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1
Introduction

On average, at the time of writing, about a third of Dutch households uses
green power, and more than 400 000 households have purchased solar panels
to offset their energy usage. Centralized coal and gas-based power is losing
popularity quickly, and market share gradually, to distributed wind-based and
water-based power.
This energy transition partially changes the functionality of the power net-
work. Whereas previously energy was transported in one direction – from the
power plants to the users – the proliferation of small energy sources causes
power to sometimes flow from users back to the network (Dörfler et al., 2016).
Eventually, many of the large centralized power plants could be closed, caus-
ing the network to rely on many smaller, more volatile sources of energy in-
stead.
This leads to new technical challenges. One such challenge is related to de-
centralization of the power generation. In the simplified scenario of one large
(in terms of electrical energy generation) power plant and many small users,
changes in a single user’s demand are usually small enough that the power
plant can compensate for them. However, if the power plant is replaced by
many small generation units, a user’s local generation unit might be severely
destabilized by a change in power demand. This results in large fluctuations in
e.g. frequency of the alternate current or voltages, which can damage electrical
equipment.
A possible solution for this problem is to install programmatic controllers at all
of the power generation units, and possibly even the users, which cooperate to
distribute the fluctuations in demand across the network’s power sources, so
each of them sees only small changes in the amount of power it is required to
produce. Though such intensive cooperation used to be difficult and expens-
ive, in recent years the availability of high-speed, low-energy wireless commu-
nication networks, as well as cheap sensing and computing equipment, make
these new approaches cheap and efficient. The work in this thesis revolves
around the design and analysis of such controllers.
The main task of our controllers is to stabilize the system; that is, during nor-
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2 introduction

mal operation, frequencies and voltages throughout the network should be
close to their nominal values. In the following sections, we explore the various
additional properties our controllers should satisfy that motivate the designs
in this thesis.

1.1 robustness

Few systems are as large, interconnected, heterogeneous and important to
daily life as the power network. It is no surprise, then, that everyone involved
in its day-to-day operation is very interested in making sure it works. That is,
the controllers should make sure there are as few power outages as possible –
during normal operation, of course, but even in the face of bad weather, fail-
ing equipment, accidents, and even sabotage and attack. Additionally, when
designing the control algorithms that govern the power network, we usually
work with a (mathematical) model of the components of the network. This
model might not be completely accurate. Still, the controllers we design should
also work for the real network. The word ‘robustness’ captures these require-
ments in a mathematical sense.
On the other hand, no system is robust to all external events or flagrant mod-
elling errors. Robustness, therefore, is not something you have or you don’t
have, but rather a description of the kind and severity of perturbations the
system is expected to survive. Taking the example of faulty equipment, such a
description might be ‘the measurements of voltage at all terminals should not
deviate more than 5% from the correct value.’
In a mathematical sense, there are various approaches of characterizing ro-
bustness. Our preferred approach is to measure some ‘distance’ between the
power system’s current state and its ideal equilibrium state. The controller is
supposed to decrease this distance, whereas outside influence and modelling
inaccuracies might cause it to increase. If we can then show that over time this
distance approaches zero, our controllers have done their job. Additionally, if
we can quantify the rate at which this distance decreases, we can also quantify
the amount of disturbances the system can tolerate. The main challenge is of
course to find a measure of distance, or Lyapunov function, that satisfies all of
these properties, and this is the challenge we address in Part I of this thesis.
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1.2 power sharing
In its simplest form, a power network contains a generator and some con-
sumers, and the generator should produce as much power as the consumers
use. In reality, there are usually many consumers and also multiple produ-
cers. With the advent of cheap solar panels, there could be as many producers
– each with a very limited capacity – as there are consumers.
Power sources have limited capacity. This means that if someone turns on
a machine that needs a lot of power, that load should be shared among the
power sources. This motivates the consideration of power sharing, which is
a secondary control goal (after stability) throughout this thesis. The simplest
form of power sharing requires that, at steady state, each producer injects the
same amount of power into the network. Of course, in reality, different power
sources have different capacities. Therefore, we often aim for weighted power
sharing instead, which gives each producer a weight (interpreted as e.g. a mar-
ginal price per kW), and balances the weighted power injections.

1.3 outline of this thesis
This thesis consists of two parts, each studying a possible model of a modern
power grid. Both parts have a separate introduction, statement of contribu-
tions and a more detailed outline.
Part I considers alternate current (AC) power networks. All three chapters
within it focus on an existing algorithm for control of these networks, and
study the robustness of the algorithm. Chapter 2 focuses on the distributed
averaging integral (DAI) controller, and introduces the kind of Lyapunov func-
tion and stability proof that will be of use throughout Part I. We use this sta-
bility result to show that the closed-loop system can resist a certain class of
denial-of-service attacks. Chapter 3 focuses on the same controller, and shows
that the power system under DAI control is input-to-state stable (ISS) with re-
strictions with respect to disturbances. Chapter 4 considers an alternative con-
troller called the leaky integral controller, and shows that it, too, results in an
closed loop system that is ISS with restrictions with respect to disturbances.
The latter two chapters moreover use the ISS result to provide guidance for
tuning the controller parameters for fast convergence and precise frequency
regulation.
Part II changes the focus to direct current (DC) microgrids. The two chapters
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within it introduce consensus-like controllers for a DC power grid. Both con-
trollers are designed to effect power sharing among the energy sources, that
is, to make each source output the same amount of power, or an amount pro-
portional to their capacity. Chapter 5 focuses on DC grids with resistive power
transmission lines. The proposed controller is able to achieve power consensus
for various types of loads, that is, those modelled as a constant impedance, con-
stant current or constant power load. Chapter 6 focuses on grids with resistive-
inductive transmission lines. We show that the controller for this model works
for constant impedance and constant current loads.
After Part II, we provide some summarizing remarks and suggestions for fu-
ture research.

1.4 list of publications
1.4.1 journal publications

• E. Weitenberg, C. De Persis, and N. Monshizadeh, “Exponential conver-
gence under distributed averaging integral frequency control,” Automat-
ica, 2017, under review (Chapter 2).

• E. Weitenberg, Y. Jiang, C. Zhao, E. Mallada, C. De Persis, and F. Dörfler,
“Robust decentralized secondary frequency control in power systems:
Merits and trade-offs,” IEEE Transactions on Automatic Control, 2017, un-
der review (Chapter 4).

• C. De Persis, E. Weitenberg, and F. Dörfler, “A power consensus algorithm
for DC microgrids,” Automatica, vol. 89, pp. 364–375, 2018 (Chapter 5).

• E. Weitenberg and C. De Persis, “Robustness to noise of distributed aver-
aging integral controllers in power networks,” Systems and Control Letters,
2018, under review (Chapter 3).

1.4.2 conference publications

• E. Weitenberg, C. De Persis, and N. Monshizadeh, “Quantifying the per-
formance of optimal frequency regulators in the presence of intermittent
communication disruptions,” IFAC-PapersOnLine, vol. 50, no. 1, pp. 1686–
1691, 2017, 20th IFAC World Congress. An unabridged version is avail-
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able as arXiv:1608.03798 with the title “Exponential convergence under
distributed averaging integral frequency control” (Chapter 2).

• C. De Persis, E. Weitenberg, and F. Dörfler, “A power consensus algorithm
for DC microgrids,” in Proceedings of the 20th IFAC World Congress, Toulouse,
2017 (Chapter 5).

• E. Weitenberg, Y. Jiang, C. Zhao, E. Mallada, F. Dörfler, and C. De Persis,
“Robust decentralized frequency control: A leaky integrator approach,”
in Proceedings of the European Control Conference, 2018 (Chapter 4).

1.5 notation
We denote by 1 a vector of which each element is equal to 1. If its length can
not be determined from context, we denote it by a subscript. The symbol 0 is
used for zero vectors and matrices, again denoting dimensions using a sub-
script where necessary. Square brackets, as in [v], are used to denote a diag-
onal matrix with elements taken from the vector v. For a square matrix A,
sp(A) := 1

2 (A + A⊤) is used to denote the symmetric part of A.
The notation col(a1, . . . , an), where the ai are scalars, vectors or matrices with
equal numbers of columns, represents the vector or matrix formed by vertically
stacking the ai, i.e. [a⊤1 · · · a⊤n ]⊤.
When discussing real eigenvalues of symmetric matrices, we use λmin(A) and
λmax(A) to denote the minimum and maximum eigenvalues of A. When neces-
sary, we use λ1(A), . . . ,λn(A) to refer to them in order of magnitude (counting
multiplicity), λ1(A) being the smallest eigenvalue.
The notion that a matrix A is positive or negative definite or semi-definite is
denoted by A > 0, A ≥ 0, A < 0 and A ≤ 0.
When the arguments of a function are obvious from context, we leave out the
argument list, as in f = f(x). Given a system state x = x(t), we use the notation
ẋ to mean the time derivative ∂x

∂t . Likewise, a function W : Rn → R of such a
state, such as a Lyapunov function, has time derivative Ẇ := (∇xW(x))⊤ẋ. We
denote its Hessian by ∇2W.
When used with vector arguments, sin, cos and ln are defined element-wise.
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1.6 preliminaries
In this section, we provide a minimum amount of preliminary definitions and
results, that will be applied throughout this thesis.

1.6.1 nonlinear systems
Given a closed-loop nonlinear system of ordinary differential equations,

ẋ = f(x), x ∈ Rn, (1.1)

with equilibrium x = 0, we will often pursue various results concerning the
stability of the equilibrium. A useful approach is that of Lyapunov functions,
also known as energy or storage functions.

Definition 1.1 (Lyapunov function). A smooth function W : Rn → R is a Lya-
punov function for the system (1.1) if it

1. is positive for all non-zero values of x ∈ X,

2. has a nonpositive time derivative along the flows of (1.1) for all values of
x.

Definition 1.2 (Strict Lyapunov function). A Lyapunov function W is strict if
its time derivative is negative for all non-zero values of x.

Definition 1.3 (Lyapunov stability). An equilibrium xe of system (1.1) is called
Lyapunov stable, if for any ε > 0 there exists a δ > 0 such that given a solution
x(t) to the system, ∥x(0)− xe∥ < δ implies that ∥x(t)− xe∥ < ε for all t > 0.

Lemma 1.1 (Lyapunov stability, Sepulchre et al., 1997). Let 0 be an equilibrium
of (1.1) and suppose that f is locally Lipschitz-continuous. Suppose W is a strict Lya-
punov function for (1.1). Then the equilibrium 0 is globally stable, and all solutions to
(1.1) converge to the set {x : Ẇ(x) = 0}.

It is not always possible to find a strict Lyapunov function. However, an exten-
sion called LaSalle’s invariance principle makes it possible to draw conclusions
in some cases.

Lemma 1.2 (LaSalle’s invariance principle, Sepulchre et al., 1997). Let Ω be a
positively invariant set of (1.1). Suppose that all solutions of (1.1) converge to a subset
S ⊆ Ω, and let M be the largest positively invariant subset of S under (1.1). Then,
every bounded solution of (1.1) starting in Ω converges to M.
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1.6.2 consensus in graphs

Given a connected undirected graph G consisting of a vertex set V = {1, . . . , n}
and a set of m edges E ⊆ V × V , we introduce some graph-theoretical con-
cepts that will be of use when discussing the consensus-based controllers en-
countered in this thesis.

The incidence matrix B ∈ Rn×m. Each column of B represents an edge, and
contains a 1 and a −1 at the rows corresponding to its connected vertices. The
choice which of the vertices corresponds to 1 and which to −1 is arbitrary,
without loss of generality. Other elements are zero.
The incidence matrix is used for calculating differences across edges, and sums
of flux at vertices. Specifically, given a graph with two vertices and an edge, the
incidence matrix is [−1 1]⊤. A vector x ∈ R2 = [−5 5]⊤ denoting some value
at the nodes can be pre-multiplied by B⊤ to produce the difference across the
edge, which here is B⊤x = 10. Likewise, if the flux across the edge is f = 10,
Bf = [−10 10]⊤ represents the flux entering each of the two nodes.
By its construction, B⊤1 = 0.

The Laplacian matrix L := BB⊤. At the diagonals, the value equals the non-
negative degree of each node. Each off-diagonal element at position (i, j) is
−1 if (i, j) ∈ E , and 0 otherwise. Since G is connected, the Laplacian matrix is
positive semi-definite, and the eigenvector belonging to the eigenvalue 0 is 1.
If x ∈ R2 = [−5 5]⊤ denotes some value at each node of G, Lx = [−10 10]⊤ is
the sum at nodes of differences across the edges of G.
It is possible to account for (positively) weighted edges by denoting the weights
as a diagonal matrix Γ ∈ Rm×m, and setting L := BΓB⊤. The resulting L is still
positive semi-definite, and still has an eigenvalue 0 with multiplicity 1 and
eigenvector 1.

A consensus network is defined using a graph with Laplacian matrix L as

ẋ = −Lx ∈ Rn.

Each node’s dynamics depend on the sum of differences between it and its
neighbours. Because −L ≤ 0, the system is marginally stable. Its equilibria
are the vector span of 1, that is, the system converges to consensus.
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1.6.3 graphs and the power network
In this work, we model the power grid using a graph, where the nodes rep-
resent the buses and the edges represent the physical power lines that connect
them. This graph is assumed to be undirected and connected during normal
operation. No assumptions are made about the existence of cycles.
Additionally, we will discuss distributed controllers, located at the nodes of
the graph. Unless indicated otherwise, these controllers are connected to each
other by a connected, undirected communication network, the edges of which
may or may not coincide with the edges of the physical network graph. Again,
no assumptions are made on cyclicity of the communication graph.
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Strict Lyapunov functions for
the swing equations
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Introduction

Modern power grids can be regarded as a large network of control areas con-
nected by power transmission lines. Each of the areas consumes and produces
power, and transfers power to adjacent areas.
Traditionally, an area is typically either a power generation facility or an urban
or industrial area that requires power. The power generation areas are re-
sponsible for guarding the operating conditions of the network, especially the
frequency of the AC signal, which should be closely regulated around a nom-
inal value, e.g. 50 Hz.
More recently, technological advancement and environmental awareness have
motivated the introduction of smaller, cleaner sources of electrical energy.
These are suitable for use in populated areas, and cause pure consumers of
energy to turn into occasional or permanent producers of energy. This is the
source of various challenges and opportunities to power grid operators (Dör-
fler et al., 2016).
In Part I, we focus on control of AC power grids.
The main control objective in power grids is to balance supply and demand in
real time. An instantaneous imbalance results in a deviation of the frequency
from its nominal value. Hence, the controller must regulate the frequency de-
viation to zero. Additionally, secondary control objectives arise, such as eco-
nomically and environmentally efficient generation of power and mitigation
of any faults.
Traditionally, this task is split into three control layers:
Primary control, also referred to as droop control, is proportional control with

respect to the frequency deviation;
Secondary control or automatic generation control (AGC), which is PI control

and causes each area to compensate for its local load fluctuations;
Tertiary control or economic dispatch, which allows the operator to schedule

power generation where it is most efficient.
These control layers operate at different time-scales, with primary control be-
ing nearly instantaneous and secondary and tertiary control operating at longer

11



12 part i – introduction

time-scales. The recent advances in variable, low-inertia energy sources have
caused increasing volatility of power generation. This has motivated an act-
ive research area, developing more flexible control algorithms to replace or
complement the existing controllers.
The control strategies analysed in this Part fill the role of secondary and tertiary
control.

contributions

In this part, we study two control strategies for the swing equations, the dis-
tributed averaging integral (DAI) controller and the leaky integral controller.
The DAI controller is based on passivity of the power network. As such, the
arguments used to prove its stability and convergence rely on passivity and
related techniques. These are sufficient in a mathematical sense, but leave little
room to investigate robustness to faults, disturbances and other phenomena
often dealt with in application areas.
Our work modifies the approach discussed above, and modifies the storage
function used in the passivity analysis, in such a way that the Lyapunov func-
tion is now strictly decreasing as a function of time. With suitable modific-
ations to the proofs, it is possible to show that the controlled system in fact
offers robustness to a variety of disturbances. This approach resembles the
one taken by Vu and Turitsyn (2017); additionally, we investigate the effect of
the controller’s parameters on the robustness margins, providing high-level
guidance on tuning the controller in a practical setting.
The same technique is applied to the power system as controlled by the leaky
integral controller. This, again, allows us to draw conclusions about the ro-
bustness of the closed-loop system to disturbances. In addition, the leaky in-
tegral controller offers much opportunity for tuning, and we again exploit the
robustness result to qualify the effect of the parameters on the behaviour of
the closed-loop system.
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outline

chapter 2

The contribution of this chapter is primarily theoretical: existing approaches
to the problem of optimal frequency control have mostly relied on non-strictly
decreasing Lyapunov functions, using LaSalle’s invariance principle and re-
lated results to guarantee convergence to an invariant manifold on which the
Lyapunov function’s derivative vanishes (see Schiffer et al., 2017; Vu and Tur-
itsyn, 2017 for exceptions). Since this does not lead to strong results on con-
vergence, we design a strictly decreasing Lyapunov function that does prove
exponential convergence to the optimal synchronous solution. Our primary
motivation for investigating this property is to provide an analytical tool with
which robustness of the closed-loop system to disruptions can be quantified.
As an illustration, this Chapter makes use of the developed Lyapunov function
to show exponential convergence to the optimal solution in spite of possible
communication interruptions, modelled here as complete temporary removal
of the communication network. This is a simplification of the many possible
scenarios that could occur. We directly relate the speed of convergence to the
physical parameters of the system and the availability of the communication
network. As a result, the resilience of the aforementioned economically op-
timal control strategies to DoS events is quantified explicitly.

chapter 3

To our knowledge, while the DAI controller offers stability (Trip et al., 2016)
and exponential convergence (as seen in Chapter 2), its robustness to noise in
frequency measurements, actuation and communication has not been formally
established. In this Chapter, we show that the DAI controller in fact satisfies an
input-to-state stability with restrictions property and robustness with respect
to measurement noise, and for completeness also to actuation and communic-
ation noise, building on results from Chapter 2. Moreover, we show how this
result can be exploited in the choice of tuning parameters for the controllers,
highlighting a trade-off between robustness to noise and speedy response to
fluctuations in demand. This shows that the DAI controller is an adequate and
comparably robust controller, if a communication network is available.
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chapter 4
In this Chapter, we propose a fully decentralized leaky integral controller derived
from a standard lag element. We consider this controller in feedback with the
swing equations considered in the previous two Chapters, and show that the
closed-loop system again satisfies an input-to-state stability with restrictions
property. This result, in the same spirit as in Chapter 3, can be exploited to
tune the parameters of the controller, balancing the accuracy of the steady-
state frequency regulation against the controller’s transient performance. We
find that our proposed fully decentralized leaky integral controller is able to
strike an acceptable trade-off between dynamic and steady-state performance
and can compete with other communication-based distributed controllers.
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2.1 introduction
Modern power grids can be regarded as a large network of control areas, each
producing and consuming power and transferring it to adjacent areas. The
frequency of the AC signal is tightly regulated around its nominal value of
e.g. 50 Hz to guarantee reliable operation of this network. Traditionally, this
is achieved by means of proportional (‘droop’) control and PI control. In this
set-up, each area compensates for its local fluctuations in load, and adjusts its
production to provide previously scheduled power flows to the adjacent areas.
As a result, estimates of the load in each area are required in advance to achieve
economical efficiency.
Recently, renewable energy sources such as wind turbines have been intro-
duced in significant numbers. Since these sources do not usually provide a
predictable amount of power, the net load on the individual control areas will
change more rapidly and by larger amounts. More substantial fluctuations are
expected to occur in microgrids, which are energy systems that can operate in-
dependently of the main grid. The resulting need for more advanced control
strategies for future power networks has led to the design of distributed con-
trollers equipped with a real-time communication network (Dörfler et al., 2016;
Shafiee et al., 2014; Mojica-Nava et al., 2014; Bürger and De Persis, 2015; Trip
et al., 2016).
The addition of a communication network raises a reliability and security prob-
lem, as communication packets can be lost and digital communication net-
works may fall victim to failures and malicious attacks. A common disruption
is the so-called Denial of Service, or DoS (Byres and Lowe, 2004), which can be
understood as a partial or total interruption of communications. It is therefore
of interest to characterize the performance degradation of the aforementioned
networks of distributed controllers under loss of information, possibly due to
a DoS event.

2.1.1 literature review
The current research on frequency regulation in power networks is reviewed
in Ibraheem et al. (2005). Since this field of research receives considerable
amounts of attention, we will summarize a subset of results that are close to
our interest.
Frequency stability and control in power networks is a well-established field
of research which has lead to important results for a variety of models (see e.g.
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Bergen and Hill, 1981; Tsolas et al., 1985). More recently, distributed control
methods have been proposed to guarantee not only frequency regulation but
also economic optimality. In a microgrid context, distributed averaging integ-
ral control is well-studied (Simpson-Porco et al., 2013; Bürger and De Persis,
2015; Dörfler et al., 2016; Trip et al., 2016; Andreasson et al., 2017). In the con-
text of power networks, distributed internal-model-based optimal controllers
have also been studied (Bürger and De Persis, 2015; Trip et al., 2016). As a
complementary approach to distributed integral or internal-model controllers,
primal-dual gradient controllers (Li et al., 2014; Zhang and Papachristodoulou,
2013; Stegink et al., 2017; Mallada et al., 2017) are able to handle general convex
objective functions as well as constraints, but in turn require much information
about the power network parameters.
The robustness of power networks under various controllers has been investig-
ated in the works above to varying degree. In this light, it is useful to consider
strictly decreasing energy functions (Malisoff and Mazenc, 2009). Zhao et al.
(2015) make a first attempt to arrive at one, and their effort is expanded upon
by Schiffer et al. (2017) in the context of time-delayed communication. Bear-
ing this in mind, we propose a construction of a new strict Lyapunov function
for the purpose of explicitly quantifying the exponential convergence of power
networks under distributed averaging integral control and then study the per-
formance of this control in the presence of communication disruptions.
As an application of robustness measures, we will investigate the effect of
Denial of Service, or DoS. See e.g. Byres and Lowe (2004) for an introduction to
the subject. A brief overview of previous treatments of DoS follows. It can be
modelled as a stochastic process (Befekadu et al., 2015), a resource-constrained
process (Gupta et al., 2010), or using only constraints on the proportion of time
it is active (De Persis and Tesi, 2015, 2014). Correspondingly, the investigations
of systems under DoS events vary, with focus being on planning transmissions
outside the disruption intervals (Shisheh Foroush and Martínez, 2013), limit-
ing the maximum ratio of time during which DoS is active (De Persis and Tesi,
2015), or guaranteeing stability regardless and quantifying convergence beha-
viour (De Persis and Tesi, 2015, 2014). The latter approach offers interesting
perspectives, since the specific characterization of the period of time during
which communication is not permitted adopted in De Persis and Tesi (2014)
allows for great flexibility and can conveniently model both genuine loss of
communication or packet drops due to malicious behaviour. Furthermore,
the analysis of De Persis and Tesi (2015, 2014) is based on Lyapunov functions,
can handle distributed systems (Senejohnny et al., 2015, 2017), and therefore
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is well suited for the class of nonlinear networked models describing power
networks.

2.2 setting
We consider a power grid, represented here by a set of n buses. The network
of power lines between the buses is represented by a connected graph with n
nodes and m arbitrarily oriented edges and with ±1-valued incidence matrix
B. The orientation is necessary for analytical purposes but otherwise mean-
ingless; the physical network is undirected.
We will use a structure-preserving model for the power network. We con-
sider two types of nodes. Some nodes in the network are connected to syn-
chronous generators or inverters with filtered power measurements; these we
call generators. The others, which we will refer to as loads, are frequency-
responsive loads or inverters with instantaneous power measurements and
primary droop control. In this work, we disregard the additional possibility of
‘passive’ nodes that do not contribute to frequency control at all. Accordingly,
we define the sets G and L of generator and load nodes with cardinality nG

and nL respectively, such that nG + nL = n.
The dynamics at each bus is considered in a reference frame that rotates with
a certain nominal frequency, i.e. 50 Hz. The dynamics can be expressed in the
following form, also known as the swing equations (Kundur et al., 1994). At
generator node i ∈ G,

θ̇i = ωi (2.1a)

Miω̇i = −Diωi −
∑
j∈Ni

γij sin(θi − θj) + ui − Pi, (2.1b)

whereas at load node i ∈ L,

0 = −Diωi −
∑
j∈Ni

γij sin(θi − θj) + ui − Pi, (2.1c)

Here, γij = BijViVj for each edge connecting buses i and j. We summarize the
symbols used in Table 2.1. In this chapter, we assume that the voltages at the
buses are constant and the lines are lossless.

Remark 2.1 (Microgrid model). The system (2.1) is known as the structure-
preserving model of the power network (Bergen and Hill, 1981; Chiang et al.,
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1995), where the load and generator buses are differentiated, and the net act-
ive power drawn by a load is an affine function of the frequency at that bus.
Moreover, the dynamics at the nodes (2.1a)-(2.1b) can also be associated with
droop-controlled inverters with power measurement filters in microgrids (see
Schiffer et al., 2014). This simplified model allows us to perform the Lyapunov
analysis. Regarding the fact that the model can be extended to allow voltage
dynamics, this has been pursued in Schiffer et al. (2014); De Persis et al. (2016).
The analysis of more accurate models (Schiffer et al., 2016a) is left for future
research. Finally, we emphasize that the presence of controllable demand ui at
the load buses is optional, and the Lyapunov analysis can be carried out for the
same network without controllable demands. We will illustrate the resulting
changes in this case in Remark 2.5.

Inspired by the centre-of-inertia coordinates in classic multi-machine power sys-
tem stability studies (Sauer and Pai, 1998), we define the average of the phase
angles of the inverters as the reference, i.e., δ = Πθ, with Π := I − 1

n11⊤.

Note that for any incidence matrix, B⊤Π = B, since 1 ∈ ker(B⊤). For ease of
computation, we will write the dynamics (2.1) in the vector form as follows:

δ̇ = Πω
Mω̇ = −Dω − BΓ sin(B⊤δ) + u − P.

(2.2)

Whenever a variable or parameter is used without subscript, it refers to the
concatenated version; e.g. ω := col(ωG,ωL), Γ = diag(γ1, . . . ,γm), D := block
diag(DG,DL) and M = block diag(MG,0nL×nL

).

2.2.1 control goal
A primary goal in control of power networks is to regulate the frequency devi-
ation to zero. Let u = ū with ū being a constant vector. Then, for an equilibrium
(δ̄, ω̄) of (2.2) with ω̄ = 0, we have

0 = −BΓ sin(B⊤δ̄) + ū − P. (2.3)

Under the assumption, which we will formalize later, that a solution to (2.3)
exists, there are an infinite number of choices for the input ū to satisfy (2.3)
given a constant demand P. This freedom can be exploited to design an input
ū which is optimal according to some suitable objective function.
As a matter of fact, in modern power systems, generators do not always have
the same capacity. For this reason, a controller structure that allows the more
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Table 2.1: Symbols and parameters used in the system model
State variables

θ ∈ Rn Voltage phase angles at the edges
ω ∈ Rn Frequency deviations at the nodes
ξ ∈ Rn Controller states at the nodes

Input

u ∈ Rn Controllable generation (+) or demand (−)
P ∈ Rn Constant demand (+) or generation (−)

Network

B ∈ Zn×m Incidence matrix
L ∈ Zn×n Laplacian matrix
Ni Set of nodes neighbouring node i

Physical parameters

M ∈ Rn×n
+ Moments of inertia as diagonal matrix

D ∈ Rn×n
+ Damping constants as diagonal matrix

V ∈ Rn Vector of voltages at the buses
B ∈ Rm×m Matrix of susceptances of the power lines
Q ∈ Rn×n

+ Diagonal matrix of generation costs

powerful, cheaper generators to do most of the work are more attractive. The
controllers used in the following sections make use of the concept of distrib-
uted optimal power dispatch which has been investigated in e.g. Dörfler et al.
(2016); Trip et al. (2016) and references therein. In this framework, we consider
the cost to be dependent only on the amount of power produced, as transmis-
sion and other costs are relatively small. Each generator input ūi, i = 1, . . . , n,
is assigned a convex cost function Ci(ūi). We can then define an overall con-
vex cost function C(ū) =

∑n
i=1 Ci(ūi) and cast the following static optimization

problem:

min
ū

C(ū)

subject to 1⊤(ū − P) = 0.
(2.4)

An optimal steady state solution to (2.2) is therefore defined as the one that
minimizes the costs of power generation while balancing power supply and
demand.
The problem of economic dispatch was addressed by the distributed control-
lers introduced concurrently and independently in number of papers, which
we cover next. The main objective of this work is to explicitly characterize the
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performance of these controllers, that is, the speed at which the system con-
verges to its optimal solution. Then, their robustness against communication
disruptions, to be defined precisely in Subsection 2.4.1, is made explicit as well.

