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Stability Analysis of Monotone Systems via
Max-Separable Lyapunov Functions

Hamid Reza Feyzmahdavian , Bart Besselink , and Mikael Johansson

Abstract—We analyze stability properties of monotone
nonlinear systems via max-separable Lyapunov functions,
motivated by the following observations: first, recent
results have shown that asymptotic stability of a monotone
nonlinear system implies the existence of a max-separable
Lyapunov function on a compact set; second, for monotone
linear systems, asymptotic stability implies the stronger
properties of D-stability and insensitivity to time delays.
This paper establishes that for monotone nonlinear sys-
tems, equivalence holds between asymptotic stability,
the existence of a max-separable Lyapunov function,
D-stability, and insensitivity to bounded and unbounded
time-varying delays. In particular, a new and general
notion of D-stability for monotone nonlinear systems is
discussed, and a set of necessary and sufficient conditions
for delay-independent stability are derived. Examples show
how the results extend the state of the art.

Index Terms—Delay systems, D-stability, Lyapunov meth-
ods, monotone systems, positive systems.

I. INTRODUCTION

MONOTONE systems are dynamical systems whose tra-
jectories preserve a partial order relationship on their ini-

tial states. Such systems appear naturally in, for example, chem-
ical reaction networks [2], consensus dynamics [3], systems
biology [4], wireless networks [5], and as comparison systems
in stability analysis of large-scale interconnected systems [6]–
[8]. Due to their wide applicability, monotone systems have
attracted considerable attention from the control community
(see, e.g., [9]–[12]). Early references on the theory of monotone
systems include the papers [13]–[15] by Hirsch and the
excellent monograph [16] by Smith.

For monotone linear systems (also called positive linear sys-
tems), it is known that asymptotic stability of the origin im-
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plies further stability properties. First, asymptotically stable
monotone linear systems always admit a Lyapunov function
that can be expressed as a weighted max-norm [17]. Such Lya-
punov functions can be written as a maximum of functions with
1-D arguments, so they are a particular class of max-separable
Lyapunov functions [18]–[20]. Second, asymptotic stability of
monotone linear systems is robust with respect to scaling of
the dynamics with a diagonal matrix, leading to the so-called
D-stability property. This notion appeared first in [21] and [22],
with additional early results given in [23]. Third, monotone lin-
ear systems possess strong robustness properties with respect to
time delays [24]–[31]. Namely, for these systems, asymptotic
stability of a time-delay system can be concluded from stability
of the corresponding delay-free system, simplifying the analy-
sis. This is a significant property of monotone linear systems,
since the stability of general linear systems typically depends
on the magnitude and variation of the time delays [32]–[36].

For monotone nonlinear systems, it is, in general, unknown
whether asymptotic stability of the origin implies notions of
D-stability or delay-independent stability, even though results
exist for certain classes of monotone systems, such as homoge-
neous and subhomogeneous systems [37]–[41]. Recent results
in [42] and [43] show that for monotone nonlinear systems,
asymptotic stability of the origin implies the existence of a max-
separable Lyapunov function on every compact set in the domain
of attraction. Motivated by this result and the strong robustness
properties of monotone linear systems, we study stability prop-
erties of monotone nonlinear systems using max-separable Lya-
punov functions. Here, monotone nonlinear systems are neither
restricted to be homogeneous nor subhomogeneous.

The main contribution of this paper is to extend the stabil-
ity properties of monotone linear systems discussed above to
monotone nonlinear systems. Specifically, we demonstrate that
asymptotic stability of the origin for a monotone nonlinear sys-
tem leads to D-stability and asymptotic stability in the presence
of bounded and unbounded time-varying delays. Furthermore,
this paper has the following four contributions.

First, we show that for monotone nonlinear systems, the ex-
istence of a max-separable Lyapunov function on a compact set
is equivalent to the existence of a path in this compact set such
that, on this path, the vector field defining the system is negative
in all its components. This allows for a simple evaluation of
asymptotic stability for such systems.

Second, we define a novel and natural notion of D-stability
for monotone nonlinear systems that extends earlier concepts
in the literature [37]–[39]. Our notion of D-stability is based
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See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

https://orcid.org/0000-0003-1149-4715
https://orcid.org/0000-0001-5194-3306
https://orcid.org/0000-0002-2237-2580


644 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 63, NO. 3, MARCH 2018

on the composition of the components of the vector field with
an arbitrary monotonically increasing function that plays the
role of a scaling. We then show that for monotone nonlinear
systems, this notion of D-stability is equivalent to the existence
of a max-separable Lyapunov function on a compact set.

Third, we demonstrate that for monotone nonlinear systems,
asymptotic stability of the origin is insensitive to a general class
of time delays, which includes bounded and unbounded time-
varying delays. Again, this provides an extension of the existing
results for monotone linear systems to the nonlinear case. In
order to impose minimal restrictions on time-varying delays,
our proof technique makes use of the max-separable Lyapunov
function that guarantees asymptotic stability of the origin with-
out time delays as a Lyapunov–Razumikhin function.

Fourth, we derive a set of necessary and sufficient condi-
tions for establishing delay-independent stability of monotone
nonlinear systems. These conditions can also provide an esti-
mate of the region of attraction for the origin. As in the case of
D-stability, we extend several existing results on analysis of
monotone systems with time delays, which often rely on homo-
geneity and subhomogeneity of the vector field (see, e.g., [38]–
[41]), to general monotone systems.

The remainder of this paper is organized as follows. Section II
reviews some preliminaries on monotone nonlinear systems and
max-separable Lyapunov functions and discusses stability prop-
erties of monotone linear systems. In Section III, our main re-
sults for stability properties of monotone nonlinear systems are
presented, whereas, in Section IV, delay-independent stability
conditions for monotone systems with time-varying delays are
derived. Section V demonstrates through a number of examples
how these results extend earlier work in the literature. Finally,
conclusions and potential extensions are stated in Section VI.

Notation: The set of real numbers is denoted by IR, whereas
IR+ = [0,∞) represents the set of nonnegative real numbers. We
let IRn

+ denote the positive orthant in IRn . The associated partial
order is given as follows. For vectors x and y in IRn , x < y (x ≤
y) if xi < yi (xi ≤ yi) for all i ∈ In , where In = {1, . . . , n}
and xi ∈ IR represents the ith component of x. A continuous
function ω : IR+ → IR+ is said to be of class K if ω(0) = 0 and
ω is strictly increasing. It belongs to class K∞ if, in addition,
ω(x) → ∞ as x→ ∞. A continuous function ω : IRn → IR+
is called positive definite if ω(0) = 0 and ω(x) > 0 for x �= 0.
For a real interval [a, b], C(

[a, b], IRn
)

denotes the space of real-
valued continuous functions on [a, b] taking real values in IRn .
Finally, 1n ∈ IRn denotes the vector whose components are all
one.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider dynamical systems on the positive orthant IRn
+ de-

scribed by the ordinary differential equation

ẋ = f(x). (1)

Here, x is the system state, and the vector field f : IRn
+ → IRn

is locally Lipschitz so that local existence and uniqueness of
solutions is guaranteed [44]. Let x(t, x0) denote the solution
to (1) starting from the initial condition x0 ∈ IRn

+ at the time

t ∈ IR+ . We further assume that (1) has an equilibrium point at
the origin, i.e., f(0) = 0.

A. Preliminaries on Monotone Systems

In this paper, monotone systems will be studied according to
the following definition.

Definition 2.1: The system (1) is called monotone with re-
spect to the positive orthant if the implication

x′0 ≤ x0 ⇒ x(t, x′0) ≤ x(t, x0) ∀t ∈ IR+ (2)

holds, for any initial conditions x0 , x
′
0 ∈ IRn

+ .
The definition states that trajectories of monotone systems

starting at ordered initial conditions preserve the same ordering
during the time evolution. By choosing x′0 = 0 in (2), since
x(t, 0) = 0 for all t ∈ IR+ , it is easy to see that

x0 ∈ IRn
+ ⇒ x(t, x0) ∈ IRn

+ ∀t ∈ IR+ . (3)

This shows that the positive orthant IRn
+ is an invariant set for the

monotone system (1). Thus, monotone systems with an equilib-
rium point at the origin define positive systems.1

Monotonicity of dynamical systems is equivalently charac-
terized by the so-called Kamke–Müller condition, stated next.

