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Starting from the BBGKY hierarchy of density matrices, a quantum mechanical Boltzmann equation, including a mean field, 
is derived. Both the mean field, which is of the well-known Brueckner-Hartree-Fock form, as well as the collision term are 
expressed in terms of the self-consistent Brueckner G-matrix. The relation with the generalized Boltzmann equation of 
Kadanoff and Baym is discussed. It is shown that the usual quantum mechanical theories like TDHF and Uehling-Uhlenbeck 
appear as limiting cases. 

To describe nuclear reactions in the intermediate 
energy domain,  one requires a quantum mechanical 
kinetic equation which comprises in a consistent way 
both  a mean-field and a two-body collision term. 
Many attempts to derive such an equation are re- 
corded in the literature. Some are formulated as an 
extension of  the TDHF theory [ 1 - 5 ]  and consequent- 
ly have the same drawbacks, namely the unavoidable 
use of  a phenomenological effective interaction like 
the Skyrme forces and the problem of  incorporating 
dissipative i.e. irreversible aspects. Others are very 
general and therefore pose practical problems as to 
their solution [6,7].  Furthermore the use of  the 
Green function formalism complicates things consid- 
erably. In contrast there exists a nice approach due 
to Snider [8], based on density matrices, which has 
the required physical transparency. While Snider used 
this formalism to derive a quantum mechanical 
Boltzmann equation for the case o f  a dilute gas, we 
will use i t  to derive a quantum kinetic equation which 
applies to medium- and high-energy nuclear reactions. 
In doing this we use the self-consistent Brueckner -  
Be the-Golds tone  method to describe nuclear inter- 
actions. 

The time evolution of  a N-particle system is deter- 
mined by  the Liouvi l le-von Neumann equation for 
the N-particle density matr ix p:  

i~ atp = [H, p] , (1) 

where H is the total  N-particle hamiltonian,  here 
taken to be 

N N 

H = ~ K i +  ~ Vii. (2) 
i=1 i</'= 1 

In order to get the BBGKY hierarchy, one introduces 
reduced (n)-particle density matrices as follows: 

p(n) N! 
12...n = Tr p ,  

( N -  n)! (n+ 1...A r) 

Tr p(~2)...n N! = ~ , (3) 
(1...n) ( N - n ) !  

and by taking the appropriate traces in eq. (1), one 
gets 

n n 

ih~tP~2)...n=i~=l [gi, P~2)...n]+ ~ [ V i / , P ~  ) n ] "= i<j = 1 "'" 

n 

+ Tr ~ [Vin+l r~(n+l) l (4) , ~-12...n+l J • (n+l) i=1 

This set of  equations is equivalent to eq. (1). 
Using the simplified notat ion:  Pi = p(1); Pi] = Pi (2),., 

etc., the first two members of  the hierarchy read 

ih~tp I = [ K l , P l ]  + T r  [V12,P12 ] 
(2) 

(5) 
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ifi0tPl2 = [K 1 + K  2 + V12,P12] 

+ Tr [V13 +/123, P123]. (6) 
(3) 

To solve eq. (5) for Pl ,  we have to express the two- 
particle density matrix P12 as a functional of one- 
particle density matrices. The most simple way to do 
this, is by neglecting all two-particle correlations ex- 
cept the ones imposed by the identity of the particles 
through antisymmetrisation: 

P12 = PlP2A12 (hi] = 1 -P i i ) ,  (7) 

where Aij is the antisymmetrisation operator for ferm- 
ions and Pii denotes the permutation operator. Using 
expression (7) in eq. (5) results in the TDHF equation 
for Pl" 

However, to obtain a Boltzmann-like equation, 
two-particle correlations have to be taken into ac- 
count and expressed in terms of one-body entities. 
Snider [8] attained this for the case of a dilute gas 
with short-range binary interactions only. In that case, 
one particle feels at the most the interaction with one 
other particle and therefore the trace term in eq. (6) 
can be set to zero, and the equation for/912 can be 
solved, given an initial condition. Since it follows 
from the assumptions that the average time between 
collisions is much longer than the collision time (weak- 
coupling limit), we can take P12 tO be uncorrelated 
before the actual collision and at these times it can 
be expressed in Pi like in eq. (7). With this initial con- 
dition the solution for P12 reads 

