
 

 

 University of Groningen

Control of electrical networks: robustness and power sharing
Weitenberg, Erik

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2018

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Weitenberg, E. (2018). Control of electrical networks: robustness and power sharing. [Thesis fully internal
(DIV), University of Groningen]. Rijksuniversiteit Groningen.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/05e18e88-6ad4-4608-b039-e26bf5136997


5
A power consensus algorithm
for DC grids

abstract
A novel power consensus algorithm for DC microgrids is proposed and ana-
lysed. DC microgrids are networks composed of DC sources, loads, and inter-
connecting lines. They are represented by differential-algebraic equations con-
nected over an undirected weighted graph that models the electrical circuit.
The proposed algorithm features a second graph, which represents the com-
munication network over which the source nodes exchange information about
the instantaneous powers, and which is used to adjust the injected current ac-
cordingly. This gives rise to a nonlinear consensus-like system of differential-
algebraic equations that is analysed via Lyapunov functions inspired by the
physics of the system. We establish convergence to the set of equilibria, where
weighted power consensus is achieved, as well as preservation of the weighted
geometric mean of the source voltages. The results apply to networks with
constant impedance, constant current and constant power loads.

Published as:

C. De Persis, E. Weitenberg, and F. Dörfler, “A power consensus algorithm for DC mi-
crogrids,” Automatica, vol. 89, pp. 364–375, 2018.
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94 a power consensus algorithm for dc grids

5.1 dc resistive microgrid
The DC microgrid is modelled as an undirected connected graph G = (V, E),
with V := {1, 2, . . . , n} the set of nodes (or buses) and E ⊆ V × V the set of
edges. The edges represent the interconnecting lines of the microgrid, which
we assume here to be resistive. Associated to each edge is a weight modelling
the conductance (or reciprocal resistance) 1/rk > 0, with k ∈ E . The set of
nodes is partitioned into the two subsets of ns DC sources Vs and nl loads Vl,
with ns + nl = n.
Let I,V ∈ Rn denote the vectors of currents and potentials respectively at the
nodes of G. The current-potential relation in a resistive network is given by the
identity I = BΓB⊤V, with B ∈ Rn×|E| being the incidence matrix of G and Γ =
diag{r−1

1 , . . . , r−1
|E|} the diagonal matrix of conductances. Considering the parti-

tion of the nodes in sources and loads, we let I = col(Is, Il) and V = col(Vs,Vl)
without loss of generality, where Is = col(I1, . . . , Ins), Il = col(Ins+1, . . . , In),
Vs = col(V1, . . . ,Vns), Vl = col(Vns+1, . . . ,Vn), and we correspondingly par-
tition the incidence matrix as B = col(Bs,Bl), with Bs ∈ Rns×|E|, Bl ∈ Rnl×|E|.
Then, the current-potential relation can be rewritten as[

Is
Il

]
=

[
BsΓB⊤

s BsΓB⊤
l

BlΓB⊤
s BlΓB⊤

l

] [
Vs
Vl

]
=:

[
Yss Ysl
Yls Yll

] [
Vs
Vl

]
. (5.1)

Observe that both Yss and Yll are positive definite since they are principal sub-
matrices of a Laplacian of a connected undirected graph. This allows us to
eliminate the load voltages as Vl = Y−1

ll Il − Y−1
ll YlsVs and reduce the network

to the source nodes Vs with balance equations

Is − YslY−1
ll Il = YredVs, (5.2)

whereYred = Yss − YslY−1
ll Yls is known as the Kron-reduced conductance mat-

rix Dörfler and Bullo (2013) and −YslY−1
ll Il is the mapping of the load current

injections to the sources.

5.2 power consensus controllers
We propose controllers that force the different sources to share the total power
injection in prescribed ratios (Schiffer et al., 2016b). For this purpose, a com-
munication network is deployed to connect the source nodes, through which
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the controllers exchange information about the instantaneous injected powers.
This communication network is modelled as an undirected unweighted graph
(Vc, Ec), where Vc = Vs. Associated with the communication graph is the ns×ns
Laplacian matrix Lc = Dc − Ac, where Dc = diag(Dc1, . . . ,Dcn) is the degree
matrix, Dci, i ∈ Vc, is the degree of node i, and Ac is the adjacency matrix of
the communication graph. Note that the nodes of the communication network
(but not necessarily the edges) coincide with the source nodes of the microgrid.
For each node i ∈ Vs, the set Nc,i = {j ∈ Vs : {i, j} ∈ Ec} represents the neigh-
bours connected to node i via the communication graph.
Controllers. We assume that all sources Vs are controllable voltage sources (e.g.,
realized by boost converters), which are controlled as a function of the meas-
ured local current and power injections Ii and Pi as well as the injected power
Pj at neighbouring sources that need to be communicated. In the following,
we will design powers consensus controllers in such a way that the algorithm
achieves weighted proportional power sharing according to ratios Ki > 0 chosen
by the operator, that is, given Pi := IiVi, i ∈ Vs, the control objective is to
guarantee that at steady state the following identities hold:

Pj

Kj
=

Pi

Ki
, ∀i, j ∈ Vs. (5.3)

Keeping this in mind, the proposed controllers are of the form

Ci(Vi)V̇i = −Ii + ui, i ∈ Vs, (5.4)

where

Ci(Vi) = V−2
i D−1

ci K2
i , i ∈ Vs (5.5)

can be interpreted as a nonlinear capacitance, Ki > 0, the power sharing coeffi-
cient, is of suitable units such that Ci(Vi) actually has the units of a capacitance,
Ii is the injected current at node i ∈ Vs as defined in (5.1), and the term

ui = V−1
i D−1

ci Ki
∑

j∈Nc,i

K−1
j Pj, i ∈ Vs (5.6)

represents an ideal current source that is controlled as a function of the local
voltage Vi and the injected power Pj = VjIj at the neighbouring node sources
j ∈ Nc,i. The current sources ui, i ∈ Vs, are designed to make the right-hand
side of (5.4) equal to V−1

i D−1
ci Ki

∑
j∈Nc,i

(K−1
j Pj − K−1

i Pi), which is a weighted
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ui

Ci(Vi)

Ii

Figure 5.1: A circuit interpretation of the controller (5.4).

average of the power variables, multiplied by the factor V−1
i D−1

ci Ki. As shown
in the remainder of the chapter, the average term is the key to attain the source
power injections in prescribed ratios.
The dynamic controllers (5.4)–(5.6) are initialised at positive voltage values,
that is Vi(0) > 0 for all i ∈ Vs. It will be made evident in later sections that these
controllers render the positive orthant Rns

>0 positively invariant, thus showing
that the positivity of the initial source voltages yields positivity of these vari-
ables for all t ≥ 0.

