tij = −Tji , Uij = −Uji, ∂iTij = 0 and ∂iUij = 0. Therefore, Tij and Uij
each describe 10 components. It is always understood that Tij and Uij are spatially



6.3 Spin-2 71

divergenceless. This means that, when we apply the variational principle, we should
not vary the divergenceful degrees of freedom. Using the decomposition (6.2.49) and
dropping all terms with a spatial divergence of T or U , the Lagrangian (6.2.47) can be
rewritten as follows:

L = 36T ij
(
�−m2

)
∇2Uij . (6.2.50)

The off-diagonal nature of this expression shows that this Lagrangian does describe 20
massive degrees of freedom, except that half of them are ghosts.

To avoid ghosts, one should first take the ’square root’ and consider the massive
self-duality equations

Rµνρσ(S) =
1

3!
mεµνρσ

αβγ Sαβγ . (6.2.51)

Boosting up the derivatives and integrating the equations of motion leads to the 7D
higher-derivative TME Lagrangian: see table 6.2.1

L = − 3

4m
Rµνρσ(T )Rµνρσ(T ) +

1

2
εµνρσαβγTµνρ∂σTαβγ . (6.2.52)

6.3 Spin-2

It turns out that, using our general procedure described in Section 6.1, both the 3D
NMG as well as the 3D TMG theories allow a natural extension to D > 3 dimensions
at least at the linearized level. The basic idea, needed to extend NMG beyond three
dimensions, is to use exotic representations to describe the massive spin-2 states. Only
in three dimensions does the usual symmetric tensor description suffice. In D > 3
dimensions, one should use a massive dual representation instead. These are the mixed-
symmetry representations indicated by a dagger in Table 1. A common feature of all
these representations is that the corresponding Einstein tensor does not describe any
massless degrees of freedom. Starting from the generalized FP equations of these fields,
one can therefore use our ’boosting up the derivatives’ procedure and construct an
equivalent higher-order in derivatives Lagrangian that describes, unitarily, the same
massive degrees of freedom as the original massive spin-2 FP equation. The 4D NMG
Lagrangian makes use of the following exotic representation

h ∼ 4D NMG (6.3.1)

The 3D TMG theory can also be extended, at the linearized level, to D > 3 dimen-
sions, but it requires the use of different exotic representations of the massive spin-2
states. Instead of using the massive dual of the symmetric tensor representation, one
should use a self-dual representation. Only in three dimensions these two representa-
tions coincide, and that is why both the 3D NMG and the 3D TMG theories can be
formulated in terms of the symmetric tensor representation. Such massive self-dual rep-
resentations exist in odd dimensions only, and only in D = 4k − 1 dimensions, with k



72 Higher Dimensions

integer, do the integrability conditions that follow from the corresponding self-duality
equations yield the desired Klein-Gordon operators with the correct sign in front of the
m2 term. The first dimensions beyond 3D where this occurs is the 7D case. In that
case the h field corresponds to the following self-dual representation:

h ∼ 7D TMG (6.3.2)

We will now explain how the 7D TMG construction for spin-2 works. Our starting
point is the generalized FP equations for a field h̃ with the symmetry properties such
that the first pair of three indices are anti-symmetric among themselves, and the same
applies to the second group of three indices. As we mentioned earlier, the generalized
FP equations consist of the Klein-Gordon equation

(�−m2)h̃µ̄,ν̄ = 0 , (6.3.3)

together with the algebraic and differential constraints:

ηµν h̃µ̄,ν̄ = 0 , ∂µh̃µ̄,ν̄ = 0 . (6.3.4)

The contraction of an unbarred index µ with a barred index µ̄ means that the index µ
is contracted with the first index µ1 of the collection µ̄, e.g.

∂µh̃µ̄,ν̄ = ∂µ1 h̃µ1µ2µ3,ν1ν2ν3 . (6.3.5)

Divergencelessness on the first three indices of h̃ also implies divergencelessness on the
second three indices, due to the symmetry properties of h̃. These two subsidiary con-
straints reduce the number of components of h̃ to 70 propagating degrees of freedom. To
obtain a massive self-duality equation for h̃, we use the property that the Klein-Gordon
operator (�−m2)δν̄µ̄ in the space of divergence-free 1-forms can be factorized as follows

(�−m2)δν̄µ̄ =

(
1

3!
εµ̄
αρ̄∂α +mδρ̄µ̄

)(
1

3!
ερ̄
βν̄∂β −mδν̄ρ̄

)
. (6.3.6)

This suggests the following massive self-duality equation for h̃:(
1

3!
εµ̄
αρ̄∂α −mδρ̄µ̄

)
h̃ρ̄,ν̄ = 0 . (6.3.7)

A similar massive self-duality equation describing the parity transformed degrees of free-
dom is obtained by replacing m by −m. Contracting the massive self-duality equation
with ∂µ leads to the divergence-free condition of h̃. Furthermore, a contraction with ηµν

of the same equation, and using the symmetry properties of h̃, proves the tracelessness
condition of h̃. The Schouten identity shows that the tensor εµ̄

αρ̄∂αh̃ρ̄,ν̄ has the same

symmetry properties as h̃ provided that h̃ is divergence-free and traceless.
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We next proceed by boosting up the derivatives of the above model by solving the
differential subsidiary condition that expresses that h̃ is divergence-free [44]. This con-
dition is solved in terms of a new field h, with the same index structure and symmetry
properties as h, by applying twice the Poincaré lemma for 3-forms: one time on the µ̄
indices of h̃µ̄,ν̄ and a second time on the ν̄ indices of h̃µ̄,ν̄ . One thus obtains the following
solution

h̃µ̄,ν̄ = Gµ̄,ν̄(h) , (6.3.8)

where the tensor Gµ̄,ν̄(h) is defined by

Gµ̄,ν̄(h) = εµ̄
αρ̄εν̄

βσ̄∂α∂β hρ̄,σ̄ . (6.3.9)

Using a Schouten identity, one can show that the tensor G(h) has the same symmetry
properties as h. In terms of h, the massive self-duality equation now reads(

1

3!
εµ̄
αρ̄∂α −mδρ̄µ̄

)
Gρ̄,ν̄(h) = 0 . (6.3.10)

We note that the higher-derivative equations of motion in terms of h are invariant
under gauge transformations of h with a gauge parameter ξ that has a symmetry struc-
ture corresponding to a Young tableau with two columns, one of height 3 and one of
height 2. Schematically, in terms of Young tableaux, these gauge transformations are
given by, ignoring indices, δh = ∂ξ or, in terms of Young tableaux, by

δ =
∂

. (6.3.11)

It is understood here that when taking the derivative of the gauge parameter at the
right-hand-side, one first takes the curl of the two indices in the second column of the
Young tableau describing the index structure of the gauge parameter, and then applies a
Young symmetrizer 11 to obtain the same index structure on both sides of the equation.

The gauge-invariant curvature R(h) of h is obtained by hitting h with two derivatives,
one which takes the curl of the first three indices of h and another which takes the curl
of the second three indices:

Rαρ̄,βσ̄(h) = ∂[α∂
[βhρ̄],

σ̄] . (6.3.12)

This leads to a curvature tensor with an index structure corresponding to a Young
tableau with two columns of height 4. By construction, this curvature tensor satisfies

11A Young symmetrizer is an operator that projects onto the symmetries corresponding to a given
Young tableaux. Following the notation of [60], a Young symmetrizer Y[p,q] is a projection operator,

Y 2 = Y , that acts on a (p, q) bi-form and projects onto the part that corresponds to a two-column
Young tableau of height p and q, respectively. When the bi-form is already of the desired symmetry
type it acts like the identity operator. For instance, Y[3,3]hµ̄,ν̄ = hµ̄,ν̄ .
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a generalized Bianchi identity. The tensor G(h) defined above is obtained from the
curvature R(h) by taking the dual on the first 4 indices of R(h) and a second dual on
the second 4 indices. One thus obtains a tensor corresponding to a Young tableau with
two columns of height 3 each. Due to the Bianchi identity of R(h), the tensor G(h)
is divergence-free in each of its indices. We therefore call it the ’Einstein tensor’ of h.
Summarizing all of this, we have

h = → R(h) =

∂ ∂

→ G(h) = ??R(h) = . (6.3.13)

The equations of motion (6.3.10) for h describe the same degrees of freedom as the
original massive self-duality equation (6.3.7) for h̃. For instance, the trivial solution
h̃ = 0 of the massive self-duality equation (6.3.7) is mapped under eq. (6.3.8) to the
solutions of the equation Gµ̄,ν̄(h) = 0 . Since the Einstein tensor G(h) is the double dual
of the curvature R(h), this equation implies that the curvature of h is zero. This in its
turn implies that h is a pure gauge degree of freedom [52].

The equations of motion (6.3.10) define a 7D Topologically Massive Spin-2 Gauge
Theory. We note that these equations imply that the Einstein tensor of h is traceless,
i.e. ηµνGµ̄,ν̄(h) = 0. To construct an action that gives rise to these equations, it is
useful to introduce the following ’generalized Cotton tensor’:

Cµ̄,ν̄(h) = Y[3,3]

[
εµ̄
αρ̄∂αGρ̄,ν̄ (h)

]
, (6.3.14)

where Y[3,3] is a Young symmetrizer that ensures that Cµ̄,ν̄ has the symmetry properties
of the Young tableau. Note that we have to write this Young symmetrizer explicitly, as
we want to use the Cotton tensor in the action, and we cannot assume that the condition
that Gµ̄,ν̄ is traceless is satisfied off-shell. Once one can show that as a consequence of
the equations of motion G is traceless, the Young symmetrizer can be dropped. Inde-
pendent of whether Gµ̄,ν̄ is traceless or not, one can show that the Cotton tensor Cµ̄,ν̄
is divergence-free on both sets of indices µ̄ and ν̄, as well as traceless

∂µCµ̄,ν̄ = 0 , ηµνCµ̄,ν̄ = 0 . (6.3.15)

The equations of motion (6.3.10) can now be integrated to the following action: 12

I [h] =

∫
d7x

{
1

12
hµ̄,ν̄Cµ̄,ν̄ (h)− 1

2
mhµ̄,ν̄Gµ̄,ν̄ (h)

}
. (6.3.16)

12Note that, due to the second constraint in (6.3.15), the first term in (6.3.16) has a generalized scale
invariance. This is similar to the scale invariance of the 3D Cotton tensor.
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This action defines the 7D Topologically Massive Spin-2 Gauge Theory. Indeed, varying
this action with respect to h leads to the equations of motion

1

6
Cµ̄,ν̄ (h)−mGµ̄,ν̄ (h) = 0 . (6.3.17)

Contracting these equations of motion with ηµν , one obtains the tracelessness condition

ηµνGµ̄,ν̄ (h) = 0 . (6.3.18)

With the tracelessness condition in hand, the Young symmetrizer in (6.3.14) can be
dropped, and an equation of motion (6.3.17) reproduces the equation of motion given
in equation (6.3.10).

6.4 Canonical Analysis

As a check, we will verify by canonical analysis that the action (6.3.16) indeed describes
35 spin-2 degrees of freedom. We first split the indices into temporal and spatial com-
ponents like µ = (0, i) , i = 1, · · · , 6, and then impose the gauge-fixing conditions

∂ihiµ2µ3,ν1ν2ν3 = 0 . (6.4.1)

We next parametrize h in terms of the independent components (a, b, c, d, e) as follows: 13

h0i2i3,0j2j3 = ai2i3,j2j3 , (6.4.2a)

h0i2i3,j1j2j3 = εj1j2j3
k1k2k3∂k1bk2k3,i2i3 +

{(
δi3j3 −

∂i3∂j3
∇2

)
cj1j2,i2

+

(
δi2j2δi3j3 −

∂i2∂j2
∇2

δi3j3 − δi2j2
∂i3∂j3
∇2

)
dj1

}
a.s.

,(6.4.2b)

hi1i2i3,j1j2j3 = εi1i2i3
k1k2k3εj1j2j3

l1l2l3∂k1∂l1ek2k3,l2l3 . (6.4.2c)

All components a, b, c, d, e are divergence-free. Furthermore, the components b, c are
traceless in each pair of its indices, except that the components a and e do contain their
traces.

It is instructive to count the different degrees of freedom at this point. Our starting
point is the field h of symmetry-type (6.0.1), which is in the 490 representation of
GL(7,R). This field transforms under the gauge transformations schematically denoted

13The notation { }a.s. stands for antisymmetrizing all indices within the curly bracket that have the
same latin letter. For instance, {Si2i3j1j2j3}a.s. = S[i2i3][j1j2j3].
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by (6.3.11). We should be careful when counting the number of independent gauge
parameters because the gauge transformations (6.3.11) are double reducible: the 490
gauge parameters ξ have their own gauge symmetry with 210 gauge parameters ζ that
are given by, ignoring indices, δξ = ∂ζ, or in terms of Young tableaux by

δ = ∂ . (6.4.3)

In turn, the 210 gauge parameters ζ have a gauge symmetry by themselves, with 35
gauge parameters λ that are irreducible. These transformations are given by, ignoring
indices, δζ = ∂λ, or in terms of Young tableaux by

δ =

∂

. (6.4.4)

A correct counting yields that there are 490–210+35 = 315 independent gauge param-
eters. The gauge symmetries corresponding to these gauge parameters are fixed by the
gauge conditions (6.4.1) on the field h. To see this, one first varies (6.4.1) under the
ξ-symmetries (6.3.11) and requires this variation to be zero. The resulting condition
on the ξ-parameters has a gauge-symmetry that can be fixed by imposing the following
restriction on the ξ-parameters:

∂i2ξi2µ3,ν1ν2ν3 = 0 . (6.4.5)

Varying this condition under the ζ-symmetries (6.4.3) leads to a gauge-invariant condi-
tion on the ζ-parameters. To fix this gauge symmetry, we impose the following gauging-
fixing conditions on the ζ-parameters:

∂i3ζi3,ν1ν2ν3 = 0 . (6.4.6)

After imposing these gauge conditions, all parameters ξ can be solved for without any
ambiguity, i.e. there is no gauge symmetry acting on the parameters left. This leaves
us with 490–315 = 175 degrees of freedom represented by the a, b, c, d, e components
defined in eq. (6.4.2):

a : 50 , b : 35 , c : 35 , d : 5 , e : 50 . (6.4.7)

Using canonical decomposition (6.4.2), we next calculate the different components
of the Einstein tensor (6.3.9) and the Cotton tensor (6.3.14). Substituting these results
into the action (6.3.16), one obtains, after a lengthy calculation that we shall not repeat
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here, the following expression for the action (6.3.16):

I =

∫
d7x

{
− 1

2
(3!)

4
bi2i3,j2j3

(
∇2
)2

(âi2i3,j2j3 + 4�êi2i3,j2j3)

− (3!)
4
mâi2i3,j2j3

(
∇2
)2
êi2i3,j2j3 − (3!)

4
mbi2i3,j2j3

(
∇2
)2
bi2i3,j2j3

−3

4
(3!)

4
māi3,j3

(
∇2
)2
ēi3,j3 − 10 (3!)

4
ma

(
∇2
)2
e

− 3

10
(5!)mcj1j2,i2∇2cj1j2,i2 +

9

2
(2!4!)mdj1∇2dj1

}
. (6.4.8)

Here we have used the following decomposition of a in terms of a traceless part â, single
traces ā and double traces a:

ai2i3,j2j3 = âi2i3,j2j3 +

{(
ηi2j2 −

∂i2∂j2
∇2

)
āi3,j3 +

+

(
ηi2j2ηi3j3 −

∂i2∂j2
∇2

ηi3j3 − ηi2j2
∂i3∂j3
∇2

)
a

}
a.s.

(6.4.9)

and we used a similar decomposition for e.
Finally, after making the field redefinitions

âi2i3,j2j3 = ãi2i3,j2j3 −
2

m
�bi2i3,j2j3 , êi2i3,j2j3 = ẽi2i3,j2j3 −

1

2m
bi2i3,j2j3 ,(6.4.10)

we obtain the following expression for the action:

I =

∫
d7x

{
1

m
(3!)

4
bi2i3,j2j3

(
∇2
)2 (

�−m2
)
bi2i3,j2j3

− (3!)
4
mãi2i3,j2j3

(
∇2
)2
ẽi2i3,j2j3

−3

4
(3!)

4
māi3,j3

(
∇2
)2
ēi3,j3 − 10 (3!)

4
ma

(
∇2
)2
e

− 3

10
(5!)mcj1j2,i2∇2cj1j2,i2 +

9

2
(2!4!)mdj1∇2dj1

}
. (6.4.11)

This form of the action shows that only the b components propagate, and according
to eq. (6.4.7), they do describe, unitarily, 35 degrees of freedom, which transform as
the 35+ of the SO(6) little group. Note that these degrees of freedom are not only
described by the b-components of h but also, due to the redefinitions (6.4.10), by the
â- and ê-components of h. Replacing m by −m in the above action, we see that, after
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changing the overall sign of the action, we again obtain 35 degrees of freedom. These
degrees of freedom transform as the 35− of the SO(6) little group. They are described
by a different set of components of h than the 35+ degrees of freedom due to the fact
that one should also replace m by −m in the redefinitions (6.4.10).

To summarize, in this chapter we constructed the TMG-like and NMG-like models
for spin-1 and spin-2 in higher dimensions. We stress that the analysis was done at the
linearized level. We should point out that it is not clear how to make these extensions
at the non-linear level. The reason is that we use a non-standard representation for the
spin-2 field instead of the usual symmetric rank-2 tensor. It is a challenge to see what
the underlying geometry for these non-standard representations would be and whether
one could do the extension at the full non-linear level.



Chapter 7

Supersymmetric Extensions

In this chapter, we will explain how one can extend the NMG model in another direction.
We mentioned already in Chapters 4 and 5 that we could use NMG to give a higher-
derivative description of spin-2. Here, we will include half integer spins and discuss
the supersymmetric version of NMG. The supersymmetric version of NMG with higher
derivatives is known already [8]. Here instead we will represent the supersymmetric
version of its low derivative formulation. Since it is more convenient to work with
the low derivative version [61], we will consider the supersymmetric version of this low
derivative version of NMG here.

In order to reduce the number of derivatives in general, it is necessary to introduce
auxiliary fields. We expect the same to hold for the supersymmetric extension of NMG,
and we expect that we will need not only auxiliary bosonic fields in the bosonic/graviton
sector but also fermionic auxiliary fields in the gravitino sector. In this chapter, we will
describe which auxiliary fields are needed for the supersymmetric low derivative NMG.

At the linearized level, lower-derivative NMG decomposes into the sum of a massive
spin-2 Fierz-Pauli model and a massless spin-2 Einstein-Hilbert model. In the super-
symmetric extension of NMG, we therefore need a 3D massive spin-2 and a 3D massless
spin-2 supermultiplet. Having constructed the off-shell 1 massive spin-2 supermultiplet
(see Appendix), it is rather straightforward to construct a linearized version of Super-
symmetric New Massive Gravity (SNMG), without higher derivatives, by appropriately
combining a massless and a massive spin-2 multiplet. In this thesis, we will consider
only N = 1 supersymmetry. A detailed discussion about how we derived the spin-2
multiplets is presented in the Appendix.

We first consider FP-like equations for fermions in Section 7.1 and construct the
gravitino action. We give examples of supersymmetric spin-1 and spin-2 in Sections 7.2

1By this we mean a supermultiplet with the property that the commutator of the two supersymme-
tries closes without using the equations of motion.
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and 7.3 as a warming-up exercise for constructing the supersymmetric NMG action in
Section 7.4, and comment on its non-linear extension in Section 7.5. In the last section,
we will discuss the massless limit and comment on the vDVZ discontinuity.

7.1 Fierz-Pauli-like equations for fermions

Any supersymmetric extension of NMG refers to both gravitons and gravitini. In Chap-
ter 4, we explained how one can, starting from the Fierz-Pauli equations for massive spin-
2, derive the NMG theory by the boosting-up procedure. One may question whether the
boosting-up procedure would work for fermions as well. We represent fields describing
half-integer particles of spin-s+1/2 by a symmetric tensor ψµ1,µ2,...,µs . Furthermore, we
require the ensuing Dirac equation and differential constraints to hold:

(iγµ∂µ −m)ψν1,ν2,...,νs = 0, (7.1.1)

∂µ1ψµ1,µ2,...,µs = 0, (7.1.2)

where γµ are 4x4 Dirac matrices. For massive representations there is one more condi-
tion, known as the γ-trace condition:

γµ1ψµ1,µ2,...,µs = 0. (7.1.3)

This condition is the analogue of the tracelessness condition for the bosonic fields. Any
field that satisfies these equations describes the helicity state. The fermionic field
ψν1,ν2,...,νs contains 2 degrees of freedom, one with helicity +s and one with -s. One
can decompose the Klein-Gordon equation into the product of two Dirac equations by
using the decomposition of the Klein-Gordon operator in the following way:

(�−m2) = (/∂ −m)(/∂ +m). (7.1.4)

In this way, the
√
FP -like equations for fermions can be rewritten as FP-like equations.

The two corresponding Dirac equations, obtained by the decomposition of the Klein-
Gordon, will describe two different helicities +m and −m.

In the same way that we applied the boosting-up procedure for a massive spin-2 field,
we can do for the fermionic fields. As explained in Chapter 4, we start by solving the
differential constraint in equation (7.1.2) by expressing the fermionic field ψ in terms
of another fermionic field χ with the same index structure as follows:

ψµ1,µ2,...,µs = εµ1

ν1ρ1 ...εµs
νsρs∂ν1 ...∂νsχρ1...ρs . (7.1.5)

The right-hand side of the previous relation can be considered as an analogue of the
generalized Einstein tensor, but with the difference that this one corresponds to fermions.
Hence, we introduce the following notation:

G̃µ1,µ2,...,µs(χ) = εµ1

ν1ρ1 ...εµs
νsρs∂ν1 ...∂νsχρ1...ρs . (7.1.6)
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This tensor is invariant under the following gauge transformations:

δχµ1,µ2,...,µs = ∂(µ1
Ξµ2...µs). (7.1.7)

Accordingly, the solution of the divergenceless constraint is just the analogue of the
generalized Einstein tensor, and the divergenceless constraint is satisfied. The remaining
two equations that we still have to consider are:

(�−m2)G̃µ1,µ2,...,µs(χ) = 0, (7.1.8)

γµ1G̃µ1,µ2,...,µs(χ) = 0. (7.1.9)

These are the NMG-like equations. One can also write down the TMG-like ones just by
using the same decomposition (7.1.4):

(/∂ − m̃)G̃µ1,µ2,...,µs(χ) = 0, (7.1.10)

γµ1G̃µ1,µ2,...,µs(χ) = 0. (7.1.11)

Both sets of equations are invariant under the transformation rule (7.1.7). As an exam-
ple, we will now discuss an explicit case of a gravitino with s=1, i.e. with spin-3/2.

