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Consensus in opiniondynamics as a repeated game ?
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cDepartment of Engineering Science, University of Oxford, Parks Road, Oxford, OX1 3PJ, UK

Abstract

We study an n-agent averaging process with dynamics subject to controls and adversarial disturbances. The model arises in
multi-population opinion dynamics with macroscopic and microscopic intertwined dynamics. The averaging process describes
the influence from neighbouring populations, whereas the input term indicates how the distribution of opinions in the population
changes as a result of dynamical evolutions at a microscopic level (individuals’ changing opinions). The input term is obtained
as the vector payoff of a two player repeated game. We study conditions under which the agents achieve robust consensus to
some predefined target set. Such conditions build upon the approachability principle in repeated games with vector payoffs.

Key words: Game theory; networks; allocations; robust receding horizon control.

1 Introduction

We consider an n-agent averaging process in which each
agent is described by a dynamic system with controlled
and uncontrolled inputs, the latter being adversarial dis-
turbances.

We specialize the model to multi-population opinion dy-
namics. The averaging process describes the influence
from neighbouring populations, whereas the input term
indicates how the distribution of opinions in the popula-
tion changes as a result of dynamical evolutions at a mi-
croscopic level (individuals’ changing opinions). The in-
put term is obtained as the vector payoff of a two player
repeated game [6, 8, 17]. Motivations for the dynam-
ics can be found in coalitional games with Transferable
Utilities (TU games) [26], bargaining [7, 19], consensus
[18, 20, 23, 24], opinion dynamics [1, 2, 3, 4, 9, 10, 12, 13,
16, 22, 25] and in multi-population games with macro-
scopic and microscopic dynamics.

The main contribution of this paper is to introduce a

? A preliminary conference version of this work was pre-
sented in the 2014 IFAC World Congress [5]. Corresponding
author D. Bauso

Email addresses: d.bauso@sheffield.ac.uk (Dario
Bauso), mark.cannon@eng.ox.ac.uk (Mark Cannon).

distributed multi-stage receding horizon control strategy
that ensures the existence of invariant and contractive
sets for the collective dynamics, and which can be used
to enforce convergence of consensus to a specified set.

This paper improves [5] as it links the model to opinion
dynamics and multi-population games, it includes expo-
nential stability and identifies regions of attraction that
are dependent and independent of the horizon, and it
provides new numerical results. An alternative way to
deal with the problem is to include a deterministic ad-
versarial disturbance in the spirit of set inclusion theory
[14, 15].

The paper is organized as follows. In Section 2 we formu-
late the problem. In Section 3 we discuss motivations.
Section 4 gives the main control theoretic results. Nu-
merical illustrations are presented in Section 5, and con-
cluding remarks are provided in Section 6.

Notation. We denote the Euclidean norm of a vector x
as ‖x‖, and we use aij or [A]ij to denote the ijth entry

of a matrix A. We say that A ∈ Rn×n is row-stochastic
if aij ≥ 0 for all i, j ∈ {1, . . . , n} and

∑n
j=1 a

i
j = 1 for all

i ∈ {1, . . . , n}. Matrix A is doubly stochastic if both A
and its transpose A> are row-stochastic. We use |S| for
the cardinality of a given finite set S. We write PX [x] to
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denote the projection of a vector x on a set X, and we
write |x|X for the distance from x to X, i.e., PX [x] =
arg miny∈X ‖x−y‖ and |x|X = ‖x−PX [x]‖, respectively.

2 Model and problem set-up

For each i in a set N = {1, . . . , n}, agent i is charac-
terized by a state xi(t) ∈ Rñ. At every time t this state
evolves according to a distributed averaging process rep-
resenting the interaction of the agent with its neigh-
bours, and under the influence of an input variable ui(t).

Formally, the state xi(t) of agent i evolves as follows

xi(t+ 1) =

n∑
j=1

aij(t)xj(t) + ui(t), t = 0, 1, . . . (1)

where ai = (ai1, . . . , a
i
n) ∈ Rn is a vector of nonnega-

tive scalar weights relating to the communication graph
G(t) =

(
N, E(t)

)
. A link (j, i) ∈ E(t) exists (and hence

aij(t) 6= 0) if agent j is a neighbour of agent i at time t.

For each agent i ∈ N , the input ui(·) is the payoff of
a repeated two-player game between player i (Player
A) and an (external) adversary (Player B). Let SA and
SB be the finite sets of actions of players A and B re-
spectively and let us denote the set of mixed action
pairs by ∆(SA) × ∆(SB) (set of probability distribu-
tions on SA and SB). For any pair of mixed strategies
(p(t), q(t)) ∈ ∆(SA)×∆(SB) for player A and B at time
t, the expected payoff is{

ui(t) =
∑
j∈SA,k∈SB

pij(t)φ(j, k)qik(t),∑
j∈SA

pij(t) = 1,
∑
k∈SB

qik(t) = 1, pij , q
i
k ≥ 0.

(2)

Essentially, in the above game φ(j, k) ∈ Rñ is the vector
payoff when players A and B play pure strategies j ∈
SA and k ∈ SB respectively. Figure 1 illustrates the
continuous action sets for the two players, for the case
that SA = {1, 2, 3} and SB = {1, 2, 3}.

p(t) ∈ ∆(S1)

R|S1|

q(t) ∈ ∆(S2)

R|S2|

p1

p3

p2

q1

q3

q2

Fig. 1. Spaces of mixed strategies for the two players.

