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Chapter 1

Preliminaries

In this thesis we consider multivariate discrete-time stochastic processes where the
discrete-time axis is the set of integers Z. Let pR,F , P q be a probability space, where
F is a σ-algebra and P is a probability measure on F . Throughout the thesis, all
the random variables and stochastic processes are understood with respect to this
probability space. We denote the random variable of a process z at time t P Z by
zptq. If zptq is k-dimensional (for all t P Z) then we call k “ dimpzq the dimension of
z and we write zptq P Rk or z P Rk. If z1, . . . , zn are vector-valued processes, then
z “

“

zT1 , . . . , z
T
n

‰T
denotes the process defined by zptq “

“

zT1 ptq, . . . , z
T
n ptq

‰T
, t P Z.

By using standard notation, we denote the covariance matrix of two random
variables y and z by EryzT s and we denote the conditional expectation of a y onto
a σ-algebra F1 Ď F by Ery|F1s.

Throughout the thesis, the n ˆ n identity matrix is denoted by In or by I when
its dimension is clear from the context. Likewise, the n ˆm zero matrix is denoted
by 0n,m or by 0.

1.1 Hilbert spaces of stochastic processes

The zero-mean square-integrable random variables form a Hilbert space, denoted
by H, with the covariance as the scalar product and with the standard multiplica-
tion by scalar and addition of random variables, see (Caines, 1988, Chapter 1) and
(Gikhman and Skorokhod, 2004, Chapter 4) for more details.

The closed subspace generated by a set U Ă H is the smallest (with respect to
set inclusion) closed subspace of H which contains U . The closed subspaces in H
form Hilbert spaces themselves with the same inner product as H. For this reason
we call a closed subspace generated by some random variables in H as the Hilbert
space generated by those random variables.

Let z P Rk be a zero-mean square-integrable process and consider a time instant
t P Z as the present time. ThenHz

t´,Hz
t`,Hz

t denote the Hilbert spaces generated by
the past, future and present values of z, i.e., by the sets t`T zpsq | s P Z, s ă t, ` P Rku,
t`T zpsq | s P Z, s ě t, ` P Rku, and t`T zptq|` P Rku, respectively.
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If u P R is a random variable in H and U P H is a closed subspace, then we
denote by Elru | U s the orthogonal projection of u onto U . The orthogonal pro-
jection of a multivariate random variable u P Rk onto U is defined element-wise
and is denoted by Elru|U s. That is, Elru|U s is the random variable with values in
Rk obtained by projecting the one-dimensional coordinates of u onto U . Accord-
ingly, the orthogonality of u to U is meant element-wise. The orthogonal projec-
tion of a closed subspace U Ď H onto a closed subspace V Ď H is defined by
ElrU |V s :“ tElru|V s, u P Uu. Note that for jointly Gaussian processes y and z, the
orthogonal projection Elryptq|Hz

t s of yptq onto Hz
t is equivalent to the conditional

expectation Eryptq|σpzptqqs of yptq given the σ-algebra generated by zptq.
Lastly, we mention that in subsequent chapters, for subspaces in H, we will use

the following operations: the sum of two subspaces U, V Ď H is written by U`V :“

tu ` v|u P U, v P V u and the orthogonal complement of U in V (with respect to H)
by V a U ; if U X V “ t0u then the direct sum of them is denoted by U 9̀ V ; if U and
V are orthogonal then we write the orthogonal direct sum as U ‘ V .

1.2 LTI–SS representations

The results of Chapters 2–4 are based on linear stochastic realization theory. There-
fore, to provide background material, we introduce the linear stochastic systems
that are studied in these chapters and give a brief overview of basic results in the
field (see (Lindquist and Picci, 2015)).

1.2.1 Introduction to LTI–SS representations

Below, we provide an introduction of linear time-invariant state-space (LTI–SS) rep-
resentations. To begin with, we define the class of processes we will work with.

Definition 1.1 (ZMSIR). A stochastic process is called zero-mean square-integrable
with rational spectrum (abbreviated by ZMSIR) if it is weakly-stationary, square-
integrable, zero-mean, purely non-deterministic, and its spectral density is a proper
rational function.

See (Lindquist and Picci, 2015; Rozanov, 1987) for further details on the prop-
erties of purely non-deterministic, weakly-stationary (wide-sense stationary in
(Rozanov, 1987)) processes with rational spectrum. In the literature, it is common
to assume that the ZMSIR processes are coercive: Recall from (Lindquist and Picci,
2015, Definition 9.4.1) that y is coercive if its spectrum is strictly positive definite on
the unit disk. Coercive and non-coercive processes are discussed separately in the
main results of Chapters 2–4.
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Next, we define the term LTI–SS representation for the class of ZMSIR processes.

Definition 1.2 (LTI–SS representation). A stochastic LTI–SS representation is a
stochastic dynamical system of the form

xpt` 1q “ Axptq `Bvptq

yptq “ Cxptq `Dvptq,
(1.1)

where A P Rnˆn, B P Rnˆm, C P Rpˆn, D P Rpˆm for n ě 0, m, p ą 0 and where
x P Rn, y P Rp, v P Rm are ZMSIR processes. The processes x, y and v are called
state, output and noise processes, respectively. Furthermore, we require that A is
stable, or equivalently that all its eigenvalues are inside the open unit circle, and
that for any t, k P Z, k ě 0, ErvptqvT pt´k´1qs “ 0, ErvptqxT pt´kqs “ 0, i.e., vptq is
white noise and uncorrelated with xpt ´ kq. An LTI–SS representation with output
process y is called LTI–SS representation of y.

In (1.1) the state process x is uniquely determined by the noise process v and
the system matrices A and B so that xptq “

ř8

k“0A
kBvpt ´ kq, where the conver-

gence of the infinite sum is understood in the mean square sense. On this basis (1.1)
is referred to as LTI–SS representation pA,B,C,D,v,yq or LTI–SS representation
pA,B,C,D,vq of y. Following the classical terminology, we call the dimension of
the state process x the dimension of the LTI–SS representation (1.1). Also, an LTI–SS
representation (1.1) is called minimal if it has minimal dimension among all the LTI–
SS representations of y. Notice that we allow (1.1) to have zero dimension. Zero
dimensional LTI–SS representations corresponds to representations of white noise
processes (y “ Dv). Whenever we say that pA,B,C,D,vq is a minimal LTI–SS rep-
resentation of a white noise process, it means that A,B,C are absent (or they are
zero by zero empty matrices). Zero-dimensional representations are considered to
be minimal, observable and controllable.