Boosting-Up the Derivatives for Spin-3/2 FP

We will show how the higher-derivative kinetic terms for the gravitino can be obtained
by boosting up the derivatives in the massive spin-3/2 FP equations in the same way as
was done for the spin-2 FP equations in the construction of New Massive Gravity [15],
except for one subtle difference.

Our starting point is the following fermionic action with two massive gravitini, ψµ
and χµ, which together carry two physical degrees of freedom in 3D:

I [ψ, χ] =

∫
d3x

{
− 4ψ̄µγ

µνρ∂νψρ − 4χ̄µγ
µνρ∂νχρ + 8mψ̄µγ

µνχν

}
. (7.1.12)

The equations of motion following from this action are given by

γµνρ∂νψρ −mγµνχν = 0 , γµνρ∂νχρ −mγµνψν = 0 . (7.1.13)

To manifest which one describes which helicity state, we perform a diagonalisation. Note
that each one of the equations (7.1.13) can be used to solve for one gravitino in terms of
the other one. However, this solution does not solve the other equation. Therefore, one
cannot substitute only one solution back into (7.1.12) because one would lose information
about the differential constraint encoded in the other equation. After diagonalization:

ζ1
µ = ψµ + χµ , ζ2

µ = ψµ − χµ (7.1.14)
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we obtain the massive FP equations for a helicity +3/2 and -3/2 state:(
/∂ +m

)
ζ1
µ = 0 , γµζ1

µ = 0 , ∂µζ1
µ = 0 , (7.1.15)(

/∂ −m
)
ζ2
µ = 0 , γµζ2

µ = 0 , ∂µζ2
µ = 0 . (7.1.16)

To boost up the derivatives in these equations, we may proceed in two ways. One
option is to boost up the derivatives in each of the equations separately by solving the
corresponding differential constraint. In a second step, one should then combine the two
higher-derivative equations by a single equation in terms of ρµ through what is called a
‘soldering’ technique, which has also been applied to construct New Massive Gravity out
of two different Topologically Massive Gravities [62]. Alternatively, it is more convenient
to first combine the two equations into the following equivalent second-order equation,
which is manifestly parity-invariant:(

�−m2
)
ζµ =

(
/∂ ∓m

) (
/∂ ±m

)
ζµ = 0 , γµζµ = 0 , ∂µζµ = 0 . (7.1.17)

The action corresponding to these equations of motion cannot be used in a supersym-
metric action since the fermionic kinetic term would have the same number of derivatives
as the standard bosonic kinetic term describing a spin-2 state. This explains why we
worked with two fields instead of one.

We are now ready to perform the procedure of “boosting up the derivatives” in the
same way as in bosonic theory, where it leads to the higher-derivative NMG theory. To be
specific, we solve the divergenceless condition ∂µζµ = 0 in terms of a new vector-spinor
ρµ as follows:

ζµ = Rµ (ρ) ≡ εµνρ∂νρρ . (7.1.18)

Substituting this solution back into the other two equations in (7.1.17) leads to the
higher-derivative equations(

�−m2
)
Rµ (ρ) = 0 , γµRµ (ρ) = 0 . (7.1.19)

These equations of motion are invariant under gauge symmetry

δρµ = ∂µη . (7.1.20)

Furthermore, they can be integrated to the following action:

I [ρ] =

∫
d3x

{
ρ̄µRµ (ρ)− 1

2m2
ρ̄µ /∂

[
/∂Rµ (ρ) + εµ

στ∂σRτ (ρ)
] }

. (7.1.21)

One can show that the equations of motion following from this action implies the alge-
braic constraint given in (7.1.19). The first term in this action is an analogue of the EH
term, and the last one is an analogue of the 4-derivative term.
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7.2 Supersymmetric Proca

In the Appendix A, we show how one can obtain the 3D supersymmetric Proca theory
from the KK reduction of an off-shell 4D N = 1 supersymmetric Maxwell theory and
a subsequent truncation to the first massive KK sector. The N = 1 massive vector
supermultiplet with the field content of one scalar φ, one auxiliary scalar F , a vector
field Vµ, two spinors Ψ, and χ has the following transformation rules:

δφ =
1

4
ε̄χ−mΛ ,

δVµ = −ε̄γµψ + ∂µΛ ,

δψ =
1

8
γµνFµνε ,

δχ = γµDµφ ε−
1

4
Fε ,

δF = −ε̄γµ∂µχ+ 4mε̄ψ ,

(7.2.1)

where the covariant derivative Dµ is defined as

Dµφ = ∂µφ+mVµ . (7.2.2)

The transformation rules (7.2.1) leave the following action invariant:

I1 =

∫
d3x

(
−1

4
Fµν F

µν − 1

2
DµφD

µφ− 2ψ̄ ∂/ψ − 1

8
χ̄ ∂/ χ+ mψ̄χ+

1

32
F 2

)
. (7.2.3)

The gauge transformation with parameter Λ acts as a Stückelberg symmetry on the
scalar φ. It can be fixed by imposing the gauge condition

φ = const . (7.2.4)

Taking the resulting compensating gauge transformation

Λ =
1

4m
ε̄χ (7.2.5)

into account, we obtain the final form of the supersymmetry transformation rules of the
N = 1 supersymmetric Proca theory:

δVµ = −ε̄γµψ +
1

4m
ε̄∂µχ ,

δψ =
1

8
γµνFµνε ,

δχ = mγµεVµ −
1

4
Fε ,

δF = −ε̄γµ∂µχ+ 4mε̄ψ .

(7.2.6)
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The supersymmetric Proca action is then given by

IProca =

∫
d3x

(
−1

4
Fµν F

µν − 1

2
m2Vµ V

µ − 2ψ̄ ∂/ψ − 1

8
χ̄ ∂/ χ+ mψ̄χ+

1

32
F 2

)
.

(7.2.7)

This action describes 2+2 on-shell and 4+4 off-shell degrees of freedom.
It is constructive to consider the massless limit, m → 0. Taking the massless limit

in (7.2.1), we see that the Proca multiplet splits into a massless vector multiplet and
a massless scalar multiplet. The massless vector multiplet can be coupled to a cur-
rent supermultiplet. This is a feature that we would like to incorporate, in view of the
upcoming spin-2 discussion in Section 7.6. We will do so by coupling the above super-
symmetric Proca system to a current supermultiplet that represents a matter system
(Jµ,Jψ,Jχ, JF ), where Jµ is a vector, Jψ and Jχ are spinors and JF is a scalar. Our
starting point is then the action

I = IProca + Iint , (7.2.8)

where the interaction part Iint describes the coupling between the Proca multiplet and
the matter multiplet:

Iint =

∫
d3xV µJµ + ψ̄Jψ + χ̄Jχ + FJF . (7.2.9)

Requiring that Iint is separately invariant under supersymmetry determines the trans-
formation rules of the conjugate multiplet:

δJµ =
1

4
ε̄ γµν∂

νJψ +mε̄ γµJχ ,

δJψ = −γµε Jµ − 4mεJF ,

δJχ =
1

4m
ε∂µJµ + γµε ∂µJF ,

δJF =
1

4
ε̄Jχ .

(7.2.10)

Taking the massless limit in the action (7.2.8) and transformation rules (7.2.6), (7.2.10)
is non-trivial, due to the factors of 1/m that appear in the transformation rules. In order
to be able to take the limit in a well-defined fashion, we will work in the formulation
where the Stückelberg symmetry is not yet fixed. This formulation can be easily retrieved
from the gauge-fixed version by making the following redefinition in the action (7.2.7)
and transformation rules (7.2.6):

Vµ = Ṽµ +
1

m
∂µφ . (7.2.11)
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Applying this redefinition to (7.2.7) and (7.2.6) indeed brings one back to the action
(7.2.3) and to the transformation rules (7.2.1), whose massless limit is well defined.
The massless limit of the interaction part Iint (after performing the above substitution)
and of the transformation rules (7.2.10) of the conjugate multiplet is, however, not well
defined. In order to remedy this, we will impose the constraint that Jµ corresponds to
a conserved current, i.e. that

∂µJµ = 0 . (7.2.12)

In order to preserve supersymmetry, we will also take Jχ = 0 and JF = 0. The conjugate
multiplet then reduces to a spin-1 current supermultiplet.

The massless limit is now well defined everywhere. The transformation rules (7.2.1)
reduce to the transformation rules of a massless vector (Ṽµ, ψ) and scalar (φ, χ, F ) mul-
tiplet, see eqs. (C.5.1) and (C.3.1), respectively. In more concrete terms, performing the
procedure outlined above and taking the limit m→ 0 leads to the following action

I =

∫
d3x
[(
−1

4
F̃µν F̃

µν − 2ψ̄ ∂/ψ + Ṽ µJµ + ψ̄Jψ
)

−1

2

(
∂µφ∂

µφ+
1

4
χ̄ ∂/ χ− 1

16
F 2

)]
, (7.2.13)

which is the sum of the supersymmetric massless vector and scalar multiplet actions,
see eqs. (C.5.2) and (C.3.2), respectively. The vector multiplet action is coupled to a
spin-1 current multiplet. There is no coupling left between the current multiplet and the
scalar multiplet. This will be different in the spin-2 case, as we will see in the following
section.

7.3 Supersymmetric Fierz-Pauli

In this section, we will extend our discussion to the spin-2 case. Starting from the off-shell
4D N = 1 massless spin-2 multiplet, we explain in the Appendix how, after performing a
KK reduction over a circle and projecting onto the first massive KK sector, one obtains
a massive spin-2 FP multiplet. The 3D N = 1 off-shell massive spin-2 multiplet has the
following form, where hµν is a symmetric tensor, Vµ is a vector and phi is a scalar,
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δhµν = ε̄γ(µψν) + ∂(µΛν) ,

δVµ =
1

2
ε̄γµψ −

1

2
ε̄χµ +

1

2
∂µΛ3 +

1

2
mΛµ ,

δφ = −ε̄ χ−mΛ3 ,

δψµ = −1

4
γρλ∂ρhλµε+

1

12
γµMε+

1

12
γµPε+ ∂µη2 ,

δψ = −1

4
γρλ∂ρVλε−

1

12
Nε− 1

12
γρAρε+mη2 ,

δχµ = −1

4
γρ∂ρVµε+

1

4
mγρhρµε−

1

12
γµNε+

1

4
Aµε−

1

12
γµγ

ρAρε+ ∂µη1 ,

δχ = −1

4
γρ∂ρφε−

1

12
Mε+

1

6
Pε− 1

4
mγρVρε−mη1 ,

δM = −ε̄γρ∂ρχ+ ε̄γρλ∂ρψλ −mε̄γρχρ ,

δN = −ε̄γρ∂ρψ − ε̄γρλ∂ρχλ +mε̄γρψρ ,

δP = ε̄γρ∂ρχ+
1

2
ε̄γρλ∂ρψλ +mε̄γρχρ ,

δAµ =
3

2
ε̄γµ

ρλ∂ρχλ − ε̄γµγρλ∂ρχλ +
1

2
ε̄γµ

ρ∂ρψ − ε̄∂µψ −
1

2
mε̄γµ

ρψρ +mε̄ψµ .

(7.3.1)

The action invariant under the transformations (7.3.1) is given by

Im =

∫
d3x
{
hµνGlin

µν(h)−m2
(
hµνhµν − h2

)
+2hµν∂µ∂νφ− 2h∂α∂αφ− FµνFµν + 4mhµν∂(µVν) − 4mh∂µVµ

−4ψ̄µγ
µνρ∂νψρ − 4χ̄µγ

µνρ∂νχρ + 8ψ̄γµν∂µχν + 8ψ̄µγ
µν∂νχ+ 8mψ̄µγ

µνχν

−2

3
M2 − 2

3
N2 +

2

3
P 2 +

2

3
AµA

µ
}
, (7.3.2)

where h = ηµνhµν and Glin
µν(h) is the linearized Einstein tensor. We observe that the

action is non-diagonal in the bosonic fields (hµν , Vµ , φ), the fermionic fields (ψµ , χ),
and (χµ , ψ). The gauge symmetries with the parameters λ1, λ3, η2, η1 are Stückelberg
symmetries that can be fixed by imposing the following gauge conditions:

φ = const , Vµ = 0 , ψ = 0 , χ = 0 . (7.3.3)
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Taking into account the compensating gauge transformations, which are given by:

Λ3 = 0 ,

Λµ =
1

m
ε̄χµ ,

η1 = − 1

12m
(M − 2P ) ε ,

η2 =
1

12m
(N + γρAρ) ε ,

(7.3.4)

we obtain the final form of the supersymmetry rules of the 3D N = 1 off-shell massive
spin-2 multiplet:

δhµν = ε̄γ(µψν) +
1

m
ε̄∂(µχν) ,

δψµ = −1

4
γρλ∂ρhλµε+

1

12
γµ(M + P )ε+

1

12m
∂µ(N + γρAρ)ε ,

δχµ =
1

4
mγρhρµε+

1

4
Aµε−

1

12
γµ(N + γρAρ)ε−

1

12m
∂µ(M − 2P )ε ,

δM = ε̄γρλ∂ρψλ −mε̄γρχρ , (7.3.5)

δN = −ε̄γρλ∂ρχλ +mε̄γρψρ ,

δP =
1

2
ε̄γρλ∂ρψλ +mε̄γρχρ ,

δAµ =
3

2
ε̄γµ

ρλ∂ρχλ − ε̄γµγρλ∂ρχλ −
1

2
mε̄γµ

ρψρ +mε̄ψµ .

These transformation rules leave the following action invariant:

Im 6=0 =

∫
d3x

{
hµνGlin

µν(h)−m2
(
hµνhµν − h2

)
− 4ψ̄µγ

µνρ∂νψρ − 4χ̄µγ
µνρ∂νχρ + 8mψ̄µγ

µνχν

− 2

3
M2 − 2

3
N2 +

2

3
P 2 +

2

3
AµA

µ
}
.

(7.3.6)

This action describes 2+2 on-shell and 12+12 off-shell degrees of freedom. The first line
is the standard Fierz-Pauli action. The fermionic off-diagonal mass term can easily be
diagonalized by going to a basis in terms of the sum and difference of the two vector-
spinors. The above action shows that the three scalars M, N, P and the vector Aµ are
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auxiliary fields that are set to zero by their equations of motion. We thus obtain the
on-shell massive spin-2 multiplet with the following supersymmetry transformations:

δhµν = ε̄γ(µψν) +
1

m
ε̄∂(µχν) ,

δψµ = −1

4
γρσ∂ρhµσε ,

δχµ =
m

4
γνhµνε .

(7.3.7)

It is constructive to consider the closure of the supersymmetry algebra for the above
supersymmetry rules, given the fact that, unlike in the massless case, the symmetric
tensor hµν does not transform under the gauge transformations δhµν = ∂µΛν + ∂νΛµ
and the only symmetries left to close the algebra are the global translations. We find
that the commutator of two supersymmetries on hµν indeed gives a translation,

[δ1, δ2]hµν = ξρ∂ρhµν , (7.3.8)

with parameter

ξµ =
1

2
ε̄2γ

µε1 . (7.3.9)

To close the commutator on the two gravitini requires the use of the equations of motion
for these fields. From the action (7.3.6), we obtain the following equations:

γµνρ∂νχρ = mγµνψν , (7.3.10)

and a similar equation for ψµ. These equations of motion imply the standard spin-3/2
Fierz-Pauli equations

R(1)
µ ≡ ∂/χµ +mψµ = 0 ,

∂µχµ = 0 , γµχµ = 0 ,
(7.3.11)

and similar equations for ψµ. A useful alternative way of writing the equations of motion
(7.3.10) is

R(2)
µν ≡ ∂[µχν] +mγ[µψν] = 0 . (7.3.12)

Using these two ways of writing the equations of motion as well as the FP conditions
that follow from them, we find that the commutator on the two gravitini gives the same
translations (7.3.9) up to equations of motion. More specifically, we find the following
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commutators

[δ1, δ2]ψµ = ξν∂νψµ −
1

4m
ξα∂µR(1)

α −
1

8m
ξαγα∂µ(γρσ∂ρχσ)

+
1

4m
ξα∂µ∂α(γσχσ)− 1

8
ξαγµγα(γρσ∂ρψσ) ,

[δ1, δ2]χµ = ξν∂νχµ +
1

2
ξνR(2)

µν −
1

8
ξργρR(1)

µ

− 1

8
ξργρ∂µ(γνχν) +

m

8
ξργργµ(γνψν) .

(7.3.13)

Hence, the algebra closes on-shell.

7.4 Linearized SNMG

In this section, we will construct New Massive Supergravity at the linearized level but
without higher derivatives. Instead of higher derivatives, we will use auxiliary fields. We
distinguish between two types of auxiliary fields: the non-trivial and the trivial ones.
By non-trivial auxiliary fields we mean those auxiliary fields whose elimination from the
action leads to the higher-derivative terms. We will show how, upon the elimination of
these non-trivial auxiliary bosonic and fermionic fields, we recover the higher-derivative
kinetic terms for these fields. We will derive the transformation rules that leave the
lower-derivative action invariant.

Firstly, we consider the bosonic part of the linearized NMG action given in [15]. Its
linearized lower-derivative version can be obtained by introducing a symmetric auxiliary
field qµν and has the following form:

I lin
NMG(lower) =

∫
d3x

{
− hµνGlin

µν(h) + 2qµνGlin
µν(h)−m2(qµνqµν − q2)

}
, (7.4.1)

where q = ηµνqµν . The above action can be diagonalised by making the redefinitions

hµν = Aµν +Bµν , qµν = Bµν , (7.4.2)

after which we obtain

I lin
NMG [A,B] =

∫
d3x

{
−AµνGlin

µν (A) +BµνGlin
µν (B)−m2

(
BµνBµν −B2

)}
. (7.4.3)

Using this diagonal basis, it is clear that we can supersymmetrize the action in terms
of a massless multiplet (Aµν , λµ, S) and a massive multiplet (Bµν , ψµ, χµ,M,N, P,Aµ),
which are given in Appendix C. Transforming this result back in terms of hµν and qµν
and making the redefinition

λµ = ρµ − ψµ (7.4.4)
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we find the following linearized lower-derivative supersymmetric NMG action

I lin
SNMG(lower) =

∫
d3x

{
− hµνGlin

µν(h) + 2qµνGlin
µν(h)−m2(qµνqµν − q2) + 8S2

− 2

3
M2 − 2

3
N2 +

2

3
P 2 +

2

3
AµA

µ (7.4.5)

+ 4ρ̄µγ
µνρ∂νρρ − 8ψ̄µγ

µνρ∂νρρ − 4χ̄µγ
µνρ∂νχρ + 8mψ̄µγ

µνχν

}
.

This action describes 2+2 on-shell and 16+16 off-shell degrees of freedom. It is invariant
under the following transformation rules

δhµν = ε̄γ(µρν) ,

δρµ = −1

4
γρσ
(
∂ρhµσ

)
ε+

1

2
Sγµε+

1

12
γµ(M + P )ε , (7.4.6)

δS =
1

4
ε̄γµνρµν −

1

4
ε̄γµνψµν ,

where

ρµν =
1

2

(
∂µρν − ∂νρµ

)
, ψµν =

1

2

(
∂µψν − ∂νψµ

)
, (7.4.7)

plus the transformation rules for the massive multiplet (qµν , ψµ , χµ , M, N, P, Aµ)
which can be found in eq. (7.3.5) with hµν replaced by qµν . We have deleted 1/m
terms in the transformation of hµν and ρµ, since they take the form of a gauge trans-
formation. Note also that the auxiliary field S transforms to the gamma trace of the
equation of motion for ρµ.

The action (7.4.5) contains the trivial auxiliary fields (S, M, N, P, Aµ) and the non-
trivial auxiliary fields (qµν , ψµ , χµ). The elimination of the trivial auxiliary fields does
not lead to anything new. These fields can simply be set equal to zero and disappear
from the action. Instead, as we will show now, the elimination of the non-trivial auxiliary
fields leads to higher-derivative terms in the action. To start with, the equation of motion
for qµν can be used to solve for qµν as follows:

qµν =
1

m2
Glin
µν(h)− 1

2m2
ηµνG

lin
tr (h) , (7.4.8)

where Glin
tr (h) = ηµνGlin

µν(h). One of the vector spinors, ψµ, occurs as a Lagrange multi-
plier. Its equation of motion enables one to solve for χµ:

χµ = − 1

2m
γρσγµ ρρσ . (7.4.9)
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The equation of motion of the other vector spinor, χµ, can be used to solve for ψµ in
terms of χµ:

ψµ = − 1

2m
γρσγµ χρσ , (7.4.10)

and hence, via eq. (7.4.9), in terms of ρµ. One can show that the solution of ψµ in terms
of two derivatives of ρµ is such that it solves the constraint

γµνψµν = 0 . (7.4.11)

We now substitute the solutions (7.4.8) for qµν and (7.4.9) for χµ back into the action.
It is not enough to simply do these substitutions, but it is necessary to use the following
identity

−4χ̄µγ
µνρ∂νχρ =

8

m2
ρ̄µν∂/ ρµν −

2

m2
ρ̄µνγ

µν∂/ γσρρσρ , (7.4.12)

where a total derivative term is ignored. One thus obtains the following linearized
higher-derivative (‘higher’) supersymmetric action of NMG [8]:

I lin
SNMG(higher) =

∫
d3x

{
− hµνGlin

µν(h) + 4ρ̄µγ
µνρ∂νρρ + 8S2 (7.4.13)

+
4

m2

(
RµνRµν −

3

8
R2
)lin

+
8

m2
ρ̄ab∂/ ρab −

2

m2
ρ̄abγ

ab∂/ γcdρcd

}
.

Note that the action (7.1.21) is precisely the fermionic part of the obtained linearized
SNMG action. The action (7.4.13) is invariant under the set of supersymmetry rules

δhµν = ε̄γ(µρν) ,

δρµ = −1

4
γρσ∂ρhµσε+

1

2
Sγµε , (7.4.14)

δS =
1

4
ε̄γµνρµν ,

where we made use of the constraint (7.4.11) to simplify the transformation rule of
S. Under supersymmetry, the auxiliary field S transforms to the gamma trace of the
equation of motion for ρµ, since the higher-derivative terms in this equation of motion
are gamma-traceless and therefore drop out. Alternatively, the higher-derivative kinetic
terms for ρµ can be obtained by boosting up the derivatives in the massive spin-3/2 FP
equations, as we explained in Section 7.1.

This finishes our construction of linearized SNMG. In the next section, we will discuss
to what extent this result can be extended to the non-linear case.
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7.5 Towards Non-linear SNMG

The higher-derivative supersymmetric NMG has already been constructed in [8]. This
action only contains the auxiliary field S of the massless multiplet. However, this action
does not contain the kinetic term for the field S itself, although S appears in the bosonic
terms as a torsion contribution to the spin connection. Due to its coupling to the
fermions, it cannot be eliminated from the action. Thus, in the non-linear case, we
cannot identify S as a ‘trivial’ auxiliary field anymore.