Remark 5.1 (Digital implementation and circuit realization). The control al-
gorithm (5.4)–(5.6) can be implemented at each controllable voltage source as
follows. The local current and power injections Ii and Pi are measured, and the
power injections are broadcast through a communication network. The local
current measurements Ii and the power injections Pj at neighbouring sources
j ∈ Nc,i are processed along with the current measurement Ii to compute the
source voltage value Vi applied at the source terminals as in (5.4), (5.5), (5.6).
Since the signal ui has the dimension of amps and appears as a current signal in
(5.4), we have drawn an equivalent circuit realization of equation (5.4) in Fig-
ure 5.1. Comparing with Belk et al. (2016, (4)), the equivalent current source
ui can also be generated by a voltage source with value vi in series with a res-
istance ri provided that vi = riui +Vi. Finally, the dynamic droop controller in
Zhao and Dörfler (2015) corresponds in our notation to a constant capacitance
Ci and current source ui. We remark again that this is merely an equivalent cir-
cuit that helps interpreting the controller (5.4). In the end, the most convenient
realization of(5.4), (5.5), (5.6) is by means of a converter controlled as a voltage
source.

Multiplying both sides of (5.4) by V2
i Dc,iK−1

i , one arrives at the closed-loop
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system

KiV̇i = −ViDciK−1
i Pi + Vi

∑
j∈Nc,i

K−1
j Pj

= Vi
∑

j∈Nc,i

(K−1
j Pj − K−1

i Pi), i ∈ Vs, (5.7)

that is, the voltage at the source terminal is updated according to a weighted
power consensus algorithm scaled by the voltage. Provided that Vi ̸= 0 (a
property that will be established in the next sections), equation (5.7) shows that
at steady state the proposed algorithm achieves proportional power sharing as
in (5.3). A detailed characterisation of the steady-state power signals is given
in the next section (Lemma 5.1).
For interpretation purposes, we write (5.7) as

d
dt

Ki ln(Vi) =
∑

j∈Nc,i

(K−1
j Pj − K−1

i Pi), i ∈ Vs.

In a classic power system analysis (Chiang, 2011), the term Ki ln(Vi) is the nat-
ural energy representation of a power source of constant value Ki. The inter-
pretation of the closed loop (5.7) is then that the voltage at this constant power
source is adapted according to a power consensus algorithm.

Remark 5.2 (Alternative power sharing control). A possibly more simplistic
and obvious power sharing controller inspired by the current-sharing control-
ler in Zhao and Dörfler (2015) is based on a distributed averaging integral con-
trol given by

CiV̇i = −Ii + pi

Diṗi = Ii − pi +
∑

j∈Nc,i

(K−1
j Vjpj − K−1

i Vipi), i ∈ Vs
(5.8)

where pi is a control variable in units of currents, and Ci,Di > 0 gains with
capacitance units. Note that the power sharing coefficients Ki in (5.8) have the
units of voltages. Any steady state of this controller would guarantee for all
i ∈ Vs that V̇i = 0, and pi = Ii is the steady-state current injection, and the
vector of power injections K−1

s [Vs]p has all identical entries (power sharing).
Numerical results (see Section 5.4) show that (5.7) and (5.8) perform similarly.
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Indeed, in the limit Di = 0, near steady-state, and for nearly unit voltages (in
the per unit system), the closed-loops(5.8) and (5.7) have similar dynamics.
In the rest of the chapter we focus on the analysis of (5.7), since no analytical
guarantee on the stability of system (5.8) is available at this moment.

Loads. Depending on the particular load models, the term Il in (5.1) takes differ-
ent expression and will henceforth be denoted as Il(Vl) to stress the functional
dependence on the load voltages. Prototypical load models that are of interest
include the following:

1. constant current loads: Il(Vl) = I∗l ∈ Rnl
<0,

2. constant impedance: Il(Vl) = −Y∗
l Vl, with Y∗

l > 0 a diagonal matrix of
load conductances, and Vl = col(Vns+1, . . . ,Vns+nl), and

3. constant power: Il(Vl) = [Vl]
−1P∗

l , with P∗
l ∈ Rnl

<0.

To refer to the three load cases above, we will use the indices “I”, “Z” and “P”
respectively. The analysis of this chapter will focus on the more general case
of a parallel combination of the three loads, thus on the case of “ZIP” loads,
for which

Il(Vl) = I∗l − Y∗
l Vl + [Vl]

−1P∗
l (5.9)

Moreover, additional and stronger statements result son the “ZI” case will be
reported. The following analysis also applies to any other load scenario where
components of I∗l , Y∗

l and P∗
l are possibly zero.

Bearing in mind (5.1), (5.7), and vectorizing the expressions to avoid cluttered
formulas, the closed-loop system is[

KsV̇s
−Il(Vl)

]
= −

[
[Vs]LcK−1

s Ps
BlΓB⊤V

]
, (5.10)

where V = col(Vs,Vl), Ks = diag(K1, . . . ,Kns), Ps = col(P1, . . . ,Pns) given by

Ps = [Vs]Is = [Vs](YssVs + YslVl) (5.11)

is the vector of source power injections and Il(Vl) as defined in (5.9) are the
load currents. The interconnected closed-loop DC microgrid is then entirely
described by equations (5.10), (5.11), (5.9). An example of a simple closed-loop
DC microgrid with two sources and one constant impedance load is given in
Figure 5.2.
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u1

C1(V1)

r1 I1

r3

I3

r2 −I2

C2(V2)

u2

Figure 5.2: Circuit considered in Example 5.1.

Remark 5.3 (Nonlinear consensus algorithms). To compare the control algorithm
(5.7) with related nonlinear consensus algorithms proposed in the literature
(Bauso et al., 2006; Cortes, 2008), we neglect the algebraic constraints and the
differentiation between sources and loads. This allows us to rewrite (5.7) as

KV̇ = −[V]LcK−1[V]BΓB⊤V.

The weighted power mean consensus algorithms of Bauso et al. (2006); Cortes
(2008), on the other hand, can be written as [W]V̇ = [V]1−rBΓB⊤V, where W is
a vector of weights satisfying 1⊤W = 0 and r ∈ R. In the special case r = 0, we
get

[W]V̇ = [V]BΓB⊤V,

which is known to converge to the consensus value Vw1
1 . . .Vwn

n . The analysis is
based on the Lyapunov function

∑n
i=1 wiVi −

∏n
i=1 Vwi

i .
The nonlinear power consensus algorithm presented in this chapter is different
in that it uses another layer of averaging in addition to the averaging induced
by the physical network. This, and the algebraic constraints, requires a differ-
ent analysis based on physics-inspired Lyapunov functions.

5.3 power consensus algorithm with zip loads
In this section we analyse the closed-loop system (5.10), (5.11), (5.9). We start
by studying its equilibria, namely the set of points V ∈ Rn

>0 that satisfy (5.11),
(5.9), and[

0
−Il(Vl)

]
= −

[
[Vs]LcK−1

s Ps
BlΓB⊤V

]
. (5.12)
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5.3.1 steady-state characterization
In the following, we show that the equilibria are fully characterized by power
balance equations at the sources and current balance equations at the loads,
respectively.

