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Statistical approach to dislocation dynamics: From dislocation correlations to a multiple-slip
continuum theory of plasticity
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Erik Van der Giessen†
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Due to recent successes of a statistical-based nonlocal continuum crystal plasticity theory for single-glide in
explaining various aspects such as dislocation patterning and size-dependent plasticity, several attempts have
been made to extend the theory to describe crystals with multiple-slip systems using ad hoc assumptions. We
present here a mesoscale continuum theory of plasticity for multiple-slip systems of parallel edge dislocations.
We begin by constructing the Bogolyubov–Born–Green–Yvon–Kirkwood integral equations relating different
orders of dislocation correlation functions in a grand canonical ensemble. Approximate pair correlation func-
tions are obtained for single-slip systems with two types of dislocations and, subsequently, for general
multiple-slip systems of both charges. The effect of the correlations manifests itself in the form of an entropic
force in addition to the external stress and the self-consistent internal stress. Comparisons with a previous
multiple-slip theory based on phenomenological considerations shall be discussed.

DOI: 10.1103/PhysRevB.77.184111 PACS number�s�: 61.72.Lk, 91.60.Ed, 05.90.�m

I. INTRODUCTION

Statistical mechanics provides an optimal framework and
various tools for studying emergent phenomena from a com-
plex conglomerate of bodies—may they be molecules of
gases, polymer chains of rubber, or crystalline defects. The
use of correlation functions in analyzing two-dimensional
solids and their defects has been proven very successful in
the past. For example, Mermin1 showed that the two-
dimensional crystals do not have conventional long-range
order, but can have “directional long-range order.” Nelson
and co-worker2,3 applied the technique to explain
dislocation-assisted melting in two dimensions. Over a de-
cade ago, Groma4 proposed a theory to describe dislocations
and their motions using distribution functions and probability
arguments. Unlike the existing continuum theories at the
time,5 the formalism was physically motivated and it cor-
rectly incorporated the long-range nature of dislocation inter-
actions. Several variations of this work—all of which reduce
to the same two-dimensional theory—also exist for three-
dimensional dislocation systems.6–9

Although having laid out the foundation for possible in-
teractions of many-dislocation configurations, Groma’s pio-
neering work did not investigate these correlated effects in
detail. Zaiser et al.10 explicitly considered the evolution of
dislocation correlations by extending Groma’s theory for sys-
tems of single-slip, parallel edge dislocations. They were
able to qualitatively obtain the correct scaling behavior of the
evolution equations for both single and pair correlation den-
sities and explained some general properties of these func-
tions. Their formulation, however, was limited to only one
active slip system and the analytical forms of pair correlation
functions were not derived. In a later work, Groma et al.11

included the influence of dislocation correlations in the form
of a local back stress. Yefimov et al.12,13 connected this sta-
tistical description to a continuum crystal plasticity theory

and applied this to various boundary value problems. While
the theory successfully captured most features observed in
discrete dislocation simulations, its ad hoc extension to
multiple-slip systems failed to explain the size effects in
single-crystal thin films.14 The main goals of this paper are
�1� to correctly describe and obtain analytical expressions for
dislocation pair correlations and �2� to systematically gener-
alize the approach of Groma et al. to multiple-slip systems.

We begin in Sec. II by introducing ensembles of disloca-
tions and deriving the partition function for multiple-slip sys-
tems. The nth-order dislocation densities and dislocation cor-
relation functions are subsequently defined. We construct the
Bogolyubov–Born–Green–Yvon–Kirkwood �BBGYK� inte-
gral equations in Sec. III. These equations link correlation
functions of order n to those of order n+1 �a technique gen-
erally used in the study of dense gases and fluids�. The inte-
gral equations are expanded in powers of interaction strength
�the ratio between the interaction energy and “thermal” en-
ergy�. We then obtain a set of approximate integral equations
for pair �n=2� correlation functions after applying a closure
approximation to truncate the series. These equations are
valid regardless of the form of the interaction potential, and
thus are applicable to other systems, provided that this pair
interaction vanishes at a large distance.

By appealing to the Peach–Koehler interaction, analytical
expressions for pair dislocation densities for single- and
multiple-slip systems are derived in Secs. IV and V, respec-
tively. Our single-slip solution agrees with the result from the
study of induced geometrically necessary dislocations
�GNDs� in terms of a single pinned dislocation by means of
a variational approach.15,16 The dislocation spacing 1 /��
emerges as a natural length scale in this formulation in ac-
cordance with the scaling study by Zaiser et al.10 Our analy-
sis further shows long-range attractive correlations when
more than one slip system are present, confirming the ab-
sence of dislocation patterning in single-glide systems as ob-
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served in many discrete dislocation simulations17–24 and ex-
plained in a recent three-dimensional continuum plasticity
theory.7,8

In Sec. VI, we write down the transport equations for both
total dislocation densities and GND densities on each slip
system under the influence of the Peach–Koehler forces from
both single and pair dislocation correlations. While the
former gives a self-consistent, long-range internal stress con-
tribution, the latter exerts an additional short-range, entropic
force due to a deviation away from a preferred dislocation
arrangement in the form of a back stress. The formulation is
a direct extension of the work by Groma co-workers10,11 for
crystals with one active slip system. Using the knowledge of
the pair correlation functions, we obtain a complete descrip-
tion of the back stress as a function of slip orientations—
something that has not been achieved in the Groma–Zaiser
approach but which had been previously incorporated in the
multiple-slip theory using the ad hoc phenomenological
considerations.14,25

Finally in Sec. VII, we contrast our theory with the
multiple-slip theory of Yefimov and Van der Giessen.14,25

While both theories propose that interactions among slip sys-
tems solely depend on relative angles of slip orientations, the
functional forms are different. We attribute the failure of the
earlier theory in explaining size effects in single-crystal thin
films partly to this difference and partly to the treatment of
dislocation nucleation in the theory.

