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Chapter 6

Causality and network graph in general bilin-
ear state-space representations

In this chapter, we would like to derive similar results to the results presented in
Chapter 2 for general bilinear state-space (GB–SS) representations. For background
material on GB–SS representation, see Section 1.3. The motivation for this chapter
is that in most of the fields, where Granger causality is applied (e.g., econometrics,
systems biology, neuroscience), nonlinear models are more desirable due to their
ability to describe richer variety of phenomena. Since Granger causality is based on
linear relations, it is not suitable when the processes relate to each other in a non-
linear way, e.g., for processes generated by nonlinear dynamical systems. As a first
step towards nonlinear systems, a natural choice for the class of nonlinear systems is
the class of bilinear systems. This class includes e.g., vector autoregressive moving-
average (VARMA), switched linear, and, in case of general bilinear state-space (ab-
breviated by GB–SS) representations, jump Markov linear models. The reason for
choosing bilinear systems is that they can produce richer phenomena than linear
systems, yet many of the analytical tools for linear systems are suitable to analyze
them. In particular, stochastic realization theory exists for GB–SS representations
(Petreczky and René, 2017). This theory serves as a basis for the technicalities of the
main results of this chapter.

In order to achieve the objectives of this chapter, we will
1) choose a suitable definition of causality based on the statistical properties of

the input-output processes that are represented by bilinear state-space representa-
tions;

2) prove an equivalence between the defined causality and properties of the in-
ner structure of bilinear state-space representations.

In order to formalize causality for the outputs of GB–SS representations, we will
introduce the concept of GB-Granger causality. GB-Granger causality is an exten-
sion of Granger causality and it coincides with Granger causality when applied to
outputs of stochastic LTI–SS representations.

In the main result of this chapter, we consider a GB–SS representation with out-
put process y “ ryT1 ,y

T
2 s
T and input process u. Then, we show that the absence of
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a GB-Granger causality from y1 to y2 with respect to u is equivalent to the decom-
position of the GB–SS representation into the interconnection of two subsystems,
one of which generates y1 with input u, and another one which generates y2 with
input u, where the former sends no information to the latter. That is, GB-Granger
causality, although it is defined purely in terms of the input-output processes, can
be equivalently interpreted as a property of the internal structure of a bilinear state-
space representation of these processes. The results of this chapter are extensions
of results in Chapter 2 on the relationship between Granger causality and internal
structure of LTI–SS state-space representations towards GB–SS representations.

The chapter is organizes as follows: To introduce GB-Granger causality and its
characterization, we first recall some results from Chapter 2. Then, we define GB-
Granger causality and explain its meaning in GB–SS representations. Throughout
this chapter, we assume that y is a ZMWSSI process with respect to an admissible set
of processes tuσuσPΣ and y admits a partitioning y “ ryT1 ,y

T
2 s
T , such that yi P Rpi

for pi ą 0, i “ 1, 2.

6.1 Granger causality in LTI–SS representations

Before introducing the concept of GB-Granger causality, we recall the definition of
Granger causality from Chapter 2 and its meaning in LTI–SS representations. Infor-
mally, y1 does not Granger cause y2, if for all k ě 0, the best k-step linear prediction
of y2 based on the past values of y2 is the same as that of based on the past val-
ues of y. Recall that Hz

t´ denotes the Hilbert space generated by the elements of
the past tzpt ´ kqu8k“1 of z. Then Granger causality is defined as follows, see also
Definition 2.3:

Definition 6.1 (Granger causality). Consider a zero-mean square-integrable, weakly
stationary process y “ ryT1 ,y

T
2 s
T . We say that y1 does not Granger cause y2 if for all

t, k P Z, k ě 0

Elry2pt` kq|Hy2

t´s “ Elry2pt` kq|Hy
t´s.

Otherwise, we say that y1 Granger causes y2.

In Section 1.3, it was shown that a GB–SS representation defines a linear time-
invariant state-space (LTI–SS) representation if Σ “ t1u and u1ptq ” 1. Accordingly,
the innovation process of y in LTI–SS representations is eptq “ yptq ´ Elryptq|Hy

t´s
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and an innovation LTI–SS representation of y is in the form of

xpt` 1q “ Axptq `Keptq

yptq “ Cxptq ` e.

Recall that the dimension of an LTI–SS representation is the dimension of the state-
process. Furthermore, an LTI–SS representation is minimal if it has minimal dimen-
sion among all the LTI–SS representations with the same output process. Granger
non-causality among the components of an output of an LTI–SS representation can
be characterized by the properties of a minimal innovation LTI–SS representation,
see Theorem 2.5. In order to help the understanding and to appreciate the differ-
ences and similarities between Theorem 2.5 and Theorem 6.5 (see next section), we
present the following statement which is the reformulation of the statement (i) ðñ
(ii) in Theorem 2.5.