2.2.2 economically optimal controller
In this subsection, we briefly recall the control strategy detailed in e.g. Dör-
fler et al. (2016, 2013); Monshizadeh and De Persis (2017); Trip et al. (2016);
De Persis and Monshizadeh (2018); Simpson-Porco et al. (2013). In the fol-
lowing material, we will assume cost function C to be quadratic, i.e., Ci(ūi) =
1
2 Qiū2

i , Qi > 0. Restricting it to this form allows to avoid load and/or power
flow measurements. Writing C(u) = 1

2 u⊤Qu, with Q = diag(Qi), we introduce
the Lagrangian function L(u,λ) = C(u) + λ1⊤(u − P), where λ ∈ R denotes
the Lagrange multiplier. Noting that L is strictly convex in u and concave in λ,
there is a saddle point solution (ū, λ̄) to maxλ minu L(u,λ) satisfying

∇C(ū) + 1λ̄ = 0

1⊤(ū − P) = 0, (2.5)

which is obtained as (Trip et al., 2016, Lemma 3)

ūopt = Q−1 11⊤P
1⊤Q−11

. (2.6)

Note that at the optimal point (2.6), the power generated at each node i is pro-
portional to the inverse of its marginal cost Qi.
Now, returning to equality (2.3) and setting u = ūopt yields

0 = −BΓ sin(B⊤δ̄) + Q−1 11⊤P
1⊤Q−11

− P, (2.7)

which together with ω̄ = 0 identify an equilibrium of (2.2) with zero frequency
deviation and optimal power dispatch. Due to the presence of the sinusoids,
the first term in the right-hand-side of the equality above is bounded, and thus
an arbitrary mismatch between the optimal generation ūopt and demand P can-
not be tolerated. Therefore, we impose the following feasibility assumption to
guarantee the existence of an equilibrium with optimal properties:

Assumption 2.1 (Feasibility). There exists a vector δ̄ ∈ RΠ such that (2.7) is
satisfied, and B⊤δ̄ is in the interior of Θ := [ρ − π

2 ,
π
2 − ρ]m, for some ρ with 0 <

ρ < π/2.
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Remark 2.2 (Security constraint). The extra condition on δ̄ is standard in power
grid stability investigations and is usually called the security constraint (Dör-
fler et al., 2016). We modify it slightly by making explicit the distance of (B⊤δ̄)i
from ±π/2. This will be necessary later to show boundedness of the trajector-
ies of (2.2), and to derive explicit expressions for its rate of decay. We require
that the equilibrium is in the interior of this set, so a bounded open set around
it will always exist in which to prove exponential convergence of trajectories.

Remarkably, it can be shown that, under this assumption, the optimization
problem (2.4) is equivalent to the problem

min
ū,δ

C(ū)

subject to 0 = −BΓ sin(B⊤δ) + ū − P,
(2.8)

namely ūopt in (2.6) and δ̄ in Assumption 2.1 are a solution to (2.8). This high-
lights the relevance of (2.4) to the cost minimization problem subject to the
steady state constraint (2.3) (Trip et al., 2016, Lemma 4).
We now introduce the distributed control algorithm (Simpson-Porco et al.,
2013; Trip et al., 2016; Monshizadeh and De Persis, 2017; Dörfler et al., 2013;
Zhao et al., 2015). At each node, a controller actuates the local energy pro-
duction ui. Economic optimality is achieved by fitting the controllers with an
undirected, connected, delay-free communication network, represented by a
graph with Laplacian matrix Lξ . The dynamics of the controllers at the nodes
are then given by

ξ̇ i = −
∑

j∈Ncomm,i

(Qiξ i − Qjξ j)− Q−1
i ωi ui = ξ i, i ∈ G ∪ L

defining Ncomm,i as the set of neighbors of node i in the communication net-
work. In the vector form the expression becomes

ξ̇ = −LξQξ − Q−1ω u = ξ. (2.9)

Proposition 2.1. Under Assumption 2.1, the solutions to the system (2.2) in closed
loop with the controllers at the nodes (2.9) are unique, and locally1converge to the point
(δ,ω, ξ) = (δ̄,0, ξ̄ := ūopt).2

1The term locally refers to the fact that solutions are initialized in a suitable neighbourhood
of (δ̄, 0, ξ̄).

2The proof follows immediately from Monshizadeh and De Persis (2015, Thm. 4)
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The implication of this proposition is that the distributed controllers (2.9) are
able to regulate the frequency to its nominal value and achieve economically
optimal generation of power without measuring the uncertain demand and
generation vector P.

2.3 strictly decreasing lyapunov function

To arrive at an exponential bound on the speed of convergence, we first con-
struct a strictly decreasing Lyapunov function. We then derive an exponen-
tially decreasing upper bound for the Lyapunov function value, and discuss
its implications.

2.3.1 strict lyapunov function

The analysis below makes heavy use of an incremental model of the original
system (2.2), (2.9), with respect to the equilibrium (δ̄,0, ξ̄), ξ̄ = ūopt. This gives
rise to the following dynamics:

δ̇ = Πω
MGω̇G = −DGωG − (∇U(δ)−∇U(δ̄))G + ξG − ¯ξG

0 = −DLωL − (∇U(δ)−∇U(δ̄))L + ξL − ξ̄L

ξ̇ = −LξQ(ξ − ξ̄)− Q−1ω

(2.10)

where U(δ) = −1⊤Γ cos(B⊤δ) is the so-called potential function whose gradi-
ent satisfies ∇U(δ) = BΓ sin(B⊤δ). We denote the sub-vector BGΓ sin(B⊤δ) by
the shorthand ∇U(δ)G, and likewise for ∇U(δ)L.
We introduce the following Lyapunov function candidate, with parameters
ε1, ε2 > 0 to be determined later. Note that (2.11a) below is an energy-based
storage function commonly used in the study of the class of incrementally pass-
ive systems (De Persis and Monshizadeh, 2018), while the addition of (2.11b)
will ensure that W is strictly decreasing along any solution to (2.10) other than
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the optimal equilibrium (δ̄,0, ξ̄):

W(δ,ω, ξ) = U(δ)− U(δ̄)−∇U(δ̄)⊤(δ − δ̄)

+
1
2ω⊤Mω +

1
2 (ξ − ξ̄)⊤Q(ξ − ξ̄)

(2.11a)

+ ε1(∇U(δ)−∇U(δ̄))⊤QMω
− ε2(ξ − ξ̄)⊤11⊤Mω.

(2.11b)

The cross-terms allow us to prove exponential convergence to the equilibrium.
The need for two separate cross-terms will become clear in Remark 2.4 on
page 29.
Note that W vanishes at the equilibrium (δ̄,0, ξ̄) of (2.2). In addition, we have
the following Lemma.

Lemma 2.1. Suppose Assumption 2.1 holds. There exist sufficiently small ε1, ε2 and
positive constants c, c such that for all δ with B⊤δ ∈ Θ, we have

c∥xG(δ,ωG, ξ)∥2 ≤ W(δ,ω, ξ) ≤ c∥xG(δ,ωG, ξ)∥2, (2.12)

where xG(δ,ωG, ξ) := col(δ − δ̄,ωG, ξ − ξ̄).

See the Appendix for this Lemma’s proof.
For ease of the notation, we will omit the explicit parameters of xG in the rest
of the chapter.

Remark 2.3. Note that W(δ,ω, ξ) does not explicitly depend on ωL, and thus
ωL does not appear in the lower and upper bounds of W.

2.3.2 derivative of the lyapunov function
To prove that W(δ,ω, ξ) is strictly decreasing along solutions of (2.10), we must
compute its directional derivative along the vector field defined by the right-
hand side of (2.10) and show that it is strictly negative.
For ease of notation, we define

Ẇ(δ,ω, ξ) = ∂W
∂(δ,ω, ξ)

δ̇
ω̇
ξ̇


where the vector of derivatives on the right-hand side are associated with the
vector field (2.10).
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Lemma 2.2. The directional derivative of W along the vector field (2.10) satisfies

Ẇ(δ,ω, ξ) = −ξ⊤K(δ)ξ, (2.15)

with K(δ) as in (2.13), and

ξ(δ,ω, ξ) := col(∇U(δ)−∇U(δ̄),ω, ξ − ξ̄). (2.16)

As with xG, we omit the parameters of ξ in the following.
Proof. The directional derivative of the part of W(δ,ω, ξ) that is independent
of ε1, ε2 writes as

ω⊤(−Dω + ξ − ξ̄) + (ξ − ξ̄)⊤Q(−LξQ(ξ − ξ̄)− Q−1ω)
= −ω⊤Dω − (ξ − ξ̄)⊤QLξQ(ξ − ξ̄). (2.17a)

Here, we used the fact thatB⊤Π = B⊤ to cancel the (∇U(δ)−∇U(δ̄))⊤ω–terms.
Meanwhile, the derivative of the first cross-term (ignoring ε1) is

ω⊤MQ∇2U(δ)ω
− (∇U(δ)−∇U(δ̄))⊤QDω
− (∇U(δ)−∇U(δ̄))⊤Q(∇U(δ)−∇U(δ̄))
+ (∇U(δ)−∇U(δ̄))⊤Q(ξ − ξ̄). (2.17b)

Noting that col(MG,0)ωG = M col(ωG,ωL) = Mω, the derivative of the second
cross-term, ignoring ε2, is

ω⊤M11⊤Q−1ω − (ξ − ξ̄)⊤11⊤(−Dω + ξ − ξ̄). (2.17c)

Collecting all terms results in the given matrix. □
Having computed the directional derivative Ẇ(δ,ω, z, ζ), we now show that it
is strictly negative.

Lemma 2.3. Suppose that the communication graph is connected. Then, there exist
a positive constant c′ and sufficiently small values of ε1 and ε2 such that ξ⊤K(δ)ξ ≥
c′∥ξ∥2 for all ξ as given in Lemma 2.2 and for all δ with B⊤δ ∈ Θ.

Proof. For notational convenience, we will refer to K(δ) simply as K.
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The main challenge will be to show that the bottom right block of K is strictly
positive definite, as the Laplacian matrix Lξ has a zero eigenvalue. To make
the analysis easier, we introduce the coordinate transformation:

T =

In 0 0
0 In 0
0 0 Q−1V

 , (2.18)

with V = [U 1/
√

n], and U a matrix with orthonormal columns, all orthogonal
to the vector 1. Hence, V is a unitary matrix, i.e. V⊤ = V−1.

We note that, using ξ = Tξ̃,

ξ⊤Kξ = ξ̃
⊤

T⊤KTξ̃

= ξ̃
⊤

K̃ξ̃, (2.19)

where the matrix K̃ is given in (2.14). Here we use the shorthand μ = 1⊤Q−11/√
n, and elided the term ε11 in the top-right position, which when multiplied

from the left with ξ̃
⊤ vanishes due to the fact that B⊤1 = 0.

First, we reduce K̃ to a block diagonal form K̃′ using Lemma 2.5 in Appendix 2.7.
Then we discuss the blocks of K̃′.
Reduction to a block diagonal form. To reduce K̃ to block diagonal form, we apply
Lemma 2.5 two times. First, we express the matrix K as the sum

K̃ = ε1K̃ε1 + ε2K̃ε2 + block diag(0,D,U⊤LξU , 0). (2.20)

Then, we focus on the ε1-terms.

K̃ε1 = sp


Q QD −U 0

0 −MQ∇2U(δ) 0 0
0 0 0 0
0 0 0 0

. (2.21)

Using the partition indicated with

b⊤ =
1
2

[
Q 1

2 Q 1
2 0

]
and c = block diag(Q 1

2 D,−Q− 1
2 U ,0) (2.22)

yields K̃ε1 ≥ K̃′
ε1

, with

K̃′
ε1
= block diag

(
1
2Q,− sp(MQ∇2U(δ))− DQD,−U⊤Q−1U , 0

)
. (2.23)
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Next, we do the same for the ε2-terms.

K̃ε2 = sp


0 0 0 0
0 −M11⊤Q−1 D11⊤Q−1U −μ D1
0 0 U⊤Q−111⊤Q−1U 2μ U⊤Q−11

0 0 0 μ2

. (2.24)

This time, we choose b =
√

2n − 1block diag(0,−D, 2Q−1U) and c = μ 1
2
√

2n−1
col(0,1n,1n−1). This does not yet take care of the D11⊤Q−1U component,
which we split by applying Lemma 5 once more with b = 1⊤D and c =
1
21⊤Q−1U .

This yields K̃ε2 ≥ K̃′
ε2

, with

K̃′
ε2
= block diag

(
0,− sp(M11⊤Q−1)− (2n − 1)D2 − D11⊤D,

U⊤Q−1(
3
411⊤ − 4(2n − 1)I)Q−1U , 3

4μ2
)
.

The terms independent of ε1 and ε2 are already in block diagonal form, and
strictly positive definite. Hence, we let

K̃′ = ε1K̃′
ε1
+ ε2K̃′

ε2
+ block diag(0,D,U⊤LξU , 0)

= block diag

(
1
2ε1Q,

D − ε1(sp(MQ∇2U(δ)) + DQD)

− ε2(sp(M11⊤Q−1) + (2n − 1)D2 + D11⊤D),

U⊤LξU − ε1U⊤Q−1U

+ ε2(U⊤Q−1(
3
411⊤ − 4(2n − 1)I)Q−1U),

3
4ε2μ2

)

(2.25)

and conclude that K̃ ≥ K̃′.
Positive definiteness. We note that D > 0. Also, U⊤LξU > 0. To see this, note
that since the communication graph is connected, the eigenspace of the zero
eigenvalue of Lξ is span(1), which is orthogonal to the image of U . Finally, by
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definition, Q > 0. At this point, K̃ ≥ K̃′ > 0 for all δ such that B⊤δ ∈ Θ,
provided that ε1 and ε2 are chosen sufficiently small. Since this is a closed set,
there exists a positive constant c′ such that K(δ) ≥ ĉI.

Hence, we conclude using the positive definiteness of K̃ and (2.19), that

ξ⊤Kξ = ξ⊤T−⊤K̃T−1ξ ≥ ĉλmin(T−⊤T−1)∥ξ∥2, (2.26)

hence the statement of the Lemma holds with c′ := ĉλmin(T−⊤T−1). □

Remark 2.4 (Purpose of the cross-terms). Note that the role of the cross-terms
in W is now clear: each serves to make one block of K̃′ strictly positive definite,
at a slight cost to the blocks that were already strictly positive definite.

We formalize the results proved so far in a statement.

Proposition 2.2. Suppose Assumption 2.1 holds. There exist sufficiently small ε1, ε2
and a positive constant c such that for any δ such that B⊤δ ∈ Θ, and any ωG, ξ, the
directional derivative of W along the vector field (2.2)–(2.9) satisfies

Ẇ(δ,ω, ξ) ≤ −cW(δ,ω, ξ). (2.27)

Proof. Given Lemma 2.3, Ẇ(δ,ω, ξ) ≤ −c′∥ξ(δ,ω, ξ)∥2.
The first statement of Lemma 2.4 provides that ∥∇U(δ)−∇U(δ̄)∥2 ≥ α1∥δ−δ̄∥2.
Hence we remark that

Ẇ(δ,ω, ξ) ≤ −c′ min(α1, 1)∥x(δ,ω, ξ)∥2

≤ −c′ min(α1, 1)∥xG(δ,ωG, ξ)∥2

≤ −c′

c
min(α1, 1)W(δ,ω, ξ) (2.28)

=: −cW(δ,ω, ξ). □

2.3.3 exponential convergence to the equilibrium
Having shown that the directional derivative of W(δ,ω, ξ) is strictly negative
along the vector field of the closed-loop system, we show exponential conver-
gence to the equilibrium.
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Theorem 2.1. Suppose Assumption 2.1 holds. There exists a neighbourhood of the
equilibrium (δ̄,0, ξ̄) such that all the solutions of the closed-loop system (2.2)–(2.9)
that start from that neighbourhood converge exponentially to the equilibrium, i.e. there
exist positive scalars α, β such that for all t ≥ 0,

∥x(t)∥ ≤ α∥x(0)∥e−βt, (2.29)

with x(δ,ω, ξ) = col(δ − δ̄,ω, ξ − ξ̄).

Proof. The equilibrium (δ̄,0, ξ̄) is a strict minimum of W(δ,ω, ξ) by Lemma 2.1.
Therefore there exists a compact level set Δ around (δ̄,0, ξ̄). Moreover, without
loss of generality, any point on the level set Δ is such that B⊤δ ∈ Θ. Hence, by
Proposition 2.2, Ẇ ≤ −cW ≤ 0 along the solutions of the closed loop system,
which shows the invariance of Δ. Integrating this inequality between 0 and t
and applying Lemma 2.1 yields exponential convergence of the state variables
δ − δ̄,ωG, ξ − ξ̄ to the origin, namely

W(δ(t),ω(t), ξ(t)) ≤ W(δ(0),ω(0), ξ(0))e−ct (2.30)

∥xG(t)∥2 ≤ c
c
∥xG(0)∥2e−ct. (2.31)

Now, by Claim 3 of Lemma 2.4, we also have ∥x(t)∥2 ≤ γ∥xG(t)∥2 for some
positive scalar γ. Since the right-hand side is converging exponentially to zero,
so is x(t), since DL is positive definite. We conclude that the full state (δ −
δ̄,ω, ξ − ξ̄) exponentially converges to the origin as claimed, with α =

√
γc/c

and β = 1
2 c. □

Remark 2.5. We remind the reader at this point that the same analysis can be
carried out for the case where not all or none of the nodes are controllable, as
long as there is at least one generator. In the latter case, the load-side equation
of (2.10) becomes

0 = −DLωL − (∇U(δ)−∇U(δ̄))L. (2.32)

Under suitable modifications to the optimal control input (2.6) and the power
flow equations (2.7), one obtains an upper bound on the load frequencies ∥ωL∥2

in terms of ∥(∇U(δ) − ∇U(δ̄))L∥2, which by the proof above is exponentially
bounded towards zero.
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2.4 convergence bounds under dos
In the previous sections, we have quantified the convergence rate of solutions
to (2.2) in closed loop with the controllers (2.9). We will now consider the
effect of a DoS event, which interrupts the communication between control-
lers as detailed in Assumption 2.2 below. We conclude, by characterizing the
parameters of DoS for which the closed loop system retains exponential con-
vergence to the optimal synchronous solution (2.7).

2.4.1 intermittent feedback measurements
In the current setting, we consider the case in which the communication graph
is disrupted. To quantify the impact of this disruption on performance, we
consider the worst-case scenario in which all communication links fail sim-
ultaneously during the disruption period (Senejohnny et al., 2015). Without
communication, the controllers will still ensure that ω → 0, but can no longer
guarantee economic optimality (Trip et al., 2016, Remark 6) and are vulnerable
to noise in measurements (Andreasson et al., 2014a).
In the presence of communication disruptions, the system evolves according
to the following two modes:

1. the nominal mode, in which the system and controllers obey the dynam-
ics (2.2), (2.9) as detailed previously;

2. the denial-of-service (DoS) mode, in which the system evolves according
to (2.2), (2.9) with Lξ = 0n×n in (2.9).

Remark 2.6. Notice that a third state is possible, in which a subset of the com-
munication links is interrupted. While our results continue to hold for this
case, the conditions derived, namely Theorem 2.2, turn out to be conservative.
A way to reduce this conservatism is to exploit the notion of persistency of
communication inspired by Senejohnny et al. (2017); Arcak (2007). This study
will be pursued in a future work.

The system under consideration can now be formalized as follows (De Persis
and Tesi, 2014). Let hi ≥ 0 denote the starting time of the ith DoS failure, i.e.
the time of ith DoS transition from inactive to active. Furthermore, let τi > 0
denote the length of the ith DoS failure, such that hi+τi < hi+1. We then denote
the ith DoS interval by Hi := [hi, hi + τi). During these intervals, no commu-
nication is possible between the controllers. The choice of these intervals is
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not allowed to be completely arbitrary; limiting the duration of the failure is
necessary for closed-loop stability to be achievable at all. In this light, the DoS
failure is restricted as follows.
Given a sequence of DoS intervals {Hi, i = 1, . . . , k}, let

Ξ(t) :=
k∪

i=1
Hi ∩ [0, t] (2.33)

denote the union of DoS intervals up to time t.

Assumption 2.2. (De Persis and Tesi, 2014, Assumption 1) There exist constants
κ ∈ R>0 and τ ∈ R>1 such that for all t ≥ 0,

|Ξ(t)| ≤ κ +
t
τ
. (2.34)

The rationale behind this inequality is that, if κ = 0, the DoS failure is active at
most a proportion of 1/τ of the time (since τ > 1). Adding κ is necessary, since
if h0 = 0, |Ξ(τ0)| = τ0 ≥ τ0/τ, hence τ0 is required to be zero. The addition of
κ > 0 therefore allows the failure to be active at the start of the interval under
consideration.
No further conditions are placed on the structure of the DoS state, allowing
it to occur aperiodically, allowing subsequent events to differ in length, and
allowing any or no specific stochastic distribution (De Persis and Tesi, 2014,
2015).

2.4.2 exponential convergence under dos
To prove the main result of this section, we first state the existence of an expo-
nential growth during DoS intervals.

Proposition 2.3. Let Assumption 2.1 hold. There exist sufficiently small ε1, ε2 and
a positive constant d such that for any δ for which B⊤δ ∈ Θ, and any ωG, ξ, the
directional derivative of W(δ,ω, ξ) along the vector field (2.2), (2.9) with Lξ = 0n×n
satisfies:

Ẇ(δ,ω, ξ) ≤ d W(δ,ω, ξ). (2.35)

Proof. By a minor variation of Lemma 2.2 and Lemma 2.3, one writes

Ẇ(δ,ω, ξ) ≤ cDoS∥ξ∥2 (2.36)
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for

cDoS := − min
B⊤δ∈Θ

λmin(K̃(δ)|Lξ=0) (2.37)

positive for positive values of ε1 and ε2. From Lemma 2.4, one obtains a posit-
ive scalar α2 such that Ẇ(δ,ω, ξ) ≤ cDoS max(1,α2)∥x∥2. To proceed, we apply
Claim 3 of Lemma 2.4 to see that ∥x∥2 ≤ γ∥xG∥ for a positive scalar γ. Finally,
we apply Lemma 2.1 to end up at the claim of the Theorem:

Ẇ(δ,ω, ξ) ≤ cDoS max(1,α2)γ∥xG∥2 (2.38)

≤ cDoS

c
max(1,α2)γW(δ,ω, ξ). □

We are now ready to state the main result of this section. It applies to the
solutions of system (2.2) controlled by

ξ̇ = −Lξ(t)Qξ − Q−1ω u = ξ, (2.39)

where

Lξ(t) =
{

Lξ t ̸∈ Ξ(t)
0n×n t ∈ Ξ(t). (2.40)

Theorem 2.2. Let Assumption 2.1 hold, and let c, d be as in Propositions 2.2 and 2.3,
respectively. Suppose that the communication between the controllers is subject to a
DoS event, for which Assumption 2.2 holds with

τ > 1 +
d
c
. (2.41)

Then, there exists a neighbourhood of the equilibrium (δ̄,0, ξ̄) such that solutions of
the closed-loop system (2.2), (2.39), that start from this neighbourhood exponentially
converge to the equilibrium, namely, for all t ≥ 0 we have

∥x(t)∥ ≤ αe−βt∥x(0)∥, (2.42)

with β = 1
2 (c −

c+d
τ ) > 0, α =

√
γeκ(c+d)c/c, and γ as in Lemma 2.4.

Proof. First, we note that the equilibrium (δ̄,0, ξ̄) of system (2.2), (2.39), is Lya-
punov stable (e.g. De Persis et al., 2016; Trip et al., 2016). In fact, the function
W in (2.11) with ε1 = ε2 = 0, provides a common weak Lyapunov function for
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the switched system (2.2), (2.39). Hence, there exists a neighbourhood of the
equilibrium point for which any solution that originates in it remains in the
set of points such that B⊤δ ∈ Θ. Then, for all t ≥ 0,

W(δ(t),ω(t), ξ(t)) ≤ W(δ(0),ω(0), ξ(0))e(c+d)κe−t(c− c+d
τ ), (2.43)

where, to derive the inequality, we have distinguished in [0, t] between inter-
vals during which W exponentially decays with rate c (DoS-free intervals) and
intervals during which W exponentially increases with rate d (DoS intervals),
and used Propositions 2.2 and 2.3. Therefore, using Lemma 2.1,

∥xG(t)∥ ≤

√
c
c
e(c+d) κ

2 e− t
2 (c−

c+d
τ )∥xG(0)∥. (2.44)

This results in exponential convergence of xG(t) with α̃ :=
√

c/c e(c+d) κ
2 and

β = 1
2 (c −

c+d
τ ). Note that β > 0 by (2.41).

Finally, setting α :=
√γα̃ using Claim 3 of Lemma 2.4, we conclude that the

full state (δ − δ̄,ω, ξ − ξ̄) exponentially converges to the origin as claimed. □
The result of theorem above indicates that optimal resource allocation and ex-
ponential convergence are preserved if the proportion of time for which the
DoS is active is sufficiently small, see (2.41). Moreover, the obtained exponen-
tial convergence directly relates bounds on the behaviour of the closed loop
power network, specifically the overshoot α and convergence rate β, to a com-
bination of the physical and cyber parameters of the system and the ongoing
DoS event. This quantifies the performance degradation of the system as a res-
ult of the disruption, allowing implementers of the DAI controllers to estimate
the extent to which networking problems and malicious interference can be
tolerated by the controllers.

2.5 simulations
To illustrate the effect of interrupted communication, we simulate the action
of the controllers, along with the values of W, on an academic example of an
electricity grid, taken from Trip et al. (2016). The network contains four nodes,
connected by the graph depicted in Figure 2.1. Two nodes are generators, two
nodes are loads. The parameter values are listed in Table 2.3(a).
The network was first initialized to a steady state with load profile P = 0. At
t = 0, the profile was changed to the values in Table 2.3(a), and the system
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Node 1 Node 2

Node 3Node 4

B12 = 25.6

B24 = 21.0 B23 = 33.1

Figure 2.1: The node network used for the simulations. Solid lines denote
the transmission lines, while dashed lines represent the communication graph
used by the controllers.

was subjected to a DoS sequence. This initialization ensures that controller
communication is essential for the system to reach the optimal values for ξ
and δ given by (2.7). The sequence starts with approximately 30 s of DoS, and
then short intervals of communication as dictated by (2.34).
In Figure 2.2, the evolution of ∥x(δ,ω, ξ)∥ during the simulation is shown. It
is upper bounded as in (2.42) in Theorem 2.2; we illustrate the slope of the
bound using the red curve in the Figure. The bound itself is less tight due
to the large value of α from (2.42). The numerical values of the parameters
relating to convergence are displayed in Table 2.3(b).

2.6 conclusions
We have introduced a Lyapunov function to show exponential convergence of
power networks under the distributed averaging integral controllers from e.g.,
Dörfler et al. (2016); Trip et al. (2016); Monshizadeh and De Persis (2017), and,
as an academic application, studied their performance when their communic-
ation network is intermittently interrupted. We have derived a bound on the
decay rate of the solutions in terms of properties of the interruption sequence.
Disruptions of other natures can be considered; sophisticated adversaries may
opt to delay the communication signal or even inject false measurements. Fu-
ture work will quantify robustness to such measurement errors. We believe
that the Lyapunov function introduced in this chapter is very useful to study
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Table 2.2: Numerical values for the simulation

Node i Node 1 Node 2 Node 3 Node 4
Mi 3.26 3.26 (load) (load)
Di All equal to 1
Vi 0.98 0.97 0.96 1.04
Bii −46.60 −79.70 −33.10 −21.00
Qi 1.00 0.75 1.50 0.50
Pi 0 0 0.72 0.24

(a) Parameter values for the simulations. All parameters are
provided in ‘per unit’.

ε1 = 0.025 ε2 = 0.030
c = 0.010 c = 6.073

c′ = 0.012 c = 4.120 × 10−4

α = 173.5 β = 1.291 × 10−4

κ = 10 τ = 1.5
(b) Convergence values resulting from the
parameters of the case study.

robustness to sensor noises (Andreasson et al., 2014a). Also, this work con-
siders only the case where communications are entirely removed; it is very
interesting to consider disruptions of a subset of the communication links as
in e.g. Senejohnny et al. (2017).
In addition to power networks, distributed averaging controllers arise in sev-
eral other domains, such as distributed optimization. In that context, an ex-
ponential Lyapunov function could be useful to characterize the convergence
speed as an alternative to heavy ball methods (Polyak and Shcherbakov, 2016).
Finally, it would be interesting to investigate possible connections of the results
in this chapter with the quadratic Lyapunov functions and resilience certific-
ates of Vu and Turitsyn (2017).

2.7 proofs and technical lemmas
Proof of Lemma 2.1. Note that at the equilibrium (δ,ωG, ξ) = (δ̄,0, ξ̄), W(δ,ω, ξ)
and xG are both zero, and the inequalities in the lemma trivially hold.
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||x(δ,ω,ξ )||

Figure 2.2: Evolution of ∥x(δ,ω, ξ)∥ during the simulation. Shaded vertical
bars represent the times during which controller communication was unavail-
able. The detailed view illustrates the tightness of the decay rate β obtained in
Theorem 2.2.

