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Abstract This paper provides a mean-field game theoretic model of the bandwagon effect1

in social networks. This effect can be observed whenever individuals tend to align their own2

opinions to a mainstream opinion. The contribution is threefold. First, we describe the opinion3

propagation as a mean-field game with local interactions. Second, we establish mean-field4

equilibrium strategies in the case where the mainstream opinion is constant. Such strategies5

are shown to have a threshold structure. Third, we extend the use of threshold strategies to the6

case of time-varying mainstream opinion and study the evolution of the macroscopic system.7
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1 Introduction11

In the last years, there were many examples of situations where social networks had an12

effect on political and socioeconomic events. Thus, a rigorous study of the mutual influence1 13

between individuals’ opinions and population’s mainstream opinion has attracted attention14

of scientists in different disciplines such as engineering, economics, finance and game theory,15

just to name a few.16

A common observation is that in most cases, opinions evolve following so-called aver-17

aging processes [3,5,11,16,20,24]. It has been shown in [10] that when agents have local18

interactions, that is, agents talk only with those “who think similarly” (in the parlance of19

social science, this is called homophily), the macroscopic behavior yields clusters of opin-20

ions, representing separate groups, parties, or communities. On the other hand, when the21

interaction is global, that is, every agent interacts with all the other agents, the opinions may22

converge to a unique consensus value; see, e.g., Result 1 in [16]. The literature offers a variety23

of Lagrangian and Eulerian models to model opinion dynamics [1]. Within the framework24

of the Eulerian approach, this paper provides a mean-field game theoretic perspective on the25

problem. We focus on the bandwagon effect, that is, the situation in which the tendency of26

“any individual adopting an opinion increases with the proportion of those who have already27

done so” [12]. We show that the presence of an activation cost attenuates the bandwagon28

effect as the agents face a trade-off between maintaining their opinion (and paying for “think-29

ing differently”) and tracking the mainstream opinion at a given cost. Specifically, we show30

that the agents, whose opinion is far from the mainstream one, may be still willing to change31

their opinions toward this latter opinion; on the contrary, the agents, whose opinions are32

already close to the mainstream one, may consider not worth facing the activation cost to get33

closer to that target.34

Note that a mean-field game model arises as the cost of each agent depends also on the35

mode (the mainstream) of the actual distribution of the agents, which in turns depends on the36

optimal choices of the agents.37

In the context of opinion dynamics, an Eulerian description is used when the focus is on38

how the distribution of the players over a set of n opinions X = {xi : i = 1, . . . , n} evolves39

over time and, hence, a vector function m(.) = {mi (.) : i = 1, . . . , n} is to be determined,40

where mi (.) : [t, T ] → [0, 1] indicates the percentage mi (s) of the players whose opinion is41

xi at time s ∈ [t, T ]. An Eulerian description can be associated with a network of opinions42

G = (X, A1, A2). The network G includes a node for each opinion xi and has two sets A1 and43

A2 of arcs. The set A1 includes an arc (xi , x j ) if the players with opinion xi may change their44

opinion into x j and vice versa. The set A2 includes an arc (xi , x j ) if the players with opinion45

xi may be influenced in changing their opinion by the presence of players with opinion x j and46

vice versa. Weight coefficients may be associated with the arcs in A2. The weight h(xi , x j )47

measures the influence of players with opinion x j on the players with opinion xi and vice48

versa.49

Figure 1 depicts three-opinion networks of, respectively, 4, 8, 16 opinions. The arcs in A150

are drawn in the upper part of the figure, while the arcs in A2 are shown in the lower part.51

The weights of the arcs in A2 are represented by a different width of the arcs. Specifically,52

the networks in Fig. 1 model situations in which the players change their opinion gradually,53

they move at most from an opinion to the closest one at each time instant, and are homophile,54

namely they put a larger weight on the players with an opinion close to theirs.55

The problem dealt with in this paper considers the asymptotic limit situation when the56

set of opinions X can be seen as the union of continuous intervals of smaller and smaller57
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Fig. 1 Examples of three-opinion networks of, respectively, 4, 8, 16 opinions

length. This problem can be cast within the area of mean-field game theory. One aspect that58

the game at hand shares with many other models available in the literature is the “crowd-59

seeking” attitude of the players. Indeed, while targeting a common value, in the specific case60

this is the mainstream opinion, the players move toward states characterized by a higher61

density of opinions. In some cases, at the end of the horizon we may also note that opinions62

concentrate in one point, thus generating a Dirac impulse in the plot of the density function.63

However, two elements distinguish the game at hand from other classical models available64

in the literature. First, the target value is the mode of the density distribution, and as such65

it results from every player searching the maximum in a suitable neighborhood of their66

opinion. As a consequence of such a local maximization procedure, the time evolution of the67

target (the mode computed locally by each player) is in general nonlinear and may also be68

discontinuous. This is in contrast to most literatures which usually consider the local mean69

rather than the mode which results in a smooth trajectory for the target. A second distinction70

is in the structure of the cost function. This involves a fixed cost on control which makes71

the problem highly nonlinear. Other works of the authors feature fixed costs in the context72

of decision making with large number of players [9,23]. We deal with this issue using an73

approach based on the partition of the horizon window in two parts (one when the control is74

nonnull and the other when the control is null). This is only possible under certain conditions75

which we will analyze and highlight throughout the paper.76

Description of the contents Initially, we provide a mean-field game type model that describes77

the opinion propagation under local interaction (Sect. 2).78

As in a standard mean-field game, under the assumption of a population of infinitely many79

homogeneous agents/players, we are interested in determining the agents’ optimal strategies80

as functions of their state, possibly of the time, and of the macroscopic behavior of the whole81

population. Such optimal strategies have to induce a so-called mean-field equilibrium. In82

a mean-field equilibrium, no player can benefit from a unilateral deviation similarly to the83

definition of Nash equilibrium strategies in noncooperative n-player games [7].84
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The classical structure of mean-field games consists of two partial differential equations85

(PDEs) that define the necessary optimality/equilibrium conditions. The first PDE is the86

Hamilton–Jacobi–Bellman equation (HJB), which returns the optimal individual response87

to the population mean-field behavior. The second PDE is the Fokker–Planck equation (FP)88

(just a transport equation in the deterministic case, as in the present paper) which describes89

the density evolution of the players as a result of the implementation of the individually90

optimal strategies.91

Unfortunately, given the structure of the agents’ cost considered in this paper (which92

takes into account an activation cost and the mode of the population’s density function, see93

below for definitions and comments), the derivation of the corresponding couple HJB–FP94

equations seems to be not immediate (and also not tractable with standard techniques for95

uniqueness and regularity). Indeed, up to our knowledge, there are no similar cases studied96

in the literature.97

Hence, our approach consists in three steps.98

First step We show the optimality of a given class of strategies (threshold ones) under99

specific conditions on the population distribution. More specifically, we show that supposing100

the mainstream to be constant, each agent, also due to the presence of the activation cost,101

will implement a so-called nonidle strategy, that is, a control that can switch from nonnull102

to null only but not vice-versa. Moreover, such strategies are also shown to be “threshold103

strategies,” that is, the control is nonnull only if the target point (the mainstream opinion) is104

sufficiently far from the current opinion. This corresponds to saying that for a control to be105

nonnull, the distance between the mainstream and the player’s opinion must be greater than106

a given time-varying threshold. The search for the optimal control strategies, conducted in107

this step, builds upon the notion of dominance. A strategy is dominated if there exists at least108

one other better strategy in the sense that the value of the cost function associated with this109

latter strategy is strictly less than the one associated with the former strategy. Obviously, a110

dominated solution is not optimal and can be excluded from the search of the optimum. By111

analogy, a solution for which no strictly better solution exists will be called nondominated.112

Second step Our interest is in the particular mean-field equilibria for which the distribution113

of the population remains constant (see the end of the next session for a detailed definition).114

