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ABSTRACT
In earlier papers in this series we determined the intrinsic stellar disc kinematics of 15
intermediate- to late-type edge-on spiral galaxies using a dynamical modelling technique.
The sample covers a substantial range in maximum rotation velocity and deprojected face-on
surface brightness, and contains seven spirals with either a boxy or peanut-shaped bulge. Here
we discuss the structural, kinematical and dynamical properties. From the photometry we find
that intrinsically more flattened discs tend to have a lower face-on central surface brightness
and a larger dynamical mass-to-light ratio. This observation suggests that, at a constant max-
imum rotational velocity, lower surface brightness discs have smaller vertical stellar velocity
dispersions.

Although the individual uncertainties are large, we find from the dynamical modelling that
at least 12 discs are submaximal. The average disc contributes 53 ± 4 per cent to the observed
rotation at 2.2 disc scalelengths (hR), with a 1σ scatter of 15 per cent. This percentage becomes
somewhat lower when effects of finite disc flattening and gravity by the dark halo and the gas
are taken into account. Since boxy and peanut-shaped bulges are probably associated with bars,
the result suggests that at 2.2 hR the submaximal nature of discs is independent of barredness.
The possibility remains that very high surface brightness discs are maximal, as these discs are
underrepresented in our sample. We confirm that the radial stellar disc velocity dispersion is
related to the galaxy maximum rotational velocity. The scatter in this σ versus vmax relation
appears to correlate with the disc flattening, face-on central surface brightness and dynamical
mass-to-light ratio. Low surface brightness discs tend to be more flattened and have smaller
stellar velocity dispersions. The findings are consistent with the observed correlation between
disc flattening and dynamical mass-to-light ratio and can generally be reproduced by the simple
collapse theory for disc galaxy formation. Finally, the disc mass Tully–Fisher relation is offset
from the maximum-disc scaled stellar mass Tully–Fisher relation of the Ursa Major cluster.
This offset, −0.3 dex in mass, is naturally explained if the discs of the Ursa Major cluster
spirals are submaximal.

Key words: galaxies: fundamental parameters – galaxies: kinematics and dynamics – galaxies:
spiral – galaxies: structure.

1 I N T RO D U C T I O N

The absence of a Keplerian decline in H I rotation curves that extend
well beyond the stellar disc has provided compelling evidence that
spiral galaxies are embedded within massive dark matter haloes
(Bosma 1978; Begeman 1987). At the same time, it was noticed
that the inner rotation curves can often be reproduced by the stellar
disc alone, with a fairly similar disc mass-to-light ratio among spi-

�E-mail: vdkruit@astro.rug.nl

rals (Kalnajs 1983; Kent 1986; Freeman 1992; Palunas & Williams
2000). This coincidence has prompted the ‘maximum-disc hypoth-
esis’, stating that the disc is as massive as allowed by the rotation
curve (van Albada et al. 1985). However, the inner rotation curves
are equally well reproduced with a submaximal disc and a more
concentrated dark halo (van Albada et al. 1985; van der Kruit 1995;
Broeils & Courteau 1997). An important development is that spi-
rals of widely different disc central surface brightness follow the
same Tully–Fisher relation (Zwaan et al. 1995; Verheijen 2001).
This strongly implies that the disc contribution to the rotation curve
decreases towards lower disc surface brightnesses (McGaugh &
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de Blok 1998). Of course, the behaviour with disc surface density
remains unknown.

A promising tool suited for lifting this disc–halo degeneracy is
the dynamical modelling of the stellar disc kinematics (van der Kruit
& Freeman 1984, 1986; Bottema 1993; Pignatelli et al. 2001). This
technique uses the principle of vertical dynamical equilibrium to
constrain the actual disc surface density. Knowledge of the disc sur-
face density will increase our understanding of the baryonic matter
content of spiral galaxies and ultimately allow an investigation of the
radial distribution of the dark matter. Important applications include
the origin of the Tully–Fisher relation (McGaugh et al. 2000; Bell
& de Jong 2001, hereafter BJ01; Freeman 2002) and the stability
properties of discs, which are widely believed to regulate secular
disc evolution (see Buta, Crocker & Elmegreen 1996, for reviews)
and star formation (e.g. Wang & Silk 1994).

Bottema (1993, 1995, both hereafter B93) modelled the stellar
kinematics of 11 normal (= unbarred) high surface brightness (HSB)
spirals of predominantly late morphological type. Using the radial
stellar velocity dispersion at one exponential disc scalelength as a
reference, B93 found that spirals follow an approximately linear re-
lation between stellar velocity dispersion and maximum rotational
velocity. He then compared this σ versus vmax relation to that ex-
pected for an isolated exponential disc, assuming a disc flattening
of 10 (the ratio of disc scalelength to scaleheight). Based on this
comparison, he found that in normal HSB spirals the disc reaches
63 ± 10 per cent of the observed rotation at a radius of 2.2 disc
scalelengths [the radius at which the rotation curve of an isolated
exponential disc peaks (Freeman 1970)]. In other words, approxi-
mately 40 per cent of the mass enclosed within 2.2 disc scalelengths
resides in the disc. In contrast, a working definition for the maxi-
mum contribution of the disc to the rotation is substantially higher
at 85 ± 10 per cent (Sackett 1997). Note that the 63 per cent result
is not based on either the disc colour or Freeman’s law (Freeman
1970), as sometimes incorrectly stated (e.g. Bosma 1999).

In recent years, the question of the disc contribution to the rota-
tion curve has also been addressed using several techniques other
than using stellar kinematics. For two large independent samples,
the Tully–Fisher residuals do not correlate with surface brightness
(Courteau & Rix 1999). These authors argue that this observation
requires a disc contribution of 60 ± 10 per cent in the majority of
normal HSB spirals. In addition, the Tully–Fisher relation appears
to be independent of barredness (Courteau et al. 2003), suggest-
ing that barred and unbarred spirals have comparable fractions of
luminous and dark matter. Maller et al. (2000) pointed out that con-
straints on the disc contribution are also provided by spirals that are
strong gravitational lenses. By modelling both the lensing and the
kinematics of the barred HSB spiral 2237+0305, Trott & Webster
(2002) find a disc contribution of 57 ± 3 per cent. Fluid dynamical
modelling of the gas structure and kinematics also constrains the
disc contribution. These models seem to require a high disc mass-
to-light ratio (M/L) and a rapidly rotating bar in both the Milky Way
(Englmaier & Gerhard 1999) and NGC 4123 (Weiner, Sellwood
& Williams 2001). Using this technique for normal spirals, Kranz,
Slyz & Rix (2003) find that two massive HSB spirals, NGC 3893
and 5676, have maximum discs, whereas three less massive HSBs,
NGC 3810, 4254 and 6643, are submaximal.

This is the final paper in a series1 in which we address these issues
and in general aim at providing new constraints on the dynamics of

1 The series contains adapted versions of most chapters in the PhD thesis of
MK (Kregel 2003).

spiral galaxy discs through an observational synthesis of the global
stellar disc structure and kinematics. The series is preceded by a
reanalysis (Kregel, van der Kruit & de Grijs 2002, hereafter KKG)
of the surface photometry in the I band of the sample of edge-on
galaxies from de Grijs (1997, 1998). In Paper I in the series (Kregel,
van der Kruit & Freeman 2004a), we presented optical spectroscopy
to study the stellar kinematics in 17 edge-on galaxies mostly taken
from the KKG sample. In Paper II (Kregel, van der Kruit & de
Blok 2004b), we presented H I synthesis observations of 15 of these
galaxies; and in Paper III (Kregel & van der Kruit 2004), we derived
the circular velocity curves from the H I observations of Paper II and
the optical emission-line (Hα) spectroscopy from Paper I. Compar-
ison of the H I and Hα data shows that the effects of dust extinction
on the derived stellar kinematics are small. In Paper IV (Kregel &
van der Kruit 2005), we analysed the stellar disc kinematics of 15
edge-on spiral galaxies using a dynamical modelling technique in
conjunction with the observed disc structure and rotation curves.
For most of these, a transparent model provides a good match to
the stellar disc kinematics. From this we determined the stellar ve-
locity dispersion and the disc surface density at a fiducial radius of
one I-band disc scalelength. In this final paper in the series, we first
augment our discussion in KKG and study the correlations of the
disc structural parameters with other global parameters, including
the intrinsic disc flattening, for the full sample of 34 galaxies. We
then study the stellar velocity dispersion and the stellar disc mass
for the 15 spirals of Paper IV, and pay particular attention to their
relation to the disc flattening and surface brightness.

This paper is organized as follows. First in Section 2 we discuss
the correlation of the flattening of the stellar discs with other global
properties in the KKG sample. The kinematic results, which were
derived for a subsample of 15 galaxies, are analysed in Section 3.
This includes a discussion on the velocity anisotropy (Section 3.1),
the disc contribution to the rotation curve (Section 3.2), the σ ver-
sus vmax relation (Section 3.3), and the Tully–Fisher relation (Sec-
tion 3.5). The most important results are summarized in Section 4.

2 T H E D I S C S T RU C T U R E

The spiral luminosity density of the discs is assumed to be axisym-
metric and transparent and have the form

Ldisc(R, z) = L0 e−R/h R e−z/hz , (1)

where (R, z) are the cylindrical coordinates, L0 is the central lu-
minosity density, and hR and hz are the radial scalelength and the
vertical scaleheight.

For a self-gravitating exponential disc, there is a simple relation
between its peak rotational velocity (vdisc, at 2.2 hR), central surface
density (�0) and scalelength (Freeman 1970):

vdisc = 0.88
√

πG�0h R, (2)

where G is the gravitational constant. For a self-gravitating disc in
vertical dynamical equilibrium, the surface density � (R) = �0 exp
(−R/hR) is related to the scaleheight of the disc mass distribution
and the vertical stellar velocity dispersion (σ z) through the Jeans
equation for vertical hydrostatic equilibrium:

σz(R) =
√

CG�(R)hz . (3)

Here C is a constant depending on the detailed form of the vertical
density distribution: for an exponential distribution, C = 3π/2; for a
sech dependence, C =1.71π; and for an isothermal distribution, C =
2π (van der Kruit 1988). When the surface density from equation (3),
evaluated at the centre, is substituted into equation (2), a simple
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Dynamics of edge-on stellar discs 505

Table 1. Photometric parameters.