Lemma 5.1 (System equilibria). The equilibria of the system (5.10), (5.11), (5.9) are
equivalently characterized by

EZIP = {V ∈ Rn
>0 : IZIP(V) = 0,PZIP(V) = 0},

where IZIP(V) = 0 is the current balance at the loads

IZIP(V) = Il(Vl)− YllVl − YlsVs,

PZIP(V) = 0 depicts the power balance at the sources

PZIP(V) = [Vs]YredVs︸ ︷︷ ︸
network dissipation

+ [Vs]YslY−1
ll Il(Vl)︸ ︷︷ ︸

load demands

− Ps︸︷︷︸
source injections

,

Yred is the Kron-reduced conductance matrix, Y−1
ll YslIl(Vl) is the mapping of the ZIP

loads Il(Vl) to the source buses in the Kron-reduced network as in (5.2), and Ps is the
vector of power injections by the sources written for V ∈ EZIP as

Ps = −Ks1p∗s , p∗s :=
1⊤Il(Vl)

1⊤[Vs]−1Ks1
. (5.13)

Observe that the steady-state injections (5.13) achieve indeed power sharing,
and the asymptotic power value p∗s to which the source power injections con-
verge (in a proportional fashion according to the coefficients Ki, i ∈ Vs) is the
total current demand divided by the weighted sum of the steady-state source
voltages. The latter values and those of the load voltages are entangled by the
power balance at the sources PZIP(V) = 0 and the current balance equations
at the loads IZIP(V) = 0, similar to the related studies Zonetti et al. (2015, Pro-
position 3.3), Sanchez et al. (2013, Lemma 2).
Proof. Let V be an equilibrium of (5.10), (5.11), (5.9), that is let V ∈ Rn

>0 satisfy
(5.12). From the first equation, 0 = [Vs]LcK−1

s Ps, it immediately follows that
Ps = Ks1nsp∗s for some scalar p∗s . We rewrite the current balances as[

[Vs]
−1Ks1nsp∗s
Il(Vl)

]
=

[
BsΓB⊤V
BlΓB⊤V

]
. (5.14)
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Next, we left-multiply (5.14) by [1⊤
ns

1⊤
nl
] to obtain

1⊤
ns
[Vs]

−1Ks1nsp∗s + 1⊤
nl

Il(Vl) = 0.

The latter equation can be solved for p∗s as in (5.13). From Il(Vl) = BlΓB⊤V, we
obtain (see (5.2)) IZIP(V) = 0 or

Vl = −Y−1
ll YlsVs + Y−1

ll Il(Vl), (5.15)

which replaced in the first equation of (5.14) returns

YssVs + Ysl(−Y−1
ll YlsVs + Y−1

ll Il(Vl)) = [Vs]
−1Ks1nsp∗s .

By rearranging the terms, we arrive at

YredVs + YslY−1
ll Il(Vl)− [Vs]

−1Ks1nsp∗s = 0,

which can be reformulated as PZIP(V) = 0 after left-multiplying by [Vs] and
bearing in mind (5.13). The latter and (5.15) show that V ∈ EZIP.
Conversely, let V ∈ EZIP. Then the equation Il(Vl) = BlΓB⊤V in (5.12) is trivially
satisfied. From PZIP(V) = 0, and Il(Vl) = BlΓB⊤V written as (5.15), and going
backwards through the passages above, we arrive at

YssVs + YslVl = [Vs]
−1Ks1nsp∗s ,

or equivalently at [Vs]BsΓB⊤V = Ks1nsp∗s .
Hence, the power vector Ps = [Vs]BsΓB⊤V satisfies LcK−1

s Ps = 0, that is, the
first equation in(5.12). Hence, V ∈ EZIP implies that the equilibrium equations
(5.12) are met. □
We make the standing assumption that equilibria exist:

Assumption 5.1. EZIP ̸= ∅.

Remark 5.4 (Existence of the equilibria EZIP). The analytical investigation of
the existence of the equilibria EZIP is deferred to a future research. This is a
topic of interest on its own and similar problems have been dealt with in re-
cent work about the solvability of reactive or DC power flow equations (Bo-
lognani and Zampieri, 2016; Barabanov et al., 2016; Simpson-Porco et al., 2015,
2016; Sanchez et al., 2013). For instance, the problem in Simpson-Porco et al.
(2016) boils down to the solution of quadratic algebraic equations of the form
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[Vl]YllVl − [Vl]YllV∗
l +Ql = 0, where Ql is the vector of constant power load de-

mands and V∗
l is the so called vector of open circuit voltages (again constant).

Although similarities between these equations and the equations PZIP(Vs) =
0 = [Vs]YredVs+[Vs]YslY−1

ll Il(Vl)+Ps could be useful to investigate the nature of
the set EZIP, the non-quadratic nature of PZIP(Vs) = 0, as well as the presence
of the additional equations Y−1

ll Il(Vl) − Vl = Y−1
ll YlsVs pose additional chal-

lenges. Extra insights could come from the convex relaxation of the DC power
flow equations in the context of optimal DC power flow dispatch (Lavei et al.,
2011).

Remark 5.5 (Equilibrium power balance and voltage inequalities). To gain fur-
ther insights into the equilibrium set EZIP, recall that the vector of power injec-
tions is P = col(P1,Pl) = [V]BΓB⊤V, where Pl = [Vl]Il(Vl). Thus, we have the
inherent power balance

1⊤Ps + 1⊤Pl = V⊤BΓB⊤V ≥ 0 (5.16)

implying that the amount of supplied power has to make up for load demands
and resistive losses. In the special case of constant power loads, Il(Vl) = [Vl]

−1P∗
l ,

we obtain the total (or average) power inequality 1⊤Ps + 1⊤P∗
l ≥ 0. Equival-

ently, after using (5.13), we arrive at

−1⊤Ks1
1⊤[Vl]

−1P∗
l

1⊤[Vs]−1Ks1
+ 1⊤P∗

l ≥ 0.

This inequality can be reformulated as∑
i∈Vl

ai

Vi
≥
∑
i∈Vs

bi

Vi
, (5.17)

with ai = P∗
l,i/
∑

i∈Vl
P∗

l,i and bi = Ki/
∑

i∈Vs
Ki, which relates a convex combin-

ation of the reciprocals of the voltages at the loads, with a convex combination
of the reciprocals of the voltages at the sources, and represents another rela-
tion between Vs,Vl in addition to those in (5.16). The average voltage inequal-
ity (5.17) implies that the reciprocal of the harmonic average source voltage
must be larger than the reciprocal of the harmonic average load voltage so
that power can flow from sources to loads.

