
 

 

 University of Groningen

Ultrafast pump-probe spectroscopy of linear molecular aggregates
Heijs, Dirk-Jan; Dijkstra, Arend G.; Knoester, Jasper

Published in:
Chemical Physics

DOI:
10.1016/j.chemphys.2007.06.050

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2007

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Heijs, D-J., Dijkstra, A. G., & Knoester, J. (2007). Ultrafast pump-probe spectroscopy of linear molecular
aggregates: Effects of exciton coherence and thermal dephasing. Chemical Physics, 341(1-3), 230-239.
https://doi.org/10.1016/j.chemphys.2007.06.050

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://doi.org/10.1016/j.chemphys.2007.06.050
https://research.rug.nl/en/publications/1d02bca4-2774-4406-855d-559b45c462bd
https://doi.org/10.1016/j.chemphys.2007.06.050


Available online at www.sciencedirect.com
www.elsevier.com/locate/chemphys

Chemical Physics 341 (2007) 230–239
Ultrafast pump-probe spectroscopy of linear molecular aggregates:
Effects of exciton coherence and thermal dephasing

Dirk-Jan Heijs, Arend G. Dijkstra, Jasper Knoester *

Center for Theoretical Physics and Zernike Institute for Advanced Materials, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands

Received 13 April 2007; accepted 20 June 2007
Available online 14 July 2007
Abstract

We model the pump-probe spectrum of linear molecular aggregates measured by using ultrafast laser pulses. We analyze in particular
the effects of coherences between exciton states created by the pump pulse and show that these give rise to a small induced-absorption
peak that is red-shifted relative to the main one-exciton bleaching peak. The new coherent peak survives common values of the static
disorder. With increasing pump-probe delay time, its amplitude oscillates and decays with a rate that is inversely proportional to the
width of the absorption band. We also consider coupling to vibrations and show that with increasing temperature the frequency sepa-
ration between the main bleaching and induced-absorption peaks increases and provides a measure for the exciton coherence size
imposed by scattering on the vibrations.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The remarkable optical properties of molecular J-aggre-
gates, caused by Frenkel excitons that are coherently delo-
calized over many molecules, have attracted considerable
attention for more than 70 years now [1–3]. Nonlinear opti-
cal techniques, such as photon echoes and pump-probe
(transient absorption) spectroscopy have enormously
enhanced our knowledge about the exciton dynamics, the
role of static disorder, and the properties of multi-exciton
states. In the latter, two or more excitation quanta are
shared by the molecules in one coherence domain. An
experiment that has drawn particular attention during the
past 15 years, is the pump-probe spectrum [4–18]. Typi-
cally, this spectrum reveals a dispersive line shape, charac-
terized by a negative peak, due to bleaching and stimulated
emission of the one-exciton states, and a blue-shifted posi-
tive (induced-absorption) peak, which is caused by the
0301-0104/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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probe pulse inducing transitions from the one-exciton
states created by the pump pulse to the two-exciton mani-
fold. It has been shown that at low temperatures the detun-
ing between the induced-absorption and bleaching peaks
can be used to experimentally determine the exciton delo-
calization size imposed by static disorder [16]. It has also
been suggested that at elevated temperatures the same
detuning rather measures the exciton coherence size
imposed by scattering on vibrations [15].

While the experiments as well as theory have initially
focused on linear molecular aggregates, where Frenkel
excitons can be viewed to a good approximation as ferm-
ions [5,19,20], other geometries have been considered as
well, in particular circular and cylindrical molecular aggre-
gates [13–18]. This was stimulated by the discovery that
certain antenna complexes in natural photosynthetic sys-
tems as well as aggregates of amphiphilic cyanine dyes have
such geometries [21–25]. The dispersive line shape of the
pump-probe spectrum is maintained for such molecular
assemblies as well.

In the analysis of the above pump-probe experiments
one mostly uses the picture of two consecutive linear
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absorption experiments. The pump pulse excites a one-exci-
ton population, while the probe pulse after some delay time
interrogates the thus prepared system in a second absorp-
tion experiment. This view neglects the contributions
resulting from coherences between two different one-exci-
ton states created by the pump pulse. For two-color exper-
iments, where the pump-probe delay time typically is long
compared to the lifetime of the coherences, this may be
expected to be a good approximation. Indeed, neglecting
coherences gives excellent fits to experiment [6]. However,
ultrafast pump-probe spectra, measured with femtosecond
pulses at low temperatures, should hold signatures of
coherent contributions. Since no systematic theoretical
analysis has been conducted to uncover the special features
arising from coherences, it currently is not clear what to
look for in the spectra.

