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6
A power consensus algorithm
for DC grids with RL lines

abstract
We propose and analyse a novel control algorithm for DC microgrids with
resistive-inductive transmission lines and combinations of constant imped-
ance and constant current loads. The new algorithm features a communica-
tion network over which instantaneous current measurements are exchanged.
This gives rise to a consensus-like network, which is analysed using Lyapunov
techniques. We show that the system converges to an equilibrium at which
power consensus is achieved.
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122 a power consensus algorithm for dc grids with rl lines

6.1 the rl network
The DC power network is modelled as an undirected graph G = (V, E), where
V = {1, . . . , n} is the set of buses of the network and E ⊆ V × V is the set of m
resistive-inductive (RL) lines between the buses.
We partition the set of vertices into two subsets of ns source loads and nl load
nodes, with ns + nl = n.
In this setting, the dynamics of the current flow λ ∈ Rm on the transmission
lines satisfies

[L]λ̇ = −[R]λ + B⊤V (6.1)

where V is the vector of potentials at the nodes, B is the incidence matrix as-
sociated to the graph G and [L] = diagk Lk, [R] = diagk Rk as usual.
We represent the current exiting the nodes and the potential at the nodes re-
spectively as the vectors I,V ∈ Rn. Likewise, B is partitioned as col(Bs,Bl).
Without loss of generality, these are partitioned as I = col(Is, Il), V = col(Vs,Vl).
In this work, the power sources as well as the loads are defined in terms of
voltage dynamics. Moreover, since our strategy is inspired by that of Chapter 5,
the analysis will make heavy use of Lyapunov functions defined in terms of the
voltage. For these reasons, it becomes advantageous to apply a Kron-reduction
to the power network, expressing all dynamics in terms of the nodes.
We assume that the transmission lines are homogeneous:

Assumption 6.1. There exist positive scalars r, l such that

Lk
Rk

=
l

r
∀k ∈ E ,

where Rk and Lk are respectively the resistance and inductance of transmission line k.

Given this Assumption, we apply a Kron reduction as in Caliskan and Tabuada
(2014, Corollary 9) by rewriting (6.1) as

lλ̇ = −rλ + r[R]−1B⊤V. (6.2)

and then, denoting the vector of currents at the nodes by I = Bλ, rewriting this
as

lİ = −rI + BΓB⊤V. (6.3)
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Figure 6.1: Load node model, including capacitor, constant current load and
constant impedance load.

where Γ = r diag(R−1
k ).

It is at this point where we will distinguish source and load buses. Without
loss of generality, let the first ns nodes be the sources, and the remaining nl
nodes be the loads. Then,

l

[
İs
İl

]
+ r

[
Is
Il

]
=

[
BsΓB⊤

s BsΓB⊤
l

BlΓB⊤
s BlΓB⊤

l

] [
Vs
Vl

]
(6.4)

6.1.1 loads

Depending on the load models, the loads can take various forms. Here, we
consider constant current loads and constant impedance loads. In order to
avoid unnecessary clutter, unlike Chapter 5 we do not consider constant power
loads, as the goal of this chapter is to explore the effects of introducing RL
transmission lines.
Additionally, for benefit of the analysis, we connect the loads in parallel with
a capacitor; see Figure 6.1. The load voltage dynamics then satisfy

[Cl]V̇l = −[Y∗
l ]Vl + I∗l − Il, (6.5)

where the entries of the vectors Cl ∈ Rnl
>0, Y∗

l ∈ Rnl
>0 and I∗l ∈ Rnl

<0 denote
respectively the capacitance, constant impedance load and constant current
loads at the load nodes.
To express the system in terms of voltage dynamics, we replace Il and İl in (6.4)
with those from (6.5). This yields

BlΓB⊤V = −r[Cl]V̇l − r[Y∗
l ]Vl + rI∗l − l[Cl]V̈l − l[Y∗

l ]V̇l, (6.6)
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hence

l[Cl]V̈l = −(r[Cl] + l[Y∗
l ])V̇l − r[Y∗

l ]Vl + rI∗l − BlΓB⊤V. (6.7)

Before rewriting this as a first-order ODE, we introduce the controllers.

6.2 power consensus controllers
The design strategy of the power consensus controllers proceeds similarly to
the case where the lines are purely resistive (as in Chapter 5). However, the
inductance of the transmission lines requires a modification to the quantity
that is measured and broadcast by the sources. That is, source i broadcasts

P̂s,i = Vs,i
∑
j∈Ni

1
Rk

(Vs,i − Vj) (6.8)

to the sources connected to it over the communication network. Here, Ni de-
notes the set of nodes neighbouring node i in the physical network.