Proposition 2.2 (see [16]): The system (1) is monotone with
respect to the positive orthant if and only if the following impli-
cation holds for all x, x′ ∈ IRn

+ and all i ∈ In :

x′ ≤ x and x′i = xi ⇒ fi(x′) ≤ fi(x). (4)

Vector fields satisfying (4) are also referred to as quasi-
monotone nondecreasing in IRn

+ [45]. Note that if f is con-
tinuously differentiable on IRn

+ , then condition (4) is equivalent
to the requirement that f has a Jacobian matrix with nonnegative
off-diagonal elements, i.e.,

∂fi
∂xj

(x) ≥ 0, x ∈ IRn
+ (5)

holds for all i �= j, i, j ∈ In [16, Remark 3.1.1]. A vector field
satisfying (5) is called cooperative.

Remark 2.3: In [46], the Kamke–Müller condition has been
extended to a partial ordering with respect to an arbitrary cone
(not necessarily the positive orthant).

In this paper, we will consider stability properties of mono-
tone nonlinear systems. To this end, we use the following def-
inition of (asymptotic) stability, tailored for monotone systems
on the positive orthant.

Definition 2.4: The equilibrium pointx = 0 of the monotone
system (1) is said to be stable if, for each ε > 0, there exists a
δ > 0 such that

0 ≤ x0 < δ1n ⇒ 0 ≤ x(t, x0) < ε1n ∀t ∈ IR+ . (6)

The origin is called asymptotically stable if it is stable, and in
addition, δ can be chosen such that

0 ≤ x0 < δ1n ⇒ lim
t→∞x(t, x0) = 0.

1A dynamical system given by (1) is called positive if any trajectory of (1)
starting from nonnegative initial conditions remains forever in the positive
orthant, i.e., if x0 ∈ IRn+ , then x(t) ∈ IRn+ for all t ∈ IR+ .
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We say that the origin is globally asymptotically stable if it is
asymptotically stable for all nonnegative initial conditions:

∀x0 ∈ IRn
+ : lim

t→∞x(t, x0) = 0.

Note that, due to the equivalence of norms on IRn and for-
ward invariance property of the positive orthant for monotone
systems, Definition 2.4 is equivalent to the usual notion of Lya-
punov stability [44].

B. Preliminaries on Max-Separable Lyapunov Functions

We will characterize and study asymptotic stability of mono-
tone nonlinear systems by means of the so-called max-separable
Lyapunov functions

V (x) = max
i∈In

Vi(xi) (7)

with scalar functions Vi : IR+ → IR+ . Since the Lyapunov func-
tion (7) is not necessarily continuously differentiable even if the
functions Vi are smooth, we consider its upper-right Dini deriva-
tive along solutions of (1) (see, e.g., [47]) as

D+V (x) = lim sup
h→0+

V
(
x+ hf(x)

) − V
(
x
)

h
. (8)

The following result shows that if the functions Vi in (7) are
continuously differentiable, then (8) admits an explicit expres-
sion.

Proposition 2.5 (see [48]): Consider V : IRn
+ → IR+ in (7)

and let Vi : IR+ → IR+ be continuously differentiable for i ∈
In . Then, the upper-right Dini derivative (8) is given by

D+V (x) = max
j∈J (x)

∂Vj
∂xj

(xj )fj (x) (9)

where J (x) is the set of indices, for which the maximum in (7)
is attained, i.e.,

J (x) =
{
j ∈ In | Vj (xj ) = V (x)

}
. (10)

C. Preliminaries on Monotone Linear Systems

Let f(x) = AxwithA ∈ IRn×n . Then, the system (1) reduces
to the linear system

ẋ = Ax. (11)

It is well known that (11) is monotone in the sense of
Definition 2.1 (and, hence, positive) if and only if A is Met-
zler, i.e., all off-diagonal elements of A are nonnegative [17].
We summarize some important stability properties of monotone
linear systems in the next result.

Proposition 2.6 (see [20] and [49]): For the linear system
(11), suppose that A is Metzler. Then, the following statements
are equivalent.

1) The monotone linear system (11) is asymptotically stable,
i.e., A is Hurwitz.

2) There is a max-separable Lyapunov function of the form

V (x) = max
i∈In

xi
vi

(12)

on IRn
+ , with vi > 0 for each i ∈ In .

3) There exists a vector w > 0 such that Aw < 0.
4) For any diagonal matrix Δ ∈ IRn×n with positive diago-

nal entries, the linear system

ẋ = ΔAx

is asymptotically stable, i.e., ΔA is Hurwitz.
In Proposition 2.6, the equivalence of statements 1) and 2)

demonstrates that the existence of a max-separable Lyapunov
function is a necessary and sufficient condition for asymptotic
stability of monotone linear systems. The positive scalars vi in
the max-separable Lyapunov function (12) in the second item
can be related to the positive vector w in the third item as
vi = wi for all i ∈ In . Statement 4) shows that stability of
monotone linear systems is robust with respect to scaling of the
rows of matrix A. This property is known as D-stability [21].
Note that the notions of asymptotic stability in Proposition 2.6
hold globally due to linearity.

Another well-known property of monotone linear systems
is that their asymptotic stability is insensitive to bounded and
certain classes of unbounded time delays. This property reads
as follows.

Proposition 2.7 (see [50]): Consider the delay-free mono-
tone (positive) system

ẋ(t) = (A+B)x(t) (13)

with A Metzler and B having nonnegative elements. If (13) is
asymptotically stable, then the time-delay system

ẋ(t) = Ax(t) +Bx(t− τ(t)) (14)

is asymptotically stable for all bounded and potentially un-
bounded time-varying delays satisfying

lim
t→+∞ t− τ(t) = +∞.

Note that when A is Metzler and B is nonnegative, the time-
delay system (14) is monotone [40, Proposition 3.2], i.e., solu-
tions to the linear system (14) starting from nonnegative initial
conditions ϕ,ϕ′ ∈ C(

[−τmax , 0], IRn
+
)

with ϕ′(t) ≤ ϕ(t) for all
t ∈ [−τmax , 0] satisfy

x(t, ϕ′) ≤ x(t, ϕ) ∀t ∈ IR+ . (15)

Proposition 2.7 shows that asymptotic stability of the monotone
linear system (13) without time delays implies that the monotone
system (14) with time-varying delays is also asymptotically sta-
ble. This is a surprising property, since the introduction of time
delays may, in general, render a stable linear system unstable.
The following example illustrates this point.

Example 2.8: Consider a time-delay linear system given by

ẋ(t)=

⎡

⎢
⎢
⎣

0 0 1 0
0 0 0 1

−11 10 0 0
5 −15 0 −0.25

⎤

⎥
⎥
⎦x(t)+

⎡

⎢
⎢
⎣

0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

⎤

⎥
⎥
⎦x(t− τmax)

(16)
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where τmax is a constant delay. In terms of (14),

A =

⎡

⎢
⎢
⎣

0 0 1 0
0 0 0 1

−11 10 0 0
5 −15 0 −0.25

⎤

⎥
⎥
⎦ , B =

⎡

⎢
⎢
⎣

0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

⎤

⎥
⎥
⎦

and τ(t) = τmax for all t ∈ IR+ . The matrix B is nonnegative.
However, as A is not Metzler, the time-delay linear system (16)
is not monotone (positive).

Let τmax = 0. Then, (16) reduces to the linear system

ẋ(t) =

⎡

⎢
⎢
⎣

0 0 1 0
0 0 0 1

−10 10 0 0
5 −15 0 −0.25

⎤

⎥
⎥
⎦x(t).

It is easy to verify that this delay-free system has an asymp-
totically stable equilibrium point at the origin. However, when
τmax is larger than 1.5, the origin for the time-delay system (16)
becomes unstable [32]. This simple example shows that for gen-
eral linear systems, an equilibrium can lose its stability in the
presence of time delays.

D. Main Goals

The main objectives of this paper are 1) to derive a coun-
terpart of Proposition 2.6 for monotone nonlinear systems of
the form (1); and 2) to extend the delay-independent stability
property of monotone linear systems stated in Proposition 2.7
to monotone nonlinear systems with bounded and unbounded
time-varying delays.

III. STABILITY OF MONOTONE NONLINEAR SYSTEMS

The following theorem is our first key result, which estab-
lishes a set of necessary and sufficient conditions for asymptotic
stability of monotone nonlinear systems.

Theorem 3.1: Assume that the nonlinear system (1) is mono-
tone. Then, the following statements are equivalent.