In this paper, we theoretically analyze the pump-probe
spectrum of linear J-aggregates for ultrashort laser pulses.
We consider two different aspects that have not received
systematic attention before, namely the effects of exciton–
exciton coherences and the effects of thermal dephasing
on this spectrum. After setting up the general formalism,
we first turn to the effects of the coherences, focusing on
low temperatures, where these effects are strongest. We
show that for zero pump-probe delay time these coherences
result in a small positive feature that is red-shifted com-
pared to the one-exciton bleaching peak. This new feature
survives disorder and can be associated with the coherence
between the lowest and third excited state of an exciton
delocalization segment. According to our estimates, it
should be possible to observe this feature in experiment.
The new peak undergoes oscillations between positive
and negative intensity (reflecting its coherent nature) and
reduces in amplitude due to inhomogeneous dephasing
processes. As a consequence, both the oscillations and
the relaxation of the coherent peak occur at a time of the
order of the inverse J-band width. After this zero-tempera-
ture analysis, we address the temperature dependence of
the spectrum. We do this by calculating, from microscopic
principles, the vibration-induced dephasing rates of the
various excitonic transitions that contribute to the pump-
probe spectrum. We use a one-phonon scattering model
that recently has been shown to accurately describe the
exciton dynamics of J-aggregates [26,27] and demonstrate
that with increasing temperature the frequency separation
between the positive and negative peaks in the main disper-
sive line shape provides a measure for the exciton coher-
ence size imposed by scattering on the vibrations.

This paper is organized as follows. In Section 2, we
describe the model. The calculation of the pump-probe sig-
nal is briefly addressed in the Section 3. In Section 4, we
consider the low-temperature spectrum, focusing on coher-
ent effects, while in Section 5, we present results for the
change of the spectral shape for elevated temperatures.
Finally, in Section 6 we conclude. The Appendix contains
some details concerning the exciton–phonon scattering
rates.
2. Model

We consider a linear molecular aggregate of N two-level
molecules, labeled n = 1,2, . . . ,N. The transition energy of
molecule n is denoted en; in order to model static disorder,
the en are taken independently from a Gaussian distribu-
tion with mean e and standard deviation r. Between the
molecules, intermolecular excitation transfer interactions
exist. In this paper we will restrict ourselves to nearest-
neighbor interactions �J, with J positive (appropriate for
J-aggregates). The details of this model can be found in
many papers (see Ref. [3] for an overview).

It is well known that all multi-exciton states in this
model can be found by diagonalizing the N · N tridiagonal
matrix with the en on its diagonal and �J on its two side-
diagonals. Let us denote the kth eigenvalue of this matrix
Ek and the nth component of the corresponding eigenvec-
tor ukn. For our purpose, the relevant eigenstates are the
ground state jgi (no excitations in the system), the one-exci-
ton states jki ¼

PN
n¼1uknjni (with jni denoting the state

with molecule n excited and all other molecules in the
ground state), and the two-exciton states jKi ¼PN

n>muKnmjnmi (with jnmi denoting the state with molecules
n and m excited and all other molecules in the ground
state). Due to the fermionic nature of the excitons in our
model, the two-exciton may be labeled by the two one-
exciton modes that have been excited, i.e., K = (k1, k2)
(k1 5 k2) and [19,5,20]

uKnm ¼ uk1nuk2m � uk1muk2n: ð1Þ

Relative to the ground state, the energies of the one- and
two-exciton states take the values Ek and EK ¼ Ek1

þ Ek2
,

respectively.
The transition dipoles between the ground state and the

one-exciton states read

lkg ¼
XN

n¼1

ukn; ð2Þ

while the dipole from the one-exciton state jki to the two-
exciton jKi reads

lKk ¼
XN

n>m

uKnmðukn þ ukmÞ: ð3Þ

Here, we have assumed that all molecular dipoles are equal
in magnitude as well as direction and we have set their
magnitude equal to unity.

For future reference, it is useful to reiterate the well-
known results for the eigenenergies, eigenvectors, and tran-
sition dipoles in the special case of homogeneous aggre-
gates (r = 0). We then have (k = 1,2, . . . ,N)

Ek ¼ e� 2J cos
pk

N þ 1
ð4Þ

and

ukn ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

2

N þ 1

r
sin

pkn
N þ 1

: ð5Þ
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Expressions for the resulting transition dipoles can be
found in Ref. [28]. Only one-exciton states with k = odd
are dipole allowed from the ground state. Almost all oscil-
lator strength of the one-exciton band is collected in the
k = 1 state, l2

k¼1;g ¼ 0:81N , while the next largest transition
is an order of magnitude weaker: l2

k¼3;g ¼ 0:09N (N� 1 as-
sumed). Transitions from the one-exciton manifold to the
two-exciton band depend on the starting state k. For
k = 1 and k = 3 the dipoles and energies of the dominant
transitions are given in Table 1.