Theorem 6.2. Consider an LTI–SS representation of a process y “ ryT1 ,yT2 sT where yi P
Rpi , for some pi ą 0, i “ 1, 2. Then y1 does not Granger cause y2 if and only if y has a
minimal innovation LTI–SS representation

„

x1pt` 1q

x2pt` 1q



“

„

A11 A12

0 A22

 „

x1ptq

x2ptq



`

„

K11 K12

0 K22

 „

e1ptq

e2ptq



„

y1ptq

y2ptq



“

„

C11 C12

0 C22

 „

x1ptq

x2ptq



`

„

e1ptq

e2ptq



(6.1)

where Aij P Rniˆnj ,Kij P Rniˆpj , Cij P Rpiˆnj , i, j “ 1, 2 for some n1 ě 0, n2 ą 0 and
pA22,K22, C22, I, e2q is a minimal innovation LTI–SS representation of y2.

The LTI–SS representation (6.1) can be viewed as a cascade interconnection of
two subsystems, see Figure 6.1.

S2 S1
x2, e2

e2 e1

Figure 6.1: Network graph of the LTI–SS representation (6.1).
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Consider the system (6.1) and define the dynamical systems S1 and S2 below.

S1

#

x1pt` 1q “
ř2
i“1pA1ixiptq `K1ieiptqq

y1ptq “
ř2
i“1 C1ixiptqq ` e2ptq

S2

"

x2pt` 1q “ A22x2ptq `K22e2ptq

y2ptq “ C22x2ptq ` e2ptq

Notice that subsystem S2 sends its state x2 and noise e2 to subsystem S1 as an exter-
nal input while S1 does not send information to S2. Accordingly, the network graph
of the representation (6.1) is the two-node star graph with S2 being the root node and
S1 being the leave. Hence, for this simple case, Theorem 6.2 shows an equivalence
between the network graph and the statistical properties of the observed process.
In the next section, we extend this result to GB–SS representations and GB-Granger
causality.

6.2 GB–Granger causality in GB–SS representations

As we mentioned earlier, LTI–SS representations form a special subclass of GB–SS
representations. Therefore, one could naturally ask what Granger causality means
in GB–SS representations. However, Granger causality is based on approximating
the output process by the linear combination of its own past values. Note that in-
novation LTI–SS representations give rise to a linear operator from the past values
of the innovation process (and hence of the past outputs) to future outputs. Hence,
LTI–SS representations can be related to the best linear prediction of future outputs
based on past outputs, which allow us to relate Ganger causality with properties of
LTI–SS representations, as it is stated in Theorem 6.2.

Unfortunately, for GB–SS representations the approach above no longer works.
In fact, an innovation GB–SS representation defines a relationship between the el-
ements of the Hilbert space generated by the products of the past values of y and
tuσuσPΣ, to the elements of the Hilbert space generated by the products of future
values of y and tuσuσPΣ. More precisely, consider an innovation GB–SS representa-
tion ptAσ,KσuσPΣ, C, I, eq of ptuσuσPΣ,yq. Then for all v P Σ˚, Erzy`v ptq|Hzy

w

t,wPΣ`
s “

pvCAvxptq, where xptq P Hzy
w

t,wPΣ`
(see Lemma 6.9 in Appendix 6.A). That is, a GB–SS

representation says very little about the best linear prediction of the future outputs
based on the past outputs. For this reason, there is little hope of deriving coun-
terparts of Theorem 6.2 for GB–SS representations, while using the classical defini-
tion of Granger causality. However, the discussion above shows us a way out of
this problem. Namely, it follows that a GB–SS representation says something about
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the best linear prediction of the future of the output with respect to the inputs, de-
noted by zy`v ptq in Definition 1.14, based on the past of the output with respect to
the inputs, denoted by zywptq in Definition 1.13. In fact, through the state process,
it reveals a linear relation between them. Moreover, if Σ “ 1 and u1 “ 1, then
zy`v ptq “ ypt` |v|q represents future outputs, and zywptq “ ypt´ |w|q represents past
outputs. This then opens up the possibility of extending Granger causality by using
the process zy`v ptq rather than ypt` |v|q and zy´v ptq rather than ypt´ |v|q. We define
the following extension of Granger causality.

Definition 6.3 (GB–Granger causality). Consider the processes ptuσuσPΣ,yq where
tuσuσPΣ is admissible and y is ZMWSSI with respect to tuσuσPΣ and is decomposed
such that y “ ryT1 ,yT2 sT . We say that y1 does not GB–Granger cause y2 with respect
to tuσuσPΣ if for all v P Σ˚ and t P Z

Elrz
y2`
v ptq|Hzy

w

t,wPΣ`
s “ Elrz

y2`
v ptq|Hzy2

w

t,wPΣ`
s. (6.2)

Otherwise, we say that y1 GB–Granger causes y2 with respect to tuσuσPΣ.