Galaxy µ
edge-on
0,I h R,I h z,I hR/hz µface-on

0,I
(mag arcsec−2) (arcsec) (arcsec) (mag arcsec−2)

(1) (2) (3) (4) (5) (6)

ESO 026-G06 20.4 ± 0.1 26.0 ± 1.5 3.7 ± 0.3 7.0 ± 0.7 22.3 ± 0.2
ESO 033-G22 19.8 ± 0.3 18.3 ± 5.0 2.0 ± 0.2 9.2 ± 2.7 22.0 ± 0.3
ESO 041-G09 19.8 ± 0.2 34.6 ± 3.0 3.9 ± 0.3 8.9 ± 1.0 21.9 ± 0.2
ESO 138-G14 21.6 ± 0.2 41.7 ± 3.5 6.0 ± 0.6 7.0 ± 0.9 23.5 ± 0.3
ESO 141-G27 20.3 ± 0.2 40.4 ± 4.0 4.1 ± 0.4 9.9 ± 1.4 22.7 ± 0.2

ESO 142-G24 19.7 ± 0.2 36.8 ± 2.7 3.8 ± 0.2 9.7 ± 0.9 22.1 ± 0.2
ESO 157-G18 19.8 ± 0.2 36.5 ± 2.2 4.8 ± 0.3 7.6 ± 0.7 22.0 ± 0.2
ESO 201-G22 19.3 ± 0.2 24.3 ± 2.5 2.9 ± 0.4 8.4 ± 1.4 21.6 ± 0.2
ESO 202-G35 18.3 ± 0.2 22.8 ± 2.3 3.6 ± 0.4 6.3 ± 1.0 20.3 ± 0.3
ESO 240-G11 18.4 ± 0.4 49.0 ± 9.0 3.5 ± 0.8 14.0 ± 4.1 21.3 ± 0.4

ESO 263-G15 17.6 ± 0.2 31.2 ± 1.6 2.9 ± 0.2 10.8 ± 0.9 19.7 ± 0.2
ESO 263-G18 18.4 ± 0.2 27.7 ± 2.6 3.2 ± 0.5 8.7 ± 1.6 20.5 ± 0.2
ESO 269-G15 19.1 ± 0.3 29.0 ± 5.2 4.2 ± 0.6 6.9 ± 1.6 21.0 ± 0.3
ESO 288-G25 17.6 ± 0.4 18.4 ± 4.0 2.5 ± 0.4 7.4 ± 2.0 19.8 ± 0.4
ESO 315-G20 19.9 ± 0.3 22.9 ± 5.0 2.7 ± 0.6 8.5 ± 2.6 22.2 ± 0.3

ESO 321-G10 19.1 ± 0.2 20.5 ± 4.1 2.9 ± 0.3 7.1 ± 1.6 21.1 ± 0.3
ESO 322-G87 18.1 ± 0.4 16.8 ± 3.5 2.6 ± 0.4 6.5 ± 1.7 19.9 ± 0.4
ESO 340-G08 19.1 ± 0.1 11.5 ± 2.8 1.4 ± 0.2 8.2 ± 2.3 21.3 ± 0.2
ESO 340-G09 20.3 ± 0.3 22.5 ± 3.5 3.5 ± 0.5 6.4 ± 1.4 22.3 ± 0.3

ESO 416-G25 20.0 ± 0.1 22.7 ± 2.0 3.8 ± 0.4 6.0 ± 0.8 21.9 ± 0.2
ESO 435-G14 18.3 ± 0.4 17.6 ± 3.4 3.3 ± 0.3 5.3 ± 1.1 20.0 ± 0.5
ESO 435-G25 19.1 ± 0.4 97.0 ± 19.0 5.0 ± 0.3 19.4 ± 4.0 22.2 ± 0.4
ESO 435-G50 20.1 ± 0.1 13.2 ± 1.5 1.7 ± 0.3 7.8 ± 1.6 22.2 ± 0.2
ESO 437-G62 18.9 ± 0.5 35.8 ± 3.7 6.6 ± 0.5 5.4 ± 0.7 20.6 ± 0.5

ESO 446-G18 19.1 ± 0.1 25.8 ± 3.0 2.0 ± 0.1 12.9 ± 1.6 21.8 ± 0.1
ESO 446-G44 19.0 ± 0.2 31.1 ± 2.1 2.8 ± 0.2 11.1 ± 1.1 21.5 ± 0.2
ESO 460-G31 19.2 ± 0.3 28.1 ± 4.6 2.4 ± 0.4 11.7 ± 2.7 21.6 ± 0.3
ESO 487-G02 18.4 ± 0.3 24.3 ± 1.9 3.8 ± 0.4 6.4 ± 0.8 20.4 ± 0.3
ESO 506-G02 19.2 ± 0.1 19.4 ± 4.0 2.8 ± 0.4 6.9 ± 1.7 21.1 ± 0.2

ESO 509-G19 19.1 ± 0.5 24.8 ± 4.0 2.5 ± 0.5 9.9 ± 2.5 21.5 ± 0.5
ESO 531-G22 18.4 ± 0.4 19.8 ± 4.0 3.1 ± 0.5 6.4 ± 1.7 20.4 ± 0.4
ESO 555-G36 20.2 ± 0.2 10.9 ± 1.4 2.8 ± 0.3 3.9 ± 0.7 21.5 ± 0.3
ESO 564-G27 19.6 ± 0.2 38.0 ± 5.1 3.5 ± 0.4 10.9 ± 1.9 22.0 ± 0.2
ESO 575-G61 20.2 ± 0.2 16.2 ± 1.3 2.7 ± 0.4 6.0 ± 1.0 22.1 ± 0.3

(1) Galaxy. (2) Edge-on central surface brightness µ
edge-on
0,I . (3) Scalelength h R,I . (4) Scaleheight h z,I . (5)

Flattening hR/hz. (6) Face-on central surface brightness µface-on
0,I .

relation between the maximum rotation, central velocity dispersion
and flattening of the disc is obtained:

vdisc = (0.69 ± 0.03)σz |R=0

√
h R/hz . (4)

Here the constant accounts for density laws ranging from an expo-
nential to a sech dependence.

2.1 Disc structure and global parameters

In KKG we analysed I-band photometry of 34 edge-on spiral galax-
ies taken from the sample of de Grijs (1998) to study the global
structure of the old stellar discs. The exponential scale parameters
and the central surface brightness of the disc light were derived using
a 2D least-squares fitting method. This procedure includes a bulge–
disc decomposition and adopts a mask to exclude systematically
the region affected by dust and young populations. We derived for
the stellar discs the photometric I-band parameters: edge-on central
surface brightness µ

edge-on
I , radial scalelength hR and vertical scale-

height hz. These and the derived flattening hR/hz and face-on central

surface brightness µface-on
I are listed in Table 1. The face-on surface

brightnesses were obtained using

µface-on = µedge-on + 2.5 log10(h R/hz)

and correcting for Galactic extinction as in de Grijs (1998). Note
that in the original paper of KKG the edge-on surface brightnesses
for 10 galaxies are in error due to incorrect zero-points. Table 1 lists
the correct values for the edge-on central surface brightness.

Both scale parameters and their ratio are plotted as a function
of the galaxy maximum rotational velocity according to LEDA in
Figs 1(a)–(c) (see also KKG), and against the face-on central surface
brightness of the disc in Figs 1(d)–(f). The range in face-on central
surface brightness is about four magnitudes (e.g. Fig. 1d), reaching
well into the low surface brightness (LSB) regime. The brightest
discs appear to have µ0,I � 20 mag arcsec−2. This is roughly a
magnitude fainter than observed in less-inclined spirals (Verheijen
1997; de Jong & Lacey 2000), probably signalling an underestima-
tion of the face-on surface brightness for at least the HSB discs.
This may be related to the uncertainty in the shape of the vertical
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506 M. Kregel, P. C. van der Kruit and K. C. Freeman

Figure 1. The disc scalelength, scaleheight and flattening as functions of maximum rotational velocity (a)–(c) and face-on central surface brightness (d)–(f).
The black dashed line in (d) is the relation for exponential discs with luminosity L � = 4 × 1010 L�,I . In each panel, the grey lines show the collapse model
for disc galaxy formation, the dashed lines connect models of the same total mass [log10(M tot) = 10–13 in steps of 0.5, and the solid line at log10(M tot) = 12]
and dotted lines connect models with the same spin parameter (logarithmically spaced, separated by factors of 0.2 dex, solid line at λ = 0.06). Arrows indicate
the direction of increasing M tot and λ.

light distribution close to the plane and/or residual dust extinction
(KKG).

As seen in studies of face-on spirals, the disc scalelength increases
with maximum rotational velocity (Fig. 1a, originally found by van
der Kruit & de Grijs 1999) and tends to be smaller for a higher face-
on central surface brightness (Fig. 1d). In essence, these correlations
are a reflection of the fact that spirals follow a single Tully–Fisher
relation, irrespective of their central surface brightness (Zwaan et al.
1995; Verheijen 2001). The tendency of HSB discs to have smaller
scalelengths is a manifestation of the exponential cut-off of the lu-
minosity function of spirals; the black dashed line in Fig. 1(d) in-
dicates the relation expected for L � = 4 × 1010 L�,I (de Jong &
Lacey 2000). HSB discs with large scalelengths do not appear to
exist. Of equal interest is the tight correlation found between the
scaleheight and vmax (Fig. 1b, originally found by van der Kruit &
de Grijs 1999). A Spearman rank correlation test yields a correla-
tion coefficient RS = 0.74 (greater than 99 per cent confidence).
Apparently, spiral galaxies with a higher maximum rotation have
both larger and thicker discs. The most extreme example of this is
ESO 509-G19. This huge spiral has an extremely large maximum
rotational velocity of 392 km s−1 and a disc scalelength and scale-
height of 17 kpc and 1.7 kpc, respectively. A least-squares bisector
fit (Isobe et al. 1990) to the relation gives

hz = (0.45 ± 0.05)(vmax/100 km s−1) + (−0.14 ± 0.07) kpc

and an observed scatter of 0.21 kpc. This may be used to estimate
the scaleheight of spirals that are less inclined.

In Fig. 2 we show the disc structural parameters versus the to-
tal H I mass and the H I richness (the ratio of the H I mass to the
total disc luminosity). The trends are similar to those in Fig. 1,
showing a definite increase of the scalelength and scaleheight with
H I content and a (tentative) decrease with H I richness. Figs 1(c)
and 2(c) appear to show that there are no slowly rotating, highly
flattened spirals. The observed lack of these spirals may be due to
the selection against small and LSB spirals imposed by the diam-
eter limit. Indeed, the B-band isophotal axial ratios of the galaxies
in the Revised Flat Galaxy Catalog (RFGC; Karachentsev et al.
1999), selected using a substantially smaller diameter limit, show
no evidence for a correlation with maximum rotational velocity
(Zasov et al. 2002). The current data do show a weak correlation be-
tween disc flattening and face-on central surface brightness (Fig. 1f,
RS = −0.27 or 90 per cent confidence); on average LSB discs tend
to be more flattened. It should be stressed here that the diameter
limit causes a selection against LSB discs, especially those which
are less flattened: since

µedge-on = µface-on − 2.5 log10(h R/hz)

the selection is strongest against low face-on surface brightness
(LSB) discs that are fat. We do, however, observe a significant num-
ber of fat LSB discs. This suggests that fat LSB discs are more com-
mon than flat LSB discs. In any event, highly flattened discs of high
face-on surface brightness should clearly stand out in a diameter-
limited sample. The fact that these are not observed (Fig. 1f) in-
dicates that the trend between disc flattening and face-on surface

C© 2005 RAS, MNRAS 358, 503–520

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/358/2/503/999329 by U
niversity of G

roningen user on 30 N
ovem

ber 2018



Dynamics of edge-on stellar discs 507

Figure 2. The disc scale parameters versus total H I mass (a)–(c) and H I richness (d)–(f). The H I masses were calculated using the integrated H I fluxes from
LEDA and assuming that H I is optically thin. Note that ESO 437-G62 is classified Sb in LEDA, but given its very low H I mass is probably a lenticular.

brightness is probably real. We note that similar but tighter relations
have been reported for two samples drawn from the RFGC (Bizyaev
& Mitronova 2002; Zasov et al. 2002), based on R-band photometry
and 2MASS K s-band images. Perhaps these tighter relations are the
result of different selection criteria; the galaxies in the RFGC were
selected to have B-band optical diameters larger than 40 arcsec and
isophotal axial ratios a/b � 7 (Karachentsev et al. 1999), favouring
intrinsically small galaxies of late morphological type.