To end this section, we describe the interaction between
the excitons and harmonic vibrations. We will assume an
onsite one-phonon interaction, resulting from the first-
order variation of the site energies en in powers of the vibra-
tion-induced displacements of atoms in the environment of
the molecule. The corresponding interaction reads

H ex–ph ¼
X

n

V nqðaq þ ayqÞb
y
nbn; ð6Þ

with byn (bn) the Pauli creation (annihilation) operator for
an electronic excitation on molecule n and ayq (aq) the Bose
creation (annihilation) operator for a phonon in mode q.
For a disordered host, we may consider the coupling con-
stants stochastic quantities, with hVnqi = 0 and
hVnqVmqi = dnmjVqj2.

Obviously, the interaction Eq. (6) conserves the number
of excitons and gives rise to scattering within the one- and
two-exciton bands. The rates which describe these scatter-
ing processes may be calculated using Fermi’s golden rule.
In the Appendix, we give expressions for the various pop-
ulation and phase relaxation rates needed to calculate the
pump-probe signal described in the next section. A quan-
tity that plays an important role in these expressions is
the one-phonon spectral density

FðxÞ � 2p
X

q

V q

�� ��2dðx� xqÞ; ð7Þ

where xq denotes the energy of a phonon in mode q. Like
most authors, we will assume a simple form for FðxÞ. In
particular, the results presented in Section 5 were obtained
using

FðxÞ ¼ W 0

x
J

� �3

; ð8Þ

which models scattering on three-dimensional acoustic
phonons (in the aggregate’s host medium) with a Debye
Table 1
Dipole moments and energies of the dominant transitions from the one-excit
manifold for long homogeneous chains of N molecules

K lK1 lK3

(1,2) 1:13
ffiffiffiffi
N
p

0:225
ffiffiffiffi
N
p

(2,3) 0:375
ffiffiffiffi
N
p

�0:9
ffiffiffiffi
N
p

(1,4) 0:225
ffiffiffiffi
N
p

0:563
ffiffiffiffi
N
p

(3,4) 0:263
ffiffiffiffi
N
p

0:225
ffiffiffiffi
N
p

The last column gives the product l1gl3glK1lK3, which equals the intensity of
deriving from processes in which the system has been brought in the coherence
stimulated emission contributions at E1 and E3 explain all the features in the
density of states. The overall scattering rate W0 is a free
parameter in the theory. It has been shown recently that
this spectral density gives an accurate description of the
exciton dynamics in linear J-aggregates [26,27].

3. Pump-probe signal

In this section, we present the general expressions for the
pump-probe signal. We will assume that the applied pump
and probe pulses are short compared to the inverse exciton
band width, (4J)�1, implying that all exciton transitions are
excited proportional to their oscillator strength and inde-
pendent of their energy. We will furthermore assume that
the pump pulse interacts with the system first, i.e., we
assume that the pump-probe delay s is large compared to
the pulse duration. It may be short compared to the time-
scale of the exciton dynamics, however.

The frequency (x) resolved pump-probe signal, defined
as the difference absorption spectrum of the probe pulse
with and without pump pulse (to lowest order in the pulse
intensities) may be calculated through standard techniques,
employing double-sided Feyman diagrams [29]. For our
purposes, it is useful to separate the total signal into an
incoherent part, deriving from those contributions where
the system is in a one-exciton population jkihkj during
the waiting time between both pulses, and a coherent part,
where the system is in a coherence jkihk 0j (k 5 k 0) during
this time:

SPPðs; xÞ � SPP
popðs; xÞ þ SPP

cohðs; xÞ: ð9Þ

For the incoherent part of the signal, calculation yields

SPP
popðs; xÞ ¼ � 1

p

X
k0

l2
k0g

Ck0g

ðxk0g � xÞ2 þ C2
k0g

(

þ
X

k00
l2

k00g

Ck00g

ðxk00g � xÞ2 þ C2
k00g

�
X

K

l2
Kk0

CKk0

ðxKk0 � xÞ2 þ C2
Kk0

)X
k

e
~W s

h i
k0k

l2
kg;

ð10Þ
where the first term arises from stimulated emission, the
second from bleaching, and the third from induced absorp-
tion. Furthermore, we introduced the notation xpq =
Ep � Eq for arbitrary states p and q, Cpq for the homoge-
on states jk = 1i and jk = 3i to states jKi = j(k1, k2)i in the two-exciton

EK � E1 EK � E3 Intensity

E2 E1 + E2 � E3 0.068N2

E2 + E3 � E1 E2 �0.045N2

E4 E1 + E4 � E3 0.034N2

E3 + E4 � E1 E4 0.016N2

the coherent induced-absorption peaks occurring at EK � E1 and EK � E3,
j1ih3j or j3ih1j by the pump pulse (see Eq. (11)). These peaks and the two

coherent part of the spectrum observed in Fig. 1b.



