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Chapter 1

General Introduction

1.1 Motivation

The living cell is a complex system of interactingmolecules, in which genes are transcribed
into RNAs and translated into proteins, which adopt various three-dimensional structures
to carry out particular cellular functions. Most biological characteristics arise from com-
plex interactions between the cell’s numerous components. Therefore, a key challenge for
biology is to understand the structure and the dynamics of the complex inter- and intra-
cellular web of interactions that contribute to the structure and function of a living cell.

The behavior of most complex systems, from the cell to the Internet, emerges from
the orchestrated activity of many components that pairwise interact with each other. At
a highly abstract level, these components can be reduced to a series of nodes that are
connected to each other by links, where each link represents the interaction between two
components. The nodes and links together form a network or, in more formal language, a
graph.

Establishing cellular networks is not trivial. Physical interactions between molecules,
such as protein–protein, protein–nucleic-acid and protein–metabolite interactions, can be
conceptualized using the node-link nomenclature. Nevertheless, more complex functional
interactions can also be considered within this representation.

Molecular interactions are captured by different high-throughput biotechnologies and
modeled with different types of networks. Individual analyses of molecular networks have
revealed that molecules involved in similar functions tend to group together in a network,
leading to better understanding of, e.g., gene functions (Sharan et al., 2007; Pržulj and
Malod-Dognin, 2016) and molecular organization of the cell (Mitra et al., 2013) and to im-
proved therapeutics (Barabási et al., 2011; Menche et al., 2015).
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Various types of interaction networks, (including SNP-SNP interaction, gene-gene in-
teraction, protein–protein interaction, metabolic, signaling and transcription-regulatory
networks) provide essential but limited information about the phenomenon under study.
For example, a disease is rarely the consequence of a single mutated gene, or of a single
broken molecular interaction. Rather, it is the product of multiple perturbations of com-
plex interactions within and across cells, and even interactions between cell’s components
and environmental factors. Therefore, none of these networks are independent, instead
they form a ‘network of networks’ that is responsible for the behavior of the living cell.

In short, a key aim of postgenomic biological research is to systematically catalog all
molecules and their interactions within a living cell. There is a clear need to understand
how these molecules and the interactions between them determine the function of this
enormously complex machinery, both in isolation and when surrounded by other cells.
Graphical models are phenomenological descriptions of the underlying genetic reality, but
contain just enough ingredients to discover interesting biology.

In this thesis, we have developed statistical methods that capture the underlying struc-
ture of the genetic process in terms of

• Functional internal interactions within the system (such as intra- and inter chro-
mosomal interactions network, gene-gene interactions, protein-protein interactions,
chapter 2)

• Spatial structure within the system (e.g., linkage map construction, chapter 3)
• Functional external interactions (e.g., genotype-phenotype networks, and genotype-
phenotype-environment interactions network, chapter 4)

• The structure and the dynamics of the complex inter- and intra-cellular of interac-
tions that contribute to the structure and function of a living cell. (e.g., intra-and
inter-time slice interactions among genotype, phenotypes, and environments which
have been measured across different time points, chapter 5).

1.2 Some basic genetics

In diploid individuals the basic genetic material or DNA in each cell is packaged into pairs
of homologous strings or chromosomes. Humans are diploid beings, for example, and
have 23 such pairs, 22 of which are called the autosomes and the remaining pair are the
sex chromosomes. For a given individual, one chromosome in each pair derives from the
DNA of his mother and the other from the DNA of his father. A specific segment of a
chromosome is known as a locus or genetic marker. Different forms that can be assumed



1.2 Some basic genetics 3

 
 
 
 
 

                                               maternal   paternal                   gametes 
                                                          (haplotypes)                  (recombinants) 

Fig. 1.1 Schematic representation of meiosis showing the chromosomes which form the gametes
containing some maternal and some paternal DNA after crossing over has occurred

by the DNA at a locus, or different variants of a gene, are called alleles. We use the term
alleles to refer to the entity transmitted from parent to offspring. The pair of alleles at
any locus (one on each chromosome in the pair) is known as the genotype. A potentially
observable macroscopic feature is called a phenotype (e.g., height, blood type in humans
and flowering time, leaf size in plants).