Apart from the auxiliary field S, in the linearized analysis (see Sections 7.3 and 7.4)
we distinguish between the trivial auxiliary fields (M, N, P, Aµ) and the non-trivial
(qµν , ψµ , χµ). As was mentioned already, only the elimination of the latter ones leads
to higher derivatives in the Lagrangian. In the formulation of higher-derivative super-
symmetric NMG, see [8], only the auxiliary field S occurs. One could now search either
for a formulation in which all other auxiliary fields occur or for an alternative formu-
lation in which only the non-trivial auxiliary fields (qµν , ψµ , χµ) are present. In this
thesis, we will not consider the inclusion of all auxiliary fields any further. It is not clear
whether such a formulation exists. This is based on the fact that our construction of
the linearized massive multiplet makes use of the existence of a consistent truncation
to the first massive KK level. Such a truncation can only be made consistently at the
linearized level.

Before discussing the inclusion of the non-trivial auxiliary fields (qµν , ψµ , χµ), it is
instructive to first consider the linearized case and see how, starting from the (linearized)
formulation of [8], the three non-trivial auxiliary fields can be included and a formulation
with lower derivatives can be obtained. Our starting point is the higher-derivative action
(7.4.13) and corresponding transformation rules (7.4.14). We split this action into the
bosonic part, which is given below

I lin
bos(higher) =

∫
d3x

{
− hµνGlin

µν (h) + 8S2 +
4

m2

(
RµνRµν −

3

8
R2
)lin}

(7.5.1)

and its fermionic part, which is given by:

I lin
ferm(higher) =

∫
d3x

{
4ρ̄µγ

µνρ∂νρρ +
8

m2
ρ̄ab∂/ ρab −

2

m2
ρ̄abγ

ab∂/ γcdρcd

}
. (7.5.2)

We will first consider the bosonic part. As we already know, the number of derivatives
in the action can be reduced by introducing a symmetric auxiliary field qµν and writing
the corresponding lower-derivative version of the bosonic part of the action, which is
given by

I lin
bos(lower) =

∫
d3x

{
− hµνGlin

µν (h) + 8S2 + 2qµνGlin
µν(h)−m2

(
qµνqµν − q2

)}
.

(7.5.3)
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The field equation of qµν is given by eq. (7.4.8) and substituting this solution back into
the lower-derivative bosonic action (7.5.3), we re-obtain the higher-derivative bosonic
action (7.5.1).

We will next consider the fermionic part of the higher-derivative action (7.4.13), i.e.

I lin
ferm(higher) =

∫
d3x

{
4ρ̄µγ

µνρ∂νρρ +
8

m2
ρ̄ab∂/ ρab −

2

m2
ρ̄abγ

ab∂/ γcdρcd

}
. (7.5.4)

To lower the number of derivatives, we first replace the terms that are quadratic in ρµν
by the kinetic term of an auxiliary field χµ, while adding another term with a Lagrange
multiplier ψµ to fix the relation between ρµν and χµ:

I lin
ferm(lower) =

∫
d3x

{
4ρ̄µγ

µνρ∂νρρ − 4χ̄µγ
µνρ∂νχρ − 8ψ̄µ (γµνρρνρ −mγµνχν)

}
.

(7.5.5)

The equation of motion for ψµ enables us to express χµ in terms of ρµν . The result is
given in eq. (7.4.9). Substituting this solution for χµ back into the action, the linear
terms in the Lagrange multiplier ψµ drop out, and we re-obtain the higher-derivative
fermionic action given in eq. (7.5.4). Adding up the lower-derivative bosonic action
(7.5.3) and the lower-derivative fermionic action (7.5.5), we obtain the lower-derivative
supersymmetric action (7.4.5), albeit without the bosonic auxiliary fields (M, N, P, Aµ).
We only consider a formulation in which these auxiliary fields are absent. Having in-
troduced the new auxiliary fields (qµν , ψµ , χµ), we should derive their supersymmetry
rules. They can be derived by starting from the solutions (7.4.8), (7.4.9) and (7.4.10) of
these auxiliary fields in terms of hµν and ρµ and applying the supersymmetry rules of hµν
and ρµ given in eq. (7.4.14). This leads to supersymmetry rules that do not contain the
auxiliary fields. These can be introduced by adding a number of field-dependent equa-
tions of motion symmetries to the supersymmetry rules. We thus find the intermediate
result:

δhµν = ε̄γ(µρν) ,

δρµ = −1

4
γρσ∂ρhµσε+

1

2
Sγµε ,

δS =
1

4
ε̄γµνρµν ,

δqµν = ε̄γ(µψν) +
1

m
ε̄∂(µχν) ,

δψµ = −1

4
γρσ∂ρqµσε ,

δχµ =
m

4
γνqµνε+

1

2m
ε∂µS .

(7.5.6)
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These transformation rules are not yet quite the same as the ones given in eq. (7.4.6).
In particular, the transformation rules of S and χµ are different. The difference is yet
another ‘on-shell symmetry’ of the action eq. (7.4.5), with spinor parameter η given by

δS = −1

4
η̄γµνψµν ,

δχµ = − 1

2m
η∂µS .

(7.5.7)

The transformation rules in eqs. (7.4.6) and (7.5.6) are therefore equivalent up to an
on-shell symmetry with parameter η = ε:

δsusy(eq. (7.4.6)) = δsusy(eq. (7.5.6)) + δon-shell(η = ε) . (7.5.8)

We now wish to discuss in what sense the previous analysis can be extended to the
non-linear case. For the sake of simplicity, we take the approximation in which one
considers only the terms in the action that are independent of the fermions and the
terms that are bilinear in the fermions. Furthermore, we ignore in the supersymmetry
variation of the action terms that depend on the auxiliary scalar S. Since terms linear
in S only occur in terms bilinear in fermions, this effectively implies that we may set
S = 0 in the action. In this approximation the higher-derivative action of SNMG is
given by [8]

Inonlin
SNMG (higher) =

∫
d3x e

{
− 4R (ω̂) +

1

m2
Rµνab (ω̂)Rµνab (ω̂)− 1

2m2
R2 (ω̂)

+ 4ρ̄µγ
µνρDν (ω̂) ρρ +

8

m2
ρ̄ab (ω̂) /D (ω̂) ρab (ω̂)− 2

m2
ρ̄µν(ω̂)γµν /D(ω̂)γρσρρσ(ω̂)

− 2

m2
Rµνab (ω̂) ρ̄ργ

µνγρρab (ω̂)− 2

m2
R (ω̂) ρ̄µγνρµν (ω̂) (7.5.9)

+ higher-order fermions and S-dependent terms
}
.

In the previous expression, we replaced the symmetric tensor hµν by a Dreibein field
eµ
a. Keeping the same approximation discussed above, the action (7.5.9) is invariant

under the supersymmetry rules

δeµ
a =

1

2
ε̄γaρµ ,

δρµ = Dµ (ω̂) ε .

(7.5.10)

We will first consider the reduction of the number of derivatives in the bosonic part
of the action. Since the Ricci tensor now depends on a torsion-full spin connection, we
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need a non-symmetric auxiliary tensor qµ,ν . The action (7.5.9) can then be converted
into the following equivalent action:

Inonlin
SNMG (higher) =

∫
d3x e

{
− 4R (ω̂)−m2

(
qµ,νqµ,ν − q2

)
+ 2qµ,νGµ,ν (ω̂)

+ 4ρ̄µγ
µνρDν (ω̂) ρρ +

8

m2
ρ̄ab (ω̂) /D (ω̂) ρab (ω̂)− 2

m2
ρ̄µν(ω̂)γµν /D(ω̂)γρσρρσ(ω̂)

− 2

m2
Rµνab(ω̂)ρ̄ργ

µνγρρab(ω̂)− 2

m2
R(ω̂)ρ̄µγνρµν (ω̂) (7.5.11)

+ higher-order fermions and S-dependent terms
}
.

The equivalence with the previous action can be seen by solving the equation of motion
for qµ,ν :

qµ,ν =
1

m2
Gµ,ν (ω̂)− 1

2m2
gµνG

tr (ω̂) (7.5.12)

and substituting this solution back into the action. Note that the solution for qµ,ν is not
super-covariant.

We will next consider the lowering of the number of derivatives in the fermionic terms
in the action. Following the linearized case, we define an auxiliary vector spinor χµ as

χµ = − 1

2m
γρσγµρρσ (ω̂) , (7.5.13)

or equivalently

ρµν (ω̂) = −mγ[µχν] . (7.5.14)

The first equation is the non-linear generalization of eq. (7.4.9). Using this definition,
one can show the following identity

8

m2
eρ̄ab(ω̂) /D(ω̂)ρab(ω̂)− 2

m2
eρ̄µν(ω̂)γµν /D(ω̂) [γρσρρσ(ω̂)] =

= −4eχ̄µγ
µνρDν(ω̂)χρ −

1

m
eRµνab(ω̂)ρ̄ργ

µνργabγσχσ

+ higher-order fermions and total derivative terms ,

(7.5.15)

which is the non-linear generalization of the identity (7.4.12). This identity can be used
to replace the higher-derivative kinetic terms of the fermions by lower-derivative ones.
At the same time, we may use eq. (7.5.14) to replace ρµν by χµ. This can be done
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by introducing a Lagrange multiplier ψµ whose equation of motion allows us to use
eq. (7.5.13). This leads to the following action:

Inonlin
SNMG (lower) =

∫
d3x e

{
− 4R (ω̂) + 2qµ,νGµ,ν (ω̂)−m2

(
qµ,νqµ,ν − q2

)
+ 4ρ̄µγ

µνρDν (ω̂) ρρ − 4χ̄µγ
µνρDν (ω̂)χρ − 8ψ̄µγ

µνρρνρ (ω̂) + 8mψ̄µγ
µνχν

− 1

m
Rµνab (ω̂) ρ̄ργ

µνργabγσχσ +
2

m
Rµνab (ω̂) ρ̄ργ

µνγργaχb

− 1

m
R (ω̂) ρ̄µγ

µνχν −
2

m
R (ω̂) ρ̄µχµ

+ higher-order fermions and S-dependent terms
}
. (7.5.16)

Our next task is to derive the supersymmetry rules of the auxiliary fields qµ,ν , ψµ and
χµ. Using the solutions of the auxiliary fields in terms of eµ

a and ρµ, we derived these
supersymmetry rules. In this way, one obtains supersymmetry rules that do not contain
any of the auxiliary fields and, consequently, do not reduce to the supersymmetry rules
(7.4.6) upon linearization. To achieve this, we must add to these transformation rules
a number of field-dependent symmetries of its equations of motion, as we did in the
linearized case. Since the results we obtained are not illuminating, we will refrain from
giving the explicit expressions here.

A disadvantage of the present approach is that, although in principle it is possible
in the approximation we considered, one cannot maintain the interpretation of S as a
torsion contribution to the spin connection. This makes the result rather cumbersome.
Without further insight, the lower-derivative formulation of SNMG, if it exists at all at
the full non-linear level, does not take the same elegant form as the higher-derivative
formulation presented in [8]. Perhaps to make further progress in this direction one
should consider a superspace formulation instead of the component approach we used
so far.

This completes our discussion of supersymmetric NMG.

7.6 The Supersymmetric vDVZ discontinuity

It is interesting to consider the massless limit m→ 0 of the supersymmetric FP theory.
This is particularly interesting in view of the fact that the massless limit of the ordinary
spin-2 FP system, coupled to a conserved energy-momentum tensor, does not lead to
linearized Einstein gravity. Instead, it leads to linearized Einstein gravity plus an extra
force, mediated by a scalar that couples to the trace of the energy-momentum tensor
with gravitational strength. This phenomenon is known as the Van Dam-Veltman-
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Zakharov discontinuity [63,64]. In the following, we will pay particular attention to this
discontinuity in the supersymmetric case.

In order to discuss the massless limit, it turns out to be advantageous to trade the
scalar fields M and P for scalars S and F , defined by

S =
1

6

(
M + P

)
, F =

4

3

(
M − 2P

)
. (7.6.1)

This field redefinition will make the multiplet structure of the resulting massless theory
more manifest. In order to discuss the vDVZ discontinuity, we will include a coupling
to a current multiplet (Tµν ,J ψµ ,J χµ , TS , TN , TF , TAµ ), as we did in the Proca case. Here

Tµν is a symmetric two-tensor, J ψµ , J χµ are vector spinors, TAµ is a vector, and TF , TS ,
TN are scalars. We will thus start from the action

I = IFP + Iint , (7.6.2)

where IFP is the supersymmetric FP action (7.3.6) and the interaction part Iint is given
by

Iint = hµνT
µν + ψ̄µJ µψ + χ̄µJ µχ + S TS + F TF +N TN +Aµ T

µ
A . (7.6.3)

Requiring that Iint is separately invariant under supersymmetry determines the trans-
formation rules of the current multiplet to be a conjugate multiplet:

δTµν =
1

4
ε̄ γα(µ∂

αJ ψν) +
m

4
ε̄ γ(µJ χν) ,

δJ ψµ = γαε Tαµ +
1

4
γµαε ∂

αTS +mγµε TN +
m

2
γµαε T

α
A −mεTAµ ,

δJ χµ =
1

m
ε∂αTµα − γµαε ∂αTN − 4mγµε TF −

3

2
γµαβε ∂

αT βA + γµαγβε ∂
αT βA ,

δTS =
1

2
ε̄ γµJ ψµ ,

δTN =
1

12m
ε̄ ∂µJ ψµ −

1

12
ε̄ γµJ χµ ,

δTF = − 1

16m
ε̄ ∂µJ χµ ,

δTAµ = −1

4
ε̄J χµ +

1

12
ε̄ γµγ

ρJ χρ −
1

12m
ε̄ γµ∂

ρJ ψρ .

(7.6.4)

As in the Proca case, one should go back to a formulation that is still invariant under the
Stückelberg symmetries in order to take the massless limit in a well-defined way. This
may be achieved by making the following field redefinitions in the final transformation
rules (7.3.5) and action (7.3.6), thereby re-introducing the fields (Vµ , φ

′ , χ′ , ψ) that were
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eliminated by the gauge-fixing conditions (7.3.3):

hµν = h̃µν −
1

m

(
∂µVν + ∂νVµ

)
+

1

m2
∂µ∂νφ

′ ,

ψµ = ψ̃µ −
1

m
∂µψ , χµ = χ̃µ +

1

4m
∂µχ

′ . (7.6.5)

Applying this field redefinition in (7.3.5) then leads to transformation rules whose mass-
less limit is well defined. In order to make the massless limit of the interaction part Iint

and of the transformation rules (7.6.4) well defined, we impose that Tµν and J ψµ are
conserved

∂νTµν = 0 , ∂µJ ψµ = 0 , (7.6.6)

and we put J χµ , TF , TN and TAµ to zero in order to preserve supersymmetry and to
obtain an irreducible multiplet in the massless limit. The conjugate multiplet (7.6.4)
then reduces to a spin-2 supercurrent multiplet (Tµν ,J ψµ , TS) that contains the energy-

momentum tensor Tµν and the supersymmetry current J ψµ .
As in the Proca case, the massless limit is now well defined. Performing the steps

on the action (7.6.2) outlined above and taking the massless limit lead, however, to
an action that is in off-diagonal form. This action can be diagonalized by making the
following field redefinitions:

h̃µν = h′µν + ηµνφ
′ , ψ̃µ = ψ′µ +

1

4
γµχ

′ , S = S′ − 1

8
F , χ̃µ = χ′µ − γµψ .

(7.6.7)

The resulting action is given by

I =

∫
d3x

{
h′µνGlin

µν(h′)− 4ψ̄′µγ
µνρ∂νψ

′
ρ − 8S′2 + h′µνT

µν + ψ̄′µJ ψµ + S′TS

− FµνFµν −
2

3
N2 +

2

3
AµAµ − 4χ̄′µγ

µνρ∂νχ
′
ρ − 8ψ̄γµ∂µψ

+ 2
[
− ∂µφ′∂µφ′ −

1

4
χ̄′γµ∂µχ

′ +
1

16
F 2
]

+ φ′ηµνTµν −
1

4
χ̄′ γµJ ψµ −

1

8
FTS

}
.

(7.6.8)

This is an action for three massless multiplets: a spin-2 multiplet (h′µν , ψ
′
µ, S

′), a mixed
gravitino-vector multiplet2 (Vµ, χ

′
µ, ψ,N,Aµ), and a scalar multiplet (φ′, χ′, F ). These

2An on-shell version of this multiplet was introduced in [65].
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multiplets and their transformation rules are collected in Appendix C.3 The spin-2
multiplet couples to the supercurrent multiplet in the usual fashion. Unlike the Proca
case, however, the supercurrent multiplet not only couples to the spin-2 multiplet but
there is also a coupling to the scalar multiplet, given in the last line of (7.6.8). Indeed,
defining

Tφ = ηµνTµν , J = −1

4
γµJ ψµ , TF = −1

8
TS , (7.6.9)

one finds that the fields (Tφ,J , TF ) form a conjugate scalar multiplet with transforma-
tion rules

δTφ = −ε̄ γµ∂µJ ,

δJ = −1

4
ε Tφ + γµε ∂µTF ,

δTF =
1

4
ε̄J ,

(7.6.10)

such that the last line of (7.6.8) is invariant under supersymmetry.
The above discussion shows that the massless limit of the supersymmetric FP theory

coupled to a supercurrent multiplet leads to linearized N = 1 supergravity, plus an
extra scalar multiplet that couples to a multiplet that includes the trace of the energy-
momentum tensor and the gamma trace of the supercurrent. We have thus obtained a
3D supersymmetric version of the 4D vDVZ discontinuity.

In this chapter, we considered the N = 1 supersymmetrization of New Massive
Gravity in the presence of auxiliary fields. All auxiliary fields were needed to close the
supersymmetry algebra off-shell. At the linearized level, we distinguished between two
types of auxiliary fields, and we found that (at the linearized level) all auxiliary fields can
be included leading to a linearized SNMG theory without higher derivatives. At the non-
linear level, we gave a partial answer for the case that only the trivial auxiliary field S and
the non-trivial auxiliary fields qµν , ψµ, and χµ were included. It would be very interesting
to see if the superspace approach could improve our discussion about constructing a non-
linear supersymmetric NMG. Finally, we discussed the supersymmetric version of the
vDVZ discontinuity. In the bosonic case, we found a scalar coupled to the trace of
the current multiplet and another fermionic field from the scalar multiplet coupled to
the gamma trace of the conjugate current JΨ

µ . These extra couplings give rise to a
discontinuity in the massless limit, which gives rise to a 3D analogue of the 4D vDVZ
discontinuity.

3The transformation rules of the different multiplets can also be found by starting from the transfor-
mation rules of the massive FP multiplet and carefully following all redefinitions we mentioned, provided
one performs compensating gauge transformations.
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Chapter 8

Newton-Cartan Gravity

Our aim in this chapter is to focus on Newton-Cartan gravity1. First, we will give a short
overview of Newtonian gravity, in Section 8.1, and show how it can be obtained as a non-
relativistic limit of General Relativity, in Section 8.2. In Section 8.3, we will introduce the
concept of Newton-Cartan gravity as a geometrized formulation of Newtonian gravity.
We will explain how, in the same way that General Relativity can be derived from
gauging the Poincaré algebra, one can obtain Newton-Cartan gravity from gauging the
Bargmann algebra in Section 8.4.

In the second part of this chapter we will explain how to construct an action for a
massive, non-relativistic bosonic particle. We will first consider an example of such a
particle moving in a flat background. Its action is invariant under the global Galilei
symmetries. We will call this particle a free Galilean particle, and we will discuss it
in Section 8.5. Next, in Section 8.6, we will partially gauge the Galilei symmetries to
allow for arbitrary time-dependent translations. The resulting extended symmetries are
called the ‘acceleration-extended’ Galilei symmetries. In order to achieve this partial
gauging, the particle has to move in a curved Galilean background that is characterized
by introducing a Newton potential Φ(xµ). Hence, we refer to this particle as the Curved
Galilean particle. It has gravitational dynamics described by the Newton potential [67].
In Section 8.7 we perform a full gauging of the Galilean symmetries. This requires
promoting the background into a general Newton-Cartan gravity background. This
background is characterized by a spacelike Vielbein eµ

a, a timelike Vielbein τµ and
a central charge gauge field mµ. We will call the corresponding particle a ‘Newton-
Cartan’ (NC) particle. We explain how to obtain the Newton-Cartan (NC) particle
action, which is invariant under general coordinate transformations and local Galilei
transformations, plus an additional central char transformation. Finally, in Section 8.8
we repeat the analysis of the previous three sections in the presence of a cosmological

1The content of this chapter in mostly based on the paper [66].
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constant and then the corresponding particle that we call the Newton-Hooke (NH), the
Curved NH, and the NC NH particle, respectively. For the convenience of the reader,
we have summarized the properties of the different particles in Table 8.0.1.

background fields particle Λ = 0 symmetries Λ = 0 particle Λ 6= 0 symmetries Λ 6= 0

none Galilean Galilei NH NH

Φ Curved Galilean a.e. Galilei Curved NH a.e. Galilei

eµ
a, τµ, mµ NC g.c.t. + Bargmann NC NH g.c.t. + Bargmann

Table 8.0.1: This table gives an overview of a particle moving in the different bosonic
backgrounds: see the first column. The second and third columns indicate the names
we use for a particle moving in such backgrounds plus the symmetries of the corre-
sponding particle action in the case of a zero cosmological constant (Λ = 0). The last
two columns give the same information for the case of a non-zero cosmological con-
stant (Λ 6= 0). We have denoted the acceleration-extended Galilei symmetries with
‘a.e. Galilei’ while g.c.t. stands for general coordinate transformations. We have further-
more used the abbreviations NC (Newton-Cartan) and NH (Newton-Hooke). Note that
for the case of non-zero cosmological constant, the listed transformations in the table
are the transformed ones.