The threshold strategies of the previous step are then mean-field equilibrium strategies for115

any initial distribution of the population for which the corresponding mode, when supposed116

constant, induces an optimal threshold strategy with control always null. This means that no117

one of the agents is worth changing its state, hence nothing moves, and we get an equilibrium.118

We exhibit some of such initial distributions. Moreover, we also analyze the case where the119

agents have a distorted perception of the mode.120

Third step In the previous step, we presented situations in which threshold strategies are121

optimal and establish a mean-field equilibrium. Here, we argue that these strategies, even if122

they are not optimal, are of interest even in some more general contexts. Specifically, they123

can be implemented by players with bounded rationality and who use myopic descriptive124

models of the “world.” This means that at each time instant, they make a decision assuming125

that the population macroscopic behavior will freeze from that time instant on.126

In this situation, for some initial distributions, we describe the possible time evolution of127

the population distribution in terms of weak solutions of the associated FP equations (the128

transport equation). Due to the threshold feature of the optimal control, the proposed solution129

of the equation may immediately present discontinuities which also evolve in time. This is a130

common feature of the theory of scalar conservation laws; however, we point out that in our131

case, the situation is quite different. Indeed, such discontinuities derive from the presence of132

the threshold which evolves in the opposite direction with respect to the flow of the agents,133
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whereas in the classical theory of shocks for scalar conservation laws, the discontinuities and134

the flow evolve in the same direction. This seems to be an interesting feature of this equation135

which may deserve a deeper study.136

Related literature on mean-field games The theory of mean-field games originates in the137

paper by Lasry and Lions [22] and independently in that of Huang et al. [17–19]. This138

theory studies interactions between indistinguishable individuals and the population around139

them. Among the foundations of the theory is the assumption that the population influences140

the individuals’ strategies through mean-field parameters. Several application domains such141

as economics, physics, biology and network engineering accommodate mean-field game142

theoretic models (see [2,15,21,28]). For instance: in multi-inventory systems, mean-field143

games may be useful to capture coordination of reordering policies when setup costs depend144

on the number of active players, the latter being all those who place joint orders to a warehouse145

[23]; decision problems with mean-field coupling terms have also been formalized and studied146

in [9]; applications to power grids management are recently studied in [4].147

The literature provides explicit solutions in the case of linear quadratic structure; see [6].148

In most other cases, a variety of solution schemes have been proposed which make use of149

discretization techniques and numerical approximations [2]. Robustness and risk sensitivity150

are also open lines of research as evidenced in [8,27]. We refer the reader to [14] for a recent151

survey.152

We finally observe that in the different case of the presence of a stochastic noise in the153

dynamics, some partial results were already published in [26].154

2 The Game155

Consider a population of homogeneous players, each one characterized by an opinion x(s) ∈156

R at time s ∈ [0, T ], where [0, T ] is the time horizon window.157

The control variable is a measurable function of time u(·), s #→ u(s) ∈ R and establishes158

the rate of variation of the player’s opinion. It turns out that for a fixed initial time t ∈ [0, T ]159

and initial status x ∈ R, the opinion dynamics can be written in the form160

{

x ′(s) = u(s), s ∈ [t, T ],
x(t) = x0.

(1)161

Consider a probability density, in the most favorable case given by a function m : R ×162

[t, T ] → R, (x, s) #→ m(x, s), representing the percentage of players in state x at time s,163

which satisfies
∫

R
m(x, s)dx = 1 for every s ∈ [t, T ]. Let us also denote the mainstream164

opinion at time s (i.e., the mode of the distribution) as m(s) = arg maxy{m(y, s)}, or more165

generally the mainstream opinion as perceived by a player in state x at time s, as m[x](s) =166

arg maxy{h(|x − y|)m(y, s)}. The latter, as formally defined in the following section, is a167

distorted mode, as perceived by the players that use a function h(.) to weigh the other opinions168

based on a distance measure defined in the space of opinions.169

The objective of a player with opinion x is to adjust its opinion based on the (possibly per-170

ceived) mainstream opinion m[x](s). In other words, a player feels more and more rewarded171

when its and the mainstream opinion get closer and closer. Then, we assume that the players172

consider a running cost g : R
3 → [0,+∞), (x, m, u) #→ g(x, m, u) of the form:173

g(x, m, u) =
1

2

[

q
(

m − x
)2

+ ru2

]

+ K δ(u), (2)174
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where q , r and K are constant positive values and δ : R → {0, 1} is defined as175

δ(u) =

{

0 if u = 0

1 otherwise
. (3)176

When m represents the (perceived) mainstream opinion by an agent with opinion x , then177

the running cost g(·) given by (2–3) penalizes the square deviation of the player’s opinion178

from the mainstream opinion and involves also a penalty term on the energy of control (a179

quick change of opinion has a greater cost than a slow change) and a fixed cost on control.180

The latter term captures the level of stubbornness of the players, in which a greater fixed cost181

increases the inertia of the players, namely the tendency to maintain their original opinion182

in spite of the different inputs received from everybody else with a different opinion in the183

population.184

At the end of the horizon, every player pays a quantity that equals the square deviation of185

its opinion from the mainstream. This is modeled by a terminal penalty " : R2 → [0,+∞),186

(m, x) #→ "(m, x) of the form187

"(m, x) =
1

2
S
(

m − x
)2

, (4)188

where S is scalar and positive.189

The problem in its generic form is the following:190

Problem 1 Given a finite horizon T > 0, an initial distribution of opinions m0, a running191

cost g as in (2), a final cost " as in (4), and given the dynamics for x(·) as in (1), minimize192

over U the following cost functional,193

J (x0, t, u(·)) =
∫ T

t
g(x(s), m[x(s)](s), u(s))ds + "(m[x(T )](T ), x(T )) (5)194

where m[x(·)](·) as time-dependent function is the evolution of the mainstream opinion as a195

function of the players’ strategies and U is the set of all measurable functions from [t, T ] to196

R.197

In the above problem, the players show a crowd-seeking behavior in that they target a198

common value, the mainstream opinion. While doing this, the players move toward states199

characterized by a higher density of opinions. This may result in a Dirac impulse, a concen-200

tration of opinions in one point of the opinion space, at the end of the game. In this respect, a201

first issue is that the considered target value or mainstream opinion is the mode of the density202

distribution which must be computed via local maximization on the part of each player. This203

implies that the mainstream opinion is, in general, discontinuous in time and space. A second204

challenging aspect is that the cost functional includes a fixed cost on control which makes205

our problem different from classical linear quadratic ones.206

In general, one would like to use tools from dynamic programming, such as the Hamilton–207

Jacobi–Bellman equation. However, we highlight next a few issues. First, besides the already208

mentioned possible discontinuity in time, the mainstream may not be well defined when the209

maximum of the density function m is reached in more than one point; in such a case, it is not210

immediate to detect which value to insert in the costs g and ". In addition, when the density211

function is a discontinuous function, it is not clear what is the mode of it. For example, if the212

maximum of m is a point x where m has a large negative “jump,” may such x be considered213

as the mode? To deal with the above issues, in the following, we provide an ad hoc definition214

of mode.215
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For a further clarification of the language used in the sequel of the paper, hereinafter, we216

give the following definition.217

Definition 1 – a player is active (inactive) if its control is nonnull (null)218

– a control u is nonnull (null) in a interval [t1, t2] ⊆ [t, T ] if
∫ t2

t1
δ(u)dτ = t2 − t1, i.e., if it219

is nonnull almost everywhere (
∫ t2

t1
δ(u)dτ = 0, i.e., if it is null almost everywhere), that220

is, if the measure of the set in which u = 0 (u ̸= 0) in [t1, t2] is zero221

– a control u is nonidle if there are not two intervals [t̂1, t̂2], [t1, t2] ⊂ [t, T ] such that222

t̂2 ≤ t1 and u is null in [t̂1, t̂2] and nonnull in [t1, t2]. A player using nonidle control is223

