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In this thesis, we developed a hierarchical Bayesian framework for stellar
population synthesis. We first developed the framework for single stellar
populations (SSPs) and demonstrated its viability by applying it to a set
of mock SSPs (Chapter 2). Then we extended the model to composite
stellar populations (CSPs) and we included a number of additional features
in the model such as a multiplicative polynomial, an adaptive covariance
matrix and a parameterized version of the code that allows for a much
faster sampling procedure. We applied this extended version of the code
to a set of mock CSPs with star formation histories based on semi-analytic
models and demonstrated the importance of including multiple SSPs in
the fit (Chapter 3). As a final step, we extended the model with response
functions and local covariance structures and combined it with the MIX-
stellar populations models. Using a variety of different model ingredients,
we applied the model to a set of stacked SDSS spectra. We showed that
there exists a correlation between the velocity dispersion of the galaxies
and the inferred IMF parameters.

5.1 Results, chapter by chapter

In this section we shortly summarize the results of the scientific chapters.

Chapter 2: A hierarchical Bayesian approach for reconstructing the Initial
Mass Function of Single Stellar Populations.

• We developed a hierarchical Bayesian framework with a number of
different layers for inferring the IMF of SSPs. At the innermost
layer, we use a regulated linear inversion that enables us to determine
the individual contributions of stellar templates to the spectrum of
the SSP. To regulate this inversion, we use a prior IMF from which
the model is allowed to deviate when demanded by the data. At
a more outer layer of the model, the free parameters of the IMF
prior parameterization are sampled with Markov Chain Monte Carlo
sampling techniques. At the outermost level of the model (i.e. the
second level of inference), different model ingredients can be compared
on the basis of the Bayesian evidence.

• As a first test of the method we apply it to a set of mock SSPs and
we show that we can reconstruct the input parameters of these SSPs.
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• For old SSPs (∼13 Gyr) it is easier to constrain the low-mass end of
the initial mass function (IMF) than for young SSPs (∼3 Gyr) for a
fixed SNR of the spectrum. The reason for this is that the younger the
SSP, the more light is emitted by stars with M ≥ 0.5 M�. Effectively,
this decreases the SNR of stars with M < 0.5 M�.

• For bottom-heavy IMFs (α ≈ 3.0) it is easier to constrain the low-
mass end of the IMF than it is for bottom-light IMFs (i.e. a Kroupa
IMF). The reason for this is that a bottom-heavy IMF contains more
low-mass stars, and therefore the relative contribution of low-mass
stars to the integrated spectrum is higher, for a fixed SNR.

• For a double power law parameterization of the IMF prior where
the two slopes are not constrained, there is a degeneracy between
the low-mass slope and the high-mass slope. An increasing low-mass
slope prefers a decreasing high-mass slope and vice versa. A possible
explanation for this is the great spectral similarity between low-mass
main sequence stars and K and M giants.

• Systematic uncertainties may affect the inference of the IMF. When
we apply our model to a set of MILES SSPs, the IMF slopes that we
infer are biased. The origin of this bias are systematic uncertainties
between the MILES models and our models. On the other hand, when
we use stellar templates created with the MILES spectral interpolator,
most of the bias is removed. The spectral interpolator is therefore an
important source of systematic uncertainty.

• Increasing the signal-to-noise ratio of the spectrum helps to determine
better constraints on the IMF, but not if the error budget is
dominated by systematic uncertainties.

• To constrain the low-mass end of the IMF for the mock SSPs, the
red part of an optical spectrum is required (i.e. λ ≈ 5000− 7400 Å).
Given systematic uncertainties in data, the MILES wavelength range
(λ ≈ 3500 − 7400 Å) alone is currently insufficient to constrain a
double power law IMF parameterization.

• Bayesian model comparison is an important feature of the model that
we developed. It allows us to objectively compare different ingredients
of SPS models on the basis of the evidence.
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Chapter 3: Hierarchical Bayesian inference of the Initial Mass Function
in Composite Stellar Populations.

• Semi-analytic models are an ideal tool for creating mock spectra of
CSPs with realistic star formation histories (SFHs) that can include
increasing phases, decreasing phases and bursts of star formation.