Let X ⊂ Rñ be a closed convex target set, and assume
that player A seeks to drive the state xi(t) to X, while
player B tries to push the state far from it. The resulting

strategy can be formulated as the solution of a robust
optimization problem, with one player minimizing and
the other maximizing the distance of the state from X.

In compact form the problem with finite horizon [0, T ]
to be solved by agent i takes the form:

min
pi(0)

max
qi(0)

· · · min
pi(T−1)

max
qi(T−1)

T∑
t=0

|xi(t)|2X

pi(t) ∈ ∆(SA), qi(t) ∈ ∆(SB),

xi(t+ 1) = yi(t) + ui(t),

ui(t) =
∑

j∈SA,k∈SB

pij(t)φ(j, k)qik(t)

 t = 0, . . . , T − 1

(3)
where yi(t) is the space average defined as

yi(t) =

n∑
j=1

aij(t)xj(t). (4)

Through the above problem we can study contractivity
and invariance of sets for the collective dynamics (1)-
(2). In the following we simplify notation and drop the
dependence on i of p and q.

3 Multi-population opinion dynamics

A simple model of opinion dynamics is derived from a
classical model of consensus dynamics that also arises in
the Kuramoto oscillator model [22]. In this perspective,
the dynamic model (1) appears as a discrete-time model
of a consensus problem [21], in which the coupling term
accounts for emulation (an individual’s opinion is influ-
enced by those of its neighbours), and which includes
an additional input term (the natural opinion changing
rate). In addition, the target set X can be used to en-
force consensus. For instance we can setX := {x} ⊂ Rñ,
in which case limt→∞ xi(t) = x for all i ∈ N also implies
that limt→∞ xi(t)− xj(t) = 0 for all i, j ∈ N . Note that
this notion of consensus may be in general different from
the consensus studied in distributed algorithms [21].

In the following we consider n distinct populations of
agents interacting according to a predefined topology.
Let the collective state be ξ(t) =

(
x1(t), . . . , xn(t)

)
,

which we now see as a collection of n macro-states. For
each population, and at every time t ∈ [0, T ], a probabil-
ity distribution function xi(t), i ∈ N , describes the prob-
ability distribution of agents over a discrete set of micro-
states. In other words, consider a finite discrete space of
micro-states {1, . . . , ñ}, and let a probability distribu-
tion function be given,mi : {1, . . . , ñ}×[0,+∞)→ [0, 1],
(j, t) 7→ mi(j, t), which satisfies

∑
j∈{1,...,ñ}mi(j, t) = 1

for every t. Now, let us collect all distribution values

2



mi(j, t), j ∈ {1, . . . , ñ} in the macro-state vector of pop-
ulation i, namely:

xi(t) :=
(
mi(1, t),mi(2, t) . . . ,mi(ñ, t)

)
∈ [0, 1]ñ.

Thus, the averaging term in (1) describes the influence
from neighbour populations.

As for the input term, consider, from a microscopic per-
spective, the case that the political opinions in a single
population are distributed between two states, vote left
and vote right, and such a distribution is subject to tran-
sitions from one state to the other. This is represented
by the network depicted in Fig. 2 where nodes 1 and 2
correspond to the two states. Two persuaders, one of
which is the controller (player A), the other the distur-
bance (playerB), can influence the transitions described
by the controlled flows v̂j , j = 1, . . . , 4 and disturbance
parameters ŵk, k = 3, 4. In particular, player A can in-
fluence all the transitions, while player B has influence
only on the transitions from node 2.

More generally, the terms v̂j and ŵk determine the tran-
sition rates between state 1 (vote left) and state 2 (vote
right). In other words, a political campaign can make
voters change their political opinion, and the controlled
transition rates v̂j , j = 2, 4 represent the rates of change
from one state to the other as a consequence of such
a deliberate action. The parameters ŵk modulate these
flows and are representative of unpredicted or uncon-
trolled events that can influence voters’ opinions.

1 2

v̂4(1 + ŵ4)

v̂2 v̂3(1 + ŵ3)

v̂1

Fig. 2. Two opinion states (vote left, vote right) and corre-
sponding transition functions.

In this case ñ = 2 and the evolution of the distribution
is given by

xi(t+ 1) =

(
I +BB̃>

(
v̂2(t), v̂4(t)

)
+DD̃>

(
v̂4(t), ŵ4(t)

))
xi(t) (5)

where

B =

[
−1 1

1 −1

]
, B̃(v̂2, v̂4) =

[
v̂2 0

0 v̂4

]
,

D =

[
0 1

0 −1

]
, D̃(v̂4, ŵ4) =

[
0 0

0 v̂4ŵ4

]
.