Notice that the Hilbert spaceHzy
w

t,wPΣ`
is generated by the past tzywuwPΣ` of y with

respect to the admissible set of processes tuσuσPΣ. Thus, the projections in (6.2) are
based on the past of y and y2 with respect to tuσuσPΣ. Then, informally we can say
that y1 does not GB–Granger cause y2, if the best linear prediction of the future of
y2 with respect to tuσuσPΣ based on the past of y with respect to tuσuσPΣ is the same
as that of based on the past of y2 with respect to tuσuσPΣ.

Definition 6.3 is a generalization of Granger causality in the sense that if Σ “

t1u and u1ptq ” 1 then Definition 6.3 coincides with Definition 2.3. Furthermore,
if |v| “ k then, using that there exist tασuσPΣ such that

ř

σPΣ ασuσptq ” 1 (see
Definition 1.15), (6.2) implies that

Elry2pt` kq|H
zy
w

t,wPΣ`
s “ Elry2pt` kq|H

zy2
w

t,wPΣ`
s. (6.3)

Although, (6.3) is more intuitive as an extension of Granger causality, we use (6.2)
in Definition 6.3 for technical reasons.

Next, we will characterize the relationship between GB–Granger causality and
the structure of GB–SS representations in a similar manner as it was done in The-
orem 6.2 for Granger causality and LTI–SS representations. That is, we will show
that GB–Granger non-causality is equivalent to the existence of a minimal innova-
tion GB–SS representation with block triangular system matrices. For this, we first
define the class of GB–SS representations in question.

Definition 6.4. An innovation GB–SS representation ptAσ,KσuσPΣ, C, I, eq of the
processes ptuσuσPΣ,y “ ryT1 ,y

T
2 s
T q where ei P Rri , i “ 1, 2 is called innovation
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GB–SS representation in block triangular form if for all σ P Σ

Aσ “

„

Aσ,11 Aσ,12

0 Aσ,22



, Kσ “

„

Kσ,11 Kσ,12

0 Kσ,22



, C “

„

C11 C12

0 C22



(6.4)

where Aσ,ij P Rniˆnj , Kσ,ij P Rniˆpj , Cij P Rpi,nj for some n1 ě 0, n2 ą 0. If,
in addition for all σ P Σ, ptAσ,22,Kσ,22uσPΣ, C22, I, e2q is a minimal innovation GB–
SS representation of ptuσuσPΣ,y2q then ptAσ,KσuσPΣ, C, I, eq is called an innovation
GB–SS representation of ptuσuσPΣ,yq in causal block triangular form.

Now we are ready to state the main results of the chapter.

Theorem 6.5. Consider a GB–SS representation of ptuσuσPΣ, y “ ryT1 ,y
T
2 s
T q and let

e “ reT1 , e
T
2 s
T be the GB–innovation process of y with respect to tuσuσPΣ where ei P

Rpi ,i “ 1, 2. Then, y1 does not GB–Granger cause y2 with respect to tuσuσPΣ if and only
if there exists a minimal innovation GB–SS representation of ptuσuσPΣ,yq in causal block
triangular form.

The proof can be found in Appendix 6.A.
An innovation GB–SS representation ptAσ,KσuσPΣ, C, I, eq of the processes

ptuσuσPΣ,yq in causal block triangular form can be viewed as a cascade inter-
connection of two subsystems in a similar manner as the LTI–SS representation (2.1)
was viewed in the previous section, see Figure 2.1. Define the subsystems

S1

$

&

%

x1pt` 1q “
ř

σPΣpAσ,11x1ptq `Kσ,11e1ptqquσptq

`
ř

σPΣpAσ,12x2ptq `Kσ,12e2ptqquσptq

y1ptq “
ř2
i“1 C1ixiptqq ` e2ptq

S2

"

x2pt` 1q “ pAσ,22x2ptq `Kσ,22e2ptqquσptq

y2ptq “ C22x2ptq ` e2ptq .

Notice that subsystem S2 sends its state x2 and noise e2 to subsystem S1 as an exter-
nal input while S1 does not send information to S2. Accordingly, the network graph
of the GB–SS representation ptAσ,KσuσPΣ, C, I, e, tuσuσPΣ,yq is as in Figure 6.2.
Theorem 6.5 shows an equivalence between the network graph of an innovation
GB–SS representation and statistical properties of the observed processes tuσuσPΣ
and y.

The necessity part of the proof of Theorem 6.5 is constructive and it is based on an
algorithm which calculates an innovation GB–SS representation described in Theo-
rem 6.5. We present this algorithm in Algorithm 13 below, along with the statement
of its correctness. Algorithm 13 is an extended form of Algorithm 3 in Chapter 1.