Fig. 1. Total (a) and coherent part only (b) of the pump-probe spectrum
at delay s = 0 for linear molecular J-aggregates of N = 80 molecules
without disorder (r = 0). For purpose of presentation, all peaks have been
given a finite (equal) width. In the bottom panel, the energies of the peaks
are indicated.
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neous dephasing rate of the coherence between these two
states, and the N · N relaxation matrix ~W which governs
the evolution of one-exciton populations Pk during the
waiting time s (resulting from redistribution within the
one-exciton band as well as radiative decay to the ground
state). Expressions for the various Cpq and the matrix ele-
ments of ~W , assuming that scattering on host vibrations
is the source of intraband relaxation, are given in the
Appendix.

For the coherent part of the signal, calculation yields

SPP
cohðs; xÞ ¼ � 1

p

X
k;k0

� lk0glkg

Ck0g

ðxk0g � xÞ2 þ C2
k0g

(

�
X

K

lKk0lKk
CKk0

ðxKk0 � xÞ2 þ C2
Kk0

)

� e�Ckk0 s cos xkk0s
� �

lkglk0g; ð11Þ

where the first term derives from stimulated emission and
the second from induced absorption. There is no coherent
bleaching contribution. The asterisk on the summation
excludes the term with k = k 0.

The incoherent signal Eq. (10) may simply be inter-
preted as the linear absorption spectrum of the system with
initial populations P k0 ðsÞ ¼

P
k½e

~W s�k0kl2
kg. It depends on s

owing to the population redistribution and decay to the
ground state following the pump pulse. The s dependence
of the coherent part Eq. (11) of the signal is richer, as its
peaks in general will oscillate due to the (damped) quantum
beats with frequencies xkk0 . In contrast to the incoherent
part, the coherent part of the spectrum will also suffer from
inhomogeneous dephasing, arising from the simultaneous
occurrence of a variety of frequencies xkk0 in case the sys-
tem is inhomogeneous (a disorder average of the signals
in Eqs. (10) and (11) is then implied). We will encounter
this in Section 4.2.

4. Results: effects of coherences

In this section, we consider the pump-probe spectrum at
low temperatures, focusing on the effect of the coherent
contributions. We will assume that the temperature is low
enough to neglect the homogeneous line widths of the exci-
ton transitions compared to their inhomogeneous broaden-
ing. Thus, all Lorentzian factors in Eqs. (10) and (11) are
replaced by Dirac delta-functions at the corresponding
transition energy.

4.1. Homogeneous aggregates

Before turning to the general case of disorder, it is useful
to consider the incoherent and coherent contributions for
the homogeneous case, where r = 0. Strictly speaking, the
neglect of the homogeneous linewidth is then not justified
anymore, but for purpose of illustration it still is useful
to consider this case. Owing to the distribution of oscillator
strength for the homogeneous chain (see Section 2), at
s = 0 the incoherent contribution is dominated by the term
with k 0 = 1. This gives rise to a dominant bleaching and
stimulated emission peak at Ek=1, which is the lowest-
energy resonance that occurs in the incoherent spectrum,
and a dominant induced-absorption contribution at the
transition between k 0 = 1 and K = (1, 2). The energy of
the latter transition is Ek=2, which is blue-shifted by an
amount 3p2J/N2 (N� 1) relative to the bleaching peak.

Together these two dominant contributions are respon-
sible for the overall dispersive line shape of the pump-
probe spectrum mentioned in Section 1. This main part is
clearly visible in the top panel of Fig. 1, where the total
spectrum (incoherent as well as coherent contributions) is
plotted. Several other, smaller peaks can be discerned,
some of which derive from weaker incoherent contribu-
tions, while others derive from coherent contributions.
The latter are plotted separately in the bottom panel of
Fig. 1 (note the difference in vertical scale). All peaks
observed in this panel may be understood from the domi-
nant dipoles to the two-exciton manifold involving the
j1ih3j and j3ih1j coherences as the system’s state created
by the pump pulse (cf. Eq. (11) and Table 1). We observe
that the coherent contributions slightly enhance the disper-
sive shape at Ek=1 and Ek=2. The most interesting coherent
contribution, however, is the small positive peak red-
shifted compared to the main bleaching peak and indicated
by the arrow (xmax). It has an intensity that is about 7–8%
of the one in the main induced-absorption peak in the total
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spectrum and a resonance energy given by Ek=1 + Ek=2 �
Ek=3, i.e., 4p2J/N2 lower than Ek=1. The interest in this
new induced-absorption peak lies in the fact that it occurs
on the low-energy side of the main bleaching peak, i.e., out-
side the two-exciton band and away from any other transi-
tion arising from incoherent contributions of higher lying
band states. This circumstance enhances the possibility to
actually observe this feature. Due the fact that the all
coherent contributions are dominated by the j1ih3j and
j3ih1j coherences, the entire coherent part of the spectrum
oscillates in amplitude (and sign) with frequency
x31 � 8p2J/N2 as a function of s. Superimposed on this
oscillation is an overall decay with the homogeneous
dephasing rate C13 (cf. Eq. (11)).