1) The origin is asymptotically stable.
2) For some compact set of the form

X =
{
x ∈ IRn

+ | 0 ≤ x ≤ v
}
. (17)

With v > 0, there exists a max-separable Lyapunov func-
tion V : X → IR+ as in (7) with Vi : [0, vi ] → IR+ dif-
ferentiable for each i ∈ In such that

ν1(xi) ≤ Vi(xi) ≤ ν2(xi) (18)

holds for all xi ∈ [0, vi ] and for some functions ν1 , ν2 of
class K, and that

D+V (x) ≤ −μ(V (x)), (19)

holds for all x ∈ X and some positive definite function μ.
3) For some positive constant s̄ > 0, there exists a function
ρ : [0, s̄] → IRn

+ with ρi of class K, ρ−1
i differentiable on

[0, ρi(s̄)] and satisfying

dρ−1
i

ds
(s) > 0 (20)

for all s ∈ (
0, ρi(s̄)

]
and all i ∈ In , such that

f ◦ ρ(s) ≤ −α(s) (21)

holds for s ∈ [0, s̄] and some function α : [0, s̄] → IRn
+

with αi positive definite for all i ∈ In .
4) For any locally Lipschitz function ψ : IRn

+ × IRn → IRn

given by ψ(x, y) =
(
ψ1(x1 , y1), . . . , ψn (xn , yn )

)T

where
1) ψi : IR+ × IR → IR for i ∈ In ,
2) ψi(xi, 0) = 0 for any xi ∈ IR+ and all i ∈ In ,
3) ψi(xi, yi) is monotonically increasing in yi for

each nonzero xi , i.e., the implication

y′i < yi ⇒ ψi(xi, y′i) < ψi(xi, yi) (22)

holds for any xi > 0 and all i ∈ In ,
the nonlinear system

ẋ = ψ
(
x, f(x)

)
(23)

has an asymptotically stable equilibrium point at the
origin.

Proof: The proof is given in Appendix A. �
Theorem 3.1 can be regarded as a nonlinear counterpart of

Proposition 2.6. Namely, choosing the functionsVi in the second
statement of Theorem 3.1 as Vi(xi) = xi/vi , vi > 0, and the
function ρ in the third statement as ρ(s) = ws, w > 0, recovers
statements 2) and 3) in Proposition 2.6, respectively. Note that
we can let vi = wi for each i ∈ In , since, according to the proof
of Theorem 3.1, the relation between V and ρ is

Vi(xi) = ρ−1
i (xi) and ρi(s) = V −1

i (s) i ∈ In .
Statement 4) of Theorem 3.1, which can be regarded as a notion
of D-stability for monotone nonlinear systems, is a counterpart
of the fourth statement of Proposition 2.6. To see this, let us
choose ψ(x, y) = Δy for some diagonal matrix Δ with positive
diagonal entries Δi , i ∈ In . Clearly:

1) ψi(xi, 0) = Δi × 0 = 0 for any xi ∈ IR+ and all i ∈ In ;
2) ψi(xi, yi) = Δiyi is monotonically increasing in yi .

Since ψ(x,Ax) = ΔAx, it follows from statement 4) of
Theorem 3.1 that this choice of ψ recovers the D-stability result
for monotone linear systems in Proposition 2.6.

Remark 3.2: According to the proof of Theorem 3.1, if there
is a function ρ satisfying the third statement for s ∈ [0, s̄],
then the max-separable Lyapunov function (7) with components
Vi(xi) = ρ−1

i (xi) guarantees asymptotic stability of the origin
for any initial condition

x0 ∈ X =
{
x ∈ IRn

+ | 0 ≤ x ≤ ρ(s̄)
}
.

This means that the set X defined above is an estimate of the
region of attraction for the origin.

We now present a simple example to illustrate the use of
Theorem 3.1.

Example 3.3: Consider the nonlinear dynamical system

ẋ = f(x) =

[
−5x1 + x1x

2
2

x1 − 2x2
2

]

. (24)
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This system has an equilibrium point at the origin. As the Ja-
cobian matrix of f is Metzler for all (x1 , x2) ∈ IR2

+ , f is co-
operative, i.e., it satisfies the Kamke–Müller condition. Thus,
according to Proposition 2.2, (24) is monotone on IR2

+ .
First, we will show that the origin is asymptotically stable.

Let ρ(s) = (s,
√
s), s ∈ [0, 4]. For each i ∈ {1, 2}, ρi is of class

K. It is easy to verify that

ρ−1
1 (s) = s, ρ−1

2 (s) = s2 .

Thus, ρ−1
i , i ∈ {1, 2}, is continuously differentiable and satis-

fies (20). In addition,

f ◦ ρ(s) =
[−5s+ s2

−s
]
≤ −

[
s
s

]

for all s ∈ [0, 4], which implies that (21) holds. It follows from
the equivalence of statements 1) and 3) in Theorem 3.1 that the
origin is asymptotically stable.

Next, we will estimate the region of attraction of the ori-
gin by constructing a max-separable Lyapunov function. Ac-
cording to Remark 3.2, the monotone system (24) admits the
max-separable Lyapunov function

V (x) = max
{
x1 , x

2
2
}

that guarantees the origin is asymptotically stable for

x0 ∈ {
x ∈ IR2

+ | 0 ≤ x ≤ (4, 2)
}
.

Finally, we discuss D-stability of the monotone system (24).
Consider ψ given by

ψ(x, y) =
(

x1
x2

1 +1 y
3
1 , x

2
2y2

)T
.

For any x ∈ IR2
+ , ψ(x, 0) = (0, 0). Moreover, each compo-

nent ψi(xi, yi), i ∈ {1, 2}, is monotonically increasing for any
xi > 0. Since the origin is an asymptotically stable equilibrium
point of (24), by the equivalence of statements 1) and 4) in
Theorem 3.1, the monotone nonlinear system

ẋ = ψ
(
x, f(x)

)
=

⎡

⎣
x1

x2
1 +1

(−5x1 + x1x
2
2
)3

x2
2
(
x1 − 2x2

2
)

⎤

⎦

has an asymptotically stable equilibrium point at the origin.
Remark 3.4: A consequence of the proof of Theorem 3.1 is

that all statements 1)–4) are equivalent to the existence of a
vector w > 0 such that f(w) < 0 and

lim
t→∞x(t, w) = 0. (25)

In contrast to statement 3) of Proposition 2.6 for monotone
linear systems, the condition f(w) < 0 without the additional
assumption (25) does not necessarily guarantee asymptotic sta-
bility of the origin for monotone nonlinear systems. To illus-
trate the point, consider, for example, a scalar monotone system
described by (1) with f(x) = −x(x− 1), x ∈ IR+ . This sys-
tem has two equilibrium points: x� = 0 and x� = 1. Although
f(2) < 0, it is easy to verify that any trajectory starting from the
initial condition x0 > 0 converges to x� = 1. Hence, the origin
is not stable.

Remark 3.5: According to Lyapunov theory for global
asymptotic stability [44], if the monotone system (1) admits
a global max-separable Lyapunov function on IRn

+ , i.e., a max-
separable Lyapunov function of the form (7) satisfying (18) and
(19) for some functions ν1 , ν2 of class K∞ and for all x ∈ IRn

+ ,
then the origin is globally asymptotically stable. This means
that by considering global max-separable Lyapunov functions,
the implication 2) ⇒ 1) in Theorem 3.1 also holds for the case
of global asymptotic stability of monotone nonlinear systems.
However, [42, Example IV.A] shows that the converse is, in gen-
eral, not true. More precisely, for monotone nonlinear systems,
global asymptotic stability of the origin does not necessarily
guarantee the existence of a global max-separable Lyapunov
function on IRn

+ .
Remark 3.6: The implication 1) ⇒ 2) was shown in [42]

(see also [43]) by construction of a max-separable Lyapunov
function whose components are lower-semicontinuous. This
construction may lead to discontinuous Lyapunov functions for
monotone systems, which are undesirable for some applica-
tions [43]. However, Theorem 3.1 shows that monotone systems
with asymptotically stable equilibrium point at the origin admit
Lipschitz-continuous max-separable Lyapunov functions with
continuously differentiable components. The existence of such
a max-separable Lyapunov function plays a key role in our sta-
bility analysis of monotone systems with time-varying delays.

Remark 3.7: In [51, Th. III.2], the implication 3) ⇒ 2) was
proven for the case of global asymptotic stability of monotone
nonlinear systems considering a max-separable Lyapunov func-
tion with possibly nonsmooth components Vi .

Remark 3.8: The implication 1) ⇒ 4) was shown in [37]–
[39] for particular classes of scaling functions ψ. If we choose
ψi(xi, yi) = di(xi)yi with di(xi) > 0 for xi > 0, then state-
ment 4) recovers the results in [37] and [39]. If we choose
ψ(x, y) = Δy for some diagonal matrix Δ with positive diag-
onal entries, statement 4) recovers the result in [38]. Note also
that in contrast to [37]–[39], neither homogeneity nor subhomo-
geneity assumption for monotone nonlinear systems is required
in Theorem 3.1.