Next, we present a number of lemmas that show that Algorithm 13 calculates
the GB–SS representation in Theorem 6.5. Assume that the processes ptuσuσPΣ,y “



6.2. GB–Granger causality in GB–SS representations 125

S2 S1
x2, e2

e2 e1

tuσuσPΣ

Figure 6.2: Network graph of a GB–SS representation ptAσ,,KσuσPΣ, C, I, eq of
ptuσuσPΣ, y “ ry

T
1 ,y

T
2 s
T q in block triangular form.

Algorithm 13 Minimal innovation GB–SS representation in causal block triangular
form

Input tΨy
wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ: Covariance sequence of y and

its past and variances of zyσ

Output ptAσ,KσuσPΣ, Cq: System matrices of (6.4)

Step 1 Apply Algorithm 3 with input tΨy
wutwPΣ˚,|w|ďNu, tErzyσptqpzyσptqqT suσPΣ

and denote its output by ptÃσ, K̃σ, QσuσPΣ, C̃q.
Step 2 Define the sub-matrix consisting of the last p2 rows of C̃ by C̃2 P Rp2ˆn

and take the observability matrix ÕMpnq of ptÃσuσPΣ, C̃2q up to n. If ÕMpnq is not
of full column rank then define the non-singular matrix T´1 “

“

T1 T2

‰

such that
T1 P Rnˆn1 spans the kernel of ÕMpnq. If ÕMpnq is of full column rank, then set
T “ I .
Step 3 Define the matrices Aσ “ TÃσT

´1, Kσ “ TK̃σ for σ P Σ and C “ C̃T´1.

ryT1 ,y
T
2 s
T q have a GB–SS representation with dimension n and thatN ě n. Then we

have the following statement on the output ptAσ,KσuσPΣ, Cq of Algorithm 13 with
input tΨy

wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ:

Lemma 6.6. Let the GB–innovation process of y be e. Then, the tuple ptAσ,KσuσPΣ, C, I, eq

is a minimal innovation GB–SS representation of ptuσuσPΣ,yq.

Furthermore, we have the following statements about the matrices tAσ,KσuσPΣ

and C:

Lemma 6.7. The matrices tAσuσPΣ and C are in the form

Aσ “

„

Aσ,11 Aσ,12

0 Aσ,22



C “

„

C11 C12

0 C22



(6.5)

where Aσ,ij P Rni,nj , Cij P Rpi,nj , i, j “ 1, 2 for some n1 ě 0, n2 ą 0. In addition, if y1
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does not GB–Granger cause y2, then the matrices tKσuσPΣ are in the form

Kσ “

„

Kσ,11 Kσ,12

0 Kσ,22



, (6.6)

where Kσ,ij P Rniˆpj , i, j P t1, 2u and ptAσ,22,Kσ,22uσPΣ, C22, I, e2q is a minimal inno-
vation GB–SS representation of ptuσuσPΣ,y2q.

The proofs of Lemmas 6.6 and 6.7 can be found in Appendix 6.A.
From Lemmas 6.6 and 6.7, it follows that if y1 does not GB–Granger cause y2

then Algorithm 13 calculates the system matrices of the GB–SS representation de-
scribed in Theorem 6.5. Hence, Algorithm 13 enables the calculation of a minimal
innovation GB–SS representation in causal block triangular form that characterizes
GB–Granger non-causality. It also provides a constructive proof of the necessity part
of Theorem 6.5.

Remark 6.8. From Lemmas 1.26 and 6.7, it follows that the output matrices of Al-
gorithms 3 and 13 define isomorphic GB–SS representations. By Remark 1.24, it also
follows that Algorithm 13 can be modified to calculate a minimal innovation GB–
SS representation of ptuσuσPΣ,yq in causal block triangular form from any GB–SS
representation of ptuσuσPΣ,yq, provided that y1 does not GB–Granger cause y2.

6.3 Conclusions

The results of this chapter show that GB–Granger causality among the components
of processes that are outputs of GB–SS representations can be characterized by struc-
tural properties of GB–SS representations. More precisely, it is shown that GB–
Granger non-causality among the components of an output process is equivalent
to the existence of a GB–SS representation in causal block triangular form. Notice
that GB–Granger causality is an extension of the classical Granger causality and in-
novation GB–SS representations in causal block triangular form are extensions of
Kalman representations in causal block triangular form. Hence, the results of this
chapter extend the correspondence between structural properties of LTI-SS repre-
sentations and Granger causality of their outputs to GB–SS representations.
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6.A Proofs