4.2. Disordered aggregates

In order to better assess whether the red-shifted
induced-absorption peak could indeed be observed in
experiment, it is important to take into account the effects
of disorder. We have studied these effects by Monte Carlo
averaging the incoherent and coherent signal over random
disorder realizations of the site energies. Fig. 2 displays the
s = 0 spectrum simulated for aggregates of N = 80 mole-
cules with four different values for r. The disorder
strengths used are relevant to J-aggregates under common
experimental conditions. The solid line gives the total spec-
trum while the dashed line only presents the coherent con-
tributions. We observe that all spectra display the same
Fig. 2. The s = 0 pump-probe spectra of a linear chain of N = 80 molecules
indicated by a solid line, the coherent part of the signal is indicated by a dashed
finite size effects. The lower right panel contains an inset which shows the fr
horizontal and vertical scales of the four panels are different.
main dispersive character as in the homogeneous case,
caused by bleaching and stimulated emission of the opti-
cally dominant one-exciton band-edge states (negative
peak) and induced absorption from those states to the bot-
tom of the two-exciton band (positive). This basic shape is
well known and has been analyzed by various authors (see,
e.g., Ref. [16]).

The separation between the bleaching and induced-
absorption maxima grows with increasing disorder, reflect-
ing the diminishing delocalization size of the excitons. The
spectral structure observed in particular for the smaller dis-
order strengths at the high-energy side of the induced-
absorption peaks, is caused by finite size effects (i.e., N is
not sufficiently large compared to the exciton delocaliza-
tion size Ndel). The transitions that are mainly responsible
for the induced-absorption peak, are those between the
lowest one-exciton state on a localization segment and
the two-exciton state resulting from simultaneously occu-
pying the lowest and the next higher exciton states that
occur on this segment. Such doublets of excited states often
occur, reflecting a hidden level structure at the lower exci-
ton band edge (see Fig. 3) [30].

Interestingly, it is clear from Fig. 2 that, indeed, the red-
shifted coherent feature survives disorder. For growing dis-
order strength, it decreases compared to the main disper-
sive lineshape, because both features broaden and thus
obtain a growing overlap. As a result an increasing part
of the positive coherent peak is canceled by the negative
(mainly incoherent) bleaching peak. Nevertheless, it seems
with disorder strengths r/J = 0.05, 0.1, 0.2, and 0.4. The full spectrum is
line. The oscillatory behavior on the blue side of the main peak is caused by
equency dependence of the red-shifted peak on a logarithmic scale. The



Fig. 3. (a) Wave function amplitudes as a function of position for the
lowest 15 exciton states of a particular disorder realization of an
inhomogeneous aggregate with N = 250 and r = J/4. Indicated are the
k = 1, k = 2, and k = 3 resembling wave functions on one particular
localization segment. (b) Site energies en for the above disorder realization.

Fig. 4. The delay time dependence of the pump-probe signal, SPP, for a
linear chain with N = 80 at the position xmax of the maximum value of the
red-shifted peak at s = 0 for disorder values r/J = 0.05 (solid), 0.1
(dashed), 0.2 (dotted), and 0.4 (dash dotted). For each disorder value, the
time is scaled with the corresponding zero-temperature width D of the J-
band.
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that for disorder strengths relevant to experiment (e.g., r/
J � 0.1 for PIC (pseudo-isocyanine) aggregates [27]), the
coherent induced absorption still should be observable.

It turns out that, similar to the homogeneous case, the
origin of the red-shifted induced absorption can be found
in three states, namely the three lowest exciton states asso-
ciated with one localization segment. A typical example is
seen in Fig. 3, where in the upper panel we plot the 15 low-
est-energy exciton wave functions (off-set by their energy)
corresponding to the disorder realization given in the low-
est panel, randomly generated for r/J = 0.25. The three
states on the localization segment around the middle of
the chain clearly form a triplet, which resemble the k = 1,
k = 2, and k = 3 exciton states of the homogeneous chain,
except that they are not spread over the entire chain, but
rather over the localization segment only. The red-shifted
coherent induced-absorption peak can be associated with
processes in which the pump pulse excites a coherence
between the first and third excited states on such segments,
while the probe pulse further excites this to a population of
the two-exciton state in which both the first and the second
excited state are occupied. This is the first spectroscopic
technique in which such triplets of localized states are
probed. The disorder realization in the lowest panel clearly
indicates that around the chain’s center a negative fluctua-
tion in the site energies exists, giving rise to a potential well
that forms the localization segment. We have found that
not in all cases the three states contributing to the red-
shifted peak have such a clear k = 1, k = 2, and k = 3 nat-
ure as seen here. Often, the lowest doublet of states can
clearly be recognized as k = 1 and k = 2 states on one seg-
ment, while the higher participating state is centered at the
same segment, but may extend outside of it.