Note that the class of ZMSIR processes coincide with the class of processes that
can be represented by LTI–SS representations. For convenience, we will assume
that the outputs of LTI–SS representations, i.e., of ZMSIR processes, have a so-
called full-rank property. To define full-rank property of ZMSIR processes, we use
the following terminology: Recall that Hy

t´ denotes the Hilbert space generated by
typt´ kqu8k“1. We call the process

eptq :“ yptq ´ Elryptq|Hy
t´s, t P Z

the (forward) innovation process of y.
By full rank property of ZMSIR processes we mean the following:
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Definition 1.3. An output process y of an LTI–SS representation is called full rank if
the variance matrix of the innovation process of y is strictly positive definite.

The following assumption will be in force for the rest of the thesis.

Assumption 1.4. The output process y of an LTI–SS representation (1.1) is full rank.

Assumption 1.4 is a commonly used technical assumption that can not be as-
sumed without loss of generality. However, we know that if z is a ZMSIR process
with innovation process ez, then there exists a full column rank matrix M and a full
rank process y such that z “My and ez “Mey, where ey is the innovation process
of y, see (Lindquist and Picci, 2015, (4.46)).

1.2.2 Realization theory of LTI–SS representations

Stochastic LTI–SS representations of a given process y are strongly related to de-
terministic LTI–SS realizations of the covariance sequence Λy

k :“ Erypt ` kqyT ptqs,
k “ 0, 1, 2, . . ., see (Lindquist and Picci, 2015, Chapter 6) and (Caines, 1988, Chap-
ter 4) for more details. Below we briefly sketch this relationship, as it plays an im-
portant role in deriving results in Chapter 2. Consider an LTI–SS representation
pA,B,C,D,vq of y with state process x. Note that weakly stationarity implies that
the (co)variance matrices are time-independent. Denote the noise variance matrix
by Λv

0 “ ErvptqvT ptqs and the state variance matrix by Λx
0 “ ErxptqxT ptqs. Then, Λx

0

is the unique symmetric solution of the Lyapunov equation Σ “ AΣAT ` BΛv
0B

T

and the covariance G :“ EryptqxT pt` 1qs satisfies

G “ CΛx
0A

T `DΛv
0B

T . (1.2)

In light of this, the covariances tΛy
ku
8
k“0 of y are equal to the Markov parameters

of the deterministic LTI–SS system pA,GT, C,Λv
0 q, where recall that Λy

k “ Erypt `

kqyT ptqs. More precisely, for k ą 0

Λy
k “ CAk´1GT . (1.3)

Therefore, LTI–SS representations of y yield deterministic LTI–SS systems whose
Markov parameters are the covariances tΛy

ku
8
k“0 of y. Conversely, deterministic

LTI–SS systems whose Markov parameters are the covariances tΛy
ku
8
k“0 yield LTI–

SS representations of y. Recall that we call the process

eptq :“ yptq ´ Elryptq|Hy
t´s, t P Z
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the innovation process of y. Assume now that pA,GT , C,Λy
0 q is a stable minimal

deterministic LTI–SS system whose Markov parameters are the covariances of y,
i.e., (1.3) holds. Call a matrix M minimal symmetric solution of a matrix equation if
for any other symmetric solution M̃ the matrix M̃ ´M is positive definite. Let Σx

be the minimal symmetric solution of the algebraic Riccati equation

Σ “ AΣAT ` pGT ´AΣCT qp∆pΣqq´1pGT ´AΣCT qT , (1.4)

where ∆pΣq “ pΛy
0 ´ CΣCT q and set K as

K :“ pGT ´AΣxC
T qp∆pΣxq

´1q. (1.5)

Then, we know the following about the tuple pA,K,C, I, eq.

Proposition 1.5. (Katayama, 2005, Section 7.7) LetK be as in (1.5) and e be the innovation
process of y. Then the tuple

pA,K,C, I, eq (1.6)

is a minimal LTI–SS representation of y.

If x is the state of pA,K,C, I, eq, then the minimal symmetric solution of (1.4)
is Σx “ ErxptqxT ptqs and ∆pΣxq “ EreptqeT ptqs. Furthermore, K “ Erxpt ` 1q

eT ptqsEreptqeT ptqs´1 in (1.5) is the gain of the steady-state Kalman filter (Lindquist
and Picci, 2015, Section 6.9). This motivates the following definition:

Definition 1.6. Let e,y P Rp be ZMSIR processes and A P Rnˆn,K P Rnˆp, C P

Rpˆn, D P Rpˆp. An LTI–SS representation pA,K,C,D, e,yq is called Kalman repre-
sentation if e is the innovation process of y and D “ Ip.

A Kalman representation with output process y is called Kalman representation of
y. A Kalman representation is minimal, called minimal Kalman representation, if it is
a minimal LTI–SS representation. The representation in Proposition 1.5 is a minimal
Kalman representation, thus from the discussion above we can conclude that

Proposition 1.7. Every ZMSIR process y has a minimal Kalman representation.

Notice that Proposition 1.7 trivially implies that every ZMSIR process has a min-
imal LTI–SS representation.

An important feature of Kalman representations is that they can be calculated
from the covariance sequence of the output process, see Algorithm 1 below. As a
consequence, Kalman representations of a process can be calculated from any LTI–
SS representation of that process, see Algorithm 2 below.
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In Chapters 2–4, we deal with the so-called coercive property of ZMSIR pro-
cesses, see (Lindquist and Picci, 2015, Definition 9.4.1). In terms of Kalman repre-
sentations, coercivity of a process y is equivalent to the invertibility of any Kalman
representation pA,K,C, I, eq of y, i.e., with the existence of the inverse matrix pA´
KCq´1, see (Lindquist and Picci, 2015, Theorem 9.4.2). From this, it is easy to see
that if y is coercive, i.e., pA ´ KCq´1 exists, then the innovation process e can be
expressed as below.

eptq “ yptq ´
8
ÿ

k“0

CpA´KCqkKypt´ k ´ 1q.