Remark 6.1. Note that the quantity R−1
k (Vs,i−Vj), by (6.1), is equal to (l/r)λ̇k+

λk, where k = (i, j) is the transmission line index between nodes i and j. The
time constant l/r is a property of the transmission lines, which by Assump-
tion 6.1 are homogeneous, and we assume it to be a known quantity. This
means that as an alternative to direct measurements of Vi at all neighbours as
in (6.8), the sources could measure the current and its derivative at each link,
as well as their local potential, and no special sensing equipment is needed at
the load nodes.

We write P̂s in vector form as P̂s =
1
r
[Vs]BsΓB⊤V. The dynamical current con-

troller takes the following form:

lξ̇ = −rξ − r[Vs]
−1[Dc]

−1(I − lAP̂s)

rlIs = ξ + [Dc]
−1V−1

s ,
(6.9)

where V−1
s denotes the vector of inverses of the voltage at the source nodes.

Remark 6.2. In order to implement the controller (6.9), one would need to be
able to measure Vs,i and the controller’s own integrator state ξ i at each source
node i, in addition to the requirements for calculating P̂s,i.
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Additionally, it is necessary for the controller implementation that the para-
meters r and l are known. However, by appealing to Assumption 6.1, it is
sufficient to measure the resistance and impedance of only one transmission
line to be able to implement all controllers.

Again, we take derivatives of (6.9) as needed to replace the left-hand side of
(6.4):

rBsΓB⊤V = l
d
dt
(
1
l

ξ +
1
l
[Dc]

−1V−1
s ) + r(

1
l

ξ +
1
l
[Dc]

−1V−1
s )

= − r

l
[Vs]

−1[Dc]
−1(I − lAP̂s)− [Dc]

−1[Vs]
−2V̇s +

r

l
[Dc]

−1V−1
s

= r[Vs]
−1[Dc]

−1AP̂s − [Dc]
−1[Vs]

−2V̇s

Remembering the definition of P̂s,

r[Dc][Vs]
2BsΓB⊤V = r[Vs]AP̂s − V̇s

r[Vs][Dc]P̂s = r[Vs]AP̂s − V̇s

V̇s = −r[Vs][Dc]P̂s + r[Vs]AP̂s

= −r[Vs]LcP̂s

6.2.1 closed loop system
We can write the system in closed loop as a first-order system by introducing
the auxiliary variable ql = l[Cl]V̇l. Then,

V̇s = −r[Vs]LcP̂s (6.10a)
V̇l = l−1[Cl]

−1ql (6.10b)

q̇l = −BlΓB⊤V −
( r
l
I + [Y∗

l ][Cl]
−1
)

ql − r[Y∗
l ]Vl + rI∗l . (6.10c)

Lemma 6.1 (Constant product of source voltages). Any solution to (6.10), where
Vi(0) > 0 for every source node i, satisfies

ns∏
i=1

Vi(t) =
ns∏

i=1
Vi(0) (6.11)

for all t > 0.
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Proof. We rewrite (6.10a) as

[Vs]
−1V̇s =

d

dt
ln(Vs) = −rLcP̂s,

and then left-multiply the equation by 1⊤
ns

to obtain

d

dt
1⊤ ln(Vs) =

d

dt
ln

ns∏
i=1

Vi = 0

for all t. Given that ln is a strictly monotonous function, this implies that the
product of voltages is constant, and in particular, equal to its starting value. □

6.2.2 steady state
At the equilibrium, the (first and second) derivatives of V vanish. We denote a
point in the steady state subset S by V̄, and denote the corresponding values
of the voltage derivative and P̂s by q̄l = 0 and P̄s. We focus on steady states for
which V̄ ̸= 0.
From (6.10), we note that V̇s = 0 implies that P̄s ∈ span1; that is, the closed-
loop system indeed enforces power sharing among the controllers. Moreover,
(6.10c) writes as

BlΓB⊤V̄ = −r[Y∗
l ]V̄l + rI∗l (6.12)

and represents the requirement that at steady state, the loads’ requirements
are met by the power transmitted across the transmission lines from the source
nodes.
In summary, the set of equilibria is

S = {(V̄, q̄l) ∈ Rn
>0 × Rnl : 0 = q̄l, (6.13a)

0 = −[V̄s]Lc[V̄s]BsΓB⊤V̄, (6.13b)
0 = −BlΓB⊤V̄ − r[Y∗

l ]V̄l + rI∗l }. (6.13c)

In the rest of this work, we assume such a steady state exists.