(i) always active, (ii) always inactive or (iii) first active and then inactive. In no case, a224

player can switch from being inactive to active. We call switching time instant the time225

when a player turns to be inactive, with the understanding that if the player is always226

active as in case (i), then ŝ = t ; if the player is always inactive as in case (ii), then227

ŝ = T ; and finally, if the player is first active and then inactive as in case (iii), then228

ŝ = inf{s ∈ [t, T ] : u(s) = 0}229

– In contrast, we call idle all the policies that do not match the above criterion, i.e., policies230

that admit a switch from a null to a nonnull control.231

– a control ua is dominated by ub, for a given pair (x0, t) ∈ R × [0, T ], if232

J (x0, t, ua) − J (x0, t, ub) > 0233

– a control u is optimal, for a given pair (x0, t) ∈ R × [0, T ], if it is not dominated234

– a strategy u (i.e., a control in a feedback form) induces an equilibrium at time t if it is235

optimal for any x0 in the support of m(x, t) = m0(x) and if its application by the agents236

implies that m(x, s) = m0(x) for all t ≤ s ≤ T , i.e., the distribution remains constant237

(and so its mode too). Specifically, we say that the couple (u, m0) defines an equilibrium.238

We stress that the above definition delimits the scope of this work. Specifically, it indicates239

the particular kind of equilibrium that we consider. This kind of equilibrium requires that the240

population distribution remains constant over time. As we pointed out in the introduction,241

more general equilibria may possibly exist that just require that no player can benefit from a242

unilateral deviation from its current behavior.243

3 Constant Mainstream and Global Interaction244

In this section, we assume that the mainstream opinion is constant all over the horizon245

window. This allows us to introduce the notion of threshold strategy which will play a role246

throughout the paper. This situation is of particular interest for two reasons. On the one247

hand, it allows to identify the structure of an equilibrium policy. Indeed, in equilibrium the248

population distribution m(., .) remains constant over time by definition and then also the249

mainstream opinion perceived by the agents. On the other hand, in the second part of this250

work, we will study the consequences of applying such threshold strategies to a more general251

setting, where the perceived mainstream is possibly time-varying.252

Assuming a time-invariant mainstream implies the equality m(·) = m, where m is con-253

stant. We are then interested in determining the solution of the following auxiliary problem.254

Problem 2 Considering a dynamics for x as in (1), minimize over U the following cost255

functional256

J (x(t), t, u(·)) =
∫ T

t

(

1

2
q
(

m − x
)2

+
1

2
ru2 + K δ(u)

)

ds +
1

2
S
(

m − x(T )
)2

. (6)257

Journal: 13235 Article No.: 0167 TYPESET DISK LE CP Disp.:2015/8/29 Pages: 21 Layout: Small

A
u

th
o

r 
P

ro
o

f



un
co

rr
ec

te
d

pr
oo

f

Dyn Games Appl

Note that Problem 2 would be a classical linear quadratic tracking problem with constant258

reference signal, were it not for the presence of the fixed cost K δ(u). In order to restrict the259

set of candidate optimal control strategies, in the following we introduce some additional260

properties that characterize a nondominated solution.261

3.1 Properties of Nondominated Control262

There are control policies that can immediately be labeled as nonoptimal as they are trivially263

dominated. These policies include any control ua nonnull in a measurable interval [t1, t2] ⊆264

[t, T ] that induces a trajectory such that
(

m − x(t1)
)2

≤
(

m − x(t2)
)2

. Actually, such265

a control would induce a fixed cost K δ(ua) in addition to an increased cost derived from266

pushing the player’s state away from the target m̄. Control policies that are not trivially267

dominated are called nontrivially dominated.268

A second class of policies that do not fit in the set of optimal solutions involves all policies269

that are idle. Actually, the following lemma proves that a control that is idle is dominated.270

Lemma 1 Consider a nontrivially dominated control u ∈ U . If u is idle, then u is dominated.271

Proof This proof is based on a direct comparison of the cost induced by u with the cost of272

another solution, say ub. If u is idle, then there exist three time instants t1, t1 + $t and t2,273

with t ≤ t1 < t1 + $t < t2 ≤ T such that [t1, t1 + $t] and [t1 + $t, t2] are intervals and274

u is null in [t1, t1 + $t] and is nonnull in [t1 + $t, t2]. We prove that u is dominated by a275

control ub defined as follows:276

ub(t) =

⎧

⎪

⎨

⎪

⎩

u(t), t /∈ [t1, t2]
u(t + $t), t ∈ [t1, t2 − $t)

0, t ∈ [t2 − $t, t2]
.277

Under both controls u and ub, the player state evolves so that x(t1) =
∫ t1

t u(τ )dτ + x0 =278

∫ t1
t ub(τ )dτ + x0, and x(t2) =

∫ t2
t u(τ )dτ + x0 =

∫ t2
t ub(τ )dτ + x0. Consequently, the costs279

induced by the two controls are equal for 0 ≤ t ≤ t1 and t2 ≤ t ≤ T , as in such intervals the280

two controls assume the same values and induce the same states for the player.281

Then considering the interval [t1, t2] , the cost paid by u is282

∫ t1+$t

t1

1

2
q
(

m − x(t1)
)2

dt +
∫ t2

t1+$t

1

2
q
(

m − x(t)
)2

dt +
∫ t2

t1+$t

1

2
ru(t)2dt +

∫ t2

t1+$t
K dt.283

Differently, the cost paid by ub is (here xb(·) is the trajectory under the control ub)284

∫ t2−$t

t1

1

2
q
(

m − xb(t)
)2

dt +
∫ t2

t2−$t

1

2
q
(

m − x(t2)
)2

dt285

+
∫ t2−$t

t1

1

2
ru(t + $t)2dt +

∫ t2−$t

t1

K dt.286

Now, by the almost obvious equalities
∫ t2

t1+$t K dt =
∫ t2−$t

t1
K dt ,

∫ t2
t1+$t

1
2ru(t)2dt =287

∫ t2−$t
t1

1
2ru(t + $t)2dt and

∫ t2
t1+$t

1
2 q

(

m − x(t)
)2

dt =
∫ t2−$t

t1
1
2 q

(

m − xb(t)
)2

dt , we get288

that289

J (x0, t, u) − J (x0, t, ub) =
1

2
q

(

(

m − x(t1)
)2

−
(

m − x(t2)
)2

)

$t > 0,290
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which is positive, as u is nontrivially dominated. Hence, J (x0, t, u) > J (x0, t, ub), which291

proves the lemma. ⊓-292

Consider, for each t̂ ∈ [t, T ], the following cost functional, which is defined as in (6) but293

only on control strategies with switching time t̂ , namely a control strategy characterized by294

a nonnull control only up to time t̂ , after which the control is set to zero:295

Ĵ (x0, t, t̂, u(·))=
∫ t̂

t

(

1

2
q
(

m − x(τ )
)2

+
1

2
ru(τ )2 + K

)

dτ+
1

2
(S+q(T −t̂))

(

m−x(t̂)
)2

.