(6)

System (5) corresponds to the set of difference equations

mi(1, t+ 1) =
(
1− v̂2(t)

)
mi(1, t)

+ v̂4(t)
(
1 + ŵ4(t)

)
mi(2, t)

mi(2, t+ 1) =
(
1− v̂4(t)(1 + ŵ4(t))

)
mi(2, t)

+ v̂2(t)mi(2, t)

(7)

where v̂2(t) ∈ [0, 1], v̂4(t)(1 + ŵ4(t)) ∈ [0, 1] and

v̂1(t) + v̂2(t) = 1,

v̂3(t)
(
1 + ŵ3(t)

)
+ v̂4(t)

(
1 + ŵ4(t)

)
= 1.

From (5) or (7), the input term is equal to the variation
of distribution, and is given by

ui(t) := xi(t+ 1)− xi(t)

=

(
BB̃>

(
v̂2(t), v̂4(t)

)
+DD̃>

(
v̂4(t), ŵ4(t)

))
xi(t)

=

[
−v̂2(t)mi(1, t) + v̂4(t)

(
1 + ŵ4(t)

)
mi(2, t)

−v̂4(t)
(
1 + ŵ4(t)

)
mi(2, t) + v̂2(t)mi(1, t)

]
.

(8)
Let us assume that player A can control transitions by
selecting (v̂2, v̂4) as one of the following transition con-
figurations:

(v
(1)
2 , v

(1)
4 ) = (0, 0), (v

(2)
2 , v

(2)
4 ) = (0, 0.2),

(v
(3)
2 , v

(3)
4 ) = (0.2, 0), (v

(4)
2 , v

(4)
4 ) = (0.2, 0.2).

For player B, we consider the following actions for ŵ4:

w
(1)
4 = −0.5, w

(2)
4 = 0.5.

Consider a game where players select p ∈ ∆(SA) and
q ∈ ∆(SB), where pj and qk are the probabilities as-

signed to the controlled flows (v
(j)
2 , v

(j)
4 ) and to the mod-

ulating disturbance w
(k)
4 , respectively. Thus ∆(SA) =

{p ∈ R4 : pj ≥ 0, p1 + . . .+ p4 = 1} and ∆(SB) = {q ∈
R2 : q1, q2 ≥ 0, q1 + q2 = 1}. We define the cumulative
payoff at time t corresponding to the mixed strategies
(p(τ), q(τ)) ∈ ∆(SA)×∆(SB), τ ∈ [0, t], as the function

xi(t+ 1) = xi(0) +

t∑
τ=0

[
BB̃

( ∑
j∈SA

pj(τ)(v
(j)
2 , v

(j)
4 )
)

+DD̃
( ∑
j∈SA, k∈SB

pj(τ)v
(j)
4 qk(τ)w

(k)
4

)]
xi(τ)

= xi(0) +

t∑
τ=0

∑
j∈SA, k∈SB

pj(τ)qk(τ)φ(j, k).
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In the expression above

φ(j, k) =
(
BB̃>(v

(j)
2 , v

(j)
4 ) +DD̃>(w

(k)
4 )
)
xi(t)

=

[
−v(j)

2 mi(1, t) + v
(j)
4 (1 + w

(k)
4 )mi(2, t)

−v(j)
4 (1 + w

(k)
4 )mi(2, t) + v

(j)
2 mi(1, t)

]
.

The complete matrix of vector payoffs is then obtained
from Table 1, where each entry represents a possible
vector payoff φ(j, k), and where we use m(1) = mi(1, t),
m(2) = mi(2, t) to simplify notation.

3.1 Main assumptions

Following [20] (see also [19]) we make the following as-
sumptions on the information structure of the model (1).
LetA(t) be the weight matrix with (i, j)th element aij(t).

Assumption 1 The matrix A(t) is doubly stochastic
with positive diagonal. Furthermore, there exists a scalar
α > 0 such that aij(t) ≥ α whenever aij(t) > 0 for all t.

The instantaneous graph G(t) need not be connected at
any given time t, however the union of the graphs G(t)
over a period of time is assumed to be connected.

Assumption 2 There exists an integer Q ≥ 1 such that

the graph
(
N,
⋃(t+1)Q−1
τ=tQ E(τ)

)
is strongly connected for

every non-negative integer t.

For simplicity the one-shot vector-payoff game (SA, SB , xi)
is denoted by G. Let λ ∈ Rñ and denote by 〈λ,G〉 the
zero-sum one-shot game whose set of players and their
action sets are as in the game G, and for which the pay-
off that player B pays to player A is λ>φ(j, k) for every
(j, k) ∈ SA × SB . We refer to 〈λ,G〉 as the projected
game.

The projected game 〈λ,G〉 is described by the matrix

Φλ = [λ>φ(j, k)]j∈SA,k∈SB
,

and as a zero-sum one-shot game it has a value vλ, where

vλ := min
p∈∆(SA)

max
q∈∆(SB)

p>Φλq = max
q∈∆(SB)

min
p∈∆(SA)

p>Φλq.

Following [15] (see also [14], Corollary 5.1), we make
the following approachability assumption. In Section 4
we show that this ensures that any closed convex target
set X can be made exponentially stable by a receding
horizon strategy based on the repeated game (3).

Assumption 3 For all λ ∈ Rñ we have

min
p∈∆(SA)

max
q∈∆(SB)

(
2p>Φλq+

∥∥∥ ∑
j∈SA,k∈SB

pjφ(j, k)qk

∥∥∥2
)
≤ 0.