In view of the foregoing, we present Algorithms 1 and 2.

Algorithm 1 Minimal Kalman representation based on output covariances

Input tΛy
ku

2N
k“0: Covariance sequence of y

Output tA,K,C,Λe
0u: System matrices of (1.6) and variance of the innovation pro-

cess of y

Step 1 Define the Hankel and the shifted Hankel matrices

H0 “

»

—

—

—

–

Λy
1 Λy

2 ¨ ¨ ¨ Λy
N

Λy
2 Λy

3 ¨ ¨ ¨ Λy
N`1

...
...

...
Λy
N Λy

N`1 ¨ ¨ ¨ Λy
2N´1

fi

ffi

ffi

ffi

fl

H1 “

»

—

—

—

–

Λy
2 Λy

3 ¨ ¨ ¨ Λy
N`1

Λy
3 Λy

4 ¨ ¨ ¨ Λy
N`2

...
...

...
Λy
N`1 Λy

N`2 ¨ ¨ ¨ Λy
2N

fi

ffi

ffi

ffi

fl

.

Step 2 Calculate the SVD of H0 “ USV T .
Step 3 Let m be such that Λy

0 P Rmˆm and denote the first m rows of a matrix by
p.q1:m. Define

A “ S´1{2UTH1V S
´1{2

C “ pUS1{2q1:m G “ pV S1{2q1:m

Step 4 Find the minimal symmetric solution Σx of the Riccati equation (1.4) (see
e.g., (Katayama, 2005, Section 7.4.2)).
Step 5 Set K as in (1.5) and define Λe

0 “ Λy
0 ´ CΣxC

T .

Note that Steps 1–3 of Algorithm 1 calculate a minimal deterministic LTI–SS sys-
tem pA,GT , C,Λ0q such that (1.3) holds using the classical Kalman-Ho realization
algorithm.

Remark 1.8 (Correctness of Algorithms 1–2). Consider a ZMSIR process y with co-
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Algorithm 2 Minimal Kalman representation based on LTI–SS representation

Input tĀ, B̄, C̄, D̄,Λv
0 u: System matrices of an LTI–SS representation

pĀ, B̄, C̄, D̄,vq of y and variance of vptq

Output tA,K,C,Λe
0u: System matrices of (1.6) and variance of the innovation pro-

cess of y

Step 1 Find the solution Σx of the Lyapunov equation Σ “ ĀΣĀT ` B̄Λv
0 B̄

T .
Step 2 Define G : C̄ΣxĀ

T ` D̄Λv
0 B̄

T and calculate the output covariance matrices
Λy
k “ C̄Āk´1GT for k “ 0, . . . , 2n, where n is such that Ā P Rnˆn.

Step 3 Apply Algorithm 1 with input tΛy
ku

2n
k“0 and denote the output by

tA,K,C,Λe
0u.

variance sequence tΛy
ku
8
k“0 and an LTI–SS representation pĀ, B̄, C̄, D̄,vq of y. Let

e be the innovation process of y and N be larger than or equal to the dimension
of a minimal LTI–SS representation of y. Then it follows from (Katayama, 2005,
Lemma 7.9, Section 7.7) that if tA,K,C,Λe

0u is the output of Algorithm 1 with in-
put tΛy

ku
2N
k“0, then pA,K,C, I, eq is a minimal Kalman representation of y and Λe

0 “

EreptqeT ptqs. Likewise, if tA,K,C,Λe
0u is the output of Algorithm 2 with input

tĀ, B̄, C̄, D̄, ErvptqvT ptqsu, then pA,K,C, I, eq is a minimal Kalman representation
of y and Λe

0 “ EreptqeT ptqs.

Remark 1.9. Algorithms 1 and 2 involve matrix multiplication, inversion, calculat-
ing SVD and solving Riccati and Lyapunov equations. The computational complex-
ity of all involved matrix operations is polynomial in the sizes of the matrices (Golub
and Van Loan, 2013). Also, solving Riccati and Lyapunov equations is polynomial
in the size of the solution matrix (Bini et al., 2011). For Algorithm 1, the sizes of the
matrices involved are polynomial in the number 2N ` 1 and the size p “ dimpyq of
the output covariances, hence its complexity is polynomial in N and p. By similar
reasoning, Algorithm 2 has polynomial complexity in the dimensions of the state,
output, and noise processes of the input LTI–SS representation pĀ, B̄, C̄, D̄,vq.

The algorithms in Chapters 2–4 are based on Algorithms 1–2 and under certain
conditions, they also calculate minimal Kalman representations. Minimal Kalman
representations have the following useful properties:

Proposition 1.10. A Kalman representation pA,K,C, I, e,yq is minimal if and only if
pA,Kq is controllable and pA,Cq is observable.

Proposition 1.10 provides a characterization of minimality of a Kalman repre-
sentation pA,K,C, I, e,yq by minimality of the deterministic system pA,K,C, Iq.
In general, the characterization of minimality in LTI–SS representations is more
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involved, and it is related to the minimality of the deterministic LTI–SS system
pA,GT , C,Λy

0 q associated with the stochastic LTI–SS representation (see (Lindquist
and Picci, 2015, Corollary 6.5.5)). The next proposition shows that minimal Kalman
representations are isomorphic in the sense defined below:

Definition 1.11 (isomorphism). Consider two Kalman representations pA,K,C, I, eq
and pÃ, K̃, C̃, I, eq of a process y. Then they are isomorphic if there exists a non-
singular matrix T such that A “ TÃT´1,K “ TK̃ and C̃ “ CT´1.

Proposition 1.12. (Lindquist and Picci, 2015, Theorem 6.6.1) Any two minimal Kalman
representations of a process y are isomorphic.

Again, in general, the result does not apply for any two LTI–SS representations of
y. The statement and its proof can be found in (Lindquist and Picci, 2015, Theorem
6.6.1, Section 6.6) with the modification that here the noise process is not normalized.

