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Chapter 1

General Introduction

1.1 Motivation

The living cell is a complex system of interactingmolecules, in which genes are transcribed
into RNAs and translated into proteins, which adopt various three-dimensional structures
to carry out particular cellular functions. Most biological characteristics arise from com-
plex interactions between the cell’s numerous components. Therefore, a key challenge for
biology is to understand the structure and the dynamics of the complex inter- and intra-
cellular web of interactions that contribute to the structure and function of a living cell.

The behavior of most complex systems, from the cell to the Internet, emerges from
the orchestrated activity of many components that pairwise interact with each other. At
a highly abstract level, these components can be reduced to a series of nodes that are
connected to each other by links, where each link represents the interaction between two
components. The nodes and links together form a network or, in more formal language, a
graph.

Establishing cellular networks is not trivial. Physical interactions between molecules,
such as protein–protein, protein–nucleic-acid and protein–metabolite interactions, can be
conceptualized using the node-link nomenclature. Nevertheless, more complex functional
interactions can also be considered within this representation.

Molecular interactions are captured by different high-throughput biotechnologies and
modeled with different types of networks. Individual analyses of molecular networks have
revealed that molecules involved in similar functions tend to group together in a network,
leading to better understanding of, e.g., gene functions (Sharan et al., 2007; Pržulj and
Malod-Dognin, 2016) and molecular organization of the cell (Mitra et al., 2013) and to im-
proved therapeutics (Barabási et al., 2011; Menche et al., 2015).
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Various types of interaction networks, (including SNP-SNP interaction, gene-gene in-
teraction, protein–protein interaction, metabolic, signaling and transcription-regulatory
networks) provide essential but limited information about the phenomenon under study.
For example, a disease is rarely the consequence of a single mutated gene, or of a single
broken molecular interaction. Rather, it is the product of multiple perturbations of com-
plex interactions within and across cells, and even interactions between cell’s components
and environmental factors. Therefore, none of these networks are independent, instead
they form a ‘network of networks’ that is responsible for the behavior of the living cell.

In short, a key aim of postgenomic biological research is to systematically catalog all
molecules and their interactions within a living cell. There is a clear need to understand
how these molecules and the interactions between them determine the function of this
enormously complex machinery, both in isolation and when surrounded by other cells.
Graphical models are phenomenological descriptions of the underlying genetic reality, but
contain just enough ingredients to discover interesting biology.

In this thesis, we have developed statistical methods that capture the underlying struc-
ture of the genetic process in terms of

• Functional internal interactions within the system (such as intra- and inter chro-
mosomal interactions network, gene-gene interactions, protein-protein interactions,
chapter 2)

• Spatial structure within the system (e.g., linkage map construction, chapter 3)
• Functional external interactions (e.g., genotype-phenotype networks, and genotype-
phenotype-environment interactions network, chapter 4)

• The structure and the dynamics of the complex inter- and intra-cellular of interac-
tions that contribute to the structure and function of a living cell. (e.g., intra-and
inter-time slice interactions among genotype, phenotypes, and environments which
have been measured across different time points, chapter 5).

1.2 Some basic genetics

In diploid individuals the basic genetic material or DNA in each cell is packaged into pairs
of homologous strings or chromosomes. Humans are diploid beings, for example, and
have 23 such pairs, 22 of which are called the autosomes and the remaining pair are the
sex chromosomes. For a given individual, one chromosome in each pair derives from the
DNA of his mother and the other from the DNA of his father. A specific segment of a
chromosome is known as a locus or genetic marker. Different forms that can be assumed
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                                               maternal   paternal                   gametes 
                                                          (haplotypes)                  (recombinants) 

Fig. 1.1 Schematic representation of meiosis showing the chromosomes which form the gametes
containing some maternal and some paternal DNA after crossing over has occurred

by the DNA at a locus, or different variants of a gene, are called alleles. We use the term
alleles to refer to the entity transmitted from parent to offspring. The pair of alleles at
any locus (one on each chromosome in the pair) is known as the genotype. A potentially
observable macroscopic feature is called a phenotype (e.g., height, blood type in humans
and flowering time, leaf size in plants).

If both alleles are of the same type, we say that the genotype is homozygous, whereas
differing allelic types yield a heterozygous genotype. According to Mendel’s first law
which has formed the basis for modern genetics, any given characteristic of an individ-
ual is determined by two discrete factors, or genes, one of which is a copy of one of the
corresponding pair in his mother and the other a copy of one of the paternal pair. Further-
more, an individual passes a copy of, that is, segregates a randomly chosen one of his two
genes to each of his children, independently for different segregations and independently
of segregations from the other parent. When genes segregate with equal probability 1

2
, we

have what is known as Mendelian segregation. This is often assumed for autosomal traits.
Mendel’s second law states that segregations of genes at different loci are independent.
This is now known not to be true in general: these segregations may be correlated if the
loci are close together on the same chromosome or linked. During gamete formation in
a process called meiosis (see Figure 1.1), the maternal and paternal copies of a particular
chromosome in an individual pair up. Breaks occur at several random positions which al-
low for the exchange of segments of chromosome within the pair. A location at which the
DNA switches from the parent’s maternal to paternal DNA, or from paternal to maternal,
is known as a crossover. The correlation in segregations between linked loci is due to the
fact that it is highly unlikely that a crossover will occur between two loci which are phys-
ically close on the chromosome. Loci which are “far apart” or on different chromosomes
are more likely to segregate independently in accordance with Mendel’s second law.
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1.2.1 Probabilistic model of meiosis

In order to derive an appropriate probability model for the array of meiosis indicators, also
called inheritance indicators, X we first outline the events in the biological process of meio-
sis. During meiosis the resulting chromosomes, which are mixtures of the maternal and
paternal chromosome segments, separate and one of each pair is passed to the gamete–the
genetic contribution from a single parent to the next generation. In an offspring gamete
resulting from a meiosis i, between any two loci j and j′, a recombination occurs if the
DNA at those locations derived from two different parental chromosomes: Xi,j ̸= Xi,j′ .
The probability of this event is the recombination fraction r between the two loci which
is defined as the probability that the genetic markers segregating to the gamete at these
loci come from different parental chromosomes. For loci close together, the recombina-
tion fraction is almost zero r ≈ 0, so the two alleles in the gamete (and hence the future
offspring) will tend to have the same grandparental origins. Under assumptions of the
meiosis model for most diploid species, the maximum value r is 1/2, indicating that the
loci are segregating independently. We assume the absence of genetic interference. This
assumption implies that crossovers arise as a Poisson process (rate 1 per Morgan), and
hence that the occurrences of recombination in disjoint intervals of the chromosome are
independent. In this case the inheritance vectors X·,j are first-order Markov in j

Pr(X) = P (X.,1)
l∏

j=2

Pr(X·,j | X·,j−1)

where l is number of loci. We have specified a model for X , but X is not observed. In
a genetic model the latent genotypes can be connected to the observable data Y through
observed number of reference allele at location j. For example, Xj = AA is one possible
genotype for a diploid species at marker location j that includes two copies of the desirable
allele A at location j, Yj = 2. (More details will be discussed in Section 3.2.3)

1.2.2 Genetic map

A recombination occurs between two loci if there is an odd number of crossovers between
them in that meiosis. The genetic map distance between two loci is defined as the expected
number of crossovers that occur between them in a gamete and is measured in units called
Morgans (or often centiMorgans, for convenience). Note that genetic distance is defined
through the meiosis process. Various mapping equations exist (Ott, 1999) relating map
distance to recombination fractions. Haldane mapping function assumes that crossovers
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occur as a Poisson process with rate 1 per Morgan and that the numbers of crossovers
in nonoverlapping intervals are independent. Under this model of no interference, the re-
lationship between α, the genetic distance between any two loci, and the corresponding
recombination fraction r is given by

r =
1

2
(1− e−2α),

and inverse
α = −1

2
log(1− 2r).

Because they are expectations, map distances are additive and hence may be more con-
venient to work with from a computational viewpoint than the recombination fraction. In
a probabilistic model, however, it is more natural to think of linkage using recombination
fractions. For this reason, it is common to alternate between the two quantities within an
analysis using an appropriate mapping function and the two terms are often used inter-
changeably.

1.2.3 Genetic linkage study

In genetic linkage studies, the aim is to localize the genetic markers for some traits of
interest by mapping their positions relative to known marker loci within the pedigrees
being studied. A genetic marker locus can be defined as a position on a particular chro-
mosome which is characterized by a specific DNA sequence or observable variations in
the sequence. Marker loci themselves do not necessarily have an effect on the trait under
consideration. Good estimation of the recombination fraction is often restricted by the
pedigree size and structure and so a linkage analysis is generally viewed as a first step in
the mapping process with the aim of identifying a general chromosomal region of interest.
The precise location of the gene is then determined by a study giving finer resolution using
linkage disequilibrium mapping, for example see (Heath, 2003).

A genetic trait for which the expressed phenotype corresponds to a genotype at a single
locus is called a Mendelian or single-locus trait. Such traits are generally well-understood
and many have been successfully mapped over the last two decades using standard tech-
niques. Examples include cystic fibrosis (Riordan et al., 1989) and Duchenne’s muscular
distrophy (Monaco et al., 1985). The human ABO blood group is an example of a discrete
Mendelian trait whereby the observed phenotypes can be classified into distinct categories.
A quantitative trait has a phenotype which is affected by the simultaneous segregation of
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many genes at many loci (we call this polygenic variation) and may, in addition, have some
nongenetic variation superimposed (Falconer, 1975). Quantitative traits can exhibit varia-
tion on a continuous scale (e.g., height, weight, etc.) but can also be discrete as in threshold
traits. A quantitative trait locus (QTL) can be thought of as a segment of chromosome af-
fecting a quantitative trait but whose effect is not large enough to cause an observable
discontinuity and is hence not detectable using Mendelian methods. More generally, com-
plex genetic traits are those for which the simple correspondence between genotype and
phenotype breaks down (Lander et al., 1994). They include discrete, continuous and quan-
titative traits and may also have multivariate phenotypes measured on either discrete or
continuous scales. They can also have interaction effects in that the underlying genotype
effects on the trait phenotype may vary with age and sex, for example, and various en-
vironmental factors may have to be accounted for. Coronary heart disease is an example
of such a trait: despite the strong evidence for a genetic component to heart disease, few
genes have been identified which clearly influence the risk of developing the condition
(Thompson and Wijsman, 1990). For a more detailed discussion of the basic genetic con-
cepts introduced in this section, see Thompson (2000) and Sham (1998).

1.3 Graphical models

Graphical models provide a principled approach to dealing with uncertainty through the
use of probability theory, and an effective approach to coping with complexity through the
use of graph theory. Based on the nature of edges in the resulting network they are cate-
gorized into three general types : undirected graphical model, also called Markov random
fields (MRFs), directed graphical models, and more complex types are chain graph models
that contain both directed and undirected edges but without any directed cycles (i.e. if
we start at any vertex and move along the graph respecting the directions of any arrows,
we cannot return to the vertex we started from). In this thesis, we focus on undirected
graphical models and chain graph models.

In general graphical models use a graph to represent conditional dependencies between
random variables. Having a graphical representation of the dependencies enables one to
have a better understanding of the relations between random variables. To undertake a
formal definition of a graphical model we first introduce a notion of conditional indepen-
dence. Our exposition is mainly based on Lauritzen (1996). Other useful references are
Whittaker (2009); Rue and Held (2005); Edwards (2012); Vogel and Fried (2010).

Definition 1.1. The random vectors Y and Z are conditionally independent givenX if and
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Fig. 1.2 A Bayesian network over five random variables. Vertices are labeled with random variable
names (A to E); edges correspond to direct dependencies.

only if
fY Z|X(y, z|x) = fY |X(y|x)fZ|X(z|x)

for all values of y and z and for all x for which fX(x) > 0. This is written as Y Z|X .

Consider a random vector Y = (Y1, . . . , Yp)
τ . We are interested in relations of the type

YA YB|YC where YA shows (Yi)i∈A and A, B, C are subsets of the set V = {1, . . . , p}.
The aim is to have a graph that describes the probability distribution of the vector Y . In
this thesis, a graph is a pair G = (V,E), where V = {1, 2, ..., p} is a finite set whose
elements are called nodes or vertices and E is a subset of pairs of distinct values from V ,
whose elements are called edges. Thus our graphs are finite–have a finite set of nodes and
there are no edges that connect a node to itself (loops).

In order to bring together random vector Y and graph G we assign to every random
variable Yi a node i ∈ V and to any pair {Yi, Yj} of random variables an edge {i, j} ∈ E.
In this context, instead of YA YB|YC we write

A B | C.

1.3.1 Directed acyclic graphical models

A class of models are Bayesian networks, where the joint distribution over a set X =

X1, . . . , Xp of random variables is represented as a product of conditional probabilities.
A Bayesian network associates with each variableXj a conditional probability P (Xj|Uj),
where Uj =

⋃
i parent jXi is the set of variables that are called the parents of Xj . Intu-

itively, the values of the parents directly influence the choice of value forXj . The resulting



8 General introduction

Fig. 1.3 An undirected network over five variables, and a product form that induces this graph
structure. This is a product of four potential functions, each a function of a subset of the variables.

product is of the form
P (X1, . . . , Xp) =

∏
j

P (Xj|Uj) (1.1)

The graphical representation is given by a directed graph where we put edges from Xj’s
parents to Xj (Figure 1.2). If the graph is acyclic, the product decomposition of (1.1) is
guaranteed to be a coherent probability distribution.

Bayesian networks appear naturally in several domains in biology. In pedigree analysis,
for example, the joint distribution of genotypes in a pedigree is a product of conditional
probabilities of the genotype of each individual given the genotypes of its two biological
parents.

To specify a model completely, we need to describe the conditional probability associ-
ated with each variable. In general, any statistical regression model may be appropriate.
For example, for Gaussian traits we can consider models where each P (Xj|Uj) is a linear
regression of Xj on Uj .

1.3.2 Undirected graphical models

A probability measure P on Rp is said to factorize according to G, if for all cliques c ⊂ V

there exist non-negative functions πc that depend on y = (y1, . . . , yp) through yc = (yj)j∈c

only, such that the density f of P has the form

P (X1, . . . , Xp) =
1

Z

∏
C∈c

πC(xC),

where C is a set of cliques. A clique is a maximal subset of nodes that has the property
that each two nodes in the subset are joined by an edge, and Z is a normalizing constant
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that ensures that the total probability mass is 1. Consider the example in Figure 1.3. In this
case the joint distribution is

P (A,B,C,D,E) =
1

Z
π1(A,B)π2(B,C,E)π3(C,D)π4(A,D)

Gaussian graphical model

AssumeX = X1, . . . , Xp follows p-variate Gaussian distribution with mean µ and inverse
covariance matrix (or precision matrix) Θ,

X ∼ Np(µ,Θ
−1)

Proposition 1.1. For a Gaussian graphical model (GGM) with respect to graph G=(V, E) we
have that for i and j two distinct vertices of V it holds that

Xi Xj|V \{i, j} ⇔ θij = 0.

The consequence of the proposition is that determining the structure E of a Gaussian
graphical model is equivalent to estimating the precision matrix. The edge between two
nodes in a graph is present if and only if the element in the precision matrix determined by
the two nodes is not equal to zero. For example, the following precision matrix and graph
correspond to each other, where ∗ represents a non-zero element.

Θ =



∗ ∗ 0 ∗ 0

∗ ∗ ∗ 0 ∗
0 ∗ ∗ ∗ ∗
∗ 0 ∗ ∗ 0

0 ∗ ∗ 0 ∗


The partial correlation coefficient ρij|rest which measures the correlation between vari-

ables i and j conditional on all other variables in the model can be shown to be calculated
as

ρij|rest = −
θij√

θii
√

θjj

where θij, i, j = 1, . . . , p are the elements of the precision matrix Θ. The key idea behind
GGMs is to use partial correlations as a measure of independence of any two variables.
This makes it straightforward to distinguish direct from indirect interactions. Note that
partial correlations are related to the inverse of the correlation matrix. Also note that in
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Fig. 1.4 An example of a chain graph model

GGMs missing edges indicate conditional independence.

1.3.3 Chain graph models

Chain graph models extend the graph theory to cover independence graphs with a mixture
of directed and undirected edges. Mathematically, in chain graph models is assumed that
vertex set satisfies a particular type of partial ordering, ≼, which is derived by supposing
that the vertex set V can be partitioned into subsets b1, b2, . . . , bm called blocks, which
are completely ordered, that is, the blocks form a chain. The induced partial order on the
individual vertices of V is that i ≺ j, whenever i ∈ br, and j ∈ bs and r < s; and i ≼ j,
whenever i, j ∈ br. The parents of i in br are drawn from the “past", b1 ∪ b2 ∪ . . . ∪ br−1,
and are joined to i by directed edges or arrows. The elements in b1 are potential cause of
the elements in b2, the elements in b1 ∪ b2 are potential cause of the elements in b3, and so
on.

A density function is said to admit a recursive factorization according to the block
independence graph G if it factorizes as,

fV = fb1

m∏
r=2

fbr|b1∪b2∪...,∪br−1 .

As an example consider an eight variables V = {1, 2, . . . , 8} partitioned into subsets
b1 = {1, 2, 3}, b2 = {4}, b3 = {5, 6}, and b4 = {7, 8}, with an edge set defined by the edges
in the Figure 1.4. In this Figure, any two elements from different blocks are only joined by
an arrow; and two from the same block are only joined by a line. Consider vertex 5 ∈ b3.
The parents of 5 are {1, 4} and lie in blocks preceding b3, while 6 is a neighbor of 5. The past
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and present for each vertex are the sets V (1) = b1, V (2) = b1, V (3) = b1, V (4) = b1 ∪ b2,
and so on, until V (8) = V . Note V (5) = V (6) = {1, 2, 3, 4, 5, 6}. The essential property
satisfied by this construction is that any edge is undirected for intra-block vertices, and
directed for inter-block vertices with direction determined by the ordering of the blocks.
The recursive factorization identity for Figure 1.4 can be expressed in terms of the blocks
as

fV = fb4|b1∪b2∪b3fb3|b1∪b2fb2|b1fb1

which simplifies to

f12345678 =f87|46f56|14f4|2f1f23 (1.2)

=f87|46f6|5f5|14f4|2f1f23.

Considering the chain graph model of Figure 1.4 some conditional independence state-
ments can be written as

4 3|{1, 2} 5 3|{1, 2, 4, 6}

6 4|{1, 2, 3, 5} 8 6|{1, 2, 3, 4, 5, 7}

In Chapter 5, we consider time series chain graph models where the blocks are the
ordered time steps.

1.4 Gaussian Copula

In real world, not all datasets are continuous. Discrete data or mixed discrete-and-continu-
ous datasets arise in many fields, e.g., in genetics and biology. A flexible approach to mod-
eling dependent non-Gaussian random variables is to represent the dependence structure
with a copula. In this approach marginal distributions and correlation structures, which
together define the joint probability distribution, are separately modeled and brought to-
gether through the copula. For sake of illustration, we consider the dependent relationship
between only two non-Gaussian random variables Y1 and Y2 that take a finite number of
ordinal values from {0, 1, . . . , kj}, with kj ≥ 2. The 2-dimensional joint distribution of
them can be decomposed into its two marginal distributions, Fj , and a copula C .

One possible way is that the observed variable j, Yj , is defined as the discretized version
of a continuous variable Zj , which can not be observed directly from data. The variable
Z = (Z1, Z2) is given a convenient multivariate distribution that helps us to construct the
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joint distribution of Y = (Y1, Y2) as follows:

Z ∼ N(0, R)

and the Gaussian copula can be expressed as

Yj = F−1
j (Φ(Zj)), j = 1, 2

where R is a correlation matrix for the Gaussian copula, and Fj denotes the univariate
distribution Yj . Thus, we write the joint distribution of Y as

P (Y1 ≤ y1, Y2 ≤ y2) = C(F1(y1), F2(y2)|R)

where
C(Y |R,F1, F2) = Φµ,R

(
Φ−1(F1(y1)),Φ

−1(F2(y2))|R
)

(1.3)

Here, Φ defines the cumulative distribution function (CDF) of the standard normal distri-
bution and Φµ,R is the CDF of bivariate normal distribution.

In this thesis, we aim to study the dependence relationship between observed vari-
ables Y1 and Y2 of ordinal type. Suppose j-th variable has a univariate distribution Fj

with its pseudo inverse F−1
j , where Fj has some distribution function on {1, 2, . . . , kj}.

The dependence structure using the Gaussian copula can be constructed by introducing a
vector of latent variables Z ∼ N(0, R) so that the dependence in Z1 and Z2 expressed by
cor(Z1, Z2) = R12 induces a dependence in Y1 and Y2. We note that in case of discrete
variables, the independence structure in the latent variables does not necessarily imply
independence in the observed variables. We discuss the implication of this assumption in
section 1.4.1.

1.4.1 Dependence in Gaussian copula

In this section we investigate to what extent dependence relationships between mixed
variables hold true on underlying correspondent latent variables in Gaussian copula. We
continue the example introduced in section 1.4 for case of bivariate random variables and
a dependence relationship between them. This can be generalized for the conditional de-
pendence relationships among multivariate data.

We use an approximate relationship between the local dependence function proposed
by Wang (1987) and the local log-odds rations proposed by Clogg (1982) as explained in
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Abegaz and Wit (2015). Here, we define near dependence concept among ordinal vari-
ables having an underlying bivariate normal distribution. In this regards, Wang (1987)
introduces the local dependence function as follow

γf (z1, z2) =
∂2

∂z1∂z2
ln f(z1, z2)

The functional form of γf (z1, z2) gives a good indication of the association pattern of the
discretized Z . In particular, γf (z1, z2) = 0 implies that Z1 and Z2 are independent.

For a bivariate normal distribution, f(.) = φ(.), with the logarithm of the bivariate
normal density factorized as Lauritzen (1996),

lnΦ(z1, z2 | Σ) = constant− 1

2
[σ11 + σ22]− σ12z1z2. (1.4)

whereΣ is the variance covariance matrix for underlying latent variable Z . Given (1.4) the
local dependence function simplifies to

γf (z1, z2) =
∂2

∂z1∂z2
ln f(z1, z2) = −σ12.

Moreover, Wang (1987) established a relationship between the local dependence func-
tion and the discrete local log-odds ratio proposed by Clogg (1982). The local log-odds ratio
is a fundamental concept to qualify the dependency between ordered discrete variables Y1

and Y2. It is given by
δ12 =

pjm,ktpjm+1,kt+1

pjm+1,ktpjm,kt+1

(1.5)

where m and t represent themth and tth cut-off point in the Gaussian copula.

Applying the mean value theorem to approximate the probabilities in equation (1.5),
the relationship between δ12 and the local conditional dependence function is given by

ln δ12 ∼=
∫ z1m+1

z1m

∫ z2t+1

z2t

∂2

∂z1∂z2
ln f(z1, z2)dz1dz2

An equivalent limiting equation based on the bivariate normal distribution can be written
as

lim
(∆z1m+∆z1m+1 )→0, (∆z2t+∆z2t+1 )→0

( 4

(∆z1m +∆z1m+1)(∆z2t +∆z2t+1)

)
ln δ12 = −σ12
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so
ln δ12 ∼= −

1

4
σ12

4

(∆z1m +∆z1m+1)(∆z2t +∆z2t+1)

where the accuracy of this approximation improves as (∆z1m + ∆z1m+1) and (∆z2t +

∆z2t+1) approach to zero.
Noting that ln δ12 = 0 is a measure of independence relationship between ordered dis-

crete variables. We argue that the correspondence latent variables are independence when
σ12 = 0 which this results in ln δ12 = 0 and therefore implies ‘near’ independence on
the ordered discrete scale. The near independence of the discrete variables tends to retain
independence of the underlying latent variables, when the accuracy of the approximation
improves as the partitioning grids become enough. In practice, this could happen when the
set of mixed variables involves ordered categorical variables with many categories (prefer-
ably ≥ 5), counts and continuous variables. On the other hand, the use of the Gaussian
copula imposes restrictions on the dependence pattern of the discrete ordered variables
such as zero higher-order interactions and same pair-wise conditional (in)dependence at
all categories of ordered discrete variables.

1.5 Outline of thesis contribution

In this thesis we extend the graphical model for genetics and genomics data. In Chapter
2 we develop a method to reconstruct a conditional independence network for data that
do not follow the Gaussianity assumption, in particular for ordinal, and for mixed ordinal-
and-continuous data. Such data are common in disciplines like genetics and genomics.
Epistatic selection is the non-random association of alleles at different loci in a given pop-
ulation. A main focus of genetics is to reconstruct from multi-locus genotype data an
underlying network of genomic signatures of high-dimensional epistatic selection. The
network estimation relies on penalized Gaussian copula graphical models; this accounts
for a large number of markers p and a small number of individuals n. The network captures
the conditionally dependent short- and long-range linkage disequilibrium (LD) structure
and thus reveals “aberrant” marker-marker associations that are due to epistatic selection
rather than gametic linkage. A multi-core implementation of our method makes it feasible
to estimate the graph in high-dimensions even when significant portions of data are miss-
ing. We demonstrate the efficiency of the proposed method on simulated datasets as well
as on genotyping data in A.thaliana and maize.

In Chapter 3 we extend the sparse latent graphical model, as proposed in Chapter 2,
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to construct high-quality linkage maps for any biparental diploid and polyploid species.
Linkage maps are important for fundamental and applied genetic research. New sequenc-
ing techniques have created opportunities to substantially increase the density of genetic
markers. Such revolutionary advances in technology bring new challenges in method-
ologies and informatics. We propose to construct linkage maps using graphical models
either via a sparse Gaussian copula or via a nonparanormal skeptic approach. Linkage
groups (LGs), typically chromosomes, and the order of markers in each LG are determined
by revealing the conditional independence relationships among large numbers of markers
in the genome. We illustrate the efficiency of the inference method on a broad range of
synthetic data with varying rates of missingness and genotyping errors. We show that
our method outperforms other available methods in determining the correct number of
linkage groups and ordering markers, both when data are clean and contain no missing
observations and when data are noisy and incomplete. In addition, we implement the
method on real genotype data of barley and potato from diploid and tetraploid popula-
tions, respectively. Given that genetic map constructions for most polyploid species like
tetraploid potato have been generated either from diploid populations (Felcher et al., 2012)
or from a subset of marker types (e.g. both parents were heterozygous) (Grandke et al.,
2017), developing a map construction method based on discrete graphical models makes it
possible to construct high-quality linkage maps for any biparental diploid and polyploid
species containing all different marker types.

In Chapter 4 we introduce the R package netgwas which efficiently applies the
method proposed in Chapters 2 and 3. This package contains a set of tools based on undi-
rected graphical models to accomplish three important and inter-related goals in genetics
and genomics: linkage map construction, intra- and inter-chromosomal interactions, and
high-dimensional genotype-phenotype (and genotype-phenotype-environment) interac-
tion networks. More precisely, netgwas is able to deal with species with any ploidy
level, namely diploid (2 sets), triploid (3 sets), tetraploid (4 sets) and so on. Using the
sparse matrix output and the multicore implementation of the netgwas package maxi-
mizes computational speed and minimizes memory requirements.

InChapter 5we introduce a sparse dynamic chain graph model for network inference
in high dimensional non-Gaussian time series data. The proposed method is parametrized
by a precision matrix that encodes the intra time-slice conditional independences among
variables at a fixed time point, and an autoregressive coefficient that contains dynamic
conditional independence interactions among time series components across consecutive
time steps. The estimation of the parameters in the proposed method relies on Gaus-
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sian copula graphical models and Bayesian networks under the penalized expectation-
maximization (EM) algorithm framework. In this chapter we use an efficient coordinate
descent algorithm to optimize the penalized log-likelihoodwith the smoothly clipped abso-
lute deviation penalty. We demonstrate our method on simulated data and have compared
our method with an alternative method. We have applied our method to the Netherlands
Study of Depression and Anxiety (NESDA) Severity of Depression dataset. The method is
implemented in the R package tsnetwork.

Chapter 6 provides a short summary of the contents of the research findings, followed
by conclusion on the impact of graphical models to have better insights in systems genetics.
The chapter concludes with an overview of future perspectives on research themes and
methodologies in the multidisciplinary field of statistics and systems genetics.



References

Abegaz, F. and E. Wit (2015). Copula gaussian graphical models with penalized ascent
monte carlo em algorithm. Statistica Neerlandica 69(4), 419–441.

Barabási, A.-L., N. Gulbahce, and J. Loscalzo (2011). Network medicine: a network-based
approach to human disease. Nature Reviews Genetics 12(1), 56–68.

Clogg, C. C. (1982). Some models for the analysis of association in multiway cross-
classifications having ordered categories. Journal of the American Statistical Associa-
tion 77 (380), 803–815.

Edwards, D. (2012). Introduction to graphical modelling. Springer Science & BusinessMedia.

Falconer, D. S. (1975). Introduction to quantitative genetics. Pearson Education India.

Felcher, K. J., J. J. Coombs, A. N. Massa, C. N. Hansey, J. P. Hamilton, R. E. Veilleux, C. R.
Buell, and D. S. Douches (2012). Integration of two diploid potato linkage maps with the
potato genome sequence. PloS one 7 (4), e36347.

Grandke, F., S. Ranganathan, N. van Bers, J. R. de Haan, and D. Metzler (2017). Pergola:
fast and deterministic linkage mapping of polyploids. BMC Bioinformatics 18(1), 12.

Heath, S. (2003). Genetic linkage analysis using markov chain monte carlo techniques.
OXFORD STATISTICAL SCIENCE SERIES 1(27), 363–381.

Lander, E. S., N. J. Schork, et al. (1994). Genetic dissection of complex traits. SCIENCE-NEW
YORK THEN WASHINGTON-, 2037–2037.

Lauritzen, S. L. (1996). Graphical models, Volume 17. Clarendon Press.

Menche, J., A. Sharma, M. Kitsak, S. D. Ghiassian, M. Vidal, J. Loscalzo, and A.-L. Barabási
(2015). Uncovering disease-disease relationships through the incomplete interactome.
Science 347 (6224), 1257601.