The analytical collapse model of disc galaxy formation incor-
porates a range of central surface brightnesses, providing a simple
framework for trying to understand the observed trends (Fall &
Efstathiou 1980; Gunn 1982; Dalcanton, Spergel & Summers 1997,
hereafter DSS97; Mo, Mao & White 1998). In this picture, discs
form through dissipational collapse of the baryonic matter within
virialized dark matter haloes. The collapse of the baryons is halted
depending on the amount of angular momentum imprinted on the
haloes in the early Universe, and the baryons settle in a rapidly rotat-
ing disc. Under the basic assumption of detailed angular momentum
conservation throughout the collapse, the model predicts the final
disc radial surface density profile and the galaxy rotation curve as
a function of the total mass M tot and the spin parameter λ (Peebles
1969) of the protogalaxy,

λ = J |E |1/2G−1 M−5/2, (5)

where J is the total angular momentum, E the total energy and M the
total mass. We used the prescription of DSS97 to calculate these over
a range in total mass, M tot = 1010–1013 M�, and spin parameter,
λ = 0.01–0.28. The latter range was adopted based on the spin
parameters of the collapsed dark matter haloes in cold dark matter
simulations. These simulations consistently reveal an approximately
log-normal distribution of spin parameters with a mean 〈λ〉 � 0.04

and a width log σ λ � 0.5 (Warren et al. 1992; Bullock et al. 2001a).
We used a fixed baryonic mass fraction F = 0.10, a Hernquist halo
at the onset of baryon decoupling (as in DSS97) and H 0 = 75 km s−1

Mpc−1. Surface brightness and luminosity are calculated assuming
that the efficiency for turning the baryons into stars over the age of
the disc is constant among galaxies at (M/L)disc = 2.

In the collapse model, both hR and vmax increase as M1/3
tot , yield-

ing a linear relation for a constant spin parameter (Fig. 1a). The
region in the hR versus vmax plane occupied by the models is in gen-
eral agreement with the data, and suggests that the observed discs
arise from haloes with higher-than-average λ. This is irrespective
of the adopted baryonic fraction, but may be a manifestation of the
selection against small galaxies. The model is also able roughly
to match the observed scalelength–central surface brightness dis-
tribution (Fig. 1d); at constant M tot the baryons within less rapidly
spinning haloes collapse further inwards, yielding higher surface
brightness discs with smaller scalelengths (DSS97).

The scaleheights of the model discs were estimated as follows.
Numerical simulations suggest that galaxy discs are on the verge of
instability (Hohl 1971; Sellwood & Carlberg 1984; Athanassoula &
Sellwood 1986; Mihos, McGaugh & de Blok 1997; Bottema 2003),
having stellar velocity dispersions that are a constant multiple of the
critical velocity dispersion for local stability. In terms of Toomre’s
stability criterion Q (Toomre 1964, see equation 11 below), the radial
velocity dispersion is

σR = Q
3.36�

κ
, (6)

where κ is the epicyclic frequency (from the rotation curve), and
the simulations suggest Q = 1.5–2.5. Hence, for an assumed Q, the
collapse model predicts the radial stellar velocity dispersion. Hence,
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508 M. Kregel, P. C. van der Kruit and K. C. Freeman

Figure 3. The disc scalelength, scaleheight and flattening as functions of dynamical mass (a)–(c) and the ratio of dynamical mass to disc luminosity (d)–(f).
The grey lines are as in Fig. 1. The dashed line in (f) indicates the least-squares bisector fit.

for discs in vertical dynamical equilibrium (equation 3), an estimate
of the ratio of the vertical to the radial velocity dispersion (σ z/σ R)
gives a prediction for the scaleheight. Combining equations (3) and
(6) for a vertically exponential disc:

hz =
(

3.36Qσz

σR

)2
�

3
2 πGκ2

. (7)

With this semi-empirical approach, scaleheights were calculated at
a radial distance of one scalelength, adopting Q = 2.5 and the so-
lar neighbourhood value σz/σR = 0.6 (Dehnen & Binney 1998;
Mignard 2000). Note that the validity of such a constant product
(Qσ z/σR) is certainly questionable. Disc heating theory suggests
that the range in σ z/σ R is small among spirals, about 0.4–0.8 (Jenk-
ins & Binney 1990), consistent with the (scarce) observational ev-
idence (Gerssen, Kuijken & Merrifield 2000; Shapiro, Gerssen &
van der Marel 2003). However, taking an uncertainty of a factor
of 2 for Q already gives a huge range in possible model scale-
heights. Considering that the assumption of disc self-gravity un-
derlies equation (3), this further underlines that the model can-
not be expected to match the observations exactly at low sur-
face brightness. Nevertheless, this simple model provides a useful
starting point to investigate possible trends with scaleheight and
flattening.

Like the scalelengths, the scaleheights increase as M1/3
tot , such that

in Fig. 1b the model shows a behaviour similar to that in the hR ver-
sus vmax plane. However, for the adopted (Qσ z/σ R), the sizes of the
observed scaleheights are underpredicted by a factor of 2. A σ z/σ R

around 0.8 could explain this discrepancy, but is unexpected for late-
type spirals (Gerssen et al. 2000; Shapiro et al. 2003). Taking a Q
value higher than that reached in the simulations would also work.

Alternatively, a higher baryonic mass fraction could raise the disc
surface density and hence the scaleheight. However, the adopted
F = 0.10 is also already on the high side considering that conser-
vative upper limits based on extended H I rotation curves require
F � 0.05 (McGaugh & de Blok 1998).

An interesting feature of the collapse model is that the disc flat-
tening is solely driven by the spin parameter. Haloes with higher
spin produce discs that have not only a lower surface brightness
but also a higher flattening, independent of M tot. This is in qual-
itative agreement with the data (Fig. 1f). This is remarkable be-
cause any systematic change in (Qσ z/σ R) with surface brightness
could easily alter the trend [the flattening goes as (Qσ z/σ R)−2].
Therefore, at least the range in (Qσ z/σ R) is approximately constant
among discs with different surface brightness. Note that the model
predicts the existence of small, highly flattened spirals (Fig. 1c).
This is the case for a large range in (Qσ z/σ R) and F, suggesting
that the lack of these systems in our sample is indeed a selection
effect.

To investigate the trends with the global dynamics, Fig. 3 displays
in logarithmic units the structural parameters versus the dynami-
cal mass and the ratio of dynamical mass to disc luminosity. The
dynamical mass is defined as the total mass enclosed within four
scalelengths (assuming sphericity),

Mdyn = 4h Rv2
max/G. (8)

The disc luminosity is L disc = 2πh2
Rµface-on

0 . Both the scalelength
and scaleheight show a tight correlation with dynamical mass,
as expected from Figs 1(a) and (b). The disc scalelength also
tends to be larger for spirals with a higher dynamical mass-to-
light ratio (Fig. 3d, RS = 0.49 or a confidence level greater than
99 per cent). A less clear trend is observed between scaleheight
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Dynamics of edge-on stellar discs 509

Figure 4. The disc luminosity Tully–Fisher relation. The solid line indi-
cates the least-squares bisector fit. The dashed line indicates the I-band TF
according to the HST Key Project (Sakai et al. 2000).

and dynamical mass-to-light ratio (Fig. 3e, RS = 0.33 or 94 per
cent confidence). The disc flattening appears to show an increase
towards higher masses. As for vmax (Fig. 1c), this trend is probably
artificial.

The disc flattening shows a genuine trend with dynamical mass-
to-light ratio (Fig. 3f, RS = 0.48 at greater than 99 per cent confi-
dence). More flattened discs tend to reside in spiral galaxies with
larger dynamical mass-to-light ratio, i.e. in which the luminous disc
is less important dynamically [provided that (M/L)disc does not
strongly increase with dynamical mass-to-light ratio]. The trend is
similar to those found in the R and K s bands by Zasov et al. (2002)
and to that of the simple collapse model. Interestingly, the collapse
model reduces to a single line with a logarithmic slope of unity;
both the inferred disc flattening and dynamical mass-to-light ratio
are independent of M tot but increase with increasing spin parameter.
A simple linear least-squares bisector fit to the entire sample gives
a logarithmic slope 0.75 ± 0.11 and a 1σ scatter of 0.2 dex (as a
result of the uncertainties in the disc luminosities of edge-on spirals,
the zero-point cannot be reliably determined). Note that the outliers
also deviate strongly from the disc Tully–Fisher relation (Fig. 4, e.g.
ESO 263-G15). Perhaps the distances to these spirals are seriously
in error.

2.2 Disc structure and the Tully–Fisher relation

The observation that disc flattening correlates with both dynamical
mass-to-light ratio and surface brightness is probably rooted in the
Tully–Fisher (TF) relation. Fig. 4 shows the TF relation, using the
disc luminosity derived here and the maximum rotation according to
LEDA. A least-squares bisector fit (solid line) gives a slope2 α = 3.2
± 0.2 and an intercept log10(L 100/L�) = 9.33 ± 0.03. This relation
lies systematically below the HST Key Project I-band TF relation
(dashed line), which refers to the total luminosities and has a slope α

= 4.0 and an intercept log10(L 100/L�) = 9.39 (Sakai et al. 2000).
The offset is a complicated issue and will be further pursued in

2 L/L� = (L 100/L�) [vmax/(100 km s−1)]α , M�,I = 4.14.

Figure 5. The dynamical mass to disc luminosity ratio versus the face-on
central surface brightness of the disc. The dashed line indicates an M dyn/L

∝ µ
−1/2
0 relation, arbitrarily shifted in zero-point to match the observed

relation.