Assumption 6.2. S ̸= ∅.

Remark 6.3 (Comparison to EZIP of Lemma 5.1). In Chapter 5, the equilibria are
characterized as the intersection of current balance and power balance. The set
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S can be interpreted analogously: (6.13b) is the (modified) power balance, that
is it prescribes that P̂s is a multiple of 1; (6.13c) is the current balance, that is
it prescribes that the current entering a load node is equal to the current used
by that load node.

The analytical investigation of the existence of equilibria is left to a future work.
An explicit characterization can be given in special cases. The example below
discusses one such case.

Example 6.1. As an example, we consider the case of two sources feeding one
load node, and set the constant Γ = I for simplicity. In this case, (6.13a) is
trivial, but (6.13b) becomes

0 = V̄s,1V̄2
s,2 − V̄3

s,1 − (V̄s,1V̄s,2 − V̄2
s,1)V̄l (6.14a)

0 = V̄2
s,1V̄s,2 − V̄3

s,2 − (V̄s,1V̄s,2 − V̄2
s,2)V̄l (6.14b)

and (6.13c) becomes

0 = −V̄s,1 − V̄s,2 + 2V̄l + rI∗l − rY∗
l V̄l. (6.14c)

The only positive solution to (6.14) is V̄s,1 = V̄s,2 and V̄l = (rI∗l −2V̄s,1)/(rY∗
l −2),

provided rY∗
l < 2 (if this condition is not met, no positive solutions exist and

Assumption 6.2 is broken). Note that the apparently free variable V̄s,1 is fixed
by the initial conditions, given Lemma 6.1.

We reformulate the system in incremental form with respect to the steady state
derived above. Here, we use the fact that P̄s ∈ span1 implies that LcP̄s = 0.

V̇s = −r[Vs]LcP̂s + r[V̄s]LcP̄s = −r[Vs]Lc(P̂s − P̄s) (6.15a)
V̇l = l−1[Cl]

−1ql (6.15b)

q̇l = −BlΓB⊤(V − V̄)−
( r
l
I + [Y∗

l ][Cl]
−1
)

ql − r[Y∗
l ](Vl − V̄l) (6.15c)

6.3 lyapunov function
We introduce the following Lyapunov function.

W =
1
2V⊤BΓB⊤V +

r

2V⊤
l [Y∗

l ]Vl − P̄⊤
s ln(Vs)−

1
2l q⊤l [Cl]

−1ql (6.16)
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Note that, as in (5.21) of Chapter 5, these terms represent the energy losses at
the resistors in the network, the power dissipated at the impedance loads, the
constant power injections and the kinetic energy at the loads.
Since we would like to analyse the incremental system, we centre W around
an arbitrary equilibrium (V̄, q̄l) ∈ S :

W =
1
2 (V − V̄)⊤BΓB⊤(V − V̄) +

r

2 (Vl − V̄l)
⊤[Y∗

l ](Vl − V̄l)

− P̄⊤
s (ln(Vs) − ln(V̄s)) −

1
2l q⊤l [Cl]

−1ql (6.17)

Lemma 6.2. Using the shifted Lyapunov function W , the dynamics (6.15) can be
written asV̇s

V̇l
q̇l

 =

−r2[Vs]Lc[Vs] 0 0
0 0 I
0 −I −r[Cl]

−1 − l[Y∗
l ]




∂W
∂Vs
∂W
∂Vl
∂W
∂ql

 (6.18)

Proof. Recall that P̂s =
1
r
[Vs]BsΓB⊤V.

∂W
∂Vs

= BsΓB⊤(V − V̄)− [P̄s]V−1
s

= [Vs]
−1P̂s − [Vs]

−1P̄s = [Vs]
−1(P̂s − P̄s) (6.19a)

∂W
∂Vl

= BlΓB⊤(V − V̄) + r[Y∗
l ](Vl − V̄l) (6.19b)

∂W
∂ql

=
1
l
[Cl]

−1ql (6.19c)

As a result, we can rewrite the dynamics (6.15) as follows,

V̇s = −r2[Vs]Lc[Vs]
∂W
∂Vs

(6.20a)

V̇l =
∂W
∂ql

(6.20b)

q̇l = −∂W
∂Vl

−
(
r[Cl]

−1 + l[Y∗
l ]
) ∂W
∂ql

(6.20c)

and the result follows. □
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Corollary 6.1. The time derivative of W becomes

Ẇ = −r2 ∂W
∂Vs

⊤
[Vs]Lc[Vs]

∂W
∂Vs

− ∂W
∂ql

⊤
(r[Cl]

−1 + l[Y∗
l ])

∂W
∂ql

. (6.21)

Proof. This follows immediately from substitution of (6.18) into

Ẇ =
∂W
∂Vs

⊤
V̇s +

∂W
∂Vl

⊤
V̇l +

∂W
∂ql

⊤
q̇l. □

6.4 stability of the closed-loop system

Lemma 6.3. The Lyapunov function W has a local minimum at the equilibrium
(V̄, q̄l) ∈ S .