18 References

Mitra, K., A.-R. Carvunis, S. K. Ramesh, and T. Ideker (2013). Integrative approaches for
finding modular structure in biological networks. Nature Reviews Genetics 14(10), 719–
732.

Monaco, A. P., C. J. Bertelson, W. Middlesworth, C.-A. Colletti, J. Aldridge, K. H. Fischbeck,
R. Bartlett, M. A. Pericak-Vance, A. D. Roses, and L. M. Kunkel (1985). Detection of
deletions spanning the duchenne muscular dystrophy locus using a tightly linked dna
segment. Nature 316(6031), 842–845.

Ott, J. (1999). Analysis of human genetic linkage. JHU Press.

Pržulj, N. and N. Malod-Dognin (2016). Network analytics in the age of big data. Sci-
ence 353(6295), 123–124.

Riordan, J. R., J. M. Rommens, B.-s. Kerem, N. Alon, R. Rozmahel, et al. (1989). Identifi-
cation of the cystic fibrosis gene: cloning and characterization of complementary dna.
Science 245(4922), 1066.

Rue, H. and L. Held (2005). Gaussian Markov random fields: theory and applications. CRC
press.

Sham, P. C. (1998). Statistics in human genetics. Wiley.

Sharan, R., I. Ulitsky, and R. Shamir (2007). Network-based prediction of protein function.
Molecular systems biology 3(1), 88.

Thompson, E. and E. Wijsman (1990). The gibbs sampler on extended pedigrees: Monte
carlo methods for the genetic analysis of complex traits. Technical report, Technical
Report.

Thompson, E. A. (2000). Statistical inference from genetic data on pedigrees. In NSF-CBMS
regional conference series in probability and statistics, pp. i–169. JSTOR.

Vogel, D. and R. Fried (2010). On robust Gaussian graphical modelling. Springer.

Wang, Y. J. (1987). The probability integrals of bivariate normal distributions: a contin-
gency table approach. Biometrika 74(1), 185–190.

Whittaker, J. (2009). Graphical models in applied multivariate statistics. Wiley Publishing.



Chapter 2

Detecting Epistatic Selection with
Partially Observed Genotype Data
Using Copula Graphical Models 1

Abstract

Recombinant Inbred Lines derived from divergent parental lines can display extensive seg-
regation distortion and long-range linkage disequilibrium (LD) between distant loci. These
genomic signatures are consistent with epistatic selection during inbreeding. Epistatic in-
teractions affect growth and fertility traits or even cause complete lethality. Detecting
epistasis is challenging as multiple testing approaches are under-powered and true long-
range LD is difficult to distinguish from drift. Here we develop a method for reconstructing
an underlying network of genomic signatures of high-dimensional epistatic selection from
multi-locus genotype data. The network captures the conditionally dependent short- and
long-range LD structure and thus reveals “aberrant” marker-marker associations that are
due to epistatic selection rather than gametic linkage. The network estimation relies on
penalized Gaussian copula graphical models, which accounts for a large number of mark-
ers p and a small number of individuals n. A multi-core implementation of our algorithm
makes it feasible to estimate the graph in high-dimensions also in the presence of signif-
icant portions of missing data. We demonstrate the efficiency of the proposed method
on simulated datasets as well as on genotyping data in A.thaliana and maize. In addi-
tion, we implemented the method in the R package netgwas which is freely available at

1Behrouzi, P., and Wit, E. (2017). Detecting Epistatic Selection with Partially Observed Genotype Data
using Copula Graphical Models. Under review (second round), JRSS-C.
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https://CRAN.R-project.org/package=netgwas.
Key words: Epistatic selection; Linkage disequilibrium; Graphical models; Gaussian

Copula; Penalized inference.

2.1 Introduction

The Recombinant Inbred Lines (RILs) study design is a popular tool for studying the ge-
netic and environmental basis of complex traits. It has become a valuable resource in
biomedical and agricultural research. Many panels of RILs exist in a variety of plant and
animal species. RILs are typically derived from two divergent inbred parental strains, but
multi-parental RILs have been recently established in A. thaliana, Drosophila, and mouse
originating from four or eight inbred parents (Broman, 2005; Gibson and Mackay, 2002;
Threadgill et al., 2002). The construction of RILs is not always straightforward: low fer-
tility, or even complete lethality, of lines during inbreeding is common, particularly in
natural outcrossing species (Rongling and Li, 1999; Wu and Li, 2000), and can severely bias
genotype frequencies in advanced inbreeding generations. These genomic signatures are
indicative of epistatic selection having acted on entire networks of interacting loci during
inbreeding, with some combinations of parental alleles being strongly favored over others.

Recently, Colomé-Tatché and Johannes (2016) studied two-loci epistatic selection in
RILs. However, the reconstruction of multi-loci epistatic selection network has received
little attention by experimentalists. One important reason is that large numbers of po-
tentially interacting loci are methodologically and computationally difficult. One intuitive
approach to this problem is to perform an exhaustive genome scan for pairs of loci that
show significant long-range LD or pair-wise segregation distortion, and then try to build
up larger networks from overlapping pairs. Törjék et al. (2006), for instance, employed this
idea for the detection of possible epistasis by testing for pairwise segregation distortion.
The drawback of such an approach is that hypothesis testing in the genome-scale is heavily
underpowered, so that weak long-range LD will go undetected, especially after adjusting
for multiple testing. Furthermore, pair-wise tests are not, statistically speaking, consis-
tent (Whittaker, 2009) when two conditionally independent loci are mutually dependent
on other loci, and may, therefore, lead to incorrect signatures.

In order to overcome some of these issues, we shall argue that the detection of epistatic
selection in RIL genomes can be achieved by inferring a high-dimensional graph of condi-
tional dependency relationships among loci. Technically, this requires estimating a sparse
adjacency matrix from a large number of discrete ordinal marker genotypes, where the

https://CRAN.R-project.org/package=netgwas
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number of markers p can far exceed the number of individuals n. The estimated condi-
tional independence graph captures the conditionally dependent short- and long-range LD
structure of RIL genomes, and thus provides a basis for identifying associations between
distant markers that are due to epistatic selection rather than gametic linkage.

In this paper, we introduce an efficient method to perform this estimation. To this
end, we propose an ℓ1 regularized latent graphical model, which involves determining the
joint probability distribution of discrete ordinal variables. The genotype data contain in-
formation on measured markers in the genome which are generally coded as the number
of paternal or maternal alleles, for instance 0, 1 and 2 for a heterozygous population in a
diploid species. Sklar’s theorem shows that any p-dimensional joint distribution can be de-
composed into its p marginal distributions and a copula, which describes the dependence
structure between p-dimensional multivariate random variable (Nelsen, 1999). Various sta-
tistical network modeling approaches have been proposed for inferring high-dimensional
associations among non-Gaussian variables (Liu et al., 2009, 2012; Dobra and Lenkoski,
2011; Mohammadi et al., 2017). The above-mentioned models have some limitations; the
first two methods cannot deal with missing data, and the last two are computationally ex-
pensive since their inference is based on a Bayesian approach. Studying the conditional
relationships between ordinal discrete variables is complicated since we are faced with
two challenges. First, general dependence structure can be very complicated, way beyond
the pairwise dependencies of a normal variate. Second, univariate marginal distributions
cannot be adequately described by simple parametric models. To handle the first challenge
we used a Gaussian copula; effectively transforming each of the marginal distributions to
a standard Gaussian distribution. To address the second challenge, we treat the marginal
distributions as nuisance parameters that we estimate non-parametrically.

This paper is organized as follows. In section 2.2, we describe the genetic background
on epistatic selection. Section 2.3 explains the model and introduces the Gaussian copula
graphical model connecting the observedmarker data with the underlying latent genotype.
In addition, we explain how to infer the conditional dependence relationships between
multi-loci in genome-wide association studies (GWAS), using the ℓ1 regularized Gaussian
copula framework. In section 2.4, we investigate the performance of the proposed method
in terms of precisionmatrix estimation. Also, we compare the performance of our proposed
method with alternative approaches in terms of graph recovery. We have implemented
the method in the R package netgwas (Behrouzi and Wit, 2017). In Section 5, we aim
to reveal genomic regions undergoing selection in two species. We apply our proposed
method to the well-studied cross Col × Cvi in Arabidopsis thaliana in section 2.5.1, and
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to high-dimensional B73×Ki11 genotype data from Maize Nested Association Mapping
(NAM) populations in section 2.5.2, where 1106 genetic markers were genotyped for 193
individuals.

2.2 Genetic background of epistatic selection

Two alleles at locations l1 and l2 are said to act additively if the effect of the first allele on
the phenotype does not depend on the state of the second allele, and vice versa. On the
other hand, epistasis refers to the interaction of alleles at different loci on that phenotype.
Epistasis occurs when the joint effect of a particular pair of loci is different from what
would be expected under additivity. In this section, we provide the genetic background on
epistatic selection, i.e. the case in which the phenotype of interest is survival.

2.2.1 Meiosis

Sexual reproduction involves meiosis. Meiosis is a form of cell division that produces ga-
metes (egg/ sperm). During this process, the arms of homologous chromosomes can re-
combine, which involves the sequential alignment of genetic material from the maternal
and paternal chromosomes. As a result, offspring can have different combinations of al-
leles than their parents. Genetic markers, regions of DNA, that physically located close
together on the same chromosome have a tendency to be transmitted together in meio-
sis. This tendency is called linkage. Loci on different chromosomes have no linkage and
they assort independently during meiosis. Statistically speaking, genetic linkage means
observing dependence between markers that are physically close together on the same
chromosome.

Linkage disequilibrium refers to the co-inheritance of alleles at different but function-
ally related loci. If two loci are in linkage equilibrium, it means that they are inherited
completely independently in each generation. If two loci are in linkage disequilibrium, it
means that certain alleles of each loci are inherited together more or less often than would
be expected by chance. This may be due to actual genetic linkage when the loci are located
on the same chromosome. However, if loci are located on different chromosomes, this is
due to some form of functional interaction where certain combinations of alleles at two
loci affect the viability of potential offspring.
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Fig. 2.1 The production of recombinant inbred lines (RILs) by repeated selfing.

2.2.2 Recombinant Inbred Lines

Recombinant inbred lines (RILs) are typically derived by crossing two inbred lines fol-
lowed by repeated generations of selfing or sibling mating to produce an inbred line whose
genome is a mosaic of its parental lines. For instance, if a diploid allele of parent P1 is
labeled A and that of P2 is labeled B, then from generation to generation these alleles
recombine and produce different genotypes. For example, due to inbreeding, P1 has a ho-
mozygous genotype, say A/A (red in Figure 2.1), at each locus, while P2 has homozygous
genotype, say B/B (green in Figure 2.1), at each locus. Crossing P1 and P2 produces
an F1 generation with a A/B genotype at each locus. The subsequent F2 followed by
repeated selfing results in a genome in the obtained offspring that is a mosaic of the two
parental allele combinations (see Figure 2.1).

2.2.3 Genome-wide association study

A pure RIL would result in one of two genotype at each locus: either A/A or B/B. However,
in practice in a two-way RIL (see Figure 2.1), the genotype state of an offspring at a given
loci comes either from parent 1, parent 2, or in a small fraction of cases from both parental
alleles. For instance, in a diploid organism the genotype states at each chromosomal po-
sition are either 0 (homozygous AA from one parent), 2 (homozygous BB for the other
parent), or 1 which defines the heterozygous genotype AB. The routine way of coding a
diploid genotype data is to use {0, 1, 2} to represent {AA,AB,BB}, respectively, where
we do not distinguish AB and BA.

A complete genome consist of billions of loci, many of which do not vary between
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Fig. 2.2 Cartoon representation of 6markers on 2 different chromosomes where Y1, Y2 and Y3 belong to chromosome 1 and Y4, Y5

and Y6 belong to chromosome 2. Conditional independence relationships between markers (a) in the absence of epistatic selection, in
other words markers on different chromosomes segregate independently, and (b) in the presence of epistatic selection. Markers 2 and
5 have an epistatic interaction, resulting in long-range linkage disequilibrium.

individuals in a population. Clearly those loci are inherited without change from gen-
eration to generation, unless some mutation occurs. Single nucleotide polymorphisms
(SNPs) are loci where the genotype does vary, either homozygously {0, 2} or heterozy-
gously {0, 1, 2}, considering diploid organisms. Genome-wide association studies measure
thousands of SNPs along the genome, resulting for each individual in a partially ordered
vector Y = (Y1, . . . , Yp) of pmarkers on the genotype: within each chromosome themark-
ers are ordered, but between chromosomes there is no natural ordering. The component
Yj for an individual indicates the ancestral genotype value for marker j, i.e., either 0 or 2
for homozygous populations and 0, 1 or 2 for heterozygous diploid populations.

Genome-wide association studies (GWAS) were designed to identify genetic variations
that are associated with a complex trait. In a GWAS, typically a small number of indi-
viduals are genotyped for hundreds of thousands of SNPs. SNP markers are naturally
ordered along the genome with respect to their physical positions. Nearby loci can be
highly correlated due to genetic linkage. Moreover, linkage groups typically correspond
to chromosomes.

2.2.4 Epistatic phenotype

Epistasis is typically defined with respect to some explicit phenotype, such as the shape of
the comb in a chicken or the flower color in peas (Bateson, 1909). In RILs the phenotype
we consider, however, is not explicit, but implicit: the viability of the particular genetic re-
combination of the parental lines results in the presence or absence of such recombination
in the progeny.

In the construction of RILs from two divergent parents certain combinations of geno-
types may not function well when brought together in the genome of the progeny, thus
resulting in sterility, low fertility, or even complete lethality of lines during inbreeding.
This can result in recombination distortion within chromosomes, short-range linkage dis-
equilibrium, or segregation distortion across chromosomes, also called long-range linkage
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Fig. 2.3 Relation between jth true latent values, zj , and the jth observed variable, yj . Here, k = 5 corresponding with the distinct
genotype states in tetraploid species, which contain four copies of the same chromosome.

disequilibrium (lr-LD). Thus, the genomic signatures of epistatic selection will appear as
interacting loci during inbreeding, whereby some combinations of parental alleles will be
strongly favored over others.

It has long been recognized that detecting the genomic signatures of such high-dimen-
sional epistatic selection can be complex, involving multiple loci (Wu and Li, 2000; Mather
and Jinks, 1982). The detection of high-dimensional epistatic selection is an important
goal in population genetics. The aim here is to propose a model for detecting genomic
signatures of high-dimensional epistasis selection during inbreeding.

2.3 Graphical model for epistatic selection

If meiosis is a sequential markov process, then in the absence of epistatic selection the
genotype Y can be represented as a graphical model (Lauritzen, 1996) for which the con-
ditional independence graph corresponds with a linear representation of the chromosome
structure (see Figure 2.2a). However, in the presence of epistatic selection, the conditional
independence of non-neighboring markers may become undone. This could result, for ex-
ample, in an underlying conditional independence graph as shown in Fig 2.2b, which shows
6 markers on 2 chromosomes whereby markers 2 and 5 have an epistatic interaction that
affects the viability of the offspring.

In the next section, we define a convenient semi-parametric model, which can easily
be generalized to large sets of markers. We assume a known genetic map, and let y(i)j

j = 1, . . . , p; i = 1, . . . , n denote the genotype of ith individual for jth SNP marker.
The observations y(i)j arise from {0, 1, . . . , kj − 1}, kj ≥ 2 discrete ordinal values. In the
genetic set-up, kj is the number of possible distinct genotype states at locus j. For instance,
in a tetraploid species kj takes either the value 2 in a homozygous population, or 5 in a
heterozygous population.
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2.3.1 Gaussian copula graphical model

A copula is amultivariate cumulative distribution functionwith uniformmarginals. Sklar’s
theorem shows that any p-dimensional joint distribution can be decomposed into its p
marginal distributions, Fj , and a copula. This decomposition suggests that the copula
captures the dependence structure between p multivariate data. Let y be the collection
of all p measured genetic markers across a genome. A genetic marker Yj takes a finite
number of ordinal values from {0, 1, . . . , kj − 1}, with kj ≥ 2. The marker Yj is defined
as the discretized version of a continuous variable Zj , which cannot be observed directly.
The variable Z helps us to construct the joint distribution of Y as follows:

Z ∼ Np(0,Θ
−1),

and the Gaussian copula modeling can be expressed as

Yj = F−1
j (Φ(Zj)),

where Θ−1 is a correlation matrix for the Gaussian copula, and Fj denotes the univariate
distribution of Yj . We write the joint distribution of Y as

P (Y1 ≤ y1, . . . , Yp ≤ yp) = C(F1(y1), . . . , Fp(yp)|Θ),

where

C(F1(y1), . . . , Fp(yp)|Θ−1) = ΦΘ−1(Φ−1(F1(y1)), . . . ,Φ
−1(Fp(yp))). (2.1)

Here,Φ defines the CDF of the standard normal distribution andΦΣ is the CDF ofNp(0,Σ).

Our aim is to reconstruct the underlying conditional independence graph by using the
continuous latent variable Z . Typically the relationship between the jth marker Yj and
the corresponding Zj is expressed through a set of cut-points −∞ = cj,0 < cj,1 < . . . <

cj,kj−1 < cj,kj =∞, where cj,y+1 = Φ−1(Fj(y)). Thus, y(i)j can be written as follows:

y
(i)
j =

kj−1∑
l=0

l × I{cj,l<z
(i)
j ≤cj,l+1}

, i = 1, 2, . . . , n. (2.2)

The j-th observed variable y(i)j takes its value according to latent variable z(i)j . Figure 2.3
displays how the observed data can be obtained from the latent variable using the Gaussian
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copula.
Assuming DF (y) = {z(i)j ∈ R|c

j,y
(i)
j

< z
(i)
j ≤ c

j,y
(i)
j +1
}, the likelihood function of a

given graph with a precision matrix Θ and marginal distributions F is defined as

Ly(Θ, F ) =

∫
DF (y)

p(z |Θ)dz. (2.3)

2.3.2 ℓ1 penalized inference of Gaussian copula graphical model

Let y(1), . . . , y(n) be i.i.d sample values from the above Gaussian copula distribution. Cop-
ulas allow one to learn the marginals Fj separately from the dependence structure of p-
variate random variables. In the proposed copula modeling, we estimate the correlation
matrix–the parameter of interest–with a Gaussian copula, and treat the marginals as nui-
sance parameters and estimate themnon-parametrically through the empirical distribution
function F̂j(y) =

1
n

∑n
i=1 I{y

(i)
j ≤ y}. Hence, in the likelihood (2.3) the precisionmatrix of

the Gaussian copula, Θ, is the only parameter to estimate, as we replace DF (y) by DF̂ (y)

which we will simply indicate as D̂.
We impose a sparsity penalty on the elements of the precision matrix Θ using an ℓ1-

norm penalty (Abegaz and Wit, 2015; Friedman et al., 2008). Genetically speaking, this
sparsity is sensible as we expect a priori only a small number of pairs of LDmarkers beyond
the neighbouringmarkers. The ℓ1 penalized log-likelihood function of genetic markers can
be written as

ℓpy(Θ) ≈ n

2
log |Θ | − 1

2

n∑
i=1

∫
D̂
. . .

∫
z(i)tΘz(i)dz

(i)
1 . . . dz(i)p − λ||Θ||1, (2.4)

where z(i) = (z
(i)
1 , . . . , z

(i)
p )t. The maximum Θ̂λ of this log-likelihood function has no

closed form expression. To address this problem we introduce a penalized EM-algorithm.
The penalized EM algorithm proceeds by iteratively computing in the E-step the con-

ditional expectation of joint log-likelihood, and optimizing this conditional expectation in
the M-step. Assuming that Θ̂(m)

λ is the updated approximation of Θ̂λ in the M-step, then in
the E-step the conditional expectation of the joint penalized log-likelihood given the data
and Θ̂(m) is determined.

Q(Θ | Θ̂(m)) =EZ [
n∑

i=1

log p(Z(i)|Θ)|y(i), Θ̂(m), D̂]
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=
n

2
[log |Θ| − tr(

1

n

n∑
i=1

EZ(i)(Z(i)Z(i)t|y(i), Θ̂(m), D̂)Θ)− p log(2π)], (2.5)

and
Qλ(Θ | Θ̂(m)) = Q(Θ | Θ̂(m))− λ||Θ||1.

In this equation we still need to evaluate R̄ = 1
n

∑n
i=1E(Z(i)Z(i)t | y(i), Θ̂(m), D̂), which

we do via one of the two following approaches.

A.Monte Carlo Gibbs sampling of latent covariance. In the Gibbs sampling technique
we randomly generate for each sample Y (i) a number of Gibbs samples Z(i)1

⋆ , . . . , Z
(i)N
⋆

from a p-variate truncated normal distribution, whose boundaries come from the cut-
points of Y (i), as implemented in the R package tmvnorm (Geweke, 2005). Let

Z(i)
⋆ =


Z

(i)1
⋆

...
Z

(i)N
⋆

 ∈ RN×p,

represent the Gibbs samples for each sample in the data. The expected individual covari-
ance matrix Ri = E(Z(i)Z(i)t|y(i), Θ̂(m), D̂) can then be estimated as

R̂i =
1

N
Z(i)t

⋆ Z(i)
⋆ .

To estimate R̄ we take the average of the individual expectation ̂̄R = 1
n

n∑
i=1

R̂i. We remark

that ̂̄R is a positive definite matrix with probability one as long as N ≥ p
n
, since for the

lth row of Z(i)
⋆ , we have that Z(i)t

⋆l Z
(i)
⋆l is a rank one, non-negative definite matrix with

probability one and, therefore, ̂̄R is of full rank and strictly positive definite, with proba-
bility one. In practice, we noticed that the Gibbs sampler needs only few burn-in samples,
and N = 1000 sweeps is sufficient to calculate the mean of the conditional expectation
accurately [more details in the supplementary material].

B. Approximation of the conditional expectation. Alternatively, we use an efficient
approximate estimation algorithm (Guo et al., 2015). The variance elements in the con-
ditional expectation matrix can be calculated through the second moment of the condi-
tional z(i)j | y(i), and the rest of the elements in this matrix can be approximated through
E(Z

(i)
j Z

(i)
j′ | y(i); Θ̂, D̂) ≈ E(Z

(i)
j | y(i); Θ̂, D̂) E(Z

(i)
j′ | y(i); Θ̂, D̂) using mean field theory
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(Peterson, 1987). The first and second moment of z(i)j |y(i) can be written as

E(Z
(i)
j | y(i), Θ̂, D̂) = E[E(Z

(i)
j | z

(i)
−j, y

(i)
j , Θ̂, D̂) | y(i), Θ̂, D̂], (2.6)

E((Z
(i)
j )2 | y(i), Θ̂, D̂) = E[E((Z

(i)
j )2 | z(i)−j, y

(i)
j , Θ̂, D̂) | y(i), Θ̂, D̂], (2.7)

where z(i)−j = (z
(i)
1 , . . . , z

(i)
j−1, z

(i)
j+1, . . . , z

(i)
p ). The inner expectations in (3.9) and (3.10) are

relatively straightforward to calculate. z(i)j | z
(i)
−j, y

(i)
j follows a truncated Gaussian distri-

bution on the interval [c(j)
y
(i)
j

, c
(j)

y
(i)
j +1

] with parameters µi,j and σ2
i,j given by

µij = Σ̂j,−jΣ̂
−1
−j,−jz

(i)t
−j ,

σ2
i,j = 1− Σ̂j,−jΣ̂

−1
−j,−jΣ̂−j,−j.

Let rk,l = 1
n

∑n
i=1 E(Z

(i)
k Z

(i)
l | y(i), Θ̂, D̂) be the (k, l)-th element of empirical correlation

matrix R̄, then to obtain the R̄ two simplifications are required.

E(Z
(i)
k Z

(i)t
l | y(i), Θ̂, D̂) ≈ E(Z

(i)
k | y

(i), Θ̂, D̂)E(Z
(i)
l | y

(i), Θ̂, D̂) if 1 ≤ k ̸= l ≤ p,

E(Z
(i)
k Z

(i)t
l | y(i), Θ̂, D̂) = E((Z

(i)
k )2 | y(i), Θ̂, D̂) if k = l.

Applying the results in the appendix to the conditional z(i)j | z
(i)
−j, y

(i)
j we obtain

E(Z
(i)
j | y(i); Θ̂, D̂) = Σ̂j,−jΣ̂

−1
−j,−jE(Z

(i)t

−j | y(i); Θ̂, D̂) +
φ(δ̂

(i)

j,y
(i)
j

− φ(δ̃
(i)

j,y
(i)
j +1

)

Φ(δ̃
(i)

j,y
(i)
j +1

)− Φ(δ̃
(i)

j,y
(i)
j

)
σ̃
(i)
j ,

(2.8)

E((Z
(i)
j )2 | y(i); Θ̂, D̂) = Σ̂j,−jΣ̂

−1
−j,−jE(Z

(i)t

−j Z
(i)
−j | y(i); Θ̂, D̂)Σ̂−1

−j,−jΣ̂
t
j,−j + (σ̃

(i)
j )2

+ 2

φ(δ̃
(i)

j,y
(i)
j

)− φ(δ̃
(i)

j,y
(i)
j +1

)

Φ(δ̃
(i)

j,y
(i)
j +1

)− Φ(δ̃
(i)

j,y
(i)
j

)
[Σ̂j,−jΣ̂

−1
−j,−jE(Z

(i)t

−j | y(i); Θ̂, D̂)]σ̃(i)
j

+

δ
(i)

j,y
(i)
j

φ(δ̃
(i)

j,y
(i)
j

)− δ̃
(i)

j,y
(i)
j +1

φ(δ̃
(i)

j,y
(i)
j +1

)

Φ(δ̃
(i)

j,y
(i)
j +1

)− Φ(δ̃
(i)

j,y
(i)
j

)
(σ̃

(i)
j )2, (2.9)
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where Z(i)
−j = (Z

(i)
1 , . . . , Z

(i)
j−1, Z

(i)
j+1, . . . , Z

(i)
p ) and δ̃

(i)

j,y
(i)
j

= [c
(i)
j − E(µ̃ij | y(i); Θ̂, D̂)]/σ̃ij .

In this way, an approximation for R̄ is obtained as follows:

r̃kl =

{
1
n

∑i=n
i=1 E(Z

(i)
k | y(i), Θ̂(m), D̂)E(Z

(i)
l | y(i), Θ̂(m), D̂) if 1 ≤ k ̸= l ≤ p

1
n

∑i=n
i=1 E((Z

(i)
k )2 | y(i), Θ̂(m), D̂) if k = l.

M-step. TheM-step involves updatingΘ by maximizing the expected complete likelihood
with an ℓ1 penalty over the precision matrix,

Θ̂
(m+1)
λ = argmax

Θ
{log |Θ| − tr(R̄Θ)− λ||Θ||1}.

In our implementation, we use the glassomethod for optimization (Witten et al., 2011).
A multi-core implementation of our proposed methods speeds up the computational chal-
lenge, as all of the penalized optimizations are performed in parallel across the available
nodes in any multi-core computer architecture. This feature proportionally reduces the
computational time. Performing simulations, we noticed that the EM algorithm converges
quickly, within at most 10 iterations.

2.3.3 Selection of the tuning parameter

The penalized log-likelihood method guarantees with probability one that the precision
matrix is positive definite. In addition, the method leads to a sparse estimator of the pre-
cision matrix, which encodes the latent conditional independencies between the genetic
markers. Sparsistency refers to the property that all parameters that are zero are actu-
ally estimated as zero with probability tending to one. A grid of regularization parameters
Λ = (λ1, . . . , λN) controls the level of sparsity of the precision matrix. Since we are inter-
ested in graph estimation, one approach is to subsample the data, measure the instability
of the edges across the subsamples (Liu et al., 2010) and to choose a λ whose instability is
less than a certain cut point value (usually taken as 0.05). However, in high dimensional
settings, this approach is time consuming.

Alternatively, we compute various information criteria at EM convergence based on the
observed log-likelihood, which can be written as (Ibrahim et al., 2008)

ℓy(Θ̂λ) = Q(Θ̂λ|Θ̂(m))−H(Θ̂λ|Θ̂(m)), (2.10)
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Fig. 2.4 ROC curves for comparing different methods of recovering the true graph where p = 1000, n = 100 and, k = 3. The data
is simulated from (a) our the Gaussian copula graphical model, and (b) t(3) copula graphical model. Our method (Gibbs) consistency
outperforms other methods.

where Q is defined in (3.6) and H function is

H(Θ̂λ|Θ̂(m)
λ ) = Ez[ℓZ|Y (Θ̂λ)|Y ; Θ̂λ] = Ez[log f(z)|Y ; Θ̂λ]− log p(y).

We consider the class of model selection criteria given by

ICH,Q(λ) = −2ℓz∈D(Θ̂λ) + bias(Θ̂λ).