8.1 Introduction to Newtonian Gravity

The Newtonian gravitational law in flat space is expressed by a gravitational force, ~F ,
between two point particles, with masses M and m separated by a distance r:

~F =
GMm

r2
~er, (8.1.1)

where G is Newtonian gravitational constant and ~er is the unit vector in the ~r direction.
The gravitational force given by the formula above doesn’t contain any time-dependent
terms, nor does it contain any reference to c, and it works instantaneously. The Newto-
nian law, given by equation (8.1.1), can be rewritten into differential form in terms of a
gravitational field strength, ~g, in the following way [68]:

~∇ · ~g = −4πρ, (8.1.2)
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where ρ is the mass distribution and we have taken G = 1. The equation above is known
as the Gaussian law for gravity. In addition to the Gaussian law (8.1.2) we assume that
~g has zero curvature, or, in other words, that the gravitational force is conservative,
which is given by:

~∇× ~g = ~0. (8.1.3)

Since the gravitational field strength has zero curl, it can be expressed as a gradient of
a scalar potential Φ via:

~g = −~∇Φ, (8.1.4)

where Φ(~x, t) is known as the gravitational potential. Substituting (8.1.3) into (8.1.2),
we obtain as a result the Poisson equation, which is given by

∇2Φ = 4πρ. (8.1.5)

For a mass distribution given by a pointlike particle of mass M , the solution to this
Poisson equation is given by:

Φ = −M
r
. (8.1.6)

A particle of mass m, which is moving in the gravitational field characterized by a
gravitational potential Φ, has the following equation of motion:

~F = m
d2~x

dt2
= −m~∇Φ. (8.1.7)

Substituting the solution (8.1.6) back into this equation, we recover the Newtonian
gravitational law (8.1.1). Given in spatial components, equation (8.1.7) reads:

d2xi

dt2
+
∂Φ

∂xi
= 0, (8.1.8)

where i = 1, 2, 3 in D = 4 and the embedding coordinates are (x,t). Equations (8.1.8)
and (8.1.5) are invariant under what is known as the Galilei transformations [69]:

t→ t+ ξ0, xi → Aijxj + vit+ ξi, (8.1.9)

where Aij is a constant group element of SO(3), and vi and ξi are 3-vectors. In addition,
these equations are also invariant under:

xi → xi + ai(t), Φ(x)→ Φ(x)− äj(t)xj , (8.1.10)

where ai(t) is an arbitrary time-dependent shift vector.
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Eight years after General Relativity was discovered, Cartan showed that Newtonian
gravity can be formulated as a geometric theory as well [9]. Any solution of the equation
of motion (8.1.8) can be understood as an autoparallel curve [68]. This is easy to show
by introducing the universal time as follows:

τ = at+ b, (8.1.11)

where a and b are constants. From equation (8.1.11), it follows that d2t/dτ2 = 0, and
hence equation (8.1.8) can be rewritten as follows:

a2 d
2xi

dτ2
+ δij

∂Φ

∂xj

(
dt

dτ

)2

= 0. (8.1.12)

Comparing the last equation with the geodesic equation in General Relativity, we deduce
that the only non-vanishing connection coefficient is given by:

Γi00 = δij
∂Φ

∂xj
= −gi. (8.1.13)

This non-zero connection coefficient introduces a curvature to space-time, which is de-
scribed by the 00-component of the Ricci tensor:

R00 = ∂iΓ
i
00 = ∂i∂

iΦ. (8.1.14)

From equations (8.1.5) and (8.1.14) it follows that:

R00 = 4πρ. (8.1.15)

This equation represents the geometrized form of the Poisson equation (8.1.5). It ex-
plains the relationship between the matter density and the curvature in Newtonian
spacetime.

8.2 Newtonian Gravity as a non-relativistic limit of
General Relativity

As expected, General Relativity as a theory of gravity must reproduce the Newtonian
theory under certain conditions. This section will remind the reader how, by starting
from GR and imposing a certain set of conditions, we obtain the Newtonian theory. The
Newtonian limit is defined by assuming the following conditions [13]:

• the gravitational field is weak

• the gravitational field is static
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• all particles are moving at the non-relativistic speed v � c

The condition for the weakness of the gravitational field can be expressed by assuming
a small perturbation of the flat Minkowski space-time. This means that the metric, gµν ,
can be decomposed into the flat Minkowski metric, ηµν , plus a small perturbation, hµν ,
as follows:

gµν = ηµν + κhµν , (8.2.1)

where we assume |hµν | � 1. To first order in h, the inverse metric can be expressed by:

gµν = ηµν − κhµν . (8.2.2)

For simplicity we set κ = 1 in the text which follows. In the weak field approximation,
we obtain the following relation for the connection coefficients:

Γµν
ρ =

1

2
ηρτ (∂µhντ + ∂νhµτ − ∂τhµν) . (8.2.3)

Once we have the connection coefficients, we can consider the geodesic equation. For
particles moving very slowly with respect to the speed of light, i.e. v � c, one can make
the following approximation:

dxµ/dτ ≈ c(1, 0, 0, 0). (8.2.4)

In that sense, we can neglect dxi/dτ with respect to dx0/dτ . The geodesic equation in
the non-relativistic approximation dxi/dτ � d(ct)/dτ reduces to:

d2xµ

dτ2
+ Γµ00

(dx0

dτ
)2 = 0 . (8.2.5)

We assume that the gravitational field is stationary, in other words that it satisfies the
equation 2

∂gµν
∂t

= 0, (8.2.6)

such that ∂0hµν = 0 holds. Substituting this back into equation (8.2.3), we obtain:

Γµ00 = −1

2
∂µh00 . (8.2.7)

From this relation, it is clear that Γ0
00 = 0, which allows us to deduce the following set

of two equations from the geodesic equation (8.2.5):

ẍ0 = 0, (8.2.8)

ẍi − 1

2
∂ih00(ẋ0)2 = 0 . (8.2.9)

2By assumption, a static gravitational field satisfies the criteria gµν = gµν(xi) plus g0i = 0.
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The first equation of motion (8.2.8) shows that ẋ0 = const. We will choose this constant
to be c (see equation (8.2.4)), which allows us to choose the gauge dt = cdτ . The second
equation (8.2.8) is then reduced to the following one:

d2xi

dt2
=

1

2
c2∂ih00 . (8.2.10)

Comparing the last equation with (8.1.7), we can identify

h00 = − 2

c2
Φ (8.2.11)

and hence we obtain the following Newtonian result given by:

d2~x

dt2
= −~∇Φ. (8.2.12)

From (8.2.11) and (8.2.1) it follows that in the weak field limit:

g00 = −
(
1 +

2Φ

c2
). (8.2.13)

We have shown that in order to describe the Newtonian limit of General Relativity,
we needed to define a curvature of spacetime and identify the Newtonian potential with
the time-time component of the metric as given in (8.2.12).

8.3 Newton-Cartan Gravity

It is well known that the Newtonian theory describes gravity as an instantaneous force.
This theory is written in the language of fields that are defined in a fixed Euclidian
space. On the other hand, General Relativity is written in the language of differential
geometry and describes gravity rather as a manifestation of geometrical properties of
space-time (see Chapter 2). In this section, we will show how one can also describe
Newtonian gravity in the language of geometry. This geometrical formulation of the
Newtonian theory is called Newton-Cartan gravity.

In Newton-Cartan gravity we distinguish between the temporal metric, τµν , and
spatial metric, hµν . These two metrics must satisfy the following requirement [70]:

hµντνρ = 0. (8.3.1)

We assume that the temporal metric τµν is a matrix of rank-1, i.e. it can be rewritten
as:

τµν = τµτν , (8.3.2)
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where τµ is a covariant vector field. Next, we introduce a covariant derivative ∇µ that
is compatible with both metrics:

∇µτν = 0, ∇µhνρ = 0, (8.3.3)

where ∇ is given by relation (2.0.5). We assume that there is no torsion, in other words,
that the antisymmetric part of Γρµν is zero. The first equation in (8.3.3) allows us to
express the temporal metric as the divergence of some scalar function in the following
way:

τµ = ∂µτ, (8.3.4)

where τ is an arbitrary scalar function. From now on, we will use τ = t. This function
allows us to foliate spacetime into t = const hypersurfaces. On each of them, one can
define the spatial metric hµν . In this way, each surface represents space at different
times [70].

As explained in Chapter 2, once we have a metric we can define the connection
coefficients in terms of that Metric, and its derivatives via the compatibility conditions
(8.3.3). It turns out that the connection is defined up to an arbitrary two-form Kµν [69]:

Γρµν → Γρµν + hρλKλ(µτν). (8.3.5)

The most general form of the connection that is compatible with (8.3.3) is given by:

Γσµν = τσ∂(µτν) +
1

2
hσρ (∂νhρµ + ∂µhρν − ∂ρhµν) + hσλKλ(µτν), (8.3.6)

where we used the inverse Vierbein fields defined as follows:

hµνhνρ = δµρ − τµτρ, τµτµ = 1 ,

hµντν = 0, hµντ
ν = 0 . (8.3.7)

The equation of motion (8.1.15) can be replaced by its geometrized version in the fol-
lowing way:

Rµν = 4πρ τµτν . (8.3.8)

One can show that this ansatz leads to Newtonian gravity after making the proper
gauge-fixing condition on the fields. The details of the calculations can be found in [69].

As we have shown in this section, there is one main difference between Newtonian
gravity and its geometric reformulation. In Newtonian gravity the space in which the
Newtonian potential is defined is flat. On the other hand, in the geometrized version of
Newton-Cartan gravity, spacetime (not space!) has a curvature given by equation (8.3.8),
and the Newtonian potential is identified as one of the components of the gravitational
fields.



110 Newton-Cartan Gravity

8.4 Gauging the Bargmann algebra

We have shown in Section 2.3 how one can derive General Relativity from gauging
the Poincaré algebra. In this section, we will show how Newton-Cartan gravity can be
obtained in a similar way by gauging the Bargmann algebra, which is a central extension
of the Galilei algebra. First we will explain how one can obtain the Bargmann algebra by
a specific contraction of the Poincaré algebra. Then we will apply the gauging procedure.
We will follow [69] closely in this section.

We will first explain the contraction. Our starting point is the Poincaré algebra given
in (2.3.1). We will extend this by U(1), generator that commutes with all the Poincaré
generators. Now we have the direct product Poincaré⊗U(1). Only after contraction
does this generator become a central charge of the Galilei algebra. One reason that we
want to extend the Galilei algebra with a central charge to a Bargmann algebra is that
the Lagrangian describing a non-relativistic particle is only invariant under the Galilei
symmetries up to a total derivative. This leads to modified Noether charges generating
a central charge in the Galilei algebra.

The non-relativistic version of the Poincaré algebra is obtained by performing the
following contraction of its generators:

Z → −ωZ +
1

ω
H, P0 → ωZ +

1

ω
H, Ja0 → ωGa, ω → 0, (8.4.1)

where ω is a contraction parameter and the Z at the right-hand side of the arrow, after
performing the contraction, is the central charge generator that commutes with all other
generators. Applying the contraction ω →∞ to the Poincaré algebra (2.3.1)-(2.3.3), we
obtain what is known as the Bargmann algebra3:

[Jab, Jcd] = 4δ[a[cJd]b] , [Jab, Pc] = −2δc[aPb] ,

[Jab, Gc] = −2δc[aGb] , [Ga, H] = −Pa ,
[Ga, Pb] = δabZ . (8.4.2)

Once we have obtained the Bargmann algebra, we can apply the same gauging procedure
as in the case of the Poincaré algebra. First we split all the indices of the gauge fields
and parameters into spatial ones and temporal ones:

eµ
A → {eµ0, eµ

a} , ωµ
AB → {ωµa0, ωµ

ab}
ξA → {ξ0, ξa} , λAB → {λa0, λab} . (8.4.3)

We proceed by associating one gauge field to each of the generators of the Bargmann
algebra (8.4.2) as follows:

H : τµ , P : eµ
a , G : ωµ

a , J : ωµ
ab , Z : mµ (8.4.4)

3The Galilei algebra is re-obtained by setting the central charge Z = 0.
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and we do the same with the corresponding gauge parameters:

H : ζ , P : ζa , G : λa , J : λab , Z : σ. (8.4.5)

According to the Bargmann algebra, these gauge fields transform as follows (where we
have not indicated the transformations with respect to H and P a):

δτµ = 0 , δωµ
ab = ∂µλ

ab + 2λc[aωµ
b]
c

δeµ
a = λab eµ

b + λa τµ , δmµ = ∂µσ + λaeµ
a ,

δωµ
a = ∂µλ

a − λbωµab + λabωµb .

(8.4.6)

All of the above gauge fields transform as covariant vectors under diffeomorphisms.
Following the general procedure we explained in Chapter 2, we can define the curvatures
of these gauge fields as follows:

Rµν(H) = 2∂[µτν] , (8.4.7)

Rµν
a(P ) = 2(D[µeν]

a − ω[µ
aτν]) = 2∂[µeν]

a − 2ω[µ
abeν]b − 2ω[µ

aτν] ,

Rµν
ab(J) = 2(∂[µων]

ab − ω[µ
caων]

bc) , (8.4.8)

Rµν
a(G) = 2D[µων]

a = 2∂[µων]
a − 2ω[µ

abων]b ,

Rµν(Z) = 2(∂[µmν] + e[µ
aων]

a) . (8.4.9)

They all transform covariantly under the set of transformation rules (8.4.6). Now we
impose the following constraints:

Rµν
a(P ) = 0, Rµν(Z) = 0, (8.4.10)

in order to solve for the spin connection fields ωµ
ab and ωµ

a in terms of the independent
fields τµ, eµ

a and mµ. The constraints in (8.4.10) are what are known as the conventional
constraints, and they lead to the following expressions: 4

ωµ
ab(xν) = 2eρ [a∂[ρeµ]

b] + eµ
ceρ aeν b∂[ρeν]

c − τµeρ aeν b∂[ρmν] , (8.4.11)

ωµ
a(xν) = eν a∂[µmν] + eµ

beν aτρ∂[νeρ]
b + τν∂[µeν]

a + τµτ
νeρ a∂[νmρ] . (8.4.12)

Further, we impose one additional constraint:

Rµν(H) = 0. (8.4.13)

4Note that these constraints contain Z and the solutions contain the gauge field associated to Z. This
shows that this procedure would be impossible without introducing the central extension Z.
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This constraint is required for the torsion-free theories. It defines the absolute time
direction or foliation of spacetime. It follows from (8.4.13) that one can write down τµ
as:

τµ = ∂µf(x), (8.4.14)

where f(x) is an arbitrary scalar function. Often we will choose f = t, where t defines
the absolute Newtonian time. There are more relations between the curvatures, which
follow from combining the conventional constraints with the Bianchi identities. For more
details, we refer to [71].

This completes our review of Newton-Cartan Gravity. In the remainder of this
chapter, we will consider particles in different non-relativistic gravitational backgrounds.

8.5 The Free Galilei Particle

In this section we will first describe the simplest case of a bosonic non-relativistic particle
moving in a flat D-dimensional background. We introduce the embedding coordinates
on this background as {t(τ) , xi(τ)} , i = 1, . . . , D−1, where τ is the evolution parameter.
The action describing the dynamics of this bosonic particle is given by

S =

∫
dτ

m

2

ẋiẋi

ṫ
. (8.5.1)

The dot indicates a differentiation with respect to the evolution parameter τ . The
equations of motion for t and xi corresponding to the action (8.5.1) are not independent.
The first equation can be derived from the latter one, which is given by

d

dτ

(
ẋi

ṫ

)
= 0 . (8.5.2)

This implies the existence of a gauge transformation. In fact, the action (8.5.1) is
invariant under worldline reparameterizations with parameter ρ(τ): 5

δt = ρ(τ) ṫ , δxi = ρ(τ) ẋi , (8.5.3)

together with the Galilei symmetries 6

δt = −ζ , δxi = λijx
j − vit− ai . (8.5.4)

5In what follows, we will refrain from explicitly denoting these worldline reparameterizations.
6In fact this action is invariant under the Schrödinger symmetries, which are extensions of Galilei

symmetries.
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Here (ζ , λij , v
i , ai) parameterize a constant time translation: spatial rotation, boost

Transformation and space translation, respectively. Note that the Lagrangian (8.5.1) is
invariant under boosts only up to a total τ -derivative. This has the consequence that
the algebra of Noether charges is given by a centrally extended Galilei algebra, which is
called the Bargmann algebra [72]. The transformations (8.5.4) are a representation of
the Galilean algebra [

Jab, Pc
]

= −2 δc[aPb] ,
[
Ga, H

]
= −Pa ,[

Jab, Gc
]

= −2 δc[aGb] ,
[
Jab, Jcd

]
= 4δ[a[cJd]b] , (8.5.5)

where the generators {
H , Jab , Pa , Ga

}
(8.5.6)

generate time translations, spatial rotations, space translations and boost transforma-
tions, respectively. The Bargmann algebra has the additional commutation relation[

Pa, Gb
]

= δab Z , (8.5.7)

where Z is the generator of central charge transformations. Physically, the occurrence
of the central charge transformations is related to the fact that at the non-relativistic
level the number of particles is conserved.

8.6 The Curved Galilei Particle

We next consider the Curved Galilean particle, i.e. a bosonic particle in a Galilean gravity
background described by a Newton potential Φ(t, ~x). The action for the Curved Galilean
particle can be derived by gauging the spatial translations (8.5.4) to allow for arbitrary
time-dependent boost parameters ξi(t). This extension of the Galilean symmetries is
called the ‘acceleration-extended Galilei symmetries’ or the Milne symmetries [73]. As
explained in [67], this gauging procedure leads to the following action:

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− 2ṫΦ

]
. (8.6.1)

The action (8.6.1) is invariant under the world-line reparameterizations (8.5.3) and under
the acceleration-extended symmetries

δt = −ζ , δxi = λijx
j − ξi(t) . (8.6.2)

ξi = vit+ ai → ξi(t). (8.6.3)
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The acceleration-extended symmetries are not a proper symmetry of the action
(8.6.1). Instead, the Newton potential should be viewed as a background field and
the acceleration-extended symmetries as sigma-model symmetries. In particular, the
transformation rule of the background field, which we will denote by the symbol δbg,
lacks the transport terms that are present in the transformation rule associated to a
proper symmetry, denoted by δpr:

δbg = δpr + δxµ∂µ . (8.6.4)

Here we assume that under xµ → xµ + δxµ a transport term is given by −δxµ∂µ
and hence the second term in (8.6.4) cancels the transport term that is present in the
proper transformation rule represented by the first term. Using (8.6.4), we find that the
action (8.6.1) is invariant under the acceleration-extended symmetries (8.6.2) provided
the Newton potential Φ transforms as follows:

δbgΦ =
1

ṫ

d

dτ

(
ξ̇i

ṫ

)
xi + σ(t) . (8.6.5)

The second term with the arbitrary differentiable function σ(t) represents a standard
ambiguity in any potential that describes a force and provides a boundary term in the
action (8.6.1). An important qualification of the background field is that it has to obey
the constraint

∂i∂iΦ = 0 . (8.6.6)

We will refer to this constraint as the equation of motion of the background field.
To reobtain the particle in flat space, we set

Φ = 0 . (8.6.7)

This reduces the action and transformation rules of the Curved Galilean particle to that
of the Galilean particle given in Section 9.1. Indeed, requiring Φ = 0 gives restrictions
leading to ξi(t) = vit+ ai.

8.7 The Newton-Cartan Particle

We now wish to extend the Curved Galilean particle to a NC particle, i.e. a particle
moving in an arbitrary NC gravity background and invariant under general coordinate
transformations. To describe a NC background we need a temporal Vielbein τµ and
a spatial Vielbein eµ

a , a = 1, . . . , d − 1. Furthermore, we need to introduce a central
charge gauge field mµ. The action for the NC particle is given by [67,74]

S =

∫
dτ

m

2

[
ẋµeµ

a ẋνeν a
ẋρτρ

− 2mµẋ
µ

]
. (8.7.1)
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This action is invariant under worldline reparameterizations (8.5.3), under gauged sym-
metries and under general coordinate transformations. The embedding coordinates
transform under these general coordinate transformations, with parameters ξµ(xν), in
the standard way:

δxµ = −ξµ(xν) . (8.7.2)

The transformation rules of the background fields τµ , eµ
a and mµ follow from the known

proper transformation rules by omitting the transport term: see eq. (8.6.4):

δbgτµ = ∂µξ
ρ τρ ,

δbgeµ
a = ∂µξ

ρ eρ
a + λab eµ

b + λa τµ ,

δbgmµ = ∂µξ
ρmρ + ∂µσ + λaeµ

a .

(8.7.3)

Here, λab , λ
a and σ are the parameters of a local spatial rotation, boost transformation

and central charge transformation, respectively.

The proper transformation rules of the background fields τµ , eµ
a and mµ can be

obtained by gauging the Bargmann algebra: see, e.g. [69]. Since the NC background
is the most general background, one must be able to obtain the transformations of the
Curved Galilean and flat backgrounds, discussed in the two previous sections, by gauge-
fixing some of the general coordinate transformations [75]. For the convenience of the
reader, we list in table 8.7.1 the gauge-fixing conditions that need to be imposed on the
NC background fields, and the associated compensating gauge transformations, which
bring us from a NC background to a Curved Galilean background in terms of the Newton
potential Φ [66].

8.8 Adding a Cosmological Constant

We will now extend the analysis of the previous sections and consider particles in a
background with a cosmological constant Λ. We will only consider the case of a negative
cosmological constant. One way of getting a cosmological extension is to take the non-
relativistic limit, as described, e.g. in [67], of the relativistic particle action in an AdS
background 7 . Below we will discuss the cosmological extension of the Galilean, Curved
Galilean and NC particles, one after the other. Following the nomenclature given in
table 8.0.1, this will lead to the NH, Curved NH and NC NH particles, respectively.

7Another way to obtain the action and transformation rules is by using the method of non-linear
realizations [76,77] applied to the non-relativistic contraction of the AdS algebra, which is what is known
as Newton-Hooke algebra. In the supersymmetric case this is done in Appendix E. The corresponding
Newton-Hooke superalgebra is given in Appendix D.
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gauge condition compensating transformations

τµ(xν) = δµ
∅ ξ∅(xν) = ξ∅

ωµ
ab = 0 λab(xν) = λab

ei
a = δi

a ξi(xν) = ξi(t)− λijxj

τi(x
ν) +mi(x

ν) = ∂im(xν)

m(xν) = 0 σ(xν) = σ(t) + ∂tξ
i(t)xi

τi(x
ν) = 0 λi(xν) = −∂tξi(t)

m∅(x
ν) = Φ(xν) ω∅

a = −∂aΦ(xν)

Table 8.7.1: This table indicates the gauge-fixing conditions, chronologically ordered
from top to bottom, and the corresponding compensating transformations that lead
from the NC particle: see Section 8.7, to the Curved Galilean particle: see Section 8.6.
Note that τi(x

ν) ≡ ei0(xν). The restriction τi(x
ν) +mi(x

ν) = ∂im(xν) follows from the
gauge conditions made at that point.

The Newton-Hooke Particle

In this section we will consider a negative cosmological constant Λ < 0 with the AdS
radius defined by R2 = −1/Λ.