Section 3 using vmax derived from full H I synthesis rotation curves.
An important ingredient for the present discussion is that spirals lie
on the same TF relation irrespective of their disc surface brightness
(Zwaan et al. 1995; Verheijen 2001). This implies that the product
(M dyn/L disc)2µface-on

0 (with µ in linear units) is a constant among
spirals, provided that the disc TF relation has a slope close to 4
(Zwaan et al. 1995; McGaugh & de Blok 1998; Graham 2002). The
relation between M dyn/L disc and µface-on

0 for the present sample is
shown in Fig. 5. The data are indeed consistent with a tight relation
M dyn/L disc ∝ µ

−1/2
0 , as in face-on systems (de Blok, McGaugh &

van der Hulst 1996).
For an exponential disc, the ratio of the peak rotation velocity of

the disc (equation 2) to the maximum rotation velocity (vdisc/vmax)
is

vdisc

vmax
= 0.880(πG�0h R)1/2

vmax
. (9)

This is related to the ratio of the disc mass Mdisc to the total
mass Mdyn, which according to equation (8) is Mdisc/Mdyn ∝
(vdisc/vmax)2|2.2 h R . Together with the increase of M dyn/L disc with
decreasing surface brightness, this suggests that the disc contribu-
tion to the rotation curve (equation 9) declines continuously with
decreasing surface brightness. The requirement is that the disc mass-
to-light ratio (M/L)disc is not strongly increasing with decreasing
surface brightness. Stellar population synthesis models do indicate
a relation between the stellar (M/L)disc ratio and surface bright-
ness (BJ01), but this relation is relatively weak and has the opposite
sign (see McGaugh & de Blok 1998, for a discussion). In a similar
fashion, Fig. 3(f) indicates that the disc contribution to the rotation
curve decreases with increasing flattening. The observed relation
between disc flattening and dynamical mass-to-light ratio may be
used with the general equation (4) to estimate the stellar velocity
dispersion as a function of disc flattening. Unfortunately, also here
the zero-point is difficult to determine given the uncertainties in the
disc luminosities. Still, taking the bisector fit for the disc flattening
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510 M. Kregel, P. C. van der Kruit and K. C. Freeman

Figure 6. (a) The velocity anisotropy at one disc scalelength versus the disc contribution to the rotation curve for constant Q = 2.0. (b) Plot of Q at one
scalelength versus the disc contribution to the rotation curve for constant σ z/σ R = 0.6. The dotted line shows Q ∝ (vdisc/vmax)−2 (not a fit).

versus M dyn/L disc (Fig. 3f) and using M dyn/L disc ∝ µ
−1/2
0 , we get

σz(0) ∝
(

h R

hz

)−1.17 (
M

L

)1/2

disc

vmax

∝ µ0.44
0

(
M

L

)1/2

disc

vmax, (10)

with µ0 in linear units. The important implication is that at a constant
vmax (or luminosity) the vertical stellar disc velocity dispersion de-
creases with increasing flattening or, equivalently, with decreasing
central surface brightness. This prediction holds for self-gravitating
discs as long as the disc M/L does not strongly increase with de-
creasing surface brightness. The behaviour of equation (10) is very
similar to that predicted by Bottema (1997) on the basis of a relation
between disc mass-to-light ratio and broadband colour.

3 D I S C DY NA M I C S

In Paper IV we fitted the observations of the stellar kinematics to
a model of the disc dynamics. These fits resulted essentially in a
property

√
M/L (σz/σR)−1, a combination of the (square root of

the) disc mass-to-light ratio and the velocity anisotropy. Through
an assumed σ z/σ R , this property can be used to study the disc
surface density. It is important to note that for edge-on systems the
dynamical model is unable to provide tight constraints on the disc
M/L because of the uncertainty in the disc central surface brightness
(see section 3.2 of Paper IV for details).

3.1 The velocity anisotropy

In the solar neighbourhood the velocity anisotropy is σ z/σ R =
0.53 ± 0.07 (Dehnen & Binney 1998; Mignard 2000). Recently, it
has also been measured in five spirals of type Sa to Sbc (Gerssen,
Kuijken & Merrifield 1997; Gerssen et al. 2000; Shapiro et al. 2003),
giving σ z/σ R in the range 0.6–0.8. These values are broadly consis-
tent with the theory of dynamical heating in isolated discs (Gerssen
et al. 2000; Shapiro et al. 2003), which predicts that σ z/σ R is larger
in discs with less pronounced spiral structure (Jenkins & Binney
1990). The anisotropy is related to the flattening of the disc (van der
Kruit & de Grijs 1999).

3.1.1 Disc stability

Toomre’s criterion (Toomre 1964) states that local axisymmetric
perturbations in an infinitely thin stellar disc are suppressed at all
length-scales by either differential rotation or random motion when

Q ≡ σRκ

3.36G�
(11)

exceeds unity. Here κ is the epicyclic frequency (
√

2 vc/R for a
flat rotation curve) and � the disc surface density. From modelling
the observed stellar kinematics, the surface density (=µ0 M/L) is
known up to a factor (σz/σR)2. Hence, independent knowledge of
Q can be used with the stellar dispersions and the rotation curves
to estimate σz/σR . Simulated discs that prove stable evolve to Q
values in the range 1.5–2.5 (Hohl 1971; Sellwood & Carlberg 1984;
Athanassoula & Sellwood 1986; Mihos et al. 1997; Bottema 2003),
with the lower bound corresponding to more massive discs (relative
to the halo). These values agree with stability criteria that take into
account that a disc is more unstable to non-axisymmetric perturba-
tions (Griv et al. 1999).

Fig. 6(a) shows for each galaxy at one disc scalelength the velocity
anisotropy modelled in Paper IV, assuming that Q = 2.0 for all
discs, as a function of vdisc/vmax (equation 9). The anisotropies in
Fig. 6(a) have an average value of 0.67 and a 1σ scatter of 0.12.
Obviously, for different Q the inferred average changes: for Q in
the range 1.5–2.5, the average σz/σR is in the range 0.77–0.60.
Fig. 6(a) further hints that the anisotropy decreases with increasing
disc contribution. For discs that appear close to maximal (vdisc/vmax

> 0.75), the anisotropy appears to be σz/σR ∼ 0.5, while for strongly
submaximal discs σz/σR ∼ 0.8. Such a trend is present independent
of the Q value, as long as Q is constant.

If spiral structure and molecular clouds are the prime agents for
disc heating, σz/σR will decrease from �0.75 for heating by clouds
alone to �0.45 as spiral structure becomes more and more important
(Jenkins & Binney 1990). This range is in agreement with Fig. 6(a).
Unfortunately, in edge-on systems it is difficult to verify whether a
decrease in σz/σR is associated with an increasing importance of
spiral structure. The observed trend does appear to fit in with swing-
amplification theory, which predicts that spiral structure is stronger
in discs with a larger contribution to the rotation (Toomre 1981;
Athanassoula, Bosma & Papaioannou 1987). Qualitatively, more
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Dynamics of edge-on stellar discs 511

Figure 7. Histogram of the product
√

M/L (σz/σR)−1. Except for two
outliers, the distribution of

√
M/L (σz/σR)−1 is rather narrow. Along the

top we show the values of M/L implied by σz/σR = 0.6 and the 0.7 mag
luminosity correction of Section 3.5.1.

massive discs show more pronounced spiral structure in agreement
with their lower σz/σR .

Although a constant Q among late-type spirals is appealing, the
contrary is certainly possible. For example, LSB spirals almost cer-
tainly have disc surface densities that are significantly lower than
those of HSBs. In Section 3.3, evidence will be presented indicating
that LSB discs have only slightly lower velocity dispersions. In that
case, the Q parameter (equation 11) is expected to be larger for LSB
discs. The data support such a behaviour when σz/σR is approxi-
mately constant (Fig. 6b). For σz/σR = 0.6, discs that appear close
to maximal have Q slightly larger than unity, indicating that these
discs are only marginally stable to local perturbations. Submaximal
discs, on the other hand, have Q in the range 1.5–3 and appear to be
quite stable. Perhaps the truth lies in between the cases of constant
Q and constant σz/σR . Finally, note that for galaxies close to max-
imum disc, Fig. 6(b) implies that the velocity anisotropy cannot be
much larger than 0.6 since otherwise we would have vdisc/vmax > 1
and Q < 1.

3.1.2 Disc mass-to-light ratio

The distribution of the product
√

M/L (σz/σR)−1 obtained in Pa-
per IV is shown in Fig. 7. Of the 15 discs, 13 have 1.8 �√

M/L (σz/σR)−1 � 3.3. The outliers are ESO 487-G02 and 564-
G27. Their values may have been overestimated: for ESO 487-G02,
the rotation curve is unknown and only two stellar data points are
available; and for ESO 564-G27, the stellar kinematics may be af-
fected by dust extinction (see Paper IV). Excluding these two out-
liers, the average is 〈√M/L (σz/σR)−1〉 = 2.5±0.2 with a 1σ scat-
ter of 0.6 (including the outliers yields an average 2.7 ± 0.2 with a
scatter of 0.7). The near-constancy of the product can be used with
M/L based on stellar population synthesis models to estimate the
velocity anisotropy. This estimate is however less robust than that
based on Toomre’s Q, because of the considerable uncertainty in the
face-on surface brightness of edge-on spirals (Section 2.1).

The adopted vertical exponential luminosity distribution ap-
plies to the old stellar population. The M/L in the product

√
M/L (σz/σR)−1 therefore refers to this population. Taking

M/LI = 3.6 for the old population (Worthey 1994, for a single-
burst 12-Gyr-old population of solar metallicity and a Salpeter ini-
tial mass function) implies σz/σR � 0.7. Alternatively, the product√

M/L (σz/σR)−1 can also be corrected using the 0.7 mag offset be-
tween the I-band Tully–Fisher relations of edge-on and face-on spi-
rals (Section 3.5). The corrected value is

√
M/L (σz/σR)−1 = 1.8.

This can be used with an estimate of M/L based on observed colours
to infer σz/σR . For late-type spirals at one disc scalelength, B −
I = 1.7 ± 0.2 (de Jong 1996b). According to the stellar M/L versus
colour relation of BJ01, the maximum-disc scaled stellar M/L for
this colour range corresponds to M/LI = 1.1–1.7, yielding σz/σR =
0.6–0.7. For lower stellar M/L ratios implied by a ‘bottom-light’ ini-
tial mass function (IMF), M/LI � 0.8 (Portinari, Sommer-Larsen
& Tantalo 2004), the implied velocity anisotropy is about 0.5.

In summary, independent knowledge of both Q and the stellar
M/L ratio in conjunction with the current data suggests that the
velocity anisotropy is in the range 0.5–0.7. This is similar to the
solar neighbourhood value (Dehnen & Binney 1998; Mignard 2000),
and lower than most values measured in early-type spirals (Shapiro
et al. 2003). In the following, σz/σR = 0.6 will be adopted, bearing
in mind an uncertainty of 0.1. The M/L scale implied by σz/σ

R = 0.6 and the 0.7 mag luminosity correction of Section 3.5.1
was added to Fig. 7, and corresponds to an average M/LI = 1.2
± 0.2 (1σ ) M�/L�,I . Note that this value of M/L is not robust,
since it depends rather sensitively on the adopted anisotropy and the
luminosity correction.