IV. STABILITY OF MONOTONE SYSTEMS WITH DELAYS

Time delays are omnipresent in engineering systems and, in
particular, distributed systems where exchange of information
is involved. For this reason, the study of stability and control of
dynamical systems with delayed states is essential and of prac-
tical importance [52]–[54]. The existing results on stability of
time-delay systems can be classified into two major categories:
1) delay-independent stability and 2) delay-dependent stability.
Delay-independent criteria guarantee stability regardless of the
size of delays [55], whereas delay-dependent criteria include in-
formation on the delay margin and provide a maximal allowable
delay that can be tolerated by the system [56].

In this section, delay-independent stability of nonlinear sys-
tems of the form

{
ẋ(t) = g

(
x(t), x(t− τ(t))

)
, t ≥ 0

x(t) = ϕ(t), t ∈ [−τmax , 0]
(26)
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is considered. Here, g : IRn
+ × IRn

+ → IRn is locally Lipschitz
continuous with g(0, 0) = 0, ϕ ∈ C(

[−τmax , 0], IRn
+
)

is the
vector-valued function specifying the initial state of the system,
and τ is the time-varying delay, which satisfies the following
assumption:

Assumption 4.1: The delay τ : IR+ → IR+ is continuous
with respect to time and satisfies

lim
t→+∞ t− τ(t) = +∞. (27)

Note that τ is not necessarily continuously differentiable and
that no restriction on its derivative (such as τ̇ (t) < 1) is imposed.
Roughly speaking, condition (27) implies that as t increases, the
delay τ(t) grows slower than time itself. It is easy to verify that
all bounded delays, irrespectively of whether they are constant
or time varying, satisfy Assumption 4.1. Moreover, delays sat-
isfying (27) may be unbounded (take, for example, τ(t) = γt
with γ ∈ (0, 1)).

Unlike the nondelayed system (1), the solution of the time-
delay system (26) is not uniquely determined by a pointwise
initial condition x0 , but by the continuous function ϕ defined
over the interval [−τmax , 0]. Since g is Lipschitz continuous and
τ is a continuous function of time, the existence and uniqueness
of solutions to (26) follow from [57, Th. 2]. We denote the
solution to (26) corresponding to the initial condition ϕ by
x(t, ϕ).

Remark 4.2: Assumption 4.1 implies that there is a suffi-
ciently large T > 0 such that t− τ(t) > 0 for t > T . Define

τmax = − inf
0≤t≤T

{t− τ(t)}.

Since τ is continuous with respect to t, τmax ∈ IR+ is bounded
(τmax < +∞). Therefore, t− τ(t) ∈ [−τmax , t] for t ∈ IR+
and the initial conditionϕ is defined on a bounded set [−τmax , 0]
for any delay satisfying Assumption 4.1, even if it is unbounded.

From this point on, it is assumed that the time-delay sys-
tem (26) satisfies the next assumption.

Assumption 4.3: The following properties hold.
1) g(x, y) satisfies Kamke–Müller condition in x for each
y, that is

x′ ≤ x and x′i = xi ⇒ gi(x′, y) ≤ gi(x, y) (28)

for any y ∈ IRn
+ and all i ∈ In .

2) g(x, y) is order preserving in y for each x, i.e.,

y′ ≤ y ⇒ g(x, y′) ≤ g(x, y) (29)

holds for any x ∈ IRn
+ .

The time-delay system (26) is said to be monotone if given
two nonnegative initial conditions ϕ,ϕ′ ∈ C(

[−τmax , 0], IRn
+
)

with ϕ′(t) ≤ ϕ(t) for all t ∈ [−τmax , 0], then

x(t, ϕ′) ≤ x(t, ϕ) ∀t ∈ IR+ . (30)

It follows from [16, Th. 5.1.1] that Assumption 4.3 ensures the
monotonicity of (26). Furthermore, as the origin is an equilib-
rium for (26), the positive orthant IRn

+ is forward invariant for
the time-delay monotone system (26), i.e., x(t, ϕ) ∈ IRn

+ for all
t ∈ IR+ when ϕ ∈ C(

[−τmax , 0], IRn
+
)
.

We are interested in stability of the time-delay system (26)
under the assumption that the delay-free system

ẋ
(
t
)

= g
(
x(t), x(t)

)
=: f

(
x(t)

)
(31)

has an asymptotically stable equilibrium point at the origin.
Since the existence of time delays can induce instability in gen-
eral dynamical systems (not necessarily monotone), the time-
delay system (26) may have an unstable equilibrium point at
the origin. However, the following theorem shows that asymp-
totic stability of the origin for monotone nonlinear systems is
insensitive to bounded and unbounded time delays satisfying
Assumption 4.1.

Theorem 4.4: Consider the time-delay system (26) under
Assumption 4.3. Then, the following statements are equivalent.

1) The time-delay monotone system (26) has an asymptot-
ically stable equilibrium point at the origin for all time-
varying delays satisfying Assumption 4.1.

2) For the nondelayed monotone system (31), any of the
equivalent conditions in the statement of Theorem 3.1
holds.

Proof: The proof is given in Appendix B. �
According to Theorem 4.4, asymptotic stability of the ori-

gin for a delay-free monotone system of the form (31) implies
asymptotic stability of the origin also for (26) with time-varying
delays. Let us choose

g(x, y) = Ax+By (32)

with A Metzler and B having nonnegative elements. Then,
the nonlinear system (26) reduces to the time-delay linear sys-
tem (14). Since aij ≥ 0 for all i �= j, then for x, x′ ∈ IRn

+ with
x′ ≤ x and x′i = xi , we have

gi(x′, y) = aiix
′
i +

∑

j �=i
aij x

′
j +

n∑

j=1

bij yj

≤ aiixi +
∑

j �=i
aij xj +

n∑

j=1

bij yj = gi(x, y)

for any y ∈ IRn
+ and all i ∈ In . Moreover, as bij ≥ 0 for all

i, j ∈ In , then for any y, y′ ∈ IRn
+ with y′ ≤ y, the inequality

g(x, y′) = Ax+By′ ≤ Ax+By = g(x, y)

holds for any x ∈ IRn
+ . The above observations show that vector-

valued functions of the form (32) satisfy Assumption 4.3. There-
fore, according to Theorem 4.4, asymptotic stability of the
delay-free monotone linear system (13) implies that of (14) with
time delays satisfying Assumption 4.1. Hence, Theorem 4.4 re-
covers the result of Proposition 2.7 as a special case.

Theorem 4.4 does not explicitly give any estimate of the
region of attraction for the origin. However, its proof shows that
the stability conditions presented in Theorem 3.1 for nondelayed
monotone systems can provide such estimates, leading to the
following practical tests.

Stability Test 1: Assume that for the delay-free monotone
system (31), we can characterize asymptotic stability of the
origin through a max-separable Lyapunov function V satisfying
the second statement of Theorem 3.1. Then, for the time-delay
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system (26), the origin is asymptotically stable with respect to
initial conditions ϕ ∈ C(

[−τmax , 0], IRn
+
)

satisfying

ϕ(t) ∈ A :=
{
x ∈ IRn

+ | 0 ≤ xi ≤ V −1
i (c), i ∈ In

}

for t ∈ [−τmax , 0] with

c = min
i∈In

Vi(vi).

Since Vi is continuous and strictly increasing for xi ∈ [0, vi ],

A ⊆ X =
{
x ∈ IRn

+ | 0 ≤ xi ≤ vi, i ∈ In
}
.

In other words, A is a level set of the Lyapunov function V ,
in which its time derivative is negative definite on X . Note that
when Vi(vi) = Vj (vj ) for all i and j, then A = X .

Stability Test 2: If we demonstrate the existence of a function
ρ such that the nondelayed monotone system (31) satisfies the
third statement of Theorem 3.1, then (26) with time delays satis-
fying Assumption 4.1 has an asymptotically stable equilibrium
point at the origin for which the region of attraction includes
initial conditions ϕ ∈ C(

[−τmax , 0], IRn
+
)

that satisfy

0 ≤ ϕ(t) ≤ ρ(s̄), t ∈ [−τmax , 0].

Stability Test 3: If we find a vectorw > 0 such that g(w,w) <
0 and that the solution x(t, w) to the delay-free monotone sys-
tem (31) converges to the origin, then the solution x(t, ϕ) to the
time-delay system (26) converges to the origin for any initial
condition ϕ ∈ C(

[−τmax , 0], IRn
+
)

that satisfies

0 ≤ ϕ(t) ≤ w, t ∈ [−τmax , 0].