1.3 GB–SS representations

This section provides background material for Chapter 6 on general bilinear state-
space (GB-SS) representations. We adopt the terminology of (Petreczky and René,
2017) and summarize some of its results. First, some basic notation and terminol-
ogy are introduced. Then GB-SS representations are defined and a brief summary
about realization theory of GB-SS representations is presented (for more details see
(Petreczky and René, 2017)).

1.3.1 Introduction to GB–SS representations

To define general bilinear state-space representations, we first introduce the neces-
sary terminology. For the rest of the chapter, we fix a finite set t1, 2, . . . , du, where d
is a positive integer, and denote it by Σ.

Consider the discrete-time stochastic dynamical system

xpt` 1q “
ÿ

σPΣ

pAσxptq `Kσvptqquσptq

yptq “ Cxptq `Dvptq,

(1.7)

where the state xptq P Rn, noise vptq P Rm, output yptq P Rp, and input processes
uσptq P R, σ P Σ are weakly stationary stochastic processes.

In order to be able to define generalized bilinear state-space (abbreviated by GB-
SS) representations we need to impose further restrictions on systems of the form
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(1.7). More precisely, we adapt GB–SS representations from (Petreczky and René,
2017) which are state-space representation of the form (1.7) that satisfy a number
of additional conditions. Note that these conditions are necessary for realization
theory of representation of the form (1.7). The following notation and terminology
help us to define these conditions.

Let Σ` be the set of all finite sequences of elements of Σ, i.e., a typical element
of Σ` is a sequence of the form w “ σ1 ¨ ¨ ¨σk, where σ1, . . . , σk P Σ. We define
the concatenation operation on Σ` in the standard way: if w “ σ1 ¨ ¨ ¨σk and v “

σ̂1 ¨ ¨ ¨ σ̂l where σ1, . . . , σk, σ̂1, ..., σ̂l P Σ then the concatenation of w and v, denoted
by wv, is defined as the sequence wv “ σ1 ¨ ¨ ¨σkσ̂1 ¨ ¨ ¨ σ̂l. In the sequel, it will be
convenient to extend Σ` by adding a formal unit element ε R Σ`. We denote this set
by Σ˚ :“ Σ` Y tεu. The concatenation operation can be extended to Σ˚ as follows:
εε “ ε, and for any w P Σ`, εw “ wε “ w. Let w “ σ1 ¨ ¨ ¨σk P Σ` and σ P Σ.
Then the length of w is defined by |w| :“ k and the length of ε is defined by |ε| :“ 0.
Consider a set of matrices tMσuσPΣ where Mσ P Rnˆn, n ě 1 for all σ P Σ and let
w “ σ1 ¨ ¨ ¨σk P Σ`, where σ1, . . . , σk P Σ. Then, we denote the matrix Mσk ¨ ¨ ¨Mσ1

byMw and we defineMε :“ I . In addition, for a set of processes tuσuσPΣ and forw “
σ1 ¨ ¨ ¨σk P Σ`, where σ1, . . . , σk P Σ we denote the process uσkptq ¨ ¨ ¨uσ1pt´ |w| ` 1q

by uwptq and define uεptq :” 1. In a dynamical system (1.7), the past of the noise,
state and output processes that are multiplied by the past of the input processes play
an important role in defining GB-SS representations and adapting analytical tools
from linear system theory to the study of GB-SS representations. For this reason we
define the following processes:

Definition 1.13. Consider a process r and a set of processes tuσuσPΣ. Let σ P Σ and
w “ σ1 ¨ ¨ ¨σk P Σ`, where σ1, . . . , σk P Σ˚. Then, we define the process

zrwptq :“ rpt´ |w|quwpt´ 1q,

which we call the past of r with respect to tuσuσPΣ.

Definition 1.14. Consider a process r and a set of processes tuσuσPΣ . Let σ P Σ and
w “ σ1 ¨ ¨ ¨σk P Σ`, where σ1, . . . , σk P Σ˚. Then, we define the process

zr`w ptq :“ rpt` |w|quwpt` |w| ´ 1q,

which we call the future of r with respect to tuσuσPΣ.

Notice that for w “ ε, both the past zrεptq and the future zr`ε ptq of r with respect
to tuσuσPΣ equal rptq.

The processes in Definitions 1.13 and 1.14 slightly differ from the parallel past
and future processes of a process used in (Petreczky and René, 2017). Note that
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we can obtain the processes in Definitions 1.13 and 1.14 by multiplying the parallel
processes used in (Petreczky and René, 2017) with a scalar, see e.g., equation (6) in
(Petreczky and René, 2017).

In what follows we define classes of processes that serve as a basis in formulat-
ing constraints on system (1.7). We begin with defining admissible sets of processes.
For this, first recall that all the random variables and stochastic processes are un-
derstood with respect to a probability space pR,F , P q. Using the standard notation,
the conditional expectation of a random variable z to a σ-algebra F˚ is denoted by
Erz|F˚s. Furthermore, considering a process z and a time t, the σ-algebra generated
by the random variables in the past is denoted by Fz

t´ “ σ
`

tzpkqut´1
k“´8

˘

.
The definition of admissible sets of processes below will help us in formulating

conditions on the input processes of (1.7). As we will see, the set of input processes
of a GB–SS representation forms an admissible set of processes.

Definition 1.15 (admissible set of processes). A set of processes tuσuσPΣ is called
admissible if

• ruTv ,uTwsT is weakly stationary for all v, w P Σ˚

• there exist real numbers tασuσPΣ such that for all t P Z :
ř

σPΣ ασuσptq ” 1

• there exist (strictly) positive numbers tpσuσPΣ such that for any σ1, σ2 P Σ and
v1, v2 P Σ˚, where v1v2 P Σ` the following holds:

Eruv1σ1
ptquv2σ2

ptq| _
σPΣ
Fuσ
t´ s “

#

pσ1
uv1
pt´ 1quv2

pt´ 1q σ1 “ σ2

0 σ1 ‰ σ2

where _
σPΣ
Fuσ
t´ denotes the smallest sigma algebra containing allFuσ

t´ for σ P Σ.