II. DEFINITIONS OF THE BASIC QUANTITIES

Let us first consider the equation of motion of a disloca-
tion, which drifts along its glide plane �taken for simplicity
to be along the x̂ direction� subject to the Peach–Koehler
force f�x ,y�=−�xu�x ,y� generated by another dislocation at
the origin and to random fluctuations in the form of the
Gaussian white noise26 ��t� �also along x̂� where
���t1���t2��=��t1− t2�,

r�̇�x,y,t� = x̂�f�x,y� + �2T��t�� . �1�

The form of the fluctuation amplitude �2T is given afterward
by the fluctuation-dissipation theorem. Thus, T in this theory
is not physical temperature but a parameter measuring the
amplitude of random fluctuations. The stationary state solu-
tion of the corresponding one-dimensional Smoluchowski
equation,

�P1

�t
=

�

�x
�	 f + T

�

�x

P1� , �2�

which describes that the probability P1�r�� of finding a dislo-
cation at r� can be described by the Boltzmann distribution
P1�e�−u/T�.

To generalize the above concept to a many-dislocation
system, consider an arrangement of r species of dislocations
and denote the coordinate of the ith dislocation of species

s by i�s. The dislocation configuration N� is the set of
the coordinates of all dislocations, where N
��N1 ,N2 ;N3 ,N4 ; . . . ;Nr−1 ,Nr� denotes the “collection” of
dislocations of type s. In this convention, odd and even slots,

respectively, contain plus and minus dislocations on distinct
slip systems.27 We introduce the notation N+1s� to denote
the addition of an extra dislocation of species s to N�, while
similarly, a configuration N� with coordinates of n removed
is indicated by N−n�.

The interacting Hamiltonian UN of the system can be

written as the sum of potentials u�i�s1
, j�s2

� of all pairs of dis-
locations,

UN�N�� = �
s1�s2

�
i�j

u�i�s1
, j�s2

� . �3�

We can define a canonical partition function of configuration
N by

ZN �� e−UN/TdN� , �4�

where the integrations are taken over the “volume” measure

dN���s=1
r d21�sd

22�s¯d2N� s of the dislocation configuration
at N�. Consider the coordinates of a particular set n�, the
probability of observing the configuration n in dn� about the
points in n� irrespective of the remaining collection N−n is

PN
�n��n��dn� =

dn�
ZN

� e−UN�N��/TdN − n� , �5�

where �PN
�n��n��dn�=1. The probability density of observ-

ing any statistically equivalent possible collection n within
the volumes dn� about the points n� is therefore

�N
�n��n�� = �

s=1

r
Ns!

�Ns − ns�!
PN

�n��n�� . �6�

Consider now an open system �which could be realized,
say, by allowing for nucleation and annihilation of disloca-
tions as the system relaxes�; a grand canonical partition func-
tion is given by

� = �
N�0

�
s=1

r
zs

Ns

Ns!
ZN, �7�

where zs is the activity of species s. The prefactor arises from
integrating away the momentum degrees of freedom in the
Hamiltonian, which are irrelevant to this problem. The prob-
ability P of the occurrence of configuration N in the open
system is therefore

PN = �
s=1

r
zs

Ns

Ns!

ZN

�
. �8�

Finally, the probability density of observing any n1 disloca-
tions of species 1, n2 dislocations of species 2, etc., �any
collection n� in dn� at n� is

��n��n�� = �
N�n

PN�N
�n��n�� . �9�

The summation is taken over all collections N greater than or
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equal to n, i.e., for all N1�n1, N2�n2, etc. We take Eq. �9�
as the definition of dislocation density of order �n�. Explic-
itly, we have

��n��n�� =
1

�
�

N�n
��

s=1

r
zs

Ns

�Ns − ns�!
�� e−UN�N��/TdN − n� .

�10�

This definition of an �n�th-order dislocation density is
equivalent to the ones used by Groma4 and Zaiser10 in the
realization of an open system.28 Finally, we define the
�n�th-order correlation function g�n��n�� through

��n��n�� = ��
s=1

r

��1��1�s���1��2�s� ¯ ��1��n�s��g�n��n�� .

�11�

III. DERIVATION OF THE
BOGOLYUBOV–BORN–GREEN–YVON–KIRKWOOD

INTEGRAL EQUATIONS

The Bogolyubov–Born–Green–Yvon–Kirkwood integral
equations first appeared in the study of classical fluids with a
total potential energy given by the sum of pair
interactions.29–32 They provided a set of relations between
distribution functions of fluid density at different orders.
Here, we extend the BBGYK formalism to include the non-
central interactions of dislocations in a multicomponent
system.33,34 We proceed in three steps: �1� take a derivative
of the �n�th-order dislocation density with respect to the
glide direction of one particle of the interested species; �2�
express the result in terms of the next higher order densities;
and �3� convert the integral equations of densities into those
of correlation functions.

Differentiating ��n��n�� as expressed in Eq. �10� with re-
spect to the glide direction of dislocation 1 of species 1 lo-
cated, we find

�1�1
��n��n�� = −

1

�
�

N�n
��

s=1

r
zs

Ns

�Ns − ns�!
�

�� e−ŪN�N���1�1
ŪN�N��dN − n� , �12�

where we absorb 1 /T into the definition ŪN�UN /T. The
derivative of the potential can be separated into two parts:

�1�1
ŪN = �

s=1

r

�
i=1

ns

�i,s���1,1�

�1�1
ū�1�1,i�s� + �

s=1

r

�
i=ns+1

Ns

�1�1
ū�1�1,i�s� .

�13�

Direct substitution of Eq. �13� into the integrand of Eq. �12�
splits the expression into two integrals I1 and I2. Notice in
the first integral that the derivative of the potential does not
depend on coordinates N−n� and thus can be taken out of
the integral, which yields

I1 = − ��n��n�� �
s=1

r

�
i=1

ns

�i,s���1,1�

�1�1
ū�1�1 − i�s� , �14�

with the aid of Eq. �10�. The second integral I2 requires a
little more work,

I2 = −
1

�
�
s=1

r

�
N�n

��
s�=1

r z
s�

Ns�

�Ns� − ns��!
�� �

i=ns+1

Ns

�1�1
ū�1�1,i�s�

�e−ŪN�N��dN − n� . �15�

The expression involves integrating i�s over the sample size.