If both alleles are of the same type, we say that the genotype is homozygous, whereas
differing allelic types yield a heterozygous genotype. According to Mendel’s first law
which has formed the basis for modern genetics, any given characteristic of an individ-
ual is determined by two discrete factors, or genes, one of which is a copy of one of the
corresponding pair in his mother and the other a copy of one of the paternal pair. Further-
more, an individual passes a copy of, that is, segregates a randomly chosen one of his two
genes to each of his children, independently for different segregations and independently
of segregations from the other parent. When genes segregate with equal probability 1

2
, we

have what is known as Mendelian segregation. This is often assumed for autosomal traits.
Mendel’s second law states that segregations of genes at different loci are independent.
This is now known not to be true in general: these segregations may be correlated if the
loci are close together on the same chromosome or linked. During gamete formation in
a process called meiosis (see Figure 1.1), the maternal and paternal copies of a particular
chromosome in an individual pair up. Breaks occur at several random positions which al-
low for the exchange of segments of chromosome within the pair. A location at which the
DNA switches from the parent’s maternal to paternal DNA, or from paternal to maternal,
is known as a crossover. The correlation in segregations between linked loci is due to the
fact that it is highly unlikely that a crossover will occur between two loci which are phys-
ically close on the chromosome. Loci which are “far apart” or on different chromosomes
are more likely to segregate independently in accordance with Mendel’s second law.
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1.2.1 Probabilistic model of meiosis

In order to derive an appropriate probability model for the array of meiosis indicators, also
called inheritance indicators, X we first outline the events in the biological process of meio-
sis. During meiosis the resulting chromosomes, which are mixtures of the maternal and
paternal chromosome segments, separate and one of each pair is passed to the gamete–the
genetic contribution from a single parent to the next generation. In an offspring gamete
resulting from a meiosis i, between any two loci j and j′, a recombination occurs if the
DNA at those locations derived from two different parental chromosomes: Xi,j ̸= Xi,j′ .
The probability of this event is the recombination fraction r between the two loci which
is defined as the probability that the genetic markers segregating to the gamete at these
loci come from different parental chromosomes. For loci close together, the recombina-
tion fraction is almost zero r ≈ 0, so the two alleles in the gamete (and hence the future
offspring) will tend to have the same grandparental origins. Under assumptions of the
meiosis model for most diploid species, the maximum value r is 1/2, indicating that the
loci are segregating independently. We assume the absence of genetic interference. This
assumption implies that crossovers arise as a Poisson process (rate 1 per Morgan), and
hence that the occurrences of recombination in disjoint intervals of the chromosome are
independent. In this case the inheritance vectors X·,j are first-order Markov in j

Pr(X) = P (X.,1)
l∏

j=2

Pr(X·,j | X·,j−1)

where l is number of loci. We have specified a model for X , but X is not observed. In
a genetic model the latent genotypes can be connected to the observable data Y through
observed number of reference allele at location j. For example, Xj = AA is one possible
genotype for a diploid species at marker location j that includes two copies of the desirable
allele A at location j, Yj = 2. (More details will be discussed in Section 3.2.3)

1.2.2 Genetic map

A recombination occurs between two loci if there is an odd number of crossovers between
them in that meiosis. The genetic map distance between two loci is defined as the expected
number of crossovers that occur between them in a gamete and is measured in units called
Morgans (or often centiMorgans, for convenience). Note that genetic distance is defined
through the meiosis process. Various mapping equations exist (Ott, 1999) relating map
distance to recombination fractions. Haldane mapping function assumes that crossovers
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occur as a Poisson process with rate 1 per Morgan and that the numbers of crossovers
in nonoverlapping intervals are independent. Under this model of no interference, the re-
lationship between α, the genetic distance between any two loci, and the corresponding
recombination fraction r is given by

r =
1

2
(1− e−2α),

and inverse
α = −1

2
log(1− 2r).

Because they are expectations, map distances are additive and hence may be more con-
venient to work with from a computational viewpoint than the recombination fraction. In
a probabilistic model, however, it is more natural to think of linkage using recombination
fractions. For this reason, it is common to alternate between the two quantities within an
analysis using an appropriate mapping function and the two terms are often used inter-
changeably.