To show the existence of the lower and upper bounds, we will first investig-
ate the terms of W(δ,ω, ξ) in (2.11a). This will lead to initial estimates for the
bounds of the entirety of W(δ,ω, ξ). Then, by an appropriate choice of the εi
occurring in (2.11b), we will limit and quantify the deviation from these estim-
ates caused by the cross-terms.
Consider the terms in (2.11a). Since MG and Q are diagonal matrices with
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positive elements, outside equilibria we have

0 < λmin(MG)∥ωG∥2 ≤ ∥ωG∥2
MG

≤ λmax(MG)∥ωG∥2, (2.45)
0 < λmin(Q)∥ξ − ξ̄∥2 ≤ ∥ξ − ξ̄∥2

Q ≤ λmax(Q)∥ξ − ξ̄∥2. (2.46)

Furthermore, by Lemma 2.4 in the Appendix,

0 < β1∥δ − δ̄∥2 ≤ U(δ)− U(δ̄)−∇U(δ̄)⊤(δ − δ̄) ≤ β2∥δ − δ̄∥2. (2.47)

Therefore, if the cross-terms were absent, one would find

c = min
( 1

2 λmin(MG), 1
2 λmin(Q), β1

)
, (2.48)

c = max
( 1

2 λmax(MG), 1
2 λmax(Q), β2

)
. (2.49)

Next, let us estimate the deviation caused by the cross-terms (2.11b), for which
we will use the following consequence of Young’s inequality and the triangle
inequality: for two vectors a, b,

2|a⊤b| = 2

∣∣∣∣∣∑
i

aibi

∣∣∣∣∣ ≤ 2
∑

i
|aibi| ≤

∑
i
(a2

i + b2
i ) = ∥a∥2 + ∥b∥2. (2.50)

Similarly,

−2|a⊤b| ≥ −∥a∥2 − ∥b∥2. (2.51)

Consider W1 := (∇U(δ)−∇U(δ̄))⊤QMω. Using the above,

− ∥Q(∇U(δ)−∇U(δ̄))∥2 − ∥Mω∥2 ≤ 2W1

≤ ∥Q(∇U(δ) −∇U(δ̄))∥2 + ∥Mω∥2 (2.52)

Then, using Lemma 2.4, and noting that Mω = col(MGωG,0L) by definition
of M, we find

− α2λmax(Q)2∥δ − δ̄∥2 − λmax(MG)2∥ωG∥2 ≤ 2W1

≤ α2λmax(Q)2∥δ − δ̄∥2 + λmax(MG)2∥ωG∥2. (2.53)

Next, we consider W2 := (ξ − ξ̄)⊤11⊤Mω. Using the above,

−∥11⊤(ξ − ξ̄)∥2 − ∥Mω∥2 ≤ 2W2 ≤ ∥11⊤(ξ − ξ̄)∥2 + ∥Mω∥2, (2.54)
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and, since λmax(11⊤) = n,

− n2∥ξ − ξ̄∥2 − λmax(MG)2∥ωG∥2 ≤ 2W2

≤ n2∥ξ − ξ̄∥2 + λmax(MG)2∥ωG∥2. (2.55)

As a result, the entire Lyapunov function is bounded as in the Lemma, with

c = 1
2 min

(
λmin(MG)− (ε1 + ε2)λmax(MG)2,

λmin(Q)− ε2n2, 2β1 − ε1α2λmax(Q)2), (2.56)
c = 1

2 max
(
λmax(MG) + (ε1 + ε2)λmax(MG)2,

λmax(Q) + ε2n2, 2β2 + ε1α2λmax(Q)2). (2.57)

Here, c is trivially positive, while c can be made positive by choosing ε1 and ε2
sufficiently small. □

Lemma 2.4. Consider δ and U(δ) as defined in Section 2.2, and the Bregman distance
Wδ := U(δ)−U(δ̄)−∇U(δ̄)⊤(δ − δ̄). The following properties hold for all δ, δ̄ that
satisfy B⊤δ,B⊤δ̄ ∈ Θ:

1. There exist positive scalars α1 and α2 such that

α1∥δ − δ̄∥2 ≤ ∥∇U(δ)−∇U(δ̄)∥2 ≤ α2∥δ − δ̄∥2. (2.58)

2. There exist positive scalars β1 and β2 such that

β1∥δ − δ̄∥2 ≤ Wδ ≤ β2∥δ − δ̄∥2. (2.59)

3. There exists a positive scalar γ such that

∥xG∥2 ≤ ∥x∥2 ≤ γ∥xG∥2. (2.60)

Proof. In the following, we denote by L(δ) the Laplacian matrix B⊤Γ[cos(δ)]B,
for δ ∈ Rm.
Proof of (1). The vector ∇U(δ)−∇U(δ̄) is defined as BΓ(sin(B⊤δ)− sin(B⊤δ̄)).
Applying the mean value theorem component-wise to the difference vector
sin(B⊤δ) − sin(B⊤δ̄) yields a vector δ̃i for each component as a function of δ
and δ̄, such that

sin(B⊤
i δ)− sin(B⊤

i δ̄) = cos(B⊤
i δ̃i)B⊤

i (δ − δ̄). (2.61)
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Stacking the result, and writing δ̃ ∈ Rm such that δ̃i := B⊤
i δ̃i, we arrive at

sin(B⊤δ)− sin(B⊤δ̄) = [cos δ̃]B⊤(δ − δ̄). (2.62)

Given that δ and δ̄ satisfy the security constraint, each of the δi ∈ Θ, and there-
fore, δ̃ ∈ Θ. By pre-multiplying by BΓ, we find ∇U(δ)−∇U(δ̄) = L(δ̃)(δ − δ̄).
Given that δ̃ ∈ Θ, L(δ̃) is a Laplacian matrix, and therefore positive semi-
definite with kerL(δ̃) = R 1. Since by definition, δ, δ̄ ⊥ 1,

λ2L(δ̃)
2
∥δ − δ̄∥2 ≤ ∥∇U(δ)−∇U(δ̄)∥2 ≤ λmax(L(δ̃))2∥δ − δ̄∥2. (2.63)

Remembering that δ̃ depends on δ and δ̄, the result holds with

α1 := min
B⊤δ,B⊤ δ̄∈Θ

λ2(L(δ̃))2 (2.64)

and

α2 := max
B⊤δ,B⊤ δ̄∈Θ

λmax(L(δ̃))2. (2.65)

Proof of (2). We claim that the Bregman distance U(δ)−U(δ̄)−∇U(δ̄)⊤(δ − δ̄)
can be written as

Wδ = (δ − δ̄)⊤L(δ′)(δ − δ̄) (2.66)

for some δ′ ∈ Θ that depends on δ and δ̄. To see this, we write Wδ as a function
of δ := B⊤δ, and likewise for δ̄. Then

Wδ = Ũ(δ)− Ũ(δ̄)−∇Ũ(δ̄)⊤(δ − δ̄), (2.67)

setting Ũ(δ) := −1⊤Γ cos δ, so ∇Ũ(δ) = Γ sin δ. Since ∇2Ũ(δ) = Γ cos δ > 0
for δ ∈ Θ, and since Θ is closed, there exists a positive number ν such that
∇2Ũ(δ) ≥ νI for any δ ∈ Θ. This implies that Ũ(δ) is a strongly convex func-
tion, and as a consequence, the Bregman distance is equal to

(δ − δ̄)⊤∇2Ũ(δ′)(δ − δ̄) (2.68)

for some δ′ whose elements are a convex combination of those of δ and δ̄ (Boyd
and Vandenberghe, 2004, Section 9.1.2, page 459). We then rewrite this in δ–
coordinates to obtain the claim.
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Since, once again, δ ⊥ 1, we have

λ2(L(δ′))∥δ − δ̄∥2 ≤ Wδ ≤ λmax(L(δ′))∥δ − δ̄∥2. (2.69)

Therefore the result holds with

β1 := min
B⊤δ,B⊤ δ̄∈Θ

λ2(L(δ′)) (2.70)

and

β2 := max
B⊤δ,B⊤ δ̄∈Θ

λmax(L(δ′)). (2.71)

Proof of (3). The first inequality follows immediately from the fact that xG is
obtained by omitting the ωL elements from x. The second one follows from
the third equation in (2.10), which can be written as

DLωL = −(∇U(δ)−∇U(δ̄))L + ξL − ξ̄L. (2.72)

Hence, by Claim 1 of this Lemma, we also have

∥DLωL∥ = ∥(∇U(δ)−∇U(δ̄))L − (ξL − ξ̄L)∥
≤ ∥(∇U(δ)−∇U(δ̄))L∥+ ∥ξL − ξ̄L∥
≤ ∥(∇U(δ)−∇U(δ̄))∥+ ∥ξ − ξ̄∥
≤ α2∥δ − δ̄∥+ ∥ξ − ξ̄∥. (2.73)

As a result, ∥ωL∥ ≤ 1
λmax(DL)

(α2∥δ − δ̄∥+∥ξ − ξ̄∥) ≤ 1
λmax(DL)

(α2 +1)∥xG∥. We
conclude that

∥x∥2 = ∥xG∥2 + ∥ωL∥2 ≤

(
1 +

(
α2 + 1

λmax(DL)

)2
)
∥xG∥2, (2.74)

so γ = 1 + ((α2 + 1)/λmax(DL))
2. □

Remark 2.7. The bounds derived in the proof of this Lemma are general, but
conservative. If the equilibrium value of δ̄ is known, one can increase the po-
tential tightness of αi, βi by calculating the minima and maxima for this fixed
value of δ̄ and over δ with B⊤δ ∈ Θ.

Lemma 2.5. Given four appropriately sized matrices a, b, c and d,

M :=

[
a b⊤c

c⊤b d

]
≥
[
a − b⊤b 0

0 d − c⊤c

]
=: M′. (2.75)
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Proof. For any appropriately sized pair of vectors u and v, let x⊤ :=
[
u⊤ v⊤

]
.

Then

x⊤Mx = u⊤au + v⊤dv + 2u⊤b⊤cv. (2.76)

Note that

0 ≤ (bu + cv)⊤(bu + cv) = u⊤b⊤bu + v⊤c⊤cv + 2u⊤b⊤cv, (2.77)

hence

2u⊤b⊤cv ≥ −u⊤b⊤bu − v⊤c⊤cv. (2.78)

As a result,

x⊤Mx ≥ u⊤(a − b⊤b)u + v⊤(d − c⊤c)v, (2.79)

so the claim follows. □
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3.1 introduction
The modern AC power system balances supply and demand in real time des-
pite faults and fluctuations in demand, supply and transport. Adequate con-
trol techniques on the supply side ensure all units on the network enjoy a stable
voltage amplitude and frequency, which is critical for safety and performance.
Traditionally, these challenges have been addressed using centralized control
on multiple time scales, exploiting the large inertia in generation units to com-
pensate for the relatively small effect of fluctuations and faults.
Recently, increasing prevalence of renewable low-inertia generation units has
increased volatility of supply on small and large time scales. Additionally, the
emergence of so-called microgrids has introduced the compelling case of a
small-scale network that can operate independently of the larger power grid,
relying on small local generators. Inspired by this, an active research area has
emerged to deal with this volatility in a decentralized and flexible way.
This work focuses on the secondary control layer. Various approaches for sec-
ondary control have been taken in recent years, for example primal-dual meth-
ods (Stegink et al., 2017; Li et al., 2014; Zhang and Papachristodoulou, 2013),
internal-model control (Bürger et al., 2014; Trip et al., 2016) and distributed av-
eraging integral (DAI) control (Simpson-Porco et al., 2013; De Persis and Mon-
shizadeh, 2018; Dörfler et al., 2016; Trip et al., 2016). We investigate the latter
approach.
Previously the performance of the DAI controller has been addressed e.g. by
Flamme et al. (2017), who derived a H2-optimum for the controller paramet-
ers under measurement noise. Similarly, Wu et al. (2016) use H2 techniques
to find the optimal communication topology for the DAI controller. Addition-
ally, Andreasson et al. (2014a) performed an analysis of the linearised system.
In the present work however, we additionally consider frequency noise, and
provide a stability certificate for the non-linear system instead of a linearised
one. This has the additional advantage of making the work applicable to other
systems with similar strongly convex dynamics, which will be elaborated upon
in Remark 3.1

3.2 setting
The power network is viewed as a graph G = (V, E). The systems at the nodes
are partitioned into a set of of nG generators and a set of nL loads, with n =
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nG + nL. As such, V = VG ∪ VL. The graph’s edges represent the m physical
power lines between the various power systems.
We denote the n × m incidence matrix of G by B. Without loss of generality,
we assume the first nG rows of B correspond to the generator nodes and the
others to the loads. Accordingly, we write B⊤ = [B⊤

G,B⊤
L ].

We model the power network using the Bergen-Hill equations (Bergen and
Hill, 1981; Kundur et al., 1994).

θ̇G = ωG (3.1a)
MGω̇G = −DGωG − BGΓ sin(B⊤θ) + u (3.1b)

DLθ̇L = −BLΓ sin(B⊤θ)− P. (3.1c)

Here, θ ∈ Rn denotes the vector of voltage angles of the synchronous machines
and loads at the nodes, relative to a frame of reference rotating at a nominal
frequency ω∗, usually 50 or 60 Hz. Likewise, ω ∈ Rn denotes a machine’s fre-
quency deviation from ω∗. D and M are diagonal n × n matrices encoding
the droop gain and inertia at each node respectively, with the understanding
that inertia at the load nodes is zero. As with B, the subscript G and L de-
note partition of vectors and (diagonal) matrices into source and load nodes,
i.e. θ = [θ⊤

G, θ⊤
L ]

⊤, ω = [ω⊤
G,ω⊤

L ]
⊤, M = block diag(MG,ML) et cetera. Γ is

a diagonal m × m matrix encoding the susceptance Bk of the power lines and
the voltage amplitudes Vi and Vj at each edge as Γkk = BkViVj, for each edge
k = (i, j) ∈ E . Finally, u ∈ RnG is the control input and P ∈ RnL is the demand
at the load nodes. In the Bergen-Hill model, these load nodes are assumed
to be dynamic as opposed to static impedance loads, which are subsequently
absorbed into the line susceptances in a reduced network (Bergen and Hill,
1981).
For ease of analysis, we will use the following equivalent form of (3.1), in which
we introduce the potential function U(θ) = −1⊤Γ cos(B⊤θ):

θ̇ = ω (3.2a)
MGω̇G = −DGωG −∇U(θ)G + u (3.2b)

0 = −DLωL −∇U(θ)L − P. (3.2c)

Remark 3.1. The analysis in this chapter of the behaviour of the DAI control-
ler is not limited to the swing equations seen in power networks, but to a large
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class of nonlinear passive networks (Arcak, 2007). In fact, as long as the po-
tential function U is strongly convex and the diagonal matrices MG and D are
positive definite, the results hold.

The generator nodes are controlled by distributed averaging integral control-
lers (Dörfler et al., 2013; Trip et al., 2016; Monshizadeh and De Persis, 2017).
These controllers are equipped with a communication network Gξ = (VG, Eξ),
consisting of all generator nodes and an edge set possibly different from that of
G. Under mild assumptions (detailed later) and noise-free circumstances, these
controllers minimize a quadratic cost function C(u) = 1

2
∑

i∈VG
Qiu2

i while en-
suring that

∑
i∈G ui =

∑
i∈L Pi (Monshizadeh and De Persis, 2017). This allows

the user to guarantee economically optimal operation, in addition to frequency
regulation.
We apply the DAI controller with measurement noise ν1. Additionally, we
allow for communication noise ν2 to occur before transmission.

u̇i = −
∑
j∈N i

(
Qiui − Qj(uj + ν2,j)

)
− Q−1

i (ωi + ν1,i). (3.3)

We define the noise νω so that both the measurement noise and the commu-
nication noise are encapsulated in it. That is, νω ,i := ν1,i −

∑
j∈N i QiQjν2,j. As

a result, we write the controller in vector form as

u̇ = −LξQu − Q−1(ωG + νω). (3.4)

The noise νω = νω(t) is assumed to be an infinity-norm-bounded function of
time. Likewise, and for the sake of completeness, we assume the control input
contains noise, replacing (3.2b) by

MGω̇G = −DGωG −∇U(θ)G + u + νu, (3.5)

where again, νu = νu(t) is an infinity-norm-bounded function of time.
For ease of analysis, we now apply a coordinate transformation on the rotor
angles θ. Following (Weitenberg et al., 2017c,b), instead of these, we use the
offset from the average of the angles, setting δ := Πθ := (I− 1

n11⊤)θ. Note that
B⊤Π = B⊤, as B⊤1 = 0. We will commit a slight abuse of notation by using
the symbol U to also refer to the potential as a function of δ.

3.2.1 steady state analysis
The system (3.2) in closed loop with distributed averaging integral controllers
is well studied (Dörfler et al., 2016; Monshizadeh and De Persis, 2017; Weiten-
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berg et al., 2017c). In the noise-free case, the system converges exponentially
to a synchronous solution δ̄, ω̄ = 0, ū satisfying

0 = −∇U(δ̄) + col(ū,−P) (3.6)

ū = Q−11G
1⊤
LP

1⊤
GQ−11G

, (3.7)

provided the following assumption holds:

Assumption 3.1 (Feasibility). There exists a vector δ̄ ∈ RΠ such that (3.6)–(3.7)
is satisfied. Moreover, there exists a ρ ∈

(
0, π

2
)

such that B⊤δ̄ is in the interior of
Θ := [ρ − π

2 ,
π
2 − ρ]n.

It will be convenient for later analysis to write the closed-loop system in in-
cremental form (see e.g. Trip et al., 2016), recalling that the notation vG, vL is
used to partition a vector v into sub-vectors for the sources and loads:

δ̇ = Πω (3.8a)
MGω̇G = − DGωG − (∇U(δ)−∇U(δ̄))G

+ u − ū + νu
(3.8b)

0 = − DLωL − (∇U(δ)−∇U(δ̄))L (3.8c)
u̇ = − LξQ(u − ū)− Q−1(ωG + νω). (3.8d)

3.3 lyapunov function
We use for this system the Lyapunov function

W = W0 + ε1W1 + ε2W2

:= U(δ)− U(δ̄)−∇U(δ̄)⊤(δ − δ̄)

+
1
2ω⊤Mω +

1
2 (u − ū)Q(u − ū)

(3.9a)

+ ε1ω⊤M(∇U(δ)−∇U(δ̄))
− ε2ω⊤M1n1

⊤
nG

(u − ū)
(3.9b)

from Weitenberg et al. (2017c). This Lyapunov function includes an energy-
based component (3.9a) and two cross-terms (3.9b) that will make sure the
Lyapunov function is strictly decreasing along solutions, as we will show in
Lemma 3.2.
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Lemma 3.1 (Positivity of W Lemma 2.1). Suppose Assumption 1 holds. There exist
sufficiently small ε1, ε2 and positive constants c, c such that for all δ with B⊤δ ∈ Θ,
we have

c∥xG(δ,ωG,u)∥2 ≤ W(δ,ω,u) ≤ c∥xG(δ,ωG,u)∥2 (3.10)

where xG(δ,ωG,u) := col(δ − δ̄,ωG,u − ū).

In fact,

c = 1
2 min

(
λmin(MG)− (ε1 + ε2)λmax(MG)2,

λmin(Q)− ε2n2, 2β1 − ε1α2
)
, (3.11a)

c = 1
2 max

(
λmax(MG) + (ε1 + ε2)λmax(MG)2,

λmax(Q) + ε2n2, 2β2 + ε1α2
)
, (3.11b)

where α1,α2, β1 and β2 are positive constants emerging from the proof of Lemma 2.4.

3.3.1 derivative of the lyapunov function
We aim to show that W is strictly decreasing along solutions of (3.8). To this
end, we first compute and bound the directional derivative of W with respect
to the vector field (3.8).

Lemma 3.2. There exists a positive scalar c′ such that the directional derivative of W
along the vector field (3.8) satisfies

Ẇ ≤− c′∥x(δ,ω,u)∥2

− ν⊤
ω (u − ū − ε2Q−11nG

1⊤
n Mω)

+ ν⊤
u (ωG + ε1(∇U(δ)−∇U(δ̄))G

− ε211⊤(u − ū)), (3.12)

with

x(δ,ω,u) := col(δ − δ̄,ω,u − ū). (3.13)

Proof. The proof consists of three parts. First, we calculate the directional
derivative of W along solutions to (3.8). Second, we write the derivative as a
quadratic form, bounding it in terms of the norm of a vector. Finally, we write
this bound in terms of the familiar state vector x.
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The derivative of the orthodox part (3.9a) of W is

Ẇ0 = (∇U(δ)−∇U(δ̄))⊤Πω
+ ω⊤

G(−DGωG − (∇U(δ)−∇U(δ̄))G + u − ū + νu)

+ ω⊤
L (−DLωL − (∇U(δ)−∇U(δ̄))L)

+ (u − ū)⊤Q(−LξQ(u − ū)− Q−1(ωG + νω))

= − ω⊤Dω − (u − ū)⊤QLξQ(u − ū)− (u − ū)⊤νω + ω⊤
Gνu (3.14a)

The first cross term has derivative

Ẇ1 = ω⊤M∇2U(δ)ω + (∇U(δ)−∇U(δ̄))⊤(−Dω − (∇U(δ)−∇U(δ̄))
+ col(u − ū + νu,0L)) (3.14b)

Finally, the second cross term has derivative

Ẇ2 = ω⊤M11⊤Q−1(ωG + νω)

+ (u − ū)⊤11⊤(Dω − col(u − ū + νu,0L)) (3.14c)

so the directional derivative of W becomes Ẇ = Ẇ0 + ε1Ẇ1 + ε2Ẇ2.
We will now proceed to bound the derivative in terms of the vector

ξ(δ,ω,u) := col(∇U(δ)−∇U(δ̄),ω,u − ū), (3.15)

following the reasoning set forth in Weitenberg et al. (2017c, Lemma 3), but
accounting for the fact that we do not have load-side controllers in the current
scenario.
Collecting the terms of the directional derivative (3.14) yields

Ẇ(δ,ω,u) = −ξ(δ,ω,u)⊤K(δ)ξ(δ,ω,u)
− ν⊤

ω (u − ū) + ε2ν⊤
ω Q−11nG

1⊤
n Mω

− ν⊤
u (ωG + ε1(∇U(δ)−∇U(δ̄))G − ε211⊤(u − ū)),

(3.16)

where

K(δ) = sp

ε1I ε1D −ε1 col(IG,0L)
0 K22(δ) −ε2D1n1⊤

nG

0 0 QLξQ + ε21nG
1⊤

nG

 , (3.17)
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with sp(M) := 1
2 (M+M⊤) and K22(δ) = D−ε1M∇2U(δ)−ε2M1n1⊤

n col(Q−1,0L).
Using the fact (Weitenberg et al., 2017c, Lemma 6) that for any submatrices
a, b, c, d,[

a b⊤c
c⊤b d

]
≥
[
a − b⊤b 0

0 d − c⊤c

]
, (3.18)

we conclude that K(δ) ≥ K′(δ), where

K′(δ) = block diag

(
1
2ε1InG

,

spK22(δ)− ε1D2 − ε2nGD1n1
⊤
n D

QLξQ − (ε1 +
1
4 ε2)InG

+ ε211⊤
)
. (3.19)

We define c as the minimum eigenvalue of K′(δ), and note that it is strictly
positive provided ε1 ≤ ε2(nG − 1

4 ), and both ε1 and ε2 are sufficiently small
that the middle block of (3.19) is positive definite.
As a result,

Ẇ ≤− c∥ξ(δ,ω,u)∥2

− ν⊤
ω (u − ū) + ε2ν⊤

ω Q−11nG
1⊤

n Mω
+ ν⊤

u (ωG + ε1(∇U(δ)−∇U(δ̄))G
− ε211⊤(u − ū)). (3.20)

For the final bound in terms of x, we now recall Lemma 2.4, which states that
there exists a positive scalar α1 such that for all δ, δ̄ ∈ Θ, ∥∇U(δ)−∇U(δ̄)∥2 ≥
α1∥δ − δ̄∥2. As a result, letting c′ = cmin(1,α1),

Ẇ ≤− c′∥x(δ,ω,u)∥2

− ν⊤
ω (u − ū) + ε2ν⊤

ω Q−11nG
1⊤

n Mω
+ ν⊤

u (ωG + ε1(∇U(δ)−∇U(δ̄))G
− ε211⊤(u − ū)). □

Next, it is convenient to bound the cross terms involving the noise in (3.12)
by quadratic expressions of the noise only, so we can discuss their individual
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effect in the following exposition. To this end, note that we can write (3.14) as

Ẇ ≤ −c′∥x(δ,ω,u)∥2 + ξ(δ,ω,u)⊤Eωνω + ξ(δ,ω,u)⊤Euνu, (3.21)

with ξ as in (3.15) and

Eω :=

 0
ε2Q−111⊤M

−I

 , Eu :=

 ε1I
I

−ε211⊤

 (3.22)

Lemma 3.3. There exist positive constants μ0,μ1 such that for all values of νω, νu
and x,

ξ(δ,ω,u)⊤Eωνω + ξ(δ,ω,u)⊤Euνu ≤
μ0∥x(δ,ω,u)∥2 + μ1∥νω∥2 + μ2∥νu∥2, (3.23)

and c′ − μ0 > 0.

Proof. Note that for arbitrary vectors a and b and an arbitrary positive constant
μ, ∥∥μ− 1

2 a − μ 1
2 b
∥∥2

=
(
μ− 1

2 a − μ 1
2 b
)⊤(μ− 1

2 a − μ 1
2 b
)
> 0.

Therefore, 2a⊤b ≤ μ−1∥a∥2 + μ∥b∥2. We apply this to the left hand side of
(3.23), which yields

ξ⊤Eωνω ≤ 1
2μ

∥ξ∥2 +
μ
2 ∥Eωνω∥2

, (3.24)

and likewise for the second term. Bounding ∥Eωνω∥2 ≤ λmax(E⊤
ω Eω)∥νω∥2,

likewise for νu, and ∥ξ∥2 ≤ max(1,α2)∥x∥2, where α2 is a positive scalar de-
rived using Lemma 2.4, we see that (3.23) holds, for any value of μ, with
μ0 = max(1,α2)/(2μ),

μ1 :=
μ
2 λmax(E⊤

ω Eω) and μ2 :=
μ
2 λmax(E⊤

u Eu). (3.25)

To ensure that c′ − μ0 > 0, we restrict the possible values of μ to the ones
satisfying μ > max(1,α2)

2c′ . □
Combining the above Lemmas 3.2 and 3.3, we end up with the exponential
bound

Ẇ ≤ −(c′ − μ0)∥x(δ,ω,u)∥2 + μ1∥νω∥2 + μ2∥νu∥2. (3.26)
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3.4 iss of the closed-loop system
Having defined a Lyapunov function that is strictly decreasing along solutions
to the system without measurement noise, we will be able to derive a result
along the lines of input-to-state stability. First, we make explicit the stability
criterion that is to be verified, already considered in (Weitenberg et al., 2017b).

Definition 3.1. A system ẋ = f(x, ν) is called input-to-state stable (ISS) with
restriction X on x(0) and restriction N ∈ R>0 on ν(·), if there exist a class KL-
function β and a class K∞-function γ such that for all t ≥ 0, x(0) ∈ X and all
ν(·) ∈ Ln

∞ satisfying

∥ν(·)∥∞ := ess sup
t∈R>0

∥ν(t)∥ ≤ N, (3.27)

we have

∥x(t)∥ ≤ β(∥x(0)∥, t) + γ(∥ν(·)∥∞). (3.28)

Remark 3.2. When referring to the notion in Definition 3.1 as ISS with re-
strictions we are slightly abusing the terminology. In fact this definition was
loosely inspired by Teel (1996) who introduced input-state or input-output
bounds with restrictions on the set of initial conditions and on the asymptotic
norm of the inputs. In the literature, a notion which is closer to the one in
Definition 3.1 is usually named local ISS (Mironchenko, 2016).

Theorem 3.1 (ISS of DAI-controlled power system). Consider the system (3.1) in
closed-loop with the biased distributed integral controller (3.4) as described in (3.8).
Let Assumption 3.1 hold. Then there exist positive constants N1,N2 and a set X
such that the closed-loop system is ISS from the noise νω , νu to the state x(t) =
x(δ(t),ω(t),u(t)) with restrictions X on x(0), N1 on νω(·) and N2 on νu(·). That
is, there exist positive constants α̂, λ and γ1, γ2 such that the solutions x(t) for which
x(0) ∈ X, ∥νω(·)∥∞ ≤ N1 and ∥νu(·)∥∞ ≤ N2 satisfy for all t ≥ 0,

∥x(t)∥2 ≤ λe−α̂t∥x(0)∥2 + γ1∥νω(·)∥2
∞ + γ2∥νu(·)∥2

∞. (3.29)

Proof. Combining Lemmas 3.2 and 3.3 yields

Ẇ(t) ≤ −(c′ − μ0)∥x(t)∥2 + μ1∥νω(t)∥2 + μ2∥νu(t)∥2

≤ −(c′ − μ0)∥xG(t)∥2 + μ1∥νω(t)∥2 + μ2∥νu(t)∥2

≤ −
c′ − μ0

c
W(t) + μ1∥νω(t)∥2 + μ2∥νu(t)∥2, (3.30)
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where the last inequality follows from Lemma 3.1. For the remainder of this
proof, we set α̂ := 2 c′−μ0

c .
Note that this relation holds only to the extent that δ ∈ Θ. As a result, we
must require that X be the largest sublevel set Δw := {x : W(x) ≤ w} for which
B⊤δ ∈ Θ. Given that B⊤δ̄ is in the interior of Θ, X is nonempty and has an
interior. To then ensure that the trajectories do not leave Δw, we note that on
the boundary of Δw, (3.30) becomes

Ẇ(t) ≤ − 1
2 α̂w + μ1∥νω(t)∥2 + μ2∥νu(t)∥2

≤ − 1
2 α̂w + μ1N1 + μ2N2.

Therefore, we require N1, N2 and w (and therefore X) be such that

− 1
2 α̂w + μ1N1 + μ2N2 ≤ 0.