(7)296

Due to the quadratic structure of (7), there always exists a unique optimal solution in U×[t, T ]297

for the problem Ĵ ∗(x0, t̂) = min(u,t̂)∈U×[t,T ]{ Ĵ (x0, t, t̂, u(·)) s.t. ẋ = u}.298

In light of these considerations, and from Lemma 1, we have the following theorem.299

Theorem 1 (Threshold optimal policy) Given (x0, t), there is a unique solution300

(u∗, t̂∗) = arg min
(u,t̂)∈U×[t,T ]

Ĵ (x0, t, t̂, u(·))301

where the control u∗ is given by (in a form depending on s and on the actual state x(s)):302

u∗[(x0, t)](s) =

{

a[(x0, t)](s)(m̄ − x(s)) for t ≤ s < t̂∗

0 for t̂∗ ≤ s < T,
(8)303

where a[(x0, t)] : [t, T ) → [0,+∞) is a nonnegative time-varying function strictly decreas-304

ing in [t, t̂∗] whose structure depends on the initial choice (x0, t). Furthermore, given305

Problem 2, no control in U dominates u∗, that is, Problem 2 has an optimal control which is306

nonidle.307

In addition, there exists a time-varying threshold function λ : [t, T ) → R such that308

u∗[(x0, t)](s) can be rewritten as time-varying state-feedback strategy309

u∗[φ(x(s), s), t](s) =

{

0 if |m − x(s)| ≤ λ(s),

a[φ(x(s), s), t](s)(m̄ − x(s)) ̸= 0 otherwise,
(9)310

where φ : R × [t, T ] → R is a function that, given a time s and a state x(s), returns the311

unique initial state x0 from which we can reach x(s) at time s.312

Function λ(·) is increasing in time and equal to313

λ(s) =
√

2Kr

q(T − s) + S
, t ≤ s ≤ T . (10)314

Proof We determine the unique solution of problem Ĵ ∗(x0, t) = min(u,t̂)∈U×[t,T ]{ Ĵ (x0, t, t̂,315

u(·)) s.t. ẋ = u}, where Ĵ (·) is defined as in (7), through the application of the maximum316

principle that leads to the following conditions:317

ẋ(s) = u(s) (11a)318

ξ̇(s) = q(x(s) − m̄) (11b)319

ξ(s) = −ru(s) (11c)320

x(t) = x0 (11d)321

ξ(t̂∗) = −(S + q(T − t̂∗))(x(t̂∗) − m̄) (11e)322

1

2
ru2(t̂∗) = K (11f)323

324
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Fig. 2 Example of possible state
trajectories for different initial
states x(t) and of the threshold
function λ(s)

where ξ(s) represents the generic player costate.325

The structure of the optimal control as in (8) is a straightforward consequence of the326

solution of the conditions (11a–11e). The existence of function φ(·) is a consequence of327

the uniqueness of the optimal control. Indeed, this property implies that a state x(s) can be328

reached at time s starting from a unique initial state x0 at time t if the optimal control is329

applied.330

Finally, we observe that through conditions (11c), (11e) and (11f), we have an expression331

for the player state x(t̂∗), where t̂∗ is the switching time. In particular, we obtain |x(t̂∗)−m̄| =332 √
2Kr

q(T −t̂∗)+S
and hence (9) and (10). ⊓-333

Figure 2 depicts a qualitative plot of the state trajectories and of the threshold function for334

the optimal control strategy given in (8).335

Note that if |m − x0| ≤
√

2Kr
q(T )+S , then the corresponding control strategy yields controls336

constantly null over the horizon. On the other hand, if |m − x(T )| >
√

2Kr
S , then the corre-337

sponding control strategy yields controls constantly nonnull over the horizon.338

Remark 1 Theorem 1 states that the presence of an activation cost attenuates the bandwagon339

effect and formalizes in which way the attenuation operates:340

– the control policy (9) indicates that the players who draw their opinion toward the main-341

stream opinion are those whose opinions are away from the mainstream by more than342

the value indicated by the threshold; differently, the players, whose opinions differ from343

the mainstream of a value smaller than or equal to that of the threshold, do not pay the344

activation cost and keep their opinion fixed.345

– the structure (10) of threshold λ(.) indicates that the smaller the activation cost, the smaller346

the attenuation of the bandwagon effect. The attenuation disappears when the activation347

cost is null.348

In the following section, we will also provide some sufficient condition under which the349

bandwagon effect disappears due to the presence of a high activation cost.350
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4 Threshold Policy and Local Interactions351

In the previous section, we focused on individually optimal strategies. That is, we proved that352

equilibrium strategies are threshold ones exploiting the fact that the mainstream opinion m(·)353

is constant and equal to a given value m. In this section, we focus on the macroscopic system354

described by the “population distribution.” We first present some sufficient conditions that355

help to identify initial distributions that together with the threshold policy derived in the356

previous section define an equilibrium. After doing this, we study the problem faced by357

partially rational players that are not able to determine an optimal strategy. Specifically, we358

consider the case in which the players, given the results for the constant mainstream opinion359

case, behave myopically and make decisions freezing all future values of the mainstream360

opinion to the last available measured value. In other words, at each time instant, the players361

act as if the current mainstream opinion would remain constant all over the rest of the horizon362

window.363

In the sequel, we make the following assumptions.364

Assumption 1 1. The density function m is continuous on its support.365

2. The mainstream opinion as perceived by a player in state x(s) at time s is a (distorted)366

mode defined as m[x(s)](s) = arg maxy{h(|x(s) − y|)m(y, s)}, where m(y, s) is the367

density of the players’ states in y at time s and h : [0,+∞) → [0,+∞) is a continuous368

fading function, nonincreasing such that h(0) = 1. In the presence of multiple distorted369

modes, function arg(·) returns the distorted mode closest to x(s). In the presence of two370

closest distorted modes, equidistant from x(s) function arg(·) returns the closest distorted371

mode on the left of x(s).372

3. The players implement a threshold strategy as in (9)373

u∗(x(s)) =

{

0 if |m[x(s)](s) − x(s)| ≤ λ(s),

a(s)(m[x(s)](s) − x(s)) ̸= 0 otherwise.
(12)374

in spite of the possible time-varying nature of m(·). In particular, as λ(s) > 0 for t ≤ s ≤375

T , u∗(x(s)) switches abruptly to 0 when there exists ε > 0 such that m[x(τ )](τ ) ̸= x(τ )376

for s − ϵ ≤ τ < s and m[x(s)](s) = x(s) so that377

m(x(s), s) ≤ sup
s−ϵ≤τ<s

{h(|x(τ ) − m[x(τ )](τ )|)m(m[x(τ )](τ ), τ )}. (13)378

Under the above assumption, we are interested in studying the game evolution. To this379

end, we preliminarily determine under what initial opinion density distribution functions,380

the controls, given by the threshold strategy, are null for all the players, i.e., u∗(x(s)) = 0381

for all x(s) belonging to the support, supp(m(., s)), of m(., s). Hereafter, we refer to such382

distributions as Null Control Inducing (NCI) distributions.383

4.1 Null Control Inducing Distributions384

Lemma 2 Let a threshold strategy (9) be implemented and Assumptions 1 hold. An initial385

distribution m0 is NCI iff386

∀x ∈ supp(m0(.)) ∃y : |y − x | ≤ λ(t), m0(y)h(|y − x |) ≥ m0(z)h(|z − x |),∀z. (14)387

Proof By definition of threshold strategy (9), u∗(x, t) = 0 iff |m0[x] − x | ≤ λ(t). Since388

m0(y)h(|y − x |) ≥ m0(z)h(|z − x |) for all z, then we have y = m0[x] and |y − x | ≤ λ(t)389

and the lemma is proved. ⊓-390
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We can restate the above lemma saying that m0 is NCI, if each player with opinion x391

thinks that the mainstream opinion is within It (x), where It (x) is the neighborhood of x with392

radius λ(t). Then, it is immediate to verify that the uniform distribution is NCI as well as the393

limit case of a distribution with a single point mass (a Dirac impulse in a single point). In the394

former case, each player considers its opinion the mainstream one. In the latter case, all the395

players’ opinions have a same value.396

Remark 2 The interest in NCI distributions is given by the fact that together with a threshold397

strategy (12), they define an equilibrium (see Definition 1). Indeed, being u∗(x(s)) = 0 for398

all x(s) in the support of m(., s), then m(., s), and hence its (distorted) mode m̄ too, remains399

constant in time and, by the result of the previous section, the threshold strategy is then400

optimal. We recall that the value of λ(s) in (12) is independent of m̄(s) and increases over401

time for t ≤ s ≤ T .402

Hence, in this particular case, we almost recover the usually fixed point definition of an403

equilibrium for a mean-field game, that is: the pair (u∗, m0) given by a the threshold strategy404

and a NCI distribution is a fixed point solution of the following system405

⎧

⎪

⎪

⎨

⎪

⎪

⎩

min
u

∫ T

t
g(x(s), m[x(s)](s), u(s))ds + "(m[x(T )](T ), x(T ))