3.2 Submaximal discs?

In the present sample, the observed rotational velocity at 2.2 hR is
close to the observed maximum rotational velocity, i.e. vc(2.2 hR)
� vmax (Paper III). Hence, the disc contribution to the rotation
curve at 2.2 hR, i.e. vdisc/vc(2.2 hR), can be parametrized by the
ratio vdisc/vmax (equation 9). This ratio is known up to a factor of
σz/σR and is distance-independent. Fig. 8 shows this parameter for
σz/σR = 0.6 as a function of (a) maximum rotational velocity and
(b) face-on surface brightness. Even though the uncertainties on
the individual points are large, most galaxy discs cannot provide
the observed maximum rotation. The disc contribution to the ob-
served maximum rotation is on average only vdisc/vmax = 0.58 ±
0.05, with a 1σ scatter of 0.18. For ESO 487-G02 and 564-G27, the√

M/L (σz/σR)−1 values are high (see Paper IV). Excluding these
outliers from the average yields vdisc/vmax = 0.53 ± 0.04, with a
1 σ scatter of 0.15. A maximal disc, on the other hand, will have
a contribution only a bit lower than unity. A working definition is
vdisc/vmax = 0.85 ± 0.10 (Sackett 1997), lower than unity to allow
a bulge contribution and to let dark haloes have a low-density core.
Thus, at least for this sample, the average spiral has a submaximal
disc. Note that equation (9) strictly applies to a razor-thin disc. For
a disc with a flattening of hR/hz � 10, the radial gravitational force
is weaker, leading to a decrease of about 5 per cent in vdisc/vmax

(van der Kruit & Searle 1982). Taking the gravity of the gas layer
and dark halo into account would yield a 10 per cent effect, also in
this direction (see the discussion in Paper IV).

The submaximal disc result can be questioned on three grounds:
via the value for σz/σR , the stellar kinematics, or the assumed verti-
cal density distribution. The remaining systematic effects are prob-
ably unimportant (see Paper IV). The argument can then be turned
around. In order for the average disc in the sample to be maxi-
mal, either (1) the velocity anisotropy must be about 0.9 (almost
isotropic), or (2) the intrinsic velocity dispersions have been under-
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512 M. Kregel, P. C. van der Kruit and K. C. Freeman

Figure 8. Contribution of the disc to the observed maximum rotation for σz/σR = 0.6: (a) as a function of maximum rotational velocity (circles) – the black
dashed lines bracket the range for maximal discs (Sackett 1997); (b) as function of face-on central surface brightness. In both panels several galaxies are
highlighted, and the triangles indicate the outliers in Fig. 7, ESO 487-G02 and 564-G27. The grey lines show the collapse model (DSS97 1997), the dashed lines
connect models of the same total mass [log10(M tot) = 10–13 in steps of 0.5] and the dotted lines connect models with the same spin parameter (logarithmically
spaced, separated by factors of 0.2 dex, with the solid line at λ = 0.06). The arrows indicate the direction of increasing M tot and λ.

estimated by about 50 per cent (such that the average vdisc/vmax is
underestimated by 0.58/0.85), or (3) the vertical density distribution
is more peaked than exponential at low z. Each of these three possi-
bilities is very unlikely. A velocity anisotropy σz/σR = 0.9 would
imply a stellar Q parameter below unity for half of the sample. In
addition, such a velocity anisotropy cannot be attained according
to the theory of disc heating (Jenkins & Binney 1990), and is even
larger than the σz/σR measured in early-type spirals (Shapiro et al.
2003). In principle, the stellar kinematics may be affected by young
stellar populations, which have a lower stellar velocity dispersion
than the late-type stars that dominate the disc mass budget. How-
ever, the effect is only 20 per cent for a stellar composition resem-
bling the solar neighbourhood (Fuchs 1999; van der Kruit 2001b). In
addition, young populations were largely avoided by choosing edge-
on spirals and placing the slit away from the plane. Finally, a density
distribution that is more sharply peaked than exponential at z � hz

would need to hide as much disc mass as is already contained in the
exponential distribution. This appears to be unrealistic, especially
considering that near the plane the observed vertical light distribu-
tions in the near-infrared (de Grijs, Peletier & van der Kruit 1997)
still contain a small amount of light due to young red supergiants
(Jones et al. 1981; Rhoads 1998). These stars make a very small
contribution to the disc mass.

According to Fig. 8 the discs of five spirals may be close to max-
imal: ESO 487-G02 and 564-G27, and NGC 891, 5170 and 5529.
However, for ESO 487-G02 and 564-G27 the

√
M/L (σz/σR)−1

values are not solid. Taking, instead, the average
√

M/L (σz/σR)−1

in the sample for these two galaxies would lower both of them to
vdisc/vmax � 0.55. While for NGC 891 and 5170 the most probable
vdisc/vmax are less than 0.75, the uncertainties allow a maximal disc
according to the Sackett (1997) definition. The disc of the barred
spiral NGC 5529 has a normal

√
M/L (σz/σR)−1 combined with a

high face-on surface brightness and a high radial velocity disper-

sion. It could be maximal, but the stellar and gas kinematics suggest
that the disc is strongly perturbed and therefore the disc model may
not be applicable. We note that the other two spirals in the sam-
ple for which there is kinematical evidence that they contain a bar
are ESO 487-G02 and 240-G11 (Bureau & Freeman 1999; Paper
III). Again, the value for ESO 487-G02 is uncertain. The disc of
ESO 240-G11 is relatively flat (KKG), of low surface brightness
and strongly submaximal.

This points to an important corollary. If the seven spirals with a
boxy or peanut-shaped bulge (table 1 in Paper IV) are barred, then
the submaximal nature of discs is not limited to normal spirals. Ex-
cluding ESO 487-G02 and 564-G27, the six spirals with a boxy or
peanut-shaped bulge have on average vdisc/vmax = 0.56 ± 0.09, with
a 1σ scatter of 0.22. The seven remaining spirals, which do not have
a boxy or peanut-shaped bulge, are practically indistinguishable,
with an average vdisc/vmax = 0.51 ± 0.02, and a 1σ scatter of 0.06.
The association of boxy and peanut-shaped bulges with bars is well
established (Kuijken & Merrifield 1995; Bureau & Freeman 1999).
The results therefore suggest that at 2.2 hR the contribution of the
disc to the rotation curve is independent of barredness. This is in
agreement with the high-resolution N-body simulations by Valen-
zuela & Klypin (2003). These point out that discs can form bars even
in the presence of strong haloes, and that these discs are submaximal
at 2.2 hR.

There is no clear evidence for an increase in vdisc/vmax with vmax

as suggested by Kranz et al. (2003). For example, the present sample
contains three galaxies of high vmax (>200 km s−1) that have sub-
maximal discs: ESO 240-G11, 435-G25 and 437-G62. Excluding
the values for ESO 487-G02 and 564-G27, there is perhaps a hint
at a trend with surface brightness (Fig. 8b). However, the uncertain-
ties are too large and the number of very high surface brightness
discs is too small to address this properly. Similarly, there is no
hard evidence for a trend of vdisc/vmax with the total dynamical
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Dynamics of edge-on stellar discs 513

Figure 9. (a) Stellar disc velocity dispersion versus galaxy maximum rotational velocity. The grey lines indicate the relation σ R(hR) = (0.29 ± 0.10) vmax

(B93). (b) Stellar disc velocity dispersion versus galaxy maximum rotational velocity for galaxies with published stellar velocity dispersions. Open circles and
triangles indicate the present sample, filled dots the literature galaxies. Grey lines show the collapse model for Q = 2.0, as in Fig. 8. NGC 1068 lies outside the
plotted region.

mass-to-light ratio (not shown). Note that the deprojected disc sur-
face brightnesses (table 1 in Paper IV) strictly apply to the old disc
light. The difference with the total integrated light is given attention
in Section 3.5 and is found to be on average ∼0.7 mag.

The analytical collapse model of disc galaxy formation (Fall &
Efstathiou 1980; Gunn 1982; DSS97) gives vdisc/vmax as a function
of the total mass and spin parameter of the initial protogalaxy. To
quantify this, model surface density profiles and rotation curves were
calculated using the method of DSS97 for a range in spin parameter
and total mass of the protogalaxy, taking a baryonic mass fraction
F = 0.10 and a mass-to-light ratio (M/L)disc = 2 (see Section 2.1
for details). The vdisc/vmax were calculated using equation (9), but
taking the circular velocities at 2.2 hR instead of the maxima.

The result is shown in Fig. 8 (grey lines). In this picture the disc
contribution increases with decreasing λ: more compact, higher sur-
face density discs result from the collapse of lower-λ protogalaxies.
An important feature of the model is that at constant λ the disc
contribution is independent of M tot (vmax), because the disc rotation
and the maximum rotation both increase as M1/3

tot . Since DSS97 have
shown that the collapse model roughly matches the observed distri-
bution of disc central surface brightness and scalelength, it comes
as no surprise that the range of inferred vdisc/vmax corresponds to
the observed range. Interestingly, the model predicts a gradual in-
crease in the disc contribution towards higher surface brightness
discs, not inconsistent with the data (Fig. 8b). The model trends are
independent of the adopted baryonic mass fraction and M/L, and
are in qualitative agreement with more detailed semi-numerical disc
galaxy formation models (e.g. Zavala et al. 2003). These trends actu-
ally follow from several well-known arguments, as will be discussed
in Section 3.4.

3.3 The σ versus vmax relation

Observations of the stellar kinematics in 11 HSB spirals by B93
have revealed a related trend: more rapidly rotating spirals appear

to have larger stellar velocity dispersions. Fig. 9(a) shows the stel-
lar disc velocity dispersion 〈σ R(hR)〉z versus the galaxy maximum
rotational velocity. A Spearman rank correlation test yields a cor-
relation coefficient RS = 0.44, or a confidence level of 90 per cent
(about 2σ ). The confidence level is somewhat low, mainly due to
ESO 240-G11. This spiral will be discussed below. An ordinary lin-
ear least-squares fit to the data yields a slope of 0.22 ± 0.10 and
an intercept 10 ± 17 km s−1. The scatter about this relation is 22
km s−1 (1σ ) in σ R . The correlation is similar to that reported by
B93 (grey lines), although the samples have NGC 891 and 5170 in
common. A simple linear least-squares fit, adopted from his fig. 6,
gives

σz |R=0 = (0.29 ± 0.10)vmax. (12)

The present study improves upon the statistics of the σ versus
vmax relation, almost doubling the total number of spiral galax-
ies with known stellar disc velocity dispersions. The spirals with
previously published velocity dispersions are gathered in Table 2,
and the distribution of the combined sample in the σ versus vmax

plane is shown in Fig. 9(b). A Spearman rank correlation test ap-
plied to the combined sample of 36 galaxies yields RS = 0.68, or a
confidence level greater than 99 per cent. An ordinary linear least-
squares fit yields a slope of 0.33 ± 0.05 and an intercept −2 ± 10
km s−1. The scatter about this linear relation is 25 km s−1 (1σ ). This
slope and intercept are in agreement with the simple linear relation
σ R(hR) = 0.29 vmax, which, to be consistent with KKG, will be
adopted as the average σ versus vmax relation in the remainder of
this paper. The Sb Seyfert NGC 1068 and the S0a NGC 6340 lie far
above the average relation. NGC 6340 is the only early-type disc
galaxy in the B93 sample. Note that in B93 the maximum rotation
of NGC 6340 was erroneously assigned too high a value, causing it
to lie closer to the mean relation. The lower value vmax = 157 km
s−1 implied by the HST Key Project Tully–Fisher relation (Sakai
et al. 2000) fits better with its small scalelength h R,B = 2.7 kpc (cf.
Fig. 1).
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514 M. Kregel, P. C. van der Kruit and K. C. Freeman

Table 2. Galaxies with published stellar disc velocity dispersions.