All the results presented in this section are 1/R modifications of the previous section,
such that when R→∞ we obtain the results from the previous section. In what follows
we will express everything in terms of the radius R rather than Λ. In global coordinates,
the metric of an AdS spacetime is given by

ds2 = −f(r) dt2 +
1

f(r)
dr2 + r2dϕ2 , f(r) = 1− Λr2 . (8.8.1)

Taking the non-relativistic limit of a relativistic particle in an AdS background with this
metric, we obtain the following action:

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− ṫ xixi

R2

]
, (8.8.2)

where we have discarded a total derivative term. This system is equivalent to the
non-relativistic harmonic oscillator. The action is invariant under the deformed Galilei
transformations:

δt = −ξ, δxi = −vit− ai − viR sin
t

R
− ai cos

t

R
. (8.8.3)
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The other Galilei transformations are not deformed. The symmetry algebra is the NH
algebra, which consists of the Galilei algebra (8.5.5) plus the additional commutator[

Pa, H
]

=
1

R2
Ga . (8.8.4)

In the limit R→∞, the action, transformation rules and the algebra reduce to those of
the Galilean particle.

The Curved Newton-Hooke Particle

We can partially gauge the symmetries of the NH particle in the same way as we did in
the case of the Galilean particle in Section 8.6 by introducing a gravitational potential
Φ. As a result we obtain the action:

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− ṫ x

ixi

R2
− 2 ṫ φ

]
, (8.8.5)

which is invariant under the acceleration-extended symmetries (8.6.2) with the following
modified transformations of the Newton potential:

δbgφ =
1

ṫ

d

dτ

(
ξ̇i

ṫ

)
xi +

ξi(t)xi

R2
+ σ(t) . (8.8.6)

The explicit order of 1/R2 terms that appear in the action (8.8.5) and the transformation
rule (8.8.6) are due to our choice of the gravitational potential Φ. In other words, to be
precise we demand that the equation of motion of the potential be ∂i∂iφ = 0. We could
simplify the formulas (8.8.5) and (8.8.6) by defining a new potential

Φ̃ = Φ +
xixi

2R2
. (8.8.7)

This would remove all 1/R2 terms in (8.8.5) and (8.8.6), but it would also affect the
equation of motion. Then, Φ̃ would not be a gravitational potential in the way we
have defined it. Nevertheless, sometimes it is useful to define such a shifted potential,
especially in the supersymmetric case, as we will see in the following chapter.

Setting the gravitational potential Φ to zero leads us back to the NH particle. The
differential equation that follows from eq. (8.8.6) then fixes the time-dependence of ξi(t)
to be the one given in eq. (8.8.3).

The Newton-Cartan Newton-Hooke Particle

A cosmological extension of the NC particle discussed earlier can be obtained along the
same lines as we discussed for the curved NH particle above. The following action is
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obtained:

S =

∫
dτ

m

2

[
ẋµeµ

a ẋνeν a
ẋρτρ

− 2mµẋ
µ − ẋρτρ

xµeµ
axνeνa
R2

]
. (8.8.8)

It is invariant under the gauged Galilei symmetries, which are equivalent to the gauged
NH symmetries. The transformations of the background fields τµ and eµ

a are given by
eq. (8.7.3), while the transformation of the central charge gauge field mµ reads:

δbgmµ = ∂µσ + λaeµa − τµ
xρeρax

ν

R2
λaτρ

+mρ∂µξ
ρ + τµ

xνeν
a

R2
ξρeρ

a − τµ
xνeν

a

R2
xρeα

a∂ρξ
α .

(8.8.9)

Imposing the gauge-fixing conditions listed in Table 8.7.1, one obtains the action and
symmetries of the Curved NH particle: see eqs. (8.8.5) and (8.8.6).

This ends our discussion of the basic properties of NC Gravity and non-relativistic
particles moving in a non-relativistic gravitational background. To summarize, we
started this chapter with the Newtonian theory of gravity, and we commented on how
one can obtain this theory by taking the non-relativistic limit of General Relativity.
Next, we proceeded to the geometric formulation of the Newtonian theory. We ex-
plained the meaning of a geometric reformulation and showed how one can obtain it by
applying a gauging procedure to the Bargmann algebra, in the same way as one may
gauge the Poincaré algebra in order to obtain General Relativity. In order to obtain
the Newton-Cartan formulation, we needed to impose a certain set of constraints on the
curvatures. Those constraints allowed us to solve for the spin-connection fields, in terms
of the independent-gauge fields. Two of those independent fields, eµ

a and τµ, represent
two degenerate metrics in the Newton-Cartan theory of gravity.

In the second part of this chapter, we considered a massive bosonic particle in dif-
ferent backgrounds: flat Galilean, curved Galilean, and NC. We then deformed these
backgrounds with a cosmological constant Λ = 1/R. It turned out that the symmetries
corresponding to the particle actions with the cosmological constant Λ were the same
as in the absence of the cosmological constant. The reason is that the Galilei and NH
symmetries only differ in their spatial translations, which all become part of the same
time-dependent translations (Curved Galilei and Curved NH particle) or spacetime-
dependent translations (NC and NC NH particle). We also explained how one could
switch between different backgrounds, with different symmetries, by partial gauging or
partial gauge-fixing.

In the next chapter we will investigate what happens if we consider supersymmetric
particles.



Chapter 9

The Non-relativistic
Superparticle

Work described in this chapter is based on an article by E. Bergshoeff [66]. In this
chapter, we wish to extend our analysis of the bosonic particle in the previous chap-
ter and consider a superparticle. This first requires a supersymmetric extension of the
gravity backgrounds. Since non-relativistic supergravity multiplets have only been ex-
plicitly constructed in three dimensions [75], we will only consider superparticles in a
three-dimensional background. A supersymmetric version of the 3D Galilean and NC
backgrounds was recently constructed by gauging the Galilei or, better, the Bargmann
superalgebra1 [75]. We will make full use of the construction of [75], which explains, in
particular, how to switch between different backgrounds, with different symmetries, by
partial gauging or partial gauge-fixing. Our aim will be to investigate the action of a
3D superparticle, first in a flat background and then in a Galilean and NC supergravity
background with and without a cosmological constant. To indicate the different cases,
we will use the same nomenclature as in the bosonic case (see the previous chapter) but
with the word particle replaced by superparticle.

In the same way that the non-relativistic bosonic particle is based upon the Galilei
algebra or its centrally extended version, the Bargmann algebra, the action and transfor-
mation rules of the non-relativistic 3D superparticle are based upon the supersymmetric
extension of the Galilei or Bargmann algebra. It turns out that we need two (N = 2)
supersymmetries, since one of the supersymmetries is, like the time translations in the
bosonic case, a Stückelberg symmetry.

The 3D N = 2 Galilei superalgebra is given by the bosonic commutation relations

1Note that the Bargmann algebra is a centrally extended Galilei algebra.
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(8.5.5) plus the additional relations [78,79]

[
Jab, Q

±] = −1

2
γabQ

± ,
[
Ga, Q

+
]

= −1

2
γa0Q

− ,{
Q+
α , Q

+
β

}
= 2 [γ0C−1]αβ H ,

{
Q+
α , Q

−
β

}
= [γaC−1]αβ Pa ,

(9.0.1)

where the Majorana spinors Q±α are the generators corresponding to the two super-
symmetries. 2 In the case of the 3D N = 2 Bargmann superalgebra, there is a central
extension given by eq. (8.5.7) and by the following equation:{

Q−α , Q
−
β

}
= 2 [γ0C−1]αβ Z . (9.0.2)

The 3D N = 2 supergravity background was obtained in [75] by gauging the algebra
above. This result allows us to discuss the non-relativistic superparticle for Λ = 0,
i.e. the supersymmetric version of the second column of table 8.0.1. We will discuss
the Galilean (Section 9.1), the Curved Galilean (Section 9.2) and the NC superparticle
(Section 9.3), respectively. After that we will discus adding the cosmological constant
to these different superparticles in Section 9.4.

In the relativistic case, the superparticle has an additional what is known as κ-
symmetry. In the non-relativistic analogue this symmetry becomes a Stückelberg sym-
metry [80]. For the purpose of this chapter, we will fix κ-symmetry to avoid unnecessary
cluttering of our formulas. Some remarks about restoring κ-symmetry are given sepa-
rately in Section 9.5.

9.1 The Galilean Superparticle

The Galilean superparticle has already been discussed in [80]. The supersymmetric
extension of the action of the free Galilei particle action requires the additional fermionic
embedding coordinate θ−. In terms of the bosonic and fermionic embedding coordinates
{t, xi, θ−}, the action is given by:

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− θ̄−γ0θ̇−

]
. (9.1.1)

The following transformation rules leave this action invariant:

δt = −ζ , δxi = λijx
j − vit− ai, δθ− =

1

4
λabγabθ−, (9.1.2)

2We use a Majorana representation in which the charge conjugation matrix is given by C = iγ0 and
all γ-matrices are real, i.e. γµ = (iσ2, σ1, σ3).
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and

δt = 0 , δxi = −1

2
ε̄+γ

iθ− , δθ− = ε− −
ẋi

2ṫ
γ0iε+ . (9.1.3)

The transformation rules (9.1.2) are the Galilei symmetries, while (9.1.3) are the two
supersymmetries with constant parameters, ε+ and ε−. One may verify that the trans-
formation rules (9.1.2) and (9.1.3) close off-shell, i.e. the closure of the commutator
algebra, does not require the use of equations of motion. Furthermore, the commutators
realize the super-Bargmann algebra (8.5.5) and (9.0.1). Note that the supersymmetry
transformations with parameter ε+ are realized linearly. Instead, the ones with param-
eter ε− are realized non-linearly, i.e. they correspond to a broken supersymmetry. This
implies that the superparticle corresponds to a 1/2 BPS state.

9.2 The Curved Galilean Superparticle

We will now extend the Galilean superparticle to a Curved Galilean superparticle,
thereby replacing the flat background by a Galilean supergravity background. This cor-
responds to extending the bosonic particle in a Galilean gravity background, discussed
in Section 8.6, to the supersymmetric case.

Our starting point is the action for a superparticle in a flat background, given by
equation (9.1.1). We will partially gauge the transformations (9.1.2) and (9.1.3) by re-
placing the translations with parameter ai, and boosts with parameter vi by an arbitrary
time-dependent boost with parameters ξi(t) , and supersymmetry transformations with
constant parameter ε− by arbitrary supersymmetry transformations with parameters
ε−(t). The complete bosonic and fermionic transformation rules now read

δt = −ζ , δxi = λijx
j − ξi(t) , δθ− =

1

4
λabγabθ− , (9.2.1)

and

δt = 0 , δxi = −1

2
ε̄+γ

iθ− , δθ− = ε−(t)− ẋi

2ṫ
γ0iε+ . (9.2.2)

The Galilean supergravity multiplet, which we will use to perform the partial gauging
of the transformations (9.1.2) and (9.1.3), was introduced in [75]. Alongside the Newton
potential Φ(x), it also contains a fermionic background field Ψ(x). The equations of
motion for these two background fields are:

∂i∂iΦ = 0 , γi∂iΨ = 0 . (9.2.3)

There is a slight subtlety regarding this Galilean supergravity multiplet, stemming from
the fact that Ψ(x) is the superpartner of the Newton force Φi ≡ ∂iΦ(x) and not of the
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Newton potential itself. The transformation rules of the Newton force are, however,
compatible with the integrability condition ∂[iΦj] = 0, so that they can be integrated to
the transformation rules of the Newton potential Φ(x). This is done via the introduction
of a fermionic potential χ(x), that will be called the ‘Newtino potential’, defined via

∂i χ = γiΨ (i = 1, 2) , γ1∂1χ = γ2∂2χ , (9.2.4)

where the second equation represents a constraint obeyed by χ(x), as a consequence of
its definition. This constraint can be interpreted (upon choosing a specific basis for the
γ-matrices) as the Cauchy-Riemann equations, expressing holomorphicity of χ1 + iχ2,
where χ1,2 are the two components of χ. Since the Newton potential Φ obeys the Laplace
equation in two spatial dimensions, it can also be seen as the real part of a holomorphic
function Φ + iΞ. The imaginary part Ξ(x) of this function was called the ‘dual Newton
potential’ in [75] and is related to Φ(x) via the Cauchy-Riemann equations for Φ + iΞ:

∂iΦ = εij∂
jΞ , ∂iΞ = −εij∂jΦ . (9.2.5)

The dual Newton potential was introduced in [75] in order to write down the supersym-
metry transformation rule for χ. Since this is a transformation rule for both real and
imaginary parts of χ1 + iχ2, it is natural to expect that it will also involve both real and
imaginary parts of Φ + iΞ, and this is indeed the case. We find that the action of the
Curved Galilean superparticle in terms of the Galilean supergravity background fields
Φ and Ψ is given by

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− θ̄−γ0θ̇− − 2ṫΦ + 2ṫ θ̄−γ

0Ψ

]
. (9.2.6)

One can show that the action (9.2.6) is invariant under the transformations (9.2.1) and
(9.2.2) provided that the background fields transform under the background bosonic
symmetries as

δbgΦ =
1

ṫ

d

dτ

(
ξ̇i

ṫ

)
xi + σ(t) , δbgΨ =

1

4
λabγabΨ , (9.2.7)

and under the background fermionic symmetries as

δbgΦ = ε̄−γ
0Ψ +

1

2
ε̄+∂tχ−

1

2
ε̄+γ

iθ− ∂iΦ , (9.2.8)

δbgΨ =
1

ṫ
ε̇− −

1

2
∂iΦγi0ε+ −

1

2
ε̄+γ

iθ− ∂iΨ . (9.2.9)

Showing the invariance under the linear ε+-transformations is not trivial. Varying the
action (9.2.6) under ε+-transformations, one is left with the following terms:

δ+S =

∫
dτ

m

2

[
− ε̄+ ṫ ∂tχ− ε̄+ ẋi ∂iχ−

ṫ

2
ε̄+γ

kθ− θ̄−γ
0i∂i∂kχ

]
. (9.2.10)
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The first two terms combine into a total τ -derivative, since χ is a function of xi and t
and therefore

d

dτ
χ =

(
ṫ ∂t + ẋi ∂i

)
χ . (9.2.11)

The second term vanishes upon using the equation of motion for the background field
χ.

To calculate the commutator algebra, it is important to keep in mind that the back-
ground fields do not transform as fundamental fields but, instead, according to back-
ground fields: see eq. (8.6.4). This explains the ‘wrong’ sign of the transport terms,
which are given as the last terms in the ε+-transformation (9.2.8.) and (9.2.9). Further-
more, it explains the absence of transport terms for all other symmetries. It also has
the consequence that partial derivatives do not commute with background variations:[

δbg, ∂µ
]

= −(∂µδx
ν)∂ν . (9.2.12)

Another subtlety when calculating the commutator algebra is related to the fact that
the parameters ξi and ε− are functions of the time t, but that t itself is a scalar function
t(τ) of the world-line parameter τ . This implies that when we calculate commutators
we have to vary the t inside the parameters. Keeping the above subtleties in mind, we
find that the commutation relations close off-shell on the embedding coordinates and
the background fields.

Imposing the following gauge-fixing conditions

Φ = 1 , χ = 0 , (9.2.13)

we recover the Galilean superparticle with the flat space-time transformation rules (9.1.2)
and (9.1.3). If we impose the additional gauge-fixing condition

t = τ (9.2.14)

we find agreement with the algebra obtained in [75].

9.3 The Newton-Cartan Superparticle

We now wish to extend the result of the previous section to arbitrary frames corre-
sponding to a superparticle in a Newton-Cartan supergravity background. Due to the
complexity of the calculations, we only give the result up to quartic fermions in the
action. We find that using this approximation, the action is given by

S =

∫
dτ

m

2

[
ẋµeµ

a ẋνeν a
ẋρτρ

− 2mµẋ
µ − θ̄−γ0Dτθ− + 2 θ̄−γ

0ψµ−ẋ
µ − ẋµeµa

ẋρτρ
θ̄−γ

aψν+ẋ
ν

]
,

(9.3.1)
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where the Lorentz-covariant derivative Dτ is defined as

Dτθ− = θ̇− −
1

4
ẋµωµ

abγabθ− . (9.3.2)

To the lowest order in the fermions, the action (9.3.1) is invariant under the following
bosonic and fermionic symmetries of the embedding coordinates:

δxµ = −ξµ(xα) , δθ− =
1

4
λab(xα)γab θ− , (9.3.3)

and

δxµ = −1

2
ε̄+(xα)γaθ− e

µ
a , δθ− = ε−(xα)− ẋµeµ

a

2ẋρτρ
γ0a ε+(xα) . (9.3.4)

In what follows, we refrain from explicitly denoting the local xµ-dependence of the para-
meters.

The transformation rules of the background fields follow from the supergravity result
given in [75] and application of the identity (8.6.4). We find that the bosonic transfor-
mation rules are given by

δprτµ = 0 , δprmµ = ∂µσ + λaeµ
a ,

δpreµ
a = λab eµ

b + λa τµ , δprψµ+ =
1

4
λabγabψµ+ ,

δprωµ
ab = ∂µλ

ab , δprψµ− =
1

4
λabγabψµ− −

1

2
λaγa0ψµ+ ,

δprωµ
a = ∂µλ

a − λbωµab + λabωµb .

(9.3.5)

To keep the formulas simple, we give here, as well as below, only the proper transfor-
mation rules. The background transformations are obtained by supplementing each of
these rules with an additional transformation under general coordinate transformations:
see eq. (8.6.4). For the fermionic transformations, we find the following expressions:

δprτµ =
1

2
ε̄+γ

0ψµ+ , δprmµ = ε̄− γ
0ψµ− ,

δpreµ
a =

1

2
ε̄+γ

aψµ− +
1

2
ε̄−γ

aψµ+ , δprψµ+ = Dµε+ ,

δprωµ
ab = 0 , δprψµ− = Dµε− +

1

2
ωµ

aγa0ε+ .

(9.3.6)

The variation of ωµ
ab is zero on-shell, i.e. upon using the equations of motion of the

background fields. The explicit form of these equations of motion are given in [75].
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They also follow by taking the R→∞ limit of the formulas in Appendix F. In the same
manner, we can write the variation of ωµ

a as

δprωµ
a =

1

2
ε̄−γ

0ψ̂µ
a
− +

1

2
τµ ε̄−γ

0ψ̂0
a
− +

1

4
eµ
b ε̄+γ

bψ̂a0− +
1

4
ε̄+γ

aψ̂µ0− , (9.3.7)

where ψ̂µν− is the covariant curvature of ψµ−: see [75] or Appendix F with R → ∞.
One may check that, to the lowest order in fermions, the action (9.3.1) is invariant under
the transformations (9.3.4), (9.3.6) and (9.3.7), upon use of the equations of motion of
the background fields.

As a consistency check, we verified that, by imposing the gauge-fixing conditions 3

of [75], the action and transformation rules of the NC superparticle reduce to those of
the Curved Galilean superparticle.

9.4 Adding a Cosmological Constant

In this section, we are going to describe the superparticle moving in a background with
a cosmological constant. As in the bosonic case, we can derive the action by taking the
non-relativistic limit of a superparticle in AdS space: see e.g. [81] for an example in 10
dimensions.

In the presence of a cosmological constant the relativistic AdS superalgebra in three
dimensions is not unique. Instead, in the case of N supersymmetries, one always finds
N different versions, often referred to as (p, q) AdS superalgebras [22]. In Appendix D,
we give both the (1, 1) and (2, 0) N = 2 AdS superalgebras. As explained in Appendix
D, the Newton-Hooke superalgebra that we will use below is obtained by contracting
the N = (2, 0) AdS superalgebra. All actions and transformation rules we present here
can be viewed as corrections of the previous sections by terms of order 1/R or 1/R2.

9.4.1 The Newton-Hooke Superparticle

We find that the action of the NH superparticle takes the form

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− θ̄−γ0θ̇− −

ṫ xixi

R2
+

3ṫ

2R
θ̄−θ−

]
. (9.4.1)

A realization of the Newton-Hooke superalgebra, whose explicit form is given in Ap-
pendix (D.0.4), on the embedding coordinates is given by the following bosonic trans-
formation rules

δt = −ζ , δxi = λikx
k − ξi(t) , δθ− =

1

4
λabγabθ− , (9.4.2)

3For the bosonic case these conditions are given in table 8.7.1.
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supplemented by the following fermionic transformations:

δt = 0 , δxi = −1

2
ε̄+(t)γiθ− , δθ− = ε−(t)− ẋi

2ṫ
γ0i ε+(t) +

xi

2R
γi ε+(t) .

(9.4.3)

Here, the time-dependence of the parameters ξi(t) and ε±(t) is given by

ξi(t) = viR sin
t

R
+ ai cos

t

R
,

ε−(t) = exp
( 3t

2R
γ0

)
ε− , ε+(t) = exp

(
− t

2R
γ0

)
ε+ .

(9.4.4)

As in the Λ = 0 case, the ε+-transformation is realized linearly, while the ε−-trans-
formation, corresponding to a broken supersymmetry, is not. The superparticle thus
corresponds to a 1/2 BPS state. We have verified that the transformations (9.4.2) and
(9.4.3) leave the NH superparticle action (9.4.1) invariant.

In the formulation we are using, both supersymmetries are time-dependent: see
equation (9.4.4), but θ−(τ) is invariant under constant time shifts. Alternatively, one
can absorb the time-dependence of either ε+ or ε−, but not both at the same time, in a
redefinition of θ−. Such a redefinition would introduce a non-vanishing transformation
δζ θ̃− and shift the θ̄−θ− term in the action. We prefer to keep the time-dependent
description of eqs. (9.4.1)–(9.4.4).

9.4.2 The Curved Newton-Hooke Superparticle

The Curved Newton-Hooke superparticle is obtained in the same way as the Curved
Galilean superparticle. This means that we gauge the spatial translations and one of
the supersymmetries, the broken one, such that their parameters become arbitrary time-
dependent functions. This introduces the Newton potential φ and its supersymmetric
partner ψ. However, based upon our experience in the bosonic case, we expect that
either the transformation rules of the NH background fields φ and ψ differ from the
Galilean background fields Φ and Ψ, or their equations of motion change. Either way,
we cannot make use of the results of [75], because the equations of motion are needed
to close the supersymmetry algebra. Instead, we should first derive the transformation
rules of Newton-Hooke supergravity as a 1/R modification of Galilean supergravity.
Once we have obtained the NH supergravity transformation rules, we can use eq. (8.6.4)
to get the transformation rules of the NH background fields.
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Newton-Hooke supergravity

We find that the following bosonic and fermionic transformation rules provide a realiza-
tion of the acceleration-extended NH superalgebra [66]:

δprφ = ζ∂tφ+ ξi(t)∂iφ+ ∂t∂tξ
i(t)xi +

1

R2
ξi(t)xi − λijxj∂iφ+ σ(t) ,

δprψ = ζ∂tψ + ξi(t)∂iψ +
1

4
λabγabψ − λijxj∂iψ ,

(9.4.5)

and

δprφ = ε̄−(t)γ0ψ +
1

2
∂t
(
ε̄+,t χ

)
− xi

2R
ε̄+,tγ0iψ , (9.4.6)

δprψ = ∂tε−(t)− 3

2R
γ0ε−(t)− 1

2
∂iφγi0ε+,t . (9.4.7)

These transformation rules constitute the NH supergravity extension of the Galilean
supergravity result given in [75]. The subscript t on ε+,t indicates that it is a function
of time. However, unlike ξi(t) or ε−(t), the time-dependence of ε+,t is a very specific
one, namely the one given in eq. (9.4.4). The background fields φ and ψ obey the same
equations of motion as in the Galilean case: see eq. (9.2.3); they are related to their
dual potentials Ξ and χ by eqs. (9.2.5) and (9.2.4), respectively.