Different forms of the bias(Θ̂λ) lead to different information criteria formodel selection. As
we are interested in graph estimation, we use the extended Bayesian information criterion
(eBIC) introduced for conditional independence graph selection (Foygel and Drton, 2010)

eBIC(λ) = −2ℓ(Θ̂λ) + (log n+ 4γ log p)df(λ),

where df(λ) =
∑

1≤i<j≤p I(θ̂ij,λ ̸= 0) refers to the number of non-zero off-diagonal ele-
ments of Θ̂λ and γ ∈ [0, 1] is the parameter that penalizes the number of models, which
increases when p increases. In case of γ = 0 classical BIC is obtained. Typical values for
γ are 1/2 and 1. To obtain the optimal model in terms of graph estimation we pick the
penalty term that minimizes EBIC over λ > 0.
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p=90, n=360, k=3 p=1000, n=200, k=3

Normal t(3) Normal t(3)

Gibbs
F1 oracle 0.83(0.02) 0.83(0.02) 0.75(0.04) 0.76 (0.02)
F1 0.76(0.03) 0.75(0.03) 0.74(0.04) 0.50 (0.06)
SEN 0.97(0.02) 0.98(0.01) 0.67(0.07) 0.26 (0.05)
SPE 0.97(0.00) 0.97(0.00) 0.99(0.00) 0.99 (0.00)

Approx
F1 oracle 0.80(0.02) 0.80(0.02) 0.73(0.03) 0.74 (0.02)
F1 0.70(0.03) 0.70(0.03) 0.73(0.03) 0.50 (0.35)
SEN 0.98(0.02) 0.96(0.01) 0.70(0.08) 0.50 (0.35)
SPE 0.96(0.01) 0.98(0.01) 1.00(0.00) 1.00(0.00)

npn-tau
F1 oracle 0.84(0.02) 0.84(0.02) 0.76(0.03) 0.76 (0.02)
F1 0.70(0.15) 0.70(0.15) 0.00(0.00) 0.00 (0.00)
SEN 0.94(0.19) 0.94(0.19) 0.00(0.00) 0.00 (0.00)
SPE 0.97(0.01) 0.97(0.01) 1.00(0.00) 1.00 (0.00)

npn-ns
F1 oracle 0.83(0.02) 0.83(0.02) 0.75(0.03) 0.75 (0.03)
F1 0.65(0.25) 0.56(0.32) 0.00(0.00) 0.00 (0.00)
SEN 0.86(0.32) 0.74(0.42) 0.00(0.00) 0.00 (0.00)
SPE 0.97(0.01) 0.98(0.01) 1.00(0.00) 1.00 (0.00)

Table 2.1 The comparison between the performance of the proposed regularized approximated EM, regularized Gibbs sampler EM,
the nonparanormal skeptic Kendall’s tau, and the nonparanormal normal-score. The means of the F1-score, sensitivity and specificity
over 75 replications are represented. The high value of the F1-score is the indicator of good performance. The best model in each
column is boldfaced.

2.3.4 Inference uncertainty

The classical likelihood-based method to estimate uncertainty by inverting the Fisher in-
formation matrix does not directly apply to penalized likelihood approaches (Lehmann
and Casella, 2006). Instead, one way to compute uncertainty associated with the estima-
tion of precision matrix under the penalized Gaussian copula graphical model is through a
non-parametric bootstrap. For the penalized likelihood bootstrap, we replicate B datasets
that are created by sampling with replacement n samples from the dataset Yn×p. We treat
each replicate as the original data and run the entire inference procedure of the proposed
Gaussian copula graphical model to estimate Θ̃

(b)

λ̂
(b = 1, . . . , B). In this bootstrap, we

take into account the uncertainty arising from both empirical estimation of marginals and
selection of the tuning parameter. Thus, the above mentioned non-parametric bootstrap
procedure adequately reflects the underlying uncertainty in the estimation procedure of
the proposed epistatic interaction graph. We have implemented this procedure to evaluate
the uncertainty associatedwith the estimation of the epistatic interactions in the Arabidop-
sis thaliana experiment in section 2.5.1.
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2.4 Simulation study

We study the performance of the proposed method in a simulation study, mimicking the
small-sized genotyping study involvingArabidopsis and themedium-sized study involving
maize. For each dimension, we consider two different scenarios: in one scenario the latent
variables satisfy the multivariate Gaussian distribution, and in the other scenario they do
not. In the latter, we consider the t-distribution with a 3 degrees of freedom. The simulated
data are obtained by different scenarios for the number of variables p ∈ {90, 1000}, the
number of sample sizes n ∈ {200, 360}, and a fixed genotype state k = 3.
The simulated graphs mimic a true underlying epistasis selection network. First, we par-
tition the variables into g linkage groups (each of which represents a chromosome), then
within each linkage group adjacent markers are linked via an edge due to genetic linkage.
Also, with probability α = 0.01 a pair of non-adjacent markers in the same chromosome
is given an edge. Trans-chromosomal edges are simulated with probability β = 0.02. In
the low-dimension case (p = 90) we created 5 chromosomes, and in high-dimension case
(p = 1000) 10 chromosomes. The corresponding positive definite precision matrixΘ has a
zero pattern corresponding to the non-present edges. For each iteration in the simulations
a new random precision matrix was generated. The latent variables are simulated from
either a multivariate normal distribution,Np(0,Θ

−1), or a multivariate t-distribution with
3 degrees of freedom and covariance matrix Θ−1. We generate random cutoff points from
the uniform distribution. And we discretize the latent space into k = 3 disjoint states.
We compare our proposed method with other approaches in terms of ROC performance.
Also, we compare our model to other methods in terms of graph recovery.
The ROC curves in Figure 2.4 show the performance of the different graph estimation
methods. The area under the curve is used as a measure of the quality of the methods in
recovering the true graph. Here, we compare the following methods:

1. Our method with Gibbs sampler within the EM, (Gibbs).
2. Proposed method with approximation within the EM, (Approx)
3. Nonparanormal skeptic using Kendall’s tau, (NPN-tau) (Liu et al., 2012)
4. Nonparanormal normal-score, (NPN-ns) (Liu et al., 2009)

Figure 2.4 shows the average false positive and true positive rates over 75 repeated simu-
lations each at 30 grid points of the tuning parameter. In Figure 2.4(a), the latent variable
satisfy the Gaussian distribution, and (b) the latent variable is non-Gaussian. Figure 2.4
shows how our proposed method, particularly the one employing the Gibbs sampler, out-
performs the nonparanormal approaches. This is true both in the scenario of no model
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misspecification, i.e., that the data is simulated from our the Gaussian copula graphical
model, as in the case of model misspecification, i.e., when the data is simulated from the
t(3) copula graphical model. Our method combined with the approximation approach per-
forms somewhat better than both nonparanormal approaches in both under the true model
and in the case of model misspecification. Based on our simulation studies the performance
of the NPN-tau and the NPN-ns are similar in the absence of outliers, as discussed in Liu
et al. (2012).

Furthermore, we measure the methods’ performance in terms of graph accuracy and its
closeness to the true graph. The above penalized inference methods are a path-estimation
procedures, however, in practice, a particular network should be selected. As we are in-
terested in the global true interaction structure, but not in the individual parameters, the
extended Bayesian Information Criterion (eBIC) is particularly appropriate. To evaluate
the accuracy of the estimated graph we compute the F1-score (F1-score = 2TP

2TP+FP+FN
),

sensitivity (SEN = TP
TP+FN

) and specificity (SPE = TN
TN+FP

), where TP, TN, FP, FN are
the numbers of true positive, true negative, false positive and false negative values, re-
spectively, in identifying the nonzero elements in the precision matrix. We note that high
values of the F1-score, sensitivity and specificity indicate good performance of the pro-
posed approach for the given combination of p, n and k. However, as there is a natural
trade-off between sensitivity and specificity, we focus particularly on the F1 score to eval-
uate the performance of each method. For each simulated dataset, we apply each of the
four methods.

In Table 2.1, we compare these four methods in a low-dimensional case p = 90, n = 360,
and k = 3 mimicking the Arabidopsis dataset we consider later, and a high-dimensional
case of p = 1000, n = 200, and k = 3, mimicking the Maize genotype data. In both
cases we consider two different scenarios: in one scenario the latent variable satisfies the
Gaussian distribution, and in the other scenario it is overdispersed according to a t(3). We
report the average values for F1-score, SEN and SPE in 75 independent simulations. The
value of F1 oracle indicates the best values of F1 that can be obtained by selecting the
best tuning parameter in the ℓ1 optimization. Table 2.1 shows that the proposed method
either using the Gibbs sampling or the approximation method within the EM performs
very well in selecting the best graph. In both scenarios in the low dimension case, the
NPN-tau chooses a better graph compared to NPN-ns. However, in the high-dimension
case neither of them chooses a best graph. In fact, they select an empty graph. The other
measurement, namely sensitivity indicates the true edges that we recover in the inferred
network. The high value of specificity shows that the zero entries in the precision matrix,



2.5 Detecting genomic signatures of epistatic selection 35

Number of variables
100 500 1000 2000 3000 4000

Approx 0.34 1.26 19.71 80.43 734.79 2623.68
npn-tau 0.03 0.16 1.76 14.05 62.76 –∗

∗ Exceeded step memory limit at some point
Table 2.2 The computational cost comparison (in minutes) between the proposed method (Approx) and the nonparanormal skeptic
(NPNtau) method. For the larger p’s the nonparanormal skeptic method is faster than our proposed method. However, neither the
npn-tau nor npn-ns can deal with the missing values, while the proposed approximation approach is developed to be able to deal with
missing genotypes that commonly occur in genotype data.

i.e., the absent edges in the network are accurately identified. These results suggest that,
though recovering sparse network structure from discrete data is a challenging task, the
proposed approaches perform well.
We perform all the computations on a cluster with 24 Intel Xeon 2.5 GHz cores processor
and 128 GB RAM. In our proposed method it is possible to estimate the conditional expec-
tation either through Gibbs sampling, or the approximation approach. For large numbers
of markers (p ≥ 2000) the Gibbs sampling approach is not recommended due to exces-
sive computational costs. However, the approximation approach is able to handle such
situations. The computational costs for the non-paranormal skeptic and the normal-score
methods are similar to each other. Thus, in Table 2.2 we report the computational cost of
the proposed approximation method and the non-paranormal skeptic method versus the
number of variables, for a sample size fixed to 200. Both methods have a roughly similar
increase in computational time, which seems to be larger than quadratic in p. Our method
is roughly a constant factor 10 slower than the nonparanormal skeptic. This is due to the
EM iterations. The EM has advantages, however, as our method is able to deal with miss-
ing genotype values, which are very common in practice. However, by programming in
multi-core we have significantly reduced the computational costs. Further improvement
will be achieved by programming in C++ and interfacing it with R.

2.5 Detecting genomic signatures of epistatic selection

2.5.1 Epistatic selection in Arabidopsis thaliana

We apply our proposed Gibbs sampling approach to detect epistatic selection in Arabidop-
sis thaliana genotype data that are derived from a RIL cross between Columbia-0 (Col-0)
and the Cape Verde Island (Cvi-0), where 367 individual plants were genotyped across 90
genetic markers (Simon et al., 2008). The Cvi − 0 × Col − 0 RIL is a diploid population
with three possible genotypes, k = 3. The genotype data are coded as {0, 1, 2}, where 0
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Fig. 2.5 The inferred network for the genotype data in cross between the A.thaliana accessions, Columbia-0 (col-0) and the Cape
Verde Island (Cvi-0). (a) Each color corresponds to different chromosomes in A. thaliana. Nodes (genetic markers) with similar colors
belong to the same chromosome. The different edge colors show the positive (red) and negative (blue) partial correlations. (b) represents
the zero pattern of the partial correlation matrix.

and 2 represent two homozygous genotypes (AA resp. BB) from Col-0 and Cvi-0, 1 defines
the heterozygous genotype (AB). Some markers have missing genotypes (0.2%).

The results of the analysis are presented in Figure 2.5. The first thing to note is that the
Gaussian copula graphical model groups together markers that belong to one chromo-
some, because of genetic linkage. In the diagonal of Figure 2.5(b), the 5 chromosomes
of the Arabidopsis are clearly identifiable. If there is no linkage disequilibrium, markers
in different chromosomes should segregate independently; in other words, there should
be no conditional dependence relationships between markers in different chromosomes.
Existence of trans-chromosomal conditional dependencies reveal the genomic signatures
of epistatic selection. Figure 2.5 shows that our method finds some trans-chromosomal
regions that do interact. In particular, the bottom of chromosome 1 and the top of chromo-
some 5 do not segregate independently of each other. Beside this, interactions between the
tops of chromosomes 1 and 3 involve pairs of loci that also do not segregate independently.
This genotype has been studied extensively in Bikard et al. (2009). They reported that the
first interaction we found causes arrested embryo development, resulting in seed abortion,
whereas the latter interaction causes root growth impairment.

Furthermore, in addition to these two regions, we have discovered a few other trans-
chromosomal interactions in the Arabidopsis thaliana genome. In particular, two adjacent
markers, c1−13869 and c1−13926, in themiddle of the chromosome 1 interact epistatically
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Model df Log-likelihood Deviance P-value
Fitted model 237 −1098.75
Saturated model 4005 193.35
Fitted model vs Saturated model 3768 2584.2 1

Table 2.3 A summary of model fit to the Arabidopsis genotype data.

with the adjacent markers, c3−18180 and c3−20729, at the bottom of chromosome 3. The
sign of their conditional correlation score is negative indicating strong negative epistatic
selection during inbreeding. These markers therefore seem evolutionarily favored to come
from different grandparents. This suggests some positive effect of the interbreeding of the
two parental lines: it could be that the paternal-maternal combination at these two loci
protects against some underlying disorder or that it actively enhances the fitness of the
resulting progeny.

Fit of model to A.thaliana data

Calculating the deviance statisticsD allows us to assess the goodness-of-fit of the proposed
method,

D = −2[ℓm(Θ̂)− ℓs(Θ̂)],

where ℓm(Θ̂) and ℓs(Θ̂) denote the log-likelihood of the observations for the fitted model
and the saturated model, respectively.
In our modeling framework, the log-likelihood of the fitted model corresponds to the
ℓY (Θ̂λ) that we obtain from the equation (2.10). Taking out the penalty term from (5.2.3)
we obtain the non-penalized log-likelihood of the saturated model, as follows:

ℓs(Θ̂) = ℓY (R̄) ∼= −
n

2
log |R̄| − 1

2
np,

where R̄ is the estimated covariance matrix that can be calculated through either Gibbs
sampling or approximation approaches in sections 2.3.2 A or B.
Table 2.3 shows how well the proposed model fits the A.thaliana data. The χ2 test with
3768 degrees of freedom gives a p-value of 1, indicating that the proposed model fits the
data adequately.

Evaluating the estimated network in A.thaliana

We use a non-parametric bootstrapping approach to determine the uncertainty associated
with the estimated edges in the precision matrix in A.thaliana. We generate 200 indepen-
dent bootstrap samples — as described in section 2.3.4 — from the genotype data of Col-0
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Fig. 2.6 The uncertainty associated with the estimation of the precision matrix in A.thaliana using the non-parametric bootstrap.
The off-diagonal elements represent the probability of having positive or negative epistatic interactions between markers in different
chromosomes in bootstrap versions of the data, whereas the “thick” diagonal elements show the relative frequency of having links
between neighboring markers within the chromosomes in the bootstrapped data.

and Cvi-0 cross. For each 200 bootstrap samples, we apply the proposed Gaussian copula
graphical model as described in section 2.3. Furthermore, we calculate the frequency of
each entry in Θ̃b

λ̂
(b = 1, . . . , 200) have the same sign as the estimated Θ̂λ̂ from the orig-

inal Cvi-0 and Col-0 genotype data. In Figure 2.6, we report the corresponding relative
frequencies for a sign match of each link across the 200 bootstrap samples.
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Fig. 2.7 The inferred network for 1106markers in the cross betweenB73 andKi11 in maize using approximatedmethod in Gaussian
copula graphical model.

Figure 2.6 shows the uncertainty associated with the epistatic interactions between mark-
ers in chromosomes 1 and 5. In particular, in all bootstrap samples we infer a positive
epistatic interaction betweenmarkers c1-26993 and c5-02900. Also their neighboringmark-
ers interact epistatically. Another region in the A.thaliana genome that contains epistatic
interactions is between chromosomes 1 and 3. In all bootstrap samples, we infer positive
epistatic interaction between markers c1-05593 and c3-02968, including their neighbor-
ing markers. Bikard et al. (2009) show that these two regions cause arrested embryo de-
velopment and root growth impairment in A.thaliana, respectively. In addition to these
two confirmed regions, we have found other trans-chromosomal regions with potential
epistatic interactions. For example, two neighboring markers in chromosomes 1, namely
c1-138669 and c1-13869, have quite consistent negative epistatic interactions with the two
neighboring markers in chromosome 3, namely c3-20729 and c3-18180.

2.5.2 Genetic inbreeding experiment in maize

The Nested Association Mapping (NAM) initiative in maize populations is designed to re-
veal the genetic structure of underlying complex traits in maize (McMullen et al., 2009;
Rodgers-Melnick et al., 2015). As part of this study, an inbredKi11maize line was crossed
with the B73 reference line. This genotype data contains 1106 markers genotyped for
193 individuals. The B73 × Ki11 RIL is a diploid population with three possible geno-
types, k = 3. We applied our proposed approximation method to the B73 × Ki11 sam-
ple, aiming to reveal genetic regions in the maize genome that interact epistatically and
may lead to maize disease, e.g. growth impairments, lower fertility or sterility. Explor-
ing genomic signatures of such high-dimensional epistatic selection has so far been left
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unexplored in previous analyses of this essential crop. Figure 2.7 shows that certain loci
on different chromosomes do not segregate independently of each other. For instance,
marker PZA02117.1 in chromosome 1 interacts with markers PZA02148.1 in chromo-
some 6, and marker PZA00545.26 in chromosome 5 interacts with three adjacent markers
PZA00466.1, PZA01386.3, and PZA02344.1 in chromosome 9. Existence of such trans-
chromosomal conditional dependencies indicatesmarker-marker associations that are pos-
sibly due to epistatic selection. Statistically speaking, conditional dependence relationships
between physically unlinked pairs of genetic regions contribute to some disorders in this
crop that affect its viability.

2.6 Discussion

Epistatic selection involves the simultaneous selection of combinations of genotypes at
two or more loci. Epistatic selection can create linkage disequilibrium (LD) between loci,
within and across chromosomes. These LD distortions point to genomic regions under-
going selection. Epistasis is widespread but it may often go undetected due to lack of
statistical power due to testing multiple hypotheses in a possibly very high-dimensional
setting, experimental challenges due to the large sample sizes that are required in order to
detect significant interactions, and computational challenges which relate to dealing with
missing genotypes and the large number of tests to be evaluated.
In this paper, we have introduced an efficient alternative method based on Gaussian copula
graphical models that models the phenomenon of epistasis sparsely in a high-dimensional
setting. It is important to remember that this model is the simplest possible multivariate
ordinal model as it uses the least number of parameters — p(p−1)

2
as Θ is symmetric and

the diagonal of Θ−1 is constrained to be 1 — to describe the full multivariate dependence
structure. The proposed method can handle missing genotype values, and it captures the
conditional dependent short- and long-range LD structure of genomes and thus reveals
“aberrant” marker-marker associations that are due to epistatic selection rather than ga-
metic linkage. Polygenic selection on loci that act additively can easily be detected on the
basis of strong allele-frequency distortions at individual loci. Epistatic selection, by con-
trast, does not produce strong locus-specific distortion effects but instead leads to pair-wise
allele frequency changes.
The proposed method explores the conditional dependencies among large numbers of ge-
netic loci in the genome. To obtain a sparse representation of the high-dimensional genetic
epistatic network, we implement an ℓ1 penalized likelihood approach. Other extensions of
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Gaussian graphical models have also been proposed. Vogel and Fried (2011) extend Gaus-
sian graphical models to elliptical graphical models, whereas Finegold and Drton (2009)
provide a latent variable interpretation of the generalized partial correlation graph for
multivariate t-distributions. They also employ an EM-type algorithm for fitting the model
to high dimensional data.
In the application of our method to a Arabidopsis RIL, we discovered two regions that in-
teract epistatically, which had prior been shown to cause arrested embryo development
and root growth impairments. In addition, we employed our method to reveal genomic
regions in maize that also do not segregate independently and may lead to lower fertility,
sterility, complete lethality or other maize diseases. Although Arabidopsis thaliana and
Maize are both diploid species, nothing in our method is limited to diploids. For triploid
species, such as seedless watermelons, or even decaploid species, such as certain strawber-
ries, the method can be used to find epistatic selection by merely adjusting the parameter
k (from 3 to, respectively, 4 and 11).

Appendix

The following results on the conditional first and second moment of the truncated normal
are used in (3.11) and (3.12). Suppose a random variableX follows a Gaussian distribution
with mean µ0 and variance σ0. For any constant t1 and t2, X|t1 ≤ X ≤ t2 follows a
truncated Gaussian distribution defined on [t1, t2]. Let ϵ1 = (t1 − µ0)/σ0 and ϵ2 = (t2 −
µ0)/σ0, then the first and second moments are

E(X|t1 ≤ X ≤ t2) = µ0 +
φ(ϵ1)− φ(ϵ2)

Φ(ϵ2)− Φ(ϵ1)
σ0

E(X2|t1 ≤ X ≤ t2) = µ2
0 + σ2

0 + 2
φ(ϵ1)− φ(ϵ2)

Φ(ϵ2)− Φ(ϵ1)
µ0σ +

ϵ1φ(ϵ1)− ϵ2φ(ϵ2)

Φ(ϵ2)− Φ(ϵ1)
σ2
0

where Φ−1 defines the inverse function of CDF of standard normal distribution.
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Fig. 2.8 Randomness of the derived p-values from performing the Heidelberger-Welch test in the
Col × Cvi genotype data.

2.7 Supplementary Materials

In the Gibbs sampler, all samples can be accepted except those obtained from a burn-in
period. To find how many iterations need to be discarded (burn-in samples) we perform
the Heidelberger-Welch test (Heidelberger and Welch, 1983). In this convergence test the
Cramer-von-Mises statistic is used to test the null hypothesis that the sampled values de-
rived from a stationary distribution. First the test is performed on the whole chain, then on
the first 10%, 20%, . . . of the chain until either the null hypothesis is accepted, or 50% of
the chain has been discarded. The output of the test is either a failure, meaning that longer
iteration is needed, or a pass which then reports the number of iterations that needed to
be discarded.
In the implementation of the method, we took 1000 burn-in samples in order to gener-
ate randomly from the truncated normal distribution. We show here that this amount
of burn-in period is more than sufficient. As an example we apply this test in the Ara-
bidopsis genotype data to check the number of needed burn-in samples to calculate the
conditional expectation. Table 2.4 shows that many variables need only one iteration to
pass the stationary test. Only very few variables need either 151 or 101 iterations to pass
the stationary test. Furthermore, we compare the derived p-values from the test with the
randomly generated values from the uniform distribution (see Figure 2.8). From Table 2.4
and Figure 2.8, we conclude that we do not need many burn-in samples; fixing it to 1000

is sufficient.
Furthermore, we address the sufficient number of samples Z(i)1

⋆ , . . . , Z
(i)N
⋆ that is needed

to calculate the mean of the expectation. To address this issue, in our simulations and
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Marker stationarity start p-value
test iteration

c1.00593 passed 1 0.4113
c1.02212 passed 1 0.3822
c1.02992 passed 1 0.8782
c1.04176 passed 1 0.3080
c1.05593 passed 1 0.1100
c1.08385 passed 1 0.1393
c1.09782 passed 1 0.6770
c1.11160 passed 1 0.6771
c1.12295 passed 1 0.8242
c1.13869 passed 1 0.5021
c1.13926 passed 1 0.1504
c1.15634 passed 1 0.1296
c1.16875 passed 1 0.7198
c1.18433 passed 1 0.3059
c1.19478 passed 1 0.7271
c1.20384 passed 1 0.8084
c1.22181 passed 1 0.7927
c1.23381 passed 1 0.6483
c1.24795 passed 1 0.7603
c1.25698 passed 1 0.7328
c1.26993 passed 1 0.1750
c1.28454 passed 1 0.7736
c1.28667 passed 1 0.2545
c1.29898 passed 1 0.9053
c2.00593 passed 1 0.8241
c2.02365 passed 1 0.8459
c2.03041 passed 1 0.8789
c2.04263 passed 1 0.6825
c2.06280 passed 1 0.9557
c2.07650 passed 1 0.5034
c2.10250 passed 1 0.4120
c2.11457 passed 1 0.3760
c2.12435 passed 1 0.4112
c2.13472 passed 1 0.7506
c2.15252 passed 1 0.3726
c2.16837 passed 1 0.0640
c2.17606 passed 1 0.0954
c2.18753 passed 1 0.1357
c3.00580 passed 1 0.6830
c3.00885 passed 1 0.2725
c3.01901 passed 1 0.7094
c3.02968 passed 1 0.3449
c3.04141 passed 1 0.2200
c3.05141 passed 1 0.4065
c3.06631 passed 1 0.9154

Marker stationarity start p-value
test iteration

c3.08042 passed 1 0.9371
c3.09748 passed 1 0.1659
c3.10996 passed 1 0.2741
c3.11192 passed 1 0.9199
c3.12647 passed 1 0.5791
c3.15117 passed 101 0.1036
c3.16677 passed 1 0.1833
c3.18180 passed 1 0.4971
c3.20729 passed 1 0.1290
c3.22147 passed 1 0.3444
c4.00012 passed 1 0.6771
c4.00641 passed 1 0.1561
c4.02133 passed 151 0.2904
c4.03833 passed 151 0.0606
c4.04877 passed 151 0.1526
c4.05850 passed 1 0.1462
c4.06923 passed 1 0.1180
c4.07549 passed 1 0.6850
c4.07740 passed 1 0.8112
c4.08930 passed 1 0.5886
c4.10609 passed 1 0.8891
c4.11878 passed 1 0.8728
c4.13171 passed 1 0.9864
c4.14819 passed 1 0.9607
c4.15765 passed 1 0.5666
c4.17684 passed 1 0.7981
c5.00576 passed 1 0.2602
c5.01587 passed 1 0.3229
c5.02900 passed 1 0.5201
c5.04011 passed 1 0.4648
c5.05319 passed 1 0.3446
c5.06820 passed 1 0.3945
c5.07442 passed 1 0.1545
c5.08563 passed 1 0.2376
c5.10428 passed 1 0.9502
c5.13614 passed 1 0.4708
c5.14766 passed 1 0.5127
c5.17570 passed 1 0.0560
c5.19316 passed 1 0.2139
c5.20318 passed 1 0.4989
c5.21319 passed 1 0.8631
c5.22415 passed 1 0.4174
c5.23116 passed 1 0.6876
c5.24997 passed 1 0.7167
c5.26671 passed 1 0.3110

Table 2.4 A Heidelberger-Welch test to determine the needed number of burn-in samples in the
Gibbs sampler within EM copula in the Col × Cvi genotype data. The start iteration shows the
number of iterations that are needed to pass the stationary test.
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Fig. 2.9 The derived samples from the Gibbs sampler within the EM copula are almost independent.

the real data implementation we study the autocorrelation of samples within each vari-
able. In Figure 2.9 we show the results of the autoregressive plot for the first 9 variables
in the A.thaliana genotype data. This Figure shows that the obtained samples for each
variable are almost independent. Thus, we need few samples to calculate the mean of the
expectation.
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Chapter 3

De novo construction of q-ploid
linkage maps using discrete graphical
models 1

Abstract

Linkage maps are important tools for genetic research. New sequencing techniques have
created opportunities to substantially increase the density of genetic markers. Such rev-
olutionary advances in technology have given rise to new challenges, such as creating
high-density linkage maps. Current multiple testing approaches based on pairwise recom-
bination fractions are underpowered in the high-dimensional setting and do not extend
easily to polyploid species. We propose to construct linkage maps using graphical models
either via a sparse Gaussian copula or a nonparanormal skeptic approach. Linkage groups
(LGs), typically chromosomes, and the order of markers in each LG are determined by
inferring the conditional independence relationships among large numbers of markers in
the genome. Through simulations, we illustrate the utility of our map constructionmethod
and compare its performance with other available methods, both when the data are clean
and contain no missing observations and when data contain genotyping errors and are
incomplete. We apply the proposed method to two genotype datasets: barley and potato
from diploid and polypoid populations, respectively. Whereas most tetraploid potato link-
age maps until now have been created either from diploid populations or from a subset
of marker types, our comprehensive map construction method will be able to deal with

1Behrouzi, P., and Wit, E. (2017a). De novo construction of q-ploid linkage maps using discrete graphical
models. arxiv preprint arxiv:1710.01063v3.
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realistic data settings for any biparental diploid and polyploid species containing arbitrary
marker types. We have implemented the method in the R package netgwas which is
freely available at https://CRAN.R-project.org/package=netgwas.
Key words: Linkage mapping; Diploid; Polyploid; Graphical models; Gaussian copula;
High-density genotype data.

3.1 Introduction

A linkage map provides a fundamental resource to understand the order of markers for
the vast majority of species whose genomes are yet to be sequenced. Furthermore, it is an
essential ingredient in the often used QTL mapping of genetic diseases, and particularly in
identifying genes responsible for heritable or other types of diseases in humans or traits
such as disease resistance in plants or animals.
Recent advances in sequencing technology make it possible to comprehensively sequence
huge numbers of markers, construct dense maps, and ultimately create a foundation for
studying genome structure and genome evolution, identifying quantitative trait loci (QTLs)
and understanding the inheritance of multi-factorial traits. Next–generation sequencing
(NGS) techniques offer massive and cost–effective sequencing throughput. However, they
also bring new challenges for constructing high–quality linkage maps. NGS data can suffer
from high rates of genotyping errors, as the observed genotype for an individual is not
necessarily identical to its true genotype. Under such circumstances, constructing high–
quality linkage maps can be difficult.
Each species is categorized as diploid or polyploid by comparing its chromosome num-
ber. Diploids have two copies of each chromosome. For diploid species many algorithms
for constructing linkage maps have been proposed. Some of them have been implemented
into user-friendly software, such as R/qtl (Broman et al., 2003), JOINMAP (Jansen et al., 2001),
OneMap (Margarido et al., 2007), and MSTMAP (Wu et al., 2008). Among the algorithms for
constructing genetic maps, R/qtl estimates genetic maps and identifies genotyping errors
in relatively small sets of markers. JOINMAP is a commercial software widely used in the sci-
entific genetics community. It uses twomethods to construct genetic maps: one is based on
regression (Stam, 1993) and the other uses a Monte Carlo multipoint maximum likelihood
(Jansen et al., 2001). OneMap has been reported to construct linkage maps in non-inbred
populations. However, it is computationally expensive. The MSTMap is a fast genetic map
algorithm that determines the order of markers by computing the minimum spanning tree
of an associated graph.

https://CRAN.R-project.org/package=netgwas
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Polyploid organisms have more than two chromosome sets. Polyploidy is very common
in flowering plants and in different crops such as watermelon, potato, and bread wheat,
which contain three (triploid), four (tetraploid), and six (hexaploid) sets of chromosomes,
respectively. Despite the importance of polyploid species, statistical tools for construc-
tion of their linkage map are underdeveloped. However, Grandke et al. (2017) recently
developed a method for this purpose. Their method is based on calculating recombina-
tion frequencies between marker pairs, then using hierarchical clustering and an optimal
leaf algorithm to detect chromosomes and order markers. Nevertheless, this method can
be computationally expensive even for a small numbers of markers. Furthermore, most
literature has focused on constructing genetic linkage maps for tetraploids, but these are
limited only to autotetraploid species. Only one, TetraploidMap, has been implemented in
a software (Preedy and Hackett, 2016), but because it needs manual interaction and visual
inspection its implementation is limited. Furthermore, current approaches to polyploid
map construction are based mainly on estimation of recombination frequency and LOD
scores (Wang et al., 2016), which does not use the full multivariate information in the data.