Galaxy Type vmax σ R(hR) hR Ref. Notes
(km s−1) (km s−1) (arcsec)

(1) (2) (3) (4) (5) (6) (7)

Milky Way SABbc 210 ± 25 83 ± 24 3 ± 1 kpc a
NGC 488 Sb 358 ± 16 109 ± 32 32 b iii
NGC 1068 Sb 302 ± 44 159 ± 20 21 b iii
NGC 1566 SBbc 212 ± 30 67 ± 26

14 35 c ii

NGC 2460 Sab 198 ± 24 96 ± 12 15 b iii
NGC 2552 SBm 92 ± 3 19 ± 2 33 d iv, v
NGC 2613 Sb 315 ± 10 92 ± 32 – c
NGC 2775 Sab 283 ± 4 91 ± 14 35 b iii

NGC 2815 SBb 285 ± 5 66 ± 12 46 c
NGC 2985 Sab 250 ± 15 111 ± 12 30 b iii
NGC 2998 SBc 213 ± 8 61 ± 15 17 e
NGC 3198 SBc 157 ± 2 40 ± 7 58 c
NGC 3938 Sc 160 ± 20 30 ± 8 36 c ii, iv

NGC 4030 Sbc 247 ± 51 92 ± 23 18 b iii
NGC 5247 SBbc 187 ± 20 40 ± 62 10 f ii, iv
NGC 6340 S0-a 157 ± 40 100 ± 20 25 c ii, iv
NGC 6503 Sc 120 ± 2 33 ± 4 24 c

NGC 7184 SBbc 266 ± 10 96 ± 25 48 c
NGC 7331 Sbc 257 ± 5 38 ± 11 52 g
NGC 7782 Sb 324 ± 24 112 ± 50 22 h i, iv, v
IC 5249 Scd 105 ± 5 35 ± 5 40 i

(1) Galaxy. (2) Morphological type. (3) Maximum rotational velocity.
(4) Radial velocity dispersion at one scalelength. (5) Disc scalelength
(photometric). (6) References: (a) Lewis & Freeman (1989), (b) Shapiro
et al. (2003), (c) B93, (d) Swaters (1999), (e) Swaters, Bottema & Kregel
(in preparation), (f) van der Kruit & Freeman (1986), (g) Bottema (1999),
(h) Pignatelli et al. (2001), (i) van der Kruit et al. (2001). (7) Additional
notes: (i) maximum rotational velocity taken from LEDA; (ii) maximum
rotational velocity according to the I-band Tully–Fisher relation of Sakai
et al. (2000) using the extinction corrected magnitudes from LEDA; (iii)
taking for vmax the value of their parametrized rotation curve at 2.2 hR; (iv)
assuming σz/σR = 0.6 (see B93); (v) assuming σ φ = σ z .

When combined with the Toomre criterion (equation 11), the col-
lapse model for disc galaxy formation (DSS97) gives the velocity
dispersion. This is shown in Fig. 9(b) for Q = 2.0, again for lines
of constant M tot and λ. For constant Q the collapse model predicts
galaxy discs to be distributed in a large portion of the σ versus vmax

plane. Discs originating from haloes with the same λ occupy straight
lines of slope σ/vmax; at constant λ local stability requires that the
discs of more massive spirals have a larger velocity dispersion. This
suggests that the correlation between σ R and vmax is a result of local
stability (B93; Boissier et al. 2003; van der Kruit 1995). Model discs
residing in haloes with a higher-than-average spin parameter have
lower surface densities and lower vdisc/vmax (cf. Fig. 8). If Q is con-
stant, then these model discs also have lower velocity dispersions.
Hence, for constant Q the collapse model suggests that discs do not
define a single linear relation in Fig. 9. For a peaked distribution of
halo spin parameters, the model discs scatter about a linear σ ver-
sus vmax relation, with a slope corresponding to the average λ and
a scatter related to the spread in λ. Adopting a different baryonic
fraction does not change the trend.

For the Q implied by a constant σz/σR (Fig. 6b), the portion of
the σ versus vmax plane occupied by the collapse model narrows
considerably. In fact, for a form Q ∝ (vdisc/vmax)−2, the model discs
all follow a single straight line. The particular example shown in
Fig. 6(b) (dotted line) gives a relation σ R(hR) = 0.29 vmax. However,

the correlation between the disc flattening and the total dynamical
mass-to-light ratio M dyn/L disc (cf. Section 2.1) does indicate that
there is at least one other parameter in the σ versus vmax relation.
For the power-law relation fitted to the observed relation between
hR/hz and M dyn/L disc (equation 10),

σR

vmax
∝

(
σz

σR

)−1 (
h R

hz

)−1.17 (
M

L

)1/2

disc

∝
(

σz

σR

)−1

(µ0)0.44

(
M

L

)1/2

disc

∝
(

σz

σR

)−1 (
Mdyn

Ldisc

)−0.88 (
M

L

)1/2

disc

, (13)

which varies among discs unless the right-hand products are all
constant. The latter is unlikely, even though the anisotropy is roughly
constant (Section 3.1). For example, for the first equation there is
evidence that the flattening increases (Fig. 1f) and the disc M/L ratio
decreases (BJ01) towards lower surface brightness.

The scatter on the σ versus vmax relation is comparable to the
uncertainties (Fig. 9a), providing no evidence in itself for another
parameter. It was therefore investigated whether the deviations from
the average relation σ

avg
R = 0.29vmax correlate with any of the pa-

rameters of equation (13). In Fig. 10 this scatter is shown versus disc
flattening, face-on central surface brightness and dynamical mass-
to-light ratio. Although the uncertainties are large, a Spearman rank
test provides evidence for a negative correlation in each case (at the
1.3σ , 2.1σ and 1.6σ levels, respectively). Hence, the σ versus vmax

relation is probably not a single linear relation. Discs with a smaller
radial stellar velocity dispersion tend to be more flattened, and have
a lower surface brightness and a higher dynamical mass-to-light ra-
tio. Note that ESO 487-G02 and 564-G27, the two outliers in Fig. 7,
are also outliers in Figs 10(b) and (c).

3.4 Implications for models of disc formation

We have found that the collapse model of DSS97 provides good fits
to our distributions. However, this does not imply that this model has
all the correct features and mechanisms for disc formation. Many of
the model trends follow from simple arguments that are independent
of the actual manner in which discs have formed. We will illustrate
this here.

The linear σ versus vmax relation follows from straightforward ar-
guments (van der Kruit 1990; B93; van der Kruit & de Grijs 1999).
Below we will always evaluate all properties at one radial scale-
length (R = 1 hR) without using subscripts to indicate this. Using
the definition for Toomre Q in equation (11) for a flat rotation curve,
so that κ = √

2 vmax/R, and eliminating hR using a Tully–Fisher re-
lation L disc ∝ µ0h2

R ∝ v4
max results in

σR ∝ Q
µ0(M/L)disch R

vmax
∝ Q

(
M

L

)
disc

µ
1/2
0 vmax. (14)

This shows that, when Q and M/L are constant among galax-
ies, galaxy discs with lower (face-on) central surface brightness
µ0 have lower stellar velocity dispersions (Fig. 10b). Combin-
ing equation (14) with hydrodynamic equilibrium (equation 3)
gives

h R

hz
∝ Q

(
σR

σz

)
σ−1

z vmax. (15)

C© 2005 RAS, MNRAS 358, 503–520

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/358/2/503/999329 by U
niversity of G

roningen user on 30 N
ovem

ber 2018



Dynamics of edge-on stellar discs 515

Figure 10. Deviation from the average σ versus vmax relation as a function of (a) intrinsic disc flattening, (b) I-band face-on central surface brightness, and (c)
dynamical mass-to-light ratio. The dotted lines indicate equation (13), arbitrarily shifted in zero-point roughly to match the data. The two outliers are indicated.

This is equivalent to equation (16) in van der Kruit & de Grijs (1999).
It can also be written as

σz ∝ Q

(
h R

hz

)−1 (
σR

σz

)
vmax. (16)

Apart from the exponent of the flattening (−1 versus −1.17), this
is the same as equation (10) in the case that

√
M/L (σR/σz)−1 is

constant (as in Fig. 7). Note, however, that equation (10) was de-
rived from the observed correlation between the flattening hR/hz

and the ratio of the dynamical mass M dyn = 4hRv2
max/G to the total

disc luminosity Ldisc. Using µ0 from equation (3) and vmax from
equation (15),

Mdyn

Ldisc
∝

(
h R

hz

)(
σR

σz

)−2

Q−1

(
M

L

)
disc

. (17)

This is consistent with that fit apart from the exponent of M dyn/L disc,
which was 0.75 ± 0.11 in the observations. Equation (15) combined
with equations (2) and (14) gives

vdisc

vmax
= Q

(
M

L

)
µ

1/2
0

(
σR

σz

)−1 (
h R

hz

)1/2

. (18)

Combining equations (14) and (16) we find the velocity anisotropy(
σR

σz

)2

∝
(

M

L

)
disc

µ
1/2
0

(
h R

hz

)−1

, (19)

which is the equivalent of equation (17) in van der Kruit & de Grijs
(1999), except for the inclusion of µ0. Finally we combine equations
(15) and (14) and find for the flattening

h R

hz
∝

(
σR

σz

)2 (
M

L

)−1

disc

µ
−1/2
0 . (20)

This shows that low surface brightness galaxies tend to be flatter
(Fig. 1f).

Note that we repeatedly see the combination
√

M/L (σR/σz)−1

in the equations. When this product (or of course M/L and σ R/σ z

separately) and Q are constant among galaxies (as Fig. 7 indicates),
many of the observed correlations result. So we conclude that in-
deed there is little variation of these properties among galaxy discs.
We already noted that equation (14) resembles the observed trend
in Fig. 10(b). The correlation of the flattening with the ratio of dy-
namical mass to disc luminosity in equation (17) and with surface
brightness in equation (20) correspond to Figs 10(b) and (c).

This illustration shows that the observed trends follow from first
principles without detailed assumptions on the details of the forma-
tion of discs, as long as actual mechanisms working during galaxy

formation ensure that the Toomre parameter Q and the combination√
M/L (σR/σz)−1 are approximately constant among galaxies (such

mechanisms are not included in the collapse model of DSS97). Stel-
lar discs of galaxies then become essentially a two-parameter fam-
ily. Disc size (or scalelength) and disc luminosity (or equivalently
surface brightness) determine the basic structure. The Tully–Fisher
relation then prescribes what the rotation velocity should be. It is
the scatter in Q and

√
M/L (σR/σz)−1 that is responsible for the

scatter in the flattening (equation 19 or 20), in the disc contribution
to the rotation curve (equation 18) and in M dyn/L disc (equation 17)
of discs of otherwise similar size and luminosity. The variation of
the properties of galaxy discs, both structural (the scale parameters
and flattening as a function of surface brightness, rotation veloc-
ity and dynamical mass-to-light ratio) as well as kinematical (disc
contribution to the rotation and velocity dispersion as a function
of surface brightness and rotation velocity) follow quite naturally
from collapse models (DSS97), with a range of total masses of
1010–1013 M� and spin parameter λ in the range 0.06–0.20.

3.5 The Tully–Fisher relation

In recent years, studies on the nature of the Tully–Fisher (TF) rela-
tion have started to focus on the baryonic mass TF relation, i.e. the
relation between stellar plus gaseous mass and the maximum rota-
tional velocity (McGaugh et al. 2000; BJ01). One of the ultimate
goals is to use the observed baryonic mass TF relation to constrain
models of hierarchical structure formation. These studies start at the
classic luminosity TF relation and use stellar population synthesis
models to estimate the stellar mass TF relation of galaxy discs. The
stellar mass TF is then combined with estimates of the gaseous mass
to arrive at the baryonic mass TF relation. Edge-on spirals cannot
provide direct information regarding the classic luminosity TF rela-
tion because of a large and uncertain effect of dust extinction (Paper
II). We encountered a similar situation regarding the disc mass-to-
light ratio in Section 3.1 (see also Paper IV). Their observed stellar
kinematics do pin down the stellar disc masses, thereby providing a
dynamical route to the stellar and baryonic mass TF relations.

3.5.1 The luminosity TF relation for edge-on spirals

The luminosity TF relation can be compared to the now well-known
relation for less inclined spirals (Sakai et al. 2000; Verheijen 2001)
to gain insight into the nature of the missing light in edge-on spirals.
For the rotation, the maximum rotational velocity was taken (table 1
in Paper IV). For the luminosity, the I-band values of the best-fitting
2D models have been used (KKG; for NGC 5170, see Paper I; for
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516 M. Kregel, P. C. van der Kruit and K. C. Freeman

Figure 11. The I-band Tully–Fisher relation, using the model luminosities
and the observed maximum rotational velocities. The solid line indicates a
least-squares bisector fit to the data. The dashed line indicates the I-band TF
of the HST Key Project (Sakai et al. 2000).

ESO 435-G25, and NGC 891 and 5529, see Xilouris et al. 1999).
These model luminosities minimize the effect of dust extinction,
which is clearly present in the purely observational luminosity–
linewidth relation (Paper II). Considering the model luminosities
also allows a check on the amount of light still missing in the depro-
jected surface brightnesses (table 1 in Paper IV), which only take
into account the old disc population. For the eight galaxies with a
clear bulge, namely the galaxies with log10(vmax) > 2.3 plus ESO
487-G02, the luminosities include the bulge luminosity. For the re-
maining systems, a bulge is either not present or too compact to be
modelled (KKG). For these small, late-type spirals, the bulge lumi-
nosities are probably less than 20 per cent of the disc luminosities
(de Jong 1996a). The luminosities were also corrected for the radial
truncation, if detected. For this correction, the truncation radii Rmax

from table 5 in KKG and the literature were used (NGC 891 from
van der Kruit & Searle 1981; ESO 435-G25 and NGC 5170 from
Pohlen, Dettmar & Lütticke 2000), and it was assumed that the trun-
cation is infinitely sharp (i.e. zero luminosity density at radii larger
than Rmax). The average correction is 9 per cent of the disc luminos-
ity. Finally, the luminosities were corrected for Galactic extinction
using the values of table 1 in Paper IV.

Fig. 11 shows the TF relation, scaled to H 0 = 71 km s−1 Mpc−1

(Sakai et al. 2000). The solid line shows an unweighted least-squares
bisector fit to the data. It has a slope3 α = 3.64 ± 0.26 and an in-
tercept log10(L 100/L�) = 9.22 ± 0.07. The I-band TF relation as
determined by the HST Key Project (Sakai et al. 2000, their equa-
tion 11) is shown by the dashed line. Sakai et al. (2000) used the
H I linewidth at the 50 per cent level (W R,50). For regular spirals
W R,50/2 is a good approximation to the maximum rotational veloc-
ity (Verheijen 2001). For example, for the 11 spirals in common with
Paper II, the difference between the two values (vmax − W R,50/2)
is on average −2.5 km s−1 with a 1σ scatter of 4.3 km s−1. The
HST Key Project luminosities were corrected for extinction to the
face-on orientation using the Tully et al. (1998) scheme.

3 See footnote 2.

Considering that the sample size is small, the slope of the ‘edge-
on TF relation’ is consistent with the HST Key Project slope (α =
4.00 ± 0.04). The edge-on TF does lie systematically below the
‘face-on TF’, as expected. The offset is about 0.7 mag (or about
0.08 dex in velocity). These 0.7 mag were used in Section 3.1.2
to correct the product

√
M/L (σz/σR)−1 and estimate the velocity

anisotropy. The offset cannot be explained as being due to distance
errors in the present sample (0.1 mag for a systematic distance error
of 5 per cent) or due the uncertainty in the zero-point of the face-on
TF, which is only 0.13 mag (Sakai et al. 2000). Instead, most of the
offset is probably caused by the following effects.

First, the vertical exponential disc model refers to the old stel-
lar populations and does not take into account the (mostly ob-
scured) light from young stellar populations in the galaxy plane
(Paper IV). The fraction of the disc light arising from young stel-
lar populations in the I-band may be estimated using stellar pop-
ulation synthesis models. For example, in order to match the ob-
served integrated colours of late-type spirals, B − I = 1.4–2.0
(de Jong 1996b), the Worthey (1994) model suggests that for a
constant star formation rate and solar metallicity roughly 30 per
cent of the I-band luminosity is due to young stars (ages less
than 1 Gyr). Secondly, while care was taken in the 2D mod-
elling to exclude the region affected by dust extinction (KKG),
it is possible that a small amount of extinction still plays a
role at large z heights. Especially in large spirals (log10(vmax) �
2.3) dust features are often present at distances greater than 400 pc
from the plane (Howk & Savage 1999). Extraplanar dust extinc-
tion probably has a smaller effect on the observed luminosities of
less massive spirals. However, the offset between the edge-on and
face-on TF relations appears similar for both large and small sys-
tems. This suggests, although the number of spirals at low vmax is
small, that extinction can only explain part of the observed offset.
A final possibility is that the disc model underestimates the old disc
luminosity density at |z| � 1.5 hz. This would require a vertical lu-
minosity distribution of old stars that is more sharply peaked than
exponential, which is unlikely (de Grijs et al. 1997).

Finally, note that for a vertical light distribution shallower than ex-
ponential the inferred model luminosities would have been smaller.
For example, for an isothermal distribution the old disc luminosity
would be reduced by a factor of 2, causing the offset with the face-
on TF relation to increase to about 1.5 mag. In that case it appears
unlikely that the offset can be explained by young populations and
residual dust extinction, implying that the isothermal is indeed not
an adequate description for the old disc light.

3.5.2 The stellar disc mass TF relation

The stellar disc masses were calculated using M � = 2πh2
R�0 and

assuming σz/σR = 0.6. These masses were then refined by applying
two corrections. First, the disc masses were corrected for the radial
truncation, as in the above for the disc luminosities. Secondly, it will
be recognized here that the neglect of the gas gravity has led to a
slight overestimate of the stellar disc surface densities (Paper IV).
The adopted correction factors are listed in table C2 in Paper IV.
The effect of the neglect of the halo gravity is similar (Paper IV) but
cannot be estimated reliably for individual cases. It should be kept
in mind that on average the disc masses are probably overestimated
by about 10 per cent.

Another effect that may be present is a decline of the stellar M/L
with galactocentric radius, as suggested by the bluer broad-band
colours at larger radii (de Jong 1996b; Bell & de Jong 2000). The
M/L obtained by fitting the constant M/L model is then essentially
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Dynamics of edge-on stellar discs 517

Figure 12. (a) The stellar disc mass TF relation, assuming σz/σR = 0.6. The solid line indicates the least-squares bisector fit. The dashed line represents the
bisector fit to the maximum-disc scaled stellar mass TF relation of the Ursa Major cluster (BJ01). Triangles indicate the outliers in Fig. 7, ESO 487-G02 and
564-G27. (b) The baryonic mass TF relation after adding the observed H I mass. Triangles are as in (a). The solid line indicates a least-squares bisector fit, and
the dashed line represents the bisector fit to baryonic mass TF relation of the Ursa Major cluster (BJ01). The grey dots include an uncertain estimate for the
bulge mass (see text).

the average M/L in the inner, fitted region (see Paper IV). How-
ever, when this M/L is extrapolated to apply for the entire disc the
actual stellar disc mass will be overestimated. An estimate of this
possible effect was obtained assuming that the M/L ratio declines
exponentially,

M

L
= �0 e−R/h R,M

µ0 e−R/h R,L
=

(
M

L

)
0

e−R/h R,M/L , (21)

and using the median I-band to K-band scalelength ratio hI
R/hK

R =
1.12 (de Grijs 1998) for the ratio of the luminosity and mass scale-
lengths h R,L/h R,M . Such a declining M/L has a large scalelength
∼ 8 hI

R , causing the total stellar mass to be about 10 per cent smaller
than in the constant M/L case. It was chosen not to include this
correction because it cannot be estimated reliably for an individual
galaxy.

Fig. 12(a) shows the resulting stellar disc mass–rotational velocity
relation, assuming a velocity anisotropy σz/σR = 0.6. The solid line
shows an unweighted least-squares bisector fit to the data (excluding
ESO 487-G02 and 564-G27). It has a slope4 α = 3.75 ± 0.40 and
an intercept log10(M 100/M�) = 9.36 ± 0.08. The observed scatter
around this relation is 0.22 dex in mass. An interesting comparison
can be performed with the stellar mass TF of the Ursa Major cluster
(BJ01). BJ01 pointed out that stellar population synthesis models
show a tight correlation between stellar M/L and colour provided
that the spiral galaxy IMF is universal. They calibrated the predicted
stellar M/L using the observed K-band maximum-disc stellar M/L
versus B − R colour relation of the Ursa Major cluster sample of
Verheijen (1997), and used it to convert the observed luminosities
to stellar masses. They used the Tully et al. (1998) scheme to cor-
rect for extinction, and adopted the HST Key Project value of 20.7
Mpc for the distance to Ursa Major. The least-squares bisector fit to
their maximum-disc scaled stellar mass TF relation is reproduced
in Fig. 12(a) (dashed line). Since the Ursa Major cluster consists

4 M/M� = (M 100/M�) [vmax/(100 km s−1)]α .

mainly of late-type galaxies having insignificant bulges, this stellar
mass TF is essentially a stellar disc mass TF and may be compared
to the present results.