∂t m = −∂x (mu∗) = 0 t ≤ s ≤ T

m(x, t) = m0(x)

406

Here, we said “we almost recover” because we do not write the HJB equation synthesizing407

u∗, but we replace it by the minimization problem, satisfied by u∗. Moreover, the transport408

equation (with null right-hand side by the nature of u∗) is the natural transport equation409

satisfied by the distribution of agents moving subject to the dynamics in (1) with u∗ as410

control. Note that in this case, such partial differential equation is easily deduced by the411

vanishing of u∗ and, however, even for rather general discontinuous u∗, we can deduce the412

equation just by a conservation of mass principle, which only involves integrability of the413

functions (and indeed the equation is also called a conservation law). Obviously in such a414

more general case, the partial differential equation must be suitably interpreted in a weak415

sense. We are going to use such a weak sense in the next paragraph 4.2416

In the following, we introduce some particular nontrivial NCI distributions, in the presence417

of fading functions of the following types:418

– piecewise linear: h(q) = max{1 − αq, 0}, with α > 0;419

– exponential: h(q) = e−αq , with α > 0;420

– Gaussian: h(q) = e−αq2/2, with α > 0.421

We will show that m is NCI if it is either sufficiently smooth or sufficiently “peaky.”422

4.1.1 Lipschitz m0(x) Function423

Let m0(x) have a compact support supp(m0(.)) ⊂ R and be such that inf x∈supp(m0(.)){m0(x)}424

> ϵ > 0 for a suitable ϵ and |m0(y) − m0(x)| ≤ L|x − y|, for some positive constant L , in425

supp(m0(.)), i.e., m0(x) is a Lipschitz function in supp(m0(.)). Then, if h(·) is piecewise426

linear, m0(x) is NCI if α ≥ L
infx∈supp(m0(.)){m0(x)} .427

Under the above hypotheses, condition (14) holds for y = x , i.e., each player considers428

its opinion the mainstream one. Indeed, for y = x , |y − x | ≤ λ(t) trivially holds, and the429

second condition can be rewritten as430

m0(x) ≥ m0(z)h(|z − x |), ∀z. (15)431
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The above condition is trivially true for all z /∈ supp(m0(.)) or such that h(|z − x |) = 0.432

Differently for z ∈ supp(m0(.)) and such that h(|z−x |) > 0, that is, h(|z−x |) = 1−α|z−x |,433

the following argument holds. As m0(x) is a Lipschitz function in supp(m0(.)), we have434

m0(x) ≥ m0(z) − L|z − x |. Hence, (15) certainly holds because m0(z) − L|z − x | ≥435

m0(z)h(|z − x |). Indeed, for all z ∈ supp(m0(.)) and such that h(|z − x |) > 0,436

α ≥
L

inf x∈supp(m0(.)){m0(x)}
⇒ m0(z)α ≥ L ⇒437

m0(z)α|z − x | ≥ L|z − x | ⇔438

m0(z) − L|z − x | ≥ m0(z) − m0(z)α|z − x | = m0(z)h(|z − x |)439
440

4.1.2 Lipschitz log(m0(x)) Function441

Let log(m0(x)) be a Lipschitz function, i.e., | log(m0(y)) − log(m0(x))| ≤ L|x − y|, on442

the support of m0. Note that this fact implies that m0 is strictly positive in all its supports.443

If h(·) is piecewise linear or exponential, then m0(x) is NCI if α ≥ L . Indeed, under these444

hypotheses, for any x ∈ supp(m0(.)), condition (14) holds for y = x . In fact, (15) certainly445

holds for z /∈ supp(m0(, )), but it also holds for z ∈ supp(m0(.)) because446

| log(m0(x)) − log(m0(z))| ≤ L|x − z| ⇒ m0(x) ≥ m0(z)e
−L|z−x | (16)447

448

and m0(z)e
−L|z−x | ≥ m0(z)h(|z − x |). Indeed, the latter condition is trivially true for h(|z −449

x |) = 0. Differently, for h(|z − x |) > 0, we have that450

L ≤ α ⇒ e−L|z−x | ≥ 1 − α|z − x | and e−L|z−x | ≥ e−α|z−x | ⇒451

e−L|z−x | ≥ h(|z − x |) ⇒ m0(z)e
−L|z−x | ≥ m0(z)h(|z − x |)452

453

Now, if log(m0(x)) is a Lipschitz function and differentiable, then distribution m0(x)454

is NCI also if h(q) is a Gaussian kernel and L ≤ αλ(t) as, for all x , we have m0[x] =455

arg max{m0(y)e−α(x−y)2/2} ∈ It (x). Indeed, we have456

∂m0(y)e−α(x−y)2/2

∂y
= e−α(x−y)2/2(m′

0(y) + α(x − y)m0(y))457

= 0 ⇔ m′
0(y) + α(x − y)m0(y) = 0.458

459

Hence, ŷ = m0[x] is such that
m′

0(ŷ)

m0(ŷ)
= α(ŷ − x)460

As log(m0(x)) is a Lipschitz function, we have
∣

∣

∣

m′
0(y)

m0(y)

∣

∣

∣
≤ L for all y. Hence, y ∈ It (x) if461

|ŷ − x | ≤ L
α ≤ λ(t).462

4.1.3 “Peaky” m0(x) Function463

Let m0(x) be defined on a bounded support and characterized by a set , = {x1, x2, . . . , xn :464

x1 < x2 < . . . < xn} of n local maxima such that:465

i) each xk ∈ , is an absolute maximum of function m0(x)h(|x − xk |), that is, each player466

in xk feels itself a leader and considers its opinion the mainstream one;467

ii) for all x ∈ ∂ It (xk), m0[x] /∈ It (xk) \ ∂ It (xk), for all xk ∈ ,, that is, each player on the468

frontier of It (xk) thinks that the mainstream opinion is not in It (xk);469
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iii)
⋃

xk∈, It (xk) ⊇ [x0, xn+1], where [x0, xn+1], with x0 ≤ x1 and xn+1 ≥ xn is the470

minimum interval including the support set of m0(x), that is, the neighborhoods of the471

leaders cover all the possible opinions.472

We have that m0(x) is NCI if log h(·) is sublinear, that is, for any p, q ≥ 0 h(p + q) ≤473

h(p)h(q).474

To prove such a result, we need to show that the following critical properties hold true:475

– first critical property: if x ∈ [xk, xk+1], then m0[x] ∈ [xk, xk+1].476

– second critical property: if x ∈ [xk, xk+1], then either both x and m0[x] are in It (xk) or477

both of them are in It (xk+1).478

If both properties hold, we have that if x ∈ [xk, xk+1], then |m0[x]−x | ≤ λ(t), as assumption479

(iii) implies that xk+1 − xk ≤ 2λ(t) and It (xk) (respectively, It (xk+1)) has radius λ(t)480

and is centered in xk (respectively, in xk+1). Consequently, if both such properties hold,481

condition (14) holds true as well since from assumption (iii), all x in the support of m0(x)482

belong to some interval [xk, xk+1]. Hence, m0(x) is NCI.483

To prove the first critical property, we observe that given x ∈ [xk, xk+1], if y = m0[x] <484

xk were true, then it would hold m0(y)h(|y − x |) > m0(xk)h(|xk − x |) in contradiction485

with m0(y)h(|y − x |) ≤ m0(y)h(|y − xk |)h(|xk − x |) ≤ m0(xk)h(|xk − x |), where the486

first inequality holds for the logarithmic sublinearity of h(·) and the second inequality for487

assumption (i). Symmetric argument applies to y > xk+1.488

To prove the second critical property, we observe that x ∈ [xk, xk+1] implies that either489