Different diploid and polyploid map construction methods have made substantial steps
toward building better–quality linkage maps. However, the existing methods still suffer
from low quality genetic mapping performance, in particular when ratios of genotyping
errors and missing observations are high. The main contribution of this chapter is to in-
troduce, for diploid and polyploid species, a novel linkage map algorithm to overcome the
difficulties arising routinely in NGS data. With the proposed method we aim to build high–
density and high–quality linkage maps using the statistical property called conditional de-
pendence relationships, which reveals direct relations among genetic markers. For diploid
scenarios, we evaluated the performance of the proposed method and the other methods in
several comprehensive simulation studies, both when the input data were clean and had
no missing observations and when the input data were very noisy and incomplete. We
measured the performance of the methods in accuracy scores of grouping and ordering. In
addition, we studied the performance of our method in constructing linkage maps for sim-
ulated polyploids, namely tetraploids and hexaploids. Furthermore, we applied the map
construction method in netgwas (Behrouzi and Wit, 2017b) to construct maps for two
genotype datasets: barley and potato from diploid and tetraploid populations, respectively.



52 Construction of linkage maps using graphical models

Fig. 3.1 General view of proposed linkage map estimation process. To illustrate, we use a diploid
population containing two copies of each chromosome. (a) Example of mating experiment of an
inbred F2 population. (b) Derived genotype data for 200 individuals which have genotyped for 500
markers. (c) Reconstruction of undirected graph between all 500 markers. (d) 10 linkage groups
(chromosomes) with markers ordered within each linkage group (LG).

3.2 Genetic background on linkage map

A linkage map is the linear order of genetic markers on a chromosome. Geneticists use
it to study the association between genes and traits. In this section we describe the rela-
tionship between a linkage map and single nucleotide polymorphism (SNP) markers. For
the moment, we assume that each allele can take only one of two values, A or a. This
assumption can be relaxed without requiring any methodological adjustments; more will
follow in the discussion. Here, we are dealing with markers from high–throughput data
such as NGS and SNP arrays.

3.2.1 Linkage map for diploids and polyploids

Diploid organisms contain two sets of chromosomes, one from each parent, whereas poly-
ploids contain more than two sets of chromosomes. In polyploids the number of chro-
mosome sets reflects their level of ploidy: triploids have three sets, tetraploids have four,
pentaploids have five, and so forth. Here, we refer to diploids and polyploids as q-ploid
q ≥ 2, where in diploids q = 2, triploids q = 3, tetraploids q = 4, and so on.
The genotype of any q-ploid organism can be homozygous or heterozygous at each single
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locus on the genome. Different genotype forms of the same gene are called alleles. Alleles
can lead to different traits. Alleles are commonly represented by letters; for example, for
the gene related to the trait, the allele could be called A and a. In q-ploid individuals there
are q copies of allele. If all q allele copies of an organism are identical, the organism is in
the homozygous state at that locus; otherwise it is in the heterozygous state. For instance,
a tetraploid individual is homozygous for two size alleles, A and a, if all 4 allele copies
are either A, or a, which correspond with the genotypes AAAA and aaaa, respectively. If
a tetraploid individual is heterozygous the following three genotypes would appear: one
copy of the A allele and three copies of a (e.g. Aaaa), two copies of A and two copies of a
(e.g. AAaa), or three copies of A and one copy of a (e.g. AAAa). Unlike existing methods,
our method works not only for diploid organisms but also for all polyploids. Obviously,
our method can also be used to analyze simple haploid organisms such as haploid yeast
cells.

3.2.2 Mapping population

Mating between two parental lines with recent common biological ancestors is called in-
breeding. Mating between parental lines with no common ancestors up to e.g. 4-6 genera-
tions is called outcrossing. In both cases, the genomes of the derived progenies are random
mosaics of the genomes of the parents. As a consequence of inbreeding parental alleles are
attributable to each parental line in the genome of the progeny, whereas in outcrossing
this is not the case.
Inbreeding progenies derive from two homozygous parents. Some inbreeding designs,
such as Backcrossing (BC), lead to a homozygous population where the derived genotype
data include only homozygous genotypes of the parents, namely AA and aa (conveniently
coded as 0 and 1). However, some other inbreeding designs such as F2 lead to a het-
erozygous population, where the derived genotype data contain both heterozygous and
homozygous genotypes, namely AA, Aa, and aa (conveniently coded as 0, 1 and 2; see Fig-
ures 3.1a and 3.1b for an example of a diploid species). Although many other experimental
designs are being used in genetic studies, not all existing methods for linkage mapping
support all inbreeding experimental designs. However, our proposed algorithm constructs
a linkage map for any type of biparental inbreeding experimental designs. In fact, un-
like other existing methods, our approach does not require specifying the population type
because it is broad and handles any population type that contains at least two distinct
genotype states.
Outcrossing or outbred experimental designs, such as full–sib families, derive from two
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Fig. 3.2 Cartoon example of conditional dependence pattern between neighboring markers in dif-
ferent population types: (a) homozygous, (b) inbred, (c) outcrossing (outbred) populations, where
ordered markers Y1, . . . , Y5 reside on chromosome 1, and Y6, . . . , Y10 on chromosome 2.

non–homozygous parents. Thus the genome of the progenies includes a mixed set of
many different marker types, including fully informative markers and partially informa-
tive markers (e.g. missing markers). Markers are called fully informative when all of the
resulting gamete types can be phenotypically distinguished on the basis of their genotypes;
they are called partially informative when the gamete types have identical phenotypes.

3.2.3 Meiosis and Markov dependence

During meiosis, chromosomes pair and exchange genetic material (crossover). In diploids,
pairing at meiosis occurs between two chromosomes. In polyploids the q chromosome
copies may form different types of multivalent pairing. For example, in tetraploids all
four chromosome copies may pair at meiosis. Assume a sequence of ordered SNP markers
Xc

1, X
c
2, . . . , X

c
d along chromosome c in a q-ploid species. We describe the Markov depen-

dence structure between markers for different population schemes. (i) During meiosis in
inbred populations, genetic material from one of the two parents is copied into the off-
spring in a sequential fashion, i.e. reading along the genome, until the copying switches
in a random fashion to the other parent. Thus, the genome of the offspring is a random
but piecewise continuous mosaic of the genomes of its parents. The genotype state at each
chromosomal region, or locus, of the offspring is either homozygous maternal, heterozy-
gous, or homozygous paternal. For instance, as a result of genetic linkage and crossover
a homozygous maternal genotype will typically be followed by a heterozygous genotype
before being able to be followed by a homozygous paternal genotype.
Genetic linkage means that markers located close to one another on a chromosome are
linked and tend to be inherited together during meiosis. Another key biological fact is that
during meiosis markers on different chromosomes segregate independently; this is called
the independent assortment law.
For example, in scheme (i) consisting of only a homozygous population, the random vari-
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able Yj which represents the genotype of an individual at location j can be defined as

Yj =

{
1 paternal marker at locus j on homologue k,
0 otherwise.

This scheme occurs in inbred homozygous populations that include only two genotype
states, namely homozygous maternal and homozygous paternal. Mapping populations,
such as backcrossing, are included in this scheme. Then, under the assumption of no
crossover interference – meaning when a crossover has formed, other crossovers are not
prevented from forming – the recombination frequency between the two locations j and
j + 1 is independent of recombination at the other locations on the genome. So, the fol-
lowing holds

Pr(Yj+1 = yj+1 | Yj = yj, Yj−1 = yj−1, . . . , Y1 = y1) = Pr(Yj+1 = yj+1 | Yj = yj) (3.1)

This equation indicates that the genotype of a marker at location j + 1 is conditionally
independent of genotypes at locations j − 1, j − 2, . . . , 1 given a genotype at location j.
This can be written as

Yj+1 (Y1, . . . , Yj−1) | Yj (3.2)

This defines a discrete graphicalmodelG = (V,E)which consists of verticesV = {1, . . . , p}
and edge setE ⊆ V ×V with a binary random variable Yj ∈ {0, 1}p. Given the above prop-
erty between neighboring markers, we construct linkage maps using conditional (in)de-
pendence models. Figure 3.2a shows a cartoon image of conditional (in)dependencies for
this scheme.

Scheme (ii): In inbred populations, one complication arises when in the genotype data we
cannot identify each homologue due to heterozygous genotypes. Q-ploid (q ≥ 2) het-
erozygous inbred populations, like F2, are examples of such cases, where we define Xjk

as

Xjk =

{
1 if marker j on homologue k is of type A,
0 otherwise

where A is one of the two possible alleles at that specific location. Here, Xjk represents
the allele at homologue k of a chromosome, where the genotype in that location can be
written as Xj. = {Xj1 . . . Xjq}. For example, at marker location j, Xj = Aaaa is one
possible genotype for a tetraploid species (q = 4); it includes one copy of the desirable
allele A where Xj1 = 1, Xj2 = 0, Xj3 = 0, and Xj4 = 0 represent the alleles in the first,
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second, third and fourth homologues, respectively. The other possible genotypes which
include one copy of the desired allele A are aAaa, aaAa, aaaA. Because it is typically
impossible to distinguish between genotypes with the same number of copies of a desired
allele (e.g. Aaaa, aAaa, aaAa, aaaA), we therefore take a random variable Yj as observed
in the number of A alleles at location j:

Yj =

q∑
k=1

Xjk. (3.3)

Table 3.1 shows an example of correspondence between Yj and Xj. for a q-ploid species
when q = 4. We note that a q-ploid species contains q + 1 genotype states at location j,
as shown in Table 3.1 for a tetraploid species.
Due to genetic linkage, the sequence of ordered SNPmarkers Y1, Y2, . . . , Yd forms aMarkov
chain as equation (3.1) with state space S which contains q + 1 states. Therefore, the
conditional (in)dependence relationship (3.2) between neighboring markers is held. Fig-
ure 3.2b presents a cartoon image of the conditional independence graph for this scheme.
Scheme (iii): In outcrossing (outbred) populations, unlike inbred populations, the mean-

Yj Xj.

0 aaaa
1 Aaaa, aAaa, aaAa, aaaA
2 AAaa, AaAa, AaAa, AaaA, aaAA
3 AAAa, AaAA, AAaA, AAAa, aAAA
4 AAAA

Table 3.1 Number of copies (dosage) of a reference allele. Relation between different genotypes,
Xj., and allele dosage, Yj , for a tetraploid individual, where A is the reference allele.

ing of “parental" is either unknown or not well defined. In other words, markers in the
genome of the progenies can not easily be assigned to their parental homologues. For ex-
ample, if both non-homozygous parents contain AjAjAjAj genotype at marker location
j, then offspring will also have AjAjAjAj genotype at marker location j. But we do not
know whether that genotype belongs to the paternal or maternal homologue, since both
parents have AjAjAjAj genotype at marker location j. So, in this case we define Xjk as
follows

Xjk =

{
1 if marker j on homologue k is of type Aj ,
0 otherwise

whereAj is one of the possible parental alleles at location j. So, random variable Yj which
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represents the dosage of alleles, can be defined as equation (3.3).

Furthermore, in polyploids the linkage depends on how a single chromosome pairs during
meiosis to generate gametes. In this regard, if both polyploid parents have an Aj allele in
all q haploids, then the offspring will also have it, and this will not co-vary with neighbor-
ing markers. The possibility of different pairing models during meiosis makes the situation
more complex. In diploids, the two homologue chromosomes pair up and form a bivalent,
then cross-over before recombinations occur. But polyploid meiosis can occur in various
ways; in tetraploids four homologue chromosomes can during meiosis form either two
separate bivalents, each of which contributes one haploid, like diploids, or, alternatively,
in a more complex situation, the four homologue chromosomes can form quadrivalents, so
that cross-over occurs between eight haploids. In both pairing models, bivalent or quadri-
valent, crossover events result in recombined haploids that are mosaics of parental chro-
mosomes. Outbred progenies are genetically diverse and highly heterozygous, whereas
inbred individuals have little or no genetic variation.

The term (3.1) partially holds for the scheme (iii), where a discrete graphical model can be
defined for a multinomial variable Yj = {0, 1, . . . , q}. We use conditional independence to
construct linkage maps in outbred populations. However, in this type of population, due to
a mixed set of different marker types, the conditional independence relationship between
neighboring markers may be more complicated. Many genetic assumptions made in tra-
ditional linkage analyses (e.g., known parental linkage phases throughout the genome) do
not hold here. For example, when both parents have Aj allele, then their offspring will
also have it; however this will not covary with neighboring markers. Figure 3.2c shows a
cartoon example of such conditional independence graphs.

To summarize, term (3.1) holds for schemes (i) and (ii), and partially (iii) because transition
probability from a genotype at location j to a genotype at location j + 1 depends on the
recombination frequency between the two locations j and j + 1, which is independent
of recombination in the other locations. This can be modeled by a discrete Markov pro-
cess {Yj}j=1,...,d with state space S which contains q + 1 genotype states and a transition
matrix, which, in case of polyploids (q ≥ 3), can be calculated with respect to the mode
of chromosomal pairing (e.g. bivalent or quadrivalent). The Markov structure of the SNP
markers in all three schemes yields a graphical model with as many nodes as markers in
a genome. The random variable Xj follows a discrete graphical model whereby the joint
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distribution P (X) can be factorized as,

P (X) =
C∏
c=1

pc−1∏
j=1

f
(c)
j,j+1(X

(c)
j , X

(c)
j+1), (3.4)

where C defines the number of chromosomes in a genome, and pc stands for the number
of markers in chromosome c (see Section 1.2.1). The outer multiplication of (3.4) shows
the independent assortment law, and the inner multiplication represents the genetic linkage
between markers within a chromosome, where the factor f (c)

j,j+1 indicates the conditional
dependence between adjacent markers, given the rest of the markers. Through this proba-
bilistic insight, the inferred conditional (in)dependence relationship between markers pro-
vides a high-dimensional space for the construction of a linkage map.

3.3 Algorithm to detect linkage map

We propose to build a linkage map in two steps; first, we reconstruct an undirected graph
for all SNP markers on a genome, and second, we determine the correct order of markers
in the obtained linkage groups from the first step. We also show how our method handles
genotyping errors and missing observations in reconstructing a linkage map.

3.3.1 Estimating marker-marker network

To reconstruct an undirected graph between SNP markers in a q-ploid species we pro-
pose two methods: the sparse ordinal glasso approach (Behrouzi and Wit, 2017a) and the
nonparanormal skeptic approach (Liu et al., 2012) (the latter discussed under Supplemen-
tary Materials). The former method can deal with missing values, whereas the latter is
computationally faster.
An undirected graphical model for the joint distribution (3.4) of a random vector Y =

(Y1, . . . , Yp) is associated with a graph G = (V,E), where each vertex j corresponds to a
variable Yj . The pair (j, l) is an element of the edge setE if and only if Yj is dependent of Yl,
given the rest of the variables. In the graph estimation problem, we have n samples of the
random vector Y , and it is our aim to estimate the edge set E. Depending on how various
mapping populations are produced, Y represents either binary variables Y = {0, 1}, as in
homozygous populations, or multinomial variables Y = {0, 1, . . . , q + 1} where q is the
ploidy level. For example in diploids q is 2 and in tetraploids 4.
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Sparse ordinal glasso A relatively straightforward approach to discover the condi-
tional (in)dependence relation among markers is to assume underlying continuous vari-
ables Z1, . . . , Zp for markers Y1, . . . , Yp, which can not be observed directly. In our model-
ing framework, Yj and Zj define observed rank and true latent value, respectively, where
each latent variable corresponds to one observed variable. The relationship between Yj

and Zj is expressed by a set of cut-points (−∞, C
(j)
1 ], (C

(j)
1 , C

(j)
2 ] . . . , (C

(j)
q ,∞), which is

obtained by partitioning the range of Zj into qj − 1 disjoint intervals. Thus, y(i)j , which
represents the genotype of the i-th sample for the j-th marker, can be written as follows

y
(i)
j =

q∑
k=1

k × 1{C(j)
q−1<z

(i)
j ≤C

(j)
q } i = 1, 2, . . . , n, (3.5)

where we define D = {z(i)j ∈ R | C(j)
q−1 < z

(i)
j ≤ C

(j)
q }. We use a high dimensional

Gaussian copula with discrete marginals. We assume

Z ∼ Np(0,Σ)

where the p × p precision matrix Θ = Σ−1 contains all the conditional independence
relationships between the latent variables. Given our parameter of interest Θ, we non-
parametrically estimate the cut-points for each j = 1, . . . , p as follows

Ĉ(j)
q =


−∞ if q = 0 ;
Φ−1(

∑n
i=1 I(y

(i)
j ≤ q)/n) if q = 1, . . . , qj − 1;

+∞ if q = qj .

PenalizedEMalgorithm In genotype datasetswe commonly encounter situationswhe-
re the number of genetic markers p exceeds the number of samples n. To solve this dimen-
sionality problem we propose to impose an l1 norm penalty on the likelihood consisting
of the absolute value of the elements of the precision matrix Θ. Furthermore, to be able to
deal with commonly occurring missing values in genotype data we implement an EM al-
gorithm (McLachlan and Krishnan, 2007), which iteratively finds the penalized maximum
likelihood estimate Θ̂λ. This algorithm proceeds by iteratively computing the conditional
expectation of complete log-likelihood and optimizing it. In the E-step we compute the
conditional expectation in the penalized log-likelihood
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Qλ(Θ | Θ̂(m)) =
n

2

[
log |Θ| − tr(

1

n

n∑
i=1

EZ(i)(Z(i)Z(i)t|y(i), Θ̂(m), D̂)Θ)− p log(2π)

]
− λ||Θ||1 (3.6)

where λ is a nonnegative tuning parameter. To calculate the conditional expectation R̄ =
1
n

∑n
i=1EZ(i)(Z(i)Z(i)t|y(i), Θ̂(m), D̂) we propose two different approaches, namely Gibbs

sampling and an approximation method (Behrouzi and Wit, 2017a). Further details on the
calculation of the conditional expectation are provided in the Supplementary Materials.
The M-step is a maximization problem which can be solved efficiently using either graph-
ical lasso (Friedman et al., 2008)

Θ̂
(m+1)
glasso = argmax

Θ

{
log |Θ| − tr(R̄Θ)− λ||Θ||1

}
or the CLIME estimator (Cai et al., 2011)

Θ̂(m+1)
CLIME = argmin

Θ
||Θ||1 subject to ||R̄Θ− Ip||∞ ≤ λ,

where Ip is a p-dimensional identity matrix.

In large-scale genotyping studies, it is common to have missing genotype data. Before
determining the number of linkage groups and ordering markers, we handle the missing
data within the E-step of the EM algorithm, where we calculate the conditional expectation
of true latent variables given the observed ranks. If an observed value, y(i)j is missing,
we take the unconditional expectation of the corresponding latent variable. In the EM
framework we can easily handle high ratios of missingness in the data.

3.3.2 Determining linkage groups

A group of loci that are correlated defines a linkage group (LG). Depending on the density
and proximity of the underlying markers each LG corresponds to a chromosome or part
of a chromosome. The number of discovered linkage groups is controlled by the tuning
parameter λ (section 3.3.1). We use the extended Bayesian criterion (eBIC), which has suc-
cessfully been applied by Yin and Li (2011) in selecting sparse Gaussian graphical models
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for genomic data to determine the number of linkage groups. The eBIC is defined as

eBIC(λ) = −2ℓ(Θ̂λ) + (log n+ 4γ log p)df(λ), (3.7)

where ℓ(Θ̂λ) is the non-penalized likelihood and γ ∈ [0, 1] is an additional parameter.
And df(λ) =

∑
1≤i<j≤p I(θ̂ij,λ ̸= 0) where θ̂ij,λ is (i, j)th entry of the estimated precision

matrix Θ̂λ and I is the indicator function. In case of γ = 0 the classical BIC is obtained.
Typical values for γ are 1/2 and 1. We select the value of λ that minimizes (3.7) for γ = 1

2
.

It is notable that in existing map construction methods the construction of linkage groups
is usually done bymanually specifying a threshold for pairwise recombination frequencies;
this, however, influences the output map, whereas our method detects LGs automatically
in a data–driven way.
Figure 3.1(c) shows an example of an estimated conditional independence graph between
markers. This graph includes 10 distinct sub–graphs, each of which corresponds to a link-
age group. In this graph, given all markers on a genome, markers within the linkage groups
are conditionally dependent, due to genetic linkage, and markers between linkage groups
are conditionally independent, due to the independent assortment law.
Some genotype studies suffer from low numbers of samples or they contain signatures of
epistatic selection (Behrouzi and Wit, 2017a), which may cause bias in determining the
linkage groups. To address this problem, besides the model selection step, we use the
fast-greedy algorithm to detect the linkage groups in the inferred graph. This community
detection algorithm reflects the two biological concepts of genetic linkage and independent
assortment in a sense that it defines communities which are highly connected within, and
have few links between communities.

3.3.3 Ordering markers

Assume that a set of dmarkers has been assigned to the same linkage group. LetG(V (d), E(d))

be a sub–graph on the set of unordered dmarkers, where V (d) = {1, . . . , d}, d ≤ p and the
edge setE(d) represents the estimated edges among dmarkers whereE(d) ⊆ E. We remark
that the precision matrix Θ̂(d)

λ , a submatrix of Θ̂λ, contains all conditional dependence rela-
tions between the set of dmarkers. Depending on the type of mating between the parental
lines we introduce two methods to order markers, one based on dimensionality reduction
and another based on bandwidth reduction. Both methods result in a one-dimensional
map.
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Inbred In inbred populations, markers in the genome of the progenies can be assigned
to their parental homologues, resulting in a simpler conditional independence pattern be-
tween neighboring markers. In the case of inbreeding, we use multidimensional scaling
(MDS) to represent the original high-dimensional space in a one-dimensional map while
attempting to maintain pairwise distances. We define the distance matrix D which is a
d × d symmetric matrix where Dii = 0 and Dij = − log(ρij) for i ̸= j. Here, the ma-
trix ρ represents the conditional correlation among d objects which can be obtained as
ρij = − θij√

θii
√

θjj
, where θij is the ij-th element of the precision matrix Θ.

We aim to construct a configuration of d data points in a one–dimensional Euclidean space
by using information about the distances between the d nodes. Given the distance matrix
D, we define a linear ordering L of d elements such that the distance D̂ between them is

similar toD. We consider ametricMDS,whichminimizes L̂ = argminL

d∑
i=1

d∑
j=1

(Dij−D̂ij)
2

across all linear orderings.

Outbred An outbred population derived from mating two non-homozygous parents re-
sults in markers in the genome of progenies that can not easily be assigned to their parental
homologues. Neighboring markers that vary only on different haploids will appear as in-
dependent, therefore requiring a different ordering algorithm [see Figure 3.2c]. In that
case, to order markers we use the reverse Cuthill-McKee (RCM) algorithm (Cuthill and
McKee, 1969). This algorithm is based on graph models. It reduces the bandwidth of the
associated adjacencymatrix,Ad×d, for the sparse matrix Θ̂(d)

λ . The bandwidth of the matrix
A is defined by β = maxθij ̸=0 |i− j|. The RCM algorithm produces a permutation matrix
P such that PAP T has a smaller bandwidth than does A. The bandwidth is decreased
by moving the non-zero elements of the matrix A closer to the main diagonal. The way
to move the non-zero elements is determined by relabeling the nodes in graph G(Vd, Ed)

in consecutive order. Moreover, all of the nonzero elements are clustered near the main
diagonal.

3.4 Simulation study

In this section, we study the performance of the proposed method for different diploids
and polyploids. In section 3.4.1 we perform a comprehensive simulation study to compare
the performance of the proposed algorithm with other available tools in diploid map con-
structions, namely JOINMAP (Jansen et al., 2001) and MSTMap (Wu et al., 2008). The former
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is based onMonte Carlo maximum likelihood and the latter uses a minimum spanning tree
of a graph.
In section 3.4.2 we perform a simulation study to examine the algorithm performance on
polyploids. At this moment the proposed method is the only one that constructs linkage
maps for polyploid species automatically without any manual adjustment. Thus, in this
case we can not compare the proposed method with other methods.

3.4.1 Diploid species

We simulate genotype data from an inbred F2 population. This population type gener-
ates discrete random variables with values Y = {0, 1, 2} associated with the three distinct
genotype states, AA, Aa, and aa at each marker. The procedure in generating genotype
data is as follows: first, two homozygous parental lines are simulated with genotypes AA
and aa at each locus. A given number of markers, p, are spaced along the predefined
chromosomes. Then, two parental lines are crossed to give an F1 population with all het-
erozygous genotypesAa at each marker location. Finally, a desired number of individuals,
n, are simulated from the gametes produced by the F1 population.
A genotyping error means that the observed genotype for an individual is not identical
to its true genotype, for example, observing genotype AA when Aa is the true genotype.
Genotyping errors can distort the final genetic map, especially by incorrectly ordering
markers and inflating map length. Therefore, to order markers that contain genotyping
errors is an essential task in constructing high-quality linkage maps. To investigate this,
we create genotyping errors in the simulated datasets [see Supplementary Materials] by
randomly flipping the heterozygous loci along the chromosomes to either one of the ho-
mozygous allele. We inserted missing observations randomly along chromosomes simply
by deleting genotypes.
For each simulated data, we compare the performance of the map construction in net-
gwas with two other models: JOINMAP, and MSTMap. We compute two criteria: group-
ing accuracy (GA) and ordering accuracy (OA), to assess the performance of the above
mentioned tools in estimating the correct map. The former measures the closeness of the
estimated number of linkage groups to the correct number, and the latter calculates the
ratio of markers that are correctly ordered. We define the grouping accuracy as follows:
GA = 1

1+(LG−L̂G)2
, where LG stands for actual number of linkage groups and L̂G is the

estimated number of linkage groups. The GA criterion is a positive value with a maximum
of 1. A high value of GA indicates good performance in determining the correct number
of linkage groups. To compute ordering accuracy, we calculate the Jaccard distance, dJ ,
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(a) (b)
Fig. 3.3 Comparison of performance between map construction in netgwas and MSTMAP for dif-
ferent missingness rates with no genotyping errors. Variables p and n represent numbers of mark-
ers and individuals in simulated diploid genotype datasets. (a) Reports grouping, and (b) shows
ordering accuracy scores for 50 independent runs

whichmeasures mismatches between the estimated order and the true order. We define the
ordering accuracy of the estimated map as OA = 1

1+dJ
. This measurement lies between 0

and 1, where 1 and 0 stand for a perfect and a poor ordering, respectively.
In terms of computation, netgwas runs in parallel. In the performed simulations, we ran
the map construction functions, both in netgwas and the MSTMAP on a Linux machine
with 24 2.5 GHz Intel Xeon processors and 128GBmemory. JOINMAP runs only onWindows.
We ran it on a Windows machine with 3.20 GHz Intel Xeon processors and 8 GB RAM
memory.

Evaluation of estimated maps in presence of missing genotypes We studied the
effect of different ratios of missingness in the accuracy of the estimated linkage maps using
two methods: netgwas andMSTMAP. The simulated data contained 300markers for both
n = 100 and n = 200 individuals where the missingness rates ranged from 0 to 0.45.
In these sets of simulations we assumed no genotyping error [More simulation sets are
performed in Supplementary Materials].
Figure 3.3 evaluates the accuracy of estimated maps in terms of grouping (Figure 3.3a)
and ordering accuracies (Figure 3.3b). In general, this figure shows that netgwas con-
structed significantly better maps than MSTMAP across the full range of missingness rates.
More specifically, for a moderate number of individuals, (n = 200), Figure 3.3a shows that
netgwas correctly estimated the actual number of linkage groups for missingness rates
up to 0.25; when rates were between 0.25 and 0.35, netgwas estimated with high accu-



3.4 Simulation study 65

True order of markers

E
st

im
at

ed
 o

rd
er

 o
f m

ar
ke

rs

Quantile

25%
50%
75%

True order of markers

E
st

im
at

ed
 o

rd
er

 o
f m

ar
ke

rs

Quantile

25%
50%
75%

(a) (b)
Fig. 3.4 Performance ofnetgwas on different polypoid simulated datasets. Median, lower quartile,
and upper quartile of estimated order versus true order for (a) tetraploids (q = 4), and (b) hexaploid
simulated datasets (q = 6). Solid lines indicate median and smoothed median. Blue dashed line
indicates ideal ordering.

racy (≥ 0.90) the actual number of linkage groups. Only when the missing rate was higher
than 35% did netgwas begin to estimate the actual number of linkage groups poorly.
For n = 100 netgwas correctly estimated the actual number of linkage groups up to
0.05 missingness, and very accurately (≥ 0.9) estimated the number of linkage groups for
missingness rates between 0.05 and 0.2. With more than 20% missingness the accuracy
diminished. MSTMAP always made significantly poorer estimates of the actual number of
linkage groups than did netgwas; its performance immediately began to drop as soon
as there was some level of missingness. Surprisingly, it estimated the number of linkage
groups better when n = 100 than n = 200, but this may have been a fluke.