1.2.3 Genetic linkage study

In genetic linkage studies, the aim is to localize the genetic markers for some traits of
interest by mapping their positions relative to known marker loci within the pedigrees
being studied. A genetic marker locus can be defined as a position on a particular chro-
mosome which is characterized by a specific DNA sequence or observable variations in
the sequence. Marker loci themselves do not necessarily have an effect on the trait under
consideration. Good estimation of the recombination fraction is often restricted by the
pedigree size and structure and so a linkage analysis is generally viewed as a first step in
the mapping process with the aim of identifying a general chromosomal region of interest.
The precise location of the gene is then determined by a study giving finer resolution using
linkage disequilibrium mapping, for example see (Heath, 2003).

A genetic trait for which the expressed phenotype corresponds to a genotype at a single
locus is called a Mendelian or single-locus trait. Such traits are generally well-understood
and many have been successfully mapped over the last two decades using standard tech-
niques. Examples include cystic fibrosis (Riordan et al., 1989) and Duchenne’s muscular
distrophy (Monaco et al., 1985). The human ABO blood group is an example of a discrete
Mendelian trait whereby the observed phenotypes can be classified into distinct categories.
A quantitative trait has a phenotype which is affected by the simultaneous segregation of
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many genes at many loci (we call this polygenic variation) and may, in addition, have some
nongenetic variation superimposed (Falconer, 1975). Quantitative traits can exhibit varia-
tion on a continuous scale (e.g., height, weight, etc.) but can also be discrete as in threshold
traits. A quantitative trait locus (QTL) can be thought of as a segment of chromosome af-
fecting a quantitative trait but whose effect is not large enough to cause an observable
discontinuity and is hence not detectable using Mendelian methods. More generally, com-
plex genetic traits are those for which the simple correspondence between genotype and
phenotype breaks down (Lander et al., 1994). They include discrete, continuous and quan-
titative traits and may also have multivariate phenotypes measured on either discrete or
continuous scales. They can also have interaction effects in that the underlying genotype
effects on the trait phenotype may vary with age and sex, for example, and various en-
vironmental factors may have to be accounted for. Coronary heart disease is an example
of such a trait: despite the strong evidence for a genetic component to heart disease, few
genes have been identified which clearly influence the risk of developing the condition
(Thompson and Wijsman, 1990). For a more detailed discussion of the basic genetic con-
cepts introduced in this section, see Thompson (2000) and Sham (1998).

1.3 Graphical models

Graphical models provide a principled approach to dealing with uncertainty through the
use of probability theory, and an effective approach to coping with complexity through the
use of graph theory. Based on the nature of edges in the resulting network they are cate-
gorized into three general types : undirected graphical model, also called Markov random
fields (MRFs), directed graphical models, and more complex types are chain graph models
that contain both directed and undirected edges but without any directed cycles (i.e. if
we start at any vertex and move along the graph respecting the directions of any arrows,
we cannot return to the vertex we started from). In this thesis, we focus on undirected
graphical models and chain graph models.

In general graphical models use a graph to represent conditional dependencies between
random variables. Having a graphical representation of the dependencies enables one to
have a better understanding of the relations between random variables. To undertake a
formal definition of a graphical model we first introduce a notion of conditional indepen-
dence. Our exposition is mainly based on Lauritzen (1996). Other useful references are
Whittaker (2009); Rue and Held (2005); Edwards (2012); Vogel and Fried (2010).

Definition 1.1. The random vectors Y and Z are conditionally independent givenX if and
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Fig. 1.2 A Bayesian network over five random variables. Vertices are labeled with random variable
names (A to E); edges correspond to direct dependencies.

only if
fY Z|X(y, z|x) = fY |X(y|x)fZ|X(z|x)

for all values of y and z and for all x for which fX(x) > 0. This is written as Y Z|X .

Consider a random vector Y = (Y1, . . . , Yp)
τ . We are interested in relations of the type

YA YB|YC where YA shows (Yi)i∈A and A, B, C are subsets of the set V = {1, . . . , p}.
The aim is to have a graph that describes the probability distribution of the vector Y . In
this thesis, a graph is a pair G = (V,E), where V = {1, 2, ..., p} is a finite set whose
elements are called nodes or vertices and E is a subset of pairs of distinct values from V ,
whose elements are called edges. Thus our graphs are finite–have a finite set of nodes and
there are no edges that connect a node to itself (loops).