The minimax inequality in Assumption 3 is a condition
that the projected game 〈λ,G〉 must satisfy. This as-
sumption also recalls Blackwell’s Approachability Prin-
ciple in [8].

We now strengthen Assumption 3 to include a condition
which ensures that a receding horizon strategy based
on (3) exponentially stabilizes the target set X with a
region of attraction that is independent of the horizon
length, T .

Assumption 4 For given R > 0 there exists a scalar
γ ∈ (0, 1] such that

min
p∈∆(SA)

max
q∈∆(SB)

(
2p>Φλq+

∥∥∥ ∑
j∈SA,k∈SB

pjφ(j, k)qk

∥∥∥2
)

≤ −γ‖λ‖2

for all λ ∈ Rñ such that ‖λ‖ ≤ R.

The condition of Assumption 4 is among the foundations
of approachability theory since it requires that the value
of the projected game satisfies vλ < 0 whenever λ 6= 0.
This is sufficient to guarantee that the average vector
payoff of a two-player repeated game is locally almost
surely convergent to the target set X (see e.g. [8], and
also [11], chapter 7).

In order to apply the above assumptions to the multi-
population example, one needs to take into account that
the state trajectory lies in the positive quadrant (states
represent distributions) and λ is in the 2nd and 4th quad-
rants (m(1) increases if m(2) decreases and vice versa).

The preceding assumptions allow an exponentially sta-
ble receding horizon control strategy to be constructed
from (3) as follows. Let ξ(t) =

(
x1(t), . . . , xn(t)

)
denote

the collective state of all agents in N at time t. We intro-
duce a value function Vi,τ (ξ(t), t) representing the opti-
mal cost over τ steps starting at xi(t), where τ = T − t
for t ∈ [0, T ]. Using dynamic programming and the Bell-
man principle, we require that the value function satis-
fies the following recursion

Vi,τ (ξ(t), t) = |xi(t)|2X
+ min
p(t)∈∆(SA)

max
q(t)∈∆(SB)
uj(t),j 6=i,j∈N

Vi,τ−1(ξ(t+ 1), t+ 1)

subject to |xi(t+ 1)|X ≤ |yi(t)|X ,

(9)
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10φ(j, k) k = 1 k = 2

j = 1 (0, 0) (0, 0)

j = 2
(
m(2), −m(2)

) (
3m(2), −3m(2)

)
j = 3

(
−2m(1), 2m(1)

) (
−2m(1), 2m(1)

)
j = 4

(
−2m(1) +m(2), 2m(1) −m(2)

) (
−2m(1) + 3m(2), 2m(1) − 3m(2)

)
Table 1
The possible vector payoffs φ(j, k) scaled by a factor of 10.

with final value Vi,0(ξ(T ), T ) = |xi(T )|2X . The minimiz-
ing solution for p(t) in (9) with τ = T is then the op-
timal solution for pi(t) in the T -stage min-max prob-
lem (3) under the worst case allocations to all other
agents j 6= i and subject to the additional constraint that
|xi(t+ 1)|X ≤ |yi(t)|X . This additional constraint is in-
cluded in the optimal control formulation to ensure sta-
bility of the resulting receding horizon control law. Since
it involves only ui(t) and yi(t), this constraint does not
require knowledge of the allocations of the other agents,
which may not be known to any degree of accuracy. In
Section 4 we show that it nonetheless results in a global
contractivity property.

4 Main result

The main results of this paper establish contractivity
and invariance for the collective dynamics (1) under the
multi-stage receding horizon strategy defined in (9). Be-
fore stating the result we introduce four lemmas. The
first of these establishes that the space averaging process
in (1) reduces the total squared distance (i.e. the sum of
squared distances) of the states xi, i ∈ N , from the set
X. The reader is referred to the Appendix for proof of
each of the results given in this section.

Lemma 1 Let Assumption 1 hold. Then the total
squared distance from X decreases when states xi(t) are
replaced by their space averages yi(t), i.e.,

n∑
i=1

|yi(t)|2X ≤
n∑
i=1

|xi(t)|2X .

As a preliminary step to the next result, observe that,
from the definition of | · |X and from (1) and (3), we can
write

|xi(t+ 1)|2X = ‖xi(t+ 1)− PX [xi(t+ 1)]‖2

≤ ‖xi(t+ 1)− PX [yi(t)]‖2

= ‖yi(t)− PX [yi(t)]‖2 + ‖ui(t)‖2

+ 2(yi(t)− PX [yi(t)])
>ui(t). (10)

The following lemma states that, under the approacha-
bility assumption, there necessarily exists an input ui(t)
given by (2) that places the successor state xi(t + 1)
closer to X than the space average yi(t).

Lemma 2 If Assumptions 1-3 hold, then, for all ξ(t) =(
x1(t), . . . , xn(t)

)
∈ Rñ × · · · × Rñ, there exists ui(t)

satisfying (2) and

|xi(t+ 1)|2X ≤ |yi(t)|2X (11)

for each i ∈ N . For r > 0 let Ψ(r) denote the set

Ψ(r) =
{

(x1, . . . , xn) ∈ Rñ× · · ·×Rñ
∣∣∣ n∑
i=1

|xi|2X ≤ r2
}
.