Proof of Lemma 6.6. To prove the statement, we show that the output matrices of
Algorithm 3 and Algorithm 13 with input tΨy

wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ
define system matrices of isomorphic GB–SS representations. Denote the output
matrices of Algorithm 13 with input tΨy

wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ
by ptAσ,KσuσPΣ, Cq. Likewise, denote the output matrices of Algorithm 3 with
input tΨy

wutwPΣ˚,|w|ďNu and tErzyσptqpzyσptqqT suσPΣ by ptÃσ, K̃σ, Q̃σuσPΣ, C̃q. From
(Petreczky and René, 2017, Theorem 3) we know that ptÃσ, K̃σuσPΣ, C̃, I, eq is a
minimal innovation GB–SS representation of ptuσuσPΣ,y “ ryT1 ,y

T
2 s
T q where e

denotes the GB–innovation process of y w.r.t. the input tuσuσPΣ. By Step 3 of Algo-
rithm 13, we also know that Aσ “ TÃσT

´1, Kσ “ TK̃σ for σ P Σ and C “ C̃T´1

with a non-singular T matrix. Notice that T defines a linear transformation be-
tween the tuple ptÃσ, K̃σuσPΣ, C̃q and ptAσ,KσuσPΣ, Cq that does not depend on
the input or output processes. Denote the state process of ptÃσ, K̃σuσPΣ, C̃, I, eq

by x̃. Since ptÃσ, K̃σuσPΣ, C̃, I, eq is a minimal innovation GB–SS representation,
ptTÃσT

´1, T K̃σuσPΣ, C̃T
´1, I, eq also defines an innovation GB–SS representation

of ptuσuσPΣ,yq with state process T x̃. Since T is non-singular, it implies that the
Kalman representation

ptTÃσT
´1, T K̃σuσPΣ, C̃T

´1, I, e, tuσuσPΣ,yq,

or equivalently ptAσ,KσuσPΣ, C, I, e, tuσuσPΣ,yq, is also minimal, which completes
the proof.

We need the following auxiliary result in order to prove Lemma 6.7.

Lemma 6.9. Let ptAσ,KσuσPΣ, C, I, eq be an innovation GB–SS representation of the
processes ptuσuσPΣ,yq with state process x. Then the equation Elrz

y`
v ptq|Hzy

w

t,wPΣ`
s “

pvCAvxptq holds.

Proof. Recall thatHzy
w

t,wPΣ`
is the Hilbert space generated by the past tzywuwPΣ` of y

with respect to the input tuσuσPΣ. From equation (38) in (Petreczky and René, 2017)
we know that for σ P Σ, v P Σ`, w P Σ˚

Erzy`v ptqpzyσwptqq
T s “ Eryptqpzyσwvptqq

T s “ pwvCAvAwGσ,

with Gσ “ AσPσC
T ` KσQσ for σ P Σ where Pσ “ ErxptqpxptqqTu2

σptqs. In addi-
tion, from (Petreczky and René, 2017, Lemma 12) we know that ErxptqpzyσwptqqT s “
pwAwGσ for all σ P Σ, w P Σ˚. Hence,Erzy`v ptqpzyσwptqq

T s “ pvCAvErxptqpz
y
σwptqq

T s

for any v, σw P Σ`. Considering that xptq P Hze
w
t,w, see (1.8), and that Hze

w
t,w Ď H

zy
w
t,w,
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see Definition 1.18, implies that Elrzy`v ptq|Hzy
w

t,wPΣ`
s “ pvCAvxptq.

Proof of Lemma 6.7. To help the reader, we recall the Steps of Algorithm 13: Step 1
of Algorithm 13 applies Algorithm 3 and denotes its output by ptÃσ, K̃σ, QσuσPΣ, C̃q.

Step 2 of Algorithm 13 goes as follows: denote the sub-matrix consisting of
the last p2 rows of C̃ by C̃2 P Rp2ˆn and take the observability matrix ÕMpnq of
ptÃσuσPΣ, C̃2q up to n. If ÕMpnq is full column rank then define the matrix T “ I .
If ÕMpnq is not full column rank, then denote its rank by n2 and let n1 “ n ´ n2.
Furthermore, define the non-singular matrix T´1 “

“

T1 T2

‰

such that T1 P Rnˆn1

spans the kernel of ÕMpnq.
Step 3 of Algorithm 13 goes as follows: Define the matrices Aσ :“ TÃσT

´1,
Kσ :“ TK̃σ for σ P Σ and C :“ C̃T´1.

The following statements should be proven:

1) C is of the form (6.5),

2) Aσ is of the form (6.5),

3) if y1 does not GB–Granger cause y2, then Kσ is of the form (6.6), and

4) if y1 does not GB–Granger cause y2 then
ptAσ,22,Kσ,22uσPΣ, C22, I, e2q is a minimal innovation GB–SS representation of
ptuσuσPΣ,y2q.