We now apply the Comparison Lemma (Khalil, 2014, Lemma B.2) to (3.30) and
bound ∥νω(t)∥2 and ∥νu(t)∥2 by ∥νω(·)∥2

∞ and ∥νu(·)∥2
∞, which yields

W(t) ≤ e− 1
2 α̂tW(0) + 2

μ1
α̂
∥νω(·)∥2

∞ + 2
μ2
α̂
∥νu(·)∥2

∞, (3.31)

after which the it follows from a double application of Lemma 3.1 that

∥xG(t)∥2 ≤ c
c
e−α̂t∥xG(0)∥2 +

2μ1
cα̂

∥νω(·)∥2
∞ +

2μ2
cα̂

∥νu(·)∥2
∞. (3.32)

This result leaves the load frequencies unaccounted for. It is possible to take
them into account, by recalling that the initial condition x(0) satisfies (3.8c).
We define X such that this condition on ωL(0) is met. Then,

∥ωL∥2 ≤ ∥D−1
L (∇U(δ)−∇U(δ̄))L∥2

≤ λmax(D−2)∥∇U(δ)−∇U(δ̄)∥2

≤ α2λmax(D−2)∥δ − δ̄∥2, (3.33)

where the last inequality follows from Statement 1 of Lemma 2.4 in Weitenberg
et al. (2017c). As a result,

∥x(t)∥2 ≤ c
c
e−α̂t(1 + α2λmax(D−2))∥x(0)∥2

+ γ1∥νω(·)∥2
∞ + γ2∥νu(·)∥2

∞. (3.34)
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In the above, we have set γi := 2μi(α2λmax(D−2) + 1)/(cα̂), i = 1, 2. We there-
fore conclude that the Theorem holds with λ := c

c (1 + α2λmax(D−2)). □

Remark 3.3. It is worthwhile to observe that a slight variation of the previous
analysis shows that the uncontrolled Bergen-Hill model is ISS with restrictions
with respect to the input disturbance νu. To see this, it is enough to neglect the
controller dynamics (3.8d), set u−ū = 0 in (3.8b) and let ε2 = 0 in the Lyapunov
function W. Then, with x(δ,ω) := col(δ − δ̄,ω), the analysis above leads to
conclude that the solutions satisfy ∥x(δ(t),ω(t))∥2 ≤ λe−α̂t∥x(δ(0),ω(0))∥2 +
γ2∥νu(·)∥2

∞ for all t ≥ 0, provided that x(δ(0),ω(0)) ∈ X, and ∥νu(·)∥∞ ≤ N2,
possibly with different values of the parameters λ, α̂,γ2,N2 and a different set
X.

3.4.1 discussion
For tuning purposes, it is useful to explicitly note the effects of the controller
parameters on the convergence and noise rejection. The only parameters are
the values Qi, which are partially fixed by the definition of the cost function
C(u) defined in Section 3.2. However, we note that replacing Q by σQ, with
the scaling factor σ ∈ R>0, does not change the equilibrium (3.7), and there-
fore leaves the ‘true’ generation cost unchanged. We investigate the effect of
using values σ ̸= 1 on the decay rate α̂ and the noise-to-state gains γ1 and γ2
appearing in the ISS inequality (3.29) of Theorem 3.1.

Exponential decay rate α̂. First, consider the parameter α̂ = 2 c′−μ0
c in The-

orem 3.1. Assuming that μ0 is kept constant, and considering that c is a non-
decreasing function of σ while c′ is, for sufficiently small ε2, independent of Q,
we conclude that α̂ is a non-increasing function of σ.
Noise-to-state gains γ1, γ2. The parameters γ1, γ2 depend on c, the lower
bound parameter given in (3.11), on c through α̂, and on μ1, μ2, the Young’s
inequality parameters defined in (3.25). Note that c and c are non-decreasing
functions of σ.
Using the definition of γ1 in the proof of Theorem 3.1, which is γ1 = 2μ1c−1

α̂−1(1 + α2λmax(D−2)), we conclude that it is increasing in the parameter μ1,
which is non-increasing in σ2. Note that the factor α2λmax(D−2)+1 is a constant
with respect to σ. As a result, for sufficiently small values of ε2, we conclude
that γ1 is non-increasing as a function of σ.

The same holds for γ2 = 2μ2c−1α̂−1(α2λmax(D−2)+1); however, since it depends
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on μ2 which is independent of σ, the effect of tuning σ on μ2 is expected to be
less pronounced. This is in line with expectations: since actuation noise is
added at the controller output, it affects the plant dynamics unfiltered.
Summary. Based on these considerations, we infer that higher values in Q
will likely increase robustness to noise by decreasing the noise-to-state gains
γ1, γ2, whereas they reduce the overall convergence speed α̂ of the closed-loop
system. However, due to the considerations above, the range of γ1 and γ2 as
function of σ may be bounded from below. In our simulations, discussed next,
this turns out not to be an issue, as using such high values of σ reduce the
convergence speed past the point where the control action is useful.

3.4.2 case study

As a case study, we use the 39-node IEEE ‘New England’ benchmark, the net-
work structure of which is depicted in Figure 3.1. For this case study, we have
equipped all 10 generation units with a DAI controller. The relative values of
Qi have been chosen in such a way as to lead to balanced performance, with
the relative weight of the generators decided arbitrarily.
For each simulation, the network was initialized without demand. At time t =
0, each node was assigned an arbitrary load, the same for each simulation. The
evolution of the closed-loop system was then measured. In the simulations
with noise, a randomly distributed piecewise constant noise function was used
(again the same for each simulation). Since the actuator usually resides at the
plant actuation noise is disregarded except in Figure 3.5.
To highlight the role of the network parameters in the ISS gain of the noise,
as evidenced by (3.22), we show the evolution of the system in Figure 3.2 for
the nominal value of Q as well as with Q scaled up and down by a factor 5.
Note that the effect of Q is clearly visible in the injected power by the nodes.
Additionally, these simulations illustrate the presence of a trade-off described
earlier between a fast controller performance, for lower values of Q, and more
effective rejection of noise, for higher values.
Additionally, we compare the effects of using a circle graph or a line graph
as the communication topology (instead of a complete graph) in Figure 3.4.
Though, as expected from the definition of α̂ in Theorem 3.1, the convergence
speed is slower for more sparse graphs, noise rejection is not affected much by
the communication topology.
Finally, in Figure 3.6 we show the root mean squared error (RMSE) of the fre-
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Figure 3.1: The structure of the IEEE 39 New England benchmark network

quency deviation at t = 150ms, scaling Q by the scale factor σ. Note that for
σ → 0 (and therefore Qi → 0), the robustness of the system to noise vanishes,
as predicted. Large values of σ lead to robustness, but the system converges
more slowly, as evidenced by the fact that the RMSE at 150 ms rises for larger
values.

3.5 conclusions
Finally, we summarize our results and observations and discuss the aspects
that should be taken into account when tuning a DAI controller.
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(a) Q decreased by factor 5
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(b) Nominal values of Q
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(c) Q increased by factor 5

Figure 3.2: Simulations of the IEEE 39-bus New England system, with a com-
plete communication graph. The system is initialized without demand, and at
t = 0 the loads are turned on. The same noise is applied each time to the meas-
urements and communication, but the cost function C(u) = u⊤Qu is scaled by
an increasing factor. Note how measurement noise is rejected more effectively,
but convergence is slower, as values of Q increase.
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(a) Q decreased by factor 5
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(b) Nominal values of Q
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(c) Q increased by factor 5

Figure 3.3: Same simulation as in Figure 3.2, but without any noise, for com-
parison.

As shown in Theorem 3.1, the DAI controller is input-to-state stable, with re-
spect to supremum-bounded noise in measurements, communication and ac-
tuation. We find therefore that the DAI controller combines the attractive prop-
erties of frequency regulation and economic optimality with robustness.
The DAI controller can be tuned via its weight variable Q. The relative mag-
nitude of the elements Qi are used to achieve optimal dispatch. However, mul-
tiplication by a factor does not affect ū as seen from (3.7), while the local con-
vergence behaviour and robustness to noise is affected.
Naively, the edge cases Qi → 0 and Qi → ∞ result in pure integral control
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(a) Lξ represents a circle
graph
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(b) Lξ represents a star graph
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Figure 3.4: Simulations of the IEEE 39-bus New England system, this time
with different communication topologies.
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(c) Q increased by factor 5

Figure 3.5: Simulations of the IEEE 39-bus New England system, this time with
noise on actuation in addition to measurements and communication. Since
actuation noise enters ω̇ at the control input, it is more visible in ω, but its
effect is filtered out of u.
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Figure 3.6: Same simulation as in Figure 3.2, with Q replaced by σQ. The root
mean squared error (RMSE) of the frequency is plotted versus σ.
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and an open loop, respectively. Pure integral control offers perfect frequency
regulation, but no optimal dispatch or robustness to noise. Open loop control,
having no frequency measurements, does not offer frequency regulation at all.
These edge cases correspond with our findings. Specifically, from Theorem 3.1,
we conclude that low values of Q result in a higher rate of convergence to the
synchronous solution, but also a higher noise-to-state gain, i.e. less robustness.
Conversely, high values of Q result in a lower rate of convergence, but a lower
noise-to-state gain, therefore more robustness to noise.
It is worth noting that the ISS gains γ1, γ2, the decay rate α̂ and restrictions N1,
N2 and X are likely to be conservative compared to the behavior of the system.
This is due to the fact that we take the minimum decay rate for states in a level
set of the Lyapunov function; reducing the permissible state values should
improve the tightness of the bounds. This was also discussed in Chapter 2.
In conclusion, the DAI controller offers perfect frequency regulation and op-
timal dispatch when applied to the swing equations, as well as any other net-
work of nonlinear systems as noted in Remark 3.1. Though its transient per-
formance and ISS-style robustness to noise are at odds with each other, once
can reduce the effect of noise on the power injections by tuning Q.
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4.1 introduction

The core operation principle of an AC power system is to balance supply and
demand in nearly real time. Any instantaneous imbalance results in a devi-
ation of the global system frequency from its nominal value. Thus, a cent-
ral control task is to regulate the frequency in an economically efficient way
and despite fluctuating loads, variable generation, and possibly faults. Fre-
quency control is conventionally performed in a hierarchical architecture: the
foundation is made of the generators’ rotational inertia providing an instant-
aneous frequency response, and three control layers – primary (droop), sec-
ondary automatic generation (AGC), and tertiary (economic dispatch) – oper-
ate at different time scales on top of it (Machowski et al., 2008; Bevrani, 2009).
Conventionally, droop controllers are installed at synchronous machines and
operate fully decentralized, but they cannot by themselves restore the system
frequency to its nominal value. To ensure a correct steady-state frequency and
a fair power sharing among generators, centralized AGC and economic dis-
patch schemes are employed on longer time scales.
This conventional operational strategy is currently challenged by increasing
volatility on all time scales (due to variable renewable generation and increas-
ing penetration of low-inertia sources) as well as the ever-growing complexity
of power systems integrating distributed generation, demand response, mi-
crogrids, and HVDC systems, among others. Motivated by these paradigm
shifts and recent advances in distributed control and optimization, an active
research area has emerged developing more flexible distributed schemes to
replace or complement the traditional frequency control layers.
In this chapter we focus on secondary control. We refer to Molzahn et al. (2017,
Section IV.C) for a survey covering recent approaches amongst which we high-
light semi-centralized broadcast-based schemes similar to AGC (Dörfler and
Grammatico, 2017; Andreasson et al., 2014b; Shafiee et al., 2014) and distrib-
uted schemes relying on consensus-based averaging (Zhao et al., 2015; Dörfler
et al., 2016; De Persis et al., 2016; Trip et al., 2016; Andreasson et al., 2014a;
Weitenberg et al., 2017a) or primal dual methods (Li et al., 2016; Zhang and
Papachristodoulou, 2015; Zhao et al., 2016; Mallada et al., 2017) that all rely on
communication amongst controllers. However, due to security, robustness,
and economic concerns it is desirable to regulate the frequency without rely-
ing on communication. A seemingly obvious and often advocated solution is
to complement local proportional droop control with decentralized integral
control (Ainsworth and Grijalva, 2013; Andreasson et al., 2014b; Zhao et al.,
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2015). In theory such schemes ensure nominal and global closed-loop stability
at a correct steady-state frequency, though in practice they suffer from poor
robustness to measurement bias and clock drifts (Andreasson et al., 2014a,b;
Dörfler and Grammatico, 2017; Schiffer et al., 2015). Furthermore, the power
injections resulting from decentralized integral control generally do not lead
to an efficient allocation of generation resources. A conventional remedy to
overcome performance and robustness issues of integral controllers is to im-
plement them as lag elements with finite DC gain (Franklin et al., 1994). In-
deed, such decentralized lag element approaches have been investigated by
practitioners: Ainsworth and Grijalva (2013) provides insights on the closed-
loop steady states and transient dynamics based on numerical analysis and
asymptotic arguments, Heidari et al. (2017) provides a numerical certificate
for ultimate boundedness, and Han et al. (2017) analyses lead-lag filters based
on a numerical small-signal analysis.

4.2 power system frequency control
4.2.1 system model
Consider a lossless, connected, and network-reduced power system with n
generators modelled by swing equations (Machowski et al., 2008)

θ̇ =ω (4.1a)
Mω̇ =− Dω + P −∇U(θ) + u , (4.1b)

where θ ∈ Tn and ω ∈ Rn are the generator rotor angles and frequencies relat-
ive to the utility frequency given by 2π50 rad s−1 or 2π60 rad s−1. The diagonal
matrices M,D ∈ Rn×n collect the inertia and damping coefficients Mi,Di > 0,
respectively. The generator primary (droop) control is integrated in the damp-
ing coefficient Di, P ∈ Rn is vector of nominal power injections, and u ∈ Rn is
a control input to be designed later. Finally, the magnetic energy stored in the
purely inductive (lossless) power transmission lines is (up to a constant) given
by

U(θ) = −1
2
∑n

i,j=1
BijViVj cos(θi − θj) ,

where Bij ≥ 0 is the susceptance of the line connecting generators i and j with
terminal voltage magnitudes Vi,Vj > 0, which are assumed to be constant.
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Observe that the vector of power injections

(∇U(θ))i =
∑n

j=1
BijViVj sin(θi − θj) (4.2)

satisfies a zero net power flow balance: 1⊤
n ∇U(θ) = 0, where 1n ∈ Rn is the

vector of unit entries. In what follows, we will also write these quantities in
compact notation as

U(θ) = −1⊤Γ cos(B⊤θ), ∇U(θ) = BΓ sin(B⊤θ) ,

whereB ∈ Rn×m is the incidence matrix (Bullo, 2017) of the power transmission
grid connecting the n generators with m transmission lines, and Γ ∈ Rm×m is
the diagonal matrix with its diagonal entries being all the non-zero ViVjBij’s
corresponding to the susceptance and voltage of the ith transmission line.
We note that all of our subsequent developments can also be extended to more
detailed structure-preserving models with first-order dynamics (e.g., due to
power converters), algebraic load flow equations, and variable voltages by
using the techniques developed in De Persis et al. (2016); Zhao et al. (2015).
In the interest of clarity, we present our ideas for the concise albeit stylized
model (4.1).

4.2.2 secondary frequency control

In what follows, we refer to a solution (θ(t),ω(t)) of (4.1) as a synchronous solu-
tion if it is of the form θ̇(t) = ω(t) = ωsync1n, where ωsync is the synchronous
frequency.

Lemma 4.1 (Synchronization frequency). If there is a synchronous solution to the
power system model (4.1), then the synchronous frequency is given by

ωsync =

∑n
i=1 P∗

i +
∑n

i=1 u∗
i∑n

i=1 Di
, (4.3)

where u∗
i denotes the steady-state control action.

Proof. In the synchronized case, (4.1b) reduces to Dωsync1n +∇U(θ) = P + u.
After multiplying this equation by 1⊤

n and using that 1⊤
n ∇U(θ) = 0, we arrive

at the claim (4.3). □
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Observe from (4.3) that ωsync = 0 if and only if all injections are balanced:∑n
i=1 P∗

i + u∗
i = 0. In this case, a synchronous solution coincides with an equi-

librium (θ∗,ω∗,u∗) ∈ Tn × {0n} × Rn of (4.1). Our first objective is frequency
regulation, also referred to as secondary frequency control.

Problem 4.1 (Frequency regulation). Given an unknown constant vector P,
design a control strategy u = u(ω) to stabilize the power system model (4.1) to
an equilibrium (θ∗,ω∗,u∗) ∈ Tn × {0n} × Rn so that

∑n
i=1 P∗

i + u∗
i = 0.

Observe that there are manifold choices of u∗ to achieve this task. Thus, a fur-
ther objective is the most economic allocation of steady-state control inputs u∗

given by a solution to the following so-called economic dispatch problem (Wood
and Wollenberg, 1996):

minimize
u∈Rn

∑n

i=1
aiu2

i (4.4a)

subject to
∑n

i=1
P∗

i +
∑n

i=1
ui = 0 . (4.4b)

The term aiu2
i with ai > 0 is the quadratic generation cost for generator i. Ob-

serve that the unique minimizer u⋆ of this linearly-constrained quadratic pro-
gram (4.4) guarantees identical marginal costs at optimality (Dörfler et al., 2016;
Trip et al., 2016):

aiu⋆
i = aju⋆

j ∀i, j ∈ {1, . . . , n} . (4.5)

We remark that a special case of the identical marginal cost criterion (4.5) is
fair proportional power sharing (Guerrero et al., 2011) when the coefficients ai are
chosen inversely to a reference power P̄i > 0 (normally the power rating) for
every generator i:

u⋆
i /P̄i = u⋆

j /P̄j ∀i, j ∈ {1, . . . , n} . (4.6)

Problem 4.2 (Optimal frequency regulation). Given an unknown constant vec-
tor P, design a control strategy u = u(ω) to stabilize the power system model
(4.1) to an equilibrium (θ∗,ω∗,u∗) ∈ Tn × {0n} × Rn where u∗ minimizes the
economic dispatch problem (4.4).

Aside from steady-state optimal frequency regulation, we will also pursue cer-
tain robustness and transient performance characteristics of the closed loop
that we specify later.
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4.3 fully decentralized frequency control
The frequency regulation Problems 4.1 and 4.2 have seen many centralized and
distributed control approaches. Since P is generally unknown, all approaches
explicitly or implicitly rely on integral control of the frequency error. In the
following we focus on fully decentralized integral control approaches making
use only of local frequency measurements: ui = ui(ωi).

4.3.1 decentralized pure integral control
One possible control action is decentralized pure integral control of the locally
measured frequency, that is,

u =− p (4.7a)
Tṗ =ω , (4.7b)

where p ∈ Rn is an auxiliary control variable, and T ∈ Rn×n is a diagonal
matrix of positive time constants Ti > 0. The closed-loop system (4.1),(4.7)
enjoys many favourable properties, such as solving the frequency regulation
Problem 4.1 with global convergence guarantees regardless of the system or
controller initial conditions or the unknown constant vector P.

Theorem 4.1 (Convergence under decentralized pure integral control). The
closed-loop system (4.1),(4.7) has a non-empty set X ∗ ⊆ Tn × {0n} × Rn of equi-
libria, and all trajectories (θ(t),ω(t), p(t)) globally converge to X ∗ as t → +∞.

Proof. This proof is based on an idea initially proposed in Zhao et al. (2015)
while we make some arguments and derivations more rigorous here. First note
that (4.7) can be explicitly integrated as

u = −T−1(θ − θ0)− p0 = −T−1(θ − θ′
0) , (4.8)

where we used θ′
0 = θ0 − Tp0 as a shorthand. In what follows, we study only

the state (θ(t),ω(t)) without p(t) since p(t) is a function of θ(t) and initial con-
ditions as defined in (4.8).
Next consider the Lyapunov candidate function

V(θ,ω) = 1
2ω⊤Mω + U(θ)− θ⊤P

+
1
2 (θ − θ′

0)
⊤T−1(θ − θ′

0) (4.9)
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The derivative of V along any trajectory of (4.1), (4.7) is

V̇(θ,ω) = −ω⊤Dω . (4.10)

Note that for any initial condition (θ0,ω0) ∈ Tn × Rn the sublevel set Ω :=
{(θ,ω) | V(θ,ω) ≤ V(θ0,ω0)} is compact. Indeed Ω is closed due to continuity
of V and bounded since V is radially unbounded due to quadratic terms in ω
and θ. The set Ω is also forward invariant since V̇ ≤ 0 by (4.10).
In order to proceed, define the zero-dissipation set

E =
{
(θ,ω) | V̇(θ,ω) = 0

}
= {(θ,ω) | ω = 0n} (4.11)

and EΩ := E ∩ Ω. By LaSalle’s theorem (Khalil, 2002, Theorem 4.4), as t →
+∞, (θ(t),ω(t)) converges to a non-empty, compact, invariant set LΩ which
is a subset of EΩ. In the following, we show that any point (θ′,ω′) ∈ LΩ is an
equilibrium of (4.1),(4.7). Due to the invariance ofLΩ, the trajectory (θ(t),ω(t))
starting from (θ′,ω′) stays identically in LΩ and thus in EΩ. Therefore, by (4.11)
we have ω(t) ≡ 0 and hence ω̇(t) ≡ 0. Thus, every point on this trajectory,
in particular the starting point (θ′,ω′), is an equilibrium of (4.1),(4.7). This
completes the proof. □
The global convergence merit of decentralized integral control comes at a cost
though. First, note that the steady-state injections from decentralized integral
control (4.7),

u∗ = −T−1 (θ∗ − θ0)− p0,

depend on initial conditions and the unknown values of P. Thus, in general
u∗ does not meet the optimality criterion (4.5). Second and more importantly,
internal instability due to decentralized integrators is a known phenomenon
in control systems (Campo and Morari, 1994; Åström and Hägglund, 2006).
In our particular scenario, as shown in Andreasson et al. (2014a, Theorem 1)
and Dörfler and Grammatico (2017, Proposition 1), the decentralized integral
controller (4.7) is not robust to arbitrarily small biased measurement errors
that may arise, e.g., due to clock drifts (Schiffer et al., 2015). More precisely
the closed-loop system consisting of (4.1) and the integral controller subject to
measurement bias η ∈ Rn

u =− p (4.12a)
Tṗ =ω + η , (4.12b)
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does not admit any synchronous solution unless η ∈ span(1n), that is, all biases
ηi, for all i ∈ {1, . . . , n}, are perfectly identical (Dörfler and Grammatico, 2017,
Proposition 1). Thus, while theoretically favourable, the decentralized integral
controller (4.7) is not practical.

4.3.2 decentralized lag and leaky integral control
In standard frequency-domain control design (Franklin et al., 1994) a stable
and finite DC-gain implementation of a proportional-integral (PI) controller is
given by a lag element parametrized as

α Ts + 1
αTs + 1 = 1︸︷︷︸

proportional control

+
α − 1

αTs + 1︸ ︷︷ ︸
leaky integral control

,

where T > 0 and α ≫ 1. The lag element consists of a proportional channel as
well as a first-order lag often referred to as a leaky integrator. In our context, a
state-space realization of a decentralized lag element for frequency control is

u =− ω − (α − 1)p
αTṗ =ω − p ,

where T is a diagonal matrix of time constants, and α ≫ 1 is scalar. In what
follows we disregard the proportional channel (that would add further droop)
and focus on the leaky integrator to remedy the shortcomings of pure integral
control (4.7).
Consider the leaky integral controller

u =− p (4.13a)
Tṗ =ω − K p , (4.13b)

where K,T ∈ Rn×n are diagonal matrices of positive control gains Ki,Ti > 0.
The transfer function of the leaky integral controller (4.13) at a node i (from ωi
to −ui) given by

Ki(s) =
1

Tis + Ki
=

K−1
i

(Ti/Ki) · s + 1 , (4.14)

i.e., the leaky integrator is a first-order lag with DC gain K−1
i and time constant

Ti/Ki (which also equals the bandwidth). It is instructive to consider the lim-
iting values for the gains:
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1. For Ti ↘ 0, leaky integral control (4.13) reduces to proportional (droop)
control with gain K−1

i ;

2. for Ki ↘ 0, we recover the pure integral control (4.7);

3. and for Ki ↗ ∞ or Ti ↗ ∞, we obtain an open-loop system without
control action.

Thus, from loop-shaping perspective for open-loop stable SISO systems, we
expect good steady-state frequency regulation for a large DC gain K−1

i , and a
large (respectively, small) cut-off frequency Ki/Ti likely results in good nominal
transient performance (respectively, good noise rejection). We will confirm
these intuitions in the next section, where we analyse the leaky integrator (4.13)
in closed loop with the nonlinear and multi-variable power system (4.1) and
highlight its merits and trade-offs as function of the gains K and T.

4.4 properties of the leaky integral controller
The power system model (4.1) controlled by the leaky integrator (4.13) gives
rise to the closed-loop system

θ̇ =ω (4.15a)
Mω̇ =− Dω + P −∇U(θ)− p (4.15b)
Tṗ =ω − K p . (4.15c)

We make the following standing assumption on this system.

Assumption 4.1 (Existence of a synchronous solution). Assume that the closed-
loop (4.15) admits a synchronous solution (θ∗,ω∗, p∗) of the form

θ̇
∗
=ω∗ (4.16a)

0n =− Dω∗ + P −∇U(θ∗)− p∗ (4.16b)
0n =ω∗ − K p∗ . (4.16c)

where ω∗ = ωsync1n for some ωsync ∈ R.

By eliminating the variable p∗ from (4.16), we arrive at

P − (D + K−1)ωsync1n = ∇U(θ∗) . (4.17)
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Equations (4.17) take the form of lossless active power flow equations (Machow-
ski et al., 2008) with injections P − (D + K−1)ωsync1n. Thus, Assumption 4.1 is
equivalent assuming feasibility of the power flow (4.17) which is always true
for sufficiently small ∥P∥.
Under this assumption, we now show various properties of the closed-loop
system (4.15) under leaky integral control (4.13).

4.4.1 steady-state analysis
We begin our analysis by studying the steady-state characteristics. At steady
state, the control input u∗ takes the value

u∗ = −P = −K−1ω∗ = −K−1ωsync1n , (4.18)

that is, it has a finite DC gain K−1 similar to a primary droop control. The
following result is analogous to Lemma 4.1.

Lemma 4.2 (Steady-state frequency). Consider the closed-loop system (4.15) and
its equilibria (4.16). The explicit synchronization frequency is given by

ωsync =

∑n
i=1 P∗

i∑n
i=1 Di + K−1

i
(4.19)

Unsurprisingly, the leaky integral controller (4.13) does generally not regulate
the synchronous frequency ωsync to zero unless

∑
i P∗

i = 0. However, it can
achieve approximate frequency regulation within a pre-specified tolerance band.

Corollary 4.1 (Banded frequency regulation). Consider the closed-loop system
(4.15). The synchronous frequency ωsync takes value in a band around zero that can be
made arbitrarily small by choosing the gains Ki > 0 sufficiently small. In particular,
for any ϵ > 0, if∑n

i=1
K−1

i ≥
∣∣∑n

i=1 P∗
i
∣∣

ϵ
−
∑n

i=1
Di ,

then |ωsync| ≤ ϵ.

While regulating the frequencies to a narrow band is sufficient in practical
applications, the closed-loop performance may suffer since the control input
(4.13) may become ineffective due to a small bandwidth Ki/Ti. Similar obser-
vations have also been made in Ainsworth and Grijalva (2013); Heidari et al.
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(2017). We will repeatedly encounter this trade-off for the decentralized leaky
integral controller (4.13) between choosing a small gain K (for desirable steady-
state properties) and large gain (for transient performance).
The closed-loop steady-state injections are given by (4.18), and we conclude
that the leaky integral controller achieves proportional power sharing by tun-
ing its gains appropriately:

Corollary 4.2 (Steady-state power sharing). Consider the closed-loop system (4.15).
The steady-state injections u∗ of the leaky integral controller achieve fair proportional
power sharing as follows:

Kiu∗
i = Kju∗

j ∀i, j ∈ {1, . . . , n} . (4.20)

Hence, arbitrary power sharing ratios as in (4.6) can be prescribed by choos-
ing the control gains as Ki ∼ 1/P̄i. Similarly, we have the following result on
steady-state optimality:

Corollary 4.3 (Steady-state optimality). Consider the closed-loop system (4.15).
The steady-state injections u∗ of the leaky integral controller minimize the economic
dispatch problem

minimize
u∈Rn

∑n

i=1
Kiu2

i (4.21a)

subject to
n∑

i=1
P∗

i +

n∑
i=1

(1 + DiKi)ui = 0 . (4.21b)

Proof. Observe from (4.20) that the steady-state injections (4.18) meet the
identical marginal cost requirement (4.5) with ai = Ki. Additionally, the steady-
state equations (4.16b), (4.16c), and (4.18) can be merged to the expression

0n = DK u∗ + P −∇U(θ∗) + u∗ .

By multiplying this equation from the left by 1⊤
n , we arrive at the condition

(4.21b). Hence, the injections u∗ are also feasible for (4.21) and thus optimal
for the program (4.21). □
The steady-state injections of the leaky integrator are optimal for the modified
dispatch problem (4.21) with appropriately chosen cost functions. By (4.21b),
the leaky integrator does not achieve perfect power balancing

∑n
i=1 P∗

i +u∗
i = 0

and underestimates the net load, but it can satisfy the power balance (4.4b)
arbitrarily well for K chosen sufficiently small.
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4.4.2 stability & robustness analysis
For ease of analysis, in this subsection we introduce a change of coordinates
for the voltage phase angle θ. Let δ = θ − 1

n1n1⊤
n θ = Πθ be the centre-of-

inertia coordinates (see e.g. Sauer and Pai, 1998; De Persis et al., 2016), where
Π = I − 1

n1n1⊤
n . In these coordinates, the open-loop system (4.1) becomes

δ̇ = Πω (4.22a)
Mω̇ = −Dω + P −∇U(δ) + u, (4.22b)

where by an abuse of notation we use the same symbol U for the potential
function expressed in terms of δ,

U(δ) = −1⊤Γ cos(B⊤δ), ∇U(δ) = BΓ sin(B⊤δ).