P12 = ~'212PlP2A 1 2 ~ 2 ,  (8) 

with 

~12 = lira exp[(i/h)(K 1 + K  2 + Vl2)r  ] 

X exp [ - ( i /h )  (K 1 + K2) r] (9) 

the usual M~ller operator from scattering theory [9], 
which can be expressed in terms of the T-matrix. The 
resulting equation for Pl has all the features of a 
Boltzmann equation and is known as the Waldmann- 
Snider equation [8,10]. From it one can obtain the 
Uehling-Uhlenbeck eq. (11) as a special case. Note 
that if we set the interaction V12 in (9) equal to zero, 
the M~bller operator becomes the unity operator and 
we regain the TDHF form for P12 (eq. (7)). 

We will now apply the same techniques to the nu- 
clear case. In contrast with the case of a dilute gas we 
may not simply neglect three-body correlations. In- 
stead we will handle them by a well-known method 
in nuclear matter theory, the Brueckner-Bethe-  
Goldstone method. In doing this, we will make ex- 
plicit use of form (8) and in fact only try to find the 
proper expression for ~2, which must now incorpo- 
rate the just mentioned many-body effects. 

In the Brueckner-Bethe-Goldstone approach, 
two particles interact with each other while each of 
them moves independently in a mean field generated 
by the effective interactions with all the other par- 
ticles. This results in a very specific form for the three- 
particle correlation term in eq. (6) for P123 : 

P123 = ~13P12P3A13~3 + ~23P12P3A23~23 ' 
(lO) 

and amounts to a first-order approximation to the full 
three-particle MOiler operator ~123 for P123 [12], as 
can be understood by inspecting the Faddeev equa- 
tions for three-particle scattering [9]. The second 
step consists of evaluating the trace term in eq. (6). 
By using a general property of  M~ller operators [9]: 

= 1 + gV~ ,  where g denotes the Green function, 
we can separate mean-field and higher-order effects. 
This can be done by retaining only the terms linear 
in  either ~'213 or ~'223 : 

Tr [g13 + V23,P123] 
(3) 

"~ Tr [[V13~213A13P3 + V23~23A23P3,/91211 
(3) 

= I[U 1 + U2,P12]I,  (11) 

where the commutator with the double bar is de- 
fined as 

1[,4 ,B]I ~ A B  - B A ~ ,  (12) 

and 

U i - T r  ) Vi3~i3Ai3P 3 ( /= 1,2) ,  (13) 

which is the mean-field contribution. With the ap- 
proximation given in eq. (11) we achieved that indeed 
particles 1 and 2, while interacting by means of the 
potential V12 , propagate independently in their re- 
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spective mean fields U 1 and U2, as can be seen from 
the resulting equation for P12 : 

i ~ a t P l 2 = l [ K 1  + K 2 + V 1 2 + U 1  + U 2 , P l 2 ] I .  (14) 

Solving this equation will result in an expression for 
$212 by virtue of  it defining relation (8). Since U i it- 
self depend on this solution (eq. (13)) self-consisten- 
cy is built-in. The formal solution o feq .  (14) can be 
written as 

• t / _ 
P l 2 ( t ) = T  e x p ( - ~ f  d t ' [ [ g l + g 2 +  V12 

to 

+ Ul ( t '  ) + U2( t '  ), ] l )P l2( t0) ,  (15) 
! 

where T is the time-ordering operator and where the 
arrow denotes the direction of  the time-ordering of  
the operators U i. 

In general, at time t, the particles will be interact- 
ing, i.e. they are correlated. Assuming the weak-cou- 
pling limit where the average time between collisions 
is much longer than the collision time it is possible 
to f'md an earlier time t o before the collision at which 
the particles are uncorrelated: 

P12 (t0) = Pl(tO)P2(to) A 12. (16) 

Since at a fixed t o and on a microscopic time scale 
some of  the particles might be uncorrelated, others 
however, are in the middle of  a collision. Therefore 
(16) is only correct if  interpreted as coarse-grained 
density matrices [13], i.e. time-averaged over an inter- 
val which is of  the order of  the collision time tcoll but 
smaller than the mean free time t m in between colli- 
sions. This coarse-graining implies that we regard the 
microscopic details on time scales tcoll as irrelevant 
for the statistical evolution of  the system. Before a 
collision the memory about dynamical correlations 
from previous collisions is wiped out (markovian pro- 
cess). This is fully equivalent to Boltzmann's assump- 
tion of  molecular chaos (stosszahlansatz) and because 
it introduces a distinction between the event "before 
the collision" and the event "after  a collision" it is 
the very origin of  irreversibility. 