Below, we prove the statements 1–4 one by one.
1) If T “ I then with n1 “ 0 and n2 “ n the matrices ptÃσuσPΣ, C̃q are in the form

of (6.5). Since the first p2 rows of ÕMpnq equal C2 and T1 spans the kernel of ÕMpnq,
we have that C2T

´1 “
“

0 C22

‰

with some C22 P Rn2ˆn2 full column rank matrix.
2) For k “ 0, . . . , n ` 1, let us denote the observability matrix of ptÃσuσPΣ, C̃2q

up to k by ÕMpkq. We will first show that ker ÕMpnq “ ker ÕMpn`1q. Define Xk :“

ker ÕMpkq for k “ 0, . . . , n ` 1. Then either C̃2 “ 0 or dimpX0q “ dimpker C̃2q ă n.
If ker C̃2 “ 0, then for any k “ 0, . . . , n ` 1, all the entries of ÕMpkq “ 0 are zero,
and hence ker ÕMpnq “ ker ÕMpn`1q trivially holds. Notice that Xk´1 Ě Xk for
k “ 1, ......n ` 1, which together with that dimpX0q ă n implies that there exists an
l P t1, . . . , nu such that for all k “ l, ..., n dimpXkq “ dimpXk`1q and Xk “ Xk`1.
By using that Xn “ Xn`1 and that the rows of ÕMpnq and of ÕMpnqÃσ are rows of
ÕMpn`1q, we obtain that Xn is Aσ-invariant for all σ P Σ. Hence, considering that
the matrix T1 spans Xn, we obtain that ÃσT1 “ T1N P Xn for a suitable matrix
N P Rn1ˆn1 . Let now

Aσ “ TÃσT
´1 “

„

Aσ,11 Aσ,12

Aσ,21 Aσ,22



,
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where Aσ,ij P Rniˆnj and notice that

TÃσT
´1 “

“

TÃσT1 ÃσT2

‰

“
“

TT1N ÃσT2

‰

.

Then,

TT1 “

„

In1

0n2ˆn1



, TT1N “

„

N

0n2ˆn1



implies that Aσ,21 “ 0.
3) Next, we show that if y1 does not GB–Granger cause y2 then the output ma-

trices tKσuσPΣ are also in block triangular form as in (6.6). In order to see this, we
will need some technical results. In fact, we will prove the statements (i)–(vi) be-
low: each statement uses the proceeding ones and the final one is equivalent to Kσ

satisfying eq. (6.6) for all σ P Σ.

(i) x2ptq P H
zy2
w

t,wPΣ`
.

(ii) ErzywptqpzevptqqT s “ 0 for all |v| ă |w|, w, v P Σ`.

(iii) Hzy2
w

t,wPΣ`
“ ‘

σ1PΣ

´

H
zy2
wσ1

t`1,wPΣ`
‘H

ze2
σ1
t`1

¯

, where ‘ denotes the direct sum of or-

thogonal closed subspaces andH
zy2
wσ1

t`1,wPΣ`
denotes the Hilbert space generated

by tzy2
wσ1
pt` 1quwPΣ` .

(iv) There exist matrices tNσ1
uσ1PΣ P Rn2ˆp2 and a process r P ‘

σ1PΣ
H

zy2
wσ1

t`1,wPΣ`
,

such that x2pt`1q “ r`
ř

σ1PΣ

Nσ1
ze2
σ1
pt`1q, whereH

zy2
wσ1

t`1,wPΣ`
is the Hilbert-space

generated by the components of the set of random variables tzy2
wσ1
pt`1quwPΣ` .

(v) For all σ1 P Σ

rKσ1,21Kσ1,22sErz
e
σ1
pt` 1qpzeσ1

pt` 1qqT s “ Nσ1
Erze2

σ1
pt` 1qpzeσ1

pt` 1qqT s,

where Kσ “
“

Kσ1,21 Kσ1,22

‰

and Kσ1,21 P Rn2ˆp1 , Kσ1,22 P Rn2ˆp2 .

(vi) Kσ1,21 “ 0 for all σ1 P Σ.

Next, we will prove (i)–(vi).
(i): By using (6.5), we obtain that

CAv “

„

C11pAvq11 N

0 C22pAvq22
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for any v P Σ` where pAvq11 P Rn1ˆn1 is the upper block diagonal sub-matrix of
Av , pAvq22 P Rn2ˆn2 is the lower block diagonal sub-matrix of Av and N P Rp1ˆn2 is
an appropriate matrix. From this, it is easy to see that we can rearrange the rows of
OMpnq in such a way that after rearranging the rows, OMpnq takes the form of

„

N1 N2

0 OMpnq



,

where OMpnq is the observability matrix of ptAσ,22uσPΣ, C22q up to n and N1, N2 are
appropriate matrices. More specifically, by choosing an appropriate permutation
matrix P , we have that

POMpnq “

„

N1 N2

0 OMpnq



.