Note that B⊤Π = B⊤ since B⊤1n = 0n (Bullo, 2017). The synchronous solution
(θ∗,ω∗, p∗)1 defined in (4.16) is mapped into the point (δ∗,ω∗, p∗), with δ∗ =
Πθ∗, satisfying

δ̇
∗
= 0n (4.23a)

0n = −Dω∗ + P −∇U(δ∗)− P (4.23b)
0n = ω∗ − K P. (4.23c)

The existence of (δ∗,ω∗, p∗) is guaranteed by Assumption 4.1. Additionally,
we make the following standard assumption constraining steady-state angle
differences.

Assumption 4.2 (Security constraint). The synchronous solution (4.23) is such
that B⊤δ∗ ∈ Θ := (−π

2 + ρ, π
2 − ρ)m for a constant scalar ρ ∈

(
0, π

2
)
.

Remark 4.1. Compared with the conventional security constraint assumption
(Dörfler et al., 2016), we introduce an extra margin ρ on the constraint to be
able to explicitly quantify the decay of the Lyapunov function we use in proofs
of Theorems 4.2 and 4.3.

By using Lyapunov techniques following Weitenberg et al. (2017a), it is pos-
sible to show that the leaky integral controller (4.13) guarantees exponential
stability of the synchronous solution (4.23).

1Of course, care must be taken when interpreting the results in this section since the steady-
state itself depends on the controller gain K (see Section 4.4.1). Here we are merely interested in
the stability relative to the equilibrium.
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Theorem 4.2 (Exponential stability under leaky integral control). Consider the
closed-loop system (4.22), (4.13). Let Assumptions 4.1 and 4.2 hold. The equilibrium
(δ∗,ω∗, p∗) is locally exponentially stable. In particular, given the incremental state

x = x(δ,ω, p) = col(δ − δ∗,ω − ω∗, p − p∗), (4.24)

the solutions x(t) = col(δ(t) − δ∗,ω(t) − ω∗, p(t) − p∗), with (δ(t),ω(t), p(t)) a
solution to (4.22), (4.13) that start sufficiently close to the origin satisfy for all t ≥ 0,

∥x(t)∥2 ≤ λe−αt∥x0∥2, (4.25)

where λ and α are positive constants. In particular, when multiplying the gains K and
T by the positive scalars κ and τ respectively, α is monotonically non-decreasing as a
function of the gain κ and non-increasing as a function of τ.

Proof. Consider the incremental Lyapunov function from Weitenberg et al.
(2017a) including a cross-term between potential and kinetic energy:

V(x) = 1
2 (ω − ω∗)⊤M(ω − ω∗)

+ U(δ)− U(δ∗)−∇U(δ∗)⊤(δ − δ∗)

+
1
2 (p − P)⊤T(p − P)

+ ε(∇U(δ)−∇U(δ∗))⊤Mω , (4.26)

where ε ∈ R is a small positive parameter. For sufficiently small values of ε
and if Assumption 4.2 holds, V(x) satisfies

β1∥x∥2 ≤ V(x) ≤ β2∥x∥2 (4.27)

for some β1, β2 > 0 and for all x with B⊤δ ∈ Θ, by Lemma 4.3 in Appendix 4.7.
The derivative of V(x) can be expressed as

V̇(x) = −χ⊤H(δ)χ,

where χ(δ,ω, p) := col(∇U(δ)−∇U(δ∗),ω − ω∗, p − p∗),

H(δ) =

 εI 1
2 εD − 1

2 εI
1
2 εD D − εE(δ) 0n×n
− 1

2 εI 0n×n K

 , (4.28)
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and we defined the shorthand E(δ) = sp(M∇2U(δ)) with sp(A) = 1
2 (A + A⊤).

We claim that for all δ, H(δ) > 0. To see this, apply Lemma 2.5 from Ap-
pendix 4.7 to obtain H(δ) ≥ H′(δ) with

H′(δ) :=

 ε
2 I 0n×n 0n×n

0n×n D − ε(E(δ) + D2) 0n×n
0n×n 0n×n K − εI

 .

Given that D and K are positive definite matrices, one can select ε to be positive
yet sufficiently small so that H′(δ) > 0.
Additionally, we claim that a positive constant β3, dependent on ρ from As-
sumption 4.2, exists such that ∥χ∥2 ≥ β3∥x∥2. To see this, we note that from
Lemma 2.4 that a constant β′

3 exists so that

∥∇U(δ)−∇U(δ̄)∥2 ≤ β′
3∥δ − δ∗∥2. (4.29)

The claim then follows with β3 = min(1, β′
3
−1

).
In order to proceed, we set β4 := minB⊤δ∈Θ λmin(H(δ)). Then, it follows using
(4.27) that, as far as B⊤δ ∈ Θ,

V̇(x) ≤ −β4∥χ∥2 ≤ −β3β4∥x∥2 ≤ −
β3β4
β2

V =: −αV(x) .

For this inequality to lead to the claimed exponential stability, we must guar-
antee that the solutions do not leave Θ. Recall that the sublevel sets of V(x)
are invariant and thus solutions x(t) are bounded for all t ≥ 0 in sublevel sets
{x : V(x) ≤ V(x0)} for which B⊤δ ∈ Θ. Hence, we require the initial condi-
tions x0 of solutions x(t) to be within a suitable sublevel set {x : V(x) ≤ V(x0)}
where B⊤δ ∈ Θ. We now construct such a sublevel set. Let

c := β1
ξ2

λmax(BB⊤)
(4.30)

and ξ > 0 a parameter with the property that any δ satisfying ∥B⊤δ−B⊤δ∗∥ ≤
ξ also satisfies B⊤δ ∈ Θ. The parameter ξ exists because B⊤δ∗ ∈ Θ and Θ is
an open set. Accordingly, define the sublevel set Ωc := {x : V(x) ≤ c}, with c
defined above, and note that any point in Ωc satisfies B⊤δ ∈ Θ. As a matter of
fact V(x) ≤ c implies ∥x∥2 ≤ ξ2

λmax(BB⊤)
and therefore ∥δ − δ∗∥2 ≤ ξ2

λmax(BB⊤)
.
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This in turn implies that ∥B⊤(δ−δ∗)∥2 ≤ ξ2, and hence B⊤δ ∈ Θ by the choice
of ξ.
We conclude that any solution issuing from the sublevel set Ωc will remain
inside of it. Hence along these solutions the inequality V̇(x) ≤ −αV(x) holds
for all time.
By the comparison lemma (Khalil, 2014, Lemma B.2), this inequality yields
V(x(t)) ≤ e−αtV(x(0)), which we combine again with (4.27) to arrive at (4.25)
with λ = β2/β1.
Finally, we address the effect of K and T on α by introducing the scalar factors κ
and τ multiplying K and T. Note that α is a monotonically increasing function
of β4 = minB⊤δ∈Θ λmin(H(δ)). Recall that for any vector z,

λmin(H(δ))∥z∥2 ≤ z⊤H(δ)z,

with equality if z is the eigenvector corresponding to λmin(H(δ)). Let emin de-
note the normalized eigenvector corresponding to λmin(H(δ)). Then, for any
vector z satisfying ∥z∥ = 1, λmin(H(δ)) = e⊤minH(δ)emin ≤ z⊤H(δ)z. Hence,

β4 = min
B⊤δ∈Θ

λmin(H(δ)) = minB⊤δ∈Θ , z:∥z∥=1 z⊤H(δ)z,

where the last equality holds by noting that emin is one of the vectors z at which
the minimum is attained.
Now suppose we multiply K by a factor κ > 1. Let

H′(δ) = H(δ) + block diag(0,0, (κ − 1)K).

The new value of β4 is

β′
4 = min

B⊤δ∈Θ , z:∥z∥=1

(
z⊤H(δ)z +

∑n

i=1
(κ − 1)Kiz2

2n+i

)
︸ ︷︷ ︸

=z⊤H′(δ)z

.

The argument of the minimization is not smaller than z⊤H(δ)z for any z. It
follows that β′

4 ≥ minB⊤δ∈Θ , z:∥z∥=1 z⊤H(δ)z = β4. Similarly, if 0 < κ < 1,
then β′

4 ≤ minB⊤δ∈Θ , z:∥z∥=1 z⊤H(δ)z = β4. Hence, β4 is a monotonically non-
decreasing function of the gain κ. Likewise, α is a monotonically decreasing
function of β2, which itself is a non-decreasing function of τ. □
Theorem 4.2 is in line with the loop-shaping insight that the bandwidth Ki/Ti
determines nominal performance, that is, the decay rate α is monotonically
non-decreasing in Ki/Ti.
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We now depart from nominal performance and focus on robustness. Recall
a key disadvantage of pure integral control: it is not robust to biased meas-
urement errors of the form (4.12). We now show that leaky integral control
(4.13) is robust to such measurement errors. In what follows, instead of (4.13),
consider leaky integral control subjected to measurement errors

u = −p (4.31a)
Tṗ = ω − K p + η , (4.31b)

where the measurement noise η = η(t) ∈ Rn is assumed to be an ∞-norm
bounded disturbance. In this case, the bias-induced instability (reported in
Section 4.3.1) does not occur.
Let us first offer a qualitative steady-state analysis. For a constant vector η, the
equilibrium equation (4.16c) becomes

0n = ω∗ − K P + η.

so that the closed loop (4.1), (4.31) will admit synchronous equilibria. Indeed,
the governing equations (4.17) determining the synchronous frequency ωsync
change to

(D + K−1)ωsync1 = P −∇U(θ∗)− K−1η .

Observe that the noise terms η now takes the same role as the constant injec-
tions P, and their effect can be made arbitrarily small by increasing K. We now
make this qualitative steady-state reasoning more precise and derive a robust-
ness criterion by means of the same Lyapunov approach used to prove The-
orem 4.2. We take the measurement error η as disturbance input and quantify
its effect on the convergence behaviour along the lines of input-to-state sta-
bility. First, we define the specific robust stability criterion that we will use,
repeating Definition 3.1.

Definition 4.1. A system ẋ = f(x, η) is said to be input-to-state stable (ISS) with
restriction X on x(0) = x0 and restriction η ∈ R>0 on η(·) if there exist a class
KL-function β and a class K∞-function γ such that for all t ∈ R≥0, x0 ∈ X , and
all η(·) ∈ Ln

∞ satisfying

∥η(·)∥∞ := ess sup
t∈R≥0

∥η(t)∥ ≤ η,

we have

∥x(t)∥ ≤ β(∥x0∥, t) + γ(∥η(·)∥∞).
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Theorem 4.3 (ISS under biased leaky integral control). Consider system (4.22)
in closed-loop with the biased leaky integral controller (4.31). Let Assumptions 4.1
and 4.2 hold. Given a diagonal matrix K > 0, there exist a positive constant η and a
set X such that the closed-loop system is ISS from the noise η to the state x = col(δ −
δ∗,ω − ω∗, p − p∗) with restrictions X on x0 and η on η(·), where (δ∗,ω∗,P) is
the equilibrium of the nominal system, i.e., with η = 0. In particular, the solutions
x(t) = col(δ(t)−δ∗,ω(t)−ω∗, p(t)−p∗), with (δ(t),ω(t), p(t)) a solution to (4.22),
(4.31) for which x(0) ∈ X and ∥η(·)∥∞ ≤ η satisfy for all t ∈ R≥0,

∥x(t)∥2 ≤ λe−α̂t∥x(0)∥2 + γ∥η(·)∥2
∞, (4.32)

where α̂, λ and γ are positive constants. Furthermore, when multiplying the gains K
and T by the positive scalars κ and τ respectively, then γ is monotonically decreasing
(respectively, non-increasing) as a function of κ (respectively, τ), and α̂ is monotonic-
ally non-decreasing as a function of κ and non-increasing as a function of τ.

Proof. From the proof of Theorem 4.2 recall the Lyapunov function derivative
V̇(x) = −χ⊤H(δ)χ − (p − P)⊤η. Since for any positive parameter μ,

−(p − P)⊤η ≤ μ∥p − P∥2 +
1
μ
∥η∥2 ,

one further obtains

V̇(x) ≤ −χ⊤

H(δ)−

0 0 0
0 0 0
0 0 μI


︸ ︷︷ ︸

=Ĥ(δ)

χ +
1
μ
∥η∥2 .

Following the reasoning in the proof of Theorem 4.2, we note that Ĥ(δ) ≥
Ĥ′(δ), where

Ĥ′(δ) :=

 ε
2 I 0n×n 0n×n

0n×n D − ε(E(δ) + D2) 0n×n
0n×n 0n×n K − εI − μI

 .

It follows that for sufficiently small values of ε and μ, Ĥ(δ) ≥ Ĥ′(δ) > 0. To
continue, let β̂4 := minB⊤δ∈Θ λmin(Ĥ(δ)). As a result, we find that for a positive
constant α̂ =

β3 β̂4
β2

,

V̇(x) ≤ −α̂V(x) + 1
μ
∥η∥2 (4.33)
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for all x such that B⊤δ ∈ Θ. In the remainder of the proof, we fix η̄ such that

η̄ = α̂cμ.

with c defined as in (4.30) in the proof of Theorem 4.2.
Define the sublevel set Ωc, again as in the proof of Theorem 4.2. We now claim
that the solutions of the closed-loop system cannot leave Ωc. In fact, on the
boundary ∂Ωc of the sublevel set Ωc, the right-hand side of (4.33) equals −α̂c+
1
μ∥η∥2, which is a non-positive constant by the choice of η̄. Hence a solution
leaving Ωc would contradict the property that V̇(x) ≤ 0 for all x ∈ ∂Ωc. We
conclude that all solutions must satisfy (4.33) for all t ∈ R≥0. Hence, we choose
X = Ωc.
By applying the Comparison Lemma, the use of a convolution integral and
bounding ∥η(t)∥2 by ∥η(·)∥2

∞, we arrive at

V(x(t)) ≤ e−α̂tV(x0) +
1

α̂μ
∥η(·)∥2

∞.

We combine this inequality with (4.27) and (4.29) to arrive at (4.32) with λ =
β2/β1 and γ = (α̂β1μ)−1.
Finally, we address the effect of K and T on α̂ and γ by introducing the scalar
factors κ and τ multiplying K and T.
As κ increases, there is no need to increase ε, while it is possible to increase
μ. Analogously to the reasoning in the proof of Theorem 4.2, increasing the
value of κ for constant ε and increasing μ can not lower the value of β̂4 and α̂,
and decreases the value of γ. If one decreases κ, but multiplies μ by the same
factor so as to keep β̂4 constant, μ will also decrease. This guarantees α̂ remains
constant in this case, preserving its status as a non-decreasing function of κ. On
the other hand, a decrease in μ results in an increase in γ, retaining its status
as a decreasing function of κ. Therefore, α̂ is non-decreasing as a function of κ
and γ is decreasing.
As in Theorem 4.2, τ affects only β1 and β2, and the same result holds: α̂ is a
monotonically non-increasing function of τ. Analogously, γ is monotonically
non-increasing in τ. □
Theorem 4.3 shows that larger gains K (and T) reduce (respectively, do not
amplify) the effect of the noise η on the state x. This further emphasizes the
trade-off between frequency banding and controller performance already noted
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Figure 4.1: The 39-bus New England system used in simulations.

in Section 4.4.1. The intuition that a large gain T is beneficial (more precisely
not detrimental) for noise rejection was expected from a loop-shaping per-
spective. Theorem 4.3 extends these observations to the dynamic response
of the nonlinear and multi-variable closed-loop system. Notice, however, that
K affects the safety region as well as the equilibrium of the system and should
be selected carefully.

Remark 4.2 (Exponential ISS with restrictions). The KL–function from the ISS
inequality (4.32) is an exponential function, so the stability property is in fact
exponential ISS with restrictions. The need to include restrictions X on the
initial conditions and η̄ on the noise is due to the requirement of maintaining
the state response within the safety region Θ.

4.5 case study: ieee 39 new england system
In this section we perform a case study with the 39-bus New England system,
see Figure 4.1, which is modelled as in (4.1)-(4.2) with parameters Mi (for the
10 generator buses), Vi, and Bij taken from Chow et al. (2000). The inertia
coefficients Mi are set to zero for the 29 (load) buses without generators. For
every generator bus i, the damping coefficient Di is chosen as 20 per unit (pu) so
that a 0.05 pu (3 Hz) change in frequency will cause a 1 pu (1000 MW) change
in the generator output power. For every load bus i, Di is chosen as 1/200
of that of a generator. For all simulations below, a 300 MW step increase in
active-power load occurs at each of buses 15, 23, 39 at time t = 5 s.
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4.5.1 comparison between controllers without noise

We implement each of the following controllers across the 10 generators to
stabilize the system after the increase in load:

1. distributed-averaging based integral control (DAI):

u =− p (4.34a)
Tṗ =A−1ω − LAp . (4.34b)

Here L = L⊤ is the Laplacian matrix of a communication graph among
the controllers, which we choose as a ring graph with uniform weights
0.1. The matrix A is diagonal with entries Aii = ai being the cost coef-
ficients in (4.4a) chosen as 1.0 for generators G3, G5, G6, G9, G10 and
2.0 for all others. We choose the time constant Ti = 0.05 s for every gen-
erator i. The DAI control (4.34) is known to achieve stable and optimal
frequency regulation as in Problem 4.2; see Zhao et al. (2015); Dörfler
et al. (2016); De Persis et al. (2016); Trip et al. (2016); Andreasson et al.
(2014a); Weitenberg et al. (2017a). Even DAI control is based on a reliable
and fast communication environment, we include it here as a baseline for
comparison purposes.

2. decentralized pure integral control (4.7) with time constant Ti = 0.05 s for
every generator i.

3. decentralized leaky integral control (4.13) with time constant Ti = 0.05 s for
every generator i. The gain Ki equals 0.005 for generators G3, G5, G6, G9,
G10 and 0.01 for the others. The Ki’s are proportional to ai’s in DAI (4.34)
so that the dispatch objectives (4.4a) and (4.21a) are identical.

Figure 4.2 (dashed plots) shows the frequency at G1 (all other generators dis-
play similar frequency trends), and Figure 4.3 shows the active-power out-
puts of all generators, under the different controllers above and without noisy
measurements. First, note that all closed-loop systems reach stable steady-
states; see Theorems 4.1 and 4.3. Second, observe from Figure 4.2 that both
pure integral and DAI control can perfectly restore the frequencies to the nom-
inal value, whereas leaky integral control leads to a steady-state frequency er-
ror as predicted in Lemma 4.2. Third, as observed from Figure 4.3, both DAI
and leaky integral control achieve the desired asymptotic power sharing (2:1
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(a) DAI control
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Figure 4.2: Frequency at generator 1 under different control methods.
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Figure 4.3: Changes in active-power outputs of all the generators without
noise.
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Figure 4.4: Changes in active-power outputs of all the generators, under a fre-
quency measurement noise bounded by η = 0.01Hz.

ratio between G3, G5, G6, G9, G10 and other generators) as predicted in Co-
rollary 4.2. However, leaky integral control solves the dispatch problem (4.21)
thereby underestimating the net load compared to DAI which solves (4.4); see
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Corollary 4.3. We conclude that fully decentralized leaky integral controller
can achieve a performance similar to the communication-based DAI control-
ler – though at the cost of steady-state offsets in both frequency and power
adjustment.

4.5.2 comparison between controllers with noise

Next, a noise term ηi(t) is added to the frequency measurements ω in (4.34b),
(4.7b), and (4.13b) for DAI, pure integral, and leaky integral control, respect-
ively. The noise ηi(t) is sampled from a uniform distribution on [0, ηi], with ηi
selected such that the ratios of ηi between generators are 1 : 2 : 3 : · · · : 10 and
∥[η1, η2, . . . ]∥ = η = 0.01Hz. The meaning of η here is consistent with that in
Definition 4.1 and Theorem 4.3. At each generator i, the noise has non-zero
mean ηi/2 (inducing a constant measurement bias) and variance σ2

η,i = η2
i /12.

Figure 4.2 (solid plots) shows the frequency at generator 1, and Figure 4.4
shows the changes in active-power outputs of all the generators under such
a measurement noise. Observe from Figures 4.2(b)–4.2(c) and Figures 4.4(b)–
4.4(c) that leaky integral control is more robust to measurement noise than
pure integral control. Figures 4.4(a) and 4.4(c) show that the DAI control is
even more robust than the leaky integral control in terms of generator power
outputs, which is not surprising since the averaging process between neigh-
bouring DAI controllers can effectively mitigate the effect of noise – thanks to
communication.

4.5.3 impacts of leaky integral control parameters

Next we investigate the impacts of inverse DC gains Ki and time constants Ti
on the performance of leaky integral control.
First, we fix the integral time constant Ti = τ = 0.05 s for every generator i, and
tune the gains Ki = k for generators G3, G5, G6, G9, G10; Ki = 2k for other gen-
erators to ensure the same asymptotic power sharing as above. The following
metrics of controller performance are calculated for the frequency at generator
1: (i) the steady-state frequency error without noise; (ii) the convergence time,
which is defined as the time when frequency error enters and stays within
[0.95, 1.05] times its steady state; and (iii) the frequency root-mean-square-
error (RMSE) from its nominal steady state, calculated over 60–80 seconds
(the average RMSE over 100 random realizations is taken). The RMSE res-
ults from measurement noise ηi(t) generated every second at every generator
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Figure 4.5: Steady-state error (upper), convergence time (middle), and RMSE
(lower) of frequency at generator 1, as functions of the gain k for leaky integral
control. The time constants are Ti = τ = 0.05 s for all generators.

i from a uniform distribution on [−ηi, ηi], where the meaning of ηi is the same
as in Section 4.5.2; ηi(t) has zero mean so that the performance in mitigating
steady-state bias and variance can be observed separately. Figure 4.5 shows
these metrics as functions of k. It can be observed that the steady-state error in-
creases with k, as predicted by Lemma 4.2; convergence is faster as k increases,
in agreement with Theorem 4.2; and robustness to measurement noise is im-
proved as k increases, as predicted by Theorem 4.3.
Next, we tune the integral time constants Ti = τ for all generators and fix
k = 0.005, i.e., Ki = 0.005 for G3, G5, G6, G9, G10 and Ki = 0.01 for other gen-
erators, for a balance between steady-state and transient performance. Since
the steady state is independent from τ, only the convergence time and RMSE
of frequency at generator 1 are shown in Figure 4.6. It can be observed that
convergence is faster as τ decreases, which is in line with Theorem 4.2. Ro-
bustness to measurement noise is improved as τ increases, which is in line
with Theorem 4.3.
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Figure 4.6: Convergence time (upper) and RMSE (lower) of frequency at gen-
erator 1, as functions of the time constant Ti = τ for leaky integral control. The
gains Ki are 0.005 for G3, G5, G6, G9, G10 and 0.01 for other generators.

4.6 summary and discussion

In the following, we summarize our findings and the various trade-offs that
need to be taken into account for the tuning of the proposed leaky integral
controller (4.13).
From the discussion following the Laplace-domain representation (4.14), the
gains Ki and Ti of the leaky integral controller (4.13) can be understood as inter-
polation parameters for which the leaky integral controller reduces to a pure
integrator (Ki ↘ 0) with gain Ti, a proportional (droop) controller (Ti ↘ 0)
with gain K−1

i , or no control action (Ki,Ti ↗ ∞). Within these extreme para-
metrizations, we found the following trade-offs: The steady-state analysis in
Section 4.4.1 showed that proportional power sharing and banded frequency
regulation is achieved for any choice of gains Ki > 0: their sum gives a desired
steady-state frequency performance (see Corollary 4.1), and their ratios give
rise to the desired proportional power sharing (see Corollary (4.2)). However,
a vanishingly small gain Ki is required for asymptotically exact frequency reg-
ulation (see Corollary 4.3), i.e., the case of integral control. Otherwise, the net
load is always underestimated. With regards to stability, we inferred global
stability for vanishing Ki ↘ 0 (see Theorem 4.1) but also an absence of ro-
bustness to measurement errors as in (4.12). On the other hand, for positive
gains Ki > 0 we obtained nominal local exponential stability (see Theorem 4.2)
with exponential rate as a function of Ki/Ti and robustness (in the form of
exponential ISS with restrictions) to bounded measurement errors (see The-
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orem 4.3) with increasing (respectively, non-decreasing) robustness margins
to measurement noise as Ki (or Ti) become larger.
Our findings pose the question whether the leaky integral controller (4.13) ac-
tually improves upon proportional (droop) control (the case Ti = 0) with suf-
ficiently large droop gain K−1

i . The answers to this question can be found in
practical advantages: (i) leaky integral control obviously low-pass filters meas-
urement noise; (ii) has a finite bandwidth thus resulting in a less aggressive
control action more suitable for slowly-ramping generators; and (iii) is not sus-
ceptible to wind-up (indeed, a proportional-integral control action with anti-
windup reduces to a lag element (Franklin et al., 1994)). (iv) Other benefits
that we did not touch upon in our analysis are related to classical loop shap-
ing; e.g., the frequency for the phase shift can be specified for leaky integral
control (4.13) to give a desired phase margin (and thus also practically relevant
delay margin) where needed for robustness or overshoot.
In summary, our lag-element-inspired leaky integral control is fully decentral-
ized, stabilizing, and can be tuned to achieve robust noise rejection, satisfact-
ory steady-state regulation, and a desirable transient performance with expo-
nential convergence. We showed that these objectives are not always aligned,
and trade-offs have to be found. From a practical perspective, we recommend
to tune the leaky integral controller towards robust steady-state regulation and
to address transient performance with related lead-element-inspired control-
lers (Jiang et al., 2017).

4.7 technical lemmas
We recall a technical lemma used in the main text.

Lemma 4.3 (Positivity of V). Suppose that Assumption 4.2 holds and that B⊤δ ∈ Θ.
The Lyapunov function V specified in (4.26) satisfies

β1∥x∥2 ≤ V(x) ≤ β2∥x∥2

for some positive constants β1 and β2, with x given in (4.24), provided that ε is suffi-
ciently small.

Proof. This proof follows the same line of arguments as the proof of Weiten-
berg et al. (2017a, Lemma 8), but accounts for our slightly different Lyapunov
function. We will bound V(x) in (4.26) term-by-term. The quadratic terms in
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ω−ω∗ and p−p∗ are easily bounded in terms of the eigenvalues of the matrices
M and T, respectively. The term in δ and δ∗ is addressed in the second state-
ment of Lemma 2.4. These three terms lead to the early bound

min(λmin(M),λmin(T),α3)∥x∥2 ≤ V(x)|ε=0

≤ max(λmax(M),λmax(T),α4)∥x∥2.

The cross-term ε(∇U(δ)−∇U(δ∗))⊤Mω can be written as(
∇U(δ)−∇U(δ∗)

ω

)⊤ [
0 ε

2 M
ε
2 M 0

](
∇U(δ)−∇U(δ∗)

ω

)
.

This allows us to apply Lemma 2.5, which yields

− ∥∇U(δ)−∇U(δ∗)∥2 − λmax(M)2∥ω∥2

≤ (∇U(δ)−∇U(δ∗))⊤Mω
≤ ∥∇U(δ) −∇U(δ∗)∥2 + λmax(M)2∥ω∥2.

By applying the first statement of Lemma 2.4, we can bound the entire Lya-
punov function using

β1 = min(λmin(M)− ελmax(M)2,λmin(T),α3 − εα2
2)

β2 = max(λmax(M) + ελmax(M)2,λmax(T),α4 + εα2
2).