In order to bring together random vector Y and graph G we assign to every random
variable Yi a node i ∈ V and to any pair {Yi, Yj} of random variables an edge {i, j} ∈ E.
In this context, instead of YA YB|YC we write

A B | C.

1.3.1 Directed acyclic graphical models

A class of models are Bayesian networks, where the joint distribution over a set X =

X1, . . . , Xp of random variables is represented as a product of conditional probabilities.
A Bayesian network associates with each variableXj a conditional probability P (Xj|Uj),
where Uj =

⋃
i parent jXi is the set of variables that are called the parents of Xj . Intu-

itively, the values of the parents directly influence the choice of value forXj . The resulting
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Fig. 1.3 An undirected network over five variables, and a product form that induces this graph
structure. This is a product of four potential functions, each a function of a subset of the variables.

product is of the form
P (X1, . . . , Xp) =

∏
j

P (Xj|Uj) (1.1)

The graphical representation is given by a directed graph where we put edges from Xj’s
parents to Xj (Figure 1.2). If the graph is acyclic, the product decomposition of (1.1) is
guaranteed to be a coherent probability distribution.

Bayesian networks appear naturally in several domains in biology. In pedigree analysis,
for example, the joint distribution of genotypes in a pedigree is a product of conditional
probabilities of the genotype of each individual given the genotypes of its two biological
parents.

To specify a model completely, we need to describe the conditional probability associ-
ated with each variable. In general, any statistical regression model may be appropriate.
For example, for Gaussian traits we can consider models where each P (Xj|Uj) is a linear
regression of Xj on Uj .

1.3.2 Undirected graphical models

A probability measure P on Rp is said to factorize according to G, if for all cliques c ⊂ V

there exist non-negative functions πc that depend on y = (y1, . . . , yp) through yc = (yj)j∈c

only, such that the density f of P has the form

P (X1, . . . , Xp) =
1

Z

∏
C∈c

πC(xC),

where C is a set of cliques. A clique is a maximal subset of nodes that has the property
that each two nodes in the subset are joined by an edge, and Z is a normalizing constant
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that ensures that the total probability mass is 1. Consider the example in Figure 1.3. In this
case the joint distribution is

P (A,B,C,D,E) =
1

Z
π1(A,B)π2(B,C,E)π3(C,D)π4(A,D)

Gaussian graphical model

AssumeX = X1, . . . , Xp follows p-variate Gaussian distribution with mean µ and inverse
covariance matrix (or precision matrix) Θ,

X ∼ Np(µ,Θ
−1)

Proposition 1.1. For a Gaussian graphical model (GGM) with respect to graph G=(V, E) we
have that for i and j two distinct vertices of V it holds that

Xi Xj|V \{i, j} ⇔ θij = 0.

The consequence of the proposition is that determining the structure E of a Gaussian
graphical model is equivalent to estimating the precision matrix. The edge between two
nodes in a graph is present if and only if the element in the precision matrix determined by
the two nodes is not equal to zero. For example, the following precision matrix and graph
correspond to each other, where ∗ represents a non-zero element.

Θ =



∗ ∗ 0 ∗ 0

∗ ∗ ∗ 0 ∗
0 ∗ ∗ ∗ ∗
∗ 0 ∗ ∗ 0

0 ∗ ∗ 0 ∗


The partial correlation coefficient ρij|rest which measures the correlation between vari-

ables i and j conditional on all other variables in the model can be shown to be calculated
as

ρij|rest = −
θij√

θii
√

θjj

where θij, i, j = 1, . . . , p are the elements of the precision matrix Θ. The key idea behind
GGMs is to use partial correlations as a measure of independence of any two variables.
This makes it straightforward to distinguish direct from indirect interactions. Note that
partial correlations are related to the inverse of the correlation matrix. Also note that in
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Fig. 1.4 An example of a chain graph model

GGMs missing edges indicate conditional independence.