Concerning the applicability of  the weak~oupling 
limit to nucleus-nucleus collisions we restrict our- 
selves here to reactions where the bombarding energy 
per nucleon exceeds the Fermi energy (i.e. 30 MeV/ 
nucleon). The collision time is estimated as 

tcoll " ~  (2Iv) d~ldk--~ 2air', 
with o the velocity and 8 the (l = 0) phase shift which 
for a hard core of  radius a has the value -ka. The 
mean free time t m --~ 1/p~ with p the (local) density 
and ~ the effective (medium-corrected) nuc leon-  
nucleon cross section• The latter was calculated in 
ref. [14] and it was found that ~ ~< 20 mb. Therefore 
we have t m > tcoll and this suggests that in this ener- 
gy domain the weak-coupling limit is reasonably ful- 
filled. 

Expression (16) enables us to express the pair den- 
sity matrix in terms of  the one-particle density ma- 
trix. By consistently applying in eq. (5) the same 
linearisation procedure (i.e. relation (11)): 

Tr [W12,P12 ] = T~ [I/'12 , ~212PlP2A1252~2 ] 
(2) 

--~ Tr I[V121212A12P2,Pl]l 
(2) 

= [[UI'  P l ] [ '  (17) 

we can transform the uncorrelated pair back from 
t o to t in an uncorrelated way: 

Pl('0) P2(t0) = T exp( i ~" dt ' l [K 1 + K 2 
V '  ~o 

+ Ul(t '  ) + U2(t'), ]~Pl(t)P2(t). (18) 

Combining eqs. (8), (15), (16) and (18), we find 

t 

to 

+ ul(t' ) + uz(t')] ) 

• t 

( ' I '   1 1'9, X T e x p  ~- dt [K I + K  2 + g l ( t ' ) + U 2 ( t ' )  
to 

where we used the operator identity 

exp [0/h) I [A, ] I] B = exp [(i/h)A ] B exp [ -  (i /h)A t I • 

Because the time difference between t and t o is of  the 
order of  tcoU, the mean field will only slightly change 
and we can write 
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t 

f dt' Ui(t')--~ Ui(t)(t - to). (20) 
to 

The time t O is "long" before the particles collide 
which means long compared to the duration of  a col- 
lision tcoll but short compared to the time between 
collisions t m . The total interaction so to speak has 
been "split up"  in a hard part (inducing correlations, 
through the ~'212 operator) of  a short duration tcoll 
and a soft smooth part (no correlations, through the 
mean field Ui) during t m . Thus from a collision point 
of  view, the mathematical limit t o ~ _oo can be taken 
although macroscopically t o must be small. This sep- 
aration of  time scales is to be implicitly assumed when 
the limit t o -~ _~o is taken. 

By using (20) and taking the mathematical limit 
t o -~ - ~  in eq. (19) we obtain 

~212(t) = l i r a  exp(-(i /h)[K 1 + K  2 + V12 

+ U 1 (t) + U 2 (t)] r} 

X exp((i/h)[K 1 + K  2 + U l ( t ) +  U2(t)lr} 

= l im  exp [(i/h)H12 (t) r] exp [ -O/h)HtO)( t )  rl ,  
t-*o* (21) 

which, except for the time-dependent mean fields, 
is the usual Mbller operator (eq. (9)). The hamilton- 
ians H12 (t) and HI°2 ) (t), respectively, play the role of  
the total and the unperturbed one. I f  i l l 2  (t) and 
Ht~) ( t )have  complete sets of  eigenstates correspond- 
ing to the same eigenvalue E12(t) ,  we can apply con- 
ventional scattering theory and as a result we get 

Q12(t) 
~212(t ) = 1 + • E12(t ) - H } 0 ) ( t )  + ie V12a12( t ) '  (22) 

with Q12(t) the time-dependent Pauli projection 
operator, which in the Goldstone representation (ne- 
glecting ho le -ho le  scattering) can be written as 

Q 12 (t) = [ 1 - p l( t)]  [ 1 - P2 (t) l • (23) 

By defining a time-dependent Brueckner G-matrix 

G12 (t) = V121212 ( t ) ,  (24) 

the well-known equation for the G-matrix follows: 

Q12(t) 
G 12 (t) = V12 + E l2  (t) - H}? ( t )  + ie G 12(t). 