In a special case reviewed in the example below, an explicit characterization of
the equilibria can be given.



5.3. power consensus algorithm with zip loads 103

Example 5.1. Consider the case of two sources (ns = 2) and one load (nl = 1)
as in Figure 5.2, in which the constant impedance load is replaced by a ZIP
load. The equations PZIP(KV) = 0, assuming K1 = K2, are in this case

γ1γ2
γ1 + γ2

V1(V1 − V2)−
γ1

γ1 + γ2
V1Il(Vl) + Il(Vl)

V1V2

V1 + V2
= 0

γ1γ2
γ1 + γ2

V2(V2 − V1)−
γ2

γ1 + γ2
V2Il(Vl) + Il(Vl)

V1V2

V1 + V2
= 0.

We study solutions to the algebraic equations on the curve V1V2 =: c. The
reason for this choice will become clear in Subsection 5.3.3. On such a curve,
the equations simplify as

V4
1 − r2Il(Vl)V3

1 + cr1Il(Vl)V1 − c2 = 0
V4

2 − r1Il(Vl)V3
2 + cr2Il(Vl)V2 − c2 = 0,

(5.18)

where ri = γ−1
i , i = 1, 2 (the resistance of the transmission line i connecting

the source i to the load).
We want to study the solutions of these equations as functions of Il(Vl). Then
these can be regarded as two independent quartic functions for which an ana-
lytic, although involved, expressions of the solutions exist according to the
Ferrari-Cardano’s formula. These expressions simplify if one takes r1 = r2.
Then there is a unique positive solution given by V1 = V2 =

√
c, independ-

ent of Il(Vl). The value of Vl is obtained from the algebraic equation 0 =
VlBlΓB⊤V − VlIl(Vl), solving

0 = Vl(−γ1V1 − γ2V2 + (γ1 + γ2)Vl)− VlIl(Vl)

= 2γV2
l − 2γ

√
cVl − VlI∗l + Y∗

l V2
l − P∗

l

= (2γ + Y∗
l )V2

l − (I∗l + 2γ
√

c)Vl − P∗
l .

(5.19)

In the absence of loads, we have two real roots: a root at Vl = 0 and a root
at Vl =

√
c = V1 = V2. Since the roots of a polynomial are continuous in

the parameters, the two real-valued roots can vanish and turn to a complex-
conjugate pair for large loading. A classical root-locus analysis shows that,
maintaining I∗l ,Y∗

l constant and letting P∗
l decrease to −∞, the two roots meet

halfway at
√

c/2 and then diverge to infinity along the vertical axis passing by
the point (

√
c/2, 0) of the complex plane. This is known as “voltage collapse”

in power systems.
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5.3.2 a lyapunov function and hidden gradient form
We pursue a Lyapunov-based analysis of the stability of the closed-loop sys-
tem (5.10), (5.11), (5.9). Inspired by the Lyapunov analysis of the reactive power
consensus algorithm in De Persis and Monshizadeh (2016), we consider the
total power dissipated through the network resistors, 1

2 V⊤BΓB⊤V, as the first
natural Lyapunov candidate for our analysis, to which we add the power dis-
sipated through the impedance loads, to obtain the power losses at passive
devices as

J(V) =
1
2V⊤

(
BΓB⊤ +

[
0 0
0 Y∗

l

])
V. (5.20)

Let V ∈ EZIP, and define Ps = [Vs]BsΓB⊤V the source power injection cor-
responding to the equilibrium source voltage V (see (5.13)). To cope with the
asymmetry in the dynamics of the sources and loads we add to J the terms

H(V) = −P⊤
s ln(Vs),

and

K(V) = −P∗
l
⊤ ln(Vl),

which is the way classical power systems transient stability analysis absorbs
constant power injections (Chiang, 2011) into a so-called energy function defined
here as

M(V) : = J(V) + H(V) + K(V)

=
1
2V⊤(BΓB⊤ +

[
0 0
0 Y∗

l

]
)V − P⊤

s ln(Vs)− P∗
l
⊤ ln(Vl).

(5.21)

The natural “energy function” (5.21) has its critical points at voltages for which
Pl = −[Vl]Y∗

l Vl + P∗
l , thus different from the power loads prescribed by the

ZIP loads. To centre the function M with respect to a non-trivial equilibrium
V ∈ EZIP, we use the following Bregman function (De Persis and Monshizadeh,
2016)

M(V) = M(V)− M(V)− ∂M
∂V

∣∣∣∣⊤
V=V

(V − V). (5.22)

The next result shows a (perhaps surprising) gradient relation between the
dynamics of system (5.10), (5.11), (5.9) and the Bregman function (5.22) above:
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Lemma 5.2 (Gradient dynamics). The following holds[
LcK−1

s Ps
BlΓB⊤V − Il(Vl)

]
=

[
Lc[Vs]K−1

s 0
0 Inl

]
∂M(V)

∂V
(5.23)

for all V ∈ Rn
>0. Hence the system (5.10), (5.11), (5.9) can be rewritten as a weighted

gradient flow[
KsV̇s

0

]
= −

[
[Vs]Lc[Vs]K−1

s 0
0 Inl

]
∂M(V)

∂V
. (5.24)

Proof. The gradient of the function M(V) writes as

∂M
∂V

= BΓB⊤V +

[
0

Y∗
l Vl

]
−
[
[Vs]

−1Ps
0

]
−
[

0
[Vl]

−1P∗
l

]
.

Hence, the Bregman function (5.22) satisfies

∂M
∂V

=
∂M
∂V

− ∂M
∂V

∣∣∣∣
V=V

=

[
BsΓB⊤(V − V)

BlΓB⊤(V − V)

]
+

[
0

Y∗
l (Vl − Vl)

]
−
[
([Vs]

−1 − [Vs]
−1)Ps

([Vl]
−1 − [Vl]

−1)P∗
l

]
.