Figure 3.3b shows the ordering accuracy within each correctly estimated linkage group.
Ordering quality in netgwas was significantly better than MSTMAP for both n = 100

and n = 200. More specifically, when n = 100 and the missing rate equaled zero, netg-
was ordered markers perfectly (100% accuracy) and MSTMAP orders markers with a high
accuracy (95%). In addition, with increased missingness rates, the map construction func-
tion in netgwas outperformed that of the MSTMAP in ordering markers within each LG.
Surprisingly, when the number of individuals increased, MSTMAP performed more poorly
in ordering markers.
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3.4.2 Polyploid species

We also applied netgwas to simulated outbred polyploid genotype datasets. We used
PedigreeSim (Voorrips and Maliepaard, 2012) to simulate F1 mapping populations in tet-
raploids (q = 4) and hexaploids (q = 6) with n = 200 individuals. PedigreeSim simulates
polyploid genotypes with different configurations, such as chromosomal pairing modes
during meiosis. The simulated tetraploids (q = 4) are motivated by autotetraploid potato
where Y = {0, 1, 2, 3, 4} corresponds to the five biallelic tetraploid genotype states (aaaa,
Aaaa, AAaa, AAAa, AAAA), which are created across 12 chromosomes. The simulated
hexaploids (q = 6) are motivated by allohexaploid peanut, a polyploid species that con-
tains 10 chromosomes, where Y = {0, 1, 2, 3, 4, 5, 6} corresponds to the seven genotype
states (aaaaaa, Aaaaaa, AAaaaa, AAAaaa, AAAAaa, AAAAAa, AAAAAA) across its
genome. In total, 50 populations, each consisting of p = 1000markers, were simulated for
each scenario.
We used the mean square error (MSE) as a measure for evaluating the performance of
the proposed method on detecting the true number of chromosomes. In the tetraploid
simulation the mean of MSE was 0.52, and for the hexaploid simulation it was 0.15. Figure
3.4 shows the performance of the proposed method in ordering markers for tetraploids
(Figure 3.4a) and hexaploids (Figure 3.4b). The solid line shows the median of estimated
order of each marker across a chromosome versus the true order, and the lower (25%) and
upper quartiles (75%) of the estimated marker order is shown as dashed lines. This figure
shows that, although ordering markers in outcrossing families is challenging [see section
3.2.3], the proposed method orders markers reasonably well.

3.5 Construction of linkage map for diploid barley

In the literature a barley genotyping dataset is used to compare different map construction
methods for real-world diploid data. This genotyping dataset is generated from a doubled
haploid population, which results in homozygous individual plants, Yij ∈ {0, 1}. Barley
genotype data are the result of crossing OregonWolfe Barley Dominant with OregonWolfe
Barley Recessive (see http://wheat.pw.usda.gov/ggpages/maps/OWB). The Oregon Wolfe
Barley (OWB) data include p = 1328markers that were genotyped on n = 175 individuals
of which 0.02% genotypes are missing. The barley dataset is expected to yield 7 linkage
groups, one for each of the 7 barley chromosomes.
As shown in Figure 3.5, through estimating Θ̂λ, which contains conditional (in)dependence
relationships between barley markers, we were able to correctly detect the 7 barley chro-

http://wheat.pw.usda.gov/ggpages/maps/OWB
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Fig. 3.5 Summary of comparison betweennetgwas andMSTMAP in barley data. Table summarizes
estimated number of LGs (chromosomes) and size of markers within each LG. Below, average or-
dering accuracy scores for the two methods. Right figure estimated undirected graph in netgwas
for the barley data. This consists of 7 sub–graphs, each showing a chromosome.

mosomes as sub–graphs in the estimated undirected graph. Furthermore, using the condi-
tional correlation matrix as distance in the multi-dimensional scaling approach helped us
to order markers with high accuracy. In addition, Figure 3.5 reports the result of applying
the two methods: netgwas and MSTMAP, to construct a linkage map for the barley data.
The top part of Figure 3.5 shows that our method correctly estimated the true number of
chromosomes. Also, the size of markers within each chromosome is consistent with the
number of markers that reported in Cistué et al. (2011). MSTMAP was not able to estimate
the true number of chromosomes and grouped all 1328markers as one linkage group. The
bottom of Figure 3.5 shows the accuracy of estimated marker order in 7 barley chromo-
somes. To be able to compare marker order in both methods we used the actual map to
cluster markers in the map resulting from MSTMAP. Thus, at the bottom of Figure 3.5 it
is assumed that the MSTMAP has estimated the correct number of chromosomes. Average
ordering of accuracy scores across the linkage groups in netgwas is higher than those
in MSTMAP except with chromosomes 1 and 3.
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Fig. 3.6 Construction linkage map in potato. (a) Estimated precision matrix for unordered genotype
data of tetraploid potato. (b) Estimated precision matrix after ordering markers. (c) True order of
markers across potato genome, versus estimated order. Each dashed line represents a chromosome.
All potato chromosomes detected correctly.

3.6 Construction of linkage map for tetraploid potato

World-wide, the potato is the third most important food crop (Bradshaw and Bonierbale,
2010). However, the complex genetic structure of tetraploid potatoe’s (Solanum tuberosum
L.) makes it difficult to improve important traits such as disease resistance in this crop.
Thus there is a great interest in constructing linkagemaps in the potato to identify markers
related to disease resistance genes.
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The full-sib mapping population MSL603 consists of 156 F1 plants resulting from a cross
between female parent “Jacqueline Lee” and male parent “MSG227-2”. The obtained geno-
type data contain 1972 SNP markers (Massa et al., 2015) with five allele dosages which are
associated with the random variables Yj ∈ {0, 1, . . . , 4} for j = 1, . . . , 1971.
Figure 3.6 represents the result of applying the proposed map construction method to the
unordered potato genotype data. Figure 3.6a shows the estimated sparse precision matrix
for the unordered genotype data. Figure 3.6b represents the estimated precision matrix
after ordering markers; it reveals the number of potato chromosomes as blocks across the
diagonal. The potato genome contains 12 chromosomes. The proposed method correctly
identifies the 12 chromosomes. The estimated linkage map contains 1957markers. Figure
3.6c compares the estimated order versus the true order ofmarkers. Each dashed line shows
the estimated linkage groups. The markers ordered with reasonable precision, given that
the ordering of markers has always been a challenging task in linkage map constructions,
and in particular for polyploid species.

3.7 Conclusion

Construction of linkage maps is a fundamental and necessary step for detailed genetic
study of diseases and traits. A high-quality linkage map provides opportunities for greater
throughput gene manipulation and phenotype improvement. Here we have introduced a
novel method for constructing linkage maps from high-throughput genotype data where
the number of genetic markers exceeds the number of individuals. The proposed method
constructs a linkage map for any biparental diploid or polyploid population. We proposed
to build linkage maps in two steps: (i) inferring conditional independence relationships
between markers on the genome; (ii) ordering markers in each linkage group, typically a
chromosome. In the first step of the proposed method we used the Markov properties of
adjacent markers: the genotype of an individual haploid at marker Yj given its genotype
at Yj−1 or Yj+1 is conditionally independent of the genotype at any other marker location.
This property defines a graphical model for discrete random variables.
We employed a Gaussian copula graphical model combined with a penalized EM algorithm
to estimate a sparse precision matrix Θ̂λ. This method iteratively computes the conditional
expectation of the complete penalized log-likelihood, and optimizes it to estimate Θ̂λ. The
method can also deal with missing values, which are very common in genotype datasets.
The nonparanormal skeptic is an alternative approach that is computationally faster but
can not deal with missing genotypes. Depending on the type of mapping population, in-
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bred or outbred, in step 2 of the proposed linkage map construction we use either a multi-
dimensional scaling approach or the Cuthill-McKee algorithm, respectively. Both ordering
algorithms result in a one-dimensional map. We noted that in outcrossing populations it
is difficult to order markers because a clear definition of the parental genotype is lacking.
We performed several simulation studies to compare the performance of the proposed
method with other commonly used diploid map construction tools. To address the chal-
lenges in the construction of a linkage map from genotype data, we studied the perfor-
mance of the proposed method on simulated data with high ratios of missingness and
genotyping error. As shown in our simulation studies, our method, called netgwas, out-
performed the commonly available linkage map tools, both when the input data were clean
with no missing observations and when the input data were noisy and incomplete.
As outlined in Cervantes-Flores et al. (2008), constructing linkage maps in polyploids, with
outcrossing behavior, is a challenging task. So far, based on our experience, no method has
been developed to construct polyploid linkage maps for a large number of different marker
types without any manual adjustment and/or visual inspection. Based on the simulated
polyploids with outcrossing behavior, the proposed method detected the true number of
linkage groups with high accuracy, and ordered markers with reasonable precision.
We applied the proposed method to two genotype studies involving barley and potato.
In the barley map construction, we correctly detected its 7 chromosomes, whereas other
method grouped all markers in one linkage group. The netgwas method ordered mark-
ers with higher accuracy in most of the chromosomes. The method detected all the potato
chromosomes, although it identified chromosome 10 as two linkage groups. Its ordering of
markers within each chromosome was a substantial improvement of what has been possi-
ble up until now. We remark that the proposed map construction method uses all possible
marker types, unlike the other map construction methods, which use a subset of markers
(Grandke et al., 2017).
We point out that netgwas also works for multi-allelic loci, which are locations in a
genome that contain three or more observed alleles. For example, assume that A, T, and G
are three possible alleles at location j on a genome, unlike the most usual cases whereby
only two alleles can be observed at a location (e.g. A and G). We propose to analyze either
separately or jointly a dataset containing multi-allelic loci. In the former case, observed
alleles count once as reference, and therefore allow for one separate dataset. In the above
example three datasets will be generated: the first dataset counts the number of A alleles
as a reference, the second dataset counts the number of T alleles as a reference, and the
third dataset counts the G allele as a reference. Each dataset can be analyzed separately;
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to control similarity between the estimated precision matrices the fused graphical lasso
can be used. The final map can be obtained through ordering markers in an estimated
precision matrix. In the latter case, in the example above, we combine all three datasets as
one dataset in such a way that it creates three replicates of n×p dimension. Moreover, we
analyze the obtained dataset and construct the final linkage map.

3.8 Supporting information

Computing conditional expectation

We calculate R̄ in equation (6) of this chapter as

E

[
Z(i)Z(i)t|Y (i), Θ̂(m)

]
= E

[
Z(i)|Y (i), Θ̂(m)

]
E

[
Z(i)|Y (i), Θ̂(m)

]t
+ cov

[
Z(i)|Y (i), Θ̂(m)

]
(3.8)

The conditional random variable Z|Y follows a truncated p-variate normal distribution.
Wilhelm and Manjunath, (2010) provided the analytical solution to compute moments of
truncated multivariate normal distribution. However, their approach is feasible for only
very few variables. Here, we propose instead to simulate a large number of samples from
the truncated p-variate normal distribution and compute the sample conditional covari-
ance matrix and sample conditional mean to estimate E

[
Z(i)Z(i)t|Y (i), Θ̂(m)

]
using the

equation (3.8).
Alternatively, we use an efficient approximate estimation algorithm, which is implemented
in Behrouzi and Wit, (2017). The variance elements in the conditional expectation matrix
can be calculated through the second moment of the conditional Z(i)

j | Y (i), and the rest
of the elements in this matrix can be approximated through E(Z

(i)
j Z

(i)
j′ | y(i); Θ̂, D̂) ≈

E(Z
(i)
j | y(i); Θ̂, D̂) E(Z

(i)
j′ | y(i); Θ̂, D̂) using mean field theory. The first and second mo-

ment of z(i)j |y(i) can be written as

E(Z
(i)
j | y(i), Θ̂, D̂) = E[E(Z

(i)
j | z

(i)
−j, y

(i)
j , Θ̂, D̂) | y(i), Θ̂, D̂], (3.9)

E((Z
(i)
j )2 | y(i), Θ̂, D̂) = E[E((Z

(i)
j )2 | z(i)−j, y

(i)
j , Θ̂, D̂) | y(i), Θ̂, D̂], (3.10)

where z(i)−j = (z
(i)
1 , . . . , z

(i)
j−1, z

(i)
j+1, . . . , z

(i)
p ). The inner expectations in (3.9) and (3.10) are

relatively straightforward to calculate. z(i)j | z
(i)
−j, y

(i)
j follows a truncated Gaussian distri-
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In this way, an approximation for R̄ is obtained as follows:
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{
1
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The latent graphical model discussed in this chapter, though it is a natural approach, is
computationally expensive for a large number of variables (p > 2000). We therefore
describe here an alternative method to construct high–dimensional undirected graphical
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models.

Nonparanormal SKEPTIC

As alternative, we use the nonparanormal skeptic approach (Liu et al., 2012) to estimate
the penalized concentration matrix Θ. In this approach, instead of using the transformed
data to estimate precision matrix Θ, a sample correlation matrix Γ can be computed from
pairwise rank correlations, such as Kendall’s tau and Spearman’s rho which measure the
strength of association between two ranked variables. For the random vector y(1)j , . . . , y

(n)
j

the Kendall’s tau and Spearman’s rho are given, respectively, by
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6
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1 j = l.
To estimate the sparse precision matrix and the graph, one can use either the graphical
lasso

Θ̂glasso = argmax
Θ

{
log |Θ| − tr(ΓΘ)− λ||Θ||1

}
(3.13)

or CLIME estimator, with Γ̂ as input

Θ̂CLIME = argmin
Θ
||Θ||1 subject to ||Γ̂Θ− Ip||∞ ≤ λ, (3.14)

Although both methods involve convex optimization problems, these can be efficiently
solved.
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(a) (b)
Fig. 3.7 Genotyping errors randomly distributed over genetic markers: comparison between map
construction in netgwas and MSTMAP in presence of different choices of error rates and no miss-
ing data. (a) Reports grouping, and (b) shows ordering accuracy scores for 50 independent runs.

Simulation study

Evaluation of estimated maps in presence of genotyping errors

We studied the accuracy of the estimated linkage maps where genotyping errors are ran-
domly distributed across the genetic markers. The simulated data contain a ratio of “bad
markers", ranging from 0 up to 0.45 genotyping errors. We activated the error-detection
feature in MSTMAP. Figure 3.7a shows that when datasets contain genotyping errors, net-
gwas perfectly estimates the correct number of LGs, in particular when the sample size is
sufficient, n > 100. In addition, the quality of the estimated linkage maps – in terms of
estimating the actual number of LGs and ordering of markers – is significantly better in
the netgwas than those in the MSTMAP, even with activation of its error-detection feature.

Based on our simulations, we remark that with both netgwas andMSTMAP erroneousmark-
ers remain in the estimated linkage map. However, netgwas orders them in the correct LG
(see Figure 3.7), whereas MSTMAP performs poorly in detecting LGs as well as in correctly
ordering markers.

In general, for moderate numbers of individuals, when data contain genotyping errors the
netgwas constructs a linkage map that is very close to the actual map in the accuracy
of both the estimation and the ordering of linkage groups. This is because conditional
independence is an effective way to recover relationships among genetic markers.
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Grouping Accuracy Ordering Accuracy

Missing rate Error rate netgwas MSTMap JOINMAP netgwas MSTMap JOINMAP

p=300 & n=200
0 0 1.00 (0.00) 0.70 (0.12) 0.00 (0.00) 1.00 (0.00) 0.94 (0.00) 0.00 (0.00)
0.05 0.05 1.00 (0.00) 0.30 (0.19) 0.00 (0.00) 0.91 (0.03) 0.77 (0.11) 0.00 (0.00)
0.10 0.10 1.00 (0.00) 0.04 (0.03) 0.00 (0.00) 0.73 (0.03) 0.46 (0.26) 0.00 (0.00)
0.15 0.15 1.00 (0.01) 0.01 (0.00) 0.00 (0.00) 0.65 (0.04) 0.00 (0.00) 0.00 (0.00)
0.20 0.20 1.00 (0.00) 0.01 (0.00) 0.00 (0.00) 0.59 (0.02) 0.00 (0.00) 0.00 (0.00)
0.25 0.25 0.95 (0.16) 0.01 (0.00) 0.00 (0.00) 0.53 (0.03) 0.00 (0.00) 0.00 (0.00)

p=500 & n=200
0 0 1.00 (0.00) 0.55 (0.34) 0.00 (0.00) 1.00 (0.00) 0.90 (0.09) 0.00 (0.00)
0.05 0.05 1.00 (0.00) 0.10 (0.07) 0.00 (0.00) 0.77 (0.04) 0.61 (0.12) 0.00 (0.00)
0.10 0.10 1.00 (0.00) 0.01 (0.00) 0.00 (0.00) 0.60 (0.03) 0.18 (0.23) 0.00 (0.00)
0.15 0.15 1.00 (0.00) 0.01 (0.00) 0.00 (0.00) 0.56 (0.01) 0.00 (0.00) 0.00 (0.00)
0.20 0.20 0.95 (0.16) 0.01 (0.00) 0.00 (0.00) 0.54 (0.01) 0.00 (0.00) 0.00 (0.00)
0.25 0.25 0.90 (0.21) 0.01 (0.00) 0.00 (0.00) 0.51 (0.03) 0.00 (0.00) 0.00 (0.00)

p=1000 & n=200
0 0 1.00 (0.00) 0.61 (0.36) 0.00 (0.00) 1.00 (0.00) 0.91 (0.06) 0.00 (0.00)
0.05 0.05 1.00 (0.00) 0.04 (0.03) 0.00 (0.00) 0.56 (0.00) 0.51 (0.09) 0.00 (0.00)
0.10 0.10 1.00 (0.00) 0.44 (0.16) 0.00 (0.00) 0.52 (0.00) 0.78(0.02) 0.00 (0.00)
0.15 0.15 1.00 (0.01) 0.05 (0.00) 0.00 (0.00) 0.52 (0.00) 0.60 (0.13) 0.00 (0.00)
0.20 0.20 0.95 (0.14) 0.01 (0.00) 0.00 (0.00) 0.51 (0.00) 0.00 (0.00) 0.00 (0.00)
0.25 0.25 0.95 (0.14) 0.01 (0.00) 0.00 (0.00) 0.51 (0.00) 0.00 (0.00) 0.00 (0.00)

p=300 & n=100
0 0 1.00 (0.00) 0.70 (0.12) 0.00 (0.00) 1.00 (0.00) 0.94 (0.00) 0.00 (0.00)
0.05 0.05 0.95 (0.16) 0.82 (0.30) 0.00 (0.00) 0.76(0.06) 0.94(0.09) 0.00 (0.00)
0.10 0.10 1.00 (0.00) 0.31 (0.31) 0.00 (0.00) 0.64 (0.05) 0.64 (0.07) 0.00 (0.00)
0.15 0.15 0.90 (0.21) 0.02 (0.01) 0.00 (0.00) 0.56 (0.07) 0.24 (0.18) 0.00 (0.00)
0.20 0.20 0.40 (0.44) 0.01 (0.00) 0.00 (0.00) 0.45 (0.10) 0.00 (0.00) 0.00 (0.00)
0.25 0.25 0.40 (0.35) 0.01 (0.00) 0.00 (0.00) 0.38 (0.11) 0.00 (0.00) 0.00 (0.00)

p=500 & n=100
0 0 1.00 (0.00) 0.80 (0.26) 0.00 (0.00) 1.00 (0.00) 0.93 (0.05) 0.00 (0.00)
0.05 0.05 1.00 (0.00) 0.34 (0.29) 0.00 (0.00) 0.62 (0.01) 0.67 (0.10) 0.00 (0.00)
0.10 0.10 1.00 (0.00) 0.08 (0.07) 0.00 (0.00) 0.55 (0.02) 0.41 (0.08) 0.00 (0.00)
0.15 0.15 0.87 (0.28) 0.05 (0.00) 0.00 (0.00) 0.50 (0.10) 0.60 (0.13) 0.00 (0.00)
0.20 0.20 0.51 (0.37) 0.01 (0.00) 0.00 (0.00) 0.50 (0.07) 0.00 (0.00) 0.00 (0.00)
0.25 0.25 0.21 (0.31) 0.01 (0.00) 0.00 (0.00) 0.46 (0.16) 0.00 (0.00) 0.00 (0.00)

p=1000 & n=100
0 0 1.00 (0.00) 0.74 (0.35) 0.00 (0.00) 1.00 (0.00) 0.82 (0.08) 0.00 (0.00)
0.05 0.05 1.00 (0.00) 0.13 (0.07) 0.00 (0.00) 0.53 (0.01) 0.50 (0.04) 0.00 (0.00)
0.10 0.10 0.95 (0.16) 0.01 (0.00) 0.00 (0.00) 0.52 (0.01) 0.13 (0.16) 0.00 (0.00)
0.15 0.15 0.95 (0.15) 0.00 (0.00) 0.00 (0.00) 0.49 (0.04) 0.00 (0.00) 0.00 (0.00)
0.20 0.20 0.85 (0.24) 0.00 (0.00) 0.00 (0.00) 0.46 (0.07) 0.00 (0.00) 0.00 (0.00)
0.25 0.25 0.82 (0.30) 0.00 (0.00) 0.00 (0.00) 0.44 (0.05) 0.00 (0.00) 0.00 (0.00)

Table 3.2 Summary of performance measures of linkage map construction in simulated F2 popula-
tions for netgwas, MSTMAP and JOINMAP at different rates of missingness and genotyping errors.
The table presents the grouping and ordering accuracy scores for 50 independent runs and the
standard deviation in parentheses. Best scores are boldfaced.
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Evaluation of estimated maps for incomplete and noisy data

The ordering accuracy scores in Table 3.2 should be interpreted carefully, as inverting
the order of flanking markers reduces the number of correct orderings and ultimately de-
creases ordering accuracy scores. In all scenarios, the netgwasmore accurately detected
linkage groups. Furthermore, this method performed well in ordering markers. Overall,
except in a few cases where MSTMAP performed better, given the various ratios of noisy
and incomplete data, netgwas estimated genetic linkage with greater accuracy than the
other two methods.
Finally, we remark that determining linkage groups in JOINMAP requires the user to specify
an input parameter, thereby influencing its output. However, our proposed method does
not depend on any manual threshold or manual determination of the linkage groups.
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Fig. 3.8 Visualizing the bandwidth reduction ordering algorithm in chromosome 1 of potato. (a)
Shows estimated concentration sub–matrix for chromosome 1; (b) Represents result of performing
reverse Cuthill-McKee algorithm on (a); (c) Evaluates estimated order resulting from (b) versus true
order for chromosome 1 in potato.
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Chapter 4

netgwas: An R Package for
Network-Based Genome Wide
Association Studies 1

Abstract

Graphical models are powerful tools for modeling andmaking statistical inferences regard-
ing complex relationships among variables in multivariate data. They are widely used in
statistics andmachine learning, for example, to analyze biological networks. In this chapter
we introduce the R package netgwas, which is designed to accomplish three important
and interrelated goals in genetics: linkage map construction, reconstructing intra– and
inter–chromosomal interactions, and exploring high–dimensional genotype–phenotype
and genotype–phenotype–environment networks. The netgwas package can deal with
species of any ploidy level. The package implements recent improvements in both link-
age map construction (Behrouzi and Wit, 2017a), and reconstructing conditional indepen-
dence network for non-Gaussian data, discrete data, and mixed discrete-and-continuous
data (Behrouzi and Wit, 2017b). Such datasets routinely occur in genetics and genomics
such as genotype data, genotype-phenotype dataset, and genotype-phenotype including
environmental variables.
The package uses a parallelization strategy on multi-core processors to speed-up com-
putations for large datasets. In addition, it contains several functions for simulation and
visualization, as well as three multivariate example datasets taken from the literature and

1Behrouzi, P., Arends, D., and Wit, E. (2017b). netgwas: An R Package for Network-Based Genome Wide
Association Studies. arxiv preprint arxiv:1710.01236v3.
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used to illustrate the package capabilities. This chapter includes a brief overview of the
statistical methods which have been implemented in the package. The main body of this
chapter explains how to use the package. We also illustrate the package functionality with
real examples.
Key words: Linkage map construction; Linkage disequilibrium; Epistasis; Genotype–
phenotype network; Genotype–phenotype–environment network; Undirected graphical
models; Gaussian copula; netgwas; R.

4.1 Introduction

Graphical models (Lauritzen, 1996) are commonly used, particularly in statistics and ma-
chine learning, to describe conditional independence relationships among variables inmul-
tivariate data. In graphical models, each random variable is associated with a node in a
graph, and links represent conditional dependency between variables; the absence of a
link implies that the variables are conditionally independent given the rest of the variables
– the pairwise Markov property.
The netgwas package reconstructs undirected graphs for non-Gaussian, discrete, mixed
discrete-and-continuous datasets which arise routinely in biology, particularly in genetics
and genomics. The package includes various functional modules, including ordinal (geno-
type) data generation for simulation studies, several methods for reconstructing underly-
ing undirected conditional independence graphs, and a visualization tool. Our package ef-
ficiently implements the recent improvements in: (i) linkagemap construction by Behrouzi
and Wit (2017a) for biparental diploids and polyploids, (ii) reconstruction of the underly-
ing conditional interaction network among single nucleotide polymorphism (SNP)markers
across a genome (Behrouzi and Wit, 2017b), and (iii) exploration of genotype–phenotype
networks and genotype–phenotype–environment networks developed in Behrouzi and
Wit (2017b). In the genotype–phenotype networks, nodes in the graph are either genetic
markers or phenotypes, and each phenotype is connected by an edge to a marker if they
directly affect each other given the rest of the variables. Different phenotypes may also
interconnect. Furthermore, in genotype–phenotype–environment networks, nodes in the
graph are either genetic markers, phenotypes or environmental variables, and each node
is connected by an edge to another node if they directly affect each other given the rest of
the variables.
Many algorithms exist to construct linkage maps for diploid species. Some only order
markers, such as Try and Ripple (Lander et al., 1987), seriation (SER) (Buetow andChakravarti,
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1987), rapid chain delineation (RCD) (Doerge et al., 1996), recombination counting and or-
dering (RECORD) (Van Os et al., 2005), unidirectional growth (UG) (Tan and Fu, 2006),
CARTHAGEENE (Schiex and Gaspin, 1997), and HighMap (Liu et al., 2014). Others also esti-
mate the genetic map, detecting both linkage groups (LGs) and order markers within the
LGs. Some of them have been implemented into user-friendly software packages, such as
R/qtl (Broman et al., 2003), JOINMAP (Jansen et al., 2001), OneMap (Margarido et al., 2007),
and MSTMAP (Wu et al., 2008). For polyploids, despite their importance especially in crop
research, statistical tools for linkage map construction are underdeveloped. Grandke et al.
(2017) recently developed a method to construct polyploid linkage map. Their method is
based on calculating recombination frequencies between marker pairs, then using hierar-
chical clustering and an optimal leaf algorithm to detect chromosomes and order markers.
However, this method can be computationally expensive, even for a small number of mark-
ers. Furthermore, the literature has focused on constructing genetic linkage maps only for
a specific type of tetraploid species called autotetraploid (Hackett and Luo, 2003; Bourke
et al., 2016). One has been implemented in software, TetraploidMap (Preedy and Hackett,
2016), but this needs manual interaction and visual inspection, which limit its usability.
Existing approaches for polyploid map construction are based mainly on estimation of re-
combination frequency and LOD scores (logarithm of the odds ratio) (Wang et al., 2016).
The netgwas package, on the other hand, uses graphical models and the conditional in-
dependence concept to construct a linkage map for both diploid and polyploid species.
To make our method computationally faster for large datasets, the netgwas package uses
multi-core computing capabilities based on the parallel package. To make it easy to use,
the netgwas package uses S3 classes as return values of its functions. Our package is
available under general public license (GPL≥ 3) at the Comprehensive RArchive Network
(CRAN) at http://cran.r-project.org/packages=netgwas.
In Section 4.2 we provide some methodological background, and in Section 4.3 we describe
the main functions that are implemented in the netgwas package. In addition, we explain
the user interface and the performance of the package in several real data sets.

4.2 Methodological background

In graphical models, each random variable is associated with a node on a graph. The con-
ditional dependence relationships among the random variables are presented as a graph
G = (V,E) in which V = {1, 2, . . . , p} specifies a set of nodes and a set of existing
links E ⊂ V × V (Lauritzen, 1996). Our focus here is on undirected graphs, in which

http://cran.r-project.org/packages=netgwas
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(i, j) ∈ E ⇔ (j, i) ∈ E. The absence of a link between two nodes specifies the pairwise
conditional independence of those two associated random variables given the remaining
variables, while a link between two variables indicates their conditional dependence. In
Gaussian graphical models, the observed data follow a multivariate Gaussian distribution
Np(µ,Θ

−1). Here, conditional independence is implied by the zero structure of the preci-
sion matrix Θ. Based on the pairwise Markov property, variables i and j are conditionally
independent given the remaining variables, if and only if Θij = 0. This property implies
that the links in graph G = (V,E) correspond with the nonzero elements of the precision
matrix Θ, i.e. E = {(i, j)|Θij ̸= 0}.

Sparse latent graphical model

A p-dimensional copula C is a multivariate distribution with uniform margins on [0, 1].
Any joint distribution function can be written in terms of its marginals and a copula which
encodes the dependence structure. Here we consider a subclass of joint distributions en-
coded by the Gaussian copula,

F (y1, . . . , yp) = Φp

(
Φ−1(F1(y1)), . . . ,Φ

−1(Fp(yp)) | C
)

where Φp(. | C) is the cumulative distribution function (CDF) of p-variate Gaussian distri-
bution with correlation matrix C; Φ is the univariate standard normal CDF; and Fj is the
CDF of Yj . Note that yj and yj′ are independent if and only if Cjj′ = 0.
A Gaussian copula can be written in terms of latent variables Z : Let F−1

j (y) = inf{y :

Fj(x) ≥ y, x ∈ R} be the pseudo-inverse of the marginals and Ω be the covariance matrix
whose diagonal has normalized with C as its correlation matrix. Then a Gaussian copula
is defined as:

Yij = F−1
j (Φ(Zij))

Z ∼ Np(0,Σ)

where Y = (Y1, . . . , Yp) and Z = (Z1, . . . , Zp) represent the non-Gaussian observed vari-
ables and Gaussian latent variables, respectively. We denote the associated latent data as
z(1:i) = [z(1), . . . , z(n)], where z(i) = (z

(i)
1 , . . . , z

(i)
p ).

In order to learn the graphical model, our objective is to estimate precision, the inverse
of covariance matrix Σ−1 = Θ from n independent observations y(1:i) = [y(1), . . . , y(n)],
where y(i) = (y

(i)
1 , . . . , y

(i)
p ). It is well known that the conditional independence between

two variables, given other variables, is equivalent to the corresponding element in the
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precision matrix being zero, i.e. θij = 0; or put another way, a missing edge between two
variables in a graph G represents conditional independence between the two variables
given all other variables. In other words, conditional independence is quantified in terms
of partial correlations.

In the classical low-dimensional setting, in which p is smaller than n, it is natural to im-
plement a maximum likelihood approach to obtain the inverse of the sample covariance
matrix. However, in modern applications like genetic networks, including linkage map
construction, intra– and inter– chromosomal interactions and network–based QTL anal-
ysis, the dimension p is routinely far larger than n, meaning that the inverse sample co-
variance matrix does not exist. Motivated by the sparseness assumption of the graph, i.e.,
most θij are zero, we tackle the high-dimensional inference problem by using the penalized
log-likelihood estimation procedure. We consider the penalized likelihood,

ℓpY (Θ) =
n

2
log |Θ| − 1

2

n∑
i=1

∫
z(i)

z(i)
T

Θz(i)dz(i) −
p∑

j ̸=j′

Pλ(|θjj′ |) (4.1)

where we use a sparsity penalty function such as the L1 norm penalty or smoothly clipped
absolute deviation (SCAD) penalty on the precision matrix. The L1 norm is defined as

Pλ(θ) = λ|θ|

which leads to a desirable optimization problem. Alternatively, we define the SCADpenalty
in terms of its first order derivative, given by

P ′
λ,a(θ) = λ

{
I(|θ| ≤ λ) +

(aλ− |θ|)+
(a− 1)λ

I(|θ| > λ)
}

for θ ≥ 0, where λ > 0 and a > 0 are two tuning parameters. This penalty function
produces sparse solution and approximately unbiased coefficient estimates for large coef-
ficients. For the numerical studies in this chapter we use a = 3.7 as recommended by Fan
and Li (2001).

Since Y includes discrete variables, those integrals in (4.1) are intractable, and instead we
solve 4.1 by a penalized expectation maximization (EM) algorithm.

Θ
(m)
λ = argmax

Θ
Q(Θ|Θ⋆)−

p∑
j ̸=j′

Pλ(|θjj′|) (4.2)
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where

Q(Θ | Θ⋆) =
n

2

[
log |Θ| − tr( 1

n

n∑
i=1

E
(
Z(i)Z(i)T | y(i),Θ⋆

)
Θ)

]
, (4.3)

and m is the iteration number within the EM algorithm. We compute the conditional ex-
pectation inside (4.3) using two different approaches: numerically through a Monte Carlo
(MC) sampling method, and through a first order approximation. The most flexible and
generally applicable approach for obtaining a sample in each iteration of an MCEM algo-
rithm is through a Markov chain Monte Carlo (MCMC) routine like Gibbs and Metropo-
lis–Hastings samplers (more details in Behrouzi and Wit (2017b)). Alternatively, the con-
ditional expectation in equation (4.3) can be computed by using an efficient approximation
approach which calculates elements of the empirical covariance matrix using the first and
second moments of a truncated normal distribution with mean and variance as follows
(see Behrouzi and Wit (2017b) for more details):

µij = Ω̂j,−jΩ̂
(−1)
−j,−jz

(i)T

−j ,

σ2
i,j = 1− Σ̂j,−jΣ̂

−1
−j,−jΣ̂−j,−j.

The proposed method is practical when some observations are missing. If genotype in-
formation for genotype j is missing, it is still possible to draw Gibbs samples for Zj or
approximate the empirical covariance matrix, as the corresponding conditional distribu-
tion is Gaussian.

The optimization problem in (4.2) can be solved efficiently in various ways by using glasso
or CLIME approaches (Friedman et al., 2008; Hsieh et al., 2011). Convergence of the EM
algorithm for penalized likelihood problems has been proved in Green (1990). Our exper-
imental study shows that the algorithm usually converges after several iterations (< 10).
Note that in both cases the penalty parameter λ needs to be selected appropriately in the
last EM iteration to recover the precision matrix. Thus, in line with Behrouzi and Wit
(2017b) we perform model selection using eBIC or AIC to choose a suitable regulariza-
tion parameter λ∗ in (4.1) to produce a sparse undirected graph with a sparsity pattern
corresponding to Θ̂λ∗ . Alternatively, instead of using the EM algorithm, a nonparanor-
mal skeptic approach can be used to estimate graph structure through Spearman’s rho
and Kendall’s tau statistics; details can be found in Liu et al. (2012) and Behrouzi and Wit
(2017a).
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4.3 Package netgwas

The netgwas package contains a set of tools based on undirected graphical models to
accomplish three important and inter–related goals in genetics: linkage map construction,
reconstruction of intra- and inter-chromosomal conditional interactions, and exploration
of high-dimensional genotype-phenotype (disease) networks. More precisely, netgwas is
able to deal with species with any ploidy level, namely diploid (2 sets), triploid (3 sets),
tetraploid (4 sets) and so on.
We describe below the user interface and the three main functions of our package.

4.3.1 User interface

In the R environment, the netgwas package can be loaded using the following commands:

R> install.packages( "netgwas" )
R> library( "netgwas" )

By loading the package, the igraph (Csardi and Nepusz, 2006),Matrix (Bates and Maech-
ler, 2014) , and parallel packages will automatically be loaded, since the netgwas package
depends on these packages. These packages are available on the ComprehensiveRArchive
Network (CRAN) at http://CRAN.R-project.org. We use the igraph package for graph vi-
sualization; theMatrix package for memory-optimization, using the sparse matrix output.
To speed up computations, we use the parallel package to support parallel computing on
a multi-core machine to deal with large inference problems.
The netgwas package has three goals: (i) it implements the Gaussian copula graphical
model (Behrouzi and Wit, 2017b) to construct linkage maps in diploid and any polyploid
species, particularly in the genetics of plants whose genomes are yet to be sequenced;
(ii) it explores intra- and inter-chromosomal conditional independence relationships. This
multi-locus genetic network reveals epistatic interactions (Behrouzi andWit, 2017b) across
a genome, and detects multi-locus incompatibility networks as an extension of the classical
two-locus incompatibility in the Dobzhansky-Muller model (Colomé-Tatché and Johannes,
2016; Bikard et al., 2009); (iii) this package provides a novel tool based on undirected graph-
ical models to investigate genetically complex forms of phenotypes (such as disease). In
other words, it explores genotype-phenotype conditional dependence relationships in the
presence of other markers in genome. Moreover, it detects markers that are responsible
for that phenotype (disease), and it encodes conditional dependence relationships among
markers across the genome (see Figure 4.1). In addition, the package is able to reconstruct

http://CRAN.R-project.org
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conditional correlation networks among genotypes, phenotypes, and environmental vari-
ables. Along with the genotype and phenotype(s) variables the environmental variables
can also be included in the package to learn their conditional correlation.
The netgwas package consists of three modules:
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Fig. 4.1 The main functions in netgwas package.

Module 1. Genotype data simulation: this simulates diploid genotype data in two dif-
ferent ways:

1. Based on a Gaussian copula graphical model we simulated ordinal variables with a
genome-like network structure. Inbred genotype data can be generated forp number
of SNP markers, for n number of individuals, for k genotype states in a q-ploid
species where q represents the ploidy level of the chromosomes.
The simulated data mimic a genome-like graph structure: First, there are g linkage
groups (each of which represents a chromosome); then within each linkage group
adjacent markers, adjacent, are linked via an edge as a result of genetic linkage.
Also, with probability alpha a pair of non-adjacent markers in the same chromo-
some are given an edge. Inter-chromosomal edges are simulated with probability
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Fig. 4.2 model-based simulation

beta. These links represent epistatic interactions. The corresponding positive def-
inite precision matrix Θ has a zero pattern corresponding to the non-present edges.
The underlying variable vector Z is simulated from either a multivariate normal dis-
tribution,Np(0,Θ

−1), or a multivariate t-distribution with degrees of freedom d and
covariance matrix Θ−1. We generate the genotype marginals using random cutoff-
points from a uniform distribution, and partition the latent space into k states. The
function can be called with the following arguments

R> sim <- simgeno(p = 90, n = 200, k = 3, g = 5,
+ adjacent = 3, alpha = 0.1, beta = 0.02,
+ con.dist = "Mnorm", d = NULL, vis = TRUE)
R> head(sim, n=3)

[,1] [,2] [,3] [,4] [,5] [,6] ... [,87] [,89] [,90]
[1,] 1 1 1 2 2 2 ... 2 3 3
[2,] 2 2 2 3 1 1 ... 1 3 3
[3,] 3 3 3 3 1 3 ... 1 1 1

R> plot(sim)

The output of the example is shown in Figure 4.2.
2. We generate diploid recombinant inbred lines (RILs) using recombination fraction

and a CentiMorgan position of markers across the chromosomes. The function can
be called with the following arguments
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(a) (b)
Fig. 4.3 Linkage map construction in A.thaliana. (a) Conditional independence pattern before or-
dering SNP markers, (b) conditional independence structure after ordering SNP markers.

R> makeRIL( N.chr = g, chr.lengths = rep(pc,g),
+ N.mar.by.chr = rep(pc,g), N.ind = 200, N.self = 2)

where g and pc represent the number of chromosomes and the number of markers
in a chromosome. The arguments N.ind and N.self show a desired number of
individuals and selfing.

Module 2. Inference Method: The functions netmap(), netsnp(), and net-
phenogeno() provide three methods to estimate undirected graphs as follows: a Gaus-
sian copula graphical model using (i) the Gibbs sampling algorithm described in Behrouzi
and Wit (2017b); and (ii) the approximation algorithm described in Behrouzi and Wit
(2017b); (iii) the nonparanormal skeptic method (Liu et al., 2012) as alternative, along with
the Gaussian copula models.

Module 3. Output: This module includes two types of functions:

• Graph selection: The function selectnet tunes the penalty parameter,
based on an information criterion, and provides the selected graph.

• Visualization: The plotting function plot.netgwas provides a visualiza-
tion plot to monitor the path of estimated networks for a range of penalty terms; the
functions plot.netgwasmap, plot.select and plot.simgeno visual-
ize the three-dimensional map, the selected graph and the simulated data.
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4.3.2 netmap

The function netmap() reconstructs linkage maps for diploid and polyploid organ-
isms. Diploid organisms contain two copies of each chromosomes, one from each par-
ent, whereas polyploids contain more than two copies of each chromosome. In polyploids
the number of chromosome sets reflects their level of ploidy: triploids have three copies,
tetraploids have four, pentaploids have five, and so forth.
Typically, mating is between two parental lines that have recent common biological ances-
tors; this is called inbreeding. If they have no common ancestors up to roughly 4-6 gener-
ations, then this is called outcrossing. In both cases the genomes of the derived progenies
are random mosaics of the genome of the parents. However, in the case of inbreeding
parental alleles are distinguishable in the genome of the progeny; in outcrossing this does
not hold.
Some inbreeding designs, such as Doubled haploid (DH), lead to a homozygous popula-
tion where the derived genotype data include only homozygous genotypes of the parents
namely AA and aa (conveniently coded as 0 and 1) for diploid species. Other inbreeding
designs, such as F2, lead to a heterozygous population where the derived genotype data
contain heterozygous genotypes as well as homozygous ones, namely AA, Aa, and aa (con-
veniently coded as 0, 1 and 2) for diploid species. Many other experimental designs are
also used.
Outcrossing or outbred experimental designs, such as full-sib families, derive from two non-
homozygous parents. Thus, the genome of the progenies includes a mixed set of many
different marker types containing fully informative markers (e.g. segregating 1:1:1:1 in
diploid parents) and partially informative markers (missing markers, and e.g. segregating
1:2:1, 3:1, and 1:1 in diploid parents). Markers are called fully informative when all of the
resulting gamete types can be phenotypically distinguished on the basis of their genotypes;
markers are called partially informative when they have identical phenotypes (Wu et al.,
2002).
The netmap() function handles various inbred and outbred mapping populations, in-
cluding recombinant inbred lines (RILs), F2, backcross, doubled haploid, and full-sib fam-
ilies, among others. Not all existing methods for linkage mapping support all inbreed-
ing and outbreeding experimental designs. However, our proposed algorithm constructs a
linkage map for any type of experimental design of biparental inbreeding and outbreeding.
In fact, unlike other existing methods, in our approach specifying the population types is
not required for constructing three-dimensional maps since our proposed method is broad
and can handle any population type that contains at least two genotype states.
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The function can be called with the following arguments

R > netmap(data, method = "gibbs", rho = NULL, n.rho = NULL,
+ rho.ratio = NULL, cross.typ = c("inbred", "outbred"),
+ vis= TRUE, iso.m= 1, use.comu= FALSE, ncores = "all",
+ em.iter = 5, verbose = TRUE)

As was discussed in Section 4.2, the main task in constructing a linkage map is to explore
the conditional dependence relationships between markers. The argument method is
used to specify which method is to be performed. In particular for large datasets we rec-
ommend setting this argument to “approx". The estimation procedure relies on maximum
penalized log-likelihood, where the argument rho controls the sparsity level. To give an
example, we show the steps to construct a linkage map for the example data set CviCol.
This example regards the plant Arabidopsis thaliana. The data are derived from a RIL cross
between Columbia-0 (Col-0) and the Cape Verde Island (Cvi-0), where 367 individual plants
were genotyped across 90 genetic markers (Simon et al., 2008). The Cvi − 0 × Col − 0

RIL is a diploid population with three possible genotypes, k = 3, where the genotypes
are coded as {0, 1, 2}, where 0 and 2 represent two homozygous genotypes (AA resp. BB)
from Col-0 and Cvi-0, and 1 defines the heterozygous genotype (AB). The dataset includes
missing observations (0.2%). In the following code we estimate the linkage map for a path
of different penalty terms and plot the results.

R> data(CviCol)
# Shuffle the order of markers
R> dat = CviCol[ , sample(1:90, 90)]
R> thaliana.map = netmap(dat, cross.typ = "inbred",
+ ncores = "all")
R> plot(thaliana.map)

The argument cross.typ needs to be specified for ordering markers because we intro-
duce different ordering methods in inbred and outbred populations. In inbred populations,
markers in the genome of the progenies can be assigned to their parental homologues,
resulting in a simpler conditional independence pattern between neighboring markers. In
the case of inbreeding, we use multidimensional scaling (MDS). A metric MDS is a classi-
cal approach that maps the original high-dimensional space to a lower dimensional space,
while attempting to maintain pairwise distances. An outbred population derived from
mating two non-homozygous parents results in markers in the genome of progenies that
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Fig. 4.4 Intra– and inter–chromosomal conditional interactions network between 90markers across
A.thaliana genome. (a) Each color corresponds to a different chromosome: blue, green, orange,
yellow, and red represent chromosomes 1 to 5, respectively. Different edge colors show positive
(blue) and negative (red) entries of precision matrix. (b) Represents associated partial correlation
matrix.

cannot be easily assigned to their parental homologues. Neighboring markers that vary
only on different haploids will appear as independent, therefore requiring a different or-
dering algorithm. In that case, we use the reverse Cuthill-McKee (RCM) algorithm (Cuthill
and McKee, 1969) to order markers. The RCM algorithm is based on graph models. It re-
duces the bandwidth of the associated adjacency matrix, Ad×d, for the sparse matrix Θ̂d×d,
where d ≤ p.
Figure 4.3a shows the conditional independence pattern between unordered SNP markers
in the Cvi × Col population. Figure 4.3b shows the structure of the selected graph after
ordering markers. The accuracy of the obtained SNP order is 100%.

4.3.3 netsnp

The functionnetsnp() simultaneously reconstructs conditional independence relation-
ships among all genetic markers in a genome. In other words, it constructs intra– and
inter–chromosomal conditional interaction networks. The function is called via

R> netsnp( data, method = "gibbs", rho = NULL, n.rho = NULL,
+ rho.ratio = NULL, ncores = "all", em.iter = 5, em.tol =
+ .001, verbose = TRUE )
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The input data can be any biparental genotype data containing at least two genotype states.
The genotype data from the netmap function can also be inserted here. This function can
be used to reveal the intra- and inter-chromosomal interactions for polyploid genotype
data. It handles missing observations. As an example we implement this function to the
Arabidopsis thaliana genotype data that are derived from a RIL cross between Columbia-0
(Col-0) and Cape Verde Island (Cvi-0), where 367 individual plants were genotyped across
90 genetic markers (Simon et al., 2008). The data contain 3 possible genotype states: A
(homozygous) denoted by 0, H (heterozygous) denoted by 1, and B (homozygous) denoted
by 2.
Figure 4.4 shows that in theCvi×col population ourmethod finds some trans-chromosomal
regions that do interact. In particular, the bottom of chromosome 1 and the top of chromo-
some 5 do not segregate independently of each other. Besides this, interactions between the
tops of chromosomes 1 and 3 involve pairs of loci that also do not segregate independently.
Bikard et al. (2009) studied this genotype extensively. They reported that the first interac-
tion we found causes arrested embryo development, resulting in seed abortion, whereas
the latter interaction causes root growth impairment. In addition to these two regions, we
have discovered a few other trans-chromosomal interactions in the A.thaliana genome. In
particular, two adjacent markers, c1-13869 and c1-13926 in the middle of the chromosome
1, interact epistatically with the adjacent markers, c3-18180 and c3-20729, at the bottom
of chromosome 3. The sign of their conditional correlation score is negative, indicating
strong negative epistatic selection during inbreeding. These markers therefore seem evo-
lutionarily favored to come from different grandparents. This suggests some positive effect
of the interbreeding of the two parental lines: it could be that the paternal-maternal com-
bination at these two loci protects against some underlying disorder, or that it actively
enhances the fitness of the resulting progeny.

4.3.4 netphenogeno

It is now generally accepted that complex genetic traits such as diabetes and schizophrenia
are influenced bymultiple interacting loci and environmental triggers, eachwith a possibly
small effect. Thus, to overcome the limitations of traditional analysis, such as single-locus
association analysis (looking for main effects of single marker loci), multiple testing, and
QTL analysis, we have developed a method based on Gaussian copula graphical models to
investigate the joint disease association of markers in a genome. In a genotype-phenotype
network, such as a SNP-Disease network, nodes are either phenotypes or SNPs, and each
phenotype is connected by an edge to a SNP if there is a direct association between them,
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given the rest of the variables. Different phenotypes may also interconnect.
Networks or graphs are used to model interactions. In our modeling framework, a geno-
type–phenotype network is a complex system made up of interactions among: (i) genetic
markers, and (ii) phenotypes (e.g. disease). In addition, it uncovers the conditional inde-
pendence relationships between genetic markers and the (disease) phenotypes under con-
sideration. It may happen that some phenotypes are associated with a single-nucleotide
polymorphism (SNP) marker, or with multiple SNP markers.
It is of great interest to geneticists and biologists to discover such graph structure. The
first problem with this is that such data consist of mixed ordinal-and-continuous vari-
ables, where the markers have ordinal values, and phenotypes (disease) can be measured
in continuous or discrete scales. We deal with mixed variables by means of copula graph-
ical models. A second issue relates to the high-dimensional setting of the data, where
thousands of genetic markers are measured across a few samples; we are dealing with
inferring potentially huge networks with only few biological samples. Fortunately, bio-
logical networks are sparse, in the sense that only few elements interact with each other.
This sparsity assumption is incorporated into our statistical methods based on penalized
graphical models.
The proposed method is implemented in the netphenogeno() function. The function
can be called with the following arguments:

R> netphenogeno(data, method = "gibbs", rho = NULL,
+ n.rho = NULL, rho.ratio = NULL, ncores = "all",
+ em.iter = 5, em.tol = .001, verbose = TRUE)

The netphenogeno returns an object of S3 class type “netgwas”. The functions
plot, print and summarywork with the object “netgwas”. The input data can be
an (n×p) matrix or a data.framewhere n is the sample size and p is the dimension
that includes genotype data and phenotype measurements. One may consider including
more variables, like environmental variables.
The argument method determines the type of methods, “gibbs” or “approx”. Option
“gibbs” is based on theGibbs samplerwithinGaussian copula graphicalmodels (Behrouzi
and Wit, 2017b). It is designed for small data (p < 1500). Option “approx” is based on
the Gaussian copula graphical model with the approximation approach (Behrouzi andWit,
2017b). It is faster and therefore designed for large datasets. Both methods are designed
for exploring the conditional independence network for ordinal data, non-Gaussian data,
and mixed discrete-and-continuous data.
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Fig. 4.5 Genotype–phenotype conditional interaction networks in A.thaliana. Red nodes show phe-
notypes; white, yellow, gray, blue, and brown colors stand for chromosomes 1 to 5, respectively.
Phenotypes measured in long days (TLN-LD, RLN-LD, DTF-LD) conditionally dependent on a re-
gion on top of chromosome 5 given the other locations in the genome. CLN-LD is correlated to a
region in chromosome 1. Phenotypes measured in short days are linked mostly to chromosomes 1,
2, and 5.

In the argument rho a sequence of decreasing positive numbers can be provided to con-
trol the regularization. Typical usage is to leave the input rho = NULL and have the
program compute its own rho sequence based on n.rho and rho.ratio. The pro-
gram automatically sets up a sequence of n.rho regularization parameters and estimates
the graph path data sets. Option ncores determines the number of cores to use for
the calculations. Using ncores = “all” automatically detects the number of available
cores and runs the computations in parallel on the available cores minus one. The code
is memory-optimized, using the sparse matrix data structure when estimating and storing
full regularization paths for large data sets.
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Genotype–phenotype network in A.thaliana

We have applied our algorithm to a public Arabidopsis thaliana dataset, where the acces-
sion Kend-L (Kendalville-Lehle; Lehle-WT-16-03) is crossed with the common lab strain
Col (Columbia) (Balasubramanian et al., 2009). The resulting lines were taken through six
rounds of selfing without any intentional selection. The resulting 282 KendC (Kend-L ×
Col) lines were genotyped at 181 markers. Flowering time was measured for 197 lines of
this population both in long days, which promote rapid flowering in many A. thaliana
strains, and in short days. Flowering time was measured using days to flowering (DTF)
as well as the total number of leaves (TLN), partitioned into rosette and cauline leaves.
In total, eight phenotypes were measured, namely days to flowering (DTF), cauline leaf
number (CLN), rosette leaf number (RLN), and total leaf number (TLN) in long days (LD),
and DTF, CLN, RLN, and TLN in short days (SD). Thus, the final dataset consists of 197
observations for 189 variables (8 phenotypes and 181 genotypes - SNP markers). Figure
4.5 shows the genotype-phenotype conditional independence network for this population.
The network reveals those SNP markers that are directly correlated with the flowering
phenotypes. For example in long days, the phenotype days to flowering (DTF) is directly
associated with markers snp158, snp159, snp160, and snp162 in chromosome 5 which
have assay IDs 44607857, 44606159, 44607242, and 44607209. In addition, the phenotype
TLN-LD is directly associated with markers snp159, snp160, and snp161 in chromosome
5, and the phenotype CLN-LD is directly correlated with snp49 and snp50 in chromosome
1 with the essay IDs 44608044 and 21607700. Balasubramanian et al. (2009) have reported
that both of the phenotypes DTF − LD and TLN − LD are associated with markers
from snp158 to snp162 with assay ID 44607857 to 44607209. Our findings regarding long
day phenotypes are consistent with their findings; however, our proposed method finds
the exact location(s) of the association between SNPs and phenotypes. Moreover, it avoids
many false positives that can occur when using traditional QTL analysis. The key feature
of the proposed method is its explicit representation of the conditional independence rela-
tionship that reveals direct correlations. Furthermore, the association between phenotype
CLN-LD and markers snp49 and snp50 has remained undetected by the use of traditional
QTL analysis. The TLN-SD phenotype is associated with the snp82 to snp84, and snp86,
which is also consistent with the findings of Balasubramanian et al. (2009). They reported
that the TLN-SD phenotype is associated with a region in chromosome 5, whereas our
proposed method shows that there is no direct link between the TLN-SD phenotype and
a region in chromosome 5; TLN-SD is connected to chromosome 5 through the DTF-SD
phenotype.
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Fig. 4.6 SNP-Disease network in hdl data in mice

SNP-disease network in mice

The Mus Musculus HDL data (hdl) were obtained from an F2 inner-cross between inbred
MRL/MpJ and SM/J strains of mice (Leduc et al., 2012). The original data included 33, 872

gene expression traits for 280males and females. After filtering based on the location and
significance of QTL, the data include 10 phenotypes (9 genes and HDL level) and their 5
SNP markers, corresponding to their QTL. The final dataset consists of 280 observations of
15 variables– 5 SNP markers and 10 phenotypes, 9 normalized gene expression and HDL
levels. Data are shown as follows:

R> data(hdl)
R> head(hdl, n=3)

c1 c2 c4 c7 c12 HDL Pla2g4a Nr1i3 Cyp2b10 Ppap2a Kdsr
1 2 1 2 1 3 -0.16 0.67 -0.57 0.97 0.66 0.38
2 3 3 3 2 2 -0.84 -0.75 1.14 -0.06 0.41 1.96
3 3 1 2 2 1 -1.17 -0.08 -0.52 -0.31 -1.01 0.37

Degs1 Neu1 Spgl1 Apoa2
1 0.40 0.69 1.35 1.14
2 -0.90 0.74 -1.37 2.19
3 0.61 1.45 -0.03 0.79
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Fig. 4.7 Conditional independence network between phenotypes blood pressure (bp), heart rate (hr),
body weight (bw), and heart weight (heart-wt) and genetic map in mice.

Three possible genotype states MM (homozygous) are denoted by 1, H (heterozygous) by
2, and SS (homozygous) by 3. The genotypes are ordinal variables while the phenotypes
are continuous variables with 10 columns in data frame hdl.
Figure 4.6 reconstructs the conditional dependence network between the five SNP mark-
ers, the HDL level, and the gene expressions. Node c1 is a hub locus in the network, as
it is directly connected to the HDL level and genes such as apolipoprotein A-II (Apoa2),
degenerative spermatocyte homolog 1 (Degs1), and 3-ketodihydrosphingosine reductase
(Kdsr). Furthermore, genes Apoa2, Degs1, and Neu1 are directly associated with the HDL
level. The outcome of the network is consistent with reports in Leduc et al. (2012).

Genotype–phenotype network in mice

To better understand the genetic basis of essential hypertension, we reconstruct a con-
ditional independence network between genotypes and phenotypes in mice. The data
are from an intercross between BALB/cJ and CBA/CaJ mouse strains (Sugiyama et al.,
2002). Only male offspring were considered. The data consist of 93 SNP markers across
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the genome, and four phenotypes: blood pressure (bp), heart rate (hr), body weight (bw),
and heart weight (heart-weight), as measured for 163 individuals. Data are shown as fol-
lows:

R> data(bp)
R> head( bp, n = 3 )

bp hr bw heart_wt D1MIT171 D1MIT46 D1MIT10 ...
1 104 517 37.0 133 0 0 0
2 108 690 38.9 135 0 1 1
3 115 653 43.8 159 0 2 2

D19MIT11 D19MIT71
1 2 2
2 0 0
3 0 0

There are 3 possible genotype states: CC (homozygous) denoted by 0, CB (heterozygous)
denoted by 1, and BB (homozygous) denoted by 2. In data frame bp, the genotypes are
ordinal variables, whereas the phenotypes are continuous. The data also include some
missing observations.
Figure 4.7 shows the conditional dependence network between the genetic markers across
the mice genome and the phenotypes: blood pressure (bp), heart rate (hr), body weight
(bw), and heart weight (heart-wt). The conditional independence network in Figure 4.7 ex-
plores genomic regions that regulate blood pressure, heart rate, and heart weight. We iden-
tified that the locus “D7MIT31" on chromosome 7 and loci “D15MIT184" and “D15MIT175"
on chromosome 15 are conditionally dependent on the blood pressure (bp), given the rest
of the nodes. We also identified that loci “D2MIT304" and “D2MIT274" on chromosome 2
affect heart rate.

4.4 Discussion

We have presented the netgwas package, which is designed to accomplish three impor-
tant and inter–related goals in genetics: linkagemap construction, reconstruction of intra–
and inter–chromosomal conditional interactions, and exploration of high–dimensional
genotype–phenotype (disease) as well as genotype–phenotype–environment networks.
The netgwas can deal with species with any ploidy level. The package implements the
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methods developed by Behrouzi and Wit (2017b) and Behrouzi and Wit (2017a) for linkage
map construction and inferring of conditional independence networks for non-Gaussian
data, discrete data, and mixed discrete-and-continuous data.
We will in the future maintain and develop the netgwas package, and extend our package
to include cause-effect models to build a partially directed graph models. Implementation
of such models would be desirable in actual applications.
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Chapter 5

Dynamic Chain Graph Models for
Ordinal Time Series Data

Abstract

This chapter introduces sparse dynamic chain graph models for network inference in high
dimensional non-Gaussian time series data. The proposed method is parametrized by a
precision matrix that encodes intra time-slice conditional independences among variables
at a fixed time point, and an autoregressive coefficient that contains dynamic conditional
independence interactions among time series components across consecutive time steps.
The proposed model is a Gaussian copula vector autoregressive model, which is used to
model sparse interactions in a high-dimensional setting. Estimation is achieved via a penal-
ized EM algorithm. In this chapter we use an efficient coordinate descent algorithm to op-
timize the penalized log-likelihood with the smoothly clipped absolute deviation penalty.
We demonstrate our approach on simulated and psychological datasets. Our method is
implemented in an R package tsnetwork.
Keywords: Chain graphmodels; time-series data; Latent variable; Gaussian copula; SCAD
penalty ; L1 penalty; penalized likelihood; Vector autoregressive model.

5.1 Introduction

Graphical models are an efficient tool for modeling and inference in high dimensional
settings. Directed acyclic graph (DAG) models, known as Bayesian networks (Lauritzen,
1996), are often used to model asymmetric cause-effect relationships. Models represented
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by undirected graphs are used to model symmetric relationships, like gene regulatory net-
works.

Some graphical models can represent both asymmetric and symmetric relationships simul-
taneously. One such model is the so-called chain graph model (Lauritzen, 1996; Lauritzen
andWermuth, 1989) which is a generalization of directed and undirected graphical models.
Chain graph models contain a mixed set of directed and undirected edges. The vertex set
of a chain graph can be partitioned into chain components in which edges within a chain
component are undirected, whereas the edges between two chain components are directed
and point in the same direction. Recently, chain graph models have been considered in a
time series setting (Abegaz andWit, 2013; Gao and Tian, 2010; Dahlhaus and Eichler, 2003).

There is rich literature on the reconstruction of undirected graphs for continuous data,
categorical data, and mixed categorical-and-continuous data (Behrouzi andWit, 2017; Mo-
hammadi et al., 2015; Dobra et al., 2011; Hoff, 2007) as well as for directed acyclic graphs
(Colombo et al., 2012; Kalisch and Bühlmann, 2007). Recently, Abegaz and Wit (2013) pro-
posed a method based on a chain graph model for analyzing time-course continuous data,
like gene expression data. However, many real-world time series data are not continuous,
but are categorical or mixed categorical-and-continuous. Until now the construction of
dynamic networks for non-continuous time series data has remained unexplored. Here,
we develop a method to explore dynamic or delayed interactions and contemporaneous
interactions for time series of categorical data and time series of mixed categorical-and-
continuous data.

The proposed method is based on chain graph models, where the ordered time steps build
a DAG of blocks, each of which contains an undirected network of the variables under
consideration at that time point. The method developed in this chapter is designed to
analyze the nature of interactions present in repeated multivariate time-series of mixed
categorical-and-continuous data, where we use time series chain graphical models to study
the conditional independence relationships among variables at a fixed time point as well
as “causal” relationships among time series components across consecutive time steps. We
use the concept of Granger causality (Granger, 1969), which exploits the natural time or-
dering to achieve a “causal” ordering of the variables in multivariate time series. The idea
of this causality concept is based on predictability, where one time series is said to be
Granger causal for another series if the latter series can be better predicted using all avail-
able information, rather than only the information from the latter series had been used.
Our inference procedure not only enforces sparsity on interactions within each time step,
but also between time steps; this feature is particularly realistic in a real-world dynamic
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networks setting.
We proceed as follows: in section 5.2 we explain the method: we first introduce dynamic
chain graph models in section 5.2.1, and then propose the Gaussian copula for mixed scale
time series data in section 5.2.2. In sections 5.2.3 and 5.2.4 we define a model for un-
derlying multivariate time series components, and we explain the procedure of penalized
inference based on the L1 norm and smoothly clipped absolute deviation (SCAD) penalty
terms. In section 5.2.5 we present a method for obtaining the log-likelihood of the observed
mixed scale time series component under the penalized EMalgorithm, andwe proceedwith
model selection for tuning the penalty terms. In section 5.3 we study the performance of
the proposed dynamic chain graph model under different scenarios. We also compare its
performance with the other available methods. In section 5.4 we demonstrate the use of
the proposed method in investigating the course of depression and anxiety disorders.

5.2 Methods

5.2.1 Dynamic chain graph models

A chain graph is defined as G = (V,E) where V is a set of vertices (nodes) and E is a
set of ordered and unordered pairs of nodes, called edges, which contains the directed and
undirected interactions between pairs of nodes. A dynamic chain graphmodel is associated
with a time series chain graph model, where the dependence structure of the time series
components can be divided into two sets: intra time-slice dependencies, represented by
undirected edges that specify the association among variables in a fixed time step, and inter
time-slice dependencies, represented by associations among variables across consecutive
time steps. Links across time steps are directed, pointing from a set of nodes at a previous
time step, V(t−1), to nodes at the current time step, Vt. The dynamic chain graph model in
our modeling framework relates the time series components at time t only to that of time
t− 1, but this can be easily extended to a higher order (d ≥ 2) of time steps.
Let Y(t) = (Y1(t), . . . , Yp(t))́, t = 1, . . . , T be an p-dimensional time series vector repre-
sentation of p variables that have been studied longitudinally across T time points. Each
time series component Y (t) is assumed to be sampled n times. Thus, Yij(t) represents the
value of the j-th variable at time t for the i-th sample, i = 1, . . . , n, j = 1, . . . , p.
Here, we focus on non-Gaussian multivariate time series data such as ordinal-valued time
series, taking values in {0, 1, . . . , (ck − 1)}, where ck is the number of possible categories,
or mixed categorical-and-continuous time series data, as routinely occurring in real world
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settings.

5.2.2 Gaussian Copula

To model dependencies among p-dimensional vector y we use a Gaussian copula, defined
as

F
(
y1, . . . , yp

)
=Φp

(
Φ−1

(
F1(y1)

)
, . . . ,Φ−1(Fp(yp))

∣∣∣Ωp×p

)
(5.1)

where Φp(.|Ω) is the a p-dimensional Gaussian cdf with correlation matrix Ωp×p, and
y = (y1, . . . , yp). From equation (5.1) the following properties are clear: the joint marginal
distribution of any subset of Y has a Gaussian copula with a correlation matrix Ω and uni-
variate marginals Fj . The Gaussian copula can be expressed in terms of a latent Gaussian
variable Z = Z1, . . . , Zp as follows

Z ∼ N (0,Ωp×p)

and
Yj = F−1

j (Φ(Zj)). (5.2)

Since the marginal distributions Fj are nondecreasing, observing yi1j < yi2j implies zi1j <
zi2j . This can be written as set A(y) where, given the observed data yj = (y1,j, . . . , yn,j),
the latent samples zj = (z1,j, . . . , zn,j), are constrained to belong to the set

A(y) = {z ∈ Rn×p : max{zs,j : ys,j < yr,j} < zr,j < min{zs,j : yr,j < ys,j}}

If an observed value of yj is missing, we define the lower bound and the upper bound of
z
(r)
j as −∞ and∞, respectively.

5.2.3 Model definition

We assume a stable dynamic chain graph model, meaning that the structure of interactions
within each time point remains stable for previous and current time steps, and interactions
between consecutive time steps are also stable. We use a vector autoregressive process of
order 1, VAR(1),

Zt = ΓZ(t−1) + ϵt (5.3)
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to describe the directed latent interactions, where ϵt ∼ N(0,Θ−1) describes the undirected
instantaneous interactions.

The parameter set of this model contains all the conditional independence relationships
in the dynamic chain graph model where the following terms hold: θjj́ = 0 if and only if
Z

(t)
j Z

(t)

j́
| Z(t)

−j,j́
Z(t−1), and γjj́ = 0 if and only if Z(t)

j Z
(t−1)

j́
| Z(t)

−jZ
(t−1)

−j́
.

Given the set A(y), we calculate the likelihood as

f(y | Θ,Γ, F ) =f(y, z ∈ A(y) | Θ,Γ, F )

=fZ(z ∈ A(y) | Θ,Γ)f(y | z ∈ A(y),Θ,Γ, F ) (5.4)

where y = {(y(t)1 , . . . , y
(t)
p )}Tt=1 andF = {(F (t)

1 , . . . , F
(t)
p )}Tt=1. Given the set of parameters,

the event z ∈ A(y) in (5.4) does not depend on marginals and contains the relevant infor-
mation about the copula and the parameters of interestΘ and Γ. We drop the second term
in (5.4) because it provides no information about intra and inter time-slice dependencies.
As Hoff (2007) proposes, we use fZ(z ∈ A(y) | Θ,Γ) as the rank likelihood,

ℓY (Θ,Γ) =

n∑
i=1

log f(zi ∈ A(y) | Θ,Γ)

=
n∑

i=1

T∑
t=2

log f(z
(t)
i ∈ A(y

(t)
i ) | z(t−1)

i ∈ A(y(t−1)
i ); Θ,Γ) + log f(z

(1)
i ∈ A(y(1)

i ) | Θ,Γ)

(5.5)

We ignore the second term in (5.5) as we do not want to make additional assumptions
on the unconditional distribution of Y (1). We start from t = 2, where we compute the
conditional log-likelihood using the conditional distribution f(z(t)|z(t−1)). According to
(5.3) the conditional distribution Z(t) | Z(t−1) follows a multivariate normal distribution

Z(t) | Z(t−1) = z(t−1) ∼ N (Γz(t−1),Θ−1) (5.6)

Whose density for t-th observation is defined as

f(z(t) | z(t−1); Θ,Γ) = (2π)p/2 det(Θ)1/2 exp
[1
2

(
z(t) − Γz(t−1)

)′
Θ
(
z(t) − Γz(t−1)

)]
.

(5.7)
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5.2.4 Penalized EM inference

In Gaussian copula, we treat marginal distributions as nuisance parameters since our main
goal is to learn the dependence structure among time series components both at a fixed
time step t ∈ N and also across consecutive time steps. We use an empirical marginal cdf
F̂j =

n
n+1

n∑
i=1

1
n
1(yij ≤ y) (Genest et al., 1995) to estimate marginals.

Genetic time series data are often high dimensional due to a large number of variables that
are measured on small numbers of samples across only a few time steps. Furthermore,
many real-world networks (e.g. genetic, genomics, and brain networks) are intrinsically
sparse. Thus, incorporating sparsity into the proposed dynamic chain graph model makes
the derived model more biologically plausible. Accordingly, we propose a dynamic chain
graph model for genetic data based on penalized likelihood. In order to find the penalized
maximum likelihood estimation we will use the EM algorithm (Green, 1990). This mod-
eling technique provides sparse estimates of the autoregressive coefficient matrix Γ and
the precision matrix Θ in (5.3), which are used to reconstruct inter and intra time-slice
conditional independences, respectively.
The E-step of the EM algorithm is given by

Q(Θ,Γ | Θ⋆,Γ⋆) =Ez

[
ℓY,Z(Θ,Γ)

∣∣∣ yi,Θ⋆,Γ⋆
]

=Ez

[ n∑
i=1

T∑
t=2

log f(Z
(t)
i | Z

(t−1)
i ; Θ,Γ)

∣∣∣ yi,Θ⋆,Γ⋆
]
. (5.8)

Under the assumption described in (5.6), the E-step can be written as

Q(Θ,Γ|Θ⋆,Γ⋆) =
n(T − 1)

2

[
− p log(2π) + log det(Θ)− tr

(
E(SΓ | yi,Θ⋆,Γ⋆)Θ

)]
(5.9)

where

E(SΓ | yi,Θ⋆,Γ⋆) =
1

n(T − 1)

n∑
i=1

T∑
t=2

EZ

[
(Z

(t)
i − ΓZ

(t−1)
i )(Z

(t)
i − ΓZ

(t−1)
i )′

∣∣∣ yi,Θ∗,Γ∗
]

=
1

n(T − 1)

[
Scc − ScpΓ

′ − ΓS ′
cp + ΓSppΓ

′
]

(5.10)

such that conditional expectation at current time, Scc, and at past time, Spp, is defined as

Scc =
n∑

i=1

T∑
t=2

EZ [Z
(t)
i Z

(t)′
i |yi; Θ⋆,Γ⋆], Spp =

n∑
i=1

T−1∑
t=1

EZ [Z
(t)
i Z

(t)′
i |yi; Θ⋆,Γ⋆]
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and the conditional expectation at inter time-slice dependence is

Spc =
n∑

i=1

T∑
t=2

EZ [Z
(t−1)
i Z

(t)′
i |yi; Θ⋆,Γ⋆].

The latent variables Z(t−1)
i = {Z(t−1)

i,1 , . . . , Z
(t−1)
i,p } and Z

(t)
i = {Z(t)

i,1 , . . . , Z
(t)
i,p} are used to

calculate the conditional expectation of intra time-slice dependencies Spp and Scc, respec-
tively. And Z

(pc)
i = {Z(t−1)

i,1 ,
. . . , Z

(t−1)
i,p , Z

(t)
i,1 , . . . , Z

(t)
i,p} is used to calculate Spc. All three above-mentioned conditional

expectations are a p × p matrix. When j = j′ they can be computed through the second
momentE(Z

(t)2

ij | yi; Θ⋆,Γ⋆). When j ̸= j′ we use a mean field theory approach (Chandler,
1987) to approximate them as

E
(
Z

(t)
i,jZ

(t)
i,j′

∣∣∣ yi; Θ⋆,Γ⋆
)
≈ E

(
Z

(t)
i,j

∣∣∣yi; Θ⋆,Γ⋆
)
E
(
Z

(t)
i,j′

∣∣∣yi; Θ⋆,Γ⋆
)

(5.11)

for intra time-slice dependencies, and for inter time-slice dependencies as follows:

E
(
Z

(t−1)
i,j Z

(t)
i,j

∣∣∣yi; Θ⋆,Γ⋆
)
≈ E

(
Z

(t−1)
i,j

∣∣∣yi; Θ⋆,Γ⋆
)
E
(
Z

(t)
i,j′

∣∣∣yi; Θ⋆,Γ⋆
)

(5.12)

This approximation performs well when the interaction between Z
(t)
i,j and Z

(t)
i,j′ given the

rest of the variables, and the interaction between Z
(t−1)
i,j and Z

(t)
i,j′ given the rest of the

variables, are close to being independent; this often holds in our proposed dynamic chain
graph model, in which Θ and Γ are sparse.
When j ̸= j′ the off-diagonal elements of Scc, Spp, and Spc matrices can be computed
through the first moment as

E
(
Z

(t)
i,j

∣∣∣ yi; Θ⋆,Γ⋆
)
= E

[
E
(
Z

(t)
i,j |Z
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i , Z
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i,−j, Z
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i , y
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)∣∣∣yi; Θ⋆,Γ⋆
]

(5.13)

and the second moments as

E
(
Z

(t)2

i,j |yi; Θ⋆,Γ⋆
)
= E

[
E
(
Z

(t)2

i,j |Z
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)∣∣∣yi; Θ⋆Γ⋆
]

(5.14)

Given the property of Gaussian distribution, (Z(t)
i , Z

(t+1)
i ) | Z(t−1)

i ; Θ,Γ follows a multi-
variate normal distribution with mean and variance-covariance matrix

µ =

[
Γz

(t−1)
i

Γ2z
(t−1)
i

]
V =

[
Θ−1 Θ−1Γ

ΓΘ−1 ΓΘ−1Γ′ +Θ−1

]
.



114 Dynamic Chain Graph Models

Therefore, the conditional distribution of Z(t)
i,j | Z

(t−1)
i , Z

(t)
i,−j, Z

(t+1)
i ; Θ,Γ inside the inner

expectation in (5.13) and (5.14) follows a multivariate normal distribution with mean µij

and variance vij as follows:

µij = (Γiz
(t−1)
i )j + Vj,−jV

−1
−j,−j

([
z
(t)
i,−j

z
(t+1)
i

]
−

[
Γz

(t−1)
i

Γ2z
(t−1)
i

])
vij = Vj,j − Vj,−jV

−1
−j,−jV−j,j.

Calculating the exact value of the first and second moments is computationally expensive.
Moreover, we approximate the first and the second moments as follows

E
(
Z

(t)
i,j

∣∣∣yi; Θ⋆,Γ⋆
)
≈ E

[
E
(
Z

(t)
i,j |Z

(t−1)
i , Z

(t)
i,−j, y

(t)
i,j ; Θ,Γ

)∣∣∣yi; Θ⋆,Γ⋆,
]

(5.15)

E
(
Z

(t)2

i,j | yi; Θ⋆,Γ⋆
)
≈ E

[
E
(
Z

(t)2

i,j | Z
(t−1)
i , Z

(t)
i,−j, y

(t)
i,j ; Θ,Γ

) ∣∣∣ yi; Θ⋆,Γ⋆
]

(5.16)

The conditional distribution of Z(t)
i |Z

(t−1)
i ; Θ,Γ follows a multivariate normal distribu-

tion with mean Γiz
(t−1)
i and variance-covariance matrix Θ−1. Due to a property of Gaus-

sian distribution, the conditional distribution of Z(t)
i,j |Z

(t−1)
i , Z

(t)
i,−j; Θ,Γ; inside the inner

expectation in (5.15) and (5.16) follows a multivariate normal distribution with mean and
variance-covariance matrix as follows

µ′
i,j = (Γiz

(t−1)
i )j + Σ̂j,−jΣ̂

−1
−j,−j

(
z
(t)τ
i,−j − (Γiz

(t−1)
i )−j

)
σ′2
i,j = Σ̂j,j − Σ̂j,−jΣ̂

−1
−j,−jΣ̂−j,j.

We remark that conditioning z(t)i,j on z
(t−1)
i , z(t)i,−j and y

(t)
i,j is equivalent to

z
(t)
i,j |z

(t−1)
i , z

(t)
i,−j, cj,y(t)ij

≤ z
(t)
ij ≤ c

j,y
(t)
ij +1

.

Thus, this conditional distribution follows a truncated normal on the interval [c
j,y

(t)
ij
, c

j,y
(t)
ij +1

],
where the first and second moments can be obtained via lemma 5.1.

Lemma 5.1. (Johnson et al., 1995). Let Z ∼ N (µ0, σ
2
0) such that δ1 = (c1 − µ0)/σ0 and

δ2 = (c2−µ0)/σ0 are true for any constants that c1 < c2. Then the first and second moments
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of the truncated normal distribution on the interval (c1, c2) are defined as

E(Z|c1 ≤ Z ≤ c2) = µ0 +
φ(δ1)− φ(δ2)

Φ(δ2)− Φ(δ1)
σ0

E(Z2|c1 ≤ Z ≤ c2) = µ2
0 + σ2

0 + 2
φ(δ1)− φ(δ2)

Φ(δ2)− Φ(δ1)
µ0σ0 +

δ1φ(δ1)− δ2φ(δ2)

Φ(δ2)− Φ(δ1)
σ2
0

where φ(.) is the density function of the standard normal distribution.

Bothmeans µi,j and µ′
i,j are a linear function of z

(t)
i,−j , and both

φ(δ1)−φ(δ2)
Φ(δ2)−Φ(δ1)

and δ1φ(δ1)−δ2φ(δ2)
Φ(δ2)−Φ(δ1)

are nonlinear functions of z(t)i,−j . Applying Lemma 5.1 to the conditional expectations in
(5.15) and (5.16) leads to the approximations (5.24) and (5.25) in the Appendix.

Moreover, we approximate the elements of inter time-slice conditional expectation matrix
Spc through equations (5.24) and (5.25). For approximating the elements of intra time-slice
conditional expectation matrices Spp, Scc we refer to the Appendix.

TheM-step of the EM algorithm contains a two-stage optimization process where wemax-
imize expectation of the penalized log-likelihood with respect to Θ and Γ. We introduce
two different penalty functions Pλ(.) and Pρ(.) for intra time-slice conditional indepen-
dencies Θ, and inter time-slice conditional independencies Γ, respectively. Therefore, the
objective function for optimization can be defined as

Qpen(Θ,Γ|Θ⋆
λ,Γ

⋆
ρ) =

n(T − 1)

2

[
log det(Θ)− tr

(
ΘS

(E)
Γ

)]
−

p∑
j ̸=j′

Pλ(|θjj′|)−
p∑

j,j′

Pρ(|γjj′ |)

(5.17)
where S(E)

Γ denotes the expectation of SΓ given the data and updated parameters, and θjj′
and γjj′ are the jj′-th element of the Θ and Γ matrices. Among different penalty func-
tions, we consider the L1 norm and smoothly clipped absolute deviation (SCAD) penalty
functions which have the most desirable sparsity properties.

L1 penalized EM. The Lasso or L1 penalty function is defined as

Pλ(θ) = λ|θ|.

The L1 penalty leads to a desirable optimization problem, where the log-likelihood is con-
vex and can be solved efficiently using various optimization algorithms at the k-th iteration
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of the EM. Under this penalty function, the updated estimates are given via

(Θ
(k)
λ ,Γ(k)

ρ ) = argmax
Θ,Γ

{
log det(Θ)− tr

(
S
(E)
Γ Θ

)
− λ

p∑
j ̸=j′

|θjj′ | − ρ

p∑
j,j′

|γjj′|
}

(5.18)

where the sparsity level of intra and inter time-slice conditional independences are con-
trolled by λ and ρ. L1 penalty is biased due to its constant rate of penalty. To address this
issue, Fan and Li (2001) proposed the SCAD penalty, which results in unbiased estimates
for large coefficients.

SCAD penalized EM. The SCAD penalty function is expressed as

Pλ,a(θ) =



λ|θ| if θ ≤ λ,

− |θ2|−2aλ|θ|+λ2

2(a−1)
if λ ≤ |θ| ≤ aλ,

(a+1)2λ2

2
if |θ| > aλ.

where λ and a are two tuning parameters. The function Pλ,a(θ) corresponds to a quadratic
spline on [0,∞) with knots at λ and aλ. A similar function can be written for Pρ,a(γ)

where ρ and aρ are two knots. The SCAD penalty is symmetric but non-convex; its first
order derivative is given by

P ′
λ,a(θ) = λ

{
I(|θ| ≤ λ) +

(aλ− |θ|)+
(a− 1)λ

I(|θ| > λ)
}
, a > 2

The notation z+ stands for the positive part of z. Fan and Li (2001) showed that in prac-
tice a = 3.7 is a good choice. Maximizing non-convex penalized likelihood is challenging.
To address this issue we use an efficient algorithm proposed in Fan et al. (2009), which
is based on local linear approximation, to maximize the penalized log-likelihood for the
SCAD penalty function. In each step, a symmetric linear function is used to locally ap-
proximate the SCAD penalty. Using the Taylor expansion, Pλ,a(θ) and Pρ,a(γ) can be ap-
proximated in the neighborhood of θ0 and γ0 as follows:

Pλ(|θ|) ≈ Pλ(|θ0|) + P ′
λ(|λ0|)(|θ| − |θ0|)

Pρ(|γ|) ≈ Pρ(|γ0|) + P ′
ρ(|ρ|)(|γ| − |γ0|).
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Due to the monotonicity of Pλ(.) and Pρ(.) over [0,∞), the derivatives P ′
λ(.) =

∂
∂θ
(Pλ(θ))

and P ′
ρ(.) =

∂
∂γ
(Pρ(γ)) are non-negative for θ ∈ [0,∞) and γ ∈ [0,∞). Therefore, under

the penalized log-likelihood with the SCAD penalty, estimation of the sparse parameters
Θ(k) and Γ(k) relies on the solution of the following optimization problem at step k

(Θ
(k)
λ ,Γ(k)

ρ ) = argmax
Θ,Γ

{
log det(Θ)− tr

(
S
(E)
Γ Θ

)
−

p∑
j ̸=j′

wjj′|θjj′| −
p∑
j,l

νjl|γjl|
}

(5.19)

where wjj′ = P ′
λ(θ

(k)
jj′ ), νjl = P ′

ρ(γ
(k)
jl ), and θ

(k)
jj′ , γ

(k)
jl are jj′-th element of Θ and jl-th ele-

ment of Γ, respectively. The SCAD penalty applies a constant penalty to large coefficients,
whereas the L1 penalty increases linearly as |θ| increases. This feature keeps the SCAD
penalty from producing biases to estimate large coefficients. Therefore, the SCAD penalty
overcomes the bias issue of the L1 penalty. Then a two-stage-optimization problem within
the M-step of the EM algorithm is employed to solve the objective functions (5.18) or (5.19)
to estimate the parameters Θ and Γ.

Glasso calculation of Θ(k). For the SCAD penalty-based estimation, in the first stage
we optimize

Θ
(k)
λ = argmax

Θ

{
log det(Θ)− tr(S(E)

Γ⋆ Θ)−
p∑

j ̸=j′

wjj′ |θjj′ |
}
,

for previous Γ⋆. This optimization can be solved efficiently using the graphical lasso algo-
rithm proposed by Friedman et al. (2008). Due to the sparsity in each iteration, we consider
a one-step local linear approximation algorithm (LLA). Zou and Li (2008) showed that one-
step LLA, asymptotically, performs as well as the fully iterative LLA algorithm as long as
the initial solution is good enough. In practice, we take the initial value as the L1 penalty
graphical LASSO to estimate the intra time-slice conditional independences Θ in order to
calculate the initial weights wjj′ and νjl.

Regularized coordinate descent algorithm for Γ(k). After we finish an updatingΘ in
the first-stage of the optimization, we proceed in the second-stage to update the estimate
of Γ given the updated Θ. In the SCAD penalty-based we optimize
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Γ(k)
ρ = argmax

Γ

{
log det(Θ

(k)
λ )− tr(S(E)

Γ Θ
(k)
λ )−

p∑
j,l

νjl|γjl|
}

= argmax
Γ

{
log det(Θ

(k)
λ )− tr(SccΘ

(k)
λ − ScpΓ

′Θ
(k)
λ − ΓS′

cpΘ
(k)
λ + ΓSppΓ

′Θ
(k)
λ )−

p∑
j,l

νjl|γjl|
}
.

(5.20)

This objective function is quadratic inΓ for givenΘ(k)
λ . Thus, we use a direct coordinate de-

scent algorithm to calculate Γ(k)
ρ . So, the derivative of the penalized negative log-likelihood

(5.20) with respect to γjl is

∂ℓp
∂γjl

= −2e′j(S ′
cpΘ

(k)
λ )ei + 2e′j(SccΓ

′Θ
(k)
λ )ei + νjlsgn(γjl) (5.21)

where sgn(.) is the sign function. These are the Karush–Kuhn–Tucker (KKT) equations
defining the solution to the maximization problem. We note that for an arbitrary matrix
Ap×p, ∂tr(ΓA)/∂γjl = alj = e′lAej , where el and ej are the corresponding base vectors,
each with dimension p. Setting the derivative of negative log-likelihood (5.21) at zero, we
get an update for the elements of Γ matrix as follows

γjl = sgn(gjl)
(|gjl| − νjl)+

2(e′lSccel)(e′jΘ
(k)
λ ej)

, (5.22)

where gjl = 2{e′l(S ′
cpΘ

(k)
λ )ej + (e′lSccel)(e

′
jΘ

(k)
λ ej)γjl − e′l(SccΓ

′Θ
(k)
λ )ej}, γjl, and Γ

(k)
ρ are

the estimates in the last step of the iteration inside the optimization (5.22).
Given the two-stage optimization problem inside the M-step, we update the SΓ matrix
in the E-step. This iterative procedure continues until the difference between previous
(Θ

(k−1)
λ ,Γ

(k−1)
ρ ) and updated (Θ(k)

λ ,Γ
(k)
ρ ) becomes smaller than a, user specified, tolerance.

Based on our simulation experiments, the EM algorithm converges in a few iterations (at
most 5 iterations are needed to reach the convergence). We define the estimate as the
stationary point of the EM, (Θ̂λ, Γ̂ρ) = lim

k→∞
(Θ

(k)
λ ,Γ

(k)
ρ ).

5.2.5 Selection of tuning parameters

To determine the sparsity of the proposed dynamic chain graph model, parameters λ and ρ
have to be tuned. We focus on estimating the sparse intra and inter time-slice conditional
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Performance Θ Performance Γ

Fixed at t= 5 F1 score SEN SPE F1 score SEN SPE

p=10 & n=20
tsnetwork 0.35 0.35 0.77 0.42 0.43 0.68
SparseTSCGM 0.14 0.14 0.89 0.42 0.67 0.34
SparseTSCGM* 0.20 0.18 0.88 0.40 0.47 0.56

p=10 & n=50
tsnetwork 0.37 0.37 0.85 0.44 0.43 0.7
SparseTSCGM 0.33 0.45 0.80 0.42 0.65 0.34
SparseTSCGM* 0.31 0.32 0.86 0.42 0.45 0.63

p=50 & n=20
tsnetwork 0.18 0.12 0.98 0.30 0.30 0.93
SparseTSCGM 0.02 0.03 0.95 0.31 0.54 0.81
SparseTSCGM* 0 .00 0.00 1.00 0.31 0.22 0.98

p=50 & n=50
tsnetwork 0.13 0.08 1.00 0.32 0.24 0.95
SparseTSCGM 0.03 0.03 0.97 0.33 0.55 0.82
SparseTSCGM* 0.07 0.04 1.00 0.28 0.25 0.92

Table 5.1 Performance measure results of simulation study for tsnetwork and SparseTSCGM using
SCADpenalized likelihood estimation for precision and autoregressive coefficientmatrices for fixed
time point, t=5. In SparseTSCGM* normal transformation is applied to simulated ordinal data.

independences Θ and Γ, and we employ the Bayesian information criteria (BIC)

BIC(λ, ρ) = −2ℓY (Θ̂λ, Γ̂ρ) + log(n(T − 1))
(
df(Θ̂λ)/2 + df(Γ̂ρ) + p

)
≈ n(T − 1)

{
log(det(Θ̂λ)− tr(S(E)

Γ̂ρ
Θ̂λ)

}
+ log(n(T − 1))

(
df(Θ̂λ)/2 + df(Γ̂ρ) + p

)
(5.23)

to select tuning parameters λ and ρ, where T and p are the number of time points and the
number of variables, respectively; df(Θ̂λ) shows the number of non-zero elements in the
off-diagonal of Θ̂λ, and df(Γ̂ρ) is the number of non-zero elements of Γ̂ρ. The approxima-
tion made in BIC is the result of a Laplace-type of approximation, which makes fast calcu-
lation feasible. We choose the optimal value of the penalty parameters, which minimizes
BIC(λ, ρ) on a grid of candidate values for λ and ρ. One may consider other informa-
tion criteria suitable for graph estimations. Wang et al. (2007) and Yin and Li (2011) have
shown that BIC performs well for selecting the tuning parameter of penalized likelihood
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estimation.

5.3 Simulation study

To investigate and assess the performance of the proposed dynamic chain graph model,
we set up a simulation to generate sparse Θ and Γ matrices, similar to Abegaz and Wit
(2013), and Yin and Li (2011). Here we evaluate the performance of the proposed method
with respect to different random graph structures for Θ and Γ matrices. Different graph
structures for Θ can be simulated through the R package flare. To generate the Γ matrix
we took the upper diagonal of an independently generated Θ a long with a 0.2% nonzero
diagonal elements sampled from uniform (0, 1), similar to the R package SparseTSCGM.
First we simulate data from Np(0,Θ

−1) at time t = 1; for the next time steps t = 2, . . . , T

we use VAR(1) model such that Z(t)|Z(t−1) ∼ N(ΓZ(t−1),Θ−1). Then, n i.i.d samples
is generated for each time point. This results in p-variate time series data. Finally, we
discretize the obtained time series data with Gaussian marginals into randomized quantile
ranges and treat them as categorical time series data. The simulations are repeated 50

times, independently, for different values of p, n, t.
To assess the performance of our proposed method in recovering the intra and inter con-
ditional independence relationships we compute the F1-score, sensitivity and specificity
measures, which are defined as:

F1 − score = 2TP

2TP + FP + FN
, SEN =

TP

(TP + FN)
, SPE =

TN

TN + FP

where TP, TN, FP, and FN are the numbers of the true positive, true negative, and false
positive, false negative in identifying the non-zero elements in the Θ and Γ matrices. We
note that high values of F1-score, sensitivity and specificity indicate good performance of
a method for the given combination of p, n and t. However, as there is a natural trade-off
between sensitivity and specificity, to evaluate the performance of each method we focus
particularly on the F1-score.
We compare the finite sample performance of the proposed approach using SCAD penal-
ized maximum likelihood with a recently proposed approach implemented in R package
SparseTSCGM (Abegaz et al., 2015). For further comparison we have applied SparseTSCGM
to the original simulated ordinal data and to the transferred data using normal transforma-
tion. We present the simulation results of sparse precision and autoregressive coefficient
matrices in Tables 5.1 and 5.2, based on optimal tuning parameters chosen by the minimum
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Performance Θ Performance Γ

Fixed at t= 10 F1 score SEN SPE F1 score SEN SPE

p=10 & n=20
tsnetwork 0.35 0.35 0.77 0.43 0.43 0.68
SparseTSCGM 0.23 0.32 0.76 0.40 0.61 0.34
SparseTSCGM* 0.26 0.27 0.88 0.41 0.46 0.57

p=10 & n=50
tsnetwork 0.38 0.37 0.85 0.44 0.43 0.7
SparseTSCGM 0.40 0.59 0.69 0.41 0.64 0.32
SparseTSCGM* 0.36 0.40 0.86 0.43 0.47 0.61

p=50 & n=20
tsnetwork 0.11 0.07 0.99 0.31 0.26 0.95
SparseTSCGM 0.02 0.02 0.98 0.33 0.55 0.77
SparseTSCGM* 0.05 0.03 1.00 0.29 0.25 0.93

p=50 & n=50
tsnetwork 0.37 0.30 0.98 0.31 0.25 0.95
SparseTSCGM 0.39 0.34 0.99 0.24 0.67 0.64
SparseTSCGM* 0.34 0.35 0.97 0.28 0.26 0.92

Table 5.2 Performance measure results of simulation study for tsnetwork and SparseTSCGM using
SCADpenalized likelihood estimation for precision and autoregressive coefficientmatrices for fixed
time point, t=10. In SparseTSCGM* normal transformation is applied to simulated ordinal data.

EBICs. In each simulation setting we have very sparse matrices with only (1/p) × 100

nonzero entries. From the tables we can see that in most cases our method, compared with
the alternative method, scores better in terms of the F1-score. These results suggest that,
although recovering sparse network structure in ordinal time series data is a challenging
task, the proposed approach performs well on model-based simulations. We note here that
improved model performance can be gained by allowing the tuning parameters ρ and λ to
vary with each simulation.

5.4 Netherlands Study of Depression and Anxiety

We applied our method to a Netherlands Study of Depression and Anxiety (NESDA) Sever-
ity of Depression dataset. Depression and anxiety disorders are common at all ages. Ap-
proximately one out of three people in the Netherlands will be faced with one of these
disorders at some time during their lives. It is still not clear why some people recover
quickly and others suffer for long periods of time. The Netherlands Study of Depression
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Fig. 5.1 Intra time-slice conditional independence undirected network in NESDA dataset (a) and de-
layed interactions between items in NESDA across time steps(b). NESDA data are in five categories:
(i) sleep, blue, (ii) mood, green, (iii) appetite, yellow, (iv) somatic, gray, (v) mental, red.

and Anxiety (NESDA) was therefore designed to investigate the course of depression and
anxiety disorders over a period of several years. The main aim of NESDA is to determine
the (psychological, social, biological and genetic) factors that influence the development
and long-term prognosis of anxiety and depression. The data consist of 28 items (variables)
collected over 3 time intervals. For each of the 28 variables there are four corresponding
answers 0=None, 1=Mild, 2=Moderate, 3=Severe. For example, for the item “Feeling sad”
there are four corresponding answers, from “0” indicating no depression (e.g., “I do not
feel sad”), to “3”, referring to a more severe depressive symptom (e.g., “I feel sad nearly
all the time”). A total score is derived (possible range: 0–84), and higher scores indicate
relatively severe depressive symptomatology. From the 1799 participants, we selected 200
more informative patients. The BIC criterion selects the penalty values λ = 0.19 and
ρ = 0.23. The resulting instantaneous and delayed interaction networks among the 28

items are shown in Figure 5.1, left and right panels respectively.

Figure 5.1(a) shows undirected links that suggest contemporaneous interactions among 12
items, and Figure 5.1(b) displays directed edges that indicate Granger-causality relation-
ships or delayed interactions between these 12 items. We observe that item “Feeling sad”
is the hub in both figures, suggesting that it plays a fundamental role in treating depres-
sion and anxiety disorders. Also, Figure 5.1(b) shows that there are several directed links
pointing from mood category to mental category; this suggests that mood disorders influ-
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ence the long-term development of mental disorders. Interestingly, Figure 5.1b shows that
sleeping disorders have no effect on other symptoms of depression.

5.5 Discussion

We have presented a dynamic model for multivariate ordinal time series data which as-
sumes a chain graph representation of the conditional independence structure among time
series components. The proposed model combines Gaussian copula graphical models and
dynamic Bayesian networks to infer instantaneous conditional dependence relationships
among time series components and dynamic or delayed interactions, possibly potentially
“causal” relationships, among variables at consecutive time steps. The directed edges re-
flect Granger causality whereas the undirected edges represent the contemporaneous de-
pendence structure.
To obtain sparse estimates for the instantaneous conditional dependence graph and for the
Granger-causality graph, we considered penalized log-likelihood estimation using the L1

and SCADpenalties. Simulation studies show that the proposed sparse estimates reflect the
underlying intra- and inter-time slice conditional dependence networks more accurately
compared to the alternative method.
The method was applied to the Netherlands study of depression and anxiety categorical
time series data. The model has, however, much wider applicability to any multivariate
mixed continuous-and-discrete time series data.

5.6 Appendix

Applying Lemma 5.1 to the conditional expectations in (5.15) and (5.16) leads to the fol-
lowing approximations:

E(Z
(t)
i,j | yi; Θ

⋆,Γ⋆) ≈Σj,−jΣ
−1
−j,−j

(
E(Z

(t)τ
i,−j | yi; Θ

⋆,Γ⋆)− (ΓiE(Z
(t−1)
i | yi; Θ⋆,Γ⋆))−j

)
+ (ΓiE(Z

(t−1)
i | yi; Θ⋆,Γ⋆))j +

φ(δ
(t)

i,j,y
(t)
i,j

− φ(δ
(t)

i,j,y
(t)
i,j+1

)

Φ(δ
(t)

i,j,y
(t)
i,j+1

)− Φ(δ
(t)

i,j,y
(t)
i,j

)
σi,j (5.24)

E((Z
(t)2

i,j ) | yi; Θ⋆,Γ⋆) ≈
(
(ΓiE(Z

(t−1)
i | yi; Θ⋆,Γ⋆))j

)2

+Σj,−jΣ
−1
−j,−jE(Z

(t)τ
i,−jZ

(t)
i,−j | yi; Θ

⋆,Γ⋆)Σ−1
−j,−j

Σ−j,j +Σj,−jΣ
−1
−j,−j

(
(ΓiE(Z

(t−1)
i | yi; Θ⋆,Γ⋆))−j

)2

Σ−1
−j,−jΣ−j,j − 2Σj,−j



124 Dynamic Chain Graph Models

Σ−1
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the nonlinear terms (more details in (Guo et al., 2015)).

Another approximation that can be replaced in (5.15) and (5.16) is as follows:
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where Z(t)
i,−j represents a set that contains all the variables at time step t, except the j-th

variable.

Within each time step, the mean µi,j is a linear function of z(t)i,−j , and both φ(δ1)−φ(δ2)
Φ(δ2)−Φ(δ1)

and
δ1φ(δ1)−δ2φ(δ2)
Φ(δ2)−Φ(δ1)

are nonlinear functions of z(t)i,−j . Applying Lemma 5.1 to the conditional ex-
pectations in (5.26) and (5.27) leads to the following approximations:
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where δ(t)
i,j,y

(t)
i,j

= (c
(t)
i,j −µi,j)/σij . Here, the first order delta method is used to approximate

the nonlinear terms. Moreover, we approximate the elements of conditional expectation
matrices Spp, Scc, and Scp through equations (5.28) and (5.29).
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Chapter 6

Conclusions

6.1 General overview of thesis

The objectives of this work have been to extend graphical models for different data struc-
tures and to enlarge the applicability of graphical models in various fields, particularly in
systems genetics. In this thesis, we have developed a method based on undirected graph-
ical models to infer relationships between many components of a system. In addition, we
have extended graphical models to high-dimensional time-series data with non-Gaussian
structure, where we combined directed and undirected graphical models to explore dy-
namic and contemporaneous interactions for high-dimensional time series data. We have
implemented the proposed methods as R packages on CRAN, which are freely accessible
for users.

Genetic systems naturally have a network structure that describes genetic “flow” from
DNA to the phenotype through intermediate molecular traits. It is our aim to under-
stand the flow of biological information that underlies complex traits. Powerful meth-
ods are required to understand this system. Graph theory has the potential to address
long-standing questions in system genetics about complex processes such as epistasis (sev-
eral loci collectively affecting a single trait) or pleiotropy (a single locus affecting multiple
traits). The main challenges are that most models and inference methods are suited for
low-dimensional Gaussian data, whereas the genetic system has discrete components, i.e.,
alleles, and is very high-dimensional. Although non-Gaussian graphical models do exist,
they constitute a class that is too large for sensible inference. By making use of a conve-
nient copula approach, we have been able to contain the computational complexity on the
one hand and make it suitable for high-dimensional discrete inference on the other.
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6.2 Highlight of the results

Chapter 2 introduced a method for reconstructing a conditional independence network
from non-Gaussian data, in particular for ordinal and for mixed ordinal-and-continuous
data. Such data are common in disciplines like genetics and genomics. In particular, epis-
tasis is the joint effect of various genotype loci on some phenotypic trait. In this chapter,
we focused on the trait “survival”: we aim to find loci that do not segregate independently
conditional on other loci in observed plant samples. These loci show potentially epistatic
interactions. Our inference method was completely novel: instead of focusing on recombi-
nation fractions, we proposed a penalized Gaussian copula graphical model. This accounts
for a large number of markers p and a small number of samples n, which is common in this
setting. The method captures the conditionally short- and long-range linkage disequilib-
rium (LD) dependency structure, which allows us to focus on the unusual marker-marker
associations of non-neighboring markers that might be due to epistatic selection rather
than gametic linkage. A multi-core implementation of our method has made it feasible to
estimate the graph in high-dimensions even when significant portions of data are missing.
We demonstrated the efficiency of the proposed method on simulated datasets as well as
on genotyping data in A.thaliana and maize.

Chapter 3 extended the sparse copula graphical model, as proposed in Chapter 2, for con-
structing high-quality linkage maps for any biparental diploid and polyploid species. A
linkage map contains important genetic information such as the number of chromosomes
of a species, the number of markers inside each chromosome, and the order of markers
within each chromosome. Until now, recombination fractions are used to estimate linkage
maps. This is perhaps straightforward for a haploid population, but for polyploids, this
approach starts to suffer more and more from multiple testing problems. Instead, by using
the same sparse Gaussian copula graphical models, or via the related nonparanormal skep-
tic approach, we propose a completely new approach. We discover linkage groups (LGs),
typically chromosomes, and the order of markers in each LG by inferring the conditional
independence relationships among large numbers of markers in the genome in genotyping
studies, such as GWAS. We illustrated the efficiency of the inference method even in the
presence of significant amount of missingness of genotype data and genotyping errors. We
showed that our method outperforms other available methods in determining the correct
number of linkage groups and ordering markers. In addition, we implement the method
on real genotype data of barley and potato from diploid and tetraploid populations, re-
spectively. Given that linkage map constructions for most polyploid species like tetraploid
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potato have been generated either from diploid populations or from a subset of marker
types (e.g. both parents were heterozygous), developing a map construction method based
on discrete graphical models makes it possible to construct high-quality linkage maps for
any biparental diploid and polyploid species containing all different marker types.
Chapter 4 detailed the R package netgwas, which efficiently applies the methods pro-
posed in Chapters 2 and 3. This package contains a set of tools based on undirected
graphical models to accomplish three important and interrelated goals in genetics and ge-
nomics: linkage map construction, intra– and inter–chromosomal interactions, and high-
dimensional genotype-phenotype (and genotype-phenotype-environment) interactions net-
work. More precisely, netgwas is able to deal with species with any ploidy level, namely
diploid (2 sets), triploid (3 sets), tetraploid (4 sets) and so on. Using the sparse matrix out-
put and themulticore implementation of thenetgwas packagemaximizes computational
speed and minimizes memory requirements.
Chapter 5 introduced a sparse dynamic chain graph model for network inference in high
dimensional non-Gaussian time series data. The proposed method is able to estimate both
the (slower) auto-regressive dynamics as well as the (faster) dynamics that happens on a
time-scale that is almost instantaneous with respect to the sampling times. The estimation
of the parameters in the proposed method relies again on the Gaussian copula graphi-
cal models, this time extended in the direction of Bayesian networks under the penalized
expectation-maximization (EM) algorithm inference framework. In this chapter we use
an efficient coordinate descent algorithm to optimize the penalized log-likelihood with the
smoothly clipped absolute deviation penalty. The method is implemented in the R package
tsnetwork.

6.3 Discussion

Fields such as systems genetics, systems biology, epidemiology, and bioinformatics often
involve large-scale models in which thousands of components are linked in complex ways.
What is perhaps most distinctive about the graphical model approach is its suitability in
formulating probabilistic models of complex phenomena in applied fields, while maintain-
ing control over the computational cost associated with these models. Graphical models
use a graph to encode the conditional independence structure between components of a
system. It provides a general framework for representing high-dimensional data. Here, we
summarize a number of discussion points.
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6.3.1 Gaussian copula

Construction of linkage maps is a fundamental step required in a detailed genetic study of
diseases and traits. In particular, constructing linkagemaps in polyploids, with outcrossing
behavior, is a challenging task. So far, based on our experience, no method has been de-
veloped to construct polyploid linkage maps for a large number of different marker types
without any manual adjustment and visual inspection. We used a penalized Gaussian cop-
ula graphical model for the construction of high-quality and high-density linkage maps in
diploid species (like humans, containing two copies of each chromosome) and polyploid
species (like potato including many other plants, containing more than two copies of each
chromosome). The linkage map is inferred through conditional independence relation-
ships among genetic markers in the genome, modeled via a Gaussian copula.
The Gaussian copula implies that we employ merely one parameter to model the interac-
tion between a pair of markers and no parameters are available for higher order interac-
tions between three or more markers. This is computationally convenient, clearly, but this
may not correspond to reality. In fact, it is always sensible to do post-hoc checks to see if
the fitted model provides a satisfactory fit to the data.

6.3.2 Ordering markers

In our mapping algorithm, we introduce a two-step approach. After fitting the penal-
ized copula graphical model, we use ordering algorithms to project the original high-
dimensional space in a one-dimensional map. This two-step approach is computationally
efficient, but there are obvious drawbacks. If our objective is to find a one-dimensional
map, we could limit our inference to finding the best permuted band-diagonal precision
matrix. Although this is in principle possible, it is not a submodel of a penalized copula
graphical model and therefore the proposed inference algorithmwould not be directly use-
ful. Moreover, the number of permutations scales quadratically in the number of markers
and for large genome-wide association studies this methodwould be practically impossible
to implement.

6.3.3 Interpretation of multi-trait networks

To date, most genetic studies designed to map trait loci have focused on single traits. How-
ever, both small-scale studies of experimental crosses of model organisms and large-scale
studies in humans, animal, and plants often include data collection for multiple traits. For
example, studies of human obesity might include multiple measures of obesity, such as the
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bodymass index, percent fat mass andwaist circumference, that aremoderately to strongly
correlated. Studies might also have measures for related traits, such as obesity, diabetes,
and kidney disease. In this thesis, we have developed a method based on graphical models
to construct genotype-phenotype networks in GWAS in presence of multiple traits. The
proposed genotype-phenotype conditional dependencies network uncovers networks of
interactions between loci and traits as well as networks of interactions among traits, and
among loci. Biological advantages of performing the proposed graphical-based joint analy-
sis of correlated/related multiple traits include the ability to address the issue of pleiotropy
(one locus influencing multiple correlated traits) vs. tight linkage (linked loci each influ-
encing one of the traits) as well as the ability to understand epistasis and how biochemical
pathways relate to complex traits.

In genome-wide association study era the greatest challenge lies in combining GWAS find-
ings with multi-trait and multi-environment data to functionally characterize the associa-
tions. Multi-trait and multi-environment analyses help geneticists and epidemiologists to
fully understand the behavior of complex traits. For example, data in plant breeding sci-
ence often have a multi-trait multi-environment structure, but until now limited statistical
methodology was available to infer genetic and phenotypic interactions in these data. The
common approach to analyze multi-trait and multi-environment data is to perform a series
of single-trait and single-environment analyses and then combine the results. Methods of
analysis for single traits in single environments often have the form of regression models
with single error terms combined with least squares procedures for parameter estimation.
But, the advances in graph-based models have made it possible to jointly investigate the
effect of environmental factors on phenotypes and loci on a genome. In this thesis, we de-
veloped a method that involves inferring a web of interactions among the effects of envi-
ronmental factors on multi-loci and multi-phenotypes data. The proposed network-based
method allows a more realistic analysis of data, as accounts for simultaneous associations
and interactions among them.

Nevertheless, the interpretation of genotype-phenotype networks is not straightforward.
If one trait mediates the interaction of between another trait and a number of markers,
then what does this mean? Does this really mean that these markers do not have a direct
effect on the second trait or does it merely suggest that the first trait is a more “primitive”
trait than the second? And in what sense should this be understood? For the moment,
we introduced the genotype-phenotype networks as convenient exploratory tools, but it
is clear that the underlying biomedical scientific understanding should provide a possible
explanation for such structures that go beyond mere genotyping.
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6.3.4 Granger causality

While graphical models originally have been developed for variables that are sampled with
independent replications, they have been applied more recently also to the analysis of time
dependent data. In this thesis, we introduced a graphical time series model for the anal-
ysis of dynamic relationships among variables in multivariate time series. The proposed
model derived from combining the main features of Gaussian graphical models and dy-
namic Bayesian networks. More precisely, the model is based on the notion of Granger
causality that can be applied to non-Gaussian (and discrete) high-dimensional time series
data. Under Granger causality framework, a time series xi,t is Granger causal of another
time series xj,t if inclusion of the history of xi improves prediction of xj over knowledge
of the history of xj alone. In these graphs each component series is represented by a single
vertex and directed edges indicate possible Granger-causal relationships between variables
while undirected edges are used tomap the contemporaneous dependence structure. Natu-
ral applications of the proposed Granger-causality method are, for instance, in time-series
survey data, neuroscience, and neuroimaging.

Although it is tempting to interpret Granger causality in a functional, mechanistic way
there are a number of factors that should be taken into consideration. In temporal chain
graphical models, such as the one defined in Chapter 5, the arrows do not have the same
causal interpretation as the arrows in a causal graphical model, as defined e.g. in Pearl
(2000). One issue is that the underlying process operates in continuous time, whereas the
sampling time of the process is discrete. A number of the undirected arrows in the chain
graphical model, therefore, are really directed arrows for which the direction is unknown.
Therefore, in the true underlying causal graph, say, gene one and gene two may both
affect gene three in a time scale much shorter than the observation times. This v-structure
1 → 3 ← 2 will now induce a conditional dependence between genes 1 and 3 fixing
2. Therefore, the “instantaneous” conditional independence structure will be a complete
graph between genes 1, 2 and 3, but the link between gene one and gene two is not causal
at all.

6.4 Future Work

This section mentions a few of the possible directions for extending and building upon this
work.
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6.4.1 Epistatic interactions network

Another interesting application of the proposedmethod in chapter 2 is to study amulti-loci
genetic incompatibility. The simplest form of epistatic incompatibility involves the inter-
action between only two loci, say L1 and L2; using the proposed method makes it possible
to study high-dimensional incompatibility networks which can be viewed as multi-locus
extensions of the classical two-locus Dobzhansky–Muller model. Furthermore, we remark
that correcting for population structures inside the network inference of chapter 2 would
be biologically interesting.

6.4.2 Linkage map

Regarding linkage map construction for diploids and polyploid species, we plan for further
improvements in: (i) constructing a one-step linkage map rather than a two-step proce-
dure of reconstructing marker-marker networks and ordering markers, (ii) calculating the
physical position of genetic markers on a genome, particularly for polyploid species, (iii)
providing a better quality of orderingmarkers for polyploids, (iv) making our method com-
putationally faster for large datasets (p ≥ 5000).

6.4.3 Directed graphs for mixed discrete-continuous data

Undirected graphs are used to model symmetric relationships between variables, whereas
directed acyclic graphs (DAG) are used to model asymmetric cause-effect relationships.
The proposed Gaussian copula undirected graph model can be extended to a partially di-
rected acyclic graph — a graph which contains both directed and undirected edges, with
no directed cycle in its directed subgraph. We can think of the extension as a two-step
approach for estimating the causal structure underlying a Gaussian copula model on mul-
tivariate mixed data. The essence is to estimate the precision matrix in the latent space,
which can then be given to any causal discovery algorithm to search for its underlying
structure. We can gain a reliability of structure estimates by generating samples, and run-
ning the algorithm several times to gain an insight into the reliability of structure estimates.
Similar procedures can be done by bootstrapping the original dataset.
A wide range of applications can benefit from the extension of our method to DAGs includ-
ing the problem of inferring causal relationships among non-Gaussian phenotypic traits
and gene expression networks.
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6.4.4 Nonlinear dynamic time-series network

The proposed dynamic chain graph model in Chapter 5 is based on a linear relation be-
tween time-series components. We would like to extend the methodology to a higher-oder
autoregressive process of order d (d ≥ 2).

6.4.5 Network inference and modeling networks data

Networks are a powerful way of describing the complex relationships among a large num-
ber of variables. Many biological networks (such as gene-gene and protein-protein inter-
actions networks) and neuroscience networks (such as brain-connectivity networks) are
complex. Understanding relations encoded in complex networks is a challenging task.
Both methodologically and practically, there is great interest in understanding the inter-
actions in complex networks to an extent that enables to summarize and simplify these
networks.
Up until now, there have been two classes of network modeling: the first regarded only
the nodes as given in order to discover the network, ignoring the underlying structure; the
second regarded the network as given in order to model its underlying structure, ignoring
the uncertainty of the network. An extension of this work would be to combine the power
of these two classes to better understand complex systems such as systems genetics, sys-
tems biology, and brain connectivity. This extension can be built on the methodology in
Chapter 2, where the proposed sparse Gaussian copula graphical model can be combined
with exponential random graph models.
A wide range of applications can benefit from combining these two classes, mainly in
genetics and neuroscience. The possible applications would be to infer gene enrichment
analysis and enrichment analysis of brain connectivity to treat Alzheimer disease.
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In this thesis, we address several problems related to modeling complex systems. Fields
such as systems genetics, systems biology, epidemiology, and bioinformatics often involve
large-scale models in which thousands of components are linked in complex ways. What
is perhaps most distinctive about the graphical model approach is its suitability in for-
mulating probabilistic models of complex phenomena in applied fields, while maintaining
control over the computational cost associated with these models. In real world, not all
datasets are continuous. Discrete data ormixed discrete-and-continuous datasets routinely
arise in above-mentioned fields.
In Chapter 2 we introduce a method for reconstructing a conditional independence net-
work from non-Gaussian data, in particular for ordinal and for mixed ordinal-and-continu-
ous data. Such data are common in systems genetics, where themain focus is to understand
the flow of biological information that underlies complex traits. In this chapter, we focus
on the trait “survival”: we aim to find loci – locations on a genome – that do not segre-
gate independently conditional on other loci. The network estimation relies on penalized
Gaussian copula graphical models; this accounts for a large number of markers p and a
small number of individuals n.
In Chapter 3 we extend the sparse copula graphical model, as proposed in Chapter 2, for
constructing high-quality linkage maps for any biparental diploid and polyploid species. A
linkage map contains important genetic information such as the number of chromosomes
of a species, the number of markers inside each chromosome, and the order of markers
within each chromosome. In the proposed map construction method we discover linkage
groups, typically chromosomes, and the order of markers in each linkage group by infer-
ring the conditional independence relationships among large numbers of markers in the
genome in genotyping studies, such as genome-wide association studies.
In Chapter 4, we introduce an R package netgwas which efficiently applies the meth-
ods proposed in chapters 2 and 3. This package contains a set of tools based on undi-
rected graphical models to accomplish three important and interrelated goals in genetics
and genomics: linkage map construction, intra– and inter–chromosomal interactions, and
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high-dimensional genotype-phenotype (and genotype-phenotype-environment) interac-
tions network.
In Chapter 5 we introduce sparse dynamic chain graph models for network inference in
high-dimensional non-Gaussian time series data. The proposed method is parametrized
by a precision matrix that encodes intra time-slice conditional independences among vari-
ables at a fixed time point, and an autoregressive coefficient that contains dynamic condi-
tional independence interactions among time series components across consecutive time
steps. We apply our method to a Netherlands Study of Depression and Anxiety (NESDA)
dataset to determine the psychological factors that influence the development and long-
term prognosis of anxiety and depression.



Samenvatting

In deze these bespreken we enkele problemen gerelateerd aan het modelleren van com-
plexe systemen. Velden zoals systeemgenetica, systeembiologie, epidemiologie, en bio-
informatica gebruiken vaak grootschalige modellen, waarin duizenden compenenten op
complexe wijze met elkaar verbonden zijn. Mogelijk het meest onderscheidend van de
grafischemodelleerbenadering is de geschiktheid voor het formuleren van probabilistische
modellen van complexe fenomenen in toegepaste velden, terwijl controle wordt behouden
over de benodigde rekenkosten. In de echte wereld zijn niet alle datasets continu. Discrete
data, of datasets met een combinatie van gemengde en continue data, zijn veelvoorkomend
in de bovengenoemde velden.
In Hoofdstuk 2 introduceren we een methode voor reconstructie van een conditioneel on-
afhankelijkheidsnetwerk uit niet-Gaussische data. Dezemethode is specifiek geschikt voor
ordinale data en gemengd ordinale en continue data. Dit soort data komt veel voor in de
systeemgenetica, waar de hoofdfocus is om beter begrip te ontwikkelen over de stroom
van biologische informatie onderliggend aan complexe eigenschappen. In dit hoofdstuk
richten we ons op de eigenschap “overleving”: we zoeken loci – locaties op een genoom –
die niet onafhankelijk conditioneel op andere loci segregeren. De netwerkschatting berust
op gepenaliseerde Gaussische copula grafischemodellen. Dit neemt een groot aantal mark-
ers en een klein aantal individuen in beschouwing.
In Hoofdstuk 3 breiden we het sparse copula grafische model, zoals voorgesteld in Hoofd-
stuk 2, uit om hoogkwalitatieve linkage maps voor biparentale diploïde en polyploïde
soorten te construeren. Een linkage map bevat genetische informatie, zoals het aantal
chromosomen van een soort, het aantal markers in ieder chromosoom, en de volgorde van
de markers in ieder chromosoom. In de voorgestelde methode van map constructie ont-
dekken we linkage groepen, meestal chromosomen, en de volgorde van de markers binnen
iedere linkage groep. Dit doen we door de conditionele onafhankelijkheidseigenschappen
tussen grote aantallen markers in ieder chromosoom af te leiden uit genotyping studies,
zoals genome-wide association studies.
In Hoofdstuk 4 introduceren we een R package netgwas om de methodes uit hoofdstukken
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2 en 3 efficient toe te passen. Dit package bevat een set hulpmiddelen, gebaseerd op on-
gerichte grafische modellen, om drie belangrijke en gerelateerde doeleindes in genetica en
genomica te bereiken: constructie van linkage groepen, intra- en interchromosomale in-
teracties, en hoogdimensionale genotype-fenotype (en genotype-fenotype-omgeving) in-
teractienetwerken.
In Hoofdstuk 5 introduceren we sparse dynamic chain graph modellen voor netwerk infer-
ence in hoogdimensionele niet-Gaussische tijdseriedata. De voorgestelde methode wordt
geparametriseerd met behulp van een precision matrix, die intra time-slice conditionele
onafhankelijkheden tussen variabelen op een vast tijdstip encodeert, en een autoregressieve
coefficient, die dynamische conditionele onafhankelijkheidsinteracties tussen tijdseriecom-
ponenten over opeenvolgende tijdstappen bevat. We passen onze methode toe op een Ned-
erlandse Studie naar Depressie en Angst (NESDA) dataset om psychologische factoren te
bepalen die invloed hebben op de ontwikkeling en langetermijnsprognose van angst en
depressie.
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