The following example illustrates the results of Theorem 4.4.
Example 4.5: Consider the time-delay system

ẋ(t) = g
(
x(t), x(t− τ(t))

)

=

[
−5x1

(
t
)

+ x1
(
t
)
x2

2
(
t− τ(t)

)

x1
(
t− τ(t)

) − 2x2
2
(
t
)

]

. (33)

One can verify that g satisfies Assumption 4.3. Thus, the nonlin-
ear system (33) is monotone on IR2

+ . According to Example 3.3,
this system without time delays has an asymptotically stable
equilibrium at the origin. Therefore, Theorem 4.4 guarantees
that for the time-delay system (33), the origin is still asymp-
totically stable for any bounded and unbounded time-varying
delays satisfying Assumption 4.1.

We now provide an estimate of the region of attraction for
the origin. Example 3.3 shows that for the system (33) without
delays, the function ρ(s) = (s,

√
s), s ∈ [0, 4], satisfies the third

statement of Theorem 3.1. It follows from Stability Test 2 that
the solution x(t, ϕ) to (33) converges to the origin for any initial
condition ϕ ∈ C(

[−τmax , 0],X )
with

X =
{
x ∈ IR2

+ | 0 ≤ x ≤ (4, 2)
}
.

Remark 4.6: Our results can be extended to monotone non-
linear systems with heterogeneous delays of the form

ẋi(t) = gi
(
x(t), xτi (t)

)
, i ∈ In (34)

where g
(
x, y

)
=

(
g1(x, y), . . . , gn (x, y)

)T
satisfies Assump-

tion 4.3, and

xτi
(
t
)

:=
(
x1(t− τ 1

i (t)), . . . , xn (t− τni (t))
)T
.

If the delays τ ji , i, j ∈ In , satisfy Assumption 4.1, then
asymptotic stability of the origin for the delay-free monotone
system (31) ensures that (34) with heterogeneous time-varying
delays also has an asymptotically stable equilibrium point at the
origin

Remark 4.7: In [58], several stability tests for asymptotic
stability of monotone nonlinear systems without time-delays
were established. Stability Test 1–Stability Test 3 extend these
results to monotone nonlinear systems of the form (26) with
time-varying delays.

Remark 4.8: Using max-separable Lyapunov functions in
our proof techniques allows us 1) to establish asymptotic sta-
bility of monotone nonlinear systems under a general notion of
D-stability, and 2) to show delay insensitivity to a general class
of time delays, which includes bounded and several type of
unbounded delays as a special case. Note, however, that the im-
plications 1) ⇒ 4) in Theorem 3.1 and 2) ⇒ 1) in Theorem 4.4
demonstrate that to apply these results to monotone nonlinear
systems, we can use other types of (possibly continuously differ-
entiable) Lyapunov functions. In other words, if the asymptotic
stability of a monotone nonlinear system is guaranteed using
a Lyapunov function, which is not necessarily max-separable,
then the system is D-stable and asymptotic stability of the origin
is preserved in the presence of time delays.

V. SUBHOMOGENEOUS SYSTEMS

In this section, we will illustrate how our main results recover
and generalize previous results on delay-independent stability
of particular classes of positive nonlinear systems.

A. Subhomogeneous Monotone Systems

Subhomogeneous monotone systems are a class of monotone
nonlinear systems, which include monotone linear systems as a
special case. We first define subhomogeneous vector fields.

Definition 5.1: Given ann-tuple r = (r1 , . . . , rn ) of positive
real numbers and λ > 0, the dilation map δrλ : IRn → IRn is
defined as

δrλ
(
x
)

:=
(
λr1 x1 , . . . , λ

rn xn
)
.

When r = 1n , the dilation map is called the standard dilation
map. A vector field f : IRn → IRn is said to be subhomogeneous
of degree p ∈ IR with respect to the dilation map δrλ if

f
(
δrλ(x)

) ≤ λpδrλ
(
f(x)

) ∀x ∈ IRn , ∀λ ≥ 1.

For example, the linear mapping f(x) = Ax is subhomoge-
neous of degree zero with respect to the standard dilation map.

Theorem 4.4 allows us to show that global asymptotic stabil-
ity of the origin for monotone nonlinear systems whose vector
fields are subhomogeneous is insensitive to bounded and un-
bounded time-varying delays.
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Corollary 5.2: Consider the time-delay system (26) under
Assumption 4.3. Suppose that f(x) := g(x, x) is subhomoge-
neous of degree p ∈ IR+ with respect to the dilation map δrλ . If
the origin for the delay-free monotone system (31) is globally
asymptotically stable, then the subhomogeneous monotone sys-
tem (26) has a globally asymptotically stable equilibrium at the
origin for all time-varying delays satisfying Assumption 4.1.

Proof: Suppose the origin for the subhomogeneous mono-
tone system (31) is globally asymptotically stable. Then, for any
constant α > 0, there exists a vector w > 0 such that α1n ≤ w,
g(w,w) < 0, and the solution x(t, w) to the delay-free sys-
tem (31) converges to the origin [37, Th. 4.1]. It follows from
Theorem 4.4 and Stability Test 3 that the time-delay system (26)
is asymptotically stable with respect to initial conditions satis-
fying 0 ≤ ϕ(t) ≤ α1n , t ∈ [−τmax , 0].

To complete the proof, let ϕ ∈ C(
[−τmax , 0], IRn

+
)

be an ar-
bitrary initial condition. As α > 0 and ϕ is continuous (hence,
bounded) on [−τmax , 0], we can find some sufficiently large
α > 0 such that ϕ(t) ≤ α1n for t ∈ [−τmax , 0]. This together
with the above observations implies that the origin is asymptot-
ically stable for all nonnegative initial conditions. �

Remark 5.3: In [41], it was shown that global asymptotic
stability of the origin for subhomogeneous monotone systems is
independent of bounded time-varying delays. In this work, we
establish insensitivity of subhomogeneous monotone systems
to the general class of possibly unbounded delays described by
Assumption 4.1, which includes bounded delays as a special
case.

Another important class of monotone nonlinear systems are
those with homogeneous vector fields.

Definition 5.4: A vector field f : IRn → IRn is said to be
homogeneous of degree p ∈ IR with respect to the dilation map
δrλ if

f
(
δrλ(x)

)
= λpδrλ

(
f(x)

) ∀x ∈ IRn , ∀λ > 0.

It is clear that every homogeneous vector field is also
subhomogeneous. Therefore, according to Corollary 5.2, a ho-
mogeneous monotone system with time delays satisfying As-
sumption 4.1 is globally asymptotically stable if and only if
the corresponding delay-free system is globally asymptotically
stable.

Remark 5.5: Delay-independent stability of homogeneous
monotone systems with time delays satisfying Assumption 4.1
was previously considered in [40] by using max-separable Lya-
punov functions. Note, however, that the proof of Theorem 4.4
differs significantly from the analysis in [40]. The main reason
for this is that the homogeneity assumption, which plays a key
role in the stability proof in [40], is not satisfied for general
monotone systems.

B. Subhomogeneous (Nonmonotone) Positive Systems

Finally, motivated by results in [59], we consider the time-
delay system

ẋ(t) = g(x(t), x(t− τ(t))) = h
(
x(t)

)
+ d

(
x(t− τ(t))

)
.

(35)
We assume that the vector fields h and d satisfy Assumption 5.6.

Assumption 5.6: The following properties hold.
1) For each i ∈ In , hi(x) ≥ 0 for x ∈ IRn

+ with xi = 0.
2) For all x ∈ IRn

+ , d(x) ≥ 0.
3) Both h and d are subhomogeneous of degree p ∈ IR+ .
4) For any x ∈ IRn

+ \ {0}, there is i ∈ In such that

sup
{
di(z′) | 0 ≤ z′ ≤ x

}

< − sup
{
hi(z) | 0 ≤ z ≤ x, zi = xi

}
.

Note that under Assumption 5.6, the time-delay system (35)
is not necessarily monotone. However, Assumptions 5.6.1
and 5.6.2 ensure the positivity of (35) [16, Th. 5.2.1].

In [59], it was shown that if Assumption 5.6 holds, then
the positive system (35) with constant delays (τ(t) = τmax for
t ∈ IR+) has a globally asymptotically stable equilibrium at the
origin for all τmax ∈ IR+ . Theorem 4.4 helps us to extend the
result in [59] to time-varying delays satisfying Assumption 4.1.

Corollary 5.7: For the time-delay system (35), suppose
Assumption 5.6 holds. Then, the origin is globally asymptot-
ically stable for all time delays satisfying Assumption 4.1.