Notice now that (see (1.11))

xptq “

»

—

—

—

–

pv1Ip 0 ¨ ¨ ¨ 0

0 pv2Ip 0
...

. . .
...

0 ¨ ¨ ¨ 0 pvMpnqIp

fi

ffi

ffi

ffi

fl

´1

O`MpnqElrZ
y
n ptq|H

zy
w
t,ws,

where Ip is the pˆ p identity matrix and Zy
n ptq “ rpz

y`
v1
ptqqT , . . . , pzy`vMpn´1q

ptqqT sT is
a vector of the future of yptqw.r.t. the input, see Definition 1.14. Denote the matrix

LpMpnq, pq “

»

—

—

—

–

pv1
Ip 0 ¨ ¨ ¨ 0

0 pv2
Ip 0

...
. . .

...
0 ¨ ¨ ¨ 0 pvMpnqIp

fi

ffi

ffi

ffi

fl

(6.7)

Then, sinceP is a permutation matrix and hencePTP “ I , we know that pPOMpnqq
`

“ O`MpnqP
T . It then follows that

xptq “ pPL´1pMpnq, pqO`MpnqqElrPZ
y
n ptq|H

zy
w
t,ws.

Note that

PZy
n ptq “

“

pZy1
n ptqq

T pZy2
n ptqq

T
‰T
,

where Zyi
n ptq “ rpzyi`v1

ptqqT , . . . , pzyi`vMpn´1q
ptqqT sT is a vector of the future of yiptq,
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i “ 1, 2 w.r.t. the input and thus for x2 we have that

x2ptq “ L´1pMpnq, p2qO
`

MpnqElrZ
y2
n ptq|H

zy
w

t,wPΣ`
s,

where recall that OMpnq is the observability matrix of ptAσ,22uσPΣ, C22q. Then, the
GB–Granger non-causality condition

ElrZ
y2
n ptq|H

zy
w

t,wPΣ`
s “ ElrZ

y2
n ptq|H

zy2
w

t,wPΣ`
s.

implies that x2ptq P H
zy2
w

t,wPΣ`
which proves (i).

(ii): From (Petreczky and René, 2017, Lemma 14) it follows that ryT , eT sT

is ZMWSSI. Therefore, we can apply (Petreczky and René, 2017, Lemma 7) for
ryT , eT sT : Consider the covariance ErzywptqpzevptqqT s for w “ w1 . . . wk P Σ˚ and
v “ v1 . . . vl P Σ˚, such that |v| ă |w|. Then (Petreczky and René, 2017, Lemma 7)
implies that ErzywptqpzevptqqT s “ 0 whenever wk´i ‰ vl´i for some i “ 0, . . . , l ´ 1.
On the other hand, if wk´i “ vl´i for all i “ 0, . . . , l ´ 1 then

Erzywptqpz
e
vptqq

T s “ pv2...vlErz
y
w1...wk´l´1

ptqpzev1
ptqqT s “ pvErz

y
w1...wk´l´1

ptqeT ptqs “ 0,

where for the last equation we used that Erzyw1...wk´l´1
ptqeT ptqs “ 0, see Defini-

tion 1.17.
(iii): Consider an innovation GB–SS representation of ptuσuσPΣ,y2q and note

that the GB–innovation process of y2 is e2 due to the condition that y1 does not
GB–Granger cause y2. Then, by (Petreczky and René, 2017, Lemma 16) we can de-
compose the spaceHzy2

w

t,wPΣ`
as in (iii).

(iv): From (i) we have that x2pt ` 1q P Hzy2
w

t`1,wPΣ`
. Then, by using (iii), x2pt ` 1q

can be written as

x2pt` 1q “ r`
ÿ

σ1PΣ

Nσ1
ze2
σ1
pt` 1q

for some random variable r P ‘
σ1PΣ
H

zy2
wσ1

t`1,wPΣ`
and matrices tNσ1

uσ1PΣ P Rn2ˆp2 .

(v): Notice that by using the block triangular form of the matrices tAσuσPΣ, the
process x2pt` 1q can be written as

x2pt` 1q “
ÿ

σ1PΣ

Aσ1,22z
x2
σ1
pt` 1q ` rKσ1,21Kσ1,22sz

e
σ1
pt` 1q.

From (Petreczky and René, 2017, Lemma 14) it follows that reT ,yT ,xT sT is ZMWSSI,
and hence reT ,xT2 sT is ZMWSSI too. By applying (Petreczky and René, 2017,
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Lemma 7) for reT ,xT2 sT , we have that if σ1 ‰ σ2 then

Erzeσ1
pt` 1qpzx2

σ2
pt` 1qqT s “ 0, Erzeσ1

pt` 1qpzeσ2
pt` 1qqT s “ 0.