Bearing in mind the equilibrium condition at the loads

BlΓB⊤V = Il(Vl) = I∗l − Y∗
l Vl + [Vl]

−1P∗
l ,

and replacing it in the second line of the identity above describing ∂M/∂V,
we obtain

∂M
∂Vl

= BlΓB⊤V + Y∗
l Vl − [Vl]

−1P∗
l − I∗l

= BlΓB⊤V − Il(Vl),

which equals precisely the second equation in (5.23).
Analogously, for the first line ∂M/∂Vs, we write

∂M
∂Vs

= BsΓB⊤(V − V)− ([Vs]
−1 − [Vs]

−1)Ps

= [Vs]
−1Ps − [Vs]

−1Ps − ([Vs]
−1 − [Vs]

−1)Ps

= [Vs]
−1(Ps − Ps),

(5.25)
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where to write the second equality we have used the identities Ps = [Vs]BsΓB⊤V
and Ps = [Vs]BsΓB⊤V.
Now note that

Ps = [Vs]
∂M
∂Vs

+ Ps

and, multiplying both sides by LcK−1
s , we obtain

LcK−1
s Ps = LcK−1

s [Vs]
∂M
∂Vs

+ LcK−1
s Ps

= LcK−1
s [Vs]

∂M
∂Vs

,

having exploited that V ∈ EZIP implies Ps = Ks1p∗s . The identity LcK−1
s Ps =

LcK−1
s [Vs]

∂M
∂Vs

is the first equation in (5.23).
In view of the dynamics (5.10), (5.11), (5.9), one immediately realizes that[

LcK−1
s Ps

BlΓB⊤V − Il(Vl)

]
=

[
−[Vs]

−1KsV̇s
0

]
,

showing the identity (5.24) which concludes the proof. □

Remark 5.6 (Logarithmic terms of the Lyapunov function). As evident from
the proof, the logarithmic terms P⊤

s ln(Vs) and P∗
l
⊤
ln(Vl) in the Lyapunov

function yield that

∂M
∂Vs

= [Vs]
−1(Ps − Ps),

∂M
∂Vl

= Il − Il(Vl),

that is, they make sure that the critical points V ∈ Rn
>0 of the Lyapunov func-

tion are those for which the algebraic equations modelling the loads are satis-
fied and the vector of injected powers at the sources is equal to the desired one
Ps as characterized in Lemma 5.1 (see Eq. (5.13)).

5.3.3 convergence of solutions
The particular form of the dynamics (5.10), (5.11), (5.9) elucidated in Lemma 5.2
permits a straightforward analysis of the convergence properties of the solu-
tions.
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Theorem 5.1 (Main result). Assume that there exists V ∈ EZIP such that

Yll + Y∗
l + [Vl]

−2[P∗
l ]− Yls(Yss + [Vs]

−2[Ps])
−1Ysl > 0, (5.26)

where Yss,Ysl,Yls,Yll are the submatrices of the Laplacian matrix defined in (5.1), P∗
l

is the constant power load, and Ps is the constant source power injection defined in
(5.13). Then the following statements hold:

1. there exists a compact sublevel set ΛZIP of the shifted Lyapunov function M
in (5.22) contained in Rn

>0 such that any solution to (5.10), (5.11), (5.9) that
originates from initial conditions V(0) belonging to ΛZIP exists, always remains
in ΛZIP with strictly positive voltages for all times, and

2. asymptotically converges to the set of equilibria EZIP∩ΛZIP∩Vmean, where Vmean
specifies the preserved weighted geometric mean of the source voltages

Vmean := {V ∈ Rn
>0 : VK1

1 · · ·VKns
ns = VK1

1 (0) · · ·VKns
ns (0)}. (5.27)

Remark 5.7 (Interpretation of the main condition). The main condition (5.26)
guarantees regularity of the algebraic equations and stability of the solutions.
Its role is revealed when converting the constant power loads and the asymp-
totically constant power injections at the sources to the equivalent impedances
[Vl]

−2[P∗
l ] and [Vs]

−2[Ps]. In this case, the equivalent conductance matrix in the
steady-state current-balance equations (5.1) reads as

Yeq =

[
Yss Ysl
Yls Yll

]
+

[
[Vs]

−2[Ps] 0
0 [Vl]

−2[P∗
l ] + Y∗

l

]
. (5.28)

By a Schur complement argument, observe that Yeq is a well-defined (i.e., posit-
ive definite) conductance matrix if and only if the main condition (5.26) holds.

Proof. Existence and boundedness of solutions. Observe first that

∂2M
∂V2 = BΓB⊤ +

[
0 0
0 Y∗

l

]
+

[
[Vs]

−2[Ps] 0
0 [Vl]

−2[P∗
l ]

]
, (5.29)

Let V ∈ Rn
>0 be an equilibrium of the system, i.e., V ∈ EZIP. Since I∗l ,P∗

l ∈ Rnl
<0,

and V ∈ Rn
>0, the steady-state power injection at the sources satisfies Ps ∈ Rns

>0
by (5.13). Hence, [Vs]

−2[Ps] > 0 is positive definite. Then the Bregman func-
tion M has an isolated minimum at the equilibrium V, in view of (5.26), (5.29)
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and a standard Schur complement argument. Then there exists a compact sub-
level set ΛZIP ofM around the equilibrium V contained in the positive orthant.
Without loss of generality this compact sublevel set can be taken so that all the
solutions to (5.10), (5.11), (5.9) that originate here locally exist.
The algebraic equations (5.9) written as in Lemma 5.1 are

0 = IZIP(V) = Il(Vl)− YllVl − YlsVs

= I∗l − Y∗
l Vl + [Vl]

−1P∗
l − YlsVs − YllVl.

To study local solvability of these equations, we analyse

∂IZIP

∂Vl
= −

(
Yll + Y∗

l + [Vl]
−2[P∗

l ]
)
.

In view of (5.26), nonsingularity of ∂IZIP/∂Vl and therefore regularity of the
algebraic condition holds in a neighbourhood of V ∈ ΛZIP from the implicit
function theorem Abraham et al. (1988). The sublevel set ΛZIP can be taken
sufficiently small such that it is contained in the neighbourhood of regularity
for the algebraic equations, thus showing the claim that solutions starting from
ΛZIP locally exist in time, see Hill and Mareels (1990, Theorem 1) and Schiffer
and Dörfler (2016, Lemma 2.3).
When computed along these solutions, M(V(t)) satisfies

Ṁ(V(t)) = ∂M
∂Vs

∣∣∣∣⊤
V=V(t)

V̇s(t) +
∂M
∂Vl

∣∣∣∣⊤
V=V(t)

V̇l(t).

Notice that, by the algebraic constraint (5.23),

∂M
∂Vl

∣∣∣∣
V=V(t)

= BlΓB⊤V(t)− Il(Vl(t)) = 0

for all t for which a solution exists. Hence, we arrive at

Ṁ(V(t)) = ∂M
∂Vs

∣∣∣∣⊤
V=V(t)

V̇s(t)

= − ∂M
∂Vs

∣∣∣∣⊤
V=V(t)

K−1
s [Vs]Lc[Vs]K−1

s
∂M
∂Vs

∣∣∣∣
V=V(t)

≤ 0,
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where the second equality holds because of (5.24). The inequality above shows
that M(V(t)) is a non-increasing function of time. By the compactness of the
sublevel set around V, the solutions are bounded, exist and belong to ΛZIP for
all times. Thus, among others the voltages stay positive for all times.
Convergence. Exploiting the regularity of the algebraic equation, the DAE sys-
tem can be reduced to an ODE system and then the standard LaSalle invari-
ance principle for ODE can be used to infer convergence, see also Schiffer and
Dörfler (2016). We argue as follows. Any solution (Vs,Vl) to the DAE system
(5.10), (5.11), (5.9) originating in ΛZIP is such that its component Vs is a solution
to the system of ODE