Proof: For any x, y ∈ IRn
+ and each i ∈ In , define

ḡi(x, y)

= sup
{
hi(z) + di(z′) | 0 ≤ z ≤ x, zi = xi, 0 ≤ z′ ≤ y

}
.

It is straightforward to show that ḡ(x, y) satisfies
Assumption 4.3. Thus, the time-delay system

ẋ
(
t
)

= ḡ
(
x(t), x(t− τ(t))

)
(36)

is monotone. Under Assumption 5.6, the subhomogeneous
monotone system (36) without delays (τ(t) = 0) has a globally
asymptotically stable equilibrium at the origin [59, Th. III.2].
Therefore, according to Corollary 5.2, the origin for the time-
delay system (36) is also globally asymptotically stable for any
time delays satisfying Assumption 4.1.

As g(x, y) ≤ ḡ(x, y) for any x, y ∈ IRn
+ , it follows from [16,

Th. 5.1.1] that for any initial condition ϕ,

x(t, ϕ, g) ≤ x(t, ϕ, ḡ), t ∈ IR+ (37)

where x(t, ϕ, g) and x(t, ϕ, ḡ) are solutions to (35) and (36),
respectively, for a common initial condition ϕ. Since the ori-
gin is a globally asymptotically stable equilibrium for (36),
x(t, ϕ, ḡ) → 0 as t→ ∞. Moreover, as (35) is a positive sys-
tem, x(t, ϕ, g) ≥ 0 for t ∈ IR+ . We can conclude from (37) and
the above observations that for any nonnegative initial condition
ϕ, x(t, ϕ, g) converges to the origin. Hence, for the time-delay
system (35), the origin is globally asymptotically stable. �

VI. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we have presented a number of results that ex-
tend fundamental stability properties of monotone linear sys-
tems to monotone nonlinear systems. Specifically, we have
shown that for such nonlinear systems, equivalence holds be-
tween asymptotic stability of the origin, the existence of a
Lipschitz-continuous max-separable Lyapunov function on a
compact set, and D-stability. In addition, we have demonstrated
that if the origin for a delay-free monotone system is asymp-
totically stable, then the corresponding system with bounded
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and unbounded time-varying delays also has an asymptotically
stable equilibrium point at the origin. We have derived a set
of necessary and sufficient conditions for establishing delay-
independent stability of monotone nonlinear systems, which
allow us to extend several earlier works in the literature. We
have illustrated the main results with several examples.

In this paper, we have used max-separable Lyapunov func-
tions to derive delay-independent stability conditions and esti-
mate the region of attraction for monotone nonlinear systems.
There exists, however, another special kind of Lyapunov func-
tions, called sum-separable Lyapunov functions, that have been
widely used for stability analysis of linear and nonlinear mono-
tone systems without time delays [60]–[62]. Sum-separable
Lyapunov functions do not suffer from some limitations of
max-separable Lyapunov functions in estimating the domain of
attraction [19]. Therefore, it would be an interesting future work
to analyze delay-independent stability of monotone nonlinear
systems via sum-separable Lyapunov functions and obtain the
region of attraction given by the level sets of these functions.

APPENDIX

Before proving the main results of the paper, namely,
Theorems 3.1 and 4.4, we first state a key lemma which shows
that all components of a max-separable Lyapunov function are
necessarily monotonically increasing.

Lemma A.1: Consider the monotone system (1) and the max-
separable function V : IRn

+ → IR+ as in (7) with components
Vi : IR+ → IR+ differentiable for all i ∈ In . Suppose that there
exist functions ν1 , ν2 of class K such that

ν1(xi) ≤ Vi(xi) ≤ ν2(xi) (38)

for all xi ∈ IR+ and all i ∈ In . Suppose also that there exists
a positive-definite function μ such that

D+V (x) ≤ −μ(V (x)) (39)

for all x ∈ IRn
+ . Then, the functions Vi satisfy, for all xi > 0,

∂Vi
∂xi

(xi) > 0. (40)

Proof: For some j ∈ In , consider the state x = ejxj , where
ej is the jth column of the identity matrix I ∈ IRn×n , and xj ∈
IR+ . From (38), Vj (xj ) > 0 for any xj > 0 and Vi(xi) = 0 for
i �= j. Thus, the set J in (10) satisfies J (ejxj ) = {j} for all
xj > 0. Evaluating (39) through Proposition 2.5 leads to

D+V (ejxj ) =
∂Vj
∂xj

(xj )fj (ejxj ) ≤ −μ(V (ejxj )) < 0 (41)

for xj > 0. The strict inequality in (41) implies that ∂Vj/∂xj
is nonzero and that its sign is constant for all xj > 0. As a
negative sign would yield Vj (xj ) < 0 [and, hence violate (38)]
and j is chosen arbitrarily, (40) holds. �

A. Proof of Theorem 3.1

The theorem will be proven by first showing the equivalence
1) ⇔ 2) ⇔ 3). Next, this equivalence will be exploited to
subsequently show 3) ⇒ 4) and 4) ⇒ 1). Consequently, we

have

1) ⇔ 2) ⇔ 3) ⇒ 4) ⇒ 1)

which proves the desired result.
First, we note that the implication 2) ⇒ 1) follows directly

from Lyapunov stability theory (e.g., [47]) and we proceed to
prove that 1) implies 2).

Proof of 1) ⇒ 2) By asymptotic stability of the origin as in
Definition 2.4, the region of attraction of x = 0 defined as

A :=
{
x0 ∈ IRn

+ | limt→∞ x(t, x0) = 0
}

is nonempty. In fact, we can find some δ > 0 such that all
states satisfying 0 ≤ x < δ1 are in A. Then, as the system (1)
is monotone, the reasoning from [8, Th. 3.12] (see also [51,
Th. 2.5] for a more explicit statement) can be followed to show
the existence of a vector v such that 0 < v < δ1 and f(v) < 0.

Let ω(t) = x(t, v), t ∈ IR+ , be the solution to the system (1)
starting from such a v. By the local Lipschitz continuity of f ,
ω is continuously differentiable. As v ∈ A, wi(t) → 0 when
t→ ∞ for each i ∈ In . Moreover, note that v is an element of
the set

Ω = {x ∈ IRn
+ | f(x) < 0}.

According to [16, Proposition 3.2.1], Ω is forward invariant so
ω(t) ∈ Ω for all t ∈ IR+ . Thus, the componentsωi(t) are strictly
decreasing in t, i.e., ω̇i(t) < 0 for t ∈ IR+ . This further implies
that, for a given state component xi ∈ (0, vi ], there exists a
unique t ∈ IR+ such that xi = ωi(t). Let

Ti(xi) =
{
t ∈ IR+ | xi = ωi(t)

}
.

From the definition, it is clear that Ti(xi) = ω−1
i (xi). Since

ω̇i(t) < 0 for t ∈ IR+ , the inverse of ωi , i.e., the function Ti , is
continuously differentiable and strictly decreasing for all xi ∈
(0, vi ]. We define, as in [42] and [43], the component functions

Vi(xi) = e−Ti (xi ) , i ∈ In . (42)

Note that Vi(0) = 0. Moreover, Vi are continuously differen-
tiable and strictly increasing for all xi ∈ (0, vi ] as a result of the
properties of the function Ti . Therefore, the component func-
tions Vi in (42) satisfy (18) for some functions ν1 , ν2 of class
K. Moreover, from [43, Th. 3.2], the upper-right Dini derivative
of the max-separable Lyapunov function (7) with components
(42) is given by

D+V (x) ≤ −V (x)

for all x ∈ X with X = {x ∈ IRn
+ | 0 ≤ x ≤ v}. This shows

that (19) holds, and hence, the proof is complete. �
Similar to the proof for implication 1) ⇒ 2), since f(ω(t)) <

0 for all t ∈ IR+ and ω(t) is strictly decreasing, the trajectory ω
can also help us to prove the implication 1) ⇒ 3) by constructing
an increasing function ρ that satisfies statement 3). However, in
order to find a relation between the max-separable Lyapunov
function V in the second statement and the function ρ in the
third statement, we now proceed to show equivalence between
2) and 3). We begin with the implication 2) ⇒ 3).
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Proof of 2) ⇒ 3) According to Lemma A.1, the functions Vi
are monotonically increasing. Thus, their inverses

ρi(s) = V −1
i (s) (43)

can be defined for all s ∈ [0, Vi(vi)]. Define

s̄ := min
i∈In

Vi(vi).

Since v > 0, it follows from (18) that s̄ > 0. Moreover, due to
continuous differentiability of Vi and Lemma A.1, ρi is of class
K and satisfies (20).