If Assumptions 1-4 hold, then, for all ξ(t) ∈ Ψ(R) and
each i ∈ N , there exists ui(t) satisfying (2) and

|xi(t+ 1)|2X ≤ (1− γ)|yi(t)|2X . (12)

for some γ ∈ (0, 1].

As a consequence of Lemma 2, the constraint incorpo-
rated in the receding horizon strategy (9) is feasible for
all collective states ξ = (x1, . . . , xn) ∈ Rñ×· · ·×Rñ. The
following lemma uses this property to show that Ψ(r) is
invariant for all r > 0.

Lemma 3 If Assumptions 1-3 hold, then, for any r > 0,
Ψ(r) is invariant for (1) under the receding horizon strat-
egy defined by (9) for all i ∈ N .

We next give upper and lower bounds on the collective
value function

∑n
i=1 Vi,T (ξ, t) in terms of the sum of

squared distances of individual agents’ states from X.

Lemma 4 Under Assumptions 1-3, the value functions
Vi,T (ξ, ·), i ∈ N satisfy, for all ξ ∈ Rñ × · · · × Rñ,

n∑
i=1

|xi|2X ≤
n∑
i=1

Vi,T (ξ, ·) ≤ (T + 1)

n∑
i=1

|xi|2X . (13)

If Assumptions 1-4 hold, then the following bounds apply
for all ξ ∈ Ψ(R),

n∑
i=1

|xi|2X ≤
n∑
i=1

Vi,T (ξ, ·) ≤ 1− (1− γ)T+1

γ

n∑
i=1

|xi|2X .

(14)

Let Ψ(rT ) define a set of initial conditions ξ(0) such that
the state xi(T ) of (1) is steered into X for all i ∈ N

5



by the optimal strategy for (9) with fixed terminal time
t = T . Accordingly we define rT by

rT = max
{
r
∣∣∣ n∑
i=1

|x̂i(T )|2X = 0 for all ξ(0) ∈ Ψ(r)
}

where x̂i(t) for t = 0, . . . , T denotes the evolution of (1)
under the min-max strategy with optimal value function
Vi,T−t

(
(x̂1(t), . . . , x̂n(t)), t

)
for all i ∈ N , with x̂i(0) =

xi(0). Since Lemma 3 implies that X is invariant under
any control law that satisfies the constraints of (9), it
follows that rT is monotonically non-decreasing in T ,
and hence Ψ(rT ) ⊆ Ψ(rT+1) for each T = 0, 1, . . ..

We are now ready to state the main results concerning
the stabilizing properties of the receding horizon control
law defined by (9). The proofs of the following two the-
orems are given in the Appendix.

The first result establishes exponential stability of X,
with region of attraction dependent on T .

Theorem 1 Let Assumptions 1-3 hold. For the sys-
tem (1) with the receding horizon strategy with optimal
cost Vi,T (ξ(t), t) for all i ∈ N , the set X is exponentially
stable with a region of attraction that contains Ψ(rT ),
i.e. for all ξ(0) ∈ Ψ(rT ) and each t = 0, 1, . . ., we have

n∑
i=1

|xi(t)|2X ≤
( T

T + 1

)t n∑
i=1

Vi,T (ξ(0), 0). (15)

The next result establishes exponential stability of X,
with region of attraction independent of T .

Theorem 2 Let Assumptions 1-4 hold. Then for (1)
under the receding horizon strategy with optimal cost
Vi,T (ξ(t), t) for all i ∈ N , the set X is exponentially sta-
ble and has a region of attraction that contains Ψ(R),
i.e. for all ξ(0) ∈ Ψ(R) and each t = 0, 1, . . ., we have

n∑
i=1

|xi(t)|2X ≤
(1− γ2 − (1− γ)T+1

1− (1− γ)T+1

)t n∑
i=1

Vi,T (ξ(0), 0).

(16)

Exponential stability of the target set X implies that
the state of (1) converges to X faster than an exponen-
tially decaying function of time. Note that ( T

T+1 ) is less

than one and hence the term ( T
T+1 )t in (15) decreases

exponentially with time t. A similar comment applies

to the term ( 1−γ2−(1−γ)T+1

1−(1−γ)T+1 )t in (16) since γ ∈ (0, 1].

From (15) and (16) it also follows that, under the con-
ditions of Theorems 1 and 2, if xi(t0) ∈ X for all i ∈ N ,
then xi(t) must remain in X for all i ∈ N , for all t > t0.
Thus whenever the state of (1) lies in the target set X

for all i ∈ N we have robust consensus, namely all states
of the model have converged to a unique value with a
given tolerance that depends on the size of X.

5 Numerical analysis

We consider n = 5 populations, each consisting of 200
agents, and a horizon length of T = 25. We assign to
the jth agent in the ith population a state ζij(t) ∈ [0, 1]
and a target state ζref

ij (t) ∈ {0, 1}, where ζref
ij (t) = 0 or

ζref
ij (t) = 1 indicates that the agent’s opinion is changing

to state 1 (vote left) or to state 2 (vote right), respec-
tively, (see Fig. 2). We consider smooth trajectories that
capture the inertia with which the agents change opin-
ions. Thus the evolution of the opinion of an agent (mi-
croscopic dynamics) is in accordance with the dynamics:

ζij(t+ 1) = sat
(
ζij(t) + β

(
ζref
ij (t)− ζij(t)

)
+Wij(t)

)
(17)

where β ∈ (0, 1), {Wij(0), . . . ,Wij(T−1)} is a Gaussian
white noise sequence, and sat is the saturation function:
sat(ζ) = min{max{0, ζ}, 1}.