Proof. For ease of notation, we set x = col(Vs,Vl, ql). Note that the Hessian of
W follows from (6.19) as

d2W
dx2 =

BsΓB⊤
s + [P̄s][Vs]

−2 BsΓB⊤
l 0

BlΓB⊤
s BlΓB⊤

l + r[Y∗
l ] 0

0 0 1
l
[C]−1

 (6.22)

The lower right block, 1
l
[C]−1, is trivially positive definite. The remaining

blocks correspond to the voltage. To see that they too are positive definite
at the equilibrium, note that

v⊤
[
BsΓB⊤

s + [P̄s][Vs]
−2 BsΓB⊤

l
BlΓB⊤

s BlΓB⊤
l + r[Y∗

l ]

]
v

= v⊤BΓB⊤v + v⊤ block diag([P̄s][Vs]
−2, r[Y∗

l ])v. (6.23)

Since it is a Laplacian matrix of a connected graph, BΓB⊤ is positive semi-
definite, and its kernel is span 1. The values of Y∗

l are non-negative by defin-
ition. The values of P̄s are non-negative, and following (6.3), P̄s = [V̄s ]̄Is ̸= 0.
Moreover, V̄s ∈ Rn

>0, hence [P̄s][V̄s]
−2 > 0.

Given a non-zero vector v, either it is in ker(BΓB⊤) = span 1, and then

v⊤ block diag([P̄s][Vs]
−2, r[Y∗

l ])v > 0;
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or v⊤BΓB⊤v > 0 (and the remaining term is non-negative). Hence, for non-
zero vectors v, the expression (6.23) is strictly positive, making the Hessian of
W strictly positive definite. □

Theorem 6.1. Suppose Assumption 6.2 holds. Then there exists a compact sublevel
set Δ contained in Rn

>0 × Rnl , such that any solution to (6.10) originating from ini-
tial conditions col(V(0), ql(0)) ∈ Δ always remains in Δ, and the product of source
voltages is constant for all time. Moreover, any such solution col(V, ql) converges
asymptotically to a point in the set of equilibria S.

Proof. Boundedness of solutions. Let (V̄, q̄l = 0) ∈ S . By Lemma 6.3, the
Lyapunov function has a local isolated minimum at V̄, q̄l. Hence, there exists
a compact sublevel set Δ around col(V̄,0).
Given (6.21), and noting that in Δ, [Vs]Lc[Vs] ≥ 0 and r[Cl]

−1 + l[Y∗
l ] > 0, we

conclude that Ẇ ≤ 0 in Δ, i.e. all solutions originating in Δ remain inside of it.
The constant product of source voltages follows immediately from Lemma 6.1.
Asymptotic convergence to S. We argue by the LaSalle invariance principle.
Consider a solution from initial conditions inside Δ; note that the voltages
are positive as the equilibrium has positive voltages by Assumption 6.2. The
closed loop system converges to the invariant subset of Δ where Ẇ = 0. In
particular, from (6.21) we note that ∂W

∂ql
= 0, and [Vs]

∂W
∂Vs

= 0. The latter im-
plies, by (6.19a), that P̂s − P̄s ∈ span1; the former implies ql = 0 using (6.19c).
This satisfies (6.13a).
As a result, V̇ = 0 in the invariant set: V̇l = ql = 0 is seen above, while
V̇s = 0 follows from (6.18) given that ∂W

∂Vs
= 0 above. We combine this fact

with ∂W
∂ql

= 0, recovered above, and the dynamics (6.20c) to see that ∂W
∂Vl

= 0.
By subtracting (6.13c) from (6.19b), we see that

0 = −BlΓB⊤V − r[Y∗
l ]Vl + rI∗l , (6.24)

so (6.13c) holds for V.
Now, since by the above P̂s ∈ span1, we note that [Vs]LP̂s = 0, so (6.13b) is
satisfied as well, and (V, ql) ∈ S .
In fact, one can re-centre the Lyapunov function around the point V, q, and
see that Lemma 6.3 applies again. It then follows that that the point V, q is
a Lyapunov stable equilibrium of the system; hence, the positive limit set of
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any solution originating in Δ contains such a Lyapunov stable equilibrium. By
Haddad and Chellaboina (2008, Proposition 4.7), we then see that this positive
limit set is in fact a point. □
As V converges by the Theorem asymptotically to a point, we commit an abuse
of notation by denoting this point again as V̄, and setting Ī = 1

r
BΓB⊤V̄. Having

proven the convergence of the system (6.10), we now turn back to (6.3).