The superparticle action

Now that we have constructed the Newton-Hooke supergravity theory, it is easy to
construct an action for the Curved NH superparticle where the NH supergravity fields
occur as background fields. We find that this action is given by

S =

∫
dτ

m

2

[
ẋiẋi

ṫ
− θ̄−γ0θ̇− −

ṫ xixi

R2
+

3ṫ

2R
θ̄−θ− − 2ṫ φ+ 2ṫ θ̄−γ

0ψ

]
. (9.4.8)

The transformation rules of the NH background fields follow from the NH supergravity
rules given in eqs. (9.4.5)–(9.4.7) after applying the relation (8.6.4).

As far as we know, for Λ 6= 0, there is no redefinition akin to (8.8.7) that would enable
us to deduce the transformation rules of the Curved Newton-Hooke background fields φ
and ψ from the Curved Galilean ones given in eqs. (9.2.8) and (9.2.9), respectively.

9.4.3 The Newton-Cartan Newton-Hooke Superparticle

To obtain the NC NH superparticle action, we first need to derive the transformation
rules of NC NH supergravity, viewed as a 1/R modification of the NC supergravity
theory constructed in [75]. We give the result below [66].
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Newton-Cartan Newton-Hooke supergravity

The bosonic transformation rules of the background fields are given by equations (9.3.5)
and (8.8.9). With respect to supersymmetry, the only 1/R modifications occur in the
transformation rules of mµ, ψµ+ and ψµ−:

δprmµ = ε̄−γ
0ψµ− −

1

2
ε̄+γ

aθ−e
ρ
a∂ρmµ (9.4.9)

− (xνeν
a)2

4R2
ε̄+γ

0ψµ+ − τµ
xνxρeν

a

2R2

(
ε̄−γ

aψρ+ + ε̄+γ
aψρ−

)
,

δprψµ+ = Dµε+ +
1

2R
τµγ0ε+ , (9.4.10)

δprψµ− = Dµε− +
1

2
ωµ

aγa0ε+ −
3

2R
τµγ0ε− −

1

2R
eµ
aγaε+ . (9.4.11)

The supersymmetry rules of τµ, eµ
a are undeformed and coincide with the ones of NC

supergravity: see equation (9.3.6). The above modifications induce the following 1/R
modifications in the transformation rules of the dependent fields ωµ

ab and ωµ
a:

δprωµ
ab = −εab

2R
ε̄+γ

0ψµ+ , (9.4.12)

δprωµ
a =

1

2
ε̄−γ

0ψ̂µ
a
− +

1

2
τµ ε̄−γ

0ψ̂0
a
− +

1

4
eµ
b ε̄+γ

bψ̂a0− +
1

4
ε̄+γ

aψ̂µ0−

+
1

2R
ε̄−γ

a0ψµ+ +
1

2R
ε̄+γ

a0ψµ− .

(9.4.13)

The NC NH superparticle action

Having constructed the NC NH supergravity theory, it is straightforward to construct
the action for the NC NH superparticle. We find that the action, up to quartic fermions,
is given by

S =

∫
dτ

m

2

[
ẋµeµ

a ẋνeν a
ẋρτρ

− 2mµẋ
µ − θ̄−γ0Dτθ− + 2 θ̄−γ

0ψµ−ẋ
µ

− ẋµeµa
ẋρτρ

θ̄−γ
aψν+ẋ

ν − ẋρτρ
(xµeµ

a)2

R2
+

3

2R
ẋρτρ θ̄−θ−

]
. (9.4.14)

One can show that, upon using the equations of motion of the background fields, see
Appendix F, this action is indeed invariant up to quartic fermions. This concludes our
description of the NC NH superparticle action.
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9.5 Kappa-symmetry

It is well known that the relativistic superparticle is invariant under an additional
infinitely-reducible fermionic symmetry called κ-symmetry [82,83]. In the case of strings
and branes, this κ-symmetry is needed to obtain the correct counting of degrees of free-
dom on the world-sheet or world-volume. It is known from the work of [80] that in the
non-relativistic case the κ-symmetry is a Stückelberg symmetry that acts as a shift on
one of the fermionic coordinates. It can easily be gauge-fixed upon setting this specific
fermionic coordinate equal to zero. Nevertheless, to obtain an elegant superspace de-
scription of the non-relativistic superparticle, it might be advantageous to retain this
extra fermionic coordinate, since it plays the role of one of the superspace coordinates.
For this reason, we give here the results with κ-symmetry in two simple cases, namely
the Galilean case and the NH superparticle. The action and transformation rules of both
superparticles are derived in Appendix E by applying the technique of nonlinear realiza-
tions. Below we just give the results, thereby focusing our attention on the κ-symmetry
aspects. For full details we refer the reader to Appendix E.

The κ-symmetric Galilean superparticle

The κ-symmetric version of the flat Galilean superparticle action (9.1.1) depends on an
additional fermionic coordinate θ+. The action is given by

S =

∫
dτ

m

2

[
πiπi

π0
− θ̄−γ0θ̇−

]
, (9.5.1)

where the line elements π0 and πi are defined as

π0 = ṫ+
1

4
θ̄+γ

0θ̇+ , πi = ẋi +
1

4
θ̄−γ

iθ̇+ +
1

4
θ̄+γ

iθ̇− . (9.5.2)

The κ-transformations that leave the action (9.5.1) invariant are given by

δκt =
1

4
κ̄ γ0θ+ , δκx

i =
1

4
κ̄ γiθ− −

πk

8π0
κ̄ γkγ

0γiθ+ ,

δκθ+ = κ , δκθ− = − πi

2π0
γ0γiκ .

(9.5.3)

The commutator algebra of all symmetry transformations including the local κ-transformations
and worldline reparameterizations closes on-shell.

We see from eq. (9.5.3) that the κ-transformation acts as a Stückelberg shift sym-
metry on the embedding coordinate θ+. Therefore, one could fix this symmetry by
imposing the gauge condition

θ+ = 0 , (9.5.4)

which leads us back to the formulas of the Galilean superparticle.
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The κ-symmetric Newton-Hooke superparticle

An analogous construction leads to the κ-symmetric Newton-Hooke superparticle. We
find the following action

S =

∫
dτ

m

2

[
πiπi

π0
− θ̄−γ0θ̇− − ṫ

xixi

R2
+

3ṫ

2R
θ̄−θ− +

ṫ xi

2R2
θ̄+γ

iθ− −
ṫ

16R2
θ̄+θ+ θ̄−θ−

]
,

(9.5.5)

with the line-elements given by

π0 = ṫ
(
1 +

1

8R
θ̄+θ+

)
+

1

4
θ̄+γ

0θ̇+ , (9.5.6)

πi =
(
ẋi +

1

4
θ̄+γ

iθ̇− +
1

4
θ̄−γ

iθ̇+

) (
1− 1

8R
θ̄+θ+

)
− ṫ

4R

(
3θ̄+γ

0iθ− −
xkεki
2R

θ̄+θ+

)
.

(9.5.7)

The κ-transformations read as follows:

δt =
1

4
κ̄γ0θ+ , δxi =

1

4
κ̄γiθ− −

πj

8π0
κ̄γjγi0θ+ , (9.5.8)

δθ+ = κ
(
1− 1

16R
θ̄+θ+

)
, δθ− = − πi

2π0
γi0κ−

3

8R
γ0θ−θ̄+γ

0κ+
xi

16R2
γiκ θ̄+θ+ .

As in the case of the κ-symmetric Galilean superparticle given above, the κ-symmetry
can be gauge-fixed by imposing the gauge condition θ+ = 0. This leads back to the
Newton-Hooke superparticle of Section 9.4.1.

9.6 Summary

In this chapter we constructed the superparticle actions describing the dynamics of
a supersymmetric particle in a 3D Curved Galilean and Newton-Cartan supergravity
background. Furthermore, we constructed the actions for a superparticle moving in the
cosmological extension of these backgrounds by including a cosmological constant. Due
to the computational complexity, we gave the action in the Newton-Cartan case only
up to terms quartic in the fermions. The Newton-Cartan background is characterized
by more fields and corresponds to more symmetries than the Galilean background. One
can switch between the two backgrounds, either by a partial gauging of symmetries
(leading from Galilean to Newton-Cartan) or by gauge-fixing some of the symmetries
(bringing us from Newton-Cartan to Galilean). An important role in the construction is
played by symmetries. On several occasions we stressed that, as far as the background
fields are concerned, one should use the background transformations and not the proper
transformations. The latter are used in the definition of the supergravity multiplet. The
relation between the two kind of transformations is given in eq. (8.6.4).
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A noteworthy feature is that the proof of invariance of the superparticle action re-
quires that the background fields satisfy their equations of motion. This is reminiscent
of what happens with the fermionic κ-symmetry in the relativistic case. We showed
in two particular cases that the non-relativistic superparticle also allows a κ-symmetric
formulation, but that in the non-relativistic case the κ-symmetry is of a Stückelberg
type [80]. Although rather trivial, we expect that the formulation with κ-symmetry is
indispensable for a reformulation of our results in terms of a non-relativistic superspace
and corresponding superfields: see e.g. [84]. Such a superspace formulation would be
useful to construct the superparticle actions in the Newton-Cartan background to all
orders in the fermions.

Our efforts in this chapter were limited to the three-dimensional case. Clearly, it
would be desirable to construct the four-dimensional analogue of our results. In order
to do this, one should first be able to construct the Galilean and Newton-Cartan super-
gravity multiplets in four space-time dimensions. So far, this has not yet been achieved.
There are a few other interesting directions in which one could extend our results. We
comment on those in the Conclusions.
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Chapter 10

Conclusions

Even though General Relativity is the best theory of gravity thus far, it has its own do-
main of validity. As a result, many modifications of General Relativity have been made.
These include massive gravity theories, higher spins, higher dimensions, supersymmetry,
and many more. Some modifications of General Relativity focus on short distances in
order to understand quantum behaviour, while others focus on large distances in order
to explain the concepts of dark matter and dark energy.

We devoted Chapter 2 of this thesis to an overview of General Relativity. First, we
commented on its linearized version. Next, we proceeded to the vierbein formulation of
General Relativity. Finally, we explained how one could obtain General Relativity from
gauging the Poincaré algebra.

In the remainder of this thesis, we focused on several different extensions and mod-
ifications to General Relativity. We divided the content of this thesis into three parts:
Massive Gravity, Extensions of Massive Gravity and Non-relativistic Gravity.

In Part I, we commented on Massive Gravity. Massive Gravity theories are theories
where the graviton, a spin-2 particle that propagates the gravitational force, is considered
to be massive. Adding a mass to the graviton might lead to long-distance modifications
of General Relativity and hence might provide a better understanding of the cosmological
constant problem.

The mass can be added either by introducing an explicit mass term to the action or, as
an alternative, by introducing higher-derivative terms. In Chapter 3, we concentrated
on the Fierz-Pauli theory and explained how one could add mass to the graviton by
adding explicit mass terms to the action. New Massive Gravity, as a three-dimensional
higher-derivative gravity theory, was introduced in Chapter 4. Starting from the Fierz-
Pauli equations for spin-2 in three dimensions, and applying the boosting-up procedure,
we obtained the linearized version of NMG.



134 Conclusions

Although we live in a four-dimensional world, models of gravity are simpler in three
dimensions. The reason for this is that the computations become easier in lower dimen-
sions.

In Part II of this thesis, we discussed three different extensions of the massive gravity
models: extensions to higher spins, extensions to higher dimensions and supersymmetric
extensions. In Chapter 5, we showed the extensions to bosonic higher spins in three
dimensions. We applied the same boosting-up procedure explained in Chapter 3 to
arbitrary (bosonic) higher spins in three dimensions. In that way, we obtained higher-
spin NMG-like and TMG-like models, and we gave explicit examples for spin-4. In the
same chapter, we also generalized the method and explained how one can construct
the action for these higher spin models and commented on the necessity of introducing
auxiliary fields for these purposes.

In Chapter 6, we extended NMG-like and TMG-like models to dimensions higher
than three. We used specific representations for higher-spin fields in different dimen-
sions. For both models, we avoided the massless-spin modes since those can lead to the
appearance of ghosts. Furthermore, we restricted ourselves to Klein-Gordon operators
that can be factorized in order to be able to obtain TMG-like models. These require-
ments affected our results, and hence we concluded that only for those fields described
by Young tableaux of height 2k − 1 in 4k − 1 dimensions we could construct NMG-like
and TMG-like higher-dimensional models.

We also discussed the supersymmetric extensions. In Chapter 7, we explained how
to obtain the 3D off-shell massive spin-2 multiplet from the Kaluza- Klein reduction
and truncation. Together with the massless multiplet, we constructed the linearized
supersymmetric NMG without higher derivatives and including auxiliary fields instead.
We explained how introducing the auxiliary fields leads to lower derivative versions of
the supersymmetric actions.

Part III of this thesis was devoted to non-relativistic gravity. We based our moti-
vation for studying non-relativistic gravity on obtaining a better understanding of GR
itself. In Chapter 8, we first showed how one could obtain the Newton-Cartan theory
of gravity by gauging the Bargmann algebra, in the same way one can obtain GR by
gauging the Poincaré algebra. In order to investigate taking the nonrelativistic limit of
the theory, we explained how one should do the contraction of the algebra. Furthermore,
we investigated the symmetries of a non-relativistic particle moving in a flat background
and in a curved AdS background. In Chapter 9, we extended our discussions to the su-
persymmetric case. We described the non-relativistic superparticle moving in different
backgrounds and investigated its symmetries.

There are several interesting directions in which one could extend our results. One
generalization of our results would be to go from superparticles to superstrings or even
super p-branes. This would require making a stringy generalization of the non-relativistic
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limits we have been considering here: see for example [67]. The case of a non-relativistic
superstring in a flat background has already been considered in [81]. In the case of a non-
relativistic curved background, one could apply holography in non-relativistic settings
and study the corresponding non-relativistic supersymmetric boundary theory. In the
case of a particle or superparticle propagating in three spacetime dimensions, the Galilei
algebra contains a second central charge that could be included as well. This would lead
to the notion of a non-commutative, non-relativistic particle or superparticle, where the
embedding coordinates are non-commutative with respect to the Dirac brackets [85,86].
Finally, we found that some of our superparticles are 1/2 BPS, corroborating recent
results for relativistic superparticles [87]. It would be interesting to verify whether the
statement that “all superparticles are BPS” [87] applies to non-relativistic superparticles
as well.

As far as non-relativistic theories are concerned, it turns out that they may have
relevant applications in other areas of physics, for example in condensed matter physics.
The application of the localization technique [88] within non-relativistic theory could
help find the explicit form of the partition functions within the field theory of condensed
matter physics One idea would be to investigate whether the non-relativistic symmetry
or supersymmetry principles could help improve our understanding of the action of Sons
model for the quantum Hall effect [89]. This could yield some beautiful results and a
better understanding of symmetry principles in general.
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Appendix A

Supersymmetric Proca

In this appendix we show how to obtain the 3D supersymmetric Proca theory from the
KK reduction of an off-shell 4DN = 1 supersymmetric Maxwell theory and a subsequent
truncation to the first massive KK sector. This is a warming-up exercise for the spin-2
case which will be discussed in Appendix B.

A.1 Kaluza-Klein Reduction

Our starting point is the 4D N = 1 supersymmetric Maxwell multiplet, which consists of
a vector V̂µ̂, a 4-component Majorana spinor ψ̂ and a real auxiliary scalar F̂ . We indicate
fields depending on the 4D coordinates and 4D indices with a hat. We do not indicate
spinor indices. The supersymmetry rules, with a constant 4-component Majorana spinor
parameter ε, and gauge transformation, with local parameter Λ̂, of these fields are given
by

δV̂µ̂ = −ε̄Γµ̂ψ̂ + ∂µ̂Λ̂ ,

δψ̂ =
1

8
Γµ̂ν̂ F̂µ̂ν̂ε+

1

4
iΓ5F̂ ε ,

δF̂ = iε̄Γ5Γµ̂∂µ̂ψ̂ ,

(A.1.1)

where F̂µ̂ν̂ = ∂µ̂V̂ν̂ − ∂ν̂ V̂µ̂ .
In what follows, we will split the 4D coordinates as xµ̂ = (xµ, x3), where x3 denotes

the compactified circle coordinate. Since all fields are periodic in x3, we can write them
as a Fourier series. For example:

V̂µ̂(xµ̂) =
∑
n

Vµ̂,n(xµ)einmx
3

, n ∈ Z , (A.1.2)
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where m 6= 0 has mass dimensions and corresponds to the inverse circle radius. The
Fourier coefficients Vµ̂,n(xµ) correspond to three-dimensional (un-hatted) fields. We will
first consider the bosonic fields. The reality condition on the 4D vector and scalar implies
that only the 3D (n = 0) zero modes are real. All other modes are complex but only
the positive (n ≥ 1) modes are independent, since

Vµ̂,−n = V ?µ̂,n , F−n = F ?n , n 6= 0 . (A.1.3)

In what follows, we will be mainly interested in the n = 1 modes whose real and imagi-
nary parts we indicate by

V (1)
µ ≡ 1

2

(
Vµ,1 + V ?µ,1

)
, V (2)

µ ≡ 1

2i

(
Vµ,1 − V ?µ,1

)
,

φ(1) ≡ 1

2

(
V3,1 + V ?3,1

)
, φ(2) ≡ 1

2i

(
V3,1 − V ?3,1

)
, (A.1.4)

F (1) ≡ 1

2

(
F1 + F ?1

)
, F (2) ≡ 1

2i

(
F1 − F ?1

)
.

Similarly, the Majorana condition of the 4D spinor ψ̂ implies that the n = 0 mode is
Majorana but that the independent positive (n ≥ 1) modes are Dirac. This is equivalent
to two (4-component, 3D reducible) Majorana spinors, which we indicate by

ψ(1) =
1

2

(
ψ1 +B−1ψ?1

)
, ψ(2) =

1

2i

(
ψ1 −B−1ψ?1

)
. (A.1.5)

Here B is the 4× 4 matrix B = iCΓ0, where C is the 4× 4 charge conjugation matrix.

Substituting the harmonic expansion (A.1.2) of the fields and a similar expansion
of the gauge parameter Λ̂ into the transformation rules (A.1.1), we find the following
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transformation rules for the first (n = 1) KK modes:

δφ(1) = −ε̄Γ3ψ
(1) −mΛ(2) −mξφ(2) ,

δφ(2) = −ε̄Γ3ψ
(2) +mΛ(1) +mξφ(1) ,

δV (1)
µ = −ε̄Γµψ(1) + ∂µΛ(1) −mξV (2)

µ ,

δV (2)
µ = −ε̄Γµψ(2) + ∂µΛ(2) +mξV (1)

µ ,

δF (1) = iε̄Γ5Γµ∂µψ
(1) − imε̄Γ5Γ3ψ

(2) −mξF (2) ,

δF (2) = iε̄Γ5Γµ∂µψ
(2) + imε̄Γ5Γ3ψ

(1) +mξF (1) ,

δψ(1) =
1

8
ΓµνF (1)

µν ε+
1

4
ΓµΓ3∂µφ

(1)ε+
i

4
Γ5F

(1)ε+
m

4
ΓµΓ3V

(2)
µ ε−mξψ(2) ,

δψ(2) =
1

8
ΓµνF (2)

µν ε+
1

4
ΓµΓ3∂µφ

(2)ε+
i

4
Γ5F

(2)ε− m

4
ΓµΓ3V

(1)
µ ε+mξψ(1) ,

(A.1.6)

where we have defined

Λ(1) =
1

2

(
Λ1 + Λ?1

)
, Λ(2) =

1

2i

(
Λ1 − Λ?1

)
. (A.1.7)

Apart from global supersymmetry transformations with parameter ε and gauge trans-
formations with parameters Λ(1), Λ(2), the transformations (A.1.6) also contain a global
SO(2) transformation with parameter ξ that rotates the real and imaginary parts of the
3D fields. This SO(2) transformation corresponds to a central charge transformation
and is a remnant of the translation in the compact circle direction.1

In order to write the 3D 4-component Majorana spinors in terms of two irreducible
2-component Majorana spinors, it is convenient to choose the following representation
of the Γ-matrices in terms of 2× 2 block matrices:

Γµ =

(
γµ 0
0 −γµ

)
, Γ3 =

(
0 1
1 0

)
, Γ5 =

(
0 −i
i 0

)
. (A.1.8)

The 3D 2 × 2 matrices γµ satisfy the standard relations {γµ, γν} = 2ηµν and can be
chosen explicitly in terms of the Pauli matrices by

γµ = (iσ1, σ2, σ3) . (A.1.9)

In this representation, the 4D charge conjugation matrix C is given by

C =

(
ε 0
0 −ε

)
, (A.1.10)

1This is a conventional central charge transformation. Three-dimensional supergravity also allows
for non-central charges from extensions by non-central R-symmetry generators [90], as discussed in [91].
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where

ε =

(
0 1
−1 0

)
(A.1.11)

is the 3D charge conjugation matrix.

Using the above representation, the 4-component Majorana spinors decompose into
two 3D irreducible Majorana spinors as follows:

ψ(1) =

(
χ1

χ2

)
, ψ(2) =

(
ψ1

ψ2

)
, ε =

(
ε1
ε2

)
. (A.1.12)

In terms of these 2-component spinors the transformation rules (A.1.6) read

δφ(1) = −ε̄1χ2 + ε̄2χ1 −mΛ(2) −mξφ(2) ,

δφ(2) = −ε̄1ψ2 + ε̄2ψ1 +mΛ(1) +mξφ(1) ,

δV (1)
µ = −ε̄1γµχ1 − ε̄2γµχ2 + ∂µΛ(1) −mξV (2)

µ ,

δV (2)
µ = −ε̄1γµψ1 − ε̄2γµψ2 + ∂µΛ(2) +mξV (1)

µ ,

δF (1) = −ε̄1γµ∂µχ2 + ε̄2γ
µ∂µχ1 −m(ε̄1ψ1 + ε̄2ψ2)−mξF (2) ,

δF (2) = −ε̄1γµ∂µψ2 + ε̄2γ
µ∂µψ1 +m(ε̄1χ1 + ε̄2χ2) +mξF (1) ,

δχ1 =
1

8
γµνF (1)

µν ε1 +
1

4

(
γµ∂µφ

(1) + F (1) +mγµV (2)
µ

)
ε2 −mξψ1 ,

δχ2 =
1

8
γµνF (1)

µν ε2 −
1

4

(
γµ∂µφ

(1) + F (1) +mγµV (2)
µ

)
ε1 −mξψ2 ,

δψ1 =
1

8
γµνF (2)

µν ε1 +
1

4

(
γµ∂µφ

(2) + F (2) −mγµV (1)
µ

)
ε2 +mξχ1 ,

δψ2 =
1

8
γµνF (2)

µν ε2 −
1

4

(
γµ∂µφ

(2) + F (2) −mγµV (1)
µ

)
ε1 +mξχ2 .

(A.1.13)

If we take m → 0 in the above multiplet we obtain two decoupled multiplets, (φ(1),

V
(1)
µ , F (1), χ1, χ2) and (φ(2), V

(2)
µ , F (2), ψ1, ψ2). Either one of them constitutes a mass-

lessN = 2 vector multiplet. This massless limit has to be distinguished from the massless
limits discussed in Sections 7.2 and 7.6, which refer to limits taken after truncating to
N = 1 supersymmetry.
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A.1.1 Truncation

In the process of KK reduction, the number of supercharges stays the same. The 3D
multiplet (A.1.13) exhibits four supercharges and hence corresponds to an N = 2 mul-
tiplet, containing two vectors and a central charge transformation. One can, however,
truncate it to an N = 1 multiplet, not subjected to a central charge transformation and
containing only one vector. This truncated multiplet will be the starting point to obtain
an N = 1 supersymmetric version of the Proca theory. The N = 1 truncation is given
by:

φ(2) = V (1)
µ = F (2) = χ2 = ψ1 = 0 , (A.1.14)

provided that at the same time we truncate the following symmetries:

ε1 = Λ(1) = ξ = 0 . (A.1.15)

Substituting this truncation into the transformation rules (A.1.13), we find the following
N = 1 massive vector supermultiplet: 2

δφ(1) = ε̄2χ1 −mΛ(2) ,

δV (2)
µ = −ε̄2γµψ2 + ∂µΛ(2) ,

δψ2 =
1

8
γµνF (2)

µν ε2 ,

δχ1 =
1

4

(
γµ∂µφ

(1) + F (1) +mγµV (2)
µ

)
ε2 ,

δF (1) = ε̄2γ
µ∂µχ1 −mε̄2ψ2 .

(A.1.16)

Redefining ε2 → ε ,Λ(2) → Λ and

φ(1) → 4φ , V (2)
µ → Vµ , F (1) → −F , ψ2 → ψ , χ1 → χ and m→ 4m ,

(A.1.17)

2Note that the field content given in (A.1.16) is that of a massless N = 2 multiplet. In the massive
case, however, the scalar field φ(1) will disappear after gauge-fixing the Stückelberg symmetry.
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we finally obtain the following massless 3D off-shell multiplet:

δφ =
1

4
ε̄χ−mΛ ,

δVµ = −ε̄γµψ + ∂µΛ ,

δψ =
1

8
γµνFµνε ,

δχ = γµDµφ ε−
1

4
Fε ,

δF = −ε̄γµ∂µχ+ 4mε̄ψ ,

(A.1.18)

where the covariant derivative Dµ is defined as

Dµφ = ∂µφ+mVµ . (A.1.19)

This finishes our description of how to obtain the 3D off-shell massive N = 1 vector
multiplet from a KK reduction and the subsequent truncation onto the first massive KK
sector of the 4D off-shell massless N = 1 vector multiplet.
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Supersymmetric Fierz-Pauli

In this appendix we will extend the discussion of Appendix A to the spin-2 case, skipping
some of the details we explained in the spin-1 case. We will use the same notation here
as in Appendix A.

B.1 Kaluza-Klein Reduction and Truncation

Our starting point is the off-shell 4D N = 1 massless spin-2 multiplet, which consists
of a symmetric tensor ĥµ̂ν̂ , a gravitino ψ̂µ̂ , an auxiliary vector Âµ̂ and two auxiliary

scalars M̂ and N̂ . This corresponds to the linearized version of the ‘old minimal’ su-
pergravity multiplet. The supersymmetry rules, with constant spinor parameter ε, and
gauge transformations of these fields, with local vector parameter Λ̂µ̂ and local spinor
parameter η̂, are given by [92,93]:

δĥµ̂ν̂ = ε̄Γ(µ̂ ψ̂ν̂) + ∂(µ̂ Λ̂ν̂) ,

δψ̂µ̂ = −1

4
Γρ̂λ̂ ∂ρ̂ĥλ̂µ̂ε−

1

12
Γµ̂(M̂ + iΓ5N̂) ε+

1

4
i Âµ̂Γ5ε−

1

12
iΓµ̂Γρ̂Âρ̂Γ5ε+ ∂µ̂η̂ ,

δM̂ = −ε̄Γρ̂λ̂ ∂ρ̂ψ̂λ̂ , (B.1.1)

δN̂ = −i ε̄Γ5 Γρ̂λ̂ ∂ρ̂ψ̂λ̂ ,

δÂµ̂ =
3

2
i ε̄Γ5 Γ ρ̂λ̂

µ̂ ∂ρ̂ ψ̂λ̂ − i ε̄Γ5 Γµ̂Γρ̂λ̂ ∂ρ̂ψ̂λ̂ .

As in the spin-1 case, we first perform a harmonic expansion of all fields and local
parameters, and substitute these into the transformation rules (B.1.1). Projecting onto
the lowest KK massive sector, we then obtain all the transformation rules of the real and
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imaginary parts of the n = 1 modes, as in eq. (A.1.6) for the spin-1 case. We indicate
the real and imaginary parts of the bosonic modes by:

h(1)
µν ≡

1

2

(
hµν,1 + h?µν,1

)
, h(2)

µν ≡
1

2i

(
hµν,1 − h?µν,1

)
,

V (1)
µ ≡ 1

2

(
hµ3,1 + h?µ3,1

)
, V (2)

µ ≡ 1

2i

(
hµ3,1 − h?µ3,1

)
,

φ(1) ≡ 1

2

(
h33,1 + h?33,1

)
, φ(2) ≡ 1

2i

(
h33,1 − h?33,1

)
,

A(1)
µ ≡

1

2

(
Aµ,1 +A?µ,1

)
, A(2)

µ ≡
1

2i

(
Aµ,1 −A?µ,1

)
,

P (1) ≡ 1

2

(
A3,1 +A?3,1

)
, P (2) ≡ 1

2i

(
A3,1 −A?3,1

)
,

M (1) ≡ 1

2
(M1 +M?

1 ) , M (2) ≡ 1

2i
(M1 −M?

1 ) ,

N (1) ≡ 1

2
(N1 +N?

1 ) , N (2) ≡ 1

2i
(N1 −N?

1 ) ,

(B.1.2)

while the fermionic modes decompose into two Majorana modes:

ψ(1)
µ ≡ 1

2

(
ψµ,1 +B−1ψ?µ,1

)
, ψ(2)

µ ≡ 1

2i

(
ψµ,1 −B−1ψ?µ,1

)
,

ψ
(1)
3 ≡ 1

2

(
ψ3,1 +B−1ψ?3,1

)
, ψ

(2)
3 ≡ 1

2i

(
ψ3,1 −B−1ψ?3,1

)
.

(B.1.3)

Next, we use the representation (A.1.8) of the Γ-matrices and decompose the 4-
component spinors into two 2-component spinors as follows:

ψ(1)
µ =

(
ψµ1

ψµ2

)
, ψ

(1)
3 =

(
χ1

χ2

)
,

ψ(2)
µ =

(
χµ1

χµ2

)
, ψ

(2)
3 =

(
ψ1

ψ2

)
,

η(1) =

(
η

(1)
1

η
(1)
2

)
, η(2) =

(
η

(2)
1

η
(2)
2

)
, ε =

(
ε1
ε2

)
.

(B.1.4)

Furthermore, we perform the following consistent truncation of the fields 1

φ(2) = V (1)
µ = h(2)

µν = M (2) = N (1) = P (2) = A(1)
µ = χ2 = ψ1 = ψµ1 = χµ2 = 0 (B.1.5)

1If we take the massless limit before the truncation mentioned, we find two copies of a N = 2
massless spin-2 multiplet plus two copies of a N = 2 massless spin-1 multiplet: see also the text after
(A.1.13).
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and of the parameters

Λ(2)
µ = Λ

(1)
3 = ε1 = η

(1)
1 = η

(2)
2 = ξ = 0 . (B.1.6)

For simplicity, from now on we will drop all numerical upper indices, e.g., φ(1) = φ, and
all numerical lower indices, e.g., ψµ1 = ψµ of the remaining non-zero fields (but not of the
parameters). We find that the transformation rules of these fields under supersymmetry,
with constant 2-component spinor parameter ε, and Stückelberg symmetries, with local
scalar and vector parameters Λ3 ,Λµ , and 2-component spinor parameters η1 and η2 are
given by 2

δhµν = ε̄γ(µψν) + ∂(µΛν) ,

δVµ =
1

2
ε̄γµψ −

1

2
ε̄χµ +

1

2
∂µΛ3 +

1

2
mΛµ ,

δφ = −ε̄ χ−mΛ3 ,

δψµ = −1

4
γρλ∂ρhλµε+

1

12
γµMε+

1

12
γµPε+ ∂µη2 ,

δψ = −1

4
γρλ∂ρVλε−

1

12
Nε− 1

12
γρAρε+mη2 ,

δχµ = −1

4
γρ∂ρVµε+

1

4
mγρhρµε−

1

12
γµNε+

1

4
Aµε−

1

12
γµγ

ρAρε+ ∂µη1 ,

δχ = −1

4
γρ∂ρφε−

1

12
Mε+

1

6
Pε− 1

4
mγρVρε−mη1 ,

δM = −ε̄γρ∂ρχ+ ε̄γρλ∂ρψλ −mε̄γρχρ ,

δN = −ε̄γρ∂ρψ − ε̄γρλ∂ρχλ +mε̄γρψρ ,

δP = ε̄γρ∂ρχ+
1

2
ε̄γρλ∂ρψλ +mε̄γρχρ ,

δAµ =
3

2
ε̄γµ

ρλ∂ρχλ − ε̄γµγρλ∂ρχλ +
1

2
ε̄γµ

ρ∂ρψ − ε̄∂µψ −
1

2
mε̄γµ

ρψρ +mε̄ψµ .

(B.1.7)

This constitutes the massive spin-2 off-shell multiplet.

2The 4D analogue of this multiplet, in superfield language, can be found in [94].
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Appendix C

Off-shell N = 1 Massless
Multiplets

In this appendix we will collect the off-shell formulations of the different 3D massless
multiplets that we have used in the main text, with N = 1 supersymmetry. A useful
reference, where more properties about 3D supersymmetry can be found, is [95]. The
field content of the different multiplets can be found in Table C.0.1.

multiplet fields off-shell on-shell

s = 2 hµν , ψµ , S 4+4 0+0

s = 1 Vµ , N ,Aµ , χµ , ψ 6+6 1+1

s = 0 φ , χ , F 2+2 1+1

gravitino multiplet χµ , Aµ , D 4+4 0+0

vector multiplet Vµ , ψ 2+2 1+1

Table C.0.1: This table indicates the field content and off-shell/on-shell degrees of free-
dom of the different massless multiplets. Only the massless multiplets above the double
horizontal line occur in the massless limit of the FP model.

We will summarize the basic properties of these multiplets below.
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C.1 Spin-2

The off-shell version of the 3D massless spin-2 multiplet is well known. The multiplet
is extended with an auxiliary real scalar field S. The off-shell supersymmetry rules are
given by

δhµν = ε̄γ(µψν) ,

δψµ = −1

4
γρσ∂ρhµσε+

1

2
Sγµε , (C.1.1)

δS =
1

4
ε̄γµνψµν ,

where

ψµν =
1

2

(
∂µψν − ∂νψµ

)
. (C.1.2)

These transformation rules leave the following action invariant:

Is=2 =

∫
d3x

{
hµνGlin

µν (h)− 4ψ̄µγ
µνρ∂νψρ − 8S2

}
. (C.1.3)

C.2 Spin-1

The off-shell ‘mixed gravitino-vector’ multiplet consists of a propagating vector Vµ, an
auxiliary vector Aµ, an auxiliary scalar N , a vector spinor χµ and a spinor ψ. An
on-shell version of this multiplet, called ‘vector-spinor’ multiplet, has been considered
in [65]. The off-shell supersymmetry rules are given by

δVµ = ε̄γµψ −
1

2
ε̄χµ ,

δψ = −1

8
γρλFρλε−

1

12
Nε− 1

12
γαAαε ,

δχµ = −1

4
γαFαµε−

1

8
γµγ

ρλFρλε−
1

6
γµNε+

1

4
Aµε−

1

6
γµγ

αAαε , (C.2.1)

δN = ε̄γα∂αψ − ε̄γαβ∂αχβ ,

δAµ =
3

2
ε̄γ αβ
µ ∂αχβ − ε̄γµγαβ∂αχβ + ε̄γ α

µ ∂αψ + ε̄∂µψ .

Note that this multiplet is irreducible. It cannot be written as the sum of a gravitino
and vector multiplet. These multiplets are given in C.4 and C.5. The supersymmetric
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action for this multiplet is given by

Is=1 =

∫
d3x

{
− FµνFµν −

2

3
N2 +

2

3
AµA

µ − 4χ̄µγ
µνρ∂νχρ − 8ψ̄γµ∂µψ

}
, (C.2.2)

with Fµν = ∂µVν − ∂νVµ .

C.3 Spin-0

The off-shell scalar multiplet consists of a scalar φ, a spinor χ and an auxiliary scalar
F . The off-shell supersymmetry rules are given by

δφ =
1

4
ε̄χ ,

δχ = γµε (∂µφ)− 1

4
Fε , (C.3.1)

δF = −ε̄γµ∂µχ .

The supersymmetric action for a scalar multiplet is given by

Is=0 =

∫
d3x

{
− ∂µφ∂µφ−

1

4
χ̄γµ∂µχ+

1

16
F 2
}
. (C.3.2)

Besides the massless multiplets discussed so far, there is a separate gravitino and
vector multiplet. The vector multiplet is dealt with in Section 7.2 in the massless limit
of the Proca theory. For the sake of completeness, we give these two multiplets below
(see Sections C.4 and C.5).

C.4 Gravitino Multiplet

The off-shell gravitino multiplet consists of a gravitino χµ, an auxiliary vector Aµ and
an auxiliary scalar D. The off-shell supersymmetry rules are given by

δχµ =
1

4
γλγµεAλ +

1

2
γµεD ,

δAµ =
1

2
ε̄γρσγµχρσ , (C.4.1)

δD =
1

4
ε̄γρσχρσ ,
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where

χµν =
1

2

(
∂µχν − ∂µχµ

)
. (C.4.2)

These transformation rules leave the following action invariant:

Is=3/2 =

∫
d3x

{
− 4χ̄µγ

µνρ∂νχρ −
1

2
AµAµ + 2D2

}
. (C.4.3)

C.5 Vector Multiplet

The off-shell vector multiplet consists of a vector Vµ and a spinor ψ. The off-shell
supersymmetry rules are given by

δVµ = −ε̄γµψ ,

δψ =
1

8
γµνε Fµν , (C.5.1)

with Fµν = ∂µVν − ∂νVµ . The supersymmetric action for a vector multiplet is given by

Is=1 =

∫
d3x

{
− 1

4
FµνFµν − 2ψ̄γµ∂µψ

}
. (C.5.2)

This completes our discussion of the different multiplets.



Appendix D

The Newton-Hooke
Superalgebra

In this appendix we will show how the Newton-Hooke (NH) superalgebra can be derived
as a contraction of the AdS superalgebra. With regard to the two supersymmetries,
there are two independent versions of the latter, namely the N = (1, 1) and N = (2, 0)
algebras. Here we use only the N = (2, 0) Algebra, for reasons we will explain below.

We proceed by discussing the contraction of the 3D N = (2, 0) AdS algebra. The
basic commutators are given by (A = 0, 1, 2)

[
MAB ,MCD

]
= 2ηA[CMD]B − 2ηB[CMD]A ,

[
MAB , Q

i
]

= −1

2
γABQ

i ,[
MAB , PC

]
= −2ηC[APB] ,

[
PA, Q

i
]

= xγAQ
i ,[

PA, PB
]

= 4x2MAB ,
[
R, Qi

]
= 2x εijQj ,{

Qiα, Q
j
β

}
= 2[γAC−1]αβPA δ

ij + 2x[γABC−1]αβMAB δ
ij + 2C−1

αβ ε
ijR .

(D.0.1)

Here PA,MAB ,R and Qiα are the generators of space-time translations, Lorentz rota-
tions, SO(2) R-symmetry transformations, and supersymmetry transformations respec-
tively. The bosonic generators PA, MAB and R are anti-hermitian, while the fermionic
generators Qiα are hermitian. The parameter x is a contraction parameter that will be
redefined below in terms of another parameter ω. Note that the generator of the SO(2)
R-symmetry becomes the central element of the Poincaré algebra in the flat limit x→ 0.

To show that the algebra above corresponds to the N = (2, 0) AdS algebra, it is
convenient to define the new generators

MC = εCABM
AB , J±A = PA ± xMA . (D.0.2)
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In terms of these new generators, we obtain the following anticommutation relations:[
J+
A , Q

i
]

= 2xγAQ
i ,

{
Qiα, Q

j
β

}
= 2[γAC−1]αβJ

+
A δ

ij , (D.0.3)

while the charges Qi do not transform under J−A . This identifies the algebra as the
N = (2, 0) AdS algebra.

To make the non-relativistic contraction, we define new supersymmetry charges by

Q±α =
1

2

(
Q1
α ± γ0Q

2
α

)
, (D.0.4)

and rescale the generators with a parameter ω as follows:

P0 = ω Z +
1

2ω
H , R = −ω Z +

1

2ω
H , Ma0 = ωGa ,

Q+ =
1√
ω
Q̃+ , Q− =

√
ω Q̃− .

(D.0.5)

We also set x = 1/(2ωR). Taking the limit ω →∞ and dropping the tildes on the Q±,
we get the following 3D N = (2, 0) Newton-Hooke superalgebra:[
Jab, (P/G)c

]
= −2 δc[a(P/G)b] ,

[
H,Ga

]
= Pa ,

[
H,Pa

]
= − 1

R2
Ga ,[

Jab, Q
±] = −1

2
γabQ

± ,
[
H,Q+

]
= − 1

2R
γ0Q

+ ,
[
H,Q−

]
=

3

2R
γ0Q

− ,[
Ga, Q

+
]

= −1

2
γa0Q

− , [Pa, Q
+] =

1

2R
γaQ

− , (D.0.6){
Q+
α , Q

+
β

}
= [γ0C−1]αβ H +

1

2R
[γabC−1]αβJab ,{

Q+
α , Q

−
β

}
= [γaC−1]αβ Pa +

1

R
[γa0C−1]αβGa .

The central extension Z that leads to the Bargmann version of the NH superalgebra
occurs in the following anticommutation relations:[

Pa, Gb
]

= δab Z ,
{
Q−α , Q

−
β

}
= 2[γ0C−1]αβ Z . (D.0.7)

The reason we do not use the N = (1, 1) AdS algebra for the contraction is essentially
the same as the reason we are interested in N = 2 rather than N = 1 algebras. The
authors of [75] gauged the N = 2 Galilei superalgebra in order to obtain commutator
relations that yield {Q,Q} ∼ H and {Q,Q} ∼ /P , that is, the commutator of two su-
persymmetries gives time- and space-translations. For N = 1 one can have only one of
them. The N = (1, 1) AdS algebra is equal to the direct product OSp(1|2)⊗OSp(1|2).
Taking the non-relativistic contraction thereof amounts to taking the simultaneous con-
tractions of two independent N = 1 algebras. However, we already argued that this
cannot lead to a superalgebra of the desired form.



Appendix E

Non-linear Realizations

In this appendix we obtain the action and transformation rules for the flat Galilean and
Newton-Hooke superparticles by using the method of non-linear realizations [76,77].1 In
the first section we will derive the κ-symmetric action and transformation rules of the
Galilean superparticle: see e.g., [98, 99]. In the second section we will do the same for
the NH superparticle.

E.1 The Kappa-symmetric Galilean Superparticle

The starting point is the N = 2 Bargmann superalgebra given in Chapter 9. We derive
the transformation rules for the coordinates (t, xi, s, θα−, θ

α
+, k

i) using the coset 2

g = eHt ePix
i

eZs eQ
−
α θ

α
− eQ

+
αθ

α
+ eGik

i

. (E.1.1)

This leads to the Maurer-Cartan form

Ω = g−1dg = H LH + . . .− Q̄−L− − Q̄+L+ , (E.1.2)

1For an early application of this method in a situation different from the one considered here, namely
that of the construction of worldline actions of conformal and superconformal particles, see [96,97].

2Note that changing the order of Q+ and Q− operators leads to the same results up to a field
redefinition.
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with the L’s given by

LH = dt− 1

2
θ̄+γ

0dθ+ ,

LZ = ds− θ̄−γ0dθ− +
kiki

2

(
dt− 1

2
θ̄+γ

0dθ+

)
+
(
dxi − θ̄+γ

idθ−
)
ki ,

LiP = dxi − θ̄+γ
idθ− + ki

(
dt− 1

2
θ̄+γ

0dθ+

)
, LiG = dki ,

LabJ = 0 , L− = dθ− −
1

2
γi0dθ+ k

i , L+ = dθ+ .

(E.1.3)

It is convenient to define the line elements

π0 = ṫ− 1

2
θ̄+γ

0θ̇+ , πi = ẋi − θ̄+γ
iθ̇− , (E.1.4)

which are related to the Maurer-Cartan form via the pullbacks

(LH)∗ = π0 , (LP )∗ = πi + kiπ0 . (E.1.5)

The action of the Galilean superparticle is given by the pullback of all L’s that are
invariant under rotations, hence

S = a

∫
(LH)∗ +

∫
(LZ)∗ =

∫
dτ

[
−a

2
θ̄+γ

0θ̇+ − θ̄−γ0θ̇− −
πiπi

2π0

]
, (E.1.6)

where a is a free parameter. Here we replaced the Goldstone field ki by its equation of
motion ki = −πi/π0. This procedure is known as the inverse Higgs mechanism [100]:
see also [101]. The bosonic transformations of the embedding coordinates are given by:

δt = −ζ , δxi = λikx
k − ai + vit+

vkεki
4

θ̄+θ+ ,

δθ+ =
1

4
λabγabθ+ , δθ− =

1

4
λabγabθ− +

vi

2
γi0θ+ ,

(E.1.7)

and the supersymmetry transformations are

δt =
1

2
ε̄+γ

0θ+ , δxi = ε̄+γ
iθ− , δθ± = ε± . (E.1.8)

These transformations leave the action (E.1.6) and all L’s, in particular the line elements
(E.1.4), invariant.