1. x ∈ It (xk) \ It (xk+1) or490

2. x ∈ It (xk) ∩ It (xk+1) or491

3. x ∈ It (xk+1) \ It (xk).492

If condition (2) holds, the property is proved since the first critical property implies m0[x] ∈493

It (xk)∪ It (xk+1). Condition (3) is symmetric to condition (1), so we need to verify the second494

critical property only when the latter condition holds.495

Let z be the only element on the frontier of It (xk+1) in [xk, xk+1] (if z does not exist, that496

is, if It (xk+1) contains [xk, xk+1], then the thesis is straightforward), ẑ = m0[z], x̂ = m0[x].497

By assumption (ii), we have xk ≤ ẑ ≤ z. If condition (1) holds, then xk ≤ x < z and we498

have to prove that also xk ≤ x̂ ≤ z is true. We prove the latter inequalities by contradiction,499

i.e., assuming that z ≤ x̂ ≤ xk+1.500

By definition of ẑ, we have501

m0(ẑ)h(|z − ẑ|) ≥ m0(x̂)h(|x̂ − z|).502

If xk ≤ ẑ ≤ x and z ≤ x̂ ≤ xk+1, we also have503

m0(ẑ)h(|x − ẑ|) ≥ m0(ẑ)h(|z − ẑ|) ≥ m0(x̂)h(|x̂ − z|) ≥ m0(x̂)h(|x̂ − x |)504
505

in contradiction with the definition of x̂ that implies m0(ẑ)h(|x − ẑ|) < m0(x̂)h(|x̂ − x |).506

The proof is complete if also xk ≤ x < ẑ and z ≤ x̂ ≤ xk+1 lead to a contradiction.507

Specifically, under these conditions, we can write508

m0(ẑ)h(|ẑ − x |) ≥ m0(ẑ)h(|ẑ − x |)h(|z − ẑ|) ≥509

≥ m0(x̂)h(|x̂ − z|)h(|ẑ − x |) ≥ m0(x̂)h(|x̂ − z| + |ẑ − x |) ≥ m0(x̂)h(|x̂ − x |),510
511

where the first inequality holds as h(|z − ẑ|) ≤ 1, the second inequality holds by definition of512

ẑ, the third inequality holds by logarithmic sublinearity of the fading function, and finally the513

forth inequality holds since h(q) is nonincreasing for q ≥ 0 and |x̂ − x | = |x̂ − z| + |z − ẑ|514
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+ |ẑ − x | ≥ |x̂ − z| + |ẑ − x |. Again, the above chain of inequalities is in contradiction with515

the definition of x̂ that implies m0(ẑ)h(|ẑ − x |) < m0(x̂)h(|x̂ − x |).516

We conclude this section observing that piecewise linear, exponential and Gaussian fading517

functions are examples of logarithmic sublinear functions. We also observe that the above518

theorem can be trivially generalized to any time instant different from the initial one.519

4.2 Game Evolution520

In general we cannot prove that a threshold strategy (12) either is optimal or leads to an521

equilibrium. In this section, we provide some results about the evolution of the distribution522

m(., .) over the interval of time t ≤ s ≤ T , when players apply such a threshold strategy in523

the presence of a non-NCI initial distribution. We consider just a simple initial distribution524

of opinions with just one leading opinion that may represent an initial virgin state which525

has never experienced evolution. Our aim is to show how threshold strategies may introduce526

particular “pathological” behavior in the evolution of the distribution m(., .). Specifically,527

even distribution initially smooth may evolve to include many discontinuous points.528

From a technical point of view, it is worth mentioning that in this section we derive some529

property of the population distribution having fixed the players’ strategies, whereas in Sect. 3530

we derived some property of the players’ strategies having fixed the statistics of interest of the531

population distribution. Note that while in Sect. 3 we dealt with an optimal control problem,532

we now deal with the problem of individuating weak solutions of a transport PDE in this533

section, (see also Remark 2 for the meaning of the transport equation).534

We suppose that the following assumptions hold.535

Assumption 2 At the initial time t , the distribution m(x, t) = m0(x) with support536

supp(m0(.)) ⊆ R is537

1. a differentiable function in supp(m0(.)) with no point mass;538

2. a weakly unimodal function in supp(m0(.)).539

We define m0(·) as weakly unimodal, if there exists a value x̄ for which m0(·) is not decreasing540

for any x ≤ x̄ and not increasing for any x ≥ x̄ . For the ease of illustration, we also assume that541

x̄ is the only solution of x̄ = arg max{m0(x)}. However, our arguments trivially generalize542

if arg max{m0(x)} defines an interval.543

We recall that Is(x) = {y : |y − x | ≤ λ(s)} is the neighborhood of radius λ(s) of the544

state x .545

Theorem 2 Under Assumptions 1 and 2, the following facts hold:546

1. x̄ = arg max{m(x, s)} for t ≤ s ≤ T ;547

2. u∗[x](τ ) = 0 for all t ≤ s ≤ τ ≤ T for all x ∈ Is(x̄);548

3. ∂x u∗[x](s)|x=x̄ = 0.549

Proof We observe that if x̄ = arg max{m(x, s)} for some s, then the players apply u∗[x](s) =550

0 for all x ∈ Is(x̄), Indeed, for all x ∈ Is(x̄) we have that m̄[x](s) ∈ Is(x) as551

m(y, s)h(|y − x |) ≤ m(x̄, s)h(|x̄ − x |) ≤ m(m̄[x](s), s)h(|m̄[x](s) − x |), ∀y /∈ Is(x).552

Specifically, the first inequality holds due to the maximality of x̄ with respect to m(., s)553

and as |x̄ − x | ≤ λ(s) ≤ |y − x |. The second inequality holds due to the maximality of554

m̄[x](s) with respect to m(., s)h(| · −x |) that in turn implies ∂x u∗[x](s)|x=x̄ = 0.555

As u∗[x](s) = 0 in a neighborhood of x̄ , specifically for all x ∈ Is(x̄) for t ≤ s ≤ T ,556

we have that dx(s) = 0 for x(s) ∈ Is(x̄), and hence ∂t m(x̄, s) = 0 which in turn implies557
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m(x̄, s) = m0(x̄). Then, from the latter result, we obtain what follows. First, condition (1),558

namely x̄ = arg max{m(x, s)} for t ≤ s ≤ T , is a straightforward consequence of Assump-559

tions 1.2, and more specifically of (13) that prevents any x(s) ̸= x̄ to be associated with560

m(x(s), s) ≥ m(x̄, s) = m0(x̄) for t ≤ s ≤ T . Second, condition (2), namely u∗[x](τ ) = 0561

for all t ≤ s ≤ τ ≤ T for all x ∈ Is(x̄), holds since Is(x̄) ⊆ Iτ (x̄) if t ≤ s ≤ τ ≤ T . Third,562

condition (3), namely ∂x u∗[x](s)|x=x̄ = 0, holds as Is(x̄) is a neighborhood of x̄ . ⊓-563

In addition, in the general case, m(., .) can present discontinuities even if m0(.) is con-564

tinuous. To this end, let us consider the situation in which h(.) = 1 for all x ∈ R. From565

Assumption 2.1, we can describe m(., .) in terms of weak solutions of the following prob-566

lem:567

∂t m = −∂x (mu∗)568

m(x, t) = m0(x) ∀x ∈ supp(m0(.)). (17)569

We recall that in this setting, “weak solution” means that
∫ ∫

mϕt + (u∗m)ϕx dxds +570
∫

m0ϕ(·, t)dx = 0 for all C1 test functions ϕ with compact support. We also recall (see,571

e.g., [25]) that when the domain is divided into two parts by a regular curve s #→ γ (s) = x ,572

and when m is of class C1 in every one of the two parts and separately in both parts satisfies573

the transport problem (17), then in the whole domain, m is a “weak solution” if and only if574

the possible jump discontinuities of m and of mu∗, say [m] and [mu∗], on the curve γ satisfy575

the so-called Rankine–Hugoniot condition: γ ′(s)[m(γ (s), s)] = [(mu∗)(γ (s), s))].576

We will study m(x, s) for x ≥ x̄ as symmetric arguments hold for x ≤ x̄ .577

Let us introduce the following notation:578

• T̃ = sup{s : t ≤ s ≤ T, m̄[x](s) = x̄, x ≥ x̄}579

• û[x](s) = a(s)(x̄ − x) for t ≤ s ≤ T̃ , that is, û can be seen as a “prolongation” of u∗
580

[defined in the first line of (8)] as û = u∗ where u∗ ̸= 0581

• m̂(x, s) the solution of the PDE582

∂t m̂ = −∂x (m̂û), m̂(x, t) = m0(x)), (18)583

that is, m̂ is the solution of the transportation equation when the control û is implemented584

We are then in the condition to state the following theorem.585

Theorem 3 For t ≤ s ≤ T̃ and for x ≥ x̄ ,586

m(x, s) =

{

m̂(x, s) for t ≤ s < sx

min{m̂(x, sx ) − m̂(x,sx )û(x,sx )
λ′(sx ) , m0(x̄)} for sx ≤ s ≤ T̃

(19)587

is a weak solution of Eq. (17) with possibly a jump discontinuity at (x, sx ), where588

sx =

⎧

⎪

⎨

⎪

⎩

t if x ≤ x̄ + λ(0),

ŝ : λ(ŝ) = x if x̄ + λ(0) < x ≤ x̄ + λ(T̃ ),

T̃ if x > x̄ + λ(T̃ ),

(20)589

and m̂ is the solution of (18).590

Proof We initially observe that solution (19) is equal to m(x, t) for all x ∈ It (x̄). In addition,591

solution (19) is equal to m̂(x, t) for x > x̄ + λ(T̃ ). For the remaining points, if m̂(x, sx ) −592

m̂(x,sx )û(x,sx )
λ′(sx ) < m0(x̄), this theorem is an immediate consequence of the Rankine–Hugoniot593

theorem (see, e.g., [25] p. 79). Indeed, we note that all the conditions of the Rankine–Hugoniot594
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(1)

(2)

(3)

Fig. 3 From top to bottom: 1 the filled curve represents the initial distribution m0 at the initial time, here
assumed t = 0; the point-dashed curve represents a qualitative modification of the profile of the solution at
time s when m(x, sx ) < m0(x) for all x ; 2 a possible representation of the solution m in the case as in (21),
as well as in the case of constant threshold λ(s) ≡ λ; 3 qualitative representation of the characteristics for the
solution in the previous case (1); in particular, the solution is subject to a jump (here generically indicated by
$m) when crossing the discontinuity curve (λ(s), s)

theorem are satisfied. Specifically, for t ≤ s ≤ T̃ and for each x , m1(x, s) = m̂(x, s)595

and m2(x, s) = m̂(x, sx ) − m̂(x,sx )û(x,sx )
λ′(sx ) = const are classical solutions of problem (17),596

respectively, for t ≤ s < sx and for sx < s ≤ T̃ . Both m1() and m2() are differentiable where597

defined. In addition, (20) defines a monotonic curve that divides the open right quadrant (x, s)598

for x ≥ x̄ and s ≥ t in two pieces lying to the right and to the left of the curve. Finally,599

lim(y,s)→(x,s+
x ) u∗[y](s)m2(y, s) − lim(y,s)→(x,sx )− u∗[y](s)m1(y, s) = λ′(sx )($m)(x, sx ),600

where ($m)(x, sx ) is the “jump” that (19) shows in each (x, sx ). (See Fig. 3.)601

Consider now m̂(x, sx ) − m̂(x,sx )û(x,sx )
λ′(sx ) ≥ m0(x̄). The condition m(x, sx ) = l < m0(x̄)602

cannot realize as it is in contradiction with the fact that one can define a control u◦ such603

that u∗[x](s) < u◦[x](s) < 0 for t ≤ s ≤ T̃ and x ≥ x̄ + λ(T̃ ) which induces a value604

l < m(x, sx ) < m0(x̄). In plain words, one can find a less intense control that induces a greater605

jump. A value m(x, sx ) ≥ m0(x̄) implies sx = T̃ , then the Rankine–Hugoniot theorem does606

not apply, and, on the contrary, any value m(x, sx ) ≥ m0(x̄), and hence m(x, sx ) = m0(x̄),607
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corresponds to a weak solution for problem (17). Indeed, m1(x, s) = m̂(x, s) is a classical608

solution for t ≤ s < sx , whereas the interval [sx , T̃ ] has a null measure. This latter condition609

holds even in the pathological situation in which the interval [t, sx ) is empty. ⊓-610

It is worth noting that in the above theorem, the choice of setting m(x, sx ) = m0(x̄) when611

m̂(x, sx ) − m̂(x,sx )û(x,sx )
λ′(sx ) > m0(x̄) needs a stronger justification. To this purpose, it is worth612

noting that such a choice is coherent with the fact that the control applied by a player with613

state equal to x drops abruptly to 0 when x becomes an absolute maximum.614

The iterative application of the above theorem allows to describe m(x, s) for all x and for615

all t ≤ s ≤ T in terms of the composition of successive weak solutions of (17) as described616

in the following three-step recursive procedure. In this context, we define F(s) = {x ≥ x̄ :617

m(x, τ ) = m(x, s), τ ≥ s} as the set of the states x for which the value of m(x, τ ) does not618

change from s on.619

1. We know that m(x, s), as defined in (19), is a weak solution of (17) t ≤ s ≤ T̃ . Then,620

F(t) ⊇ It (x̄) provided that max{m(x, s); s ≥ t} = m0(x̄). If T̃ = T , the problem is621

solved, otherwise if T̃ < T , we must define m(x, s) for T̃ ≤ s ≤ T and we go to the622

next step.623

2. We observe that if T̃ < T , m(x̄ +λ(T̃ ), T̃ ) = m(x̄, t) must hold, as for all x > x̄ +λ(T̃ ),624

m(x̄, T̃ ) is certainly less than m(x̄, t) since ∂sm̂(x, s) ≤ 0 for all x > x̄ and t ≤ s ≤ T̃ .625

This fact in turn implies that m̄[x][T̃ ] = x̄ + λ(T̃ ) for all x ≥ x̄ + λ(T̃ ) and hence626

m(x, s) = m(x, T̃ ) for T̃ < s ≤ T and x ∈ IT̃ (x̄ + λ(T̃ )). Then F(s) ⊇ F(t) ∪ IT̃ (x̄ +627

λ(T̃ )) will also hold provided that max{m(x, s); s ≥ T̃ } = m0(x̄). For the definition of628

m(x, s) for s > T̃ and x > x̄ + 2λ(T̃ ), we go to the next step.629

3. We recursively repeat the above steps after having applied at each recursion the arguments630

of Theorem 3 by renominating x̄ + λ(T̃ ) with x̄ and T̃ with t .631

We first note that the above procedure defines a weak solution whose maximum value is632

always m0(x̄). Hence, the recursive inclusion F(s) ⊇ F(t) ∪ IT̃ (x̄ + λ(T̃ )) always holds.633