To end this section, we present in Fig. 4 the s depen-
dence of the pump-probe signal for r/J = 0.05, 0.1, 0.2,
and 0.4 at the positions xmax (indicated in Fig. 2) where
the red-shifted feature reaches its maximum. It should be
stressed that, as before, we neglected the homogeneous
dephasing rates as well as the population relaxation rates,
assuming that the spectrum and its time-dependence are
dominated by inhomogeneous effects (accurate at low tem-
perature). The signal is plotted as a function of Ds, where D
is the zero-temperature full width at half maximum of the
absorption band calculated for each disorder strength. As
D increases with r (according to r4/3) [31–33], the time scale
decreases with increasing disorder.

It is clearly seen from the figure that the signal decays on
a time scale 	1/D. This may easily be understood as fol-
lows: as we neglected dynamics caused by scattering, the
time-dependence results from the beating of the various
factors cos(xkk 0s) in Eq. (11) associated mainly with the
inhomogeneous distribution of k = 1 and k 0 = 3 like states
on localization segments in the disordered ensemble. As the
energy differences between exciton states on one segment
exhibit fluctuations similar in size to the total absorption
band width (which reflects the fluctuation in energy of
the k = 1 like states) [30], indeed one expects an overall
decay on a timescale similar to free induction decay, i.e.,
	1/D. In addition to this decay, a beating of the signal
occurs on the same time scale, which reflects the fact that
an average difference frequency xkk 0 of the order of the J-
band width is relevant to the signal. The finer quantum
beats visible for r/J = 0.05 and 0.1 derive from finite size
effects. Finally, we notice that for long delay times the sig-
nal does not decay to zero, but rather reaches an overall
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negative value, because the red wing of the (constant) neg-
ative bleaching peak then dominates the signal at xmax.

5. Results: effects of thermal dephasing

In this section, we consider the effects of exciton–pho-
non scattering and the resulting temperature dependence
of the pump-probe spectrum. In these calculations, we will
neglect the coherent contributions to the spectrum. As we
have seen, at T = 0 these contributions already are rather
small and with increasing temperature they will only get
weaker due to growing dephasing rates Ckk 0. Moreover,
we will mainly be interested in the main dispersive feature
of the spectrum, which is completely dominated by inco-
herent contributions. We will only present results for small
delay time s, where population relaxation may be
neglected, i.e., we effectively set s = 0. Finally, we will set
r = 0, thus assuming that the spectrum is dominated by
thermal linewidths and not by disorder. All these restric-
tions also help to keep the computation time within reason-
able bounds.

The main complication with respect to the previous sec-
tion, is that we explicitly include the homogeneous line-
widths Ckg and CKk of all the ground state to one-exciton
and one- to two-exciton transitions needed to calculate
the spectrum at finite temperature. As these linewidths
are different for each pair of levels, this involves extensive
calculations. In particular the calculation of the CKk

requires the evaluation of all scattering rates within the
two-exciton band (see Eq. (18) with (15b)), which causes
the computation time to scale according to N6. As a conse-
Fig. 5. Pump-probe spectra for T/J = 0.116 (top left), 0.174 (bottom left), 0.
N = 40, taking W0/J = 25. The pump-probe delay time s was set to zero.
quence, we have only considered rather short chains, with
N = 40 and N = 60. We have used the expressions given
in the Appendix to calculate the dephasing rates, using
the spectral density Eq. (8).

Fig. 5 displays the resulting spectra for four different
temperatures, using W0 = 25J as overall scattering rate.
This value is typical for J-aggregates of PIC; using the
value of J = 600 cm�1 appropriate for these aggregates,
the four temperatures considered correspond to 100 K,
150 K, 200 K, and 250 K, respectively. As we observe, at
the lowest temperature the spectrum has its typical asym-
metric dispersive lineshape, explained in Section 4.1
already. With increasing temperature, the spectrum
becomes more symmetric, with the central bleaching peak
being surrounded by small induced-absorption contribu-
tions. This happens because the CKk are much larger than
the Ckg, mainly due to the fact that the density of states
in the two-exciton band is much larger (by a factor of the
order N) than the one in the two-exciton band, giving rise
to many more scattering possibilities.

We also observe that the energy difference d between
the position where the bleaching peak has its maximum
intensity and the maximum of the blue-shifted induced-
absorption maximum increases with T. In the case of
homogeneous aggregates at T = 0, we have

dðT ¼ 0Þ ¼ ½EK¼ð1;2Þ � Ek¼1� � Ek¼1 � 3p2J=N 2; ð12Þ

where we used Eq. (4) with N� 1. This expression, with N

replaced by the exciton delocalization length, Ndel, has been
used by several authors to extract Ndel from experiment
[11–13]. The justification for this lies in the hidden level
232 (top right), and 0.290 (bottom right) for a homogeneous chain with
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structure within localization segments, discussed in Section
4.2, and it has been proven numerically that, as long as the
spectrum is dominated by inhomogeneous effects, indeed
d 	 1=N 2

del [16]. It was noted by Mukamel and coworkers,
however, that at elevated temperatures d should rather
reflect the exciton coherence size as caused by scattering
on vibrations [15]. Our current calculations, based on a
microscopic picture of the exciton-vibration scattering
rates, allow us to test this.