Next, we define the class of processes to which the noise, state and output pro-
cesses of a GB–SS representation belong. The definition involves the concept of
conditionally independent σ-algebras: Recall that two σ-algebras F1, F2 are condi-
tionally independent with respect to a third one F3, if for every event A1 P F1 and
A2 P F2 the following holds: P pA1 X A2|F3q “ P pA1|F3qP pA2|F3q with probabil-
ity one (Pearl, 2000). Furthermore, besides the σ-algebra generated by the random
variables in the past of z with respect to a time t, we will work with σ-algebras gen-
erated by the random variables in the present and future, denoted by Fz

t “ σ pzptqq

and Fz
t` “ σ ptzpkqu8k“tq, respectively.

Definition 1.16 (ZMWSSI process). A stochastic process r is called zero-mean weakly
stationary with respect to an admissible set of processes tuuσPΣ (ZMWSSI) if

• Fr
pt`1q´ and Fu

t` are conditionally independent with respect to Fu
t´
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• rrT , pzrvqT , pzrwqT sT is zero-mean weakly stationary for all v, w P Σ`.

Note that ZMWSSI abbreviates zero-mean weakly stationary with respect to
input. This is because ZMWSSI will describe processes of GB–SS representations
where the admissible set of processes will be the set of input processes.

We are now ready to define GB–SS representations:

Definition 1.17 (GB–SS representation). A system of the form (1.7) is called general-
ized bilinear state-space (GB–SS) representation of ptuσuσPΣ,yq if the following holds:

• tuσuσPΣ is admissible

• rxT ,vT s is ZMWSSI w.r.t. tuσuσPΣ

• ErzvwptqvT ptqs “ 0 and ErzxwptqvT ptqs “ 0 for all w P Σ`

• Erzxσ̂ptq pzvσptqq
T
s “ 0 for all σ̂, σ P Σ

•
ř

σPΣ pσAσ bAσ is stable.

We refer to a GB–SS representation (1.7) as GB–SS representation ptAσ,KσuσPΣ, C,

D,v, tuσuσPΣ,yq or as GB–SS representation ptAσ,KσuσPΣ, C,D,vq of ptuσuσPΣ,yq.
Notice that because rxT ,vT s is ZMWSSI w.r.t. tuσuσPΣ and the output process

y is the linear combination of x and v, the output process y is also ZMWSSI w.r.t.
tuσuσPΣ. Depending on the choice of the input, the behaviour of a GB–SS represen-
tation can significantly vary. The constraint on the input of a GB–SS representation,
formulated in Definition 1.15, gives scope to choosing tuσuσPΣ for example in the
following ways:

• If Σ “ 1 and u1ptq ” 1, then u1 is admissible and the GB–SS representation
defines an autonomous LTI–SS representation.

• If uσptq is zero-mean, square-integrable, independent and identically dis-
tributed (iid) process for all σ P Σ and uσ1

ptq, uσ2
ptq are independent for all

σ1, σ2 P Σ, σ1 ‰ σ2, then tuσuσPΣ is admissible.

• If uσptq “ χpΘptq “ σq where Θ is an iid process taking values in Σ, then
tuσuσPΣ is admissible.

More examples for inputs of GB–SS representations can be found in (Petreczky and
René, 2017). Note that Definition 1.15 gives a more strict definition of admissible set
of processes than (Petreczky and René, 2017, Definition 1). More specifically, the set
of admissible words used in (Petreczky and René, 2017) is the trivial Σ` set. The
results of Chapter 6 remain valid with the definition of admissible set of processes
in (Petreczky and René, 2017), however, we use Definition 1.15 in order to avoid
technicalities.
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1.3.2 Realization theory of GB–SS representations

In this section, we recall from (Petreczky and René, 2017) a number of results from
realization theory of GB-SS representations. First, we introduce a specific GB–SS
representation, called innovation GB–SS representation, which is followed by a sum-
mary of realization theory of GB–SS representations. In particular, we present a
realization algorithm, which calculates innovation GB–SS representations from co-
variances of the input and output processes. Innovation GB-SS representations and
the latter realization algorithm of GB-SS representations will play a crucial role in
deriving the main results of Chapter 6.

Before defining innovation GB–SS representations, we recall some basic nota-
tions that rely on the theory of Hilbert spaces of zero-mean square-integrable ran-
dom variables.

In Section 1.1 we have seen the set of zero-mean square-integrable random vari-
ables taking values in R forms a Hilbert-space H. Let r be a ZMWSSI process with
respect to a set of admissible processes tuσuσPΣ. Then the one-dimensional compo-
nents of the random variables rptq and zrwptq, (the past of r with respect to tuσuσPΣ,
see Definition 1.13) belong toH for all t P Z. Recall that the Hilbert space generated
by the one-dimensional components of rptq is denoted by Hz

t . Likewise, we denote
the Hilbert space generated by the one-dimensional components of tzrwptquwPΣ` by
Hzr

w

t,wPΣ`
. Note thatHzr

w

t,wPΣ`
is the closed sum of the Hilbert spaces generated by the

one-dimensional components of tzrwptquwPΣ` .
Below, we define what we mean by innovation GB–SS representation. Infor-

mally, an innovation GB–SS representation has a specific noise process, which we
call GB–innovation process. First, we define GB-innovation processes:

Definition 1.18 (GB–innovation process). The GB–innovation process of a ZMWSSI
process y with respect to the set of admissible processes tuσuσPΣ is defined by

eptq :“ yptq ´ Elryptq|H
zy
w

t,wPΣ`
s.

The class of innovation GB-SS representations is then defined as follows.

Definition 1.19 (innovation GB–SS representation). A GB–SS representation (1.7) is
called innovation GB–SS representation if the noise process v is the GB–innovation
process eptq “ yptq ´Elryptq|H

zy
w

t,wPΣ`
s of y with respect to the input tuσuσPΣ and D

is the identity matrix.

Recall that in the specific case when Σ “ t1u and u1ptq ” 1, GB–SS representa-
tions define LTI–SS representations. For this case, the GB–innovation process w.r.t.
u1 is the innovation process eptq “ yptq ´ Elryptq|Hy

t´s, where Hy
t´ is the Hilbert
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space generated by the elements of the past typt ´ kqu8k“1 of y. From this, it is easy
to see that when Σ “ t1u and u1ptq ” 1, then innovation GB–SS representations de-
fine innovation LTI–SS representations (called Kalman representation in (Jozsa et al.,
2018b)).