• A CSP can be modelled as the superposition of a given number of
SSPs. The optimal number of SSPs may be determined on the basis
of the Bayesian evidence, and is typically 2 SSPs for SNR=75, 2-3
SSPs for SNR=150 and 5 SSPs for SNR=300.

• When only one SSP is included in the fit to a CSP, the inferred IMF
slope may be biased to a value that is higher than the true slope.
Most of this bias is already removed when two SSPs are included
instead of one.

• Although the inferred IMF slopes may be biased when using only one
SSP in the case where multiple SSPs are present, the inferred trend
between IMF slope and velocity dispersion is nearly independent of
the number of SSPs used to characterize the CSP. Including more
SSPs changes the absolute scale of these trends, but less so the slope
of the trend.

Chapter 4: Hierarchical Bayesian inference of the IMF with the MIX-
stellar population models.

• The MIX-stellar population models allow us to extend the CSP
models to ∼10,000 Å and cover more important IMF sensitive
features. Combined with the good coverage of the Hertzsprung-Russel
diagram by the X-shooter Spectral Library (including the additional
M-dwarfs), this makes the MIX-stellar populations models well suited
for inference of the IMF in unresolved stellar populations.

• We test the effect of various response functions in the fit of a set
of stacked SDSS galaxies. There is decisive evidence in favour of
including the response function of Mg in the fit. This is consistent
with previous studies that show that ETGs are alpha-enhanced. The
abundance variations that we find for Ca, Si and Ti are significantly
smaller than for Mg and the effect on the evidence is much smaller.
Including these response functions seems to make a difference only
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for the highest velocity dispersion galaxies, whereas for the lowest
velocity dispersion galaxies we find abundance variations close to
zero for Ca, Si and Ti. This might be related to a different typical
formation history for low and high mass ETGs and the general trend
that ETGs with a higher velocity dispersion show stronger variations
in the alpha elements (e.g. Trager et al. 2000; Johansson et al. 2012;
Conroy et al. 2014).

• The fit to the data that we obtain with our models is in general
good, when including an additional global covariance to account for
systematic uncertainties and local covariance structures to account
for emission lines and strong telluric regions. The most prominent
exception to this is the NaD-feature around 5890 Å. To improve the fit
in this wavelength region, we test the inclusion of response functions
for Na. For all the spectra, we find decisive evidence in favour of
including these response functions. However, the trends that we find
when using the Na response functions go against all the other trends
that we find, which is why we suspect that there is an issue with the
results obtained with the Na response functions, and therefore, these
results should be considered with caution. This might be related to
a degeneracy between the response functions of Na and the inferred
IMF parameters. The response functions that we use are calculated
for SSPs with a fixed IMF. To resolve this degeneracy requires the
use of individual response functions for all the stellar templates, but
these response functions are not available to us at the moment.

• All of the results that we obtain by applying our model to a set
of stacked SDSS spectra of ETGs show that there is a positive
correlation between IMF slope and velocity dispersion when using
a single power law IMF parameterization and including different
response functions. These results agree well with previous results
in the literature, but we considered a much wider range of model
ingredients which make the results more robust. Nevertheless, it
is hard to establish the absolute scale of this trend and this would
requires a more accurate modelling of the response functions. In
particular the response functions of Na significantly change the scale
of the trend.
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• Using a different set of isochrones may affect the inferred IMF
parameters. We can compare different sets of isochrones on the basis
of the Bayesian evidence and select the one that results in the highest
evidence.

• A different regularization scheme may result in similar reconstructed
IMF prior parameters but different mass-to-light ratios. For a flexible
regularization scheme, it is relatively easy for the model to deviate
from the prior IMF. Those deviations may result in different mass-
to-light ratios than predicted by the prior IMF.

• The evidence for a double power law IMF prior parameterization
is in most cases higher than for a single power law IMF prior
parameterization. As for the fits with the single power law IMF
prior parameterization, the results are significantly different when
the response functions of Na are included. Excluding the Na
response functions, the results obtained with a double power law
parameterization of the IMF prior show a high-mass slope that
is approximately constant as a function of velocity dispersion and
slightly steeper than the Salpeter-value. The low-mass slope increases
as a function of velocity dispersion from approximately the Kroupa-
value to the Salpeter-value.

5.2 Main conclusions

The main topic of this thesis has been the construction of a Bayesian model
for population synthesis with a specific focus on (the low-mass end of) the
IMF. On the basis of two questions defined in the introduction of this thesis,
we now present the main conclusions of the work presented in this thesis.

How can one reliably measure the distribution of stellar masses in unre-
solved galaxies?

A population synthesis model contains many different ingredients. All
of these ingredients and the choice that one makes a priori on which
ingredients to use or on whether to include a particular ingredient or not,
may potentially affect the inference of the IMF.

A reliable determination of the IMF first of all requires high-quality
numerical models of stellar evolution to provide the parameters of the stellar
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templates in the form of isochrones. The stellar library that is used is
preferably empirical, provides a good coverage of the HR diagram, has
a good wavelength coverage, is well-calibrated and the stellar parameters
of the stars in the library have been determined accurately. Moreover, a
reliable interpolation mechanism is required to convert the spectra in the
library to a set of stellar templates on the basis of the stellar parameters
of the isochrones. The choice of IMF parameterization can also limit the
stellar mass distributions available to the model. Therefore, it is preferable
to use more flexible models that depend less on the parameterization of the
IMF. At least one should consider and compare different parameterizations
of the IMF.

Apart from these basic ingredients, full spectrum fitting requires a
multiplicative polynomial to model smooth differences between the continua
of the data and the model spectrum as a consequence of extinction, issues
with the telluric correction and issues with the flux calibration. Broadening
of the spectra due to the velocity dispersion of the stars also has to be
included in the model. Our results show that ETGs should not be modelled
as SSPs and that abundance variations of these galaxies with respect to the
stars in the Milky Way (and hence the stars in the stellar library) should
properly be taken into account.

As can be seen from these results, inference of the IMF in unresolved
stellar populations is a complicated problem that requires accurate models
(to the level of a percent or less in an optical spectrum to detect the small
spectral changes resulting from IMF variations). Testing different model
ingredients and comparing these ingredients on the basis of the Bayesian
evidence provides a powerful way to select the appropriate ingredients.
Model comparison is, however, open-ended and the ingredients that we
test in this thesis are not exhaustive. Therefore, future research might lead
to the conclusion that additional or improved ingredients are required.

Is the stellar mass distribution the same in all galaxies?

In Chapter 4 we applied the model that we developed in this thesis
to a set of stacked SDSS spectra of ETGs binned by velocity dispersion.
We tested a variety of different model ingredients that we assessed on the
basis of the Bayesian evidence. We find an IMF that is not universal,
in which the inferred IMF parameters change as a function of velocity
dispersion. The results that we obtain show that ETGs with a higher
mass/velocity dispersion have an IMF that is more bottom-heavy than



212 Chapter 5. Conclusions and future outlook

ETGs with a lower mass/velocity dispersion, confirming earlier results in
the literature (e.g. Spiniello et al. 2012; Conroy & van Dokkum 2012; La
Barbera et al. 2013; Mart́ın-Navarro et al. 2015). With respect to the
shape of the IMF, we find strong preference for a double power law IMF
parameterization as compared to a single power law IMF parameterization.
For the double power law IMF parameterization, we find that the high-
mass slope is approximately constant and that the low-mass slope varies
as a function of velocity dispersion, with more bottom-heavy IMFs for
higher velocity dispersions. There are various sources of uncertainty in the
model, such as the response functions that we use to account for variable
abundance patterns, that complicate the inference of the absolute scale of
the IMF variations and the exact shape of the IMF. In the future outlook
below we include some suggestions on how to improve the constraints on
the IMF presented in this work.