V̇s = −K−1
s [Vs]Lc[Vs]K−1

s (YssVs + Yslδ(Vs)), (5.30)

where the map Vl = δ(Vs) denotes the solution of the algebraic equation
IZIP(V) = 0 in ΛZIP. Define

N (Vs) := M(Vs, δ(Vs)) (5.31)

and observe that

Ṅ (Vs(t)) =
∂M
∂Vs

∣∣∣∣⊤Vs=Vs(t)
Vl=δ(Vs(t))

V̇s(t) +
∂M
∂Vl

∣∣∣∣⊤Vs=Vs(t)
Vl=δ(Vs(t))

∂δ
∂Vs

∣∣∣∣
Vs=Vs(t)

V̇s(t)

=
∂M
∂Vs

∣∣∣∣⊤Vs=Vs(t)
Vl=δ(Vs(t))

V̇s(t),

since

∂M
∂Vl

∣∣∣∣ Vs=Vs(t)
Vl=δ(Vs(t))

= YlsVs(t) + Yllδ(Vs(t))− Il(δ(Vs(t)))

= YlsVs(t) + YllVl(t)− Il(Vl(t)) = 0

where the second equality holds because Vl(t) = δ(Vs(t)) on ΛZIP and the third
equality because of the algebraic equation in (5.10), (5.11), (5.9). It then follows
that

Ṅ (Vs) = (Ps − Ps)
⊤[Vs]

−1V̇s

= −(Ps − Ps)
⊤K−1

s LcK−1
s Ps

= −P⊤
s K−1

s LcK−1
s Ps ≤ 0,

(5.32)
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where the first equality descends from (5.25), the second from (5.10), and the
third from (5.13).
Since Vs is bounded, then the standard La Salle invariance principle for ODEs
yields convergence of Vs to the largest invariant set where LcK−1

s Ps = 0. Also,
since the solutions evolve in ΛZIP, since they satisfy the algebraic equations,
and since LcK−1

s Ps = 0, we have from Lemma 5.1 that at steady state (Vs,Vl) ∈
EZIP. Since (Vs,Vl) is a solution to (5.10), (5.11), (5.9) that remains in ΛZIP, con-
vergence to the set EZIP∩ΛZIP is inferred. Moreover, the quantity VK1

1 · · ·VKns
ns is

conserved, namely V1(t)K1 · · ·Vns(t)Kns = V1(0)K1 · · ·Vns(0)Kns for all t. In fact,
by (5.30),

Ks
d
dt

lnVs = −Lc[Vs]K−1
s (YssVs + Yslδ(Vs)),

and therefore d
dt1

⊤Ks lnVs = 0. The thesis then follows. □

Example 5.2. Consider again the case of two sources (ns = 2) and one load
(nl = 1) connected in a “T” configuration, as in Example 5.1. If K1 = K2, the
result above shows that on the convergence set EZIP ∩ ΛZIP ∩ Vmean, V1V2 =
V1(0)V2(0) =: c for all t ≥ 0. Hence, as discussed in Example 5.1, the ex-
pression of the (real and positive) solution to the equations (5.18) takes on a
particularly simple form, namely V1 = V2 =

√
c =

√
V1(0)V2(0), that is on the

convergence set each source voltage is the geometric mean of the initial voltage
sources. Accordingly, the load voltage Vl must satisfy (5.19).

Remark 5.8 (Capacitors at the loads). If loads are interconnected to the net-
work via capacitors, the load equations are modified as

ClV̇l = −Il(Vl) + BlΓB⊤V.

Notice that the equilibria of the system remain the same. Bearing in mind
(5.23), the load dynamics read as

ClV̇l = −∂M
∂Vl

.

It follows that

Ṁ = −∂M
∂Vs

⊤
K−1

s [Vs]Lc[Vs]K−1
s

∂M
∂Vs

− ∂M
∂Vl

⊤
C−1

l
∂M
∂Vl

,

and one can infer convergence to the set EZIP ∩ ΛZIP ∩Vmean similarly as for the
differential-algebraic model.
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Remark 5.9 (Constant voltage buses). Similarly as in Zhao and Dörfler (2015,
Remark 3.3), one can also consider voltage-controlled buses. For example, con-
sider the scenario of all load buses having constant (not necessarily identical)
voltages Vl (see Zhao and Dörfler (2015) for a discussion on this load condi-
tion). More precisely, a controller adjusts the current injection Il depending on
Vs to maintain the value of the voltage at the constant level Vl so that system
(5.10) reads as

KsV̇s = −[Vs]LcK−1
s [Vs](YssVs + YslVl) (5.33a)

−Il = YlsVs + YllVl. (5.33b)

The only relevant equations for stability of (5.33) are the ordinary differential
equations (5.33a) driven by the constant term Vl. We study their stability using
a similar Lyapunov argument as before. Since Vl is now constant, we consider
a simplified version of the functionM, namelyM̃(Vs) = J̃ (Vs)+H(Vs), where

J̃ (Vs) =
1
2 (Vs − Vs)

⊤Yss(Vs − Vs)

are the (shifted) network losses so that ∂J̃
∂Vs

= Yss(Vs − Vs) = (YssVs + YslVl)−
(YssVs + YslVl) = [Vs]

−1Ps − [Vs]
−1Ps. Together with H(Vs) = −P⊤

s ln(Vs) +

P⊤
s ln(Vs) + P⊤

s [Vs]
−1(Vs − Vs), we obtain that ∂M̃

∂Vs
= [Vs]

−1(Ps − Ps) and thus
KsV̇s = −[Vs]LcK−1

s [Vs]
∂M̃
∂Vs

. The convergence analysis of the solutions of the
system (5.33) is now analogous to the proof of Theorem 5.1.

5.3.4 the case of zi loads

In the case of ZI loads the previous results can be strengthened. First, the set of
equilibria can be characterized by two systems of equations, one depending on
the source voltages only and the other one allowing for a straightforward cal-
culation of the load voltages once the source voltages are determined. Second,
the convergence result can be established without any extra condition on the
equivalent conductance matrix in (5.28). Finally, the convergence is to a point
rather than to a set.
The first result we present concerns the set of equilibria, which follows by ad-
apting the proof of Lemma 5.1.
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Lemma 5.3 (Equilibria for ZI loads). The set of equilibria of system (5.10), (5.11),
(5.9) with Il(Vl) = I∗l − Y∗

l Vl is

EZI = {V ∈ Rn
>0 : PZI(Vs) = 0,Vl = (Yll + Y∗

l )
−1(I∗l − YlsVs)},

where PZI(Vs) depicts the power balance at the sources

PZI(V) = [Vs]ŶredVs︸ ︷︷ ︸
network dissipation

+ [Vs]Ysl(Yll + Y∗
l )

−1I∗l︸ ︷︷ ︸
load demands

− Ps︸︷︷︸
source injections

,

Ŷred = Yss − Ysl(Yll + Y∗
l )

−1Yls is the Kron-reduced conductance matrix that also
absorbed the constant impedance loads, and Ps is vector of power injections by the
sources written for V ∈ EZI as Ks1p∗s , with

p∗s = −1⊤ I∗l − Y∗
l (Yll + Y∗

l )
−1(I∗l − YlsVs)

1⊤[Vs]−1Ks1
.