In the remainder of the proof, it will be shown that the function
ρ with components ρi defined in (43) satisfies (21) for all s ∈
[0, s̄]. Thereto, consider a state xs , parameterized by s according
to the definition xs := ρ(s). Since s̄ ≤ Vi(vi) for all i ∈ In , it
holds that xs ∈ X for all s ∈ [0, s̄]. Evaluating (19) for such an
xs yields

D+V
(
xs

)
= max

j∈J (xs )

∂Vj
∂xj

(
xsj

)
fj

(
xs

) ≤ −μ(
V (xs)

)
. (44)

The definition xsi = ρi(s), i ∈ In , implies, through (43), that
Vi(xsi ) = s for all s ∈ [0, s̄]. Consequently, V (xs) = s and the
set J (xs) in (44) satisfies J (xs) = In , such that (44) implies

∂Vi
∂xi

(
ρi(s)

)
fi

(
ρ(s)

) ≤ −μ(
s
)

(45)

for all s ∈ [0, s̄] and every i ∈ In . Since Vi is strictly increasing
and μ is positive definite, fi(ρi(s)) ≤ 0. Define functions ri :
[0, s̄] → IR as

ri(s) := sup
{
∂Vi
∂xi

(zi)
∣
∣
∣
∣ ρi(s) ≤ zi ≤ ρi(s̄)

}
.

By continuous differentiability of Vi and the result of
Lemma A.1, it follows that ri exists and satisfies ri(s) > 0
for all s ∈ [0, s̄]. Moreover, it is easily seen that

ri(s) ≥ ∂Vi
∂xi

(ρi(s)).

This together with (45) implies that

ri(s)fi(ρ(s)) ≤ ∂Vi
∂xi

(ρi(s))fi(ρ(s)) ≤ −μ(s)

for all s ∈ [0, s̄]. Here, the inequality follows from the obser-
vation that fi(ρi(s)) ≤ 0. Then, strict positivity of ri implies
that

fi(ρ(s)) ≤ − μ(s)
ri(s)

for all s ∈ [0, s̄] and any i ∈ In . Since ri is strictly positive
and μ is positive definite, the function αi(s) = μ(s)/ri(s) is
positive definite and (21) holds. �

We continue with the reverse implication 3) ⇒ 2).
Proof of 3) ⇒ 2) Define v := ρ(s̄). Since the functions ρi ,

i ∈ In , are of class K and s̄ > 0, we have v > 0. Let Vi be such
that

Vi(xi) = ρ−1
i (xi) (46)

for xi ∈ [0, vi ]. Note that the inverse of ρi exists on this compact
set as ρi is of class K and, hence, is strictly increasing. Because

of the same reason, it is clear that Vi as in (46) satisfies (18) for
some functions ν1 , ν2 of class K. It follows from [51, Th. III.2]
that the max-separable Lyapunov function (7) with components
(46) satisfies (19). �

We now show that 3) implies 4) by exploiting the equivalence
1) ⇔ 2) ⇔ 3).

Proof of 3) ⇒ 4) First, we show that the system (23) is
monotone. Thereto, recall that monotonicity of (1) implies

x′ ≤ x, x′i = xi ⇒ fi(x′) ≤ fi(x)

⇒ ψi
(
x′i , fi(x

′)
) ≤ ψi

(
xi, fi(x)

)
(47)

where the latter implication follows from (22). Then, (47) repre-
sents the Kamke–Müller condition for the vector field ψ(x, f),
such that monotonicity of (23) follows from Proposition 2.2.

Next, note that ϕ
(
0, f(0)

)
= 0 implying that the origin is an

equilibrium point of (23). In order to prove asymptotic stability
of the origin, we recall that f satisfies, by assumption, (21) for
some function ρ. From this, we have

ψ
(
ρ(s), f(ρ(s)

) ≤ ψ
(
ρ(s),−α(s)

)
(48)

where the inequality is maintained due to the fact that ψi is
monotonically increasing in the second argument for all i ∈ In .
The functions αi and ρ are positive definite; hence, −α(s) < 0
and ρ(s) > 0 for all s ∈ (0, s̄]. Then, from (22), we have

ψ
(
ρ(s),−α(s)

)
< ψ

(
ρ(s), 0

)
= 0

for all s ∈ (0, s̄], where the equality follows from ϕ(x, 0) = 0
for any x ∈ IRn

+ . Hence, ψ
(
ρ(s),−α(s)

)
is negative definite

and (48) is again of the form (21). From the implication 3) ⇒
2) ⇒ 1), we conclude the origin is asymptotically stable. �

Finally, we prove that 4) implies 1).
Proof of 4) ⇒ 1): Assume that the system (23) is asymptot-

ically stable for any Lipschitz continuous function ψ satisfying
statement 4). Particularly, let ψ(x, y) = y. Then, the monotone
system (1) is asymptotically stable. �

B. Proof of Theorem 4.4

Proof of 1) ⇒ 2): Assume that the time-delay monotone
system (26) is asymptotically stable for all delays satisfying
Assumption 4.1. Particularly, let τ(t) = 0, t ∈ IR+ . Then, the
nondelayed monotone system (31) is asymptotically stable. �

Proof of 2) ⇒ 1): For the delay-free monotone system (31),
assume that the third statement of Theorem 3.1 holds. Let ρ be
a function such that (31) satisfies (21), i.e.,

g
(
ρ(s), ρ(s)

) ≤ −α(
s
)

(49)

holds for all s ∈ [0, s̄]. Define

v := ρ(s̄) (50)

and letX =
{
x ∈ IRn

+ | 0 ≤ x ≤ v
}

. First, we show that for any
ϕ ∈ C(

[−τmax , 0],X )
, the solution x(t, ϕ) to the time-delay

system (26) satisfies

x(t, ϕ) ∈ X , t ∈ IR+ . (51)

Clearly, x(0, ϕ) = ϕ(0) ∈ X . In order to establish a contradic-
tion, suppose that the statementx(t, ϕ) ∈ X , t ∈ IR+ , is not true.
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Then, there is i ∈ In and a time t̂ ∈ IR+ such that x(t, ϕ) ∈ X
for all t ∈ [0, t̂], xi(t̂, ϕ) = vi , and

D+xi(t̂, ϕ) ≥ 0. (52)

As x(t̂, ϕ) ≤ v, it follows from Assumption 4.3.1 that

gi
(
x(t̂, ϕ), y

) ≤ gi
(
v, y

)
(53)

for any y ∈ IRn
+ . Since ϕ ∈ C(

[−τmax , 0],X )
and, by

Remark 4.2, t̂− τ(t̂) ∈ [−τmax , t̂], we have x(t̂− τ(t̂), ϕ) ∈ X
irrespectively of whether t̂− τ(t̂) is nonnegative or not. Thus,
Assumption 4.3.2 implies that

gi
(
y, x(t̂− τ(t̂), ϕ)

) ≤ gi
(
y, v

)
(54)

for any y ∈ IRn
+ . Using (53) and (54), the Dini derivative of

xi(t, ϕ) along the trajectories of (26) at t = t̂ is given by

D+xi(t̂, ϕ) = gi
(
x(t̂, ϕ), x(t̂− τ(t̂), ϕ)

)

≤ gi(v, v)
(50)
= gi

(
ρ(s̄), ρ(s̄)

)

(49)
≤ − αi(s̄) < 0

which contradicts (52). Therefore, x(t, ϕ) ∈ X for all t ∈ IR+ .
�

Next, we will prove the asymptotic stability of the origin for
the time-delay system (26). In other words, we will show that
for any ϕ ∈ C(

[−τmax , 0],X )
, x(t, ϕ) → 0 as t→ ∞. Accord-

ing to the proof of Theorem 3.1, if the delay-free monotone
system (31) satisfies (49), then it admits a max-separable Lya-
punov function (7) with components

Vi(xi) = ρ−1
i (xi) (55)

defined on X , see (46), such that

D+V (x) = max
j∈J (x)

∂Vj
∂xj

(
xj

)
gj

(
x, x

) ≤ −μ(V (x)) (56)

holds for x ∈ X . Recall from (51) that x(t, ϕ) ≤ v for all t ∈
IR+ when ϕ ∈ C(

[−τmax , 0],X )
. Thus

V (x(t, ϕ)) = max
i∈In

Vi(xi(t, ϕ))
(55)
= max

i∈In
ρ−1
i (xi(t, ϕ))

≤ max
i∈In

ρ−1
i (vi)