Finally, we select ε sufficiently small so that β1 > 0. □
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Introduction

In this part, we exchange the AC power grid for the DC microgrid.
Many energy sources, storage devices and appliances intrinsically operate us-
ing direct current. This stimulates interest in the design and use of DC mi-
crogrids, which have the additional desirable feature of preventing the use of
inefficient power conversions at different stages. Such grids are already in use
in some small-scale grids e.g. on ships, planes and trains. In addition, if power
is generated far away from its consumers, e.g. in wind farms at sea, it should
be transported to the consumption sites with low losses. High Voltage Dir-
ect Current (HVDC) networks perform comparatively better at this than AC
networks.
Given these developments, the need arises for a deeper understanding of sta-
bility and control of these dynamical networks. In this part, we propose and
analyse control algorithms for DC microgrids, that aim for economic optimal-
ity by enforcing power sharing among the different power sources.
Below, we give a short survey of previous approaches to control of DC power
networks. Conventionally, secondary control adjusts the set point for a local
proportional (droop) controller. Zhao and Dörfler (2015) complement this
approach with a consensus control algorithm, preventing voltage drift and
achieving optimal current injection. A similar approach is found by Tucci et al.
(2016), allowing additionally for ‘Plug-and-Play’ addition and removal of gen-
erators. Nasirian et al. (2015) replace the secondary control instead by a separ-
ate voltage and current regulator, and Belk et al. (2016) use the Brayton-Moser
formalism to show that voltage regulation can be achieved by decentralized
integral control. Moayedi and Davoudi (2016) propose a distributed control
method for enforcing power sharing among a cluster of DC microgrids, but
provide no formal analysis.
Various auxiliary challenges have been considered as well. Meng et al. (2016)
study the interaction between the communication network and the physical
network which occurs in consensus-like control methods, and their effects on
stability of the microgrid. The feasibility of the nonlinear algebraic equations
in DC power circuits is studied by Barabanov et al. (2016); Simpson-Porco et al.
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(2015); Lavei et al. (2011).
Finally, several works have focused on the particular research area of HVDC
transmission systems. Sarlette et al. (2012) focuses on frequency control in
HVDC grids connecting multiple AC power networks. Andreasson et al. (2014c)
study a distributed control strategy that keeps the voltages close to a nom-
inal value and guarantees fair power sharing are considered. Zonetti et al.
(2015) exploit a port-Hamiltonian framework to show that HVDC networks
can be asymptotically stabilized using decentralized PI controllers. Zonetti
et al. (2016) study existence of equilibria and power sharing under decentral-
ized droop control. We refer to Zonetti (2016, Chapter 4) for an extensive bib-
liography of HVDC transmission systems.

contributions
In this part, we aim to provide control algorithms that exhibit the following
features.
Power sharing, i.e. the power sources provide power in prescribed ratios for

a wide range of load magnitudes,
Voltage regulation, i.e. all voltages remain within a compact set around the

nominal voltage.
In addition, we allow for various kinds and combinations of loads, referred to
hereafter as ZIP loads, which stands for constant impedance, constant current
and constant power loads respectively. We will also encounter ZI loads, which
are ZIP loads without the constant power load component.
Power sharing is an important feature in microgrid control algorithms. It forces
all generation units to generate a portion of the power required by the loads in
the network. Absent this feature, certain load configurations can force a small
set of generators to provide a disproportionate amount of the power required
by the network, which might lead to them exceeding their capacity limits.
Proportional (droop) controllers are traditionally used for microgrid control.
They strike a trade-off between power sharing and voltage control, and there-
fore require careful tuning given the load ranges to regulate the voltages and
power generation to safe levels. The controllers proposed in this part do not
have this limitation, and are thus an improvement upon droop control. This is
enabled by assuming the presence of a communication network between the
generators, which allows the exchange of various measurements.
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outline
chapter 5
In this chapter, we restrict ourselves to DC networks with resistive transmis-
sion lines. In this setting, we propose a distributed control algorithm, en-
abled by communicating power measurements among the source nodes using
a communication network. The controllers set the source voltages such that
the power provided by each power source becomes proportional to a user-
configurable weight distribution. Additionally, the weighted geometric aver-
age of source voltages is preserved.
To analyse the system of non-linear DAE resulting from the controller, net-
work and ZIP loads, we use Lyapunov arguments. Our Lyapunov function
of choice is constructed from the power dissipated in the network, together
with various terms to take into account the specific dynamics of the system.
In an interesting development, we then see that the system can be written as
a weighted gradient of the Lyapunov function, which is crucial to the stability
analysis. Moreover, the voltage excursion can be bounded using the sub-level
sets of the Lyapunov function, combined with the aforementioned conserva-
tion of the geometric average of the source voltages.

chapter 6
This Chapter provides an extension to the previous Chapter to power networks
with resistive-inductive (RL) power lines. In this extension, we omit the con-
stant power loads discussed previously, and focus on networks with ZI-loads.
Again, we propose a distributed control algorithm, in which the power sources
employ a communication network to exchange current flow measurements.
These new controllers are able to regulate the power injected by each source to
the average power injected by the sources. In addition, the geometric average
of the voltages at the sources is preserved.
Using a slightly modified version of the Lyapunov function from Chapter 5, the
system can once more be viewed as a weighted gradient system. This allows
to show convergence of the power injected by the sources, and boundedness
of the voltages at the sources.





5
A power consensus algorithm
for DC grids

abstract
A novel power consensus algorithm for DC microgrids is proposed and ana-
lysed. DC microgrids are networks composed of DC sources, loads, and inter-
connecting lines. They are represented by differential-algebraic equations con-
nected over an undirected weighted graph that models the electrical circuit.
The proposed algorithm features a second graph, which represents the com-
munication network over which the source nodes exchange information about
the instantaneous powers, and which is used to adjust the injected current ac-
cordingly. This gives rise to a nonlinear consensus-like system of differential-
algebraic equations that is analysed via Lyapunov functions inspired by the
physics of the system. We establish convergence to the set of equilibria, where
weighted power consensus is achieved, as well as preservation of the weighted
geometric mean of the source voltages. The results apply to networks with
constant impedance, constant current and constant power loads.

Published as:

C. De Persis, E. Weitenberg, and F. Dörfler, “A power consensus algorithm for DC mi-
crogrids,” Automatica, vol. 89, pp. 364–375, 2018.

C. De Persis, E. Weitenberg, and F. Dörfler, “A power consensus algorithm for DC mi-
crogrids,” in Proceedings of the 20th IFAC World Congress, Toulouse, 2017.
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5.1 dc resistive microgrid
The DC microgrid is modelled as an undirected connected graph G = (V, E),
with V := {1, 2, . . . , n} the set of nodes (or buses) and E ⊆ V × V the set of
edges. The edges represent the interconnecting lines of the microgrid, which
we assume here to be resistive. Associated to each edge is a weight modelling
the conductance (or reciprocal resistance) 1/rk > 0, with k ∈ E . The set of
nodes is partitioned into the two subsets of ns DC sources Vs and nl loads Vl,
with ns + nl = n.
Let I,V ∈ Rn denote the vectors of currents and potentials respectively at the
nodes of G. The current-potential relation in a resistive network is given by the
identity I = BΓB⊤V, with B ∈ Rn×|E| being the incidence matrix of G and Γ =
diag{r−1

1 , . . . , r−1
|E|} the diagonal matrix of conductances. Considering the parti-

tion of the nodes in sources and loads, we let I = col(Is, Il) and V = col(Vs,Vl)
without loss of generality, where Is = col(I1, . . . , Ins), Il = col(Ins+1, . . . , In),
Vs = col(V1, . . . ,Vns), Vl = col(Vns+1, . . . ,Vn), and we correspondingly par-
tition the incidence matrix as B = col(Bs,Bl), with Bs ∈ Rns×|E|, Bl ∈ Rnl×|E|.
Then, the current-potential relation can be rewritten as[

Is
Il

]
=

[
BsΓB⊤

s BsΓB⊤
l

BlΓB⊤
s BlΓB⊤

l

] [
Vs
Vl

]
=:

[
Yss Ysl
Yls Yll

] [
Vs
Vl

]
. (5.1)

Observe that both Yss and Yll are positive definite since they are principal sub-
matrices of a Laplacian of a connected undirected graph. This allows us to
eliminate the load voltages as Vl = Y−1

ll Il − Y−1
ll YlsVs and reduce the network

to the source nodes Vs with balance equations

Is − YslY−1
ll Il = YredVs, (5.2)

whereYred = Yss − YslY−1
ll Yls is known as the Kron-reduced conductance mat-

rix Dörfler and Bullo (2013) and −YslY−1
ll Il is the mapping of the load current

injections to the sources.

5.2 power consensus controllers
We propose controllers that force the different sources to share the total power
injection in prescribed ratios (Schiffer et al., 2016b). For this purpose, a com-
munication network is deployed to connect the source nodes, through which
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the controllers exchange information about the instantaneous injected powers.
This communication network is modelled as an undirected unweighted graph
(Vc, Ec), where Vc = Vs. Associated with the communication graph is the ns×ns
Laplacian matrix Lc = Dc − Ac, where Dc = diag(Dc1, . . . ,Dcn) is the degree
matrix, Dci, i ∈ Vc, is the degree of node i, and Ac is the adjacency matrix of
the communication graph. Note that the nodes of the communication network
(but not necessarily the edges) coincide with the source nodes of the microgrid.
For each node i ∈ Vs, the set Nc,i = {j ∈ Vs : {i, j} ∈ Ec} represents the neigh-
bours connected to node i via the communication graph.
Controllers. We assume that all sources Vs are controllable voltage sources (e.g.,
realized by boost converters), which are controlled as a function of the meas-
ured local current and power injections Ii and Pi as well as the injected power
Pj at neighbouring sources that need to be communicated. In the following,
we will design powers consensus controllers in such a way that the algorithm
achieves weighted proportional power sharing according to ratios Ki > 0 chosen
by the operator, that is, given Pi := IiVi, i ∈ Vs, the control objective is to
guarantee that at steady state the following identities hold:

Pj

Kj
=

Pi

Ki
, ∀i, j ∈ Vs. (5.3)

Keeping this in mind, the proposed controllers are of the form

Ci(Vi)V̇i = −Ii + ui, i ∈ Vs, (5.4)

where

Ci(Vi) = V−2
i D−1

ci K2
i , i ∈ Vs (5.5)

can be interpreted as a nonlinear capacitance, Ki > 0, the power sharing coeffi-
cient, is of suitable units such that Ci(Vi) actually has the units of a capacitance,
Ii is the injected current at node i ∈ Vs as defined in (5.1), and the term

ui = V−1
i D−1

ci Ki
∑

j∈Nc,i

K−1
j Pj, i ∈ Vs (5.6)

represents an ideal current source that is controlled as a function of the local
voltage Vi and the injected power Pj = VjIj at the neighbouring node sources
j ∈ Nc,i. The current sources ui, i ∈ Vs, are designed to make the right-hand
side of (5.4) equal to V−1

i D−1
ci Ki

∑
j∈Nc,i

(K−1
j Pj − K−1

i Pi), which is a weighted
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ui

Ci(Vi)

Ii

Figure 5.1: A circuit interpretation of the controller (5.4).

average of the power variables, multiplied by the factor V−1
i D−1

ci Ki. As shown
in the remainder of the chapter, the average term is the key to attain the source
power injections in prescribed ratios.
The dynamic controllers (5.4)–(5.6) are initialised at positive voltage values,
that is Vi(0) > 0 for all i ∈ Vs. It will be made evident in later sections that these
controllers render the positive orthant Rns

>0 positively invariant, thus showing
that the positivity of the initial source voltages yields positivity of these vari-
ables for all t ≥ 0.

Remark 5.1 (Digital implementation and circuit realization). The control al-
gorithm (5.4)–(5.6) can be implemented at each controllable voltage source as
follows. The local current and power injections Ii and Pi are measured, and the
power injections are broadcast through a communication network. The local
current measurements Ii and the power injections Pj at neighbouring sources
j ∈ Nc,i are processed along with the current measurement Ii to compute the
source voltage value Vi applied at the source terminals as in (5.4), (5.5), (5.6).
Since the signal ui has the dimension of amps and appears as a current signal in
(5.4), we have drawn an equivalent circuit realization of equation (5.4) in Fig-
ure 5.1. Comparing with Belk et al. (2016, (4)), the equivalent current source
ui can also be generated by a voltage source with value vi in series with a res-
istance ri provided that vi = riui +Vi. Finally, the dynamic droop controller in
Zhao and Dörfler (2015) corresponds in our notation to a constant capacitance
Ci and current source ui. We remark again that this is merely an equivalent cir-
cuit that helps interpreting the controller (5.4). In the end, the most convenient
realization of(5.4), (5.5), (5.6) is by means of a converter controlled as a voltage
source.

Multiplying both sides of (5.4) by V2
i Dc,iK−1

i , one arrives at the closed-loop
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system

KiV̇i = −ViDciK−1
i Pi + Vi

∑
j∈Nc,i

K−1
j Pj

= Vi
∑

j∈Nc,i

(K−1
j Pj − K−1

i Pi), i ∈ Vs, (5.7)

that is, the voltage at the source terminal is updated according to a weighted
power consensus algorithm scaled by the voltage. Provided that Vi ̸= 0 (a
property that will be established in the next sections), equation (5.7) shows that
at steady state the proposed algorithm achieves proportional power sharing as
in (5.3). A detailed characterisation of the steady-state power signals is given
in the next section (Lemma 5.1).
For interpretation purposes, we write (5.7) as

d
dt

Ki ln(Vi) =
∑

j∈Nc,i

(K−1
j Pj − K−1

i Pi), i ∈ Vs.

In a classic power system analysis (Chiang, 2011), the term Ki ln(Vi) is the nat-
ural energy representation of a power source of constant value Ki. The inter-
pretation of the closed loop (5.7) is then that the voltage at this constant power
source is adapted according to a power consensus algorithm.

Remark 5.2 (Alternative power sharing control). A possibly more simplistic
and obvious power sharing controller inspired by the current-sharing control-
ler in Zhao and Dörfler (2015) is based on a distributed averaging integral con-
trol given by

CiV̇i = −Ii + pi

Diṗi = Ii − pi +
∑

j∈Nc,i

(K−1
j Vjpj − K−1

i Vipi), i ∈ Vs
(5.8)

where pi is a control variable in units of currents, and Ci,Di > 0 gains with
capacitance units. Note that the power sharing coefficients Ki in (5.8) have the
units of voltages. Any steady state of this controller would guarantee for all
i ∈ Vs that V̇i = 0, and pi = Ii is the steady-state current injection, and the
vector of power injections K−1

s [Vs]p has all identical entries (power sharing).
Numerical results (see Section 5.4) show that (5.7) and (5.8) perform similarly.
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Indeed, in the limit Di = 0, near steady-state, and for nearly unit voltages (in
the per unit system), the closed-loops(5.8) and (5.7) have similar dynamics.
In the rest of the chapter we focus on the analysis of (5.7), since no analytical
guarantee on the stability of system (5.8) is available at this moment.

Loads. Depending on the particular load models, the term Il in (5.1) takes differ-
ent expression and will henceforth be denoted as Il(Vl) to stress the functional
dependence on the load voltages. Prototypical load models that are of interest
include the following:

1. constant current loads: Il(Vl) = I∗l ∈ Rnl
<0,

2. constant impedance: Il(Vl) = −Y∗
l Vl, with Y∗

l > 0 a diagonal matrix of
load conductances, and Vl = col(Vns+1, . . . ,Vns+nl), and

3. constant power: Il(Vl) = [Vl]
−1P∗

l , with P∗
l ∈ Rnl

<0.

To refer to the three load cases above, we will use the indices “I”, “Z” and “P”
respectively. The analysis of this chapter will focus on the more general case
of a parallel combination of the three loads, thus on the case of “ZIP” loads,
for which

Il(Vl) = I∗l − Y∗
l Vl + [Vl]

−1P∗
l (5.9)

Moreover, additional and stronger statements result son the “ZI” case will be
reported. The following analysis also applies to any other load scenario where
components of I∗l , Y∗

l and P∗
l are possibly zero.

Bearing in mind (5.1), (5.7), and vectorizing the expressions to avoid cluttered
formulas, the closed-loop system is[

KsV̇s
−Il(Vl)

]
= −

[
[Vs]LcK−1

s Ps
BlΓB⊤V

]
, (5.10)

where V = col(Vs,Vl), Ks = diag(K1, . . . ,Kns), Ps = col(P1, . . . ,Pns) given by

Ps = [Vs]Is = [Vs](YssVs + YslVl) (5.11)

is the vector of source power injections and Il(Vl) as defined in (5.9) are the
load currents. The interconnected closed-loop DC microgrid is then entirely
described by equations (5.10), (5.11), (5.9). An example of a simple closed-loop
DC microgrid with two sources and one constant impedance load is given in
Figure 5.2.
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u1

C1(V1)

r1 I1

r3

I3

r2 −I2

C2(V2)

u2

Figure 5.2: Circuit considered in Example 5.1.

Remark 5.3 (Nonlinear consensus algorithms). To compare the control algorithm
(5.7) with related nonlinear consensus algorithms proposed in the literature
(Bauso et al., 2006; Cortes, 2008), we neglect the algebraic constraints and the
differentiation between sources and loads. This allows us to rewrite (5.7) as

KV̇ = −[V]LcK−1[V]BΓB⊤V.

The weighted power mean consensus algorithms of Bauso et al. (2006); Cortes
(2008), on the other hand, can be written as [W]V̇ = [V]1−rBΓB⊤V, where W is
a vector of weights satisfying 1⊤W = 0 and r ∈ R. In the special case r = 0, we
get

[W]V̇ = [V]BΓB⊤V,

which is known to converge to the consensus value Vw1
1 . . .Vwn

n . The analysis is
based on the Lyapunov function

∑n
i=1 wiVi −

∏n
i=1 Vwi

i .
The nonlinear power consensus algorithm presented in this chapter is different
in that it uses another layer of averaging in addition to the averaging induced
by the physical network. This, and the algebraic constraints, requires a differ-
ent analysis based on physics-inspired Lyapunov functions.

5.3 power consensus algorithm with zip loads
In this section we analyse the closed-loop system (5.10), (5.11), (5.9). We start
by studying its equilibria, namely the set of points V ∈ Rn

>0 that satisfy (5.11),
(5.9), and[

0
−Il(Vl)

]
= −

[
[Vs]LcK−1

s Ps
BlΓB⊤V

]
. (5.12)
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5.3.1 steady-state characterization
In the following, we show that the equilibria are fully characterized by power
balance equations at the sources and current balance equations at the loads,
respectively.

Lemma 5.1 (System equilibria). The equilibria of the system (5.10), (5.11), (5.9) are
equivalently characterized by

EZIP = {V ∈ Rn
>0 : IZIP(V) = 0,PZIP(V) = 0},

where IZIP(V) = 0 is the current balance at the loads

IZIP(V) = Il(Vl)− YllVl − YlsVs,

PZIP(V) = 0 depicts the power balance at the sources

PZIP(V) = [Vs]YredVs︸ ︷︷ ︸
network dissipation

+ [Vs]YslY−1
ll Il(Vl)︸ ︷︷ ︸

load demands

− Ps︸︷︷︸
source injections

,

Yred is the Kron-reduced conductance matrix, Y−1
ll YslIl(Vl) is the mapping of the ZIP

loads Il(Vl) to the source buses in the Kron-reduced network as in (5.2), and Ps is the
vector of power injections by the sources written for V ∈ EZIP as

Ps = −Ks1p∗s , p∗s :=
1⊤Il(Vl)

1⊤[Vs]−1Ks1
. (5.13)

Observe that the steady-state injections (5.13) achieve indeed power sharing,
and the asymptotic power value p∗s to which the source power injections con-
verge (in a proportional fashion according to the coefficients Ki, i ∈ Vs) is the
total current demand divided by the weighted sum of the steady-state source
voltages. The latter values and those of the load voltages are entangled by the
power balance at the sources PZIP(V) = 0 and the current balance equations
at the loads IZIP(V) = 0, similar to the related studies Zonetti et al. (2015, Pro-
position 3.3), Sanchez et al. (2013, Lemma 2).
Proof. Let V be an equilibrium of (5.10), (5.11), (5.9), that is let V ∈ Rn

>0 satisfy
(5.12). From the first equation, 0 = [Vs]LcK−1

s Ps, it immediately follows that
Ps = Ks1nsp∗s for some scalar p∗s . We rewrite the current balances as[

[Vs]
−1Ks1nsp∗s
Il(Vl)

]
=

[
BsΓB⊤V
BlΓB⊤V

]
. (5.14)
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Next, we left-multiply (5.14) by [1⊤
ns

1⊤
nl
] to obtain

1⊤
ns
[Vs]

−1Ks1nsp∗s + 1⊤
nl

Il(Vl) = 0.

The latter equation can be solved for p∗s as in (5.13). From Il(Vl) = BlΓB⊤V, we
obtain (see (5.2)) IZIP(V) = 0 or

Vl = −Y−1
ll YlsVs + Y−1

ll Il(Vl), (5.15)

which replaced in the first equation of (5.14) returns

YssVs + Ysl(−Y−1
ll YlsVs + Y−1

ll Il(Vl)) = [Vs]
−1Ks1nsp∗s .

By rearranging the terms, we arrive at

YredVs + YslY−1
ll Il(Vl)− [Vs]

−1Ks1nsp∗s = 0,

which can be reformulated as PZIP(V) = 0 after left-multiplying by [Vs] and
bearing in mind (5.13). The latter and (5.15) show that V ∈ EZIP.
Conversely, let V ∈ EZIP. Then the equation Il(Vl) = BlΓB⊤V in (5.12) is trivially
satisfied. From PZIP(V) = 0, and Il(Vl) = BlΓB⊤V written as (5.15), and going
backwards through the passages above, we arrive at

YssVs + YslVl = [Vs]
−1Ks1nsp∗s ,

or equivalently at [Vs]BsΓB⊤V = Ks1nsp∗s .
Hence, the power vector Ps = [Vs]BsΓB⊤V satisfies LcK−1

s Ps = 0, that is, the
first equation in(5.12). Hence, V ∈ EZIP implies that the equilibrium equations
(5.12) are met. □
We make the standing assumption that equilibria exist:

Assumption 5.1. EZIP ̸= ∅.

Remark 5.4 (Existence of the equilibria EZIP). The analytical investigation of
the existence of the equilibria EZIP is deferred to a future research. This is a
topic of interest on its own and similar problems have been dealt with in re-
cent work about the solvability of reactive or DC power flow equations (Bo-
lognani and Zampieri, 2016; Barabanov et al., 2016; Simpson-Porco et al., 2015,
2016; Sanchez et al., 2013). For instance, the problem in Simpson-Porco et al.
(2016) boils down to the solution of quadratic algebraic equations of the form
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[Vl]YllVl − [Vl]YllV∗
l +Ql = 0, where Ql is the vector of constant power load de-

mands and V∗
l is the so called vector of open circuit voltages (again constant).

Although similarities between these equations and the equations PZIP(Vs) =
0 = [Vs]YredVs+[Vs]YslY−1

ll Il(Vl)+Ps could be useful to investigate the nature of
the set EZIP, the non-quadratic nature of PZIP(Vs) = 0, as well as the presence
of the additional equations Y−1

ll Il(Vl) − Vl = Y−1
ll YlsVs pose additional chal-

lenges. Extra insights could come from the convex relaxation of the DC power
flow equations in the context of optimal DC power flow dispatch (Lavei et al.,
2011).

Remark 5.5 (Equilibrium power balance and voltage inequalities). To gain fur-
ther insights into the equilibrium set EZIP, recall that the vector of power injec-
tions is P = col(P1,Pl) = [V]BΓB⊤V, where Pl = [Vl]Il(Vl). Thus, we have the
inherent power balance

1⊤Ps + 1⊤Pl = V⊤BΓB⊤V ≥ 0 (5.16)

implying that the amount of supplied power has to make up for load demands
and resistive losses. In the special case of constant power loads, Il(Vl) = [Vl]

−1P∗
l ,

we obtain the total (or average) power inequality 1⊤Ps + 1⊤P∗
l ≥ 0. Equival-

ently, after using (5.13), we arrive at

−1⊤Ks1
1⊤[Vl]

−1P∗
l

1⊤[Vs]−1Ks1
+ 1⊤P∗

l ≥ 0.

This inequality can be reformulated as∑
i∈Vl

ai

Vi
≥
∑
i∈Vs

bi

Vi
, (5.17)

with ai = P∗
l,i/
∑

i∈Vl
P∗

l,i and bi = Ki/
∑

i∈Vs
Ki, which relates a convex combin-

ation of the reciprocals of the voltages at the loads, with a convex combination
of the reciprocals of the voltages at the sources, and represents another rela-
tion between Vs,Vl in addition to those in (5.16). The average voltage inequal-
ity (5.17) implies that the reciprocal of the harmonic average source voltage
must be larger than the reciprocal of the harmonic average load voltage so
that power can flow from sources to loads.

In a special case reviewed in the example below, an explicit characterization of
the equilibria can be given.
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Example 5.1. Consider the case of two sources (ns = 2) and one load (nl = 1)
as in Figure 5.2, in which the constant impedance load is replaced by a ZIP
load. The equations PZIP(KV) = 0, assuming K1 = K2, are in this case

γ1γ2
γ1 + γ2

V1(V1 − V2)−
γ1

γ1 + γ2
V1Il(Vl) + Il(Vl)

V1V2

V1 + V2
= 0

γ1γ2
γ1 + γ2

V2(V2 − V1)−
γ2

γ1 + γ2
V2Il(Vl) + Il(Vl)

V1V2

V1 + V2
= 0.

We study solutions to the algebraic equations on the curve V1V2 =: c. The
reason for this choice will become clear in Subsection 5.3.3. On such a curve,
the equations simplify as

V4
1 − r2Il(Vl)V3

1 + cr1Il(Vl)V1 − c2 = 0
V4

2 − r1Il(Vl)V3
2 + cr2Il(Vl)V2 − c2 = 0,

(5.18)

where ri = γ−1
i , i = 1, 2 (the resistance of the transmission line i connecting

the source i to the load).
We want to study the solutions of these equations as functions of Il(Vl). Then
these can be regarded as two independent quartic functions for which an ana-
lytic, although involved, expressions of the solutions exist according to the
Ferrari-Cardano’s formula. These expressions simplify if one takes r1 = r2.
Then there is a unique positive solution given by V1 = V2 =

√
c, independ-

ent of Il(Vl). The value of Vl is obtained from the algebraic equation 0 =
VlBlΓB⊤V − VlIl(Vl), solving

0 = Vl(−γ1V1 − γ2V2 + (γ1 + γ2)Vl)− VlIl(Vl)

= 2γV2
l − 2γ

√
cVl − VlI∗l + Y∗

l V2
l − P∗

l

= (2γ + Y∗
l )V2

l − (I∗l + 2γ
√

c)Vl − P∗
l .

(5.19)

In the absence of loads, we have two real roots: a root at Vl = 0 and a root
at Vl =

√
c = V1 = V2. Since the roots of a polynomial are continuous in

the parameters, the two real-valued roots can vanish and turn to a complex-
conjugate pair for large loading. A classical root-locus analysis shows that,
maintaining I∗l ,Y∗

l constant and letting P∗
l decrease to −∞, the two roots meet

halfway at
√

c/2 and then diverge to infinity along the vertical axis passing by
the point (

√
c/2, 0) of the complex plane. This is known as “voltage collapse”

in power systems.
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5.3.2 a lyapunov function and hidden gradient form
We pursue a Lyapunov-based analysis of the stability of the closed-loop sys-
tem (5.10), (5.11), (5.9). Inspired by the Lyapunov analysis of the reactive power
consensus algorithm in De Persis and Monshizadeh (2016), we consider the
total power dissipated through the network resistors, 1

2 V⊤BΓB⊤V, as the first
natural Lyapunov candidate for our analysis, to which we add the power dis-
sipated through the impedance loads, to obtain the power losses at passive
devices as

J(V) =
1
2V⊤

(
BΓB⊤ +

[
0 0
0 Y∗

l

])
V. (5.20)

Let V ∈ EZIP, and define Ps = [Vs]BsΓB⊤V the source power injection cor-
responding to the equilibrium source voltage V (see (5.13)). To cope with the
asymmetry in the dynamics of the sources and loads we add to J the terms

H(V) = −P⊤
s ln(Vs),

and

K(V) = −P∗
l
⊤ ln(Vl),

which is the way classical power systems transient stability analysis absorbs
constant power injections (Chiang, 2011) into a so-called energy function defined
here as

M(V) : = J(V) + H(V) + K(V)

=
1
2V⊤(BΓB⊤ +

[
0 0
0 Y∗

l

]
)V − P⊤

s ln(Vs)− P∗
l
⊤ ln(Vl).

(5.21)

The natural “energy function” (5.21) has its critical points at voltages for which
Pl = −[Vl]Y∗

l Vl + P∗
l , thus different from the power loads prescribed by the

ZIP loads. To centre the function M with respect to a non-trivial equilibrium
V ∈ EZIP, we use the following Bregman function (De Persis and Monshizadeh,
2016)

M(V) = M(V)− M(V)− ∂M
∂V

∣∣∣∣⊤
V=V

(V − V). (5.22)

The next result shows a (perhaps surprising) gradient relation between the
dynamics of system (5.10), (5.11), (5.9) and the Bregman function (5.22) above:
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Lemma 5.2 (Gradient dynamics). The following holds[
LcK−1

s Ps
BlΓB⊤V − Il(Vl)

]
=

[
Lc[Vs]K−1

s 0
0 Inl

]
∂M(V)

∂V
(5.23)

for all V ∈ Rn
>0. Hence the system (5.10), (5.11), (5.9) can be rewritten as a weighted

gradient flow[
KsV̇s

0

]
= −

[
[Vs]Lc[Vs]K−1

s 0
0 Inl

]
∂M(V)

∂V
. (5.24)

Proof. The gradient of the function M(V) writes as

∂M
∂V

= BΓB⊤V +

[
0

Y∗
l Vl

]
−
[
[Vs]

−1Ps
0

]
−
[

0
[Vl]

−1P∗
l

]
.

Hence, the Bregman function (5.22) satisfies

∂M
∂V

=
∂M
∂V

− ∂M
∂V

∣∣∣∣
V=V

=

[
BsΓB⊤(V − V)

BlΓB⊤(V − V)

]
+

[
0

Y∗
l (Vl − Vl)

]
−
[
([Vs]

−1 − [Vs]
−1)Ps

([Vl]
−1 − [Vl]

−1)P∗
l

]
.

Bearing in mind the equilibrium condition at the loads

BlΓB⊤V = Il(Vl) = I∗l − Y∗
l Vl + [Vl]

−1P∗
l ,

and replacing it in the second line of the identity above describing ∂M/∂V,
we obtain

∂M
∂Vl

= BlΓB⊤V + Y∗
l Vl − [Vl]

−1P∗
l − I∗l

= BlΓB⊤V − Il(Vl),

which equals precisely the second equation in (5.23).
Analogously, for the first line ∂M/∂Vs, we write

∂M
∂Vs

= BsΓB⊤(V − V)− ([Vs]
−1 − [Vs]

−1)Ps

= [Vs]
−1Ps − [Vs]

−1Ps − ([Vs]
−1 − [Vs]

−1)Ps

= [Vs]
−1(Ps − Ps),

(5.25)



106 a power consensus algorithm for dc grids

where to write the second equality we have used the identities Ps = [Vs]BsΓB⊤V
and Ps = [Vs]BsΓB⊤V.
Now note that

Ps = [Vs]
∂M
∂Vs

+ Ps

and, multiplying both sides by LcK−1
s , we obtain

LcK−1
s Ps = LcK−1

s [Vs]
∂M
∂Vs

+ LcK−1
s Ps

= LcK−1
s [Vs]

∂M
∂Vs

,

having exploited that V ∈ EZIP implies Ps = Ks1p∗s . The identity LcK−1
s Ps =

LcK−1
s [Vs]

∂M
∂Vs

is the first equation in (5.23).
In view of the dynamics (5.10), (5.11), (5.9), one immediately realizes that[

LcK−1
s Ps

BlΓB⊤V − Il(Vl)

]
=

[
−[Vs]

−1KsV̇s
0

]
,

showing the identity (5.24) which concludes the proof. □

Remark 5.6 (Logarithmic terms of the Lyapunov function). As evident from
the proof, the logarithmic terms P⊤

s ln(Vs) and P∗
l
⊤
ln(Vl) in the Lyapunov

function yield that

∂M
∂Vs

= [Vs]
−1(Ps − Ps),

∂M
∂Vl

= Il − Il(Vl),

that is, they make sure that the critical points V ∈ Rn
>0 of the Lyapunov func-

tion are those for which the algebraic equations modelling the loads are satis-
fied and the vector of injected powers at the sources is equal to the desired one
Ps as characterized in Lemma 5.1 (see Eq. (5.13)).