To perform such a test, we define a coherence length as
obtained from the pump-probe spectrum through

NPP
cohðT Þ ¼

ffiffiffiffiffiffiffiffiffiffi
3p2J
dðT Þ

s
: ð13Þ

In Fig. 6 we plotted 1=NPP
cohðT Þ against T for two aggregate

sizes (symbols). The solid line represents the best power-
law fit through the high-temperature points (T > 0.12 J),
where the coherence size does not depend on the chain
length anymore (at low temperatures, the coherence length
in our calculations is limited to the system size). The
power-law fit reads

1

NPP
cohðT Þ

¼ 1:285ðT=JÞ1:84
: ð14Þ

This scaling law may be compared with another one, found
by defining the coherence length ND

cohðT Þ based on the tem-
perature dependent width D(T) of the absorption band,
leading to 1=ND

cohðT Þ ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDðT Þ � Dð0ÞÞ=2J

p
, with b a con-

stant of the order unity [27]. For homogeneous aggregates
with nearest-neighbor interactions, DðT Þ � Dð0Þ ¼
ðW 0=2pJÞCð7

2
Þfð7

2
ÞT 7=2, with C(z) and f(z) the Gamma and

Riemann-zeta function, respectively [34]. For our current
W0 value, this leads to 1=ND

cohðT Þ ¼ 3:9bðT=JÞ7=4, which
for b � 0.33 (i.e., in the order of unity) is in good agree-
ment with the fit obtained above. This shows that, indeed,
at elevated temperatures the pump-probe spectrum allows
one to obtain the vibration-induced coherence length of
the excitons.
Fig. 6. Temperature dependence of 1=NPP
coh (see Eq. (13)) for N = 40

(diamonds) and N = 60 (squares), taking W0/J = 25. The solid curve
indicates the powerlaw best fit through all high-temperature points.
6. Concluding remarks

In this paper, we have theoretically studied the pump-
probe spectrum of linear molecular aggregates as mea-
sured through the use of ultrafast (femtosecond) pump
and probe pulses. We have found that the shape of the
spectrum is dominated by the well-known incoherent dis-
persive lineshape, arising from bleaching and stimulated
emission contributions from the one-exciton band and
blue-shifted induced-absorption contributions resulting
from one- to two-exciton transitions. The blue-shift arises
from the fermionic nature of the excitons in one dimen-
sion. The model predicts, however, that at low tempera-
tures, where the linewidth is dominated by static
disorder, also a small red-shifted induced-absorption peak
occurs in the limit of small pump-probe delay time s. This
peak gets weaker for increasing disorder, but from our
results it seems possible to observe it for commonly stud-
ied J-aggregates, such as PIC, where we expect the inten-
sity of this new peak to be about 5–10% of the intensity of
the main induced-absorption peak. It turns out that the
peak can be associated with processes where the pump
pulse generates a coherence between the first and third
exciton state on a localization segment, which subse-
quently is promoted by the probe pulse to a state where
both the first and second excited state of this segment
are populated. As a function of s, the coherent peak
exhibits a decay due to inhomogeneous dephasing of
many contributions with different oscillation frequencies,
superimposed on an overall oscillation. Both the decay
and the oscillation take place on a timescale proportional
to the inverse zero-temperature linewidth D(0) of the
absorption band (the J-band).

We have also considered the effects of thermal line
broadening, resulting from homogeneous dephasing pro-
cesses caused by scattering of the excitons on acoustic pho-
nons in the aggregates’ host medium. We have found that
with increasing temperature the spectra tend to get more
symmetric around the bleaching minimum, while the
detuning d between the bleaching peak and the blue-shifted
induced-absorption maximum grows with temperature.
The latter has indeed clearly been observed for the small
B850 aggregates in the light-harvesting complex of purple
bacteria [14] and for the cylindrical aggregates of amphi-
philic cyanine dye molecules [18]. We have shown that d
provides a measure for the exciton coherence size induced
by scattering on vibrations, similar to its use at low temper-
atures, where it measures the exciton delocalization size
imposed by static disorder [16].

In this paper, we did not present results for the s
dependence of the pump-probe spectrum accounting for
population redistribution and decay during the delay time
(i.e., the effect of expð ~W sÞ in Eq. (10) not being unity). We
have calculated spectra taking such redistribution into
account, but it turns out that the effects for common J-
aggregates, such as PIC, are small and not particularly
noteworthy.