Moreover, by Definition 1.17 it is also true that Erzeσ2
pt ` 1qpzxσ1

pt ` 1qqT s “ 0 for
σ1 “ σ2, and since for any σ P Σ, zx2

σ is formed by a component of zxσ , we obtain that
Erzeσ2

pt` 1qpzx2
σ1
pt` 1qqT s “ 0 for σ1 “ σ2. Hence,

Erx2pt` 1qpzeσpt` 1qqT s “ rKσ,21Kσ,22sQσ,

where Qσ “ Erzeσpt` 1qpzeσpt` 1qqT s. If we use (iv), and take the covariance of both
sides of the equation with pzeσpt` 1q then we obtain that

Erx2pt` 1qpzeσpt` 1qqT s “ Errzeσpt` 1qqT s `
ÿ

σ1PΣ

Nσ1
Erze2

σ1
pzeσpt` 1qqT s. (6.8)

Notice that by (ii) and since r P ‘
σ1PΣ
H

zy2
wσ1

t`1,wPΣ`
we know that Errzeσpt ` 1qqT s “ 0.

Hence,

Erx2pt` 1qpzeσ1
pt` 1qqT s “ Nσ1

Erze2
σ1
pt` 1qpzeσ1

pt` 1qqT s. (6.9)

Combining (6.8) and (6.9), we obtain (v).

(vi): Since e2 is formed by the last p2 components of e, we have that

Nσ1
Erze2

σ1
pt` 1qpzeσ1

pt` 1qqT s “
“

0 Nσ1

‰

Qσ1

and hence
“

0 Nσ1

‰

Qσ1
“
“

Kσ1,21 Kσ1,22

‰

Qσ1
. Note that by Assumption 1.21, Qσ1

is
positive definite which implies that

“

0 Nσ1

‰

“
“

Kσ1,21 Kσ1,22

‰

, hence Kσ1,21 “ 0.

4) It remains to show that

G2 “ ptAσ,22,Kσ,22uσPΣ, C22, I, e2q

defines a minimal innovation GB–SS representation of ptuσuσPΣ,y2q. For this, we
will use Lemma 6.9. First, notice that due to Definition 1.17, G2 is a GB–SS repre-
sentation. Second, using the GB–Granger non-causality condition, it is easy to see
that e2ptq is the GB–innovation process of y2 w.r.t. tuσuσPΣ, thus G2 is an innovation
GB–SS representation. Assume indirectly that G2 is not minimal i.e., that there exists
a minimal innovation GB–SS representation

G̃2 “ ptÃσ,22, K̃σ,22uσPΣ, C̃22, I, e2q
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of ptuσuσPΣ,y2qwith state process x̃2 such that x̃2 P Rñ2 where ñ2 ă n2.
From Lemma 6.9, it follows thatElrZy2

n2
ptq|Hzy2

w

t,wPΣ`
s “ LpMpn2q, p2qÕMpn2qx̃2ptq,

where LpMpn2q, p2q is defined in (6.7) and ÕMpn2q is the observability matrix (up to
n2) of ptÃσ,22uσPΣ, C̃22q. Define the matrix T “ O`Mpn2q

ÕMpn2q, where OMpn2q is the
observability matrix of ptAσ,22uσPΣ, C22q up to n2, and notice that x2 “ T x̃2. Then,
define a system G̃ as below

„

x1pt` 1q

x̃2pt` 1q



“
ÿ

σPΣ

ˆ„

Aσ,11 Aσ,21T

0 Ãσ,22

 „

x1ptq

x̃2ptq



`

„

Kσ,11 Kσ,21

0 K̃σ,22

 „

e1ptq

e2ptq

˙

uσptq

„

y1ptq

y2ptq



“

„

C11 C21T

0 C̃22

 „

x1ptq

x̃2ptq



`

„

e1ptq

e2ptq



.

We obtain that G̃ is an innovation GB–SS representation of ptuσuσPΣ,yqwith dimen-
sion n1 ` ñ2 ă n1 ` n2 “ n, which is a contradiction since n is the dimension of a
minimal innovation GB–SS representation of ptuσuσPΣ,yq. As a result, G2 is minimal
and it completes our proof.

Proof of Theorem 6.5. The sufficiency part of the proof follows from Lemmas 6.6
and 6.7.

To prove the necessity part, let G “ ptAσ,KσuσPΣ, C, I, eq be a minimal innova-
tion GB–SS representation of the input-output processes ptuσuσPΣ,y “ ryT1 ,y

T
2 s
T q

where yi P Rpi for some pi ą 0, i “ 1, 2 in causal block triangