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A B S T R A C T

We consider a two-player Tullock rent-seeking contest with uncertain discriminatory power in
the contest success function. We examine the cases where both players are either informed or
uninformed about the size of the discriminatory power, as well as the case where only one
player has private information about it. We show that in all three cases the contest has a unique
(Bayesian) Nash equilibrium. In each case we characterize key properties of the equilibrium.

1. Introduction

Consider a situation where, say two, firms lobby a foreign politician to obtain a license for a monopoly position on a market in
the politician’s country. It might happen that both firms are uncertain about the local political culture, i.e. the extent to which the
politician rewards their lobbying activities (Che and Gale, 1997). It can also occur that one of the firms is local while the other one is
foreign. The local firm might be able to acquire information about the politician’s responsiveness to lobbying efforts, for instance if it
has direct contact with people close to the politician, whereas the foreign firm might not have access to these sources of information
and remains uncertain about it. We investigate how firms’ lobbying efforts and payoffs depend on this kind of uncertainty.

In order to do this, we consider a rent-seeking contest between two players competing for a single prize that will be awarded to
one of them (Tullock, 1980). Each player can exert effort in order to increase the probability that he wins the contest. The winning
probability of a player is given by a contest success function (CSF), which includes a discriminatory power parameter that represents
the effectiveness of the players’ efforts in determining their winning chances. For larger values of the parameter, winning becomes
more sensitive to efforts. Skaperdas (1996) shows that this CSF is the only one that satisfies a set of reasonable axioms. In the
standard contest the players have complete information. The contest then has a (unique) pure-strategy Nash equilibrium if and only
if the (positive) discriminatory power parameter is smaller than or equal to two (Nti, 1999). The contest can be used to analyze
lobbying behavior, as well as a variety of other settings, like patent races, litigation, political campaigns, etc. See Konrad (2009) for
a comprehensive survey of the literature.

We examine the case where the value of the discriminatory power parameter is uncertain. For simplicity, it is either high or low
with given probabilities, where both values are smaller than or equal to two. We call a player informed if he learns the true value
of the parameter, and uninformed if he only knows the distribution. We investigate three cases: both players are informed, both
players are uninformed, and one player is informed while the other is uninformed. Information is symmetric in the first two cases
and asymmetric in the last case. We demonstrate that in each case there exists a unique pure-strategy (Bayesian) Nash equilibrium.

☆ We thank two anonymous referees for their very useful suggestions, and Allard van der Made for helpful discussions.
* Corresponding author.

E-mail addresses: P.Heijnen@rug.nl (P. Heijnen), L.Schoonbeek@rug.nl (L. Schoonbeek).

https://doi.org/10.1016/j.ejpoleco.2018.07.007
Received 27 October 2017; Received in revised form 16 July 2018; Accepted 22 July 2018
Available online 23 August 2018
0176-2680/© 2018 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.ejpoleco.2018.07.007
http://www.sciencedirect.com/science/journal/
http://www.elsevier.com/locate/ejpe
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejpoleco.2018.07.007&domain=pdf
mailto:P.Heijnen@rug.nl
mailto:L.Schoonbeek@rug.nl
https://doi.org/10.1016/j.ejpoleco.2018.07.007


P. Heijnen and L. Schoonbeek European Journal of Political Economy 56 (2019) 103–114

We give the equilibria for the two cases with symmetric information in closed form; they closely correspond to the equilibrium of
the case with complete information. It is not possible to derive the equilibrium of the case with asymmetric information in closed
form. Instead we characterize the properties of that equilibrium. First, the equilibrium effort of the informed player is largest if the
value of the discriminatory power parameter is high. This is intuitive since winning is more sensitive to efforts in that case, which
makes the informed player compete more fiercely. The equilibrium effort of the uninformed player is of intermediate size, since this
player takes into account the realization of both values of the discriminatory power parameter. Second, a priori it is not clear how
the ex ante equilibrium efforts, winning probabilities and payoffs of the informed and uninformed player are related to each other.
We find that the ex ante efforts of the two players are the same, but the informed player wins the contest with a larger probability
than the uninformed player, and hence also has a larger payoff.

We also compare the equilibria of the three cases. We find that the ex ante aggregate efforts are smallest in the case with
asymmetric information. The payoff of the informed player in the case with asymmetric information is larger than his payoff in the
two cases with symmetric information. Interestingly, numerical analysis shows that the payoff of the uninformed player in the case
with asymmetric information can be larger than his payoff in the two cases with symmetric information. Hence, both players can be
better off in the equilibrium under asymmetric information.

A number of papers have considered rent-seeking Tullock contests with uncertainty about parameters of the model. The case with
an uncertain prize is investigated by Hurley and Shogren (1998a, 1998b), Malueg and Yates (2004), Schoonbeek and Winkel (2006),
Wärneryd (2003, 2013) and Wasser (2013); uncertain costs of effort by Fey (2008) and Ryvkin (2010); and an uncertain number of
contestants by Münster (2006) and Myerson and Wärneryd (2006). Einy et al. (2015) and Ewerhart and Quartieri (2016) demonstrate
the existence, respectively the existence and uniqueness, of a pure strategy Bayesian Nash equilibrium for general contests that allow
for uncertainty in the prize, costs of efforts and CSF. Their models cover our contest as a special case, but only for the situation where
the discriminatory power parameter is smaller than or equal to unity, which is smaller than the range of values considered by us.
Moreover, Einy et al. and Ewerhart and Quartieri do not derive additional properties of their equilibria, like we do in our paper (see
above). Epstein and Mealem (2013) consider a two-player contest in which the CSF has a discriminatory power parameter equal to
unity, while one player is uncertain about the ability of his opponent (a player has a larger ability than his opponent if his effort has
a larger effect on the winning probability than the same effort would have if exerted by the opponent).1

Grossmann (2014) investigates a model where two players are uncertain about which contest they will play, similar to our case
with two uninformed players. In his model there are also two possible contests which differ with regard to the sensitivity of the
winning probabilities to the players’ efforts. Grossmann’s model employs an alternative CSF in which a given noise parameter is
added linearly to each other player’s effort, see also Amegashie (2006). This CSF does not satisfy all axioms of Skaperdas (1996). We
focus here on the CSF of the standard Tullock contest.2

The paper is organized as follows. Section 2 gives the model and Section 3 presents the equilibrium results. We conclude in
Section 4. The Appendix presents proofs.

2. The model

Consider the standard Tullock contest where risk-neutral players 1 and 2 compete for a prize V > 0 that will be awarded to one
of them. Without loss of generality, we may assume that V = 1. Let x ≥ 0 and y ≥ 0 be the nonrefundable efforts exerted by players
1 and 2, respectively. The probability that player 1 wins the contest is given by the CSF

p ≡ p (x, y; r) = xr

xr + yr (1)

if x + y > 0, where the discriminatory power parameter 0 < r ≤ 2 is given. We take p = 1
2 if x = y = 0. Player 2 wins the contest

with probability 1 − p. We call xr the impact of player 1’s effort in the CSF. The impact is increasing in x; it is strictly concave,
proportional or strictly convex in x if, respectively, 0 < r < 1, r = 1 or 1 < r ≤ 2. The same applies to player 2’s impact of effort,
i.e. yr.

It can be verified that the discriminatory power parameter r denotes the elasticity of the ratio of the winning probabilities of
players 1 and 2 with respect to their relative efforts (Wang, 2010; Yildrim, 2015).3 If r increases, then winning becomes more
sensitive to efforts and less to exogenous uncertainty. The prize is allocated randomly to one of the players regardless of the efforts,
if r converges to zero.

Notice also that the relative winning probability p∕(1 − p) is increasing in x. It is increasing in x at a decreasing, constant or
increasing rate if, respectively, 0 < r < 1, r = 1 or 1 < r ≤ 2. Hence, the size of r also indicates whether we have, respectively,
decreasing, constant or increasing returns to scale of player 1’s effort in determining the winning odds between players 1 and 2.
Analogously, the same holds for the effort of player 2.4

Players maximize their own expected payoff, i.e. player 1 solves

max
x≥0

xr

xr + yr − x, (2)

1 See also Clark (1997).
2 Below we will further discuss the papers by Grossmann (2014) and Amegashie (2006).
3 Wang (2010) and Yildrim (2015) refer to r as the accuracy of the contest, Che and Gale (1997) call it the political culture associated with the contest.
4 See further Dari-Mattiacci and Parisi (2014).
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and player 2 solves

max
y≥0

yr

xr + yr − y. (3)

For later use, we make the following remarks. First, each player will be active (i.e. his effort will be positive) in a pure-
strategy Nash equilibrium. Second, the (expected) revenues of the two players are, respectively, R1(x, y; r) = p(x, y; r) and
R2(x, y; r) = 1 − p(x, y; r), and the corresponding marginal revenues are MR1(x, y; r) = 𝜕p∕𝜕x and MR2(x, y; r) = −𝜕p∕𝜕y. The
marginal costs (of effort) of both players are equal to unity. Hence, the first-order conditions (FOCs) of a pure-strategy Nash equi-
librium are MR1(x, y; r) = 1 and MR2(x, y; r) = 1. From this we obtain that x = y, i.e. the players’ efforts must be the same in
equilibrium. Third, the FOC of player 1 can be written as

rxr−1yr

(xr + yr)2 = 1. (4)

Note that (4) reduces to r
4x = 1 if x = y > 0. Denoting equilibrium values with a star, we find that x∗ = y∗ = r

4 and p∗ = 1
2 .

Importantly, efforts x∗ and y∗ rise linearly in r. The corresponding payoff of player i is 𝜋∗i = 2−r
4 , i = 1,2. Nti (1999) shows that

the model has a (unique) pure-strategy Nash equilibrium if and only if 0 < r ≤ 2.5 Finally, given r, let x = b(y; r) be player 1’s
best-response function (player 2’s best-response function, y = b(x; r), can be discussed similarly). It has a maximum value at y = r

4 ,
with r

4 = b( r
4 ; r), while b(y; r) increases if y < r

4 and decreases if y > r
4 .6

Now suppose that r = rt with probability 𝛼t, where t = H, L, 0 < rL < rH ≤ 2 and 0 < 𝛼t < 1 are given (with 𝛼L = 1 − 𝛼H).
The expected value of r is 𝔼(r) = 𝛼HrH + 𝛼LrL. Let pt denote the probability that player 1 wins the contest if r = rt. The timing of
the game is as follows: Nature draws the true value of r in stage 1; the actual contest takes place in stage 2. We consider three cases
regarding the information received by the players in stage 1 about the realized value of r: (i) both players learn the true value of r
(both are informed), (ii) both players do not learn the true value of r, they only know the distribution (both are uninformed); (iii)
one player learns the true value of r whereas the other player remains uninformed and only knows the distribution (asymmetric
information). Without loss of generality, we may assume that player 1 is informed and player 2 is uninformed in case (iii). Note
that information is symmetric between the two players in cases (i) and (ii). We will characterize the pure-strategy (Bayesian) Nash
equilibria of the three cases. For brevity we refer to them as equilibria.

3. The equilibrium results

We first consider the cases where information is symmetric between the two players. Take case (i), where both players are
informed. In stage 2, the players then play a contest with payoffs similar to (2) and (3) contingent on the realized value of r. Using
obvious notation, we denote an equilibrium in this case by

(
xH , xL, yH , yL

)
and the corresponding probabilities that player 1 wins

the contest by pH and pL, respectively. The ex ante equilibrium effort of player 1 is 𝔼(x) = 𝛼HxH + 𝛼LxL, and the ex ante equilibrium
probability that player 1 wins the contest is 𝔼(p) = 𝛼HpH + 𝛼LpL. In a similar way, we denote the ex ante equilibrium effort of player
2 by 𝔼(y), and the ex ante equilibrium payoffs of the two players by 𝔼(𝜋1) = 𝔼(p) − 𝔼(x) and 𝔼(𝜋2) = 1 − 𝔼(p) − 𝔼(y).

Next, examine case (ii) where both players are uninformed. Player 1 then solves

max
x≥0

∑
t
𝛼t

(
xrt

xrt + yrt

)
− x, (5)

while player 2 considers

max
y≥0

∑
t
𝛼t

(
yrt

xrt + yrt

)
− y. (6)

We denote an equilibrium in this case by
(
x̂, ŷ

)
, the corresponding ex ante probability that player 1 wins the contest by 𝔼(̂p), and the

ex ante payoffs of the two players by 𝔼(𝜋1) = 𝔼(̂p) − x̂ and 𝔼(𝜋2) = 1 − 𝔼(̂p) − ŷ.
We obtain the following result. The Proof is in the Appendix.

Proposition 1. We have the following:

(i) The model where both players are informed has a unique equilibrium
(
xH , xL, yH , yL

)
, with xt = yt =

rt
4 , t = H, L. Further, 𝔼(x) =

𝔼(y) = 𝔼(r)
4 , 𝔼(p) = 1

2 , and 𝔼(𝜋1) = 𝔼(𝜋2) =
2−𝔼(r)

4 .
(ii) The model where both players are uninformed has a unique equilibrium

(
x̂, ŷ

)
, with x̂ = ŷ = 𝔼(r)

4 . Further, 𝔼(̂p) = 1
2 and 𝔼(𝜋1) =

𝔼(𝜋2) =
2−𝔼(r)

4 .

5 For a discussion of the mixed equilibria of the case with 2 < r < ∞, see e.g. Ewerhart (2015). We obtain an all-pay auction if r = ∞; the prize is then awarded
to the player exerting the largest effort.

6 Pérez-Castrillo and Verdier (1992) show that (i) b(y; r) > 0 for all y > 0, given 0 < r ≤ 1; (ii) b(y; r) > 0 for 0 < y < m(r) and b(y; r) = 0 for y ≥ m(r), given
1 < r ≤ 2, where m(r) ≡ (r − 1)1−

1
r ∕r; (iii) db(y; r)∕dy > 0 if 0 < y < r∕4, and db(y; r)∕dy < 0 if y > r∕4 as long as b(y; r) > 0.
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Fig. 1. (I) and (II) denote the best-response of player 1 for, respectively, rL = 1.2 and rH = 1.8; (III) and (IV) denote the best-response of player 2 for, respectively,
rL = 1.2 and rH = 1.8.

We see that in equilibrium the players’ ex ante efforts are identical and the same in case (i) and case (ii). Moreover, the ex ante
equilibrium probability that player 1 wins the contest is the same in both cases and equal to one half. As a result, the expected
equilibrium payoffs of the two players are identical and the same in both cases.

The interpretation of case (i) is immediate since it is composed of two standard Tullock contests with, respectively, r = rH
and r = rL, which occur with probabilities 𝛼H and 𝛼L. Fig. 1 illustrates the players’ best-response functions for rH = 1.8 and
rL = 1.2. The equilibrium efforts corresponding to the two possible values of r are located on the 45-degree line. The ex ante
equilibrium efforts are given by a convex combination of these two pairs of efforts, with weights 𝛼H and 𝛼L. Case (ii) can be under-
stood with the same kind of arguments as used for the standard Tullock contest in Section 2, see the remarks below (2) and (3).
In particular, it follows easily that each player must be active in equilibrium. The players’ (expected) revenues in case (ii) are
R1(x, y; rH, rL) = 𝛼Hp(x, y; rH) + 𝛼Lp(x, y; rL) and R2(x, y; rH, rL) = 𝛼H(1 − p(x, y; rH)) + 𝛼L(1 − p(x, y; rL)). Further, marginal rev-
enues equal marginal costs for each player in equilibrium. From this, we obtain that players’ equilibrium efforts must be the same.
In turn, it also follows directly that equilibrium efforts are 𝔼(r)∕4, i.e. they are linear in 𝔼(r).

Remark: Amegashie (2006) examines an alternative CSF. Taking the case with two players, the probability that player 1 wins the
contest is then given by

q ≡ q(x, y; 𝜖) = x + 𝜖

x + 𝜖 + y + 𝜖
, (7)

where, for notational simplicity, the players’ efforts are denoted again by x and y, and 𝜖 > 0 is given. Player 2 wins with probability
1 − q. Parameter 𝜖 measures how sensitive q is to a player’s effort. A smaller 𝜖 means that the sensitivity to effort is higher. Contrary
to (1), the CSF in (7) does not fulfill all axioms of Skaperdas (1996), i.e. it is not homogeneous of degree zero in the efforts and
does not fulfill the axiom of independence of irrelevant alternatives.7 For details and further discussion, see Amegashie (2006).
Grossmann (2014) considers a model where two players play with given probability 𝜆 ∈ (0,1) a contest with CSF (7) (contest A), and
with probability 1 − 𝜆 a contest with a CSF given by q(x, y; −𝜖) (contest B). A smaller 𝜖 means that the sensitivity to effort is higher
in contest A, but smaller in contest B. Grossmann’s model is related to our case (ii) in the sense that in both instances the players are
playing with given positive probabilities one of two possible contests which differ in their sensitivity to effort in the CSF. A change in
𝜖 simultaneously and ‘symmetrically’ affects both contest A and contest B in the model of Grossmann. On the other hand, a change
in say rH affects only the contest corresponding to this parameter in our model and not the contest associated with rL. As a result, the
equilibrium results are not the same in general. For example, in Grossmann’s model there exists a unique (pure-strategy) equilibrium
if and only if 0 < 𝜖 < 1

4 , i.e. if the sensitivity to effort is small enough in contest A and high enough in contest B (cf. Proposition 1 of
Grossmann, which considers the case where the valuation of the prize is identical for both players similar to our model). Our model
in case (ii) has a unique equilibrium if and only if 0 < rH ≤ 2, i.e. if the sensitivity to effort is small enough in the contest related to
rH. Since 0 < rL < rH by assumption, the sensitivity to effort in the contest associated with rL is then small enough as well. △

Proceeding, consider case (iii) with asymmetric information, where player 1 is informed and player 2 is uninformed. We say that
player 1 is of type t if rt is realized, with t = H, L. Player 1 of type t = H, L solves

max
xt≥0

xrt
t

xrt
t + yrt

− xt , (8)

7 Rai and Sarin (2009) presents alternative axioms characterizing (7).
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and player 2 solves

max
y≥0

∑
t
𝛼t

(
yrt

xrt
t + yrt

)
− y. (9)

We denote an equilibrium in case (iii) by (x̃H , x̃L, ỹ). The corresponding ex ante effort and probability of winning of player 1 are 𝔼(x̃)
and 𝔼(̃p), respectively. The corresponding equilibrium payoffs of the two players are 𝔼(𝜋1) = 𝔼(̃p) − 𝔼(x̃) and 𝔼(𝜋2) = 1 − 𝔼(̃p) − ỹ.

There is no closed form equilibrium in the case with asymmetric information. However, we are able to present the following
Proposition, which is proved in the Appendix.

Proposition 2. The model with asymmetric information has a unique equilibrium (x̃H , x̃L, ỹ). In the equilibrium we have 0 < x̃L <
rL
4 <

ỹ < x̃H <
rH
4 . Further, 𝔼(x̃) = ỹ, 𝔼(̃p) > 1

2 , and 𝔼(𝜋1) > 𝔼(𝜋2).

We make five observations regarding the results of the Proposition. First, we see that in equilibrium the ex ante efforts of the two
players are the same. In order to understand this, we use again arguments similar to those employed in Section 2 for the standard
Tullock contest. In particular, it can be verified that both types of player 1 and player 2 must be active in equilibrium. Next, let
R1(xH, y; rH) = p(xH, y; rH) and R1(xL, y; rL) = p(xL, y; rL) be the (expected) revenues of, respectively, the high-type and low-type of
player 1, and R2(xH, xL, y; rH, rL) = 𝛼H(1 − p(xH, y; rH)) + 𝛼L(1 − p(xL, y; rL)) the revenues of player 2. Using that in equilibrium
marginal revenues equal marginal costs for both types of player 1 and player 2, it follows easily that players’ ex ante efforts are the
same. Second, the equilibrium effort of the high-type player 1 is larger than the effort of the low-type. This is intuitive since the
relative winning probabilities are more sensitive to the relative efforts of the players if the discriminatory power parameter is high.

Fig. 2. Comparison of the equilibrium payoffs of player 2 in the cases (i), (ii) and (iii) for different values of 𝛼H and rH, given rL = 1.2 (upper panel) and rL = 1.6
(bottom panel).
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Fig. 3. The benefit B (dotted line) and cost C (solid line) for player 2 in the case with asymmetric information versus the two cases with symmetric information for
different values of 𝛼H, given rH = 1.6, rL = 1.2.

Third, player 2’s equilibrium effort is smaller than the effort of the high-type of player 1 and larger than the effort of the low-type.
This is also intuitive since the uninformed player takes into account the realization of both rH and rL. It also implies that p̃L < 1

2 < p̃H ,
i.e. the high-type player 1 has a larger probability to win the contest than the uninformed player 2, whereas the opposite holds for
the low-type player 1. Fourth, in case (i) each player exerts effort rt

4 if rt is realized (t = H, L). Starting from case (i), let us move
to case (iii), i.e. player 2 now becomes uninformed and exerts effort ỹ ∈ ( rL

4 ,
rH
4 ). The shape of the best-response curve of player 1

then implies that he exerts less effort in case (iii) than in case (i) for both possible values of rt, i.e. x̃t <
rt
4 = xt (t = H, L).8 Fifth, in

equilibrium the ex ante payoff of player 1 is higher than the ex ante payoff of player 2, i.e. the informed player has an informational
advantage. This can be understood as follows. If player 2 exerts effort ỹ, both types of player 1 might (passively) set ỹ as well.
Each type would then win the contest with probability one half and have payoff 1

2 − ỹ, and thus player 1’s ex ante payoff would
be 1

2 − ỹ. However, for each type of player 1 the (unique) best-response is different from ỹ, and consequently player 1’s ex ante
payoff is larger than 1

2 − ỹ. From this and 𝔼(x̃) = ỹ, it then follows that player 1’s ex ante payoff is larger than that of player 2, while
player 1 must have a higher ex ante probability to win the contest than player 2. We remark here that Wärneryd (2003) considers a
two-player Tullock contest with asymmetric information about the value of the contested prize. Contrary to our case, in his model
the uninformed player has the largest ex ante probability to win the prize.

Next, we compare the players’ ex ante efforts and payoffs in the equilibria of the cases (i) - (iii). Using Propositions 1 and 2, we
directly obtain the following.

Corollary 1. Consider the equilibria of the models where both players are either informed or uninformed and the equilibrium of the model
with asymmetric information, given in Proposition 1 and Proposition 2, respectively. We have:

(i) 𝔼(x) = x̂ > 𝔼(x̃) and 𝔼(y) = ŷ > ỹ.
(ii) 𝔼(𝜋1) = 𝔼(𝜋1) < 𝔼(𝜋1).

The interpretation of the corollary is straightforward. Part (i) shows that in equilibrium the ex ante effort of each player is smallest
in the case with asymmetric information. Hence, if aggregate efforts are seen as social costs (e.g. if efforts denote bribing), then a
social planner minimizing social costs (rent dissipation) prefers the situation with asymmetric information. On the other hand, if a
contest organizer wants to maximize ex ante aggregate efforts (e.g. if they are expenditures in a patent race), then he prefers the
cases with symmetric information.9

Part (ii) of Corollary 1 shows that player 1’s equilibrium payoff is higher in the case with asymmetric information (where only
he is informed) than in the two cases with symmetric information between the two players (under asymmetric information not only
player 1’s ex ante effort is smaller but also his ex ante winning probability is larger than under symmetric information). Thus, also in
this sense, player 1 benefits from his private information. We are not able to find a related analytical result for player 2. Beforehand
one might think that player 2 is worse off in the case with asymmetric information (where only he is uninformed) than in the two

8 In case (iii) player 1’s best-response if rt is realized (t = H, L) has a maximum value at y = rt
4

. Using ỹ ∈ ( rL
4
,

rH
4
), we thus obtain x̃H = b(ỹ; rH ) <

rH
4

and x̃L =
b(ỹ; rL) <

rL
4

.
9 The result that aggregate efforts are higher in cases (i) and (ii) than in case (iii) corresponds to the common wisdom in contest theory that, usually, aggregate

efforts are maximized when the contest is symmetric, see e.g. Drugov and Ryvkin (2017) and Mealem and Nitzan (2016).
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cases with symmetric information. However, numerical analysis reveals that this is not always true. The computations show that
(a) 𝔼(𝜋2) < 𝔼(𝜋2) if both rL and rH are ‘small’ (regardless of 𝛼H), (b) 𝔼(𝜋2) > 𝔼(𝜋2) if, given ‘small’ or ‘medium-sized’ rL, both rH is
‘large’ and 𝛼H is ‘small’, and (c) 𝔼(𝜋2) > 𝔼(𝜋2) if both rL and rH are ‘large’ (regardless of 𝛼H). Hence, there are situations where both
players are better off under asymmetric information.10 Fig. 2 illustrates case (b) for rL = 1.2 and case (c) for rL = 1.6.

Remark: Note that 𝔼(𝜋2) > 𝔼(𝜋2) if and only if B > C, where B ≡ B(𝛼H , rH , rL) =
𝔼(r)

4 − ỹ (> 0) denotes player 2’s benefit of exerting
less effort in the case with asymmetric information and C ≡ C(𝛼H , rH , rL) =

1
2 − (1 − 𝔼(̃p)) = 𝔼(̃p) − 1

2 (> 0) the cost of the lower
probability of winning for player 2 in that case (versus the cases with symmetric information). Fig. 3 illustrates B and C for different
values of 𝛼H, given rL = 1.2 and rH = 1.6. The reactions of B and C to a change in 𝛼H are quite similar. The same holds if we
consider one-sided changes of either rL or rH. This hinders the analytical comparison of 𝔼(𝜋2) versus 𝔼(𝜋2). △

4. Conclusion

One of the basic elements of the standard two-player Tullock rent-seeking contest is the positive discriminatory power parameter.
It measures the elasticity of the relative winning probabilities between the players with respect to their relative efforts. We have
investigated the situation in which ex ante there is uncertainty about the size of this parameter. We have considered the cases where
both players are either informed or uninformed about the realized value of the parameter, as well as the case with asymmetric
information where only one player is informed about it. We have shown that in all three cases the contest has a unique equilibrium
and derived key properties of these equilibria. As an example, mentioned in Section 1, our model can be applied to a situation where
two firms lobby a politician who will award to one of them a license for a monopoly position on a market. The discriminatory
power parameter then measures the responsiveness of the politician’s decision to the lobbying efforts. Our analysis implies that the
aggregate lobbying expenditures will be smallest if one firm knows the value of the parameter whereas the other firm is uncertain
about it. More generally, our findings thus suggest that asymmetric information about the size of the discriminatory power parameter
might offer a new explanation for the results of empirical studies which indicate that rent-seeking expenditures are normally much
lower than the value of the contested prize, cf. Hillman and Van Long (2017) and Wärneryd (2003).

Appendix. Proof of Propositions 1 and 2

Proof of Proposition 1. Part (i) follows directly. Next, the FOCs (the equilibrium is interior) associated with (5) and (6) are

∑
t

𝛼t rt x̂rt−1ŷrt(
x̂rt + ŷrt

)2 = 1, (A.1)

∑
t

𝛼t rt x̂rt ŷrt−1(
x̂rt + ŷrt

)2 = 1. (A.2)

It follows that x̂ = ŷ = 𝔼(r)
4 . We obtain part (ii) by noting that the SOCs are fulfilled. ■

Next, we provide the Proof of Proposition 2 by presenting a number of intermediate steps. First, we give the following lemma.

Lemma A.1. In any equilibrium of the model with asymmetric information we have x̃H > 0, x̃L > 0 and ỹ > 0.

Proof. Let (x̃H , x̃L, ỹ) be an equilibrium. It is easy to see that there is no equilibrium where both types of player 1 exert zero effort,
or where player 2 exerts zero effort. Hence, the FOCs associated with the equilibrium are

rHx̃rH−1
H ỹrH

(x̃rH
H + ỹrH )2

≤ 1, (A.3)

rLx̃rL−1
L ỹrL

(x̃rL
L + ỹrL )2

≤ 1, (A.4)

𝛼HrHx̃rH
H ỹrH−1

(x̃rH
H + ỹrH )2

+
𝛼LrLx̃rL

L ỹrL−1

(x̃rL
L + ỹrL )2

= 1, (A.5)

and at least one of the inequality signs in (A.3) and (A.4) can be replaced by an equality sign.
We show that x̃L > 0. Suppose, on the contrary, that x̃L = 0. Then (A.3) holds with an equality sign. Hence, (A.3) and (A.5) imply

that ỹ = 𝛼Hx̃H . Substituting this in (A.3), we find that

x̃H =
rH𝛼

rH
H

(1 + 𝛼
rH
H )2

, (A.6)

10 The fact that both players might be better off in our case with asymmetric information corresponds to other results that show that, given that uncertainty decreases
effort, it can increase a player’s expected payoff. For a recent example, see Kahana and Klunover (2016).
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and thus

ỹ =
rH𝛼

rH+1
H

(1 + 𝛼
rH
H )2

. (A.7)

If player 1 of type L plays x̃L = 0, his payoff is zero. If, instead, he would play xL = ỹ, with ỹ given by (A.7), his payoff is

1
2
−

rH𝛼
rH+1
H

(1 + 𝛼
rH
H )2

= 1
2
− rH𝛼H ×

𝛼
rH
H

(1 + 𝛼
rH
H )2

> 0. (A.8)

The latter inequality follows since 0 < rH𝛼H < 2 and the fraction behind this term in (A.8) is smaller than 1
4 . Hence, x̃L = 0 is not a

best-response for player 1 of type L to ỹ of (A.7). We have a contradiction, and it follows that x̃L > 0. In the same way we can show
that x̃H > 0. ■

Lemma A.1 implies that the FOCs can be written as

rHx̃rH−1
H ỹrH

(x̃rH
H + ỹrH )2

= 1, (A.9)

rLx̃rL−1
L ỹrL

(x̃rL
L + ỹrL )2

= 1, (A.10)

𝛼Hx̃H + 𝛼Lx̃L = ỹ. (A.11)

Note that (A.11) means that the ex ante equilibrium efforts of players 1 and 2 are the same, i.e. 𝔼(x̃) = ỹ. Suppose now that x̃L = ỹ.
Then (A.11) implies that x̃H = ỹ. Substituting this in (A.9) and (A.10), we find that rH = 4ỹ and rL = 4ỹ, which is inconsistent with
rH ≠ rL. So, x̃L ≠ ỹ. In a similar way, we can show that x̃H ≠ ỹ. Next, suppose that x̃L = x̃H . Then (A.11) implies that x̃L = x̃H = ỹ,
which gives a contradiction. Hence, x̃L ≠ x̃H . As a result, the following two possible cases remain: 0 < x̃H < ỹ < x̃L and 0 < x̃L < ỹ <

x̃H .
Proceeding, write x̃H = 𝜆Hỹ and x̃L = 𝜆Lỹ. We know that we have two possible cases: 0 < 𝜆H < 1 < 𝜆L and 0 < 𝜆L < 1 < 𝜆H . We

will show that only the latter case can be relevant. The equilibrium (x̃H , x̃L, ỹ) can equivalently be denoted as (𝜆H , 𝜆L, ỹ). The FOCs
characterizing the equilibrium can be rewritten as

rH
ỹ

×
𝜆

rH−1
H

(𝜆rH
H + 1)2

= 1, (A.12)

rL
ỹ
×

𝜆
rL−1
L

(𝜆rL
L + 1)2

= 1, (A.13)

𝛼H𝜆H + 𝛼L𝜆L = 1. (A.14)

In order to analyze these FOCs, we first introduce two auxiliary functions. Given 0 < r ≤ 2 and 0 < y < 1, we define

f (𝜆) ≡ f (𝜆; r, y) = r𝜆r−1

y
, (A.15)

and

g(𝜆) ≡ g(𝜆; r) = (𝜆r + 1)2, (A.16)

for 𝜆 > 0. Considering the graph of f (𝜆) and g(𝜆) with 𝜆 along the horizontal axis, we present the following two lemmas.

Lemma A.2. We have the following:

(i) f (𝜆) and g(𝜆) are twice continuously differentiable in 𝜆.
(ii) f (𝜆) is strictly decreasing in 𝜆 if 0 < r < 1, constant if r = 1, and strictly increasing in 𝜆 if 1 < r ≤ 2. Moreover, f (𝜆) is strictly

convex in 𝜆 if 0 < r < 1, strictly concave in 𝜆 if 1 < r < 2, and linear in 𝜆 if r = 2.
(iii) g(𝜆) is strictly increasing in 𝜆. Moreover, g(𝜆) is strictly convex in 𝜆 if 1 ≤ r ≤ 2.
(iv) f (1) > 4 if 0 < y < r

4 , f (1) = 4 if y = r
4 , and f (1) < 4 if r

4 < y < 1.
(v) lim𝜆↓0 f (𝜆) = ∞ if 0 < r < 1, lim𝜆↓0 f (𝜆) = 0 if 1 < r ≤ 2, lim𝜆→∞ f (𝜆) = 0 if 0 < r < 1, and lim𝜆→∞ f (𝜆) = ∞ if

1 < r ≤ 2.
(vi) lim𝜆↓0 g(𝜆) = 1, g(1) = 4, and lim𝜆→∞ g(𝜆) = ∞.

Proof. Part (i) is obvious. Next, note that

f ′(𝜆) = r(r − 1)𝜆r−2

y
. (A.17)
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Hence, f ′(𝜆) < 0 if 0 < r < 1 and f ′(𝜆) > 0 if 1 < r ≤ 2. Further,

f ′′(𝜆) = r(r − 1)(r − 2)𝜆r−3

y
. (A.18)

So, f ″(𝜆) > 0 if 0 < r < 1 and f ″(𝜆) < 0 if 1 < r < 2. Part (ii) follows directly. Next,

g′(𝜆) = 2r𝜆r−1(𝜆r + 1) > 0, (A.19)

and

g′′(𝜆) = 2r𝜆r−2[(2r − 1)𝜆r + r − 1]. (A.20)

So, g″(𝜆) > 0 if 1 ≤ r ≤ 2. Part (iii) follows directly. Part (iv) follows from f (1) = r
y . Parts (v) and (vi) follow easily. ■

Lemma A.3. We have the following:

(i) Let 0 < r ≤ 1. Then f (𝜆) and g(𝜆) intersect once, say at 𝜆 = 𝜆1 > 0. We have 𝜆1 > 1 if 0 < y < r
4 , 𝜆1 = 1 if y = r

4 , and 𝜆1 < 1
if r

4 < y < 1. Further, f (𝜆) − g(𝜆) > 0 if 0 < 𝜆 < 𝜆1, whereas f (𝜆) − g(𝜆) < 0 if 𝜆 > 𝜆1.
(ii) Let 1 < r ≤ 2 and 0 < y ≤

r
4 . Then f (𝜆) and g(𝜆) intersect twice, say at 𝜆 = 𝜆0 and 𝜆 = 𝜆1, with 0 < 𝜆0 < 𝜆1. We

have 𝜆0 < 1 < 𝜆1 if 0 < y < r
4 , while 𝜆1 = 1 if y = r

4 . Further, f (𝜆) − g(𝜆) < 0 if either 0 < 𝜆 < 𝜆0 or 𝜆 > 𝜆1, whereas
f (𝜆) − g(𝜆) > 0 if 𝜆0 < 𝜆 < 𝜆1.

(iii) Let 1 < r ≤ 2 and r
4 < y < 1. Define

ŷ (r) ≡ (r + 1)2
4r

( r − 1
r + 1

)1− 1
r
.

We have three cases. First, if r
4 < y < ŷ(r), then f (𝜆) and g(𝜆) intersect twice, say at 𝜆 = 𝜆0 and 𝜆 = 𝜆1. We have 0 < 𝜆0 < 𝜆1 < 1.

Further, f (𝜆) − g(𝜆) < 0 if either 0 < 𝜆 < 𝜆0 or 𝜆 > 𝜆1, whereas f (𝜆) − g(𝜆) > 0 if 𝜆0 < 𝜆 < 𝜆1. Second, if y = ŷ(r), then f (𝜆)
and g(𝜆) intersect once, say at 𝜆 = 𝜆1 > 0. We have 𝜆1 < 1. Further, f (𝜆) − g(𝜆) < 0 if either 0 < 𝜆 < 𝜆1 or 𝜆 > 𝜆1. Third, if
ŷ(r) < y < 1, then f (𝜆) and g(𝜆) do not intersect. We have f (𝜆) − g(𝜆) < 0 for all 𝜆 > 0.

Proof. Take 0 < r ≤1. Note that f (1) > 4 = g(1) if and only if 0 < y < r
4 . Part (i) follows now easily from Lemma A.2. Figure A.1

illustrates the case with 0 < r <1 of part (i). The case r =1 can be illustrated similarly.
Next, take 1 < r ≤ 2. Using Lemma A.2, we now have lim𝜆↓0 f (𝜆) = 0 < lim𝜆↓0 g(𝜆) = 1. Further, f (𝜆) is strictly concave if

1 < r < 2 and linear if r = 2, while g(𝜆) is strictly convex. Again, f (1) > 4 = g(1) if and only if 0 < y < r
4 . Next, f (𝜆) and g(𝜆)

have a unique point of intersection if and only if their graphs are tangent, i.e.

f ′(𝜆) = g′(𝜆) ⇔ 4𝜎(r − 1)𝜆r−2 = 2r𝜆r−1(𝜆r + 1), (A.21)

f (𝜆) = g(𝜆) ⇔ 4𝜎𝜆r−1 = (𝜆r + 1)2, (A.22)

where 𝜎 ≡
r

4y . From (A.22), we see that

4𝜎 = (𝜆r + 1)2
𝜆r−1 . (A.23)

Substituting this into (A.21), we find

(r − 1)(𝜆r + 1) = 2r𝜆r, (A.24)

which can be solved for 𝜆, i.e

𝜆 = 𝜆(r) ≡
( r − 1

r + 1

) 1
r
. (A.25)

Substituting 𝜆(r) in (A.23) and using y = r
4𝜎 , we obtain

y = ŷ(r) = r(𝜆(r))r−1

((𝜆(r))r + 1)2
= (r + 1)2

4r

( r − 1
r + 1

)1− 1
r
. (A.26)

It can be verified that r
4 < ŷ(r) < 1. Part (ii) and part (iii) follow now easily. Figure A.2 illustrates the case with 1 < r < 2. ■
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Fig. A.1. Functions f (·) and g(·) defined in (A.15) and (A.16), for the case with 0 < r < 1 and, respectively, y < r∕4, y = r∕4 and y > r∕4.

Fig. A.2. Functions f (·) and g(·) defined in (A.15) and (A.16), for the case with 1 < r < 2 and, respectively, y < r∕4, y = r∕4 and y = ŷ(r).

We also obtain the following auxiliary corollary.

Corollary A.1. Consider f (𝜆; r, y), f (𝜆; r, yo) and g(𝜆; r) defined according to (A.15) and (A.16), with 0 < y < yo <1. Given y and yo,
denote 𝜆1 defined in parts (i), (ii), and (iii) of Lemma A.3 as, respectively, 𝜆1(y) and 𝜆1(yo). We then have 𝜆1(yo) < 𝜆1(y).

Proof. The proof follows easily from Lemma A.2 and (the proof of) Lemma A.3, by noting that g(𝜆) is independent of y, while
f (𝜆; r, y0) < f (𝜆; r, y) for all 𝜆 >0. ■

Using FOCs (A.12) - (A.14) and these auxiliary results, we establish the next lemma.

Lemma A.4. In any equilibrium of the model with asymmetric information we have 0 < x̃L <
rL
4 < ỹ < x̃H < rH

4 . Furthermore, there is at
most one equilibrium.

Proof. Let (x̃H , x̃L, ỹ) be an equilibrium. Using Lemma A.1, we know that x̃H > 0, x̃L > 0 and ỹ > 0. Using (A.12), it easily follows
that rH∕(𝜆Hỹ) > 4, so x̃H <

rH
4 . Similarly, (A.13) implies that x̃L <

rL
4 . Using (A.11), it also follows that ỹ <

rH
4 < 1.

Next, taking f (·) from (A.15) and g(·) from (A.16) with r = rH and y = ỹ, consider

f (𝜆; rH , ỹ) − g(𝜆; rH) = 0 (A.27)

and

f (𝜆; rL, ỹ) − g(𝜆; rL) = 0. (A.28)
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Note that (A.12) can be rewritten as (A.27) with 𝜆 = 𝜆H , while (A.13) can be rewritten as (A.28) with 𝜆 = 𝜆L.
Using 0 < ỹ <

rH
4 < 1 and parts (i) and (ii) of Lemma A.3, we find the following. First, take 0 < rH ≤ 1. Then there is a

unique 𝜆1 such that (A.27) holds, with 𝜆1 > 1. Note that 𝜆1 corresponds to a maximum of (8) with t = H and y = ỹ, since
f (𝜆; rH, ỹ) − g(𝜆; rH, ỹ) > 0 if 0 < 𝜆 < 𝜆1, whereas f (𝜆; rH, ỹ) g(𝜆; rH, ỹ) < 0 if 𝜆 > 𝜆1. Hence, we must have 𝜆H = 𝜆1, and thus
0 < 𝜆L < 1 < 𝜆H . Given 𝜆H , the value of 𝜆L follows uniquely from (A.14). Second, take 1 < rH ≤ 2. Then there are two values
of 𝜆 for which (A.27) holds. They can be denoted by 𝜆0 and 𝜆1, with 0 < 𝜆0 < 1 < 𝜆1. Only 𝜆1 corresponds to a maximum of (8)
with t = H and y = ỹ, while 𝜆0 corresponds to a minimum. To see this, note that f (𝜆; rH, ỹ) − g(𝜆; rH) < 0 if either 0 < 𝜆 < 𝜆0 or
𝜆 > 𝜆1, whereas f (𝜆; rH, ỹ) − g(𝜆; rH) > 0 if 𝜆0 < 𝜆 < 𝜆1. Hence, the unique relevant solution of (A.27) is 𝜆1 > 1. It follows again
that we must have 𝜆H = 𝜆1, and thus 0 < 𝜆L < 1 < 𝜆H . Given 𝜆H , the value of 𝜆L follows again uniquely from (A.14). In sum, x̃H and
x̃L are uniquely defined given ỹ, and 0 < x̃L < ỹ < x̃H .

Next, observe that ỹ >
rL
4 . In order to see this, suppose on the contrary, to begin with, that ỹ <

rL
4 . Using parts (i) and (ii) of

Lemma A.3, we then find the following. First, if 0 < rL ≤ 1, there is a unique 𝜆1 such that (A.28) holds, with 𝜆1 > 1. It follows that
we must have 𝜆L = 𝜆1. However, this is inconsistent with 0 < 𝜆L < 1 < 𝜆H . Second, if 1 < rL < 2, there are two values of 𝜆 such that
(A.28) holds. They can be denoted by 𝜆0 and 𝜆1, with 0 < 𝜆0 < 1 < 𝜆1. We see that only 𝜆1 corresponds to a maximum of (8) with
t = L and y = ỹ. It follows that 𝜆L = 𝜆1. However, this is inconsistent with 0 < 𝜆L < 1 < 𝜆H . Hence, ỹ < rL

4 cannot be true. In turn,
suppose that ỹ = rL

4 . Using parts (i) and (ii) of Lemma A.3 and similar reasoning as before, we now obtain the following. If 0 < rL ≤ 1,
there is a unique 𝜆1 such that (A.28) holds, with 𝜆1 = 1. If 1 < rL < 2, there is a unique relevant 𝜆1 such that (A.28) holds, with
𝜆1 = 1. In both instances we obtain again an inconsistency with 0 < 𝜆L < 1 < 𝜆H . So, ỹ = rL

4 cannot be true. This establishes the first
statement of the lemma.

Turning to the second statement, suppose there are two equilibria, (x̃H , x̃L, ỹ) and (̃̃xH ,
̃̃xL,

̃̃y), or equivalently, (𝜆H , 𝜆L, ỹ) and

(̃̃𝜆H ,
̃̃
𝜆L,

̃̃y). We must have ̃̃y ≠ ỹ. We may assume without loss of generality that ̃̃y > ỹ. Also note that ỹ < rH
4 < 1 and ̃̃y < rH

4 < 1.

Using f (𝜆H; rH , ỹ) − g(𝜆H; rH) = 0, f (̃̃𝜆H ; rH ,
̃̃y) − g(̃̃𝜆H; rH) = 0 and Corollary A.1, it follows that ̃̃𝜆H < 𝜆H . Next, we also have ỹ >

rL
4

and ̃̃y > rL
4 . Using f (𝜆L; rL, ỹ) − g(𝜆L; rL) = 0, f (̃̃𝜆L; rL,

̃̃y) − g(̃̃𝜆L; rL) = 0 and Corollary A.1, we find that ̃̃𝜆L < 𝜆L. However, we now
have a contradiction since (A.14) and

𝛼H
̃̃
𝜆H + 𝛼L

̃̃
𝜆L = 1 (A.29)

cannot hold simultaneously. We conclude that there is at most one equilibrium. ■
Proceeding, given 0 < r ≤ 2, 0 < 𝛼H < 1 and 𝛼L = 1 − 𝛼H, we define

h(𝜆; r) = r𝜆r−1

(𝜆r + 1)2 , (A.30)

for 𝜆 ∈ [1, 1
𝛼H

], and

k(𝜆; r) =
r
(

1−𝛼H𝜆
𝛼L

)r−1

((
1−𝛼H𝜆
𝛼L

)r
+ 1

)2 , (A.31)

for 𝜆 ∈ [1, 1
𝛼H

). We present the following result.

Lemma A.5. We have the following:

(i) h(𝜆; r) and k(𝜆; r) are continuously differentiable in 𝜆.
(ii) h(𝜆; r) is strictly decreasing in 𝜆.

(iii) h(1; r) = r
4 and 0 < h( 1

𝛼H
; r) < r

4 .
(iv) k(1; r) = r

4 .
(v) Take 0 < rL < rH ≤ 2. There exists some 𝜆 ∈ (1, 1

𝛼H
) such that

h(𝜆; rH) = k(𝜆; rL). (A.32)

Proof. The proof of parts (i) to (iv) is immediate. In order to show part (v), note that k(1; rL) < h(1; rH). We now consider three
cases. First, take 0 < rL <1. Then lim

𝜆↑ 1
𝛼H

k (𝜆; rL) = +∞
(
> h

(
1
𝛼H

; rH

))
. It follows that there exists some 𝜆 ∈ (1, 1

𝛼H
) satisfying

(A.32). Second, take rL = 1. Then lim
𝜆↑ 1

𝛼H
k (𝜆; rL) = 1 > h

(
1
𝛼H

; rH

)
. Again there exists some 𝜆 ∈ (1, 1

𝛼H
) satisfying (A.32). Third, take

1 < rL <2. Then lim
𝜆↑ 1

𝛼H
k(𝜆; rL) = 0 (< k(1; rL)). We see that k′(𝜆; rL) = 0 if and only if

(
1 − 𝛼H𝜆

𝛼L

)rL
= rL − 1

rL + 1
. (A.33)
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Using this, we find that k(𝜆; rL) has a maximum at 𝜆max ∈ (1, 1
𝛼H

), with

k(𝜆max; rL) =
(rL − 1)1−

1
rL (rL + 1)1+

1
rL

4rL
, (A.34)

with k(𝜆max; rL) >
1
2 > h(1; rH). Again there exists some 𝜆 ∈ (1, 1

𝛼H
) satisfying (A.32). ■

Proof of Proposition 2. Using (A.12) and (A.30), we obtain ỹ = h(𝜆H; rH), while (A.13), (A.14) and (A.31) imply ỹ = k(𝜆H ; rL).
Combining, we see that in equilibrium we must have

h(𝜆H; rH) = k(𝜆H; rL). (A.35)

Using part (v) of Lemma A.5, we know that there exists some 𝜆H ∈ (1, 1
𝛼H

) satisfying (A.35). This demonstrates existence of an
equilibrium. Uniqueness of the equilibrium and the second statement of Proposition 2 follow from Lemma A.4.

Finally, consider the last statement of the Proposition. We know that 𝔼(x̃) = ỹ from (A.11). Next, we show that 𝔼(̃p) > 1
2 . First, take

r = rH and let player 2 exert effort ỹ. If player 1 plays xH = ỹ in this case, his payoff is equal to 𝜋H = 1
2 − ỹ > 0 (since ỹ <

rH
4 ≤

1
2 ).

If player 1 plays his best-response x̃H to ỹ, his payoff is 𝜋H = p̃H − x̃H > 𝜋H (the inequality follows since x̃H ≠ ỹ). Next, take r = rL
and let player 2 exert effort ỹ. If player 1 plays xL = ỹ in this case, his payoff is equal to 𝜋L =

1
2 − ỹ > 0. If player 1 plays his

best-response x̃L to ỹ, his payoff is 𝜋L = p̃L − x̃L > 𝜋L (the inequality follows since x̃L ≠ ỹ). Combining and using (A.11), we see that

𝛼H𝜋H + 𝛼L𝜋L = 𝔼(̃p) − (𝛼Hx̃H + 𝛼Lx̃L) = 𝔼(̃p) − ỹ > 𝛼H𝜋H + 𝛼L𝜋L = 1
2
− ỹ. (A.36)

Hence, we obtain the result. In turn, 𝔼(𝜋1) > 𝔼(𝜋2) follows immediately. ■
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