(50)
= s̄ (57)

where the inequality follows from the fact that ρi and, hence,
ρ−1
i are functions of class K. This, in turn, implies that

x̄(t) := ρ(V (x(t, ϕ))
)

≤ ρ(s̄)
(50)
= v (58)

or, equivalently, x̄(t) ∈ X for t ∈ IR+ . Hence, from (56),

max
j∈J (x̄(t))

∂Vj
∂xj

(
x̄j (t)

)
gj

(
x̄(t), x̄(t)

) ≤ −μ(V (x̄(t))) (59)

for all t ∈ IR+ . Note also that for each i ∈ In ,

Vi
(
x̄i(t)

)
= Vi

(
ρi(V (x(t, ϕ)))

) (55)
= V

(
x(t, ϕ)

)

which means that

V
(
x̄(t)

)
= V

(
x(t, ϕ)

)
, and J (x̄(t)) = In . (60)

Since Vi(xi) ≤ V (x) for i ∈ In and Vj (xj ) = V (x) for j ∈
J (x), we obtain from (55) that

xi
(
t, ϕ

) ≤ ρi
(
V (x(t, ϕ))

)
= x̄i(t)

for any i ∈ In , and

xj
(
t, ϕ

)
= ρj

(
V (x(t, ϕ))

)
= x̄j (t) (61)

for j ∈ J (x(t, ϕ)). Thus, according to Assumption 4.3.1,

gj
(
x(t, ϕ), y

) ≤ gj
(
x̄(t), y

)
, j ∈ J (x(t, ϕ)) (62)

for any ϕ ∈ C(
[−τmax , 0],X )

and any y ∈ IRn
+ . This condition

will be exploited later in the proof.
In the remainder of the proof, the max-separable Lyapunov

function V of the delay-free system (31) will be used as a
candidate Lyapunov–Razumikhin function for the time-delay
system (26). To establish a Razumikhin-type argument [57], it
is assumed that

V
(
x(σ, ϕ)

)
< q

(
V (x(t, ϕ))

)
(63)

for all σ ∈ [t− τ(t), t], where q : IR+ → IR+ is a continuous
nondecreasing function satisfying q(s) > s for s > 0. We are
going to construct a function q that satisfies the above assump-
tions. In order to do so, we will introduce a compact set X̃ ,
constants LX̃ and D, and a class K function μ̃. Specifically, the
compact set X̃ is defined as

X̃ := {x ∈ IRn
+ | 0 ≤ x ≤ 2v}.

Clearly, X ⊂ X̃ . Since g in (26) is locally Lipschitz, there is a
constant LX̃ > 0 such that

‖g(x, y′) − g(x, y)‖∞ ≤ LX̃ ‖y′ − y‖∞ (64)

for x, y, y′ ∈ X̃ and with ‖x‖∞ = maxi |xi |. By continuous
differentiability of Vi , i ∈ In , and the fact that X is a compact
set, there exists D > 0 such that

∂Vi
∂xi

(xi) ≤ D, x ∈ X . (65)

Because the function μ satisfying (56) is positive definite on the
compact set [0, s̄], there is a function μ̃ : [0, s̄] → IR+ of class
K that lower bounds μ [63], i.e.,

μ̃(s) ≤ μ(s), s ∈ [0, s̄]. (66)

We now define the function q : [0, s̄] → IR+ as

q(s) := min
i∈In

ρ−1
i

(
ρi(s) +

μ̃(s)
2kDLX̃

)
(67)

where

k = max
{

1,max
i∈In

{
μ̃(s̄)

2DLX̃ vi

}}
. (68)

Since the functions ρi and μ̃ are of class K, q is nondecreasing.
Also, one can verify that q(s) > s for all s > 0. Therefore, all
conditions on q are satisfied. Using this function, we are ready
to employ the Lyapunov–Razumikhin method.
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As V is max-separable, (63) implies that

Vi(xi(t− τ(t), ϕ)) ≤ V
(
x(t− τ(t), ϕ)

) ≤ q(V (x(t, ϕ)))

for all i ∈ In . From (55), we then have

x
(
t− τ(t), ϕ

) ≤ ρ
(
q(V (x(t, ϕ)))

)
=: x̃(t). (69)

The application of Assumption 4.3.2 yields

gi
(
y, x(t− τ, ϕ)

) ≤ gi
(
y, x̃(t)

)
(70)

for all i ∈ In and any y ∈ IRn
+ . Returning to the candidate

Lyapunov–Razumikin function V , its upper-right Dini deriva-
tive along trajectories x(·, ϕ) reads

D+V
(
x(t, ϕ)

)

= max
j∈J (x(t,ϕ))

∂Vj
∂xj

(
xj (t, ϕ)

)
gj

(
x(t, ϕ), x(t− τ(t), ϕ)

)

(62),(70)
≤ max

j∈J (x(t,ϕ))

∂Vj
∂xj

(
xj (t, ϕ)

)
gj

(
x̄(t), x̃(t)

)

(61)
= max

j∈J (x(t,ϕ))

∂Vj
∂xj

(
x̄j (t)

)
gj

(
x̄(t), x̃(t)

)
. (71)

Since J (x(t, ϕ)) ⊆ In , we obtain from (60) that J (x(t, ϕ)) ⊆
J (x̄(t)). This together with (71) implies that

D+V
(
x(t, ϕ)

) ≤ max
j∈J (x̄(t))

∂Vj
∂xj

(
x̄j (t)

)
gj

(
x̄(t), x̃(t)

)
. (72)

We next find an upper bound on gj
(
x̄(t), x̃(t)

)
, j ∈ J (x̄(t)).

Since q(s) > s for s > 0 and ρi are of class K,

x̄i(t) = ρi(V (x(t, ϕ)) ≤ ρi(q(V (x(t, ϕ))) = x̃i(t)

holds for each i ∈ In . Thus, from Assumption 4.3.2,

gi
(
x̄(t), x̄(t)

) ≤ gi
(
x̄(t), x̃(t)

)
, i ∈ In . (73)

In order to use the Lipschitz condition (64), x̄(t) and x̃(t) are
required to belong to X̃ . As x̄(t) ∈ X and X ⊂ X̃ , x̄(t) ∈ X̃ .
Moreover, by recalling the definition of x̃ in (69) and using (67),
we obtain

x̃i(t) ≤ ρi(V (x(t, ϕ))) +
μ̃(V (x(t, ϕ)))

2kDLX̃
(57)
≤ ρi(s̄) +

μ̃(s̄)
2kDLX̃

(50)
= vi +

μ̃(s̄)
2kDLX̃

(68)
≤ vi + vi = 2vi (74)

implying that x̃(t) ∈ X̃ . Making use of (64) and (73), we have

gj
(
x̄(t), x̃(t)

) − gj
(
x̄(t), x̄(t)

)

= |gj
(
x̄(t), x̃(t)

) − gj
(
x̄(t), x̄(t)

)|
≤ ‖g(x̄(t), x̃(t)) − g

(
x̄(t), x̄(t)

)‖∞
≤ LX̃ max

i∈In
{|x̃i(t) − x̄i(t)|}.

Since, from (58) and (74),

x̃i(t) ≤ x̄i +
μ̃(V (x(t, ϕ)))

2kDLX̃

(60)
= x̄i +

μ̃(V (x̄(t))
2kDLX̃

(66)
≤ x̄i +

μ(V (x̄(t))
2kDLX̃

it follows that

gj
(
x̄(t), x̃(t)

) − gj
(
x̄(t), x̄(t)

) ≤ μ(V (x̄(t)))
2kD

. (75)

Substituting (75) into the right-hand side of (72) yields

D+V
(
x(t, ϕ)

) ≤ max
j∈J (x̄(t))

{
∂Vj
∂xj

(
x̄j (t)

)
gj

(
x̄(t), x̄(t)

)

+
∂Vj
∂xj

(
x̄j (t)

)μ
(
V (x̄(t))

)

2kD

}

≤ −
(

1 − 1
2k

)
μ
(
V (x̄(t))

)
(76)

where (59) as well as the bound (65) were used to get the second
inequality. From (68), k ≥ 1, implying that the right-hand side
of (76) is negative definite for all t ∈ IR+ . Therefore, according
to Razumikhin stability theorem [57, Th. 7], the origin for the
time-delay system (26) is asymptotically stable. This finalizes
the proof of the implication 2) ⇒ 1).
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[42] A. Rantzer, B. Rüffer, and G. Dirr, “Separable Lyapunov functions
for monotone systems,” in Proc. IEEE Conf. Decision Control, 2013,
pp. 4590–4594.

[43] G. Dirr, H. Ito, A. Rantzer, and B. Rüffer, “Separable Lyapunov functions
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