(25) 

Putting everything together, i.e. eq. (8), (22) and 
(24) into eq. (5), we finally arrive at what we call 
the Brueckner-Boltzmann equation in operator 
form: 

ihatp 1 = [ K l , P l  ] 

+ Tr [G12A12#2P 1 - PlP2AlzG~2 ] 
(2) 

+ Tr [GI2A12PlP2G~2 
(2) 

l 
X (1 -- p l ) (1  -- P2) 

E x 2  - 

1 
- ( 1  - p l ) ( 1  - 02) 

El2 -n~02 ) + ie  

G12A120102G~2 1 " (26) × 

In a forthcoming publication we will discuss the 
equation in greater detail and show that within the 
assumptions (weak-coupling limit) it is consistent 
with energy conservation. To obtain some insight 
,in the physical significance of  eq. (26) we rewrite 
the equation as follows. Define 

~'12---G12A120102G~2(I - P l ) (  1 - 0 2 ) ,  (27)  

1 
g12 = , (28) 

El2  - Ht~) + ie 

then 

if i~t#l  + [P l ,K1]  + [Ol, Tr Re G12A12P2] 
(2) 

+ Tr [ R e g l 2 ~ 2  - Y'12  Reg l2 ]  
(2) 

= Tr [Im G12A120201 + PlP2A12 Im G12 ] 
(2) 

- Tr [~12 I m g l 2  + Img12~t12 ] --" ih(a t# l )col l"  
(2) (29) 
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For the discussion of the physical meaning of the 
individual terms we start with the LHS. The first term 
determines the time evolution, the second is the ki- 
netic term, the third takes into account the real part 
of the mean field and the last term is the source of 
the spreading of the energy spectrum (deviation 
from a delta function) due to collisions. Setting ~12 
--- 0, leads to BHF [15]. The RHS is called the collision 
term. To obtain its usual form, one has to put p diag- 
onal in momentum representation and furthermore 
the G-matrix on-energy-shell. With these assumptions 
it follows that: 

~t12=~12 , plP2ImG12=ImG12P2Pl. (30) 

Note: 

Im G12 = GI2Q12G12 I m g l 2 .  

Then by approximatingHt~)t = H i  0), the collision 
term becomes 

= 27ri Tr - ~[G12A12PlP2G~ 2 i~(~t Pl)coll 
(2) 

H(o)~ X (1 --/91)(1 - p 2 ) 5 ( g 1 2  - 12 '  

- G[2A12(1 - px)(1 -- P2)G12PxP2 

X 8(E12 - H~0))] . (31) 

This collision operator which consists of  a gain and 
a loss contribution, constitutes together with the LHS 
of eq. (29) the generalized Boltzmann equation of 
Kadanoff and Baym [6] (their eq. (9-30)) ,  if one 
takes the self energy in the so-called "T-approxima- 
tion". The only difference is in the LHS which in 
their treatment is only of first order in the gradients. 

The well known Uehling-Uhlenbeck equation 
[11 ], where the density matrix is assumed to be (al- 
most) diagonal in the momentum representation on 
both sides of  the equation, is now easily obtained. 
One discards the mean fields U i and the Pauli opera- 
tor in the G-matrix equation (25), which then turns 
into the T-matrix and the resulting equation reads 

f f ihat  p(l)(pl) = ilr d3p2 d3p~ d3p2 

X { [ (P lP2I T12 A 12lPlP~Z )l 2 p(1)(p~) p(1)(p~.) 

X [1 - p(1)(pl)] [I - 0(I)(.o2)] 

-[<p'lP'2lT12A12lVlP2)12p(l)(pl)p(1)(p2) 

X [1 - p(1)(p~.)] [1 - p(1)(p~)] } 

The step towards the classical Boltzmann equation 
is of  course fully trivial. One simply leaves out the 
( 1  - pl)(1 - P2) terms (no Pauli blocking) and re- 
places the quantum mechanical cross sections by clas- 
sical ones. 