1.3.3 Chain graph models

Chain graph models extend the graph theory to cover independence graphs with a mixture
of directed and undirected edges. Mathematically, in chain graph models is assumed that
vertex set satisfies a particular type of partial ordering, ≼, which is derived by supposing
that the vertex set V can be partitioned into subsets b1, b2, . . . , bm called blocks, which
are completely ordered, that is, the blocks form a chain. The induced partial order on the
individual vertices of V is that i ≺ j, whenever i ∈ br, and j ∈ bs and r < s; and i ≼ j,
whenever i, j ∈ br. The parents of i in br are drawn from the “past", b1 ∪ b2 ∪ . . . ∪ br−1,
and are joined to i by directed edges or arrows. The elements in b1 are potential cause of
the elements in b2, the elements in b1 ∪ b2 are potential cause of the elements in b3, and so
on.

A density function is said to admit a recursive factorization according to the block
independence graph G if it factorizes as,

fV = fb1

m∏
r=2

fbr|b1∪b2∪...,∪br−1 .

As an example consider an eight variables V = {1, 2, . . . , 8} partitioned into subsets
b1 = {1, 2, 3}, b2 = {4}, b3 = {5, 6}, and b4 = {7, 8}, with an edge set defined by the edges
in the Figure 1.4. In this Figure, any two elements from different blocks are only joined by
an arrow; and two from the same block are only joined by a line. Consider vertex 5 ∈ b3.
The parents of 5 are {1, 4} and lie in blocks preceding b3, while 6 is a neighbor of 5. The past
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and present for each vertex are the sets V (1) = b1, V (2) = b1, V (3) = b1, V (4) = b1 ∪ b2,
and so on, until V (8) = V . Note V (5) = V (6) = {1, 2, 3, 4, 5, 6}. The essential property
satisfied by this construction is that any edge is undirected for intra-block vertices, and
directed for inter-block vertices with direction determined by the ordering of the blocks.
The recursive factorization identity for Figure 1.4 can be expressed in terms of the blocks
as

fV = fb4|b1∪b2∪b3fb3|b1∪b2fb2|b1fb1

which simplifies to

f12345678 =f87|46f56|14f4|2f1f23 (1.2)

=f87|46f6|5f5|14f4|2f1f23.

Considering the chain graph model of Figure 1.4 some conditional independence state-
ments can be written as

4 3|{1, 2} 5 3|{1, 2, 4, 6}

6 4|{1, 2, 3, 5} 8 6|{1, 2, 3, 4, 5, 7}

In Chapter 5, we consider time series chain graph models where the blocks are the
ordered time steps.

1.4 Gaussian Copula

In real world, not all datasets are continuous. Discrete data or mixed discrete-and-continu-
ous datasets arise in many fields, e.g., in genetics and biology. A flexible approach to mod-
eling dependent non-Gaussian random variables is to represent the dependence structure
with a copula. In this approach marginal distributions and correlation structures, which
together define the joint probability distribution, are separately modeled and brought to-
gether through the copula. For sake of illustration, we consider the dependent relationship
between only two non-Gaussian random variables Y1 and Y2 that take a finite number of
ordinal values from {0, 1, . . . , kj}, with kj ≥ 2. The 2-dimensional joint distribution of
them can be decomposed into its two marginal distributions, Fj , and a copula C .

One possible way is that the observed variable j, Yj , is defined as the discretized version
of a continuous variable Zj , which can not be observed directly from data. The variable
Z = (Z1, Z2) is given a convenient multivariate distribution that helps us to construct the
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joint distribution of Y = (Y1, Y2) as follows:

Z ∼ N(0, R)

and the Gaussian copula can be expressed as

Yj = F−1
j (Φ(Zj)), j = 1, 2

where R is a correlation matrix for the Gaussian copula, and Fj denotes the univariate
distribution Yj . Thus, we write the joint distribution of Y as

P (Y1 ≤ y1, Y2 ≤ y2) = C(F1(y1), F2(y2)|R)

where
C(Y |R,F1, F2) = Φµ,R

(
Φ−1(F1(y1)),Φ

−1(F2(y2))|R
)

(1.3)

Here, Φ defines the cumulative distribution function (CDF) of the standard normal distri-
bution and Φµ,R is the CDF of bivariate normal distribution.