Since each integral over i�s between ns+1� i�Ns is equiva-
lent in infinite space, the summation therefore gives a factor
of �Ns−ns�. The remaining integrals over all other dislocation
coordinates are unaffected.

Equation �15� thus becomes

I2 = − �
s=1

r
1

�
�

N�n
��

s�=1

r z
s�

Ns�

�Ns� − ns��!
��Ns − ns�� �1�1

ū�1�1,�ns + 1��
s�� e−ŪN�N��d�N − n� \ �ns + 1��

s���d2�ns + 1��
s

= − �
s=1

r � �1�1
ū�1�1,�ns + 1��

s�� 1

�
�

N�n
��

s�=1

r z
s�

Ns��Ns − ns�

�Ns� − ns��!
�� e−ŪN�N��d�N − n� \ �ns + 1��

s���d2�ns + 1��
s

= − �
s=1

r � �1�1
ū�1�1,�ns + 1��

s���n+1s��n + 1s��d2�ns + 1��
s. �16�

The symbol d�N−n� \ �ns+1��
s�� represents the volume measure of N−n� without d2�ns+1��

s. Collecting both I1 and I2 from
Eq. �14� and Eq. �16�, we arrive at the BBGYK equations for the �n�th-order dislocation density,
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�1�1
��n��n�� = − ��n��n�� �

�s,i���1,1�

�r,ns�

�1�1
ū�1�1,i�s�

− �
s=1

r � �1�1
ū�1�1,�ns + 1��

s���n+1s�

��n + 1s��d2�ns + 1��
s. �17�

One can obtain a series of integrodifferential equations for
the correlation functions g�n� from Eq. �17� by expanding out
��n��n�� using Eq. �11�. All but two of the single-dislocation
densities on the left-hand side �LHS� and right-hand side
�RHS� of the equality cancel, which results in

�1�1
���1�1�g�n��n��� = − ��1�1�g�n��n�� �

�s,i���1,1�

�r,ns�

�1�1
ū�1�1,i�s�

− ��1�1��
s=1

r � �1�1
ū�1�1,�ns + 1��

s��

���ns + 1��
s�g�n+1s��n + 1s��d2�ns + 1��

s.

�18�

The first-order densities ��1�� that plague the expression can
be removed by first using the product rule to the LHS, then

dividing both sides by ��1��. The LHS becomes

LHS = �1�1
g�n��n�� + g�n��n��

�1�1
��1�1�

��1�1�
.

The ratio of the derivative of the first-order density with
itself can be rewritten using Eq. �17� specialized to first or-
der, which gives

�1�1
��1�1�

��1�1�
= − �

s=1

r � �1�1
ū�1�1,	�s���	�s�g�2��1�1,	�s�d2	�s,

where 	�s��ns+1��
s is the position of the �ns+1�th dislocation

of species s and g�2��1�1 ,	�s� represents the pair correlation

function between the first dislocation of species 1 at 1�1 and

the �ns+1�th dislocation of species s at 	�s. This expression
could be seamlessly incorporated into the right-hand side of
Eq. �18�. The final result is35

�1�1
g�n��n�� = − g�n��n�� �

�s,i���1,1�

�r,ns�

�1�1
ū�1�1,i�s�

− �
s=1

r � �1�1
ū�1�1,	�s���	�s��g�n+1s��n + 1s�� − g�n�

��n��g�2��1�1,	�s��d2	�s. �19�

For the remainder of this paper, we shall restrict our at-
tention to the Peach–Koehler interaction. Recall that the in-
teraction energy between two parallel edge dislocations of
length L �over energy T due to random forces� in an infinite
medium is36

ū�i�s, j�s�� = − 
��i�s, j�s�� , �20�

where 
� �b2L
2�1−��T , and

��i�s, j�s�� � ��m̂i�s
· m̂j�s�

�ln��i�s − j�s���

+
�m̂i�s

· �i�s − j�s����m̂j�s�
· �i�s − j�s���

�i�s − j�s��
2

� . �21�

Here, m̂i�s
denotes the slip-plane normal of species s. The

relative strength 
 represents the ratio between dislocation
interaction energy versus energy from random fluctuation
due to noise. Note that the latter originates from the use of
the Boltzmann distribution in Eq. �4� to describe the equilib-
rium configuration of systems with noise. As the dislocation
configuration becomes more and more correlated, 
 becomes
smaller.

For an explicit dependence on 
 to use as an expansion
coefficient, we rescale the distance by the square root of the
relative strength, �
r��r�. Equation �19� specialized to sec-
ond order gives

�1�g
�2��1� ,2�� = 
g�2��1� ,2���1���1� ,2�� + �

s=1

r � �1���1� ,3�s���3�s�

� �g�3��1� ,2� ,3�s� − g�2��1� ,2��g�2��1� ,3�s��d23�s.

�22�

Here, we have simplified the notation even further by sup-

pressing all irrelevant subscripts: vectors 1� and 2� simply de-
note the positions of dislocations 1 and 2 with their corre-
sponding species. The summation �r is taken over all s
species present in the system.

We proceed by assuming that the correlation functions
have the following forms:

g�2��1� ,2�� = 1 + 
f �2��1� ,2�� , �23a�

g�3��1� ,2� ,3�� = 1 + 
�f �2��1� ,2�� + f �2��1� ,3�� + f �2��2� ,3���

+ 
2f �3��1� ,2� ,3�� �23b�

for any vectors 1� , 2� , and 3� . The functions f �2��1� ,2�� and

f �3��1� ,2� ,3�� should asymptotically vanish along the bound-

aries of the sample or as �1� −2� � , �1� −3� � , �2� −3� �→� for an in-
finite system. Note, in particular, that

g�3��1� ,2� ,3�� − g�2��1� ,2��g�2��1� ,3�� = 
f �2��2� ,3��

+ 
2�f �3��1� ,2� ,3�� − f �2��1� ,2��f �2��1� ,3��� . �24�

So far, no approximation has been made. Equation �22�
governing the second-order correlations naturally involves
the third-order correlations. To systematically close the chain
at the second order, we substitute Eqs. �23� and �24� into Eq.
�22� to produce a set of integrodifferential equations of f �2�

and f �3� for each power of 
. This technique was introduced
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by Bogolyubov37 in the study of correlations in the Coulomb
interactions and has been widely used in both high-energy
and condensed matter communities in renormalization group
theory. It should be mentioned that, in principle, 
 needs to
be small for the expansion to be valid,38 but this is not true
here. The values of 
 in Secs. IV and V turn out to be greater
than 1—as often happens in diagrammatic expansion calcu-
lations in high-energy physics. The validity of the approach
can be judged by comparisons between the theory and nu-
merical simulation results.

The equation of power 
0 gives an identity. After integrat-
ing away �1� because f �2� and � vanish at infinity, the equa-
tion of power 
 becomes

f �2��1� ,2�� = ��1� ,2�� + �
s=1

r � ��1� ,3�s���3�s�f �2��2� ,3�s�d23�s.

�25�

This equation is the key result of the analysis. We shall use it
to obtain dislocation pair correlation functions for systems
with one in Sec. IV and many in Sec. V active slip systems.

IV. PAIR CORRELATION FUNCTIONS FOR SINGLE
SLIP

To illustrate the use of Eq. �25�, we first apply it to the
case of one slip system containing two species of disloca-
tions �denoted as + and −�. According to Eq. �21� valid for an

infinite sample, ��1� ,2��=��1� −2��=��2� −1�� which implies

that fab�1� ,2��= fab�1� −2��= fab�2� −1��. Without loss of general-

ity, we can take the origin to be at 2� and thus, from Eq. �25�,
we obtain the following set of integral equations:

f++�r�� = �1�r�� +� d2r���1�r� − r�����+�r���f++�r���

− �−�r���f+−�r���� , �26a�

f+−�r�� = − �1�r�� −� d2r���1�r� − r�����−�r���f−−�r���

− �+�r���f−+�r���� , �26b�

f−−�r�� = �1�r�� +� d2r���1�r� − r�����−�r���f−−�r���

− �+�r���f−+�r���� , �26c�

f−+�r�� = − �1�r�� −� d2r���1�r� − r�����+�r���f++�r���

− �−�r���f+−�r���� . �26d�

In the current context, Eq. �21� reduces to

�1�r�� = �++�r�� = − �+−�r�� = ln��r��� +
y2

�r��2
, �27�

where we orient our �x ,y� coordinate system in such a way
that the slip direction points along the x direction. The minus

signs in Eqs. �26a�–�26d� arise from a sign difference in the
interactions between plus-plus dislocations versus plus-
minus dislocations, as shown in Eq. �27�. By comparing Eq.
�26a� against Eq. �26d� and Eq. �26b� against Eq. �26c�, we
find that f++�r��=−f−+�r�� and f+−�r��=−f−−�r��. These symme-
tries further imply that f++�r��= f−−�r��. Finally, we obtain

f++�r�� = �1�r�� +� �1�r� − r���f++�r�����+�r��� + �−�r����d2r��.

�28�

Our general formulation in Sec. III allows for spatial
variation of an uncorrelated density ��r�s�. Without externally
applied force, ��r�s�= �Ns� /A is constant in space. An analyti-
cal solution to Eq. �28� can be obtained for constant �+ and
�−. The dimensionless nature of the interaction potential �1
suggests a change in variable ��++�−r��r� �note that �+ and
�− are always positive�. The resulting dimensionless integral
equation

f++�r�� = �1�r�� +� �1�r� − r���f++�r���d2r�� �29�

can be directly solved by applying �2���x
2+�y

2�2 on both
sides of the equation and using the identity

�2�1�r�� = 2���r�� + 2��y
2 − �x

2���r�� = 4�y
2��r�� . �30�

Equation �29� then becomes

�2f++ = 4�y
2�f++ + ��r��� , �31�

whose explicit solution is

f++ =
y

r
sinh��y�K1��r� − cosh��y�K0��r� , �32�

where K0�·� and K1�·� are the zeroth- and first-order modified
Bessel functions of the second kind. With the aid of Eqs.
�23a� and �23b�, the correlation functions g�++�=g�−−� and
g�+−�=g�−+�, correct to O�
2�, can be expressed in the origi-
nal coordinates,

g�++��r�� = 1 + 
� y

r
sinh�k0y�K1�k0r� − cosh�k0y�K0�k0r�� ,

�33a�

g�+−��r�� = 1 − 
� y

r
sinh�k0y�K1�k0r� − cosh�k0y�K0�k0r�� ,

�33b�

where k0��
��++�−� gives an inverse “Debye radius” of
the dislocation cloud. The third-order correlation functions
correct up to O�
2� straightforwardly follow from Eq. �23b�.
The validity of Eq. �32� can be verified by comparing
g�++��r��−g�+−��r�� to the dislocation difference, or GND, field
��r�� in Eq. �15� of Ref. 15. In this latter work, the same
expression is obtained for the induced GND due to a single
pinned dislocation, which was interpreted by the authors as
the pair correlation of dislocations in a relaxed system.

The values of g�++� and g�+−� in Eq. �32� diverge—and
hence are unphysical—at very small radii. The reason arises
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from the omission of a core energy term in Eqs. �20� and
�27� which would otherwise offset the logarithmic diver-
gence. Physically speaking, when two dislocations approach
each other, if they are of the same sign, they merge into one
dislocation; otherwise they cancel. In both cases, nothing is
diverging. Note also that the pair correlation functions de-
pend only on the scaled space coordinate ��r� ����++�−

being the total dislocation density� in agreement with the
scaling argument given by Zaiser et al.10 This dependence
also holds in the multiple-slip case to be discussed in Sec. V.

V. PAIR CORRELATION FUNCTIONS FOR MULTIPLE
SLIP

The procedure to obtain the correlation functions for a
system with multiple slips follows the same types of argu-
ments and expansions as those for single slip. We shall fur-
ther develop the integral of Eq. �25� for a system of N slip
systems, each with two charges, and subsequently give an
explicit analytical solution for the pair correlation function in
the case wherein the difference in slip-orientation angle be-
tween adjacent slip planes is constant.

For an N-slip system with both types of charges, we have

4N2 coupled integral equations for different pairs of 1� and 2�

in Eq. �25�. To reduce the number of equations, and essen-
tially decouple them, some symmetry arguments can be em-
ployed. For an infinite system,

�ij
++ = �ij

−− = − �ij
+− = − �ij

−+, �ij
ab = � ji

ab,

where the superscripts denote the charges of the first and
second dislocations, while the subscripts show the slip sys-
tems in which they live. Equation �25� can be recast by using
the convolution operator � and the symmetry of �ij

ab as

f ij
ab = �ij

ab + �
k=1

N

�ik
a+ � ��k

+f jk
b+ − �k

−f jk
b−� . �34�

By direct substitution of + and − into a and b, it is immediate
that f ij

++�r��=−f ij
−+�r�� and f ij

−−�r��=−f ij
+−�r��, which further im-

plies that

f ij
++ = f ij

−− = �ij
++ + �

k=1

N

�ik
++ � ��k

+f jk
++ + �k

−f jk
−−� . �35�

With this, Eq. �34� reduces to

f ij = �ij + �
k=1

N

�ik � ��kf jk� , �36�

where the superscripts have been omitted and �k��k
++�k

−

is the total dislocation density of both types on slip k. We
thus effectively reduce the number of coupled equations to
N2. Also note that because of �ij =� ji, there are only
N�N+1� /2 independent �ij’s.

As seen from the single-slip case, Eq. �36� subjected to an
arbitrary distribution of the local density �k�r�� cannot be ana-
lytically solved. For spatially independent �k, however, these
equations can be decoupled. Let �k be the relative population
of density in slip system k relative to the total density �, i.e.,

�k=�k�, where �k=1
N �k=1. We can then perform a change in

variable ��r��r� to absorb the � dependence. In addition, in
the Fourier space �indicated by a superposed ��, a convolu-
tion becomes a product. We can solve the Fourier transform

of Eq. �36� for f̃ i j by essentially performing a matrix inver-
sion on

�̃ij = �
m,n

��im� jn − �n�̃in� jm� f̃mn. �37�

The Fourier representation of �ij in Eq. �21� can be very
simply expressed in polar coordinates �k ,�k�,

�̃ij = −
4

k2 sin��k − �i�sin��k − � j� = −
4

k4 �m̂i · k���m̂j · k�� ,

�38�

where �i is the angle that slip plane i makes with the x axis
�which can be arbitrarily chosen, so that �i= i /N�. Owing to
the simple form of Eq. �38�, the solution to Eq. �37� is39

f̃ i j =
�̃ij/� j

1 − �
n

�̃nn

, �39�

where we have used �n�̃in�̃nj = �̃ij�n�̃nn. Equation �39� shall
be used in the derivation of the evolution law for parallel
edge dislocations in a multislip system in Sec. VI.

To verify that Eq. �39� is applicable in glide-controlled
systems, we consider an ensemble of 1500 relaxed configu-
rations of 64 plus and 64 minus dislocations randomly placed
on a 1 �m2 square and restricted to move along their glide
directions. The simulations were performed with periodic
boundary conditions in the absence of thermal noise. The
glide constraint helps prevent dislocation annihilation, and
thus, to fix the total number of dislocations and to maintain
the finite effective temperature. As an example, Fig. 1 shows
�b� the density plot of the theoretical correlation function f12

++

between plus dislocations on 60° and 120° slip systems
against �a� the simulation result. The erroneous oscillations
in Fig. 1�b� along 0° and 90° lines are caused by the numeri-
cal inverse Fourier transform operation of Eq. �39�. �The
general closed form solution of a double-slip pair correlation
function does not exist for an arbitrary pair of slip-
orientation angles.� Overall, the theory gives accurate angu-
lar predictions except along the two slip directions where it
underpredicts the same-sign anticorrelation due to the sup-
pression of climb. The plot of the correlation function along
the x̂ axis is shown in Fig. 2. Very close to the origin, the
function logarithmically diverges as does the unscreened po-
tential. About one dislocation spacing from the core, the cor-
relation function decays as 1 /x2.

The real-space solution to Eq. �39� is possible if we as-
sume that the angle between each adjacent pair of slip
planes is constant. For any N�Z+ and N�1,
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�
n=1

N

sin2	�k −
n

N

 =

N

2
�40�

regardless of �k. With the above identity, the denominator of

f̃ i j becomes angular independent and can be directly inte-
grated. The final result, with

k0 � �2N
� ,

reads

f ij�r,�� =
− 2

� j
� cos�2� − �i − � j�

�k0r�2 −
cos��i − � j�

k0r
K1�k0r�

− sin�� − �i�sin�� − � j�K2�k0r�� . �41�

At large distances, the first term dominates and the pair
correlation decays like 1 /r2 �except along the directions
where the argument of the cosine is  /2, 3 /2, etc.�. Com-
pared to the single-slip case �Eq. �32�� where the pair corre-
lation exponentially diminishes �except along the dislocation
wall direction�, the presence of extra slip�s� suppresses the
Debye screening. It should be noted that −f ij�r�� can be
thought of as the effective interaction potential due to screen-

ing. More precisely, F� PK��� f ij is the Peach–Koehler force
felt by a positive dislocation on slip system i due to the
induced screening of dislocations on slip system j. It has
been shown15 that, for single-slip system, the attractive para-
bolic potential in the glide direction �taken to be along x̂�
falls off with a prefactor of 1 / �y�5/2 along the wall direction.
Series expansion of � in Eq. �41� about �i and � j reveals that,
for multiple-slip system, the prefactor of the parabolic poten-
tial about the glide directions decays as 1 /r2—slightly more
slowly than the single-slip case. This could explain the ne-
cessity to include more than one slip system to see the for-
mation of cell walls and grain boundaries in two-dimensional
discrete dislocation simulations prohibiting climb
motion.17–24 The analysis also confirms the “directional long-
range order” of two-dimensional crystals as rigorously
proven by Mermin.1

VI. DERIVATION OF A MULTIPLE-SLIP EVOLUTION
LAW

To arrive at a set of transport equations for an ensemble of
multiple-slip dislocation systems, we extend the treatments
of Groma and co-workers in Refs. 4, 10, and 40. The evolu-
tion equations for the uncorrelated single-dislocation densi-
ties on slip system i read

�t�i
+�r�i,t� = − �b� i · �� �+ �i

+�r�i,t��i
ext + �

j
� d2r� j��ij

++�r�i,r� j,t�

− �ij
+−�r�i,r� j,t���ij

ind� , �42a�

(b)

(a)

FIG. 1. �Color online� �a� Discrete dislocation result and �b�
theoretical prediction of the correlation function f12

++ between plus
dislocations on 60° and 120° slip systems. The values increase to-
ward brighter regions. The coordinates are measured in units of
1 /��. The dashed lines indicate the two slip directions where the
plus-plus anticorrelation is underpredicted due to the glide con-
straint of the discrete dislocation simulations. The fitting parameter
due to rescalings of length was found to be k0�22��.

FIG. 2. �Color online� Cross-sectional plot of the data points
versus theoretical curves of the pair correlation function �Fig. 1�
along the x̂ axis. After a short distance away from the core, the
function has a power law decay of 1 /x2, as shown with the dashed
line in the log-log plot in the inset.
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�t�i
−�r�i,t� = − �b� i · �� �− �i

−�r�i,t��i
ext + �

j
� d2r� j��ij

−−�r�i,r� j,t�

− �ij
−+�r�i,r� j,t���ij

ind� , �42b�

where the dislocation mobility has been absorbed into the
rescaling of time t. With the assumption that all dislocations
have the same magnitude b, the Burgers vector can be writ-

ten as b� i=bŝi �ŝi and m̂i, respectively, are the slip direction
and slip-plane normal direction of slip system i�. �ij

ind�r�i−r� j�
is the resolved shear stress exerted on a dislocation at r�i on
slip i by a dislocation at r� j on slip j and can be written as

�ij
ind�r�� = ŝi · � j · m̂i = Gb�ŝi · �� ��m̂i · �� ��m̂j · �� ��r2 ln r� .

�43�

Here, G�� / �2�1−���=E / �4�1−�2��, where E, �, and �
are the Young modulus, the shear modulus, and the Poisson
ratio, respectively.

Addition and subtraction of Eqs. �42a� and �42b� give the
evolution equations for the total dislocation density �i��i

+

+�i
− and the GND density �i��i

+−�i
−,

�t�i = − �b� i · �� ��i�i
ext + �

j
� d2r� j��ij

++ + �ij
−− − �ij

+− − �ij
−+�

��ij
�2��r�i,r�j,t�

�ij
ind,

�44a�

�t�i = − �b� i · �� ���i�i
ext + �

j
�d2r� j ��ij

++ − �ij
−− − �ij

+−

��ij
�2��r�i,r�j,t�

+ �ij
−+��ij

ind � .

�44b�

In accordance with Eq. �11�, the dislocation-dislocation den-
sity can be written as

�ij
ss� = �i

s�r�i�� j
s��r� j�gij

ss��r�i − r� j� = �i
s�r�i�� j

s��r� j��1 + dij
ss��r�i − r� j�� ,

�45�

where s ,s�� +,−� and, according to Eq. �23a� and �23b�,
dij

ss�=
f ij
ss�. In terms of the single and pair correlation func-

tions, the total dislocation density and GND are

�ij
�2� = �i�r�i�� j�r� j� +

1

2
− �i�r�i�� j�r� j�dij

a + �i�r�i�� j�r� j��dij
p + dij

s �

+ �i�r�i�� j�r� j��dij
p − dij

s � + �i�r�i�� j�r� j�dij
a � , �46a�

�ij
�2� = �i�r�i�� j�r� j� +

1

2
�i�r�i�� j�r� j��dij

p − dij
s � + �i�r�i�� j�r� j�dij

a

− �i�r�i�� j�r� j�dij
a + �i�r�i�� j�r� j��dij

p + dij
s �� , �46b�

where dij
p =dij

++, dij
s = �1 /2��dij

+−+dij
−+�, and dij

a = �1 /2��dij
+−

−dij
−+�. After substitution of Eq. �45� and �46�, Eq. �44� be-

comes

�t�i = − �b� i · �� ���i��i
ext + �i

sc − �i
f − �i

b� + �i�i
a� , �47a�

�t�i = − �b� i · �� ���i��i
ext + �i

sc − �i
f − �i

b� + �i�i
a� , �47b�

in which

�i
sc = �

j
� � j�r� j��ij

ind�r�i − r� j�d2r� j , �48a�

�i
b = −

1

2�
j
� � j�r� j�dij

t �ij
ind�r�i − r� j�d2r� j , �48b�

�i
f =

1

2�
j
� � j�r� j�dij

a �ij
ind�r�i − r� j�d2r� j , �48c�

�i
a =

1

2�
j
� � j�r� j��dij

p − dij
s ��ij

ind�r�i − r� j�

+ � j�r� j�dij
a �ij

ind�r�i − r� j�d2r� j . �48d�

The term dij
t ��1 /4��dij

+++dij
−−+dij

+−+dij
−+� in Eq. �48b� in-

volves averaging over pairs of correlation functions.
Terms involving �i

a in Eqs. �47� can be cast away by going
into a “comoving” frame of �i and �i, respectively. Although
dij

++=dij
−−=−dij

+−=−dij
−+ and hence dij

t should vanish by defini-
tion, this is hardly the case when, e.g., the system is strained
through external loading. Only one of these correlation func-
tions locally dominates, which results in a nonzero dij

t . Simi-
larly, the contribution from flow stress, �i

f, is greatest in re-
gions with equal population of plus and minus dislocations;
in most regions, its effect is negligible. We shall therefore
focus only on the contribution from back stress �i

b. The va-
lidity of this assumption is supported by the success of the
recent single-slip theory.12,13

Although dij
t �r�� is long range, the magnitude of the back

stress �i
b is still considerably smaller than that of the self-

consistent internal stress �i
sc when r is large compared to

mean dislocation spacing. We are therefore interested in the
contribution of dij

t �r�� to the stress only at short distances
where its effect is much more pronounced. Consider a dislo-
cation at r�i, we can Taylor expand � j�r� j� about this point,

� j�r� j��� j�r�i�+ �r� j −r�i� · ��� � j�r�i
+ terms of higher orders. Be-

cause dij
t �r�� is symmetric while �ij

ind�r�� is antisymmetric under
r��−r�, the first term in the expansion vanishes. We then
make a change in variable to the scaled coordinate ��r��x�,
where � represents the mean total dislocations of the system.
To second order, this yields

�i
b�r�i� = �

j=1

N � �� � j

�
·� x�dij

t �x���ij
ind�x��d2x� . �49�

Using the Fourier transform expression of dij
t , the integral

in Eq. �49� can be directly evaluated by using Parseval’s
theorem,
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I�ij �� x�dij
t �x�,���ij

ind�x��d2x� =� d̃ij
t �k��F�x��ij

ind� ! �k��d2k� .

�50�

The Fourier transform of x��ij
ind can be directly computed from

Eq. �43�,

F�x��ij
ind��k�� = − 4Gb�� k�� �ŝi · k���m̂i · k���m̂j · k��

k4 �
= − Gb�� k���ŝi · k���̃ij� . �51�

Owing to the connection dij
t �x��=
f ij�x��, Eq. �50� becomes,

from Eqs. �39� and �51�,

I�ij =

2Gb

� j
� �̃ij�� k���ŝi · k���̃ij�

1 − �
n

�̃nn

d2k� . �52�

The vector I�ij is most conveniently expressed in the coor-
dinate system of slip j. Substitution of Eq. �38� into Eq. �52�,
while projecting ŝi and m̂i onto �ŝ j , m̂j�, gives

I�ij = �4�2
2Gb

� j
ŝ j

���0

2 �
�

� − 1

k

sin2��k�sin��k + �ij�sin�3�k + 2�ij�

k2 + 4�
n

sin2��k − �n�

�dkd�k + m̂j�
0

2 �
�

� 1

2k

�
sin��k�sin��k + �ij�sin�4�k + 2�ij�

k2 + 4�
n

sin2��k − �n�
dkd�k� , �53�

where �ij = �j− i� /N is the angle between slip planes i and j.
We impose a cutoff � at small k to prevent the logarithmic
divergence due to the long-range nature of the pair correla-
tion functions.

Under the assumption of equal interval of successive slip
orientation, as in Sec. V, we can very straightforwardly carry
out the above integrals, which give

I�ij =
GDb

� j
cos��ij�ŝ j , �54�

where D=22
2�ln �� /N serves as a fitting parameter. The
factor � j nicely combines with � in the denominator of Eq.
�55� to make � j =� j�. For physical reasons, we are going to
replace � j with its local density � j�r��. In Secs. II–V, we cal-
culated the pair correlation functions of an ensemble of spa-
tially constant single-dislocation densities in thermal equilib-
rium. When the distributions of single-dislocation densities
are nonuniform in space as is the case for systems out of
equilibrium, the back stress response should depend on how
much the densities locally vary.

The final result is amazingly simple,

�i
b�r�� = GD�

j=1

N

cos��ij�
�b� j · �� �� j�r��

� j�r��
. �55�

The above form for the back stress nicely converges to the
single-slip theory of Groma et al.11–14,25 The cos��ij� cou-
pling between slip systems should come as no surprise. The
angular dependence of the back stress must emerge from the
symmetry of the potential. The angular average of �ij in Eq.
�21� selects out cos��ij� as the only possibility. It is also
interesting to note that the same coupling also appears in the
strain gradient theory for continuum crystal plasticity by
Gurtin.41–43

VII. COMPARISON WITH THE EARLIER MULTISLIP
PLASTICITY THEORY

Recently, Yefimov et al.14,25 have proposed an extension
of their single-slip continuum plasticity theory12,13 to incor-
porate systems with more than one slip. In their theory, each
slip system j contributes some amount of back stress, which
is given in our notation by

� j
b�r�� = GD

�b� j · �� �� j�r��
� j�r��

�56�

to the total back stress of slip system i according to

�i
tot = �

j=1

N

Sij� j
b, �57�

with slip-orientation dependent weight factor Sij acting as a
projection matrix. For symmetry reason, three variations
were postulated:14,25

Sij
1 = �m̂i · m̂j��ŝi · ŝ j� = cos2��ij� , �58a�

Sij
2 = m̂i · �ŝ j � m̂j + m̂j � ŝ j� · ŝi = cos�2�ij� , �58b�

Sij
3 = ŝi · ŝ j = cos��ij� . �58c�

Note that possibility �58c� is consistent with the expression
for the back stress we have derived in Eq. �55�.

To select among these choices, Yefimov et al.25 succes-
sively used all three laws to numerically analyze the problem
of simple shearing of a crystalline strip containing two slip
systems with impenetrable walls. The results of each case
were compared against that from the discrete dislocation
simulations of Shu et al.44 The best match was achieved with
Eqs. �58b�. Other choices underpredicted the amount of plas-
tic strain. The chosen interaction law was then tested against
the problem of bending of a single-crystal strip with satisfac-
tory agreement with discrete dislocation results of Clever-
inga et al.45

We believe that the success of their continuum theory in
the shearing problem despite the incorrect choice of interac-
tion law is due to a different reason. The amount of plastic
strain is controlled by �i� the fitting parameter D and �ii� the
number density of nucleation sites in the film. By adjusting
these values, different interaction laws could be altered to
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obtain the desired fit. In their analysis, Yefimov et al.12 used
the value of D from their previous single-slip theory without
any readjustment. There is no a priori reason why this value
should stay unaltered. The density of nucleation sources in
their continuum theory was chosen to match that in the dis-
crete dislocation simulations. The discrepancy could also
arise from different ways in which the discrete dislocation
theory and the continuum theory handle dislocation nucle-
ation.

In a later publication, Yefimov and Van der Giessen14 ap-
plied their formalism to the problem of stress relaxation in
single-crystal thin films on substrates subjected to thermal
loading. Due to the difference in thermal expansion coeffi-
cients between film and substrate, high tensile stresses can
develop in the films as the temperature decreases. Contrary
to the discrete dislocation simulations by Nicola et al.,46,47

which show increasing stress built up inside a film with de-
creasing film thickness, the results from the continuum
theory show a size-dependent hardening only during the
early stage of cooling. Moreover, the theory gives identical
results between some pair of slip orientations �e.g., when the
angle between the two slip planes �12 is either 60° or 120°�,
whereas the discrete dislocation simulations and our theory
predict otherwise. Finally, in the previous continuum
theory,25 dislocations nucleate when the sum of the external
stress �ext, the self-consistent long-range stress �sc, and back
stress �b exceed a certain value. From our analysis, we be-
lieve that, in a more correct treatment of dislocation nucle-
ation, this back stress should be supplemented by flow stress
� f �Eqs. �48c�� which is dominant in a nucleation region
where plus and minus dislocations are equally populated.
Applications of the current theory to the shearing problem
and the thin film problem, which shows the size-dependent
hardening, will shortly appear following this publication.

VIII. DISCUSSION AND CONCLUSIONS

We have described nth-order dislocation densities and dis-
location pair correlation functions in a grand canonical en-
semble and obtained the relationships between different or-
ders of the correlation functions in the form of a hierarchy of
integral equations. By using the Bogolyubov ansatz instead
of the more customary Kirkwood approximation, we have
closed the chain of the equations at second order and solved
for approximate expressions of the pair correlation
functions—valid at all distances—for systems with one slip
and multiple active slip systems. These solutions are invari-
ant under simultaneous transformations r��r� /�� and ���2.
The transformations suggest that any emergent dislocation
pattern should exhibit a length scale given by 1 /�� as
pointed out by Holt48 and in agreement with the “law of
similitude.”49 For a complete analysis of scaling relations,
the reader is referred to Ref. 10.

Recently, Groma et al.15 have developed a mean-field
variational approach to study the screening of dislocations,
which is similar in spirit to the Debye–Hückel theory in the
study of classical plasmas.50–52 This method is based on ap-
proximating the system’s total density matrix as a product of
single-particle density matrices �i with the free energy given

by F= �H�+T�iTr �i ln �i. Although this technique provides
a complimentary approach and results in the same pair cor-
relation expressions for a single-slip system �after some in-
terpretation�, its generalization to multiple-slip system is not
obvious. In particular, one would have to supply additional
cross couplings between different slips by hand. These cou-
plings should automatically emerge from a complete theory.

In Sec. IV, we have formulated transport equations for the
total dislocation and GND densities for general multiple slip.
Interactions among dislocation pairs produce an additional
�relatively� short-ranged “back stress” contribution to the
long-range internal stress of individual dislocations. Most of
the complexities of the correlation functions were integrated
away, which leave only the cos��ij� coupling between slip
systems i and j �see Eq. �55��. This dependence was also
proposed by Gurtin42,43 in his strain gradient plasticity
theory, but it was abandoned by Yefimov et al.14,25 We have
argued in Sec. VII that this refusal was based on an unfair
comparison with discrete dislocation simulations for the way
in which dislocation nuncleation was treated.

There is an important issue regarding the use of disloca-
tion correlations f ij for dij

t in Sec. V. The formalism devel-
oped in Sec. III assumes that dislocations relax along the
directions dictated by the Peach–Koehler forces. This implies
dislocation glide, as included in the transport equations de-
veloped in Sec. VI, but also climb which is not considered a
mechanism of plastic flow here. Mathematically speaking,
Eq. �17� is not the stationary state of Eqs. �42a� and �42b�.
Early attempts in numerically describing dislocation correla-
tions in glide-only, multiple-slip systems failed to produce
noticeable patterns due to the need for large number of dis-
locations; the role of climb �or cross slip� was suggested to
help overcome this difficulty.53,54 The original motivation for
our approach was to find the orientation dependence of the
back stress in the most straightforward way. Extracting the
angular dependence from a climb-assisted relaxed state gave
us a quick input to use in the glide-only, multiple-slip theory.
The validity of the continuum theory will always be vindi-
cated by comparisons against discrete dislocation results.

Finally, we believe that our multiple-slip formulation pro-
vides a framework to address a long standing challenge in
explaining dislocation patterning. For single-slip systems,
short-range correlations occur between two dislocations ex-
cept along directions normal to their glide plane �taken to be
along ŷ�. It has been shown that for a small deviation away
from this “dislocation wall” direction, an attractive parabolic
potential produced by the correlated dislocations decays as
�y�−5/2, which is compared to �y�−2 in the unscreened case.15

We have found in Sec. V, however, that when one or more
extra slips are introduced, the effect of Debye-type screening
diminishes. In this case, the attractive potential, in fact, de-
cays like r−2 as if it was unscreened. This could explain the
necessity to introduce extra slips to see the formation of
walls in discrete dislocation simulations,17–24 unless further
aided by climb motions.53,55 The latter suggests the existence
of a critical exponent of the attractive potential below which
structure formation cannot occur, as is the case in single-slip
systems restricted to glide. A more detailed investigation of
this is left for future work.
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