For each population i ∈ N , a probability distribution
function xi(t) := (mi(1, t), . . . ,mi(ñ, t)) ∈ [0, 1]ñ tracks
the distribution of agents within the population. We as-
sume transitions of opinions within each population oc-
cur according to the scheme in Fig. 2. Hence ñ = 2 and
the distribution function over the space of target states
{0, 1} is xi(t) := (mi(1, t),mi(2, t)) ∈ [0, 1]2, where
mi(1, t) and mi(2, t) are the fractions of the population
in state 1 (vote left) and 2 (vote right), respectively. The
evolution of xi(t) is determined for each i ∈ N by

xi(t+ 1) = yi(t) + ui(t),

where ui(t) is specified by (3) and yi(t) accounts for the
transfer of opinions between populations via a commu-
nication graph, as in (4).

The target state ζref
ij (t) for each agent in the population is

updated at each time t based on the value of xi(t). Specif-
ically, for j < 200mi(1, t) the target state ζref

i,j (t) is set to
0, whereas the target state of every other agent in pop-
ulation i is set to 1. For example, if mi(1, t) = 0.7, then
we set ζref

ij (t) = 0 for 70% of agents (their opinions are

changing to vote left) and set ζref
ij (t) = 1 for the remain-

ing 30% of agents (their opinions are changing to vote
right). The set of initial states {ζij(0), j = 1, . . . , 200}
is uniformly distributed with mean equal to mi(2, 0).

The vector payoffs φ(j, k) in (3) are defined by Table 1,
and these satisfy the minimax condition in Assump-
tion 3. To see this, note that the payoffs φ(j, k) consist of
pairs of opposite sign, and hence G is a zero-sum game
where the payoff entries for player A are inverse to those
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for player B. Therefore we can assume without loss of
generality that the payoff matrix Φλ for the projected
game 〈λ,G〉 is defined in terms of λ = (λ1,−λ1), for
λ1 ∈ R, so that p>Φλq = 2λ1 p

>Mq with

M = 10−1


0 0

m(2) 3m(2)

−2m(1) −2m(1)

m(2)− 2m(1) 3m(2)− 2m(1)

 . (18)

In order to satisfy Assumption 3 for all λ1 ∈ R, we
require that, for all q ∈ ∆(SB), there exists p ∈ ∆(SA)
such that p>Mq ∈ [−2λ1, 0] if λ1 ≥ 0, and such that
p>Mq ∈ [0,−2λ1] if λ1 < 0. This is clearly satisfied by
the matrix in (18) since, for each column k = 1, 2, there
exists a convex combination of elements of that column
which can be made arbitrarily small and either positive
or negative. More formally, for all λ1 ∈ R we have

min
p∈∆(SA)

max
q∈∆(SB)

(
4λ1p

>Mq + 2(p>Mq)2
)
≤ 0, (19)

from which it follows that Assumption 3 holds.

Case I The first set of simulations investigates the
speed of the microscopic dynamics and the role of the
communication graph topology on the macroscopic dy-
namics for the uncontrolled case (i.e. ui(t) = 0 for all
t). Consider first the connected communication graph
depicted in Fig. 3 (left), with weights aij = 0.8 for i = j,

and aij = 0.05 for i 6= j, for all i, j ∈ N . Figure 4 (left)
shows the effect of varying β on the microscopic evolu-
tion of each agent’s state ζij(t), and compares (right)
the macro-state components m1(1, t), . . . ,m5(1, t)
(solid lines) with the population averages of 1 − ζij(t)
(dashed lines). Clearly a larger coefficient β implies
faster microscopic dynamics and hence faster conver-
gence of agents to their target states. The average of
m1(1, t), . . . ,m5(1, t) is independent of t since A is dou-
bly stochastic, and the connectedness of the network
topology therefore implies consensus on average.

Fig. 3. Two communication graph topologies. Left: fully con-
nected graph. Right: union of two disjoint subgraphs.

Figure 5 compares the responses of the two communica-
tion graphs shown in Fig. 3, with ui(t) = 0 and β = 0.5
in each case. The lower plots indicate asymptotic polar-
ization of opinion; this is due to the presence of two con-
nected components in the graph on the right of Fig. 3.
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Fig. 4. Microscopic states ξij(t) (left) and macroscopic states
mi(1, t) (right) for β = 0.2 (top) and β = 0.6 (bottom).

The oscillatory transient responses macroscopic states in
the lower plot result from large off-diagonal weights (0.7)
in the connected component consisting of two nodes.
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Fig. 5. Microscopic states ξij(t) (left) and macroscopic states
mi(1, t) (right) for communication graphs with one (upper
plots) and two (lower plots) connected components.