In this thesis, we aim to study the dependence relationship between observed vari-
ables Y1 and Y2 of ordinal type. Suppose j-th variable has a univariate distribution Fj

with its pseudo inverse F−1
j , where Fj has some distribution function on {1, 2, . . . , kj}.

The dependence structure using the Gaussian copula can be constructed by introducing a
vector of latent variables Z ∼ N(0, R) so that the dependence in Z1 and Z2 expressed by
cor(Z1, Z2) = R12 induces a dependence in Y1 and Y2. We note that in case of discrete
variables, the independence structure in the latent variables does not necessarily imply
independence in the observed variables. We discuss the implication of this assumption in
section 1.4.1.

1.4.1 Dependence in Gaussian copula

In this section we investigate to what extent dependence relationships between mixed
variables hold true on underlying correspondent latent variables in Gaussian copula. We
continue the example introduced in section 1.4 for case of bivariate random variables and
a dependence relationship between them. This can be generalized for the conditional de-
pendence relationships among multivariate data.

We use an approximate relationship between the local dependence function proposed
by Wang (1987) and the local log-odds rations proposed by Clogg (1982) as explained in
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Abegaz and Wit (2015). Here, we define near dependence concept among ordinal vari-
ables having an underlying bivariate normal distribution. In this regards, Wang (1987)
introduces the local dependence function as follow

γf (z1, z2) =
∂2

∂z1∂z2
ln f(z1, z2)

The functional form of γf (z1, z2) gives a good indication of the association pattern of the
discretized Z . In particular, γf (z1, z2) = 0 implies that Z1 and Z2 are independent.

For a bivariate normal distribution, f(.) = φ(.), with the logarithm of the bivariate
normal density factorized as Lauritzen (1996),

lnΦ(z1, z2 | Σ) = constant− 1

2
[σ11 + σ22]− σ12z1z2. (1.4)

whereΣ is the variance covariance matrix for underlying latent variable Z . Given (1.4) the
local dependence function simplifies to

γf (z1, z2) =
∂2

∂z1∂z2
ln f(z1, z2) = −σ12.

Moreover, Wang (1987) established a relationship between the local dependence func-
tion and the discrete local log-odds ratio proposed by Clogg (1982). The local log-odds ratio
is a fundamental concept to qualify the dependency between ordered discrete variables Y1

and Y2. It is given by
δ12 =

pjm,ktpjm+1,kt+1

pjm+1,ktpjm,kt+1

(1.5)

where m and t represent themth and tth cut-off point in the Gaussian copula.

Applying the mean value theorem to approximate the probabilities in equation (1.5),
the relationship between δ12 and the local conditional dependence function is given by

ln δ12 ∼=
∫ z1m+1

z1m

∫ z2t+1

z2t

∂2

∂z1∂z2
ln f(z1, z2)dz1dz2

An equivalent limiting equation based on the bivariate normal distribution can be written
as

lim
(∆z1m+∆z1m+1 )→0, (∆z2t+∆z2t+1 )→0

( 4

(∆z1m +∆z1m+1)(∆z2t +∆z2t+1)

)
ln δ12 = −σ12
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so
ln δ12 ∼= −

1

4
σ12

4

(∆z1m +∆z1m+1)(∆z2t +∆z2t+1)

where the accuracy of this approximation improves as (∆z1m + ∆z1m+1) and (∆z2t +

∆z2t+1) approach to zero.
Noting that ln δ12 = 0 is a measure of independence relationship between ordered dis-

crete variables. We argue that the correspondence latent variables are independence when
σ12 = 0 which this results in ln δ12 = 0 and therefore implies ‘near’ independence on
the ordered discrete scale. The near independence of the discrete variables tends to retain
independence of the underlying latent variables, when the accuracy of the approximation
improves as the partitioning grids become enough. In practice, this could happen when the
set of mixed variables involves ordered categorical variables with many categories (prefer-
ably ≥ 5), counts and continuous variables. On the other hand, the use of the Gaussian
copula imposes restrictions on the dependence pattern of the discrete ordered variables
such as zero higher-order interactions and same pair-wise conditional (in)dependence at
all categories of ordered discrete variables.