Finally we would like to remark that from our dis- 
cussion is clear that the Uehling-Uhlenbeck equation 
is merely a very simple extension from classical to 
quantum mechanics. Indeed it completely neglects 
the effect of Pauli-blocking and mean field on inter- 
mediate states (as displayed by the equation for the 
G-matrix). Since this has an important effect on the 
cross section [ 14,16], one can question its validity. 

In conclusion, we derived a quantum kinetic equa- 
tion, the Brueckner-Boltzmann eq. (26), which is 
appropriate for intermediate energy nuclear reactions, 
for it takes account of mean field and two-body col- 
lision effects. Furthermore, it is more general than the 
kinetic equations used up to now in this energy do- 
main [17] because the interaction between the con- 
stituents is expressed in a self-consistent way. The 
use of the Brueckner formalism allows to make con- 
tact with microscopic (Dirac-) Brueckner calculations 
of nuclear matter [14,16] and provides a link be- 
tween equilibrium and non-equilibrium phenomena. 

This work is part of the research program of the 
"Stichting voor Fundamenteel Onderzoek der Mate- 
fie" (FOM) with financial support of the "Nederlandse 
Organisatie voor Zuiver Wetenschappelijk Onderzoek" 
(ZWO). 

References 

[1] C.Y. Wong and H.H.K. Tang, Phys. Rev. C20 (1979) 
1419. 

26 



Volume 171, number 1 PHYSICS LETTERS B 17 April 1986 

[2] H. Orland and R. Schaeffer, Z. Phys. A290 (1979) 191. 
[3] S. Ayik, Z. Phys. A298 (1980) 83. 
[4] P. Grang6, H.A. WeidenmiiUer and G. Wolschin, Ann. 

Phys. 136 (1981) 190. 
[5] P. Buck and H. Feldmeier, Phys. Lett. B129 (1983) 172. 
[6] L.P. Kadanoff and G. Baym, Quantum statistical me- 

chanics (Benjamin, New York, 1962). 
[7] P. Danielewicz, Ann. Phys. 152 (1984) 239. 
[8] R.F. Snider, J. Chem. Phys. 32 (1960) 105t;  

R.F. Snider and B.C. Sanctuary, J. Chem. Phys. 55 
(1971) 1555; 
M.W. Thomas and R.F. Snider, J. Stat. Phys. 2 (1970) 
61. 

[9] R.G. Newton, Scattering theory of waves and particles 
(McGraw-Hill, New York, 1966). 

[10] L. Waldmann, Z. Naturforsch. 12a (1957) 660; 13a 
(1958) 609. 

[11] E.A. Uehling and G.E. Uhlenbeck, Phys. Rev. 43 (1933) 
552. 

[12] Y.L. Klimontovich and D. Kremp, Physica 109A (1981) 
517. 

[13] J.G. Kirkwood, J. Chem. Phys. 14 (1946) 180; 15 
(1947) 72; 
H. Mori, I. Oppenheim and J. Ross, Studies in Stat. 
mechanics, eds. J. de Boer and G.E. Uhlenbeck (North- 
Holland, Amsterdam, 1962) ; 
R. Balian and M. V~n~roni, Ann. Phys. 135 (1981) 270. 

[14] R. Malfliet, B. ter Haar and W. Botermans, invited con- 
tribution, Topical Meeting on Phase space approach to 
nuclear dynamics (Trieste, 1985) (World Scientific, 
Singapore), to be published. 

[15] T. Troudet and S.E. Koonin, Ann. Phys. 154 (1984) 
421. 

[16] B. ter Haar and R. Malfliet, to be published. 
[ 17 ] G.F. Bertsch, H. Kruze and S. das Gupta, Phys. Rev. 

C29 (1984) 673; 
H. Kruze, B.V. Jacak and H. St6cker, Phys. Rev. Lett. 
54 (1985) 289; 
J.J. Molitoris and H. St6cker, Review, in: Progress in 
particle and nuclear physics, ed. A. Faessler (Pergamon 
New York, 1985), in preparation; 
J. Aichelin and G.F. Bertsch, Phys. Rev. C31 (1985) 
1730. 

27 