Case II The second set of simulations investigates the
influence of the input ui(t) in (1). Suppose we wish the
distribution of opinions in each population to converge to
a given proportion, ρ, of agents in state 1, corresponding
to a target set X = {(ρ, 1−ρ)}. For this simple example
the optimal strategy for the min-max problem (3) with
the payoffs of Table 1 is given for any horizon T ≥ 1 by

pi(t) = (0, 1, 0, 0) if yi1(t)−ρ < − 1
5mi(2, t)

pi(t) = (1−θ(t), θ(t), 0, 0) if yi1(t)−ρ ∈ [− 1
5mi(2, t), 0)

pi(t) = (1−ψ(t), 0, ψ(t), 0) if yi1(t)−ρ ∈ [0, 1
5mi(1, t))

pi(t) = (0, 0, 1, 0) if yi1(t)−ρ ≥ 1
5mi(1, t)

where yi1(t) is the first element of yi(t) and

θ(t) =
ρ− yi1(t)
1
5mi(2, t)

, ψ(t) =
yi1(t)− ρ
1
5mi(1, t)

.

For the two communication graphs in Fig. 3 the evolu-
tion of this optimal control law with ρ = 0.8 is shown in
the upper and middle plots of Figure 6. The disturbance
is chosen to be worst-case (in the sense of maximizing
(3)) at each simulation time-step. Although the macro-
scopic states in the middle plot are initially clustered
due to the two connected components of the network
topology, both clusters converge to the target point and
thus consensus is achieved. The bottom plots in Fig. 6
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are included here to illustrate a sitation in which As-
sumption 3 does not hold. In this case one population
is given a different target, ρ′ = 0.5, and the effect of
this population on the other populations, each of which
has target ρ = 0.8, is equivalent to a disturbance (recall
that the analysis in Section 4 relies on all populations
having the same target set). However, unlike the distur-
bances considered in Section 3, this disturbance cannot
be completely neutralised through the action of the con-
troller. Consequently neither micro- nor macro-states of
the system converge asymptotically to the target point
in this case.
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Fig. 6. Microscopic states ξij(t) (left) and macroscopic states
mi(1, t) (right) for β = 0.2 (top) and 0.6 (bottom).

6 Conclusions

We have studied a multi-population opinion dynamics
with macroscopic and microscopic intertwined dynam-
ics. An averaging term is used to capture emulation,
while an input term accounts for the changes in the
population opinion distribution. Such a term is mod-
eled as the vector payoff of a two player repeated game.
We study conditions under which the agents achieve ro-
bust consensus to some predefined target set. Such con-
ditions build upon the approachability principle in re-
peated games with vector payoffs.
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[14] J. Hofbauer, M. Benäım, and S. Sorin. Stochastic
approximations and differential inclusions. SIAM
Journal on Control and Optimization, 44(1):328–
348, 2005.
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Appendix

Proof of Lemma 1. By convexity of the distance func-
tion | · |X we have |yi(t)|X ≤

∑n
j=1 a

i
j(t)|xj(t)|X . Hence

convexity of (·)2 implies

|yi(t)|2X ≤
n∑
j=1

aij(t)|xj(t)|2X .

Summing both sides over i = 1, . . . , n we obtain

n∑
i=1

|yi(t)|2X ≤
n∑
i=1

n∑
j=1

aij(t)|xj(t)|2X

=

n∑
j=1

( n∑
i=1

aij(t)
)
|xj(t)|2X =

n∑
j=1

|xj(t)|2X .

Here the first inequality and last equality follow from
Assumption 1 that A(t) is doubly-stochastic. 2

Proof of Lemma 2. Rearranging the inequality in (10)
we obtain

|xi(t+1)|2X−|yi(t)|2X ≤ ‖ui(t)‖2+2
(
yi(t)−PX [yi(t)]

)>
ui(t).

(20)
With λ = yi(t) − PX [yi(t)], Assumption 3 implies that
there exists a mixed strategy p(t) ∈ ∆(SA) for player A
such that, for any mixed strategy q(t) ∈ ∆(SB) of player

B, ui(t) =
∑
j∈SA

∑
k∈SB

pj(t)φ(j, k)qk(t) satisfies

‖ui(t)‖2 + 2
(
yi(t)− PX [yi(t)]

)>
ui(t) ≤ 0

for all yi(t) ∈ Rñ. Therefore the bound (11) follows from
(20).

If ξ(t) ∈ Ψ(R), then λ = yi(t)−PX [yi(t)] satisfies ‖λ‖ ≤
R since Lemma 1 implies that |yi(t)|2X ≤ R2 for all i ∈ N .
Therefore the bound (12) follows from (20) and from
Assumption 4. 2

Proof of Lemma 3. From the constraint in (9) (which,
by Lemma 2, is necessarily feasible) and Lemma 1, we ob-
tain

∑n
i=1|xi(t+ 1)|2X ≤

∑n
i=1|yi(t)|2X ≤

∑n
i=1|xi(t)|2X .