Corollary 6.2 (Current convergence). The current vector of a solution as described
in Theorem 6.1 converges asymptotically to Ī.

Proof. The incremental form of (6.3) is

lİ = −r(I − Ī) + BΓB⊤(V − V̄). (6.25)

Now, we invoke the converging-input converging-state result (see e.g. Sontag
(1989) for the more general nonlinear case), noting that the input V − V̄ con-
verges. As r and l are positive, the dynamic matrix of (6.3) is Hurwitz, hence
I − Ī converges asymptotically to zero. □
As a notable consequence, P̄s = [V̄s ]̄Is. Therefore, P̄s denotes the power injected
by the sources at steady state.

6.5 simulation study
We demonstrate the proposed controller using as an example network the
IEEE 37 bus system adapted from Distribution Test Feeder Working Group;
Kersting (2001); Alwala et al. (2012). We refer to Figure 5.3 for the topology of
the network, and to Table 5.3 for the physical properties of the transmission
lines. Table 6.1 lists the source and load parameters used for the simulations.
Note that the load values have been chosen such that at the nominal voltage,
the injected power will be the same for all types of loads. In order to satisfy As-
sumption 6.1, we have calculated the inductances using a line length of 150 m
(they vary between 30 m and 500 m).
The network is first initialized with 1.11 × 105 W of load. At t = 0, the remain-
ing loads are turned on for a total load of 2.63 × 105 W. The voltage, current
and injected power evolutions can be seen in Figure 6.2. For a more detailed
result, the voltage deviation at each node is reported in Table 6.2. As predicted
by Lemma 6.1, the geometric average of source voltages remains constant at
4.8 kV.
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Parameter Value
Nominal voltage V∗ 4.8 kV
Capacitors at loads Ci 0.5 mF
Load values Y∗

l 3.08 mS
−I∗l 14.8 A

Transmission lines r/l 233 s−1

Table 6.1: Simulation parameter values.

Node ZIP Turned on V − V̄ Node ZIP Turned on V − V̄
1 – Always 0.2894% 17 Z Always −0.1835%
2 – Always −0.0631% 18 I At t = 0 −0.2129%
3 – Always −0.1631% 19 P At t = 0 −0.1973%
4 – Always 0.0148% 20 Z Always −0.1602%
5 – Always 0.0015% 21 I Always −0.1125%
6 – Always −0.0196% 22 P At t = 0 −0.1398%
7 – Always −0.0593% 23 Z Always −0.1851%

24 I At t = 0 −0.1669%
8 Z At t = 0 −0.0705% 25 P At t = 0 −0.1960%
9 I Always −0.0558% 26 Z At t = 0 −0.1445%

10 P At t = 0 −0.2476% 27 I At t = 0 −0.2339%
11 Z At t = 0 −0.2638% 28 P Always −0.2568%
12 I At t = 0 −0.2419% 29 Z At t = 0 −0.2814%
13 P Always −0.2680% 30 I At t = 0 −0.2595%
14 Z Always −0.2631% 31 P Always −0.2308%
15 I Always −0.2649% 32 Z Always −0.1719%
16 P At t = 0 −0.2352% 33 I At t = 0 −0.1908%

Table 6.2: Node properties and final percentage voltage deviation from the
nominal value

As predicted by the analysis, power consensus is reached and is in fact main-
tained throughout the experiment. Note that the voltages remain close to
the nominal voltage, even in transients. If necessary, larger capacitors can be
placed at the loads to further reduce the magnitude of the overshoot at the cost
of speed of convergence.
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Figure 6.2: Simulations of the IEEE 37-bus system.
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6.6 summary and discussion
We proposed a consensus-style controller for DC power grids with resistive-
inductive lines that communicate current measurements at the sources. The
results hold for networks where the loads can be modelled as combinations of
constant current and constant impedance loads.
An interesting extension is the inclusion of constant power and other, dynam-
ical types of loads. Another important open problem is the sensitivity of the
algorithm to noise, quantization errors and time delays typically found in di-
gital communication networks.
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