To derive an action that is invariant under κ-transformations, we need to find a
fermionic gauge transformation that leaves LH and/or LZ invariant. 3 The variation

3The case of the SU(1, 1|2) superconformal particle is discussed in [102].
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of LH and LZ under gauge transformations is given by

δLH = d[δzH ]− L̄+γ
0[δz+] , (E.1.9)

δLZ = d[δzZ ]− 2L̄−γ
0[δz−]− δab

(
LaP [δzbG]− LaG [δzbP ]

)
. (E.1.10)

For their κ-transformations, we find, using the explicit expressions for L+ and L−,

(δLH)∗ = [δz̄+]γ0θ̇+ , (E.1.11)

(δLZ)∗ = 2[δz̄−]γ0
(
θ̇− −

1

2
γi0θ̇+ k

i
)
. (E.1.12)

It follows that to obtain a κ-symmetric action, we need to take the pullback of either
LH or LZ , with [δz+] = 0 or [δz−] = 0, respectively. We focus here on the second case,
i.e., we choose a = 0. Then the action and κ-symmetry rules are given by

S =

∫
(LZ)∗ , [δz+] = κ , [δz−] = 0 , (E.1.13)

where κ is an arbitrary (local) parameter. Using this, we find the following κ-transformations
of the coordinates:

δt = −1

2
κ̄γ0θ+ , δxi = − πj

2π0
θ̄+γ

iγj0κ , δθ+ = κ , δθ− = − πi

2π0
γi0κ . (E.1.14)

The corresponding κ-symmetric action is given by

S =

∫
dτ

m

2

[
−2θ̄−γ

0θ̇− −
πiπi

π0

]
. (E.1.15)

To compare this to the action and transformation rules given in Chapter 9 one needs
to make the following redefinitions

t→ −t , xi → −xi +
1

2
θ̄+γ

iθ− , π0 → −π0 , πi → −πi , (E.1.16)

and rescale all spinors by 1/
√

2.

E.2 The Kappa-symmetric Newton-Hooke Superpar-
ticle

The previous section was a warming-up exercise for the derivation of the NH super-
particle which is a deformation of the Galilean superparticle with factors of 1/R and
1/R2. Here, we give only the main results. Starting from the NH superalgebra given in
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Appendix D we choose the same coset as in the previous subsection, see eq. (E.1.1), and
find the following expressions for the L’s:

LH = dt
(
1− 1

4R
θ̄+θ+

)
− 1

2
θ̄+γ

0dθ+ ,

LiP = dxi
(
1 +

1

4R
θ̄+θ+

)
+

dt

2R

(
3θ̄+γ

0iθ− −
xkεki
2R

θ̄+θ+

)
− θ̄+γ

idθ− + ki LH ,

LZ = ds+
dt

2R

(xixi
R

+ 3 θ̄−θ−
)
− θ̄−γ0dθ− + ki LiP −

kiki

2
LH ,

LiG =
dt

R

(
− xi

R
− xi

4R2
θ̄+θ+ +

3

2R
θ̄+γ

iθ−
)
− dxkεki

4R2
θ̄+θ+ −

1

R
θ̄+γ

i0dθ−

− 2kk LkiJ + dki ,

LabJ = −dt εab
8R2

θ̄+θ+ −
1

4R
θ̄+γ

abdθ+ ,

L− = dθ−
(
1− 1

2R
θ̄+θ+

)
− dt

2R

(
3γ0θ− −

3

2R
γ0θ−θ̄+θ+ −

xi

R
γi0θ+

)
− dxi

2R
γiθ+

− ki

2
γi0 L+

L+ = dθ+ +
dt

2R
γ0θ+ .

(E.2.1)

As before, we use LiP and LH to define line elements using the definition (E.1.5). This
will be useful when we write an action.

Using the Maurer-Cartan form, one can derive the transformation rules of the Gold-
stone fields that realize the NH superalgebra (D.0.6). We find that the bosonic trans-
formation rules are given by

δt = −ζ ,

δxi = λikx
k − ai cos

t

R
+
akεki
4R

sin
t

R
θ̄+θ+ + viR sin

t

R
+
vkεki

4
cos

t

R
θ̄+θ+ ,

δθ+ =
1

4
λabγabθ+ ,

δθ− =
1

4
λabγabθ− +

ai

2R
sin

t

R
γi0θ+ +

vi

2
cos

t

R
γi0θ+ .

(E.2.2)

We do not give the transformation rules for ki and s since we do not need them in the
following. The transformation rules under the ε−-supersymmetry transformations are
given by

δθ− = ε−(t) = exp
( 3t

2R
γ0

)
ε− , (E.2.3)
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while all others fields are invariant (except s). This transformation leaves the line
elements invariant. For the ε+-transformations, we find the following rules

δt =
1

2
ε̄+(t)γ0θ+ , δxi = ε̄+(t)γiθ−

(
1− 1

4R
θ̄+θ+

)
,

δθ+ = ε+(t)
(
1− 1

8R
θ̄+θ+

)
,

δθ− =
xi

2R
γiε+(t)

(
1 +

1

4R
θ̄+θ+

)
− 1

2R
γiθ+ε̄+(t)γiθ− +

3

4R
γ0θ−ε̄+(t)γ0θ+ ,

(E.2.4)

with

ε+(t) = exp
(−t

2R
γ0

)
ε+ . (E.2.5)

We are now ready to derive the action and κ-transformation rules. As in the Galilean
case, we need to require the action to consist either of the pullback of LH or LZ but not
both, together with [δz+] = 0 or [δz−] = 0, respectively. We focus again on the second
case, i.e. we take

S =

∫
(LZ)∗ , [δz+] = κ , [δz−] = 0 , (E.2.6)

with κ an arbitrary (local) parameter. Together with the rescalings (E.1.16) and R →
−R, this leads to the action and transformation rules of the κ-symmetric NH superpar-
ticle given in Section 9.5: see eqs. (9.5.5) and (9.5.8). After fixing the κ-symmetry by
imposing the condition θ+ = 0, these formulas reduce to those of the NH superparticle
given in Subsection 9.4.1.
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Appendix F

The Newton-Cartan
Newton-Hooke Superparticle:
Some Useful Formulas

In this appendix we collect a few formulas that are needed to show that the NC NH
superparticle action (9.4.14) is invariant under the bosonic and fermionic symmetries
given in Subsection 9.4.3.

The transformation rules of the background fields of NC NH supergravity are given
by those of NC supergravity, plus the 1/R corrections denoted in eqs. (9.4.10) and
(9.4.11). The curvatures can be derived directly from the NH superalgebra (D.0.6),
with an obvious redefinition of mµ:

R̂µν(H) = 2∂[µτν] −
1

2
ψ̄+[µγ

0ψν]+ ,

R̂µν
a(P ) = 2∂[µeν]

a − 2ω[µ
abeν]b − 2ω[µ

aτν] − ψ̄+[µγ
aψν]− ,

R̂µν
a(G) = 2∂[µων]

a − 2ω[µ
abων]b +

2

R2
e[µ

aτν] −
1

R
ψ̄[µ−γ

a0ψν]+ ,

R̂µν
ab(J) = 2∂[µων]

ab +
1

2R
ψ̄µ+γ

abψν+ ,

R̂µν(Z) = 2∂[µ

(
mν] + τν]

(xρeρ
a)2

2R2

)
− 2ω[µ

aeν]a − ψ̄µ−γ0ψν− ,

ψ̂µν+ = 2∂[µψν]+ −
1

2
ω[µ

abγabψν] +
1

R
τ[µ γ0ψν]+ ,

(F.0.1)

ψ̂µν− = 2∂[µψν]− −
1

2
ω[µ

abγabψν]− + ω[µ
aγa0ψν]+ −

3

R
τ[µγ0ψν]− −

1

R
e[µ

aγaψν]+ .
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One needs to impose a set of constraints on these curvatures in order to solve for the de-
pendent field or impose the equations of motion. More explicitly, the curvatures R̂µν

a(P )

and R̂µν(Z) do not change with regard to the NC case discussed in [75]. Therefore one

can still use these by setting R̂µν
a(P ) = R̂µν(Z) = 0 to solve for ωµ

ab and ωµ
a in terms

of the other fields. Furthermore, one can impose the additional constraints:

R̂µν(H) = ψ̂µν+ = R̂µν
ab(J) = 0 . (F.0.2)

In order to obtain on-shell closure of the supersymmetry algebra on the background
fields, the curvature ψ̂µν− needs to obey

γµτνψ̂µν− = 0 ; eµae
ν
bψ̂µν− = 0 . (F.0.3)

The additional constraints (F.0.2) and the equations of motion (F.0.3) are needed to
prove invariance for the NC NH superparticle action (9.4.14).
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Samenvatting

Zwaartekracht is de oudste kracht die we kennen, maar tegelijkertijd de minst begrepen.
Wanneer we spreken van zwaartekracht doelen we vaak op de gravitatiewet van Newton,
welke hij publiceerde in de zeventiende eeuw in zijn Philosophiae Naturalis Principia
Mathematica. Zijn wetten beschrijven nauwkeurig de beweging van hemellichamen, en
hebben zelfs bijgedragen aan de ontdekking van nieuwe planeten. Het werk is een van
de invloedrijkste publicaties ooit verschenen in de exacte wetenschappen. Toch worden
niet alle bewegingen verklaart door Newtons werk, waaronder de baan van Mercurius,
wat men deed vermoeden dat de gravitatiewet wellicht niet een complete theorie is.
Vele eeuwen bleef deze vraag onbeantwoord, totdat Einstein in 1905 zijn speciale rela-
tiviteitstheorie publiceerde. Tien jaar later volgde hierop een aanvulling, de algemene
relativiteitstheorie, waarin ook geometrische zwaartekrachtsvelden in beschouwing wer-
den genomen. De algemene relativiteitstheorie boodt een verklaring voor de afwijkende
baan van Mercurius, maar bijvoorbeeld ook dat licht afkomstig van een ster door de
zwaartekracht van de zon wordt afgebogen.

De algemene relativiteitstheorie is een moderne aanvulling op de zwaartekrachtwet,
waarin hypothetische zwaartekrachtsdeeltjes worden beschreven; de graviton, die mas-
saloos is en spin-2 heeft. Het geeft een nauwkeurige beschrijving van gravitatiekrachten
in een lage energietoestand en bij grote afstanden. Het voorspelt bijvoorbeeld op zeer
nauwkeurige wijze de periheliumprecessie van Mercurius, en de deflectie van licht rond
zware massas. De gravitatiewet van Newton kan gezien worden als een non-relativistische
limiet van algemene relativiteit. In dit proefschrift gaan we in op relativistische algemene
relativiteit alsmede haar non-relativistische limiet, Newtoniaanse zwaartekracht. Verder
behandelen we extensies van algemene relativiteit, en nieuwe toepassingen van Newto-
niaanse zwaartekracht. Ook al is de algemene relativiteitstheorie de beste theorie waar
we tot op heden over beschikken, men loopt tegen een aantal problemen aan wanneer
we praten over infrarode en ultraviolette energien op het spectrum. Waargenomen ro-
tatiecurves van het heelal in het infrarode spectrum kunnen niet worden verklaart door
de algemene relativiteitstheorie, wat heeft geleid tot de hypothetische donkere materie.
Een ander probleem van de algemene relativiteitstheorie betreft de kosmologische con-
stante. De gemeten waardes van de kosmologische constante zijn een aantal ordes van
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grootte kleiner dan de voorspelde waardes. Dit heeft betrekking tot het donkere energie
probleem. Donkere energie manifesteert zich als een afstotende kracht en domineert
in het heelal, maar de exacte aard is nog verre van bekend. In het ultraviolette spec-
trum, waar energien hoog zijn, spelen kwantum effecten een belangrijkere rol. Zulke
effecten zijn nodig wanneer we processen willen beschrijven die direct na de Big Bang
plaatsvonden, of in de naburigheid van een zwart gat. Echter, tot dusver heeft men nog
geen theorie ontwikkelt die kwantummechanica met algemene relativiteit kan verenigen.
Een theorie van die orde noemt men kwantumgravitatie. Momenteel zijn er een aantal
voorbeelden bekend van kwantumgravitatietheorien, waaronder de snaartheorie. Het is
echter nog niet duidelijk of de snaartheorie een correcte beschrijving biedt van het heelal
waar we in leven. De ontdekking van een allesomvattende kwantumgravitatietheorie is
daarom een van de heilige gralen binnen de moderne theoretische natuurkunde.

Er zijn talloze pogingen gedaan om een allesomvattende kwantumgravitatietheorie
te formuleren. Desalnietemin is niemand er nog in geslaagd dit punt te bereiken. Het
kwantiseren van zwaartekracht vergt de overbrugging van enkele technische obstakels.
Algemene relativiteit is een gecompliceerde non-lineaire theorie, en in essentie een ge-
ometrische theorie van ruimte-tijd. Het kwantiseren van zwaartekracht vereist daarom
het kwantiseren van ruimte-tijd zelf. Simpel gezegd weten we nog niet wat dit betekend.
Omwille van de meervoud aan technische problemen opteert men doorgaans voor meer
eenvoudigere modellen die de meer essentile kenmerken van algemene relativiteit omvat-
ten, zonder de daarbij horende computationele barrires. Een van de compromissen die
hierbij hoort is om algemene relativiteit te beschouwen in minder dimensies. Algemene
relativiteit in 2 + 1 dimensies, ofwel twee ruimte dimensies en één tijdsdimensie, is een
voorbeeld van zon vereenvoudigd model.

In dit proefschrift hebben we verschillende extensies en aanpassingen van algemene
relativiteit onderzocht. De inhoud van dit proefschrift is daarom in drie delen verdeeld:
massieve zwaartekracht, extensies van massieve zwaartekracht, en non-relativistische
zwaartekracht.

Massieve zwaartekracht verwijst naar alle aangepaste versies van algemene relativiteit
die aannemen dat het graviton massa heeft in plaats van massaloos is. Dit veranderd het
gravitatie potentiaal, wat invloed kan hebben op voorspellingen van de kosmologische
constante. Deze aanpassing is echter niet eenvoudig, omdat hierdoor meer vrijheids-
graden worden geintroduceerd, die kunnen leiden tot zogenoemde “ghosts”: deeltjes
met negatieve kinetische energie. Er zijn twee manieren om de graviton massa te geven.
Massa termen kunnen worden toegevoegd door het te introduceren aan een actie, of als
alternatief door hogere-afgeleide termen te introduceren. In dit proefschrfit richten we
ons tot de Fierz-Pauli theorie, waarin we uitleggen hoe men massa aan het graviton kan
introduceren door explictiete massa termen aan een actie toe te voegen. Middels de
“boosting-up” procedure en de Fierz-Pauli vergelijkingen voor spin-2 in drie dimensies,
verkregen we de lineaire versie van nieuwe massieve zwaartekracht (NMG), een drie-
dimensionale hogere orde afgeleide gravitatietheorie. Tevens geven we commentaar op
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de oneven-pariteitsversie, topologische massieve zwaartekracht (TMG).

We beschrijven drie extensies van NMG: hogere spin extensies, extensies naar hogere
dimensies, en supersymmetrische extensies. Wat betreft hogere spins zijn algemene rel-
ativiteit en NMG gebasseerd op de aanname dat het graviton wordt gekenmerkt door
een massaloosheid en massief spin-2 deeltje respectievelijk. Daarentegen wordt er bij de
snaartheorie, een kandidaat voor kwantumgravitatite, voorspelt dat er een oneindig aan-
tal massieve spin deeltjes bestaan. Dit heeft ons gemotiveerd om hogere spin extensies
bij algemene relativiteit en NMG te onderzoeken. De zoektocht naar massaloze hogere
spins begon bij Fronsdal, die in 1978 een ijktheorie voorstelde, waarin hij integere hogere
spins beschreef, alsmede spin-2, spin-4, etc. Eerder werk van Fierz en Pauli liet zien hoe
men vrije massieve hogere spin deeltjes kon beschrijven. Omdat NMG een theorie is
waarin massieve spin-2 deeltjes interactie met elkaar aangaan, is het natuurlijk om het
bestaan van andere soortgelijke interactieve modellen ook in beschouwing te nemen.
We onderzochten de extensies naar bosonische hogere spins in drie dimensies, gebruik
makend van dezelfde “boosting-up” procedure voor arbitraire (bosonische) hogere spins
in drie dimensies. Op die manier verkregen we hogere spin NMG- en TMG-achtige
modellen, en gaven we expliciete voorbeelden voor spin-4. Tevens beschreven we een
algemene methode en verklaarde we hoe men de acties van zulke hogere spin modellen
kan construeren. Ook gaven we commentaar op de noodzaak om auxiliaire velden te
introduceren voor deze doeleinden.

Wat betreft de extensie naar hogere dimensies gebruikten we specifieke vertegenwo-
ordigingen voor hogere spin velden in verschillende dimensies. For zowel NMG als TMG
vermeden we massaloze spin modellen, omdat deze “ghosts” kunnen doen verschijnen.
Ook limiteerden we ons tot Klein-Gordon operators die ontbonden kunnen worden in
factoren om zodoende TMG-achtige modellen te verkrijgen. Deze criteria benvloedde
onze resultaten zodanig dat we concludeerden dat enkel voor de velden beschreven door
Young tableaux met hoogte 2k - 1 in 4k - 1 dimensies, we NMG- en TMG- achtige hogere
dimensie modellen konden construeren.

De derde extensie die we in beschouwing namen was de supersymmetrische exten-
sie van NMG, die noodzakelijkerwijs massieve fermionen bevat. Binnen deze extensie
werkt het massieve graviton (spin-2) samen met een massieve gravitino, wat een spin-3/2
deeltje is. De supersymmetrische extensies van NMG zijn al eerder geformuleerd, echter
in dit proefschrift beschreven we een lager afgeleide versie van supersymmetrische NMG
extensies. In het bijzonder boden we een verklaring voor het verkrijgen van de 3D off-
shell massieve spin-2 multiplet van de Kaluza-Klein reductie en truncatie. Samen met
de massaloze multiplet construeerde we lineaire supersymmetrische NMG zonder hogere
afgeleiden, maar in plaats van met auxiliaire velden. Bovendien beschreven we hoe het
introduceren van auxiliaire velden kan leiden tot lager afgeleide versies van supersym-
metrische acties. Het laatste deel van dit proefschrift richt zich tot non-relativistische
zwaartekracht. Toen Einstein zijn zwaartekrachtwet in 1915 opstelde, bereikte hij twee
dingen tegelijkertijd. Ten eerste breidde hij de non-relativistische Newtoniaanse the-
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orie uit door Galilei symmetrien te verlengen met Lorentz symmetrien. Ten tweede,
en onafhankelijk hiervan, boodt hij een formulatie voor de zwaartekrachtswetten die
voor elk referentiekader goldt. Om dit te bereiken moest hij deze wetten formuleren
binnen Riemanniaanse geometrie. Binnen deze context kan men zich afvragen wat het
arbitraire kader is om Newtoniaanse zwaartekracht te formuleren. Bepaalde effecten,
waaronder de Coriolis kracht, worden enkel ervaren binnen een roterend referentiekader,
en niet binnen een kader van constante (op Aarde-gebasseerde) versnelling. Het is
daarom zeer belangrijk om een formulatie binnen een arbitraire kader voor Newtoniaanse
zwaartekrachtswetten te vinden. Cartan slaagde hierin in 1923. De theorie die hij op-
stelde wordt ook wel de Newton-Cartan theorie genoemd, en de onderliggende geometrie
bijpassend Newton-Cartan geometrie. Binnen het arbitraire kader is het eenvoudig om
een formulatie op te stellen die valide is binnen een beperkt aantal kaders door bepaalde
Newton-Cartan gravitatievelden te gauge fixeren. Via deze weg kunnen door naar Galilei
zwaartekracht of Newtoniaanse zwaartekracht, welke enkel valide zijn binnen bepaalde
kaders. In dit proefschrift laten we zien hoe men de Newton-Cartan zwaartekrachtwet
kan verkrijgen door te ijken met Bargmann alebra, middels dezelfde methode hoe men al-
gemene relativiteit kan verkrijgen door te ijken met Poincare algebra. Verder bespreken
we om de non-relativistische limiet van de theorie te onderzoeken men contractie al-
gebra moet toepassen. Ook hebben we de symmetrien van non-relativistische deeltjes
onderzocht in een vlakke achtergrond en een gebogen AdS achtergrond. In hoofdstuk
9 breidden we de discussie uit naar supersymmetrien. We beschrijven hoe non- rela-
tivistische superdeeltjes bewegen in verschillende achtergronden, en onderzochten hun
symmetrieën.

Met de resultaten van dit proefschrift kan men een aantal interessante richtingen
opgaan. Een generalisatie van onze resultaten zou zijn om van superdeeltjes naar su-
persnaren, of zelfs naar super p-branen te gaan. Dit vereist een snaar generalisatie van
de non- relativistische limieten die we hier hebben besproken. Non-relativistische super-
snaar in een vlakke achtergrond is al eens in beschouwing genomen in de literatuur. Voor
een non-relativistische gebogen achtergrond kan men holografie in een non-relativistische
setting toepassen, en de corresponderende non-relativistische supersymmetrische gren-
stheorie onderzoeken. Voor deeltjes of superdeeltjes die in drie ruimte-tijd dimensies
bewegen bevat Galilei algebra een tweede centrale lading die tevens bijgevoegd kan wor-
den. Dit zal leiden tot non-communicatieve, non-relativistische deeltjes of superdeelt-
jes, waar de ingebedde coordinaten non-communicatief zijn met betrekking tot Dirac
brackets. Tot slot vonden we dat sommige van onze superdeeltjes 1/2 BPS zijn, wat
recente resultaten voor relativistische superdeeltjes bevestigd. Het zou interessant zijn
om te bevestigen of de stelling “alle superdeeltjes zijn BPS” ook toe te passen is op
non-relativistische superdeeltjes.

Non-relativistische theorien blijken relevante toepassingen te hebben in andere takken
van de natuurkunde, bijvoorbeeld in gecondenseerde materie natuurkunde. Men zou
kunnen onderzoeken of non-relativistische symmetrie of supersymmetrische principes ons
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begrip rondom Sons model voor het Kwantum Hall effect kan vergroten. Dit zou zeer
interessante resultaten opleveren en een beter begrip rondom symmetrische principes in
het algemeen.
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koju su mi pružile tokom doktorskih studija. Bela, hvala ti na toplim osmijesima i na
lijepim poklonima. Slavice, hvala ti na svim šaljivim komentarima. Marice, hvala ti
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