We remark that in the ZI case the equations PZI(Vs) = 0 depend on the source
voltages only, and once a solution to it is determined, the corresponding voltages
at the loads are obtained as Vl = (Yll+Y∗

l )
−1(I∗l −YlsVs) thereby explicitly solv-

ing previous IZI(V) = 0. . Similarly to the case of ZIP loads, we introduce the
following standing assumption:

Assumption 5.2. EZI ̸= ∅.

Our second result concerns the convergence of the dynamics. In the case of
ZI loads, convergence can be established without the definiteness condition
on the equivalent conductance matrix Yeq in (5.28). Indeed, for P∗

l = 0, the
condition (5.26) is automatically satisfied. Before, this condition was needed
to certify strict convexity of the shifted Lyapunov function M (see (5.29)) as
well as the regularity of the algebraic equation IZI(V) = 0. Additionally, the
limit set in case of ZI loads is EZI ∩ ΛZI ∩ Vmean, where the set of equilibria
EZI is characterized in Lemma 5.3, ΛZI is a sublevel set associated with the
Lyapunov function M with P∗

l = 0, and the set Vmean is defined as in (5.27).
Finally, a stronger convergence result can be established, namely any trajectory
converges to a point depending on the initial condition. This can be formalized
as follows:

Theorem 5.2 (Point convergence). Assume that there exists V ∈ EZI.



5.3. power consensus algorithm with zip loads 113

1. The solutions to (5.10), (5.11), (5.9) with P∗
l = 0 which originate from any

initial condition V(0) belonging to a sublevel set ΛZI of the shifted Lyapunov
function M in (5.22) with P∗

l = 0 contained in Rn
>0 always remain in ΛZI, and

2. converge to an asymptotically stable equilibrium belonging to EZI ∩ΛZI ∩Vmean.

Proof. First of all we observe that the proof of Theorem 5.1 holds for the case of
ZI loads (it suffices to set P∗

l = 0 and Il(Vl) = I∗l −Y∗
l Vl throughout the proof).

As an additional feature of ZI loads (to be exploited below) we can explicitly
construct δ(Vs) = (Yll + Y∗

l )
−1(I∗l − YlsVs).

From the proof of Theorem 5.1 (specialized to the case of ZI loads), it is known
that any solution Vs of the ODE (5.30) is bounded. By Birckhoff’s Lemma
(Khalil, 2002, Lemma 3.1) the positive limit set Ω(Vs) associated with a solu-
tion Vs(t) is non-empty, compact, and invariant. Moreover, it is contained in
EZI ∩ ΛZI ∩ Vmean. We would like to prove that Ω(Vs) is a singleton. To this
end, and similarly to De Persis and Monshizadeh (2016) we appeal to Had-
dad and Chellaboina (2008, Proposition 4.7), which states that if the posit-
ive limit set Ω(Vs) of a trajectory contains a Lyapunov stable equilibrium Vs,1
then Ω(Vs) = {Vs}. To see this, first notice that Vs, being in Ω(Vs) and hence
in EZI ∩ ΛZI ∩ Vmean, is indeed an equilibrium of the system. Thus, following
(5.31), one can construct a shifted function N (Vs) associated to Vs. The explicit
expression of N (Vs) is given by

N (Vs) = −P⊤
s ln(Vs) + P⊤

s ln(Vs) + P⊤
s [Vs]

−1(Vs − Vs)

+
1
2

[
Vs − Vs

δ(Vs)− δ(Vs)

]⊤ [Yss Ysl
Yls Yll + Y∗

l

] [
Vs − Vs

δ(Vs)− δ(Vs)

]
.

The gradient of N (Vs) is given by

∂N
∂Vs

= −[Vs]
−1Ps + [Vs]

−1Ps +

(
Yss + Ysl

∂δ
∂Vs

)⊤

(Vs − Vs)

+

(
Yls + (Yll + Y∗

l )
∂δ
∂Vs

)⊤

(δ(Vs) − δ(Vs)).

1This point Vs is a point in Ω(Vs) and may not necessarily coincide with the equilibrium Vs ∈
EZI given in the statement. To prevent cluttering the notation, we do not adopt a different symbol
for Vs in the proof, hence committing an abuse of notation.
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Since ∂δ
∂Vs

= −(Yll + Y∗
l )

−1Yls, the last summand above vanishes. With the
shorthand Ŷred = Yss − Ysl(Yll + Y∗

l )
−1Yls, the gradient simplifies as

∂N
∂Vs

= −[Vs]
−1Ps + [Vs]

−1Ps + Ŷred(Vs − Vs)

Note that the gradient ∂N
∂Vs

vanishes if Vs = Vs andN has a strict local minimum
at Vs since

∂2N
∂V2

s
= Ŷred + [Vs]

−2Ps.

By (5.32), Ṅ ≤ 0, and these two properties (properness and the nonpositive
time derivative) show that Vs is a Lyapunov stable equilibrium. Therefore,
Ω(Vs) = {Vs}, and the solution Vs(t) converges to an equilibrium point. Be-
cause Vs(t) is the Vs component of the solution to the DAE, and since Vl satisfies
Vl = δ(Vs) = (Yll +Y∗

l )
−1(I∗l −YlsVs) we also see that the solution (Vs(t),Vl(t))

of the DAE (5.10), (5.11), (5.9) converges to a point in EZI ∩ ΛZI ∩ Vmean. Since
this equilibrium point is Lyapunov stable by (5.29) (with P∗

l = 0) and (5.32),
the limit point is also asymptotically stable. □

5.4 simulations
In this section, we present simulation results about the proposed control strategy
(5.7), and compare it to the averaging-based control method (5.8) introduced in
Remark 5.2. We use an example network an IEEE 37 bus system adapted from
Distribution Test Feeder Working Group; Kersting (2001); Alwala et al. (2012)
adding lines to form a mesh topology, and upscaling the values of the mi-
crogrid parameters. The grid topology is sketched in Fig. 5.3, and the network
and control parameters are given in Table 5.1, 5.2, and 5.3. It can be checked
that condition (5.26) is satisfied for this network. There are 26 loads and 7
sources. Among these are eight constant power loads, nine constant imped-
ance loads and nine constant current loads. Fifteen of the loads are initially
turned off and are turned on gradually between 9.5 and 10.5 ms; see Table 5.2.
This constitutes a load increase of approximately 1.06 MW, from approxim-
ately 779 kW to 1.84 MW. The remaining eleven loads are active throughout
the experiment.
The voltage evolution both at the sources and at the loads for the controllers
(5.7) and (5.8) is depicted in Fig. 5.4. Fig. 5.5 represents a comparison between
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Parameter Value
Nominal voltage V∗ 4.8 kV
Power sharing i = 1, 3, 4 40