Then, let us denote by T̃k the value of T̃ at the end of the k-recursion of the above procedure634

and set T̃0 = t . The above recursive procedure surely terminates in a number of steps less635

than or equal to |supp(m0(.))|
λ(t) if the measure of supp(m0(.)) is finite since supp(m0(.)) ⊇636

supp(m(., s)) for t ≤ s ≤ T̃ and since at the end of the generic k recursion we have that637

F(T̃s) ⊇ {x : x̄ ≤ x ≤ x̄ + kλ(t)}.638

If there exists no finite value R such that B(0, R) ⊇ supp(m0(.)), then we can have at639

most a countable number of values of T̃k , some of which may also coincide. A particular640

pathological situation is the one in which m̂(x, t) − m̂(x,t)û(x,t)
λ′(t) = m0(x) − m0(x)û(x,t)

λ′(t) ≥641

m0(x̄) for all x ∈ supp(m0(.)) = R. In this case, the application of the above algorithm642

leads to the following weak solution with a countable number of discontinuous points:643

m(x, s) =

{

m0(x) for all x ̸= ± kλ(t) with k ∈ N

m0(x̄) for all x = ± kλ(t) with k ∈ N
for t < s ≤ T . (21)644

Remark 3 Equation (17) is a discontinuous scalar conservation law in the unknown m, where645

the discontinuity is due to the discontinuity of u∗ with respect to x [it suddenly becomes equal646

to 0 whenever x is suitably near to the mode of m (threshold policy)]. This fact brings several647

problems in order to define what a solution is and further to give some uniqueness results.648

Here we only comment some facts.649

First of all, as explained in Theorem 3, and qualitatively shown in Fig. 3(1), the solution650

is expected to be discontinuous. This is indeed a common feature of (even continuous)651
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scalar conservation laws. In our case, however, we have a discontinuity threshold (λ(·))652

which is moving in the opposite direction with respect to the transportation given by the653

field f (m) := u∗m, and hence we do not recover the standard concept of “shock” for654

conservation laws (as, for example, in the case of the Riemann problem (see [25])). Moreover,655

the discontinuity curve is not generated by the solution (as it is the case when we have a shock656

in a continuous scalar law), but instead it is a discontinuity in the coefficient u∗ of the equation.657

In general, the Rankine–Hugoniot condition does not guarantee the uniqueness of the658

solution. One usually adds the so-called Lax shock condition which, in the scalar case,659

requires that the characteristics impinge on the discontinuity curve, which is not our case,660

where instead [see Fig. 3(3)] the characteristics cross the discontinuity curve. Indeed, if we661

search for a solution satisfying the usual Lax shock condition, then we should arrive at a662

discontinuity line nonconsistent with the definition of u∗. This is also the reason why, in the663

characteristics portrait Fig. 3(3), we explicitly require to consider a jump in the solution when664

crossing the discontinuity line [as given in (19)]. This seems to be the unique way to define665

a weak solution of (17). Also note that we have another discontinuity curve: the vertical line666

γ (s) = λ(0) [see Fig. 3(1)]. This is because at the point (λ(0), 0) the solution immediately667

shows a discontinuity. However, for this curve, the derivative (with respect to s) is zero and668

u∗ is also zero on both sides. Hence, the Rankine–Hugoniot condition is trivially satisfied.669

The above discussion refers to the case when the jump across the discontinuity curve is such670

that the new value of m remains lower than the maximum m0(x) of the initial distribution, and671

so the mode does not change. Indeed, in this case, even if m is discontinuous, we do not have672

any problem in defining x as the mode of m(·, s) too. This is because a natural generalization673

of the concept of mode, as the point where the maximum is reached, is the one for which the674

mode of an integrable function f is the point x where limε→0+(1/ε)
∫ x+ε

x−ε f (ξ)dξ has the675

maximum value.676

Now, we consider the case where the discontinuity threshold is constant λ(s) ≡ λ, and677

then the discontinuity curve in the plane (x, s) should be a vertical line [however, this case678

is also quite similar to the case explained before (and in) (21)]. Let us focus only on the first679

quadrant of Fig. 3(2). All the agents in [0, λ] do not move, and the agents immediately to the680

right of λ start to move left. Now, the threshold is not moving right, as in the previous case, and681

hence, in principle, such agents do arrive at the value λ. However, if some of them arrive at λ,682

then in x = λ we immediately get a delta function. Using the control u∗, this is impossible.683

Indeed any delta function has a weight much larger than any other value of the continuous684

part of m (see the possible generalized definition of mode as before), and hence, whenever685

the delta function arises, then it is immediately recognized as the mainstream and no other686

agents can reach it anymore. In conclusion, a delta function cannot arise. The only possibility687

is then that all agents do not move, which implies that the solution satisfies m(x, s) = m0(x)688

for all (x, s). But for making this consistent with the definition of u∗ (which in this case must689

be equal to zero everywhere), the only possibility is that the agents recognize the mainstream690

as a position sufficiently close to theirs (by no more than λ). To this end, we have to consider691

a function as in Fig. 3(2), where the mode is still considered as the point where the maximum692

is reached, even if such a procedure is almost meaningless, due to isolated discontinuities693

and because of the fact that a single point has zero density. However, the function in Fig.694

3(2) satisfies the equality m(x, s) = m0(x) for all s and for almost every x , and so, in any695

L p spaces they are exactly the same function.696

Also note that the situation in Fig. 3(2) cannot be recovered as limit of the picture (1)697

as well as of the characteristic picture (3), when the moving threshold λ(·) tends to become698

constant (and so the discontinuity line tends to become vertical). Indeed, in such a limit699
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procedure, λ′(·) tends to become zero and hence the jump tends to become larger and larger700

and the new values of m, after crossing the discontinuity line, are no more smaller than m0(x).701

Further studies of this kind of discontinuous conservation law, in connection with some702

possible weaker definition of the mode, are left for future studies.703

5 Conclusions and Future Directions704

Well-established phenomena in social networks, which also characterize the bulk of the705

literature on opinion dynamics, are the “bandwagon effect” and the so-called homophily. The706

bandwagon effect consists in all players seeking to align their opinions to the mainstream707

opinion, this being the opinion shared by the majority. On the other hand, homophily consists708

in every player interacting only with those whose opinion is not too distant from its own.709

This paper has shown how mean-field game theory can successfully accommodate both710

phenomena. Individuals act in a competitive scenario modeled as a game with a large number711

of players. Consequently the propagation of the opinions is a process resulting from all712

players adopting equilibrium strategies. To capture stubbornness on the part of the players,713

we have considered an additional fixed cost in the cost functional. This has led us to the714

notion of threshold strategy, consisting in every single player changing its opinion only if the715

mainstream opinion is significantly different. The work has shed light on the implications that716

such a threshold strategy has on the macroscopic time evolution of the density distribution717

of the opinion within the population.718

This study is part of the current research activity on opinion dynamics conducted by the719

authors. Future directions involve the analysis of scenarios where the players present different720

opinion changing rates, as it is often observed in real cases. Such a complex scenario can be721

dealt with considering a multi-population game. Another challenge is represented by more722

sophisticated interrelation between the control and the opinion variation. It may happen that723

the control has no direct effect on the variation of the opinion and this results in a highly724

nonlinear controlled dynamics. We aim at extending the results provided in this paper to such725

a complex scenario. Finally, we will argue on the importance of game theory as a design tool.726

If the current study uses such a theory to explain observed phenomena, it is our belief that727

the role of game theory can go much further, providing tools for the analysis and design of728

information mechanisms leading to pre-specified opinion distributions. The analysis of the729

“strategic thinking” which characterizes the modern media will be our starting point.730
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8. Bauso D, Tembine H, Başar T (2012) Robust mean field games with application to production of an745

exhaustible resource. In: Proceedings of 7th IFAC symposium on robust control design, Aalborg746
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