5.3.3 convergence of solutions
The particular form of the dynamics (5.10), (5.11), (5.9) elucidated in Lemma 5.2
permits a straightforward analysis of the convergence properties of the solu-
tions.
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Theorem 5.1 (Main result). Assume that there exists V ∈ EZIP such that

Yll + Y∗
l + [Vl]

−2[P∗
l ]− Yls(Yss + [Vs]

−2[Ps])
−1Ysl > 0, (5.26)

where Yss,Ysl,Yls,Yll are the submatrices of the Laplacian matrix defined in (5.1), P∗
l

is the constant power load, and Ps is the constant source power injection defined in
(5.13). Then the following statements hold:

1. there exists a compact sublevel set ΛZIP of the shifted Lyapunov function M
in (5.22) contained in Rn

>0 such that any solution to (5.10), (5.11), (5.9) that
originates from initial conditions V(0) belonging to ΛZIP exists, always remains
in ΛZIP with strictly positive voltages for all times, and

2. asymptotically converges to the set of equilibria EZIP∩ΛZIP∩Vmean, where Vmean
specifies the preserved weighted geometric mean of the source voltages

Vmean := {V ∈ Rn
>0 : VK1

1 · · ·VKns
ns = VK1

1 (0) · · ·VKns
ns (0)}. (5.27)

Remark 5.7 (Interpretation of the main condition). The main condition (5.26)
guarantees regularity of the algebraic equations and stability of the solutions.
Its role is revealed when converting the constant power loads and the asymp-
totically constant power injections at the sources to the equivalent impedances
[Vl]

−2[P∗
l ] and [Vs]

−2[Ps]. In this case, the equivalent conductance matrix in the
steady-state current-balance equations (5.1) reads as

Yeq =

[
Yss Ysl
Yls Yll

]
+

[
[Vs]

−2[Ps] 0
0 [Vl]

−2[P∗
l ] + Y∗

l

]
. (5.28)

By a Schur complement argument, observe that Yeq is a well-defined (i.e., posit-
ive definite) conductance matrix if and only if the main condition (5.26) holds.

Proof. Existence and boundedness of solutions. Observe first that

∂2M
∂V2 = BΓB⊤ +

[
0 0
0 Y∗

l

]
+

[
[Vs]

−2[Ps] 0
0 [Vl]

−2[P∗
l ]

]
, (5.29)

Let V ∈ Rn
>0 be an equilibrium of the system, i.e., V ∈ EZIP. Since I∗l ,P∗

l ∈ Rnl
<0,

and V ∈ Rn
>0, the steady-state power injection at the sources satisfies Ps ∈ Rns

>0
by (5.13). Hence, [Vs]

−2[Ps] > 0 is positive definite. Then the Bregman func-
tion M has an isolated minimum at the equilibrium V, in view of (5.26), (5.29)
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and a standard Schur complement argument. Then there exists a compact sub-
level set ΛZIP ofM around the equilibrium V contained in the positive orthant.
Without loss of generality this compact sublevel set can be taken so that all the
solutions to (5.10), (5.11), (5.9) that originate here locally exist.
The algebraic equations (5.9) written as in Lemma 5.1 are

0 = IZIP(V) = Il(Vl)− YllVl − YlsVs

= I∗l − Y∗
l Vl + [Vl]

−1P∗
l − YlsVs − YllVl.

To study local solvability of these equations, we analyse

∂IZIP

∂Vl
= −

(
Yll + Y∗

l + [Vl]
−2[P∗

l ]
)
.

In view of (5.26), nonsingularity of ∂IZIP/∂Vl and therefore regularity of the
algebraic condition holds in a neighbourhood of V ∈ ΛZIP from the implicit
function theorem Abraham et al. (1988). The sublevel set ΛZIP can be taken
sufficiently small such that it is contained in the neighbourhood of regularity
for the algebraic equations, thus showing the claim that solutions starting from
ΛZIP locally exist in time, see Hill and Mareels (1990, Theorem 1) and Schiffer
and Dörfler (2016, Lemma 2.3).
When computed along these solutions, M(V(t)) satisfies

Ṁ(V(t)) = ∂M
∂Vs

∣∣∣∣⊤
V=V(t)

V̇s(t) +
∂M
∂Vl

∣∣∣∣⊤
V=V(t)

V̇l(t).

Notice that, by the algebraic constraint (5.23),

∂M
∂Vl

∣∣∣∣
V=V(t)

= BlΓB⊤V(t)− Il(Vl(t)) = 0

for all t for which a solution exists. Hence, we arrive at

Ṁ(V(t)) = ∂M
∂Vs

∣∣∣∣⊤
V=V(t)

V̇s(t)

= − ∂M
∂Vs

∣∣∣∣⊤
V=V(t)

K−1
s [Vs]Lc[Vs]K−1

s
∂M
∂Vs

∣∣∣∣
V=V(t)

≤ 0,
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where the second equality holds because of (5.24). The inequality above shows
that M(V(t)) is a non-increasing function of time. By the compactness of the
sublevel set around V, the solutions are bounded, exist and belong to ΛZIP for
all times. Thus, among others the voltages stay positive for all times.
Convergence. Exploiting the regularity of the algebraic equation, the DAE sys-
tem can be reduced to an ODE system and then the standard LaSalle invari-
ance principle for ODE can be used to infer convergence, see also Schiffer and
Dörfler (2016). We argue as follows. Any solution (Vs,Vl) to the DAE system
(5.10), (5.11), (5.9) originating in ΛZIP is such that its component Vs is a solution
to the system of ODE

V̇s = −K−1
s [Vs]Lc[Vs]K−1

s (YssVs + Yslδ(Vs)), (5.30)

where the map Vl = δ(Vs) denotes the solution of the algebraic equation
IZIP(V) = 0 in ΛZIP. Define

N (Vs) := M(Vs, δ(Vs)) (5.31)

and observe that

Ṅ (Vs(t)) =
∂M
∂Vs

∣∣∣∣⊤Vs=Vs(t)
Vl=δ(Vs(t))

V̇s(t) +
∂M
∂Vl

∣∣∣∣⊤Vs=Vs(t)
Vl=δ(Vs(t))

∂δ
∂Vs

∣∣∣∣
Vs=Vs(t)

V̇s(t)

=
∂M
∂Vs

∣∣∣∣⊤Vs=Vs(t)
Vl=δ(Vs(t))

V̇s(t),

since

∂M
∂Vl

∣∣∣∣ Vs=Vs(t)
Vl=δ(Vs(t))

= YlsVs(t) + Yllδ(Vs(t))− Il(δ(Vs(t)))

= YlsVs(t) + YllVl(t)− Il(Vl(t)) = 0

where the second equality holds because Vl(t) = δ(Vs(t)) on ΛZIP and the third
equality because of the algebraic equation in (5.10), (5.11), (5.9). It then follows
that

Ṅ (Vs) = (Ps − Ps)
⊤[Vs]

−1V̇s

= −(Ps − Ps)
⊤K−1

s LcK−1
s Ps

= −P⊤
s K−1

s LcK−1
s Ps ≤ 0,

(5.32)
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where the first equality descends from (5.25), the second from (5.10), and the
third from (5.13).
Since Vs is bounded, then the standard La Salle invariance principle for ODEs
yields convergence of Vs to the largest invariant set where LcK−1

s Ps = 0. Also,
since the solutions evolve in ΛZIP, since they satisfy the algebraic equations,
and since LcK−1

s Ps = 0, we have from Lemma 5.1 that at steady state (Vs,Vl) ∈
EZIP. Since (Vs,Vl) is a solution to (5.10), (5.11), (5.9) that remains in ΛZIP, con-
vergence to the set EZIP∩ΛZIP is inferred. Moreover, the quantity VK1

1 · · ·VKns
ns is

conserved, namely V1(t)K1 · · ·Vns(t)Kns = V1(0)K1 · · ·Vns(0)Kns for all t. In fact,
by (5.30),

Ks
d
dt

lnVs = −Lc[Vs]K−1
s (YssVs + Yslδ(Vs)),

and therefore d
dt1

⊤Ks lnVs = 0. The thesis then follows. □

Example 5.2. Consider again the case of two sources (ns = 2) and one load
(nl = 1) connected in a “T” configuration, as in Example 5.1. If K1 = K2, the
result above shows that on the convergence set EZIP ∩ ΛZIP ∩ Vmean, V1V2 =
V1(0)V2(0) =: c for all t ≥ 0. Hence, as discussed in Example 5.1, the ex-
pression of the (real and positive) solution to the equations (5.18) takes on a
particularly simple form, namely V1 = V2 =

√
c =

√
V1(0)V2(0), that is on the

convergence set each source voltage is the geometric mean of the initial voltage
sources. Accordingly, the load voltage Vl must satisfy (5.19).

Remark 5.8 (Capacitors at the loads). If loads are interconnected to the net-
work via capacitors, the load equations are modified as

ClV̇l = −Il(Vl) + BlΓB⊤V.

Notice that the equilibria of the system remain the same. Bearing in mind
(5.23), the load dynamics read as

ClV̇l = −∂M
∂Vl

.

It follows that

Ṁ = −∂M
∂Vs

⊤
K−1

s [Vs]Lc[Vs]K−1
s

∂M
∂Vs

− ∂M
∂Vl

⊤
C−1

l
∂M
∂Vl

,

and one can infer convergence to the set EZIP ∩ ΛZIP ∩Vmean similarly as for the
differential-algebraic model.
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Remark 5.9 (Constant voltage buses). Similarly as in Zhao and Dörfler (2015,
Remark 3.3), one can also consider voltage-controlled buses. For example, con-
sider the scenario of all load buses having constant (not necessarily identical)
voltages Vl (see Zhao and Dörfler (2015) for a discussion on this load condi-
tion). More precisely, a controller adjusts the current injection Il depending on
Vs to maintain the value of the voltage at the constant level Vl so that system
(5.10) reads as

KsV̇s = −[Vs]LcK−1
s [Vs](YssVs + YslVl) (5.33a)

−Il = YlsVs + YllVl. (5.33b)

The only relevant equations for stability of (5.33) are the ordinary differential
equations (5.33a) driven by the constant term Vl. We study their stability using
a similar Lyapunov argument as before. Since Vl is now constant, we consider
a simplified version of the functionM, namelyM̃(Vs) = J̃ (Vs)+H(Vs), where

J̃ (Vs) =
1
2 (Vs − Vs)

⊤Yss(Vs − Vs)

are the (shifted) network losses so that ∂J̃
∂Vs

= Yss(Vs − Vs) = (YssVs + YslVl)−
(YssVs + YslVl) = [Vs]

−1Ps − [Vs]
−1Ps. Together with H(Vs) = −P⊤

s ln(Vs) +

P⊤
s ln(Vs) + P⊤

s [Vs]
−1(Vs − Vs), we obtain that ∂M̃

∂Vs
= [Vs]

−1(Ps − Ps) and thus
KsV̇s = −[Vs]LcK−1

s [Vs]
∂M̃
∂Vs

. The convergence analysis of the solutions of the
system (5.33) is now analogous to the proof of Theorem 5.1.

5.3.4 the case of zi loads

In the case of ZI loads the previous results can be strengthened. First, the set of
equilibria can be characterized by two systems of equations, one depending on
the source voltages only and the other one allowing for a straightforward cal-
culation of the load voltages once the source voltages are determined. Second,
the convergence result can be established without any extra condition on the
equivalent conductance matrix in (5.28). Finally, the convergence is to a point
rather than to a set.
The first result we present concerns the set of equilibria, which follows by ad-
apting the proof of Lemma 5.1.
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Lemma 5.3 (Equilibria for ZI loads). The set of equilibria of system (5.10), (5.11),
(5.9) with Il(Vl) = I∗l − Y∗

l Vl is

EZI = {V ∈ Rn
>0 : PZI(Vs) = 0,Vl = (Yll + Y∗

l )
−1(I∗l − YlsVs)},

where PZI(Vs) depicts the power balance at the sources

PZI(V) = [Vs]ŶredVs︸ ︷︷ ︸
network dissipation

+ [Vs]Ysl(Yll + Y∗
l )

−1I∗l︸ ︷︷ ︸
load demands

− Ps︸︷︷︸
source injections

,

Ŷred = Yss − Ysl(Yll + Y∗
l )

−1Yls is the Kron-reduced conductance matrix that also
absorbed the constant impedance loads, and Ps is vector of power injections by the
sources written for V ∈ EZI as Ks1p∗s , with

p∗s = −1⊤ I∗l − Y∗
l (Yll + Y∗

l )
−1(I∗l − YlsVs)

1⊤[Vs]−1Ks1
.

We remark that in the ZI case the equations PZI(Vs) = 0 depend on the source
voltages only, and once a solution to it is determined, the corresponding voltages
at the loads are obtained as Vl = (Yll+Y∗

l )
−1(I∗l −YlsVs) thereby explicitly solv-

ing previous IZI(V) = 0. . Similarly to the case of ZIP loads, we introduce the
following standing assumption:

Assumption 5.2. EZI ̸= ∅.

Our second result concerns the convergence of the dynamics. In the case of
ZI loads, convergence can be established without the definiteness condition
on the equivalent conductance matrix Yeq in (5.28). Indeed, for P∗

l = 0, the
condition (5.26) is automatically satisfied. Before, this condition was needed
to certify strict convexity of the shifted Lyapunov function M (see (5.29)) as
well as the regularity of the algebraic equation IZI(V) = 0. Additionally, the
limit set in case of ZI loads is EZI ∩ ΛZI ∩ Vmean, where the set of equilibria
EZI is characterized in Lemma 5.3, ΛZI is a sublevel set associated with the
Lyapunov function M with P∗

l = 0, and the set Vmean is defined as in (5.27).
Finally, a stronger convergence result can be established, namely any trajectory
converges to a point depending on the initial condition. This can be formalized
as follows:

Theorem 5.2 (Point convergence). Assume that there exists V ∈ EZI.
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1. The solutions to (5.10), (5.11), (5.9) with P∗
l = 0 which originate from any

initial condition V(0) belonging to a sublevel set ΛZI of the shifted Lyapunov
function M in (5.22) with P∗

l = 0 contained in Rn
>0 always remain in ΛZI, and

2. converge to an asymptotically stable equilibrium belonging to EZI ∩ΛZI ∩Vmean.

Proof. First of all we observe that the proof of Theorem 5.1 holds for the case of
ZI loads (it suffices to set P∗

l = 0 and Il(Vl) = I∗l −Y∗
l Vl throughout the proof).

As an additional feature of ZI loads (to be exploited below) we can explicitly
construct δ(Vs) = (Yll + Y∗

l )
−1(I∗l − YlsVs).

From the proof of Theorem 5.1 (specialized to the case of ZI loads), it is known
that any solution Vs of the ODE (5.30) is bounded. By Birckhoff’s Lemma
(Khalil, 2002, Lemma 3.1) the positive limit set Ω(Vs) associated with a solu-
tion Vs(t) is non-empty, compact, and invariant. Moreover, it is contained in
EZI ∩ ΛZI ∩ Vmean. We would like to prove that Ω(Vs) is a singleton. To this
end, and similarly to De Persis and Monshizadeh (2016) we appeal to Had-
dad and Chellaboina (2008, Proposition 4.7), which states that if the posit-
ive limit set Ω(Vs) of a trajectory contains a Lyapunov stable equilibrium Vs,1
then Ω(Vs) = {Vs}. To see this, first notice that Vs, being in Ω(Vs) and hence
in EZI ∩ ΛZI ∩ Vmean, is indeed an equilibrium of the system. Thus, following
(5.31), one can construct a shifted function N (Vs) associated to Vs. The explicit
expression of N (Vs) is given by

N (Vs) = −P⊤
s ln(Vs) + P⊤

s ln(Vs) + P⊤
s [Vs]

−1(Vs − Vs)

+
1
2

[
Vs − Vs

δ(Vs)− δ(Vs)

]⊤ [Yss Ysl
Yls Yll + Y∗

l

] [
Vs − Vs

δ(Vs)− δ(Vs)

]
.

The gradient of N (Vs) is given by

∂N
∂Vs

= −[Vs]
−1Ps + [Vs]

−1Ps +

(
Yss + Ysl

∂δ
∂Vs

)⊤

(Vs − Vs)

+

(
Yls + (Yll + Y∗

l )
∂δ
∂Vs

)⊤

(δ(Vs) − δ(Vs)).

1This point Vs is a point in Ω(Vs) and may not necessarily coincide with the equilibrium Vs ∈
EZI given in the statement. To prevent cluttering the notation, we do not adopt a different symbol
for Vs in the proof, hence committing an abuse of notation.
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Since ∂δ
∂Vs

= −(Yll + Y∗
l )

−1Yls, the last summand above vanishes. With the
shorthand Ŷred = Yss − Ysl(Yll + Y∗

l )
−1Yls, the gradient simplifies as

∂N
∂Vs

= −[Vs]
−1Ps + [Vs]

−1Ps + Ŷred(Vs − Vs)

Note that the gradient ∂N
∂Vs

vanishes if Vs = Vs andN has a strict local minimum
at Vs since

∂2N
∂V2

s
= Ŷred + [Vs]

−2Ps.

By (5.32), Ṅ ≤ 0, and these two properties (properness and the nonpositive
time derivative) show that Vs is a Lyapunov stable equilibrium. Therefore,
Ω(Vs) = {Vs}, and the solution Vs(t) converges to an equilibrium point. Be-
cause Vs(t) is the Vs component of the solution to the DAE, and since Vl satisfies
Vl = δ(Vs) = (Yll +Y∗

l )
−1(I∗l −YlsVs) we also see that the solution (Vs(t),Vl(t))

of the DAE (5.10), (5.11), (5.9) converges to a point in EZI ∩ ΛZI ∩ Vmean. Since
this equilibrium point is Lyapunov stable by (5.29) (with P∗

l = 0) and (5.32),
the limit point is also asymptotically stable. □

5.4 simulations
In this section, we present simulation results about the proposed control strategy
(5.7), and compare it to the averaging-based control method (5.8) introduced in
Remark 5.2. We use an example network an IEEE 37 bus system adapted from
Distribution Test Feeder Working Group; Kersting (2001); Alwala et al. (2012)
adding lines to form a mesh topology, and upscaling the values of the mi-
crogrid parameters. The grid topology is sketched in Fig. 5.3, and the network
and control parameters are given in Table 5.1, 5.2, and 5.3. It can be checked
that condition (5.26) is satisfied for this network. There are 26 loads and 7
sources. Among these are eight constant power loads, nine constant imped-
ance loads and nine constant current loads. Fifteen of the loads are initially
turned off and are turned on gradually between 9.5 and 10.5 ms; see Table 5.2.
This constitutes a load increase of approximately 1.06 MW, from approxim-
ately 779 kW to 1.84 MW. The remaining eleven loads are active throughout
the experiment.
The voltage evolution both at the sources and at the loads for the controllers
(5.7) and (5.8) is depicted in Fig. 5.4. Fig. 5.5 represents a comparison between
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Parameter Value
Nominal voltage V∗ 4.8 kV
Power sharing i = 1, 3, 4 40

√
kgm/s

coefficients Ki i = 2, 7 80
√

kgm/s
i = 5 20

√
kgm/s

i = 6 10
√

kgm/s
Integral controller i = 1, 3, 4 0.2 F

gains Ci i = 2, 7 0.4 F
i = 5 0.1 F
i = 6 0.05 F

Integral controller gains Di 0.075 F
Load values Y∗

l 3.08 mS
−I∗l 14.8 A
−P∗

l 70.8 kW

Table 5.1: Simulation parameter values. The power sharing coefficients Ki used
in (5.8) have the same numerical values as those in the table, but units of V.

the evolution of the voltages at node 1 for the two controllers. For a more
detailed comparison, the steady state percentage voltage deviation from the
nominal value for all the nodes are reported in Table 5.2. The power injected
at the source nodes is shown for both control strategies in Fig. 5.6. As predicted
by the analysis, at steady state proportional power sharing is achieved by the
power sources in conformity with (5.3). Observe that the voltage deviations
are rather small even though both the proposed controller (5.7) and the dis-
tributed integral controller (5.8) do not account for voltage regulation. Notice
also that the two controllers perform similarly, though the voltages for the in-
tegral controller tend to be slightly lower than those for the power consensus
controller.

5.5 conclusions
We have proposed controllers for DC microgrids that average power measure-
ment at the sources. The results apply to network preserved model (systems of
DAE) of the microgrid in the presence of ZIP loads. Capacitors at the terminals
of the grid that model either Π-models of lines or power converter components
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Figure 5.3: The node network used for the simulations. Sources are depicted as
circles, loads as rectangles. Solid lines denote the interconnecting lines, while
dashed lines represent the communication graph used by the controllers.

can be included by means of passivity-based analysis.
Many interesting new research directions can be taken. The first one is to con-
sider more complex scenarios such as the inclusion of dynamical (inductive)
lines and loads. Another one is the extensions of the controllers to network
preserved AC microgrids. Moreover, although the preservation of the geo-
metric mean of the voltages allows for an estimate of the voltage excursion,
no active voltage regulation is present in the proposed scheme. An addition
of voltage controllers to the power consensus algorithm is an interesting and
important open problem. The sensitivity of the power consensus algorithm to
delays in the communication network is an important feature to be assessed.
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Figure 5.4: Voltage plots of the simulation
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Figure 5.5: Comparison of voltages at node 1 for both controllers
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Node ZIP On? Proposed DAPI Node ZIP On? Proposed DAPI
1 – Always 0.14% −0.25% 17 Z Always −0.15% −0.54%
2 – Always 0.02% −0.37% 18 I Gradual −0.18% −0.57%
3 – Always −0.23% −0.62% 19 P Gradual −0.25% −0.64%
4 – Always −0.04% −0.43% 20 Z Always −0.21% −0.60%
5 – Always −0.19% −0.57% 21 I Always −0.16% −0.55%
6 – Always −0.25% −0.64% 22 P Gradual −0.22% −0.60%
7 – Always 0.13% −0.26% 23 Z Always −0.27% −0.66%

24 I Gradual −0.26% −0.65%
8 Z Gradual −0.19% −0.57% 25 P Gradual −0.30% −0.68%
9 I Always −0.17% −0.56% 26 Z Gradual −0.27% −0.66%

10 P Gradual −0.32% −0.71% 27 I Gradual −0.32% −0.71%
11 Z Gradual −0.34% −0.73% 28 P Always −0.33% −0.71%
12 I Gradual −0.32% −0.70% 29 Z Gradual −0.35% −0.74%
13 P Always −0.33% −0.71% 30 I Gradual −0.26% −0.64%
14 Z Always −0.32% −0.71% 31 P Always −0.18% −0.57%
15 I Always −0.30% −0.69% 32 Z Always −0.08% −0.46%
16 P Gradual −0.26% −0.65% 33 I Gradual −0.13% −0.52%

Table 5.2: Node properties and final percentage voltage deviation from the
nominal value for both the proposed controllers (5.7) and the distributed in-
tegral controller (5.8)

The theoretical analysis of the algorithm under delays, however, is far from
trivial and is left for future research. The power consensus algorithms lead
to a new set of power flow equations, whose solvability still needs to be in-
vestigated, e.g., starting from recent advances concerning power flow feasibil-
ity and approximations; see Bolognani and Zampieri (2016); Barabanov et al.
(2016); Simpson-Porco et al. (2016) and references therein. The distributed av-
eraging integral controller (5.8) discussed in Remark 5.2 enjoys the nice feature
of not requiring power measurements and could be an enthralling algorithm
to investigate further. Finally, the power consensus algorithms preserves the
weighted geometric mean of the voltages and is thus a compelling application
for nonlinear consensus schemes (Bauso et al., 2006; Cortes, 2008). We believe
this connection deserves a deeper investigation.
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Line Resistance Line Resistance
1– 9 0.3032 Ω 16–19 0.1198 Ω
2–17 0.1281 Ω 17–18 0.0958 Ω
3–14 0.2074 Ω 19–20 0.0958 Ω
4–21 0.1115 Ω 19–23 0.1475 Ω
5–24 0.1475 Ω 20–21 0.0691 Ω
6–28 0.5106 Ω 21–22 0.0802 Ω
7–32 0.0986 Ω 23–24 0.0488 Ω
8– 9 0.0479 Ω 24–25 0.0793 Ω
9–10 0.3668 Ω 25–26 0.1281 Ω

10– 11 0.1475 Ω 25–27 0.0793 Ω
10–13 0.1972 Ω 27–28 0.1382 Ω
11–12 0.1115 Ω 28–29 0.0802 Ω
13–14 0.0323 Ω 28–30 0.1576 Ω
13– 15 0.1281 Ω 30–31 0.0986 Ω
15–16 0.0885 Ω 31–32 0.0986 Ω
16–17 0.1594 Ω 32–33 0.0802 Ω

2–21 0.2430 Ω 6–26 0.1843 Ω
3–12 0.1566 Ω 22–26 0.1281 Ω
3–19 0.2166 Ω 24–33 0.3456 Ω

Table 5.3: Line resistances Γ−1. The last six lines {2 − 21, 32 − 12, 3 − 19, 6 −
26, 22 − 26, 24 − 33} were added to form a mesh topology.
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Figure 5.6: Power plots of the simulation
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A power consensus algorithm
for DC grids with RL lines

abstract
We propose and analyse a novel control algorithm for DC microgrids with
resistive-inductive transmission lines and combinations of constant imped-
ance and constant current loads. The new algorithm features a communica-
tion network over which instantaneous current measurements are exchanged.
This gives rise to a consensus-like network, which is analysed using Lyapunov
techniques. We show that the system converges to an equilibrium at which
power consensus is achieved.
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6.1 the rl network
The DC power network is modelled as an undirected graph G = (V, E), where
V = {1, . . . , n} is the set of buses of the network and E ⊆ V × V is the set of m
resistive-inductive (RL) lines between the buses.
We partition the set of vertices into two subsets of ns source loads and nl load
nodes, with ns + nl = n.
In this setting, the dynamics of the current flow λ ∈ Rm on the transmission
lines satisfies

[L]λ̇ = −[R]λ + B⊤V (6.1)

where V is the vector of potentials at the nodes, B is the incidence matrix as-
sociated to the graph G and [L] = diagk Lk, [R] = diagk Rk as usual.
We represent the current exiting the nodes and the potential at the nodes re-
spectively as the vectors I,V ∈ Rn. Likewise, B is partitioned as col(Bs,Bl).
Without loss of generality, these are partitioned as I = col(Is, Il), V = col(Vs,Vl).
In this work, the power sources as well as the loads are defined in terms of
voltage dynamics. Moreover, since our strategy is inspired by that of Chapter 5,
the analysis will make heavy use of Lyapunov functions defined in terms of the
voltage. For these reasons, it becomes advantageous to apply a Kron-reduction
to the power network, expressing all dynamics in terms of the nodes.
We assume that the transmission lines are homogeneous:

Assumption 6.1. There exist positive scalars r, l such that

Lk
Rk

=
l

r
∀k ∈ E ,

where Rk and Lk are respectively the resistance and inductance of transmission line k.

Given this Assumption, we apply a Kron reduction as in Caliskan and Tabuada
(2014, Corollary 9) by rewriting (6.1) as

lλ̇ = −rλ + r[R]−1B⊤V. (6.2)

and then, denoting the vector of currents at the nodes by I = Bλ, rewriting this
as

lİ = −rI + BΓB⊤V. (6.3)
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Ii

Cl,i

−I∗l ,i

Y∗
l ,i

Figure 6.1: Load node model, including capacitor, constant current load and
constant impedance load.

where Γ = r diag(R−1
k ).

It is at this point where we will distinguish source and load buses. Without
loss of generality, let the first ns nodes be the sources, and the remaining nl
nodes be the loads. Then,

l

[
İs
İl

]
+ r

[
Is
Il

]
=

[
BsΓB⊤

s BsΓB⊤
l

BlΓB⊤
s BlΓB⊤

l

] [
Vs
Vl

]
(6.4)

6.1.1 loads

Depending on the load models, the loads can take various forms. Here, we
consider constant current loads and constant impedance loads. In order to
avoid unnecessary clutter, unlike Chapter 5 we do not consider constant power
loads, as the goal of this chapter is to explore the effects of introducing RL
transmission lines.
Additionally, for benefit of the analysis, we connect the loads in parallel with
a capacitor; see Figure 6.1. The load voltage dynamics then satisfy

[Cl]V̇l = −[Y∗
l ]Vl + I∗l − Il, (6.5)

where the entries of the vectors Cl ∈ Rnl
>0, Y∗

l ∈ Rnl
>0 and I∗l ∈ Rnl

<0 denote
respectively the capacitance, constant impedance load and constant current
loads at the load nodes.
To express the system in terms of voltage dynamics, we replace Il and İl in (6.4)
with those from (6.5). This yields

BlΓB⊤V = −r[Cl]V̇l − r[Y∗
l ]Vl + rI∗l − l[Cl]V̈l − l[Y∗

l ]V̇l, (6.6)
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hence

l[Cl]V̈l = −(r[Cl] + l[Y∗
l ])V̇l − r[Y∗

l ]Vl + rI∗l − BlΓB⊤V. (6.7)

Before rewriting this as a first-order ODE, we introduce the controllers.