Ckk0 ¼ Ckg þ Ck0g; ð17Þ

Fig. 7. Two-dimensional correlation spectrum for an aggregate with
N = 60, r = 0.1J and a homogeneous line width c = 0.005J. The waiting
time s is zero. Dashed red (negative) contours show bleaching and
stimulated emission processes. Solid blue (positive) contours represent
induced absorption. Contours were drawn at ±1%, ±2%, ±3%, ±4%,
±5% and at +0.2% of the amplitude of the spectrum. (For interpretation
of the references in color in this figure legend, the reader is referred to the
web version of this article.)
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Finally, we briefly make a connection to two-dimen-
sional electronic spectroscopy. Recently, it has been real-
ized that this third-order optical technique, which bears
some resemblance to pump-probe spectroscopy, offers
great power to uncover details of the exciton dynamics in
molecular aggregates [35,36]. We have calculated such
spectra for our model of a linear aggregate. An example
for aggregates of 60 molecules with r/J = 0.1 and a con-
stant homogeneous linewidth is shown in Fig. 7. In this
spectrum, x1 (x3) may loosely be interpreted as the pump
(probe) frequency. The negative diagonal (x1 = x3) peak
represents the bleaching of the one-exciton band; the diag-
onal stretching derives from the inhomogeneous (static)
nature of the line broadening (small homogeneous broad-
ening). The induced absorption is clearly recognized as
the positive peak that is blue-shifted in the x3 direction.
Below the main diagonal, however, we also observe a weak
positive peak. This is the analog of the coherent peak in
our pump-probe spectra. We observe that in the two-
dimensional spectrum the peak seems to form a low-
frequency island, which may enhance the possibility to
observe it. A more extensive study of the two-dimensional
spectrum will be published elsewhere.
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Appendix

In this appendix, we present expressions for the various
vibration-induced relaxation rates relevant to the calcula-
tion of the pump-probe signal. The method underlying
the relaxation model used here is a second-order perturba-
tion expansion in the exciton–phonon interaction Eq. (6) to
obtain the evolution of the reduced density operator in the
exciton subspace. As usual, we adhere to the Markov
approximation. Hence, the rates may be calculated using
the Fermi golden rule. The method has been explained in
quite a number of text books and we refer to two good
examples for the general formalism [37,38]. We note that
in addition to the scattering on vibrations, we will also
account for radiative decay. Then, the following quantities
determine the relaxation processes.

First, the radiative decay rates of the one-exciton state k

to the ground state, and of the two-exciton state jKi to one-
exciton state jki, which read, respectively, cgk = c0jlkgj2
and ckK = c0jlKkj2, with c0 the radiative constant of a single
molecule.

Second, the scattering rates within the one- and two-
exciton bands, induced by the one-phonon scattering inter-
action Eq. (6). These read

W kk0 ¼
X

n

u2
knu

2
k0nFðjxkk0 jÞGðxkk0 Þ; ð15aÞ

for scattering from the one-exciton state k 0 to the state k
(see Ref. [39] for a derivation) and (using a similar
derivation)

W KK 0 ¼
X
n>m

X
n0>m0

dnn0 þ dnm0 þ dmn0 þ dmm0ð Þ

� uKnmuK 0nmuKn0m0uK 0n0m0FðjxKK 0 jÞGðxKK 0 Þ; ð15bÞ

for scattering from the two-exciton state K 0 to the state K.
Here, xkk 0 = Ek � Ek 0, xKK0 = EK � EK 0, and GðxÞ ¼ �nðxÞ
if x > 0 and GðxÞ ¼ �nð�xÞ þ 1 if x < 0, with �nðxqÞ ¼
½expðxq=T Þ � 1��1 denoting the mean occupation of the
phonon mode q at temperature T (we set the Boltzmann
constant kB = 1). Finally, the spectral density FðxÞ com-
bines information of the density of states of the phonon
bath with the energy dependence of the exciton phonon
coupling (see definition in Eq. (7)).

All relevant population and coherence relaxation rates
can now be expressed in terms of the above quantities. In
particular, we obtain: (i) the homogeneous dephasing rate
of the coherences jkihgj and jgihkj between the ground state
and the one-exciton state k:

Ckg ¼ Cgk ¼
1

2
cgk þ

X
k0

W k0k

" #
; ð16Þ

(ii) the homogeneous dephasing rate of the coherences
jkihk 0j between any two different one-exciton states
(k 5 k 0):
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(iii) the homogeneous dephasing rate of the coherences
between a one-exciton state and a two-exciton state:

CKk ¼ CkK ¼ Ckg þ
1

2

X
k0

ck0K þ
X

K 0
W K 0K

" #
; ð18Þ

(iv) the relaxation matrix for the one-exciton populations

~W kk0 ¼ �2dkk0Ckg þ 1� dkk0ð ÞW kk0 : ð19Þ

The latter matrix governs the Pauli master equation for the
populations Pk in the one-exciton subspace

_P k ¼
X

k0

~W kk0P k0 ; ð20Þ

formally solved through

P kðtÞ ¼
X

k0
e

~W s
h i

kk0
P k0 ðt � sÞ: ð21Þ
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