1.5 Outline of thesis contribution

In this thesis we extend the graphical model for genetics and genomics data. In Chapter
2 we develop a method to reconstruct a conditional independence network for data that
do not follow the Gaussianity assumption, in particular for ordinal, and for mixed ordinal-
and-continuous data. Such data are common in disciplines like genetics and genomics.
Epistatic selection is the non-random association of alleles at different loci in a given pop-
ulation. A main focus of genetics is to reconstruct from multi-locus genotype data an
underlying network of genomic signatures of high-dimensional epistatic selection. The
network estimation relies on penalized Gaussian copula graphical models; this accounts
for a large number of markers p and a small number of individuals n. The network captures
the conditionally dependent short- and long-range linkage disequilibrium (LD) structure
and thus reveals “aberrant” marker-marker associations that are due to epistatic selection
rather than gametic linkage. A multi-core implementation of our method makes it feasible
to estimate the graph in high-dimensions even when significant portions of data are miss-
ing. We demonstrate the efficiency of the proposed method on simulated datasets as well
as on genotyping data in A.thaliana and maize.

In Chapter 3 we extend the sparse latent graphical model, as proposed in Chapter 2,



1.5 Outline of thesis contribution 15

to construct high-quality linkage maps for any biparental diploid and polyploid species.
Linkage maps are important for fundamental and applied genetic research. New sequenc-
ing techniques have created opportunities to substantially increase the density of genetic
markers. Such revolutionary advances in technology bring new challenges in method-
ologies and informatics. We propose to construct linkage maps using graphical models
either via a sparse Gaussian copula or via a nonparanormal skeptic approach. Linkage
groups (LGs), typically chromosomes, and the order of markers in each LG are determined
by revealing the conditional independence relationships among large numbers of markers
in the genome. We illustrate the efficiency of the inference method on a broad range of
synthetic data with varying rates of missingness and genotyping errors. We show that
our method outperforms other available methods in determining the correct number of
linkage groups and ordering markers, both when data are clean and contain no missing
observations and when data are noisy and incomplete. In addition, we implement the
method on real genotype data of barley and potato from diploid and tetraploid popula-
tions, respectively. Given that genetic map constructions for most polyploid species like
tetraploid potato have been generated either from diploid populations (Felcher et al., 2012)
or from a subset of marker types (e.g. both parents were heterozygous) (Grandke et al.,
2017), developing a map construction method based on discrete graphical models makes it
possible to construct high-quality linkage maps for any biparental diploid and polyploid
species containing all different marker types.

In Chapter 4 we introduce the R package netgwas which efficiently applies the
method proposed in Chapters 2 and 3. This package contains a set of tools based on undi-
rected graphical models to accomplish three important and inter-related goals in genetics
and genomics: linkage map construction, intra- and inter-chromosomal interactions, and
high-dimensional genotype-phenotype (and genotype-phenotype-environment) interac-
tion networks. More precisely, netgwas is able to deal with species with any ploidy
level, namely diploid (2 sets), triploid (3 sets), tetraploid (4 sets) and so on. Using the
sparse matrix output and the multicore implementation of the netgwas package maxi-
mizes computational speed and minimizes memory requirements.

InChapter 5we introduce a sparse dynamic chain graph model for network inference
in high dimensional non-Gaussian time series data. The proposed method is parametrized
by a precision matrix that encodes the intra time-slice conditional independences among
variables at a fixed time point, and an autoregressive coefficient that contains dynamic
conditional independence interactions among time series components across consecutive
time steps. The estimation of the parameters in the proposed method relies on Gaus-
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sian copula graphical models and Bayesian networks under the penalized expectation-
maximization (EM) algorithm framework. In this chapter we use an efficient coordinate
descent algorithm to optimize the penalized log-likelihoodwith the smoothly clipped abso-
lute deviation penalty. We demonstrate our method on simulated data and have compared
our method with an alternative method. We have applied our method to the Netherlands
Study of Depression and Anxiety (NESDA) Severity of Depression dataset. The method is
implemented in the R package tsnetwork.

Chapter 6 provides a short summary of the contents of the research findings, followed
by conclusion on the impact of graphical models to have better insights in systems genetics.
The chapter concludes with an overview of future perspectives on research themes and
methodologies in the multidisciplinary field of statistics and systems genetics.
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