Among innovation GB–SS representations we are particularly interested in min-
imal ones. As for LTI–SS representations in the previous chapters, we define the
dimension of a GB–SS representation as the dimension of the space from where
the state process takes its values. Then, a GB–SS representation ptuσuσPΣ,yq is
called minimal if it has minimal dimension among all GB–SS representations of
ptuσuσPΣ,yq.

Innovation GB–SS representations, in particular minimal ones, have several ad-
vantageous properties. For instance, if there exists a GB–SS representation of the
input-output processes ptuσuσPΣ,yq then there also exists a minimal innovation GB–
SS representation of ptuσuσPΣ,yq, see (Petreczky and René, 2017, Theorem 2). In
fact, this minimal innovation GB–SS representation can be calculated algorithmi-
cally from ptuσuσPΣ,yq. This algorithm is called realization algorithm and we will
present it later on in this section.

Recall that we refer to a GB–SS representation (1.7) as GB–SS representation
ptAσ,KσuσPΣ, C, D,v, tuσuσPΣ,yq or as GB–SS representation ptAσ,KσuσPΣ, C,D,vq

of ptuσuσPΣ,yq. Note that in the notations above, we do not mention the state pro-
cess. However, the state process of a GB–SS representation (1.7) is uniquely deter-
mined by the noise process and the system matrices. Indeed, for a given w P Σ`,
the state process x can be expressed at time t as below (see (Petreczky and René,
2017, Lemma 1)).

xptq “
8
ÿ

N“0

ÿ

|w|ďN,σPΣ

AwKσz
v
σwptq (1.8)

Next, we present the realization algorithm of GB-SS representations. To this end,
we need to define Hankel matrices in GB–SS representations which requires the
introduction of a (complete) lexicographic ordering păq on Σ˚: v ă w if either |v| ă |w|
or if v “ ν1 . . . νk, w “ σ1 . . . σk then D l P t1, . . . , ku such that νi “ σi, i ă l and νl ă
σl. Let the ordered elements of Σ˚ be v1 “ ε, v2 “ σ1, . . . and define Mpjq “ dj`1

´1
d´1

for d ě 2 and Mpjq “ j ` 1 for d “ 1 as the largest index such that |vMpjq| ď j.
Now, consider a GB–SS representation (1.7) and denote the covariances between y

and its past zyw w.r.t. the input (see Definition 1.13) by Λy
w :“ Eryptqpzywptqq

T s. Then
the matrices that form the block matrices of the Hankel matrix are given by

Ψy
w :“ rΛy

1w, . . . ,Λ
y
dws.
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Note that the covariances Λy
w, thus also Ψy

w, can be expressed via the system matrices
of a GB-SS representation of ptuσuσPΣ,yq as follows: Let Pσ “ ErxptqxT ptqu2

σptqs be
the unique symmetric positive semi-definite solution of

Pσ “ pσp
ÿ

σ1PΣ

Aσ1Pσ1A
T
σ1
`Kσ1Qσ1K

T
σ1
q

and Qσ1 “ ErvptqvT ptqu2
σptqs. Define pε “ 1 and note that v1 “ ε. Then the follow-

ing holds for all v P Σ˚, σ P Σ

Λy
σv “ pvCAvGσ, Ψy

v “ pvCAvG

where Gσ “ AσPσC
T `KσQσ and G “

“

G1 G2 ¨ ¨ ¨ Gd
‰

.
By using Ψy

w, we define the (finite) Hankel matrix of y with respect to tuσuσPΣ
indexed by i, j as follows

Hy
i,j :“

»

—

—

—

—

–

Ψy
v1v1

Ψy
v2v1

¨ ¨ ¨ Ψy
vMpjqv1

Ψy
v1v2

Ψy
v2v2

¨ ¨ ¨ Ψy
vMpjqv2

...
...

...
Ψy
v1vMpiq

Ψy
v2vMpiq

¨ ¨ ¨ Ψy
vMpjqvMpiq

fi

ffi

ffi

ffi

ffi

fl

. (1.9)

For presenting the realization algorithm, we also need to introduce observability
matrices. The observability matrix Ok of ptAσuσPΣ, Cq up to k is defined by

Ok :“
“

pCAv1q
T pCAv2q

T ¨ ¨ ¨ pCAvkq
T sT

‰

.

Finally, we will make the technical assumption that the output processes of GB–SS
representations are full rank. The full rank property is defined as follows:

Definition 1.20. An output process y of a GB–SS representation is called full rank
if for all σ P Σ and t P Z, the matrix EreptqeT ptqu2

σptqs is strictly positive definite
where e is the GB–innovation process of y w.r.t the input tuσuσPΣ.

Definition 1.20 is equivalent to saying that the random variable zeσptq has positive
definite variance matrix for all σ P Σ and t P Z. The next assumption will be in force
for the rest of the thesis:

Assumption 1.21. The output process y of a GB–SS representation (1.7) is full rank.

Next, we present Algorithm 3, a realization algorithm of GB–SS representations
that calculates an innovation GB–SS representation from the covariances of the
input-output processes. Algorithm 3 is equivalent to (Petreczky and René, 2017,
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Algorithm 2), however, there is a nuance between the two algorithms due to that
in (Petreczky and René, 2017) there is a scalar factor of the processes zywptq which
factor also effects the formulas for the covariances Ψy

w and the Hankel matrix Hy
i,j .

Algorithm 3 Minimal innovation GB–SS representation based on output covariances

Input tΨy
wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ: Covariance sequence of y and

its past and variances of zyσ

Output ptAσ,Kσ, QσuσPΣ, Cq: System matrices of a minimal innovation GB–SS
representation of ptuσuσPΣ,yq

Step 1 Form the Hankel matrix Hy
N´1,N defined in (1.9)

Step 2 DecomposeHy
N´1,N “ OR such that O P RpMpN´1qˆn and R P RnˆpdMpNq

have full column and row rank, respectively, and n is the rank of Hy
N´1,N

Step 3 Take C as the first p rows of O and Rvi P Rnˆpd such that R “

rRv1 ¨ ¨ ¨RvMpNqs
Step 4 Take Gi P Rnˆp such that Rv1

“ rG1 ¨ ¨ ¨Gds
Step 5 Let Aσ be the linear least square solution of

AσRvi “
1

pσ
Rviσ, i “ 1, . . . ,MpN ´ 1q

Step 6 Let Pσ “ limkÑ8 P
k
σ where P 0

σ “ 0 and P i`1
σ , i “ 0, 1, . . . is s.t.

Qiσ “ Erzyσptqpz
y
σptqq

T s ´ CP iσC
T

Ki
σ “ pGσ ´AσP

i
σC

T qpQiσq
`

P i`1
σ “ pσp

ÿ

σ1PΣ

`

Aσ1P
i
σ1
qATσ1

`Ki
σ1
Qiσ1

pKi
σ1
qT
˘

Step 7 Let Kσ “ limiÑ8K
i
σ and Qσ “ limiÑ8Q

i
σ .

Assume that the processes ptuσuσPΣ,yq have an n-dimensional GB–SS represen-
tation. Then, the following statement holds for the output ptAσ,Kσ, QσuσPΣ, Cq of
Algorithm 3 with input tΨy

wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ where N ě n:

Lemma 1.22. (Petreczky and René, 2017, Theorem 3) Denote the GB–innovation process
of y by e. Then Erzeσptq pzeσptqq

T
s “ Qσ and the tuple ptAσ,KσuσPΣ, C, I, eq is a minimal

innovation GB–SS representation of ptuσuσPΣ,yq, i.e.,

xpt` 1q “
ÿ

σPΣ

pAσxptq `Kσeptqquσptq

yptq “ Cxptq ` eptq,

(1.10)
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Furthermore, we also know the following formula on the state process, see the
proof of (Petreczky and René, 2017, Lemma 18) or Lemma 6.9 in Appendix 6.A:

Lemma 1.23. The state process of the GB–SS representation (1.10) is in the form of

xptq “

»

—

—

—

–

pv1Ip 0 ¨ ¨ ¨ 0

0 pv2
Ip 0

...
. . .

...
0 ¨ ¨ ¨ 0 pvMpnqIp

fi

ffi

ffi

ffi

fl

´1

O`MpnqElrZ
y
n ptq|H

zy
w

t,wPΣ`
s, (1.11)

where Ip is the pˆ p identity matrix and

Zy
n ptq “

”

pzy`v1
ptqqT . . . pzy`vMpnqptqq

T
ı

is a vector of the future of yptq with respect to the input (see Definition 1.14) and O`Mpnq de-
notes the Moore-Penrose pseudo inverse of the observability matrix OMpnq of ptAσuσPΣ, Cq
up to n.

Remark 1.24. The variance matrices tErzyσptqpzyσptqqT suσPΣ of the processes tzyσuσPΣ
can be expressed by the system matrices of a GB-SS representation ptAσ,KσuσPΣ, C,

D,vq of ptuσuσPΣ,yq as

Erzyσptqpz
y
σptqq

T s “ CPσC
T `DQσD

T .

Hence, the inputs of Algorithm 3 can be computed from any GB-SS representation
of ptuσuσPΣ,yq. As a result, Algorithm 3 can be modified to compute a minimal
innovation GB-SS representation of ptuσuσPΣ,yq from any GB–SS representation of
ptuσuσPΣ,yq in a similar manner as the realization algorithm Algorithm 1 of LTI–SS
representations was modified as Algorithm 2. When applied to LTI–SS representa-
tion, Algorithm 3 is essentially equivalent to the well-known covariance realization
algorithm (Lindquist and Picci, 2015).

The last result that we recall from realization theory of GB–SS representations
helps us to relate Algorithm 3 to another realization algorithm in the Chapter 6 (see
Remark 6.8). We first define isomorphism between GB–SS representations:

Definition 1.25 (isomorphism). Consider two GB–SS representations ptAσ,KσuσPΣ,

C,D,vq with state process x and ptÂσ, K̂σuσPΣ, Ĉ, D̂,vq with state process x̂ of the
same input-output processes. Then we call them isomorphic if there exists a non-
singular matrix T such that

CT´1 “ Ĉ, TAσT
´1 “ Âσ, TKσ “ K̂σ, D “ D̂, Txptq “ x̂ptq.
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The next lemma claims that minimal innovation GB-SS representations are iso-
morphic.

Lemma 1.26. (Petreczky and René, 2017, Theorem 2) Any two minimal innovation GB–SS
representations of the processes ptuσuσPΣ,yq are isomorphic.

Note that in general, Lemma 1.26 does not apply for any two GB–SS representa-
tions of ptuσuσPΣ,yq.

1.4 Network graphs

In this thesis, the output processes of LTI–SS representations, transfer matrices and
GB–SS representations are partitioned into components. Based on this partitioning,
the latter dynamical systems are also decomposed into subsystems. Consider a pro-
cess y partitioned into n components such that y “ ryT1 , . . . ,yTn sT where yi P Rri .
Then, the dynamical system that represents y can be seen as the network of sub-
systems, where each subsystem generates a component yi of y. In what follows, we
define the network of these subsystems in each of the dynamical systems mentioned
above, with the help of a directed graph, called network graph.

1.4.1 Network graphs of LTI–SS representations

Below, we discuss what we mean by network graphs of LTI–SS representations.
Consider an LTI–SS representation of y as follows

»

–

x1pt` 1q

. . .

xnpt` 1q

fi

fl “

»

—

–

A11 . . . A1n

...
. . .

...
An1 . . . Ann

fi

ffi

fl

»

–

x1ptq

. . .

xnptq

fi

fl`

»

—

–

B11 . . . B1n

...
. . .

...
Bn1 . . . Bnn

fi

ffi

fl

»

–

v1ptq

. . .

vnptq

fi

fl

»

–

y1ptq

. . .

ynptq

fi

fl “

»

—

–

C11 . . . C1n

...
. . .

...
Cn1 . . . Cnn

fi

ffi

fl

»

–

x1ptq

. . .

xnptq

fi

fl`

»

—

–

D11 . . . D1n

...
. . .

...
Dn1 . . . Dnn

fi

ffi

fl

»

–

v1ptq

. . .

vnptq

fi

fl ,

(1.12)

where Aij P Rpiˆpj , Bij P Rpiˆqj , Cij P Rriˆpj , Dij P Rriˆqj for some positive in-
tegers pi, qi and ri. In (1.12), the sub-representation generating yi for i “ 1, . . . , n,
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denoted by Si, is given by

xipt` 1q “
ÿ

j|Aij orBij‰0

Aijxjptq `Bijvjptq

yiptq “
ÿ

j|Cij orDij‰0

Cijxjptq `Dijvjptq.
(1.13)

Then, informally, we say that information flows from Si to Sj , if xi and vi serve as
an input for Sj . It is easy to see that the LTI–SS representation (1.12) is the network
of the (non-autonomous) sub-representations (1.13).

To provide illustrative explanation of the results in Chapters 2–4, we will use
the term network graph of LTI–SS representations. Network graphs are not used in the
formulation of the results, they only serve to illustrate them. By network graph of
the LTI–SS representation (1.12) we mean the directed graph G “ pV,Eq where V “
t1, . . . , nu, E Ď V ˆ V and pi, jq P E if xi and vi serve as an input for Sj . It is deter-
mined by the zero-block matrices among the block matrices tAij , Bij , Cij , Diju

n
i,j“1.

More precisely, for any two nodes i, j P V there is no edge from j to i, i.e., pj, iq R E,
if and only if

Aij “ 0, Bij “ 0, Cij “ 0, Dij “ 0.

Notice that the network graph of the LTI–SS representation (1.12) depends on the
numbers tpi, qi, riuni“1.

In Chapters 2–4 network graphs of LTI–SS representations are one of the follow-
ing graphs: the two node graph with one directed edge, star graphs with one root
node and an arbitrary number of leaves and the transitive acyclic directed graphs.
Notice that star graphs form a subclass among transitive acyclic directed graphs as
well as the two node graph with one directed edge is a special case of star graphs.

1.4.2 Network graphs of transfer matrices

Next, we introduce network graphs of transfer matrices. LetGpzq “ CpsI´Aq´1B`

D be a transfer matrix of an LTI–SS representation pA,B,C,D,v,yq (Anderson and
Moore, 1979, Appendix C & D) such that

»

—

—

—

–

y1ptq

y2ptq
...

ynptq

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

G11pzq G12pzq . . . G1npzq

G21pzq G22pzq . . . G2npzq
...

...
...

Gn1pzq Gn2pzq . . . Gnnpzq

fi

ffi

ffi

ffi

fl

»

—

—

—

–

v1ptq

v2ptq
...

vnptq

fi

ffi

ffi

ffi

fl

, (1.14)
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where Gijpzq P Rriˆqj is an ri ˆ qj rational transfer matrix. Then the network graph
ofGpzq is the directed graphG “ pV,Eqwhere V “ t1, 2, . . . , nu and pi, jq P E if and
only if Gjipzq ‰ 0. Notice that the network graph of a transfer matrix depends on
how we define the numbers tri, qiuni“1.

In Chapter 5, we study network graphs of transfer matrices that belong to the
class of transitive acyclic directed graphs.

1.4.3 Network graphs of GB–SS representations

At last, the network graphs of GB–SS representations are introduced. Consider a
GB-SS representation of y as follows

»

–

x1pt` 1q

. . .

xnpt` 1q

fi

fl“
ÿ

σPΣ

¨

˚

˝

»

—

–

Aσ,11 . . . Aσ,1n
...

. . .
...

Aσ,n1 . . . Aσ,nn

fi

ffi

fl

»

–

x1ptq

. . .

xnptq

fi

fl`

»

—

–

Bσ,11 . . . Bσ,1n
...

. . .
...

Bσ,n1 . . . Bσ,nn

fi

ffi

fl

»

–

v1ptq

. . .

vnptq

fi

fl

˛

‹

‚

uσptq

»

–

y1ptq

. . .

ynptq

fi

fl“

»

—

–

C11 . . . C1n

...
. . .

...
Cn1 . . . Cnn

fi

ffi

fl

»

–

x1ptq

. . .

xnptq

fi

fl`

»

—

–

D11 . . . D1n

...
. . .

...
Dn1 . . . Dnn

fi

ffi

fl

»

–

v1ptq

. . .

vnptq

fi

fl,

(1.15)

where for all σ P Σ Aσ,ij P Rpiˆpj , Bσ,ij P Rpiˆqj , Cij P Rriˆpj , Dij P Rriˆqj for
some positive integers

řn
i“1 pi,

řn
i“1 qi and

řn
i“1 ri. In (1.15), the sub-representation

generating yi for i “ 1, . . . , n, denoted by Si, is given by

xipt` 1q “
ÿ

σPΣ

¨

˝

ÿ

j|Aσ,ij orBσ,ij‰0

Aσ,ijxjptq `Bijvjptq

˛

‚uσptq

yiptq “
ÿ

j|Cij orDij‰0

Cijxjptq `Dijvjptq.

(1.16)

Informally, we say that information flows from Si to Sj , if xi and vi appear in the
equations of Sj . It is then easy to see that the GB–SS representation (1.15) is the
network of the sub-representations (1.16).

To help the understanding of the results in Chapter 6, we will use the term
network graph of GB–SS representations. Just as it was done for LTI–SS representa-
tions, this term is not used in the formulation of the results, however, it is a useful
tool to illustrate the results. By network graph of the GB–SS representation (1.15)
we mean the directed graph G “ pV,Eq where V “ t1, . . . , nu, E Ď V ˆ V and
pi, jq P E if xi and vi appear in the equations of Sj . The network graph of a
Kalman representation is determined by the zero-block matrices among the block
matrices tAσ,ij , Bσ,ij , Cij , Diju

n
i,j“1. That is, for i, j P V pj, iq R E if and only if
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Aσ,ij “ 0, Bσ,ij “ 0 for all σ P Σ and Cij “ 0, Dij“0. Notice that the network graph
of the GB–SS representation (1.15) depends on the numbers tpi, qi, riuni“1.
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