The slope of the dynamical disc mass TF for the present sample is
marginally consistent with that of the maximum-disc scaled stellar
mass TF of BJ01 for which

α = 4.4 ± 0.2 (random) ± 0.2 (systematic).

An exact match of the slopes is, however, not expected considering
the small sample sizes. For example, the slope of the dynamical
mass TF depends rather sensitively on the inclusion of the dwarf
galaxy ESO 157-G18 (log10vmax = 1.944). More intriguing is the
difference in intercept; the dynamically determined disc masses of
the present sample are on average about 0.32 dex smaller than the
maximum-disc scaled disc masses of the Ursa Major spirals (a dis-
agreement of 2σ ). The only spiral that lies above the maximum-disc
scaled stellar mass TF is ESO 564-G27. Again, for ESO 564-G27
the

√
M/L (σz/σR)−1 value is high and it was therefore excluded

from the fit. Note that if the corrections for a declining M/L and the
dark halo gravity discussed above were applied, this offset would
grow to −0.40 dex.

What could explain the observed offset between the dynamical
disc mass TF and the maximum-disc scaled stellar mass TF? BJ01
quote a distance uncertainty of 15 per cent corresponding to an
uncertainty of 0.06 dex in the TF intercept. Allowing for a simi-
lar uncertainty in the present sample makes it clear that the offset
between the two relations cannot be entirely ascribed to distance er-
rors. BJ01 use the rotational velocities on the flat part of the rotation
curve (vflat), whereas for the dynamical mass TF the vmax are used.
In the present sample only ESO 240-G11, 435-G14 and 564-G27
have vmax > vflat (Paper III). Using the vflat for these galaxies still
gives an offset in Fig. 12(a) of 0.24 dex. There is an uncertainty in
the extinction correction; BJ01 demonstrate that using the (Tully &
Fouque 1985) scheme instead of the Tully et al. (1998) corrections
reduces the zero-point of the maximum-disc scaled stellar mass TF
by −0.13 dex. This is also too small to explain the observed offset.
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518 M. Kregel, P. C. van der Kruit and K. C. Freeman

How much of an offset would be expected if the Ursa Major spirals
instead have submaximal discs? Using the average observed disc
contribution in the present sample vdisc/vmax = 0.53 (Section 3.2)
and taking vdisc/vmax = 0.85 for a maximal disc (Sackett 1997),
the ratio of the submaximal stellar disc mass to the maximal stellar
disc mass is 0.39, corresponding to 0.41 dex. This is able to explain
the observed offset; the two relations practically coincide when the
Ursa Major spirals, like most of the spirals in the present sample,
have submaximal discs.

This has two important implications. First, submaximal discs re-
quire that the true stellar disc M/L ratios are a factor of 2 lower than
the maximum-disc scaled M/L. This can be achieved by lowering
the fraction of stars at the low-mass end of the IMF (M < 0.5 M�).
Such a ‘bottom-light’ IMF is supported by recent independent de-
terminations in the solar neighbourhood (Kroupa 2002) and implies
stellar M/L ratios for late-type spirals of M/LI � 0.8 (Portinari et al.
2004). In turn, there is little room in the disc for forms of matter
other than stars and H I gas, such as dark matter or cold molecular
gas. Any significant additional component would require an even
lower stellar M/L.

3.5.3 The baryonic disc mass TF relation

The H I masses of all of the spirals except ESO 288-G25 are known
(Paper I). Hence, the baryonic mass TF relation can also be inves-
tigated, modulo the uncertain molecular gas mass and the bulge
contribution. To be consistent with BJ01, the H I masses were not
corrected for helium and metals. The baryonic TF relation obtained
after adding the H I mass to the dynamical stellar disc masses is
shown in Fig. 12(b) (again using H 0 = 71 km s−1 Mpc−1). An un-
weighted least-squares bisector fit to the data yields a slope α =
3.33 ± 0.37 and an intercept log10(M 100/M�) = 9.59 ± 0.07. The
observed scatter is 0.21 dex in mass. The shallower slope of the
baryonic mass TF compared to the stellar mass TF is a result of the
larger gas fraction in less massive galaxies. If the H I masses are
corrected for helium and metals using M gas = 1.4 M H I, then a fit
yields α = 3.23 ± 0.36 and log10(M 100/M�) = 9.66 ± 0.07 (not
shown). Again, the maximum-disc scaled baryonic TF of BJ01 is
shown for comparison [dashed line, slope α = 3.5 ± 0.2 (random) ±
0.2 (systematic)]. The dynamically determined baryonic TF is offset
from the maximum-disc scaled stellar mass TF by about −0.24 dex,
a similar offset as seen for the stellar mass TF. The present approach
does not allow a study of the full stellar mass and baryonic mass
Tully–Fisher relations; a comparison with, for example, predictions
from cold dark matter simulations (Bullock et al. 2001b) would need
a bulge dynamical mass estimate. However, inclusion of the bulge
masses is expected to steepen the observed slope significantly. For
example, Fig. 12(b) (grey symbols) shows the result after inclusion
of an estimated bulge mass, derived from the bulge luminosities
(table 3 in KKG; and Xilouris et al. (1999) for ESO 435-G25, and
NGC 891 and 5529) using a bulge M/LI of 5.5 (Bottema 1999). For
those galaxies for which we have no reliable estimate of the bulge
luminosity, the bulges are small and the contributions probably neg-
ligible. These points would yield a slope of 4.2 ± 0.3.

4 S U M M A RY A N D C O N C L U D I N G R E M A R K S

In this final paper of the series, we have investigated the correlation
between photometric and global parameters of the sample of KKG.
We find a clear increase in the scaleheight of the stellar disc as a
function of maximum rotational velocity and dynamical mass. This
is in general accordance with existing observations of the stellar

kinematics; more massive spirals tend to contain discs that are more
dynamically evolved and thicker. Remarkably, the disc flattening
tends to increase towards lower face-on central surface brightness
and larger dynamical mass-to-light ratio. This observation provides
a link between the disc flattening and the Tully–Fisher relation, and
predicts that for constant maximum rotational velocity the vertical
stellar velocity dispersions of lower surface brightness discs are
smaller.

We then further analysed the results obtained from the dynami-
cal modelling of the stellar kinematics for a smaller sample of 15
galaxies. For a constant Q parameter, the data imply that the velocity
anisotropy (σz/σR) decreases with an increasing disc contribution
to the rotation curve (vdisc/vmax). If, on the other hand, σz/σR is con-
stant among spirals, the data require a Q parameter that decreases
with increasing vdisc/vmax. Several arguments suggest that σz/σR =
0.6 ± 0.1 in intermediate- to late-type spirals.

At least 12 of the spirals in the present sample have submaximal
discs. The average disc contribution for 13 spirals is vdisc/vmax =
0.53 ± 0.04; only about 40 per cent of the mass within 2.2 disc
scalelengths resides in the disc. Hence, the discs of intermediate-
to late-type spiral galaxies probably inhabit dark matter haloes that
dominate the mass fraction down to small galactocentric radii. We
note, however, that very HSB spiral galaxies are underrepresented
in our sample and the possibility remains that very HSB discs are
maximal. The result is in agreement with earlier determinations
based on stellar kinematics (B93), the absence of correlated scatter
in the Tully–Fisher relation (Courteau & Rix 1999), spiral galaxy
lensing (Trott & Webster 2002), and fluid dynamical modelling of
normal spirals (Kranz et al. 2003). In addition, the average con-
tribution for the six spirals with a boxy or peanut-shaped bulge is
vdisc/vmax = 0.56 ± 0.09, indistinguishable from the normal spi-
rals. Since boxy and peanut-shaped bulges are probably associated
with bars (Kuijken & Merrifield 1995; Bureau & Freeman 1999),
this strongly suggests that the contribution of the disc to the rota-
tion curve at 2.2 hR is independent of barredness. This is in good
agreement with the recent high-resolution N-body simulations by
Valenzuela & Klypin (2003). These point out that galaxies form
bars even in the presence of strong haloes, and that the discs are
submaximal at 2.2 hR.

There is a relation between the stellar disc velocity dispersion
and the galaxy maximum rotational velocity, confirming the work of
B93. The deviations from the average σ versus vmax relation appear
to correlate with disc flattening, face-on central surface brightness
and dynamical mass-to-light ratio. Discs with a smaller radial stel-
lar velocity dispersion tend to be more flattened, and have a lower
surface brightness and a higher dynamical mass-to-light ratio. This
is in agreement with the observed relation between disc flatten-
ing and dynamical mass-to-light ratio. The submaximal nature of
galaxy discs and the scatter in the σ versus vmax relation are in good
agreement with the simple collapse theory of disc galaxy formation
(DSS97). The theory suggests that the σ versus vmax relation is the
result of local stability: discs scatter about a linear σ versus vmax

relation, with a slope corresponding to the average spin parameter
of dark matter haloes and a scatter related to the spread in the spin
parameter.

The Tully–Fisher (TF) relation is compared to the HST Key
Project TF relation (Sakai et al. 2000). The luminosities of the
edge-on spirals are based on an exponential vertical luminosity dis-
tribution and strictly apply to the old stellar population. The TF
comparison shows that these luminosities are lower than the inte-
grated luminosities by about 0.7 mag. Likely explanations are the
missing luminosity from young stellar populations and residual dust
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extinction at large distances from the plane. The dynamical stellar
disc mass TF relation is compared to the maximum-disc scaled stel-
lar mass TF relation of the Ursa Major cluster (BJ01). The dynamical
disc mass TF is offset from the maximum-disc scaled stellar mass
TF relation by −0.3 dex in mass. The offset is mirrored in the bary-
onic TF relations and is naturally explained if the discs of the Ursa
Major cluster spirals are submaximal.

The submaximal nature of galaxy discs, the σ versus vmax relation
and the three-parameter relation between central surface brightness,
dynamical mass-to-light ratio and disc flattening are also in good
agreement with the simple collapse theory of the formation of disc
galaxies in virialized dark matter haloes (DSS97; Mo et al. 1998).
In this picture, discs make a range of contributions to the maximum
rotation, from strongly submaximal in haloes of higher-than-average
spin angular momentum towards less submaximal in haloes of low
spin angular momentum. The scatter in the σ versus vmax relation
results from the spread in halo spin parameters and the stability
parameter Q. According to the collapse model, the observed trend
that discs with a lower stellar velocity dispersion tend to be flatter, of
lower central surface brightness and of higher dynamical mass-to-
light ratio corresponds to the notion that more extended discs arise
from higher spin angular momentum dark haloes.
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