√
kgm/s

coefficients Ki i = 2, 7 80
√

kgm/s
i = 5 20

√
kgm/s

i = 6 10
√

kgm/s
Integral controller i = 1, 3, 4 0.2 F

gains Ci i = 2, 7 0.4 F
i = 5 0.1 F
i = 6 0.05 F

Integral controller gains Di 0.075 F
Load values Y∗

l 3.08 mS
−I∗l 14.8 A
−P∗

l 70.8 kW

Table 5.1: Simulation parameter values. The power sharing coefficients Ki used
in (5.8) have the same numerical values as those in the table, but units of V.

the evolution of the voltages at node 1 for the two controllers. For a more
detailed comparison, the steady state percentage voltage deviation from the
nominal value for all the nodes are reported in Table 5.2. The power injected
at the source nodes is shown for both control strategies in Fig. 5.6. As predicted
by the analysis, at steady state proportional power sharing is achieved by the
power sources in conformity with (5.3). Observe that the voltage deviations
are rather small even though both the proposed controller (5.7) and the dis-
tributed integral controller (5.8) do not account for voltage regulation. Notice
also that the two controllers perform similarly, though the voltages for the in-
tegral controller tend to be slightly lower than those for the power consensus
controller.

5.5 conclusions
We have proposed controllers for DC microgrids that average power measure-
ment at the sources. The results apply to network preserved model (systems of
DAE) of the microgrid in the presence of ZIP loads. Capacitors at the terminals
of the grid that model either Π-models of lines or power converter components
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Figure 5.3: The node network used for the simulations. Sources are depicted as
circles, loads as rectangles. Solid lines denote the interconnecting lines, while
dashed lines represent the communication graph used by the controllers.

can be included by means of passivity-based analysis.
Many interesting new research directions can be taken. The first one is to con-
sider more complex scenarios such as the inclusion of dynamical (inductive)
lines and loads. Another one is the extensions of the controllers to network
preserved AC microgrids. Moreover, although the preservation of the geo-
metric mean of the voltages allows for an estimate of the voltage excursion,
no active voltage regulation is present in the proposed scheme. An addition
of voltage controllers to the power consensus algorithm is an interesting and
important open problem. The sensitivity of the power consensus algorithm to
delays in the communication network is an important feature to be assessed.
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Figure 5.4: Voltage plots of the simulation
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Figure 5.5: Comparison of voltages at node 1 for both controllers



118 a power consensus algorithm for dc grids

Node ZIP On? Proposed DAPI Node ZIP On? Proposed DAPI
1 – Always 0.14% −0.25% 17 Z Always −0.15% −0.54%
2 – Always 0.02% −0.37% 18 I Gradual −0.18% −0.57%
3 – Always −0.23% −0.62% 19 P Gradual −0.25% −0.64%
4 – Always −0.04% −0.43% 20 Z Always −0.21% −0.60%
5 – Always −0.19% −0.57% 21 I Always −0.16% −0.55%
6 – Always −0.25% −0.64% 22 P Gradual −0.22% −0.60%
7 – Always 0.13% −0.26% 23 Z Always −0.27% −0.66%

24 I Gradual −0.26% −0.65%
8 Z Gradual −0.19% −0.57% 25 P Gradual −0.30% −0.68%
9 I Always −0.17% −0.56% 26 Z Gradual −0.27% −0.66%

10 P Gradual −0.32% −0.71% 27 I Gradual −0.32% −0.71%
11 Z Gradual −0.34% −0.73% 28 P Always −0.33% −0.71%
12 I Gradual −0.32% −0.70% 29 Z Gradual −0.35% −0.74%
13 P Always −0.33% −0.71% 30 I Gradual −0.26% −0.64%
14 Z Always −0.32% −0.71% 31 P Always −0.18% −0.57%
15 I Always −0.30% −0.69% 32 Z Always −0.08% −0.46%
16 P Gradual −0.26% −0.65% 33 I Gradual −0.13% −0.52%

Table 5.2: Node properties and final percentage voltage deviation from the
nominal value for both the proposed controllers (5.7) and the distributed in-
tegral controller (5.8)

The theoretical analysis of the algorithm under delays, however, is far from
trivial and is left for future research. The power consensus algorithms lead
to a new set of power flow equations, whose solvability still needs to be in-
vestigated, e.g., starting from recent advances concerning power flow feasibil-
ity and approximations; see Bolognani and Zampieri (2016); Barabanov et al.
(2016); Simpson-Porco et al. (2016) and references therein. The distributed av-
eraging integral controller (5.8) discussed in Remark 5.2 enjoys the nice feature
of not requiring power measurements and could be an enthralling algorithm
to investigate further. Finally, the power consensus algorithms preserves the
weighted geometric mean of the voltages and is thus a compelling application
for nonlinear consensus schemes (Bauso et al., 2006; Cortes, 2008). We believe
this connection deserves a deeper investigation.
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Line Resistance Line Resistance
1– 9 0.3032 Ω 16–19 0.1198 Ω
2–17 0.1281 Ω 17–18 0.0958 Ω
3–14 0.2074 Ω 19–20 0.0958 Ω
4–21 0.1115 Ω 19–23 0.1475 Ω
5–24 0.1475 Ω 20–21 0.0691 Ω
6–28 0.5106 Ω 21–22 0.0802 Ω
7–32 0.0986 Ω 23–24 0.0488 Ω
8– 9 0.0479 Ω 24–25 0.0793 Ω
9–10 0.3668 Ω 25–26 0.1281 Ω

10– 11 0.1475 Ω 25–27 0.0793 Ω
10–13 0.1972 Ω 27–28 0.1382 Ω
11–12 0.1115 Ω 28–29 0.0802 Ω
13–14 0.0323 Ω 28–30 0.1576 Ω
13– 15 0.1281 Ω 30–31 0.0986 Ω
15–16 0.0885 Ω 31–32 0.0986 Ω
16–17 0.1594 Ω 32–33 0.0802 Ω

2–21 0.2430 Ω 6–26 0.1843 Ω
3–12 0.1566 Ω 22–26 0.1281 Ω
3–19 0.2166 Ω 24–33 0.3456 Ω

Table 5.3: Line resistances Γ−1. The last six lines {2 − 21, 32 − 12, 3 − 19, 6 −
26, 22 − 26, 24 − 33} were added to form a mesh topology.
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Figure 5.6: Power plots of the simulation
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