Hence ξ(t+ 1) ∈ Ψ(r) if ξ(t) ∈ Ψ(r). 2

Proof of Lemma 4. The lower bounds in (13) and (14)
follow directly from (9) and the fact that Vi,T−1(ξ, ·) ≥ 0
for any horizon T ≥ 1 and all ξ ∈ Rñ×· · ·×Rñ. To prove
the upper bound in (14), first consider first the case of
T = 1. Since ξ(t) ∈ Ψ(R) by assumption, condition (12)
and the definition of Vi,0(ξ, ·) = |xi(·)|2X yield

Vi,1(ξ(t), t) = |xi(t)|2X + min
p∈∆(SA)

max
q∈∆(SB)

|xi(t+ 1)|2X

≤ |xi(t)|2X + (1− γ)|yi(t)|2X .

for all i ∈ N . Summing over i ∈ N and using Lemma 1,
we obtain

n∑
i=1

Vi,1(ξ(t), t) ≤ (2− γ)

n∑
i=1

|xi(t)|2X . (21)

Consider next the case of T > 1, and assume that the
upper bound in (14) holds for a horizon of T −1. Bound-
ing the RHS of (9) using (12) and Lemma 1 then yields

n∑
i=1

Vi,T (ξ(t), t) ≤
n∑
i=1

|xi(t)|2X

+

n∑
i=1

min
p(t)∈∆(SA)

max
q(t)∈∆(SB)

1− (1− γ)T

γ
|xi(t+ 1)|2X

≤
(

1 + (1− γ)
1− (1− γ)T

γ

) n∑
i=1

|xi(t)|2X

=
1− (1− γ)T+1

γ

n∑
i=1

|xi(t)|2X . (22)

The upper bound in (14) therefore follows for all T =
1, 2, . . . by induction using (21) and (22) and the fact
that Ψ(R) is invariant. Finally we note that the upper
bound in (13) coincides with the upper bound in (14) in
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the limit as γ → 0, and that this bound must hold for
all ξ under Assumption 3. 2

Proof of Theorem 1. The bound in (15) follows
from the definition of rT and the positive invariance
of Ψ(rT ). Thus, if ξ(0) ∈ Ψ(rT ), then for all i ∈ N ,
the terminal state of (1) satisfies |x̂i(T )|X = 0 un-
der the min-max strategy with optimal value func-
tion Vi,T−t

(
(x̂1(t), . . . , x̂n(t)), t

)
for t = 0, . . . , T and

x̂i(0) = xi(0). Therefore

Vi,T (ξ, ·) = Vi,T−1(ξ, ·) ∀ξ ∈ Ψ(rT ).

Furthermore ξ(0) ∈ Ψ(rT ) implies ξ(t) ∈ Ψ(rT ) for all
t = 0, 1, . . ., and hence

Vi,T (ξ(t), t) = min
p(t)∈∆(SA)

max
q(t)∈∆(SB)
uj(t),j 6=i,j∈N

Vi,T−1(ξ(t+ 1), t+ 1)

+ |xi(t)|2X
≥ Vi,T (ξ(t+ 1), t+ 1) + |xi(0)|2X

for all i ∈ N . Summing this inequality over i ∈ N and
using the upper bound of (13) gives

n∑
i=1

[
Vi,T (ξ(t+ 1), t+ 1)− Vi,T (ξ(t), t)

]
≤ −

n∑
i=1

|xi(t)|2X

≤ − 1

T + 1

n∑
i=1

Vi,T (ξ(t), t)).

Hence
∑n
i=1 Vi,T (ξ(t), t) ≤

(
T
T+1

)t∑n
i=1 Vi,T (ξ(0), 0),

and the lower bound of (13) yields (15). 2

Proof of Theorem 2. By optimality of (9) and the
bounds (14) we have, for all ξ(1) ∈ Rñ × · · · × Rñ,

n∑
i=1

Vi,T (ξ(1), 1) ≤
n∑
i=1

Vi,T−1(ξ(1), 1)+(1−γ)

n∑
i=1

|x̂i(T )|2X ,

where x̂i(t) for t = 1, . . . , T is the state of (1) under the
min-max optimal strategy for (9) with value function
Vi,T−t

(
(x̂1(t), . . . , x̂n(t)), t

)
for all i ∈ N , and x̂i(1) =

xi(1). For all ξ(0) ∈ Ψ(R), it follows that

n∑
i=1

Vi,T (ξ(0), 0) ≥
n∑
i=1

|xi(0)|2X +

n∑
i=1

Vi,T (ξ(1), 1)

− (1− γ)

n∑
i=1

|x̂i(T )|2X

≥ γ
n∑
i=1

|xi(0)|2X +

n∑
i=1

Vi,T (ξ(1), 1),

where the inequality
∑n
i=1 |x̂i(t)|2X ≤

∑n
i=1 |x̂i(t− 1)|2X

(which follows from (9) and Lemma 1) has been used for
T ≥ t ≥ 1. For all ξ(t) ∈ Ψ(R), the upper bound of (14)
therefore yields

n∑
i=1

[Vi,T (ξ(t+ 1), t+ 1)− Vi,T (ξ(t), t)]

≤ −γ
n∑
i=1

|xi(t)|2X ≤ −
γ2

1− (1− γ)T+1

n∑
i=1

Vi,T (ξ(t), t).

Hence
∑n
i=1 Vi,T (ξ(t), t) is bounded from above by( 1−γ2−(1−γ)T

1−(1−γ)T+1

)t∑n
i=1 Vi,T (ξ(0), 0), and the lower bound

of (14) implies (15). 2
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