6.2 power consensus controllers
The design strategy of the power consensus controllers proceeds similarly to
the case where the lines are purely resistive (as in Chapter 5). However, the
inductance of the transmission lines requires a modification to the quantity
that is measured and broadcast by the sources. That is, source i broadcasts

P̂s,i = Vs,i
∑
j∈Ni

1
Rk

(Vs,i − Vj) (6.8)

to the sources connected to it over the communication network. Here, Ni de-
notes the set of nodes neighbouring node i in the physical network.

Remark 6.1. Note that the quantity R−1
k (Vs,i−Vj), by (6.1), is equal to (l/r)λ̇k+

λk, where k = (i, j) is the transmission line index between nodes i and j. The
time constant l/r is a property of the transmission lines, which by Assump-
tion 6.1 are homogeneous, and we assume it to be a known quantity. This
means that as an alternative to direct measurements of Vi at all neighbours as
in (6.8), the sources could measure the current and its derivative at each link,
as well as their local potential, and no special sensing equipment is needed at
the load nodes.

We write P̂s in vector form as P̂s =
1
r
[Vs]BsΓB⊤V. The dynamical current con-

troller takes the following form:

lξ̇ = −rξ − r[Vs]
−1[Dc]

−1(I − lAP̂s)

rlIs = ξ + [Dc]
−1V−1

s ,
(6.9)

where V−1
s denotes the vector of inverses of the voltage at the source nodes.

Remark 6.2. In order to implement the controller (6.9), one would need to be
able to measure Vs,i and the controller’s own integrator state ξ i at each source
node i, in addition to the requirements for calculating P̂s,i.
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Additionally, it is necessary for the controller implementation that the para-
meters r and l are known. However, by appealing to Assumption 6.1, it is
sufficient to measure the resistance and impedance of only one transmission
line to be able to implement all controllers.

Again, we take derivatives of (6.9) as needed to replace the left-hand side of
(6.4):

rBsΓB⊤V = l
d
dt
(
1
l

ξ +
1
l
[Dc]

−1V−1
s ) + r(

1
l

ξ +
1
l
[Dc]

−1V−1
s )

= − r

l
[Vs]

−1[Dc]
−1(I − lAP̂s)− [Dc]

−1[Vs]
−2V̇s +

r

l
[Dc]

−1V−1
s

= r[Vs]
−1[Dc]

−1AP̂s − [Dc]
−1[Vs]

−2V̇s

Remembering the definition of P̂s,

r[Dc][Vs]
2BsΓB⊤V = r[Vs]AP̂s − V̇s

r[Vs][Dc]P̂s = r[Vs]AP̂s − V̇s

V̇s = −r[Vs][Dc]P̂s + r[Vs]AP̂s

= −r[Vs]LcP̂s

6.2.1 closed loop system
We can write the system in closed loop as a first-order system by introducing
the auxiliary variable ql = l[Cl]V̇l. Then,

V̇s = −r[Vs]LcP̂s (6.10a)
V̇l = l−1[Cl]

−1ql (6.10b)

q̇l = −BlΓB⊤V −
( r
l
I + [Y∗

l ][Cl]
−1
)

ql − r[Y∗
l ]Vl + rI∗l . (6.10c)

Lemma 6.1 (Constant product of source voltages). Any solution to (6.10), where
Vi(0) > 0 for every source node i, satisfies

ns∏
i=1

Vi(t) =
ns∏

i=1
Vi(0) (6.11)

for all t > 0.
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Proof. We rewrite (6.10a) as

[Vs]
−1V̇s =

d

dt
ln(Vs) = −rLcP̂s,

and then left-multiply the equation by 1⊤
ns

to obtain

d

dt
1⊤ ln(Vs) =

d

dt
ln

ns∏
i=1

Vi = 0

for all t. Given that ln is a strictly monotonous function, this implies that the
product of voltages is constant, and in particular, equal to its starting value. □

6.2.2 steady state
At the equilibrium, the (first and second) derivatives of V vanish. We denote a
point in the steady state subset S by V̄, and denote the corresponding values
of the voltage derivative and P̂s by q̄l = 0 and P̄s. We focus on steady states for
which V̄ ̸= 0.
From (6.10), we note that V̇s = 0 implies that P̄s ∈ span1; that is, the closed-
loop system indeed enforces power sharing among the controllers. Moreover,
(6.10c) writes as

BlΓB⊤V̄ = −r[Y∗
l ]V̄l + rI∗l (6.12)

and represents the requirement that at steady state, the loads’ requirements
are met by the power transmitted across the transmission lines from the source
nodes.
In summary, the set of equilibria is

S = {(V̄, q̄l) ∈ Rn
>0 × Rnl : 0 = q̄l, (6.13a)

0 = −[V̄s]Lc[V̄s]BsΓB⊤V̄, (6.13b)
0 = −BlΓB⊤V̄ − r[Y∗

l ]V̄l + rI∗l }. (6.13c)

In the rest of this work, we assume such a steady state exists.

Assumption 6.2. S ̸= ∅.

Remark 6.3 (Comparison to EZIP of Lemma 5.1). In Chapter 5, the equilibria are
characterized as the intersection of current balance and power balance. The set
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S can be interpreted analogously: (6.13b) is the (modified) power balance, that
is it prescribes that P̂s is a multiple of 1; (6.13c) is the current balance, that is
it prescribes that the current entering a load node is equal to the current used
by that load node.

The analytical investigation of the existence of equilibria is left to a future work.
An explicit characterization can be given in special cases. The example below
discusses one such case.

Example 6.1. As an example, we consider the case of two sources feeding one
load node, and set the constant Γ = I for simplicity. In this case, (6.13a) is
trivial, but (6.13b) becomes

0 = V̄s,1V̄2
s,2 − V̄3

s,1 − (V̄s,1V̄s,2 − V̄2
s,1)V̄l (6.14a)

0 = V̄2
s,1V̄s,2 − V̄3

s,2 − (V̄s,1V̄s,2 − V̄2
s,2)V̄l (6.14b)

and (6.13c) becomes

0 = −V̄s,1 − V̄s,2 + 2V̄l + rI∗l − rY∗
l V̄l. (6.14c)

The only positive solution to (6.14) is V̄s,1 = V̄s,2 and V̄l = (rI∗l −2V̄s,1)/(rY∗
l −2),

provided rY∗
l < 2 (if this condition is not met, no positive solutions exist and

Assumption 6.2 is broken). Note that the apparently free variable V̄s,1 is fixed
by the initial conditions, given Lemma 6.1.

We reformulate the system in incremental form with respect to the steady state
derived above. Here, we use the fact that P̄s ∈ span1 implies that LcP̄s = 0.

V̇s = −r[Vs]LcP̂s + r[V̄s]LcP̄s = −r[Vs]Lc(P̂s − P̄s) (6.15a)
V̇l = l−1[Cl]

−1ql (6.15b)

q̇l = −BlΓB⊤(V − V̄)−
( r
l
I + [Y∗

l ][Cl]
−1
)

ql − r[Y∗
l ](Vl − V̄l) (6.15c)

6.3 lyapunov function
We introduce the following Lyapunov function.

W =
1
2V⊤BΓB⊤V +

r

2V⊤
l [Y∗

l ]Vl − P̄⊤
s ln(Vs)−

1
2l q⊤l [Cl]

−1ql (6.16)
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Note that, as in (5.21) of Chapter 5, these terms represent the energy losses at
the resistors in the network, the power dissipated at the impedance loads, the
constant power injections and the kinetic energy at the loads.
Since we would like to analyse the incremental system, we centre W around
an arbitrary equilibrium (V̄, q̄l) ∈ S :

W =
1
2 (V − V̄)⊤BΓB⊤(V − V̄) +

r

2 (Vl − V̄l)
⊤[Y∗

l ](Vl − V̄l)

− P̄⊤
s (ln(Vs) − ln(V̄s)) −

1
2l q⊤l [Cl]

−1ql (6.17)

Lemma 6.2. Using the shifted Lyapunov function W , the dynamics (6.15) can be
written asV̇s

V̇l
q̇l

 =

−r2[Vs]Lc[Vs] 0 0
0 0 I
0 −I −r[Cl]

−1 − l[Y∗
l ]




∂W
∂Vs
∂W
∂Vl
∂W
∂ql

 (6.18)

Proof. Recall that P̂s =
1
r
[Vs]BsΓB⊤V.

∂W
∂Vs

= BsΓB⊤(V − V̄)− [P̄s]V−1
s

= [Vs]
−1P̂s − [Vs]

−1P̄s = [Vs]
−1(P̂s − P̄s) (6.19a)

∂W
∂Vl

= BlΓB⊤(V − V̄) + r[Y∗
l ](Vl − V̄l) (6.19b)

∂W
∂ql

=
1
l
[Cl]

−1ql (6.19c)

As a result, we can rewrite the dynamics (6.15) as follows,

V̇s = −r2[Vs]Lc[Vs]
∂W
∂Vs

(6.20a)

V̇l =
∂W
∂ql

(6.20b)

q̇l = −∂W
∂Vl

−
(
r[Cl]

−1 + l[Y∗
l ]
) ∂W
∂ql

(6.20c)

and the result follows. □
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Corollary 6.1. The time derivative of W becomes

Ẇ = −r2 ∂W
∂Vs

⊤
[Vs]Lc[Vs]

∂W
∂Vs

− ∂W
∂ql

⊤
(r[Cl]

−1 + l[Y∗
l ])

∂W
∂ql

. (6.21)

Proof. This follows immediately from substitution of (6.18) into

Ẇ =
∂W
∂Vs

⊤
V̇s +

∂W
∂Vl

⊤
V̇l +

∂W
∂ql

⊤
q̇l. □

6.4 stability of the closed-loop system

Lemma 6.3. The Lyapunov function W has a local minimum at the equilibrium
(V̄, q̄l) ∈ S .

Proof. For ease of notation, we set x = col(Vs,Vl, ql). Note that the Hessian of
W follows from (6.19) as

d2W
dx2 =

BsΓB⊤
s + [P̄s][Vs]

−2 BsΓB⊤
l 0

BlΓB⊤
s BlΓB⊤

l + r[Y∗
l ] 0

0 0 1
l
[C]−1

 (6.22)

The lower right block, 1
l
[C]−1, is trivially positive definite. The remaining

blocks correspond to the voltage. To see that they too are positive definite
at the equilibrium, note that

v⊤
[
BsΓB⊤

s + [P̄s][Vs]
−2 BsΓB⊤

l
BlΓB⊤

s BlΓB⊤
l + r[Y∗

l ]

]
v

= v⊤BΓB⊤v + v⊤ block diag([P̄s][Vs]
−2, r[Y∗

l ])v. (6.23)

Since it is a Laplacian matrix of a connected graph, BΓB⊤ is positive semi-
definite, and its kernel is span 1. The values of Y∗

l are non-negative by defin-
ition. The values of P̄s are non-negative, and following (6.3), P̄s = [V̄s ]̄Is ̸= 0.
Moreover, V̄s ∈ Rn

>0, hence [P̄s][V̄s]
−2 > 0.

Given a non-zero vector v, either it is in ker(BΓB⊤) = span 1, and then

v⊤ block diag([P̄s][Vs]
−2, r[Y∗

l ])v > 0;
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or v⊤BΓB⊤v > 0 (and the remaining term is non-negative). Hence, for non-
zero vectors v, the expression (6.23) is strictly positive, making the Hessian of
W strictly positive definite. □

Theorem 6.1. Suppose Assumption 6.2 holds. Then there exists a compact sublevel
set Δ contained in Rn

>0 × Rnl , such that any solution to (6.10) originating from ini-
tial conditions col(V(0), ql(0)) ∈ Δ always remains in Δ, and the product of source
voltages is constant for all time. Moreover, any such solution col(V, ql) converges
asymptotically to a point in the set of equilibria S.

Proof. Boundedness of solutions. Let (V̄, q̄l = 0) ∈ S . By Lemma 6.3, the
Lyapunov function has a local isolated minimum at V̄, q̄l. Hence, there exists
a compact sublevel set Δ around col(V̄,0).
Given (6.21), and noting that in Δ, [Vs]Lc[Vs] ≥ 0 and r[Cl]

−1 + l[Y∗
l ] > 0, we

conclude that Ẇ ≤ 0 in Δ, i.e. all solutions originating in Δ remain inside of it.
The constant product of source voltages follows immediately from Lemma 6.1.
Asymptotic convergence to S. We argue by the LaSalle invariance principle.
Consider a solution from initial conditions inside Δ; note that the voltages
are positive as the equilibrium has positive voltages by Assumption 6.2. The
closed loop system converges to the invariant subset of Δ where Ẇ = 0. In
particular, from (6.21) we note that ∂W

∂ql
= 0, and [Vs]

∂W
∂Vs

= 0. The latter im-
plies, by (6.19a), that P̂s − P̄s ∈ span1; the former implies ql = 0 using (6.19c).
This satisfies (6.13a).
As a result, V̇ = 0 in the invariant set: V̇l = ql = 0 is seen above, while
V̇s = 0 follows from (6.18) given that ∂W

∂Vs
= 0 above. We combine this fact

with ∂W
∂ql

= 0, recovered above, and the dynamics (6.20c) to see that ∂W
∂Vl

= 0.
By subtracting (6.13c) from (6.19b), we see that

0 = −BlΓB⊤V − r[Y∗
l ]Vl + rI∗l , (6.24)

so (6.13c) holds for V.
Now, since by the above P̂s ∈ span1, we note that [Vs]LP̂s = 0, so (6.13b) is
satisfied as well, and (V, ql) ∈ S .
In fact, one can re-centre the Lyapunov function around the point V, q, and
see that Lemma 6.3 applies again. It then follows that that the point V, q is
a Lyapunov stable equilibrium of the system; hence, the positive limit set of
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any solution originating in Δ contains such a Lyapunov stable equilibrium. By
Haddad and Chellaboina (2008, Proposition 4.7), we then see that this positive
limit set is in fact a point. □
As V converges by the Theorem asymptotically to a point, we commit an abuse
of notation by denoting this point again as V̄, and setting Ī = 1

r
BΓB⊤V̄. Having

proven the convergence of the system (6.10), we now turn back to (6.3).

Corollary 6.2 (Current convergence). The current vector of a solution as described
in Theorem 6.1 converges asymptotically to Ī.

Proof. The incremental form of (6.3) is

lİ = −r(I − Ī) + BΓB⊤(V − V̄). (6.25)

Now, we invoke the converging-input converging-state result (see e.g. Sontag
(1989) for the more general nonlinear case), noting that the input V − V̄ con-
verges. As r and l are positive, the dynamic matrix of (6.3) is Hurwitz, hence
I − Ī converges asymptotically to zero. □
As a notable consequence, P̄s = [V̄s ]̄Is. Therefore, P̄s denotes the power injected
by the sources at steady state.

6.5 simulation study
We demonstrate the proposed controller using as an example network the
IEEE 37 bus system adapted from Distribution Test Feeder Working Group;
Kersting (2001); Alwala et al. (2012). We refer to Figure 5.3 for the topology of
the network, and to Table 5.3 for the physical properties of the transmission
lines. Table 6.1 lists the source and load parameters used for the simulations.
Note that the load values have been chosen such that at the nominal voltage,
the injected power will be the same for all types of loads. In order to satisfy As-
sumption 6.1, we have calculated the inductances using a line length of 150 m
(they vary between 30 m and 500 m).
The network is first initialized with 1.11 × 105 W of load. At t = 0, the remain-
ing loads are turned on for a total load of 2.63 × 105 W. The voltage, current
and injected power evolutions can be seen in Figure 6.2. For a more detailed
result, the voltage deviation at each node is reported in Table 6.2. As predicted
by Lemma 6.1, the geometric average of source voltages remains constant at
4.8 kV.
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Parameter Value
Nominal voltage V∗ 4.8 kV
Capacitors at loads Ci 0.5 mF
Load values Y∗

l 3.08 mS
−I∗l 14.8 A

Transmission lines r/l 233 s−1

Table 6.1: Simulation parameter values.

Node ZIP Turned on V − V̄ Node ZIP Turned on V − V̄
1 – Always 0.2894% 17 Z Always −0.1835%
2 – Always −0.0631% 18 I At t = 0 −0.2129%
3 – Always −0.1631% 19 P At t = 0 −0.1973%
4 – Always 0.0148% 20 Z Always −0.1602%
5 – Always 0.0015% 21 I Always −0.1125%
6 – Always −0.0196% 22 P At t = 0 −0.1398%
7 – Always −0.0593% 23 Z Always −0.1851%

24 I At t = 0 −0.1669%
8 Z At t = 0 −0.0705% 25 P At t = 0 −0.1960%
9 I Always −0.0558% 26 Z At t = 0 −0.1445%

10 P At t = 0 −0.2476% 27 I At t = 0 −0.2339%
11 Z At t = 0 −0.2638% 28 P Always −0.2568%
12 I At t = 0 −0.2419% 29 Z At t = 0 −0.2814%
13 P Always −0.2680% 30 I At t = 0 −0.2595%
14 Z Always −0.2631% 31 P Always −0.2308%
15 I Always −0.2649% 32 Z Always −0.1719%
16 P At t = 0 −0.2352% 33 I At t = 0 −0.1908%

Table 6.2: Node properties and final percentage voltage deviation from the
nominal value

As predicted by the analysis, power consensus is reached and is in fact main-
tained throughout the experiment. Note that the voltages remain close to
the nominal voltage, even in transients. If necessary, larger capacitors can be
placed at the loads to further reduce the magnitude of the overshoot at the cost
of speed of convergence.



6.5. simulation study 133

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

t [s]

4780

4785

4790

4795

4800

4805

4810

4815

4820

V
 [V

ol
ts

]

Voltages at the nodes

Source nodes
Z loads
I loads

(a) Voltage at the nodes

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

t [s]

-20

-10

0

10

20

30

40

50

60

I [
A

m
pe

re
]

Current at the nodes

Source nodes
Z loads
I loads

(b) Current leaving the nodes

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

t [s]

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

P
 [W

]

105 Power at the source nodes

Source nodes

(c) Power injected at sources

Figure 6.2: Simulations of the IEEE 37-bus system.
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6.6 summary and discussion
We proposed a consensus-style controller for DC power grids with resistive-
inductive lines that communicate current measurements at the sources. The
results hold for networks where the loads can be modelled as combinations of
constant current and constant impedance loads.
An interesting extension is the inclusion of constant power and other, dynam-
ical types of loads. Another important open problem is the sensitivity of the
algorithm to noise, quantization errors and time delays typically found in di-
gital communication networks.



7
Conclusions

In this thesis, we developed a method for analysis of power systems using
strict Lyapunov functions. Using such functions, it is possible to prove that
the dynamics of an AC power network, modelled using the swing equations
in closed loop with various controllers, converges exponentially to a stable op-
erating point under modest assumptions.
This result allowed us to additionally infer robustness of the closed loop sys-
tem to various external disturbances. Specifically, the system is locally asymp-
totically stable even under intermittent removal of the communication net-
work, provided an additional assumption on persistency of excitation (As-
sumption 2.2) is met. Additionally, we were able to show input-to-state sta-
bility with restrictions, with respect to additive disturbances in power meas-
urements, controller output and controller communication.
It is our hope that with these robustness certificates, consensus-like control-
lers will be considered by network operators as a viable and safe alternative
to centralised regulation. This would hopefully lead to a more flexible power
network, where power users and power providers can adapt quickly to chan-
ging supply and demand, and grey power can be gradually retired from its
role as necessary source of stability.
In the second part, we developed power consensus controllers for the DC power
network. Like the DAI controller covered in Part I, these require the power
sources to send each other instantaneous measurements of a physical quantity,
but in turn offer an attractive power sharing property. In modern power grids,
where not all sources and loads are flexible, control algorithms like these can
be used to minimize pollution and waste, use clean sources of energy when
available, and cheap ones when possible. Additionally, and again similarly
to the DAI controller, its use can be extended to include flexible loads (‘smart
homes’ etcetera) in the balancing act if desired, by modelling them as a com-
bination of a load and a power source, further allowing society to use green
power efficiently and cheaply.
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7.1 research suggestions
The results discussed in this thesis are by no means exhaustive, and we believe
they should serve as a starting point for various new developments. In the
following, we suggest a few possible extensions.

7.1.1 robustness of the dai controlled swing equations
Having seen that the DAI controlled swing equations are robust to DoS and
to additive disturbances, one wonders if other kinds of disruptions are pos-
sible, and if so, to what extent the closed-loop power system is robust to them.
Examples include

• more flexible and refined models of DoS. The current model, for ex-
ample, does not allow a DoS regime in which the network is never fully
connected, but each node is still connected to each other node ‘most of
the time’ (Senejohnny et al., 2017). Various other models of partial con-
nectivity exist, and merit an investigation;

• communication delays. In this work, the measurement–communication
–calculation–actuation loop is modelled as being instantaneous. It is not
difficult to see that this assumption might be unrealistic, and robustness
to delays in communication, and possibly reordering of messages, is very
interesting.

7.1.2 iss of other swing-like dynamics
Throughout part I, we have used strict Lyapunov functions to prove ISS and
related properties for the swing equations, as used in power networks. It is
likely that the same techniques will allow for similar results to be developed
in other ODEs with similar nonlinearities, e.g.

ẋ1 = x2

ẋ2 = −x2 −∇U(x1).
(7.1)

7.1.3 inclusion of more kinds of loads with rl lines
Constant power loads are not included in Chapter 6. It would be interesting to
include them. Moreover, not all loads are in some way constant. For broader
applicability, it would be valuable to see if consensus controllers are able to
work with noisy or fluctuating loads.
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7.1.4 inclusion of inflexible sources in the dc grid
Not all power sources can offer flexibility, and some of them (such as solar
power) would perhaps be better modelled as a ‘negative’ load. As in this work,
the load nodes are assumed to be actual loads, an extension that allows for
inflexible sources (and perhaps flexible loads) would make the controller more
broadly applicable.
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Summary

Thanks to technological and societal developments, the demand for electricity
is larger than ever. Moreover, more and more consumers are motivated to
switch to more sustainable sources of energy, for example sun, wind or water.
This leads to some new challenges. First, sustainable sources of energy are not
always continuously available: solar and wind-energy is only generated when
the sun is out and when it’s windy. Second, small consumers increasingly
have the option of generating energy and returning it to the network, which
the current power network is not necessarily prepared for. The focus of this
thesis is to develop and study (partial) solutions to the above problems.
A possible approach is to equip every electricity generator, and possibly also
consumers, with a controller. These controllers are usually computers, which
actuate the local generation or use of power based on local measurements
and perhaps communication with other controllers. Some energy sources,
like hydro-power and fossil fuels, offer a high amount of flexibility, and some
consumers can offer flexibility using accumulators or by planning their use of
electricity in a smart way. The controllers in this thesis are designed to balance
demand and supply in this way, and thus guarantee stability of the power net-
work.
In the first part of this thesis, we study two controllers for the alternate cur-
rent power network: the distributed averaging integral (DAI) controller and
the leaky integral (LI) controller. Both controllers measure and integrate the
frequency deviation of the alternate current, as it is symptom of a shortage or
excess of power, and adjust the power injection of the local generator based on
the integrated frequency deviation. The DAI controller communicates with
other controllers in the network in order to reach a weighted consensus of the
controllers’ integrators. The result is that all generators help compensate for a
local shortage of power. The LI controller does not communicate, and ‘emp-
ties’ the local integrator in order to guarantee stability. By changing the speed
at which the controller ‘leaks’, the LI can also fairly distributes the demand
across the generators.
Both of these controllers are well-known, and in theory power networks con-
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trolled by them are stable, and supply and demand are balanced. In a practical
setting, it is also important for the controllers to be able to cope with errors in
the assumptions on which the (mathematical) proofs are based. This prop-
erty is called robustness. We show that the DAI controller is robust to tem-
porary interruptions of the communication network: the system will remain
stable and allocate demand to generators in a fair way despite such interrup-
tions. Moreover, we show that both the DAI and the LI controllers are robust
to certain disturbances in their measurements and actuation, by showing that
the power network is input-to-state stable with restrictions when controlled by
these controllers.
In the second part of this thesis, we design controllers for direct current net-
works. These networks are in current use, for example on ships, and are also
suitable for powering microgrids: small-scale networks that can operate in-
dependently. Like in the first part, we use distributed controllers installed at
the generators that are connected using a communication network. We design
two controllers, both of which achieve stability and power sharing: fair alloc-
ation of the total demand to the generators in the network. The first controller
is designed for networks in which the transmission lines can be modelled as
resistors, and the loads are characterised by having a constant resistance or de-
manding a constant current or power. Furthermore, we design a variation on
the first controller, suitable for networks in which the lines are modelled as a
resistor and an inductor in series. In this design, we omit the constant power
loads.



Samenvatting

Dankzij technologische en maatschappelijke ontwikkelingen is de vraag naar
elektriciteit groter dan ooit. Bovendien zijn steeds meer gebruikers zich be-
wust van de noodzaak om over te stappen op duurzame bronnen van energie,
bijvoorbeeld energie uit zon, wind of water. Dit brengt een aantal uitdagin-
gen met zich mee. Ten eerste is niet alle duurzame energie altijd beschikbaar:
zonne- en windenergie worden alleen opgewekt als de zon schijnt en als het
waait. Ten tweede ontstaat de mogelijkheid voor kleine verbruikers om zelf
energie op te wekken en terug te leveren aan het netwerk, iets waar het be-
staande stroomnetwerk niet noodzakelijk voor geschikt is. De focus van dit
proefschrift is het ontwikkelen en bestuderen van oplossingen voor (delen van)
bovenstaande problemen.
Een mogelijke aanpak is om iedere generator van elektriciteit, en soms ook
gebruikers, te voorzien van een regelaar. Deze regelaars zijn doorgaans com-
puters, die door middel van lokale metingen en mogelijk communicatie met
andere regelaars de lokale opwekking dan wel het lokale gebruik van stroom
aansturen. Sommige energiebronnen, zoals waterkracht en fossiele brandstof-
fen, bieden een hoge mate van flexibiliteit, en sommige gebruikers kunnen
door planning van stroomgebruik of door het gebruik van accumulatoren ook
flexibiliteit bieden. De regelaars in dit proefschrift zijn ontworpen om op deze
manier vraag en aanbod te balanceren en zo de stabiliteit van het stroomnet-
werk te garanderen.
In het eerste deel van dit proefschrift bestuderen we twee regelaars voor het
wisselstroomnetwerk, namelijk de distributed averaging integral-regelaar (DAI)
en de leaky integral-regelaar (LI). Beide regelaars meten en integreren de fre-
quentie-afwijking van de wisselstroom – die is symptoom van een tekort of
overschot – en passen op basis van de geïntegreerde afwijking de injectie van
energie aan. De DAI-regelaar onderscheidt zich door te communiceren met
andere regelaars, en zo een gewogen consensus te bereiken van de integra-
tors van de verschillende regelaars. Dit zorgt ervoor dat een lokaal tekort aan
stroom niet door één generator hoeft te worden opgevangen. De LI-regelaar
communiceert niet, en laat de lokale integrator langzaam ‘leeglopen’ om sta-
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biliteit te garanderen. Door de leegloopsnelheid aan te passen is ook met de LI
een eerlijke verdeling mogelijk van stroomopwekking over alle generatoren.
Beide regelaars zijn al bekend in de wetenschap, en in theorie zorgen ze voor
een stabiel netwerk waarin opwekking en gebruik van stroom in balans zijn. In
de praktijk is het daarnaast belangrijk dat de regelaars nog steeds werken als
de aannames waarop het theoretische (wiskundige) bewijs berust, geschonden
worden. Deze eigenschap noemt men robuustheid (robustness). Wij tonen aan
dat de DAI-regelaar bestand is tegen tijdelijke onderbrekingen van het commu-
nicatienetwerk, en het systeem ondanks zulke onderbrekingen stabiel blijft en
zorg draagt voor een eerlijke verdeling van opgewekte energie over de gene-
ratoren. Daarnaast tonen we aan dat zowel de DAI- als de LI-regelaar bestand
zijn tegen een zekere hoeveelheid meet- en aandrijvingsfouten, door te bewij-
zen dat het stroomnetwerk met beide regelaars tot op zekere hoogte invoer-
naar-toestand-stabiel is (input-to-state stable with restrictions).
In het tweede deel van dit proefschrift ontwerpen we regelaars voor gelijk-
stroomnetwerken. Deze netwerken zijn nu al in gebruik, bijvoorbeeld op sche-
pen, en zijn ook geschikt voor het aanleggen van kleine loskoppelbare stroom-
netwerken, ook wel bekend als microgrids. Ook hier gaan we uit van meerdere
generatoren met elk een eigen regelaar, waarbij de regelaars met elkaar com-
municeren. We ontwerpen twee regelaars, die beide naast stabiliteit ook zorgen
voor vermogensdeling (power sharing): een eerlijke verdeling van de totale be-
lasting over alle generatoren in het netwerk. De eerste regelaar is ontworpen
voor netwerken waar de transmissiekabels gemodelleerd zijn als weerstanden,
en de belastingen gekenmerkt worden door een constante weerstand, een con-
stante stroomsterkte of een constant vermogen. Daarnaast ontwerpen we een
variatie op de eerste regelaar, geschikt voor netwerken met kabels gemodel-
leerd als een serieschakeling van een weerstand en een spoel. In dit ontwerp
laten we de belastingen met een constant vermogen weg.
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