Although the results presented in this thesis show the existence of an
empirical relation between the IMF and the velocity dispersion of ETGs,
the global velocity dispersion of a galaxy is unlikely directly responsible
for driving variations of the IMF. The IMF is the outcome of the physics
that describes the complicated process of star formation, and variations of
the IMF are expected to be related to a change in the local properties of
the star forming interstellar medium. One of these properties is the Mach
numberM that characterizes the turbulence of the interstellar medium (e.g.
Hennebelle & Chabrier 2008). In Chapter 4 we discussed how a change in
M, as a consequence of different typical circumstances of the interstellar
medium, may result in a shift of the characteristic mass of a log-normal
IMF (see also Chabrier 2003; Offner et al. 2014), providing a possible
physical explanation for the non-universality of the IMF. We showed that
the results that we obtain in Chapter 4, when using a double power law
IMF parameterization, are consistent with this theoretical model.

5.3 Future outlook

The model that we developed in this thesis provides a solid statistical
framework for population synthesis studies in general and inference of the
IMF in unresolved stellar populations in particular. I conclude this thesis
with some ideas for future research and improvements of the model that
will help to further constrain the non-universal IMF.
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• Reduce number of templates in SSP

The number of stars in an SSP is determined by the isochrone that
is used. As a consequence the number of stellar templates in an SSP
can be quite high. This in turn significantly affects the computational
time scales for evaluating the model. In Chapter 3 we described a
binning procedure to reduce the number of stellar templates. We
suspect that the number of templates in an SSP may be reduced even
further but this requires a more systematic and careful analysis of
the effect of the binning procedure on the inferred (IMF) properties.
The advantage of reducing the number of templates used to represent
an SSP is that it will significantly speed up the model, which would
then allow us to include for example more combinations of response
functions in the model.

• Improve response functions

The response functions that we used in this thesis are based on
SSPs under the assumption of a fixed IMF. However, the response
functions and the IMF are not independent. Therefore, if we want
to disentangle variations of the IMF from abundance variations, it
is important to apply star-based response functions to the individual
stellar templates. Once these response functions are available, it will
be rather time-consuming to take this into account in the model so
in that respect we relate this to the previous point by stating that it
is important to find ways to increase the speed of the model.

• Use full wavelength range of XSL

In the application to the data presented in this thesis, we use the
MIX-stellar populations models. These models only use the VIS
arm of XSL. The main reasons for not using the UVB arm of XSL
are the uncertain extinction correction and the uncertain shape of
the UVB/VIS spectra in the dichroic-region. Since we applied the
model to SDSS spectra, the NIR arm was not required in this work.
Nevertheless, the NIR arm contains additional IMF sensitive features
and using the full UVB-VIS-NIR wavelength range of XSL provides
a stellar library that is more consistent. Therefore, once XSL is
completely finished and correctly calibrated, we strongly suggest
combining the model that we developed with the full library and
applying this combination to a set of ETG spectra observed with X-
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shooter to employ the full potential of the wavelength range offered
by XSL.

• Test additional model ingredients

The collection of model ingredients that we test in this thesis is a
model choice and definitely not exclusive. There are other model
ingredient that are worth investigating and for which the model
that we developed provides a useful framework. Examples of these
ingredients are the value of the low-mass cut-off of the IMF (Barnabè
et al. 2013) and allowing different SSPs in a fit to a CSP to have
different IMF shapes.

• Improve modelling of AGB stars

The asymptotic giant branch is one of the most uncertain phases of
stellar evolution. Yet, these stars may contribute significantly to the
light emitted by a stellar population. To convert the stars in a stellar
library to a spectrum, the spectra in the library are often interpolated
on the basis of three parameters: the effective temperature, the
surface gravity and the metallicity. For AGB stars, interpolating
a stellar spectrum on the basis of these three parameters is clearly
insufficient. Therefore, it is important to further investigate which
parameters are required to model the spectra of these stars and what
would be the best way to include these stars in population synthesis
models.

• Use Bayesian framework for SFH inference

As was suggested in Chapter 3, the framework that we developed in
this thesis may also be used to infer the SFH of galaxies. In that
case one would need to assume a fixed IMF and create a set of SSP
template spectra under the assumption of this IMF. Instead of stellar
templates, the columns of matrix S are now formed by a set of SSP
templates, and instead of a prior on the IMF, one could use a prior
on the SFH to regulate a direct inference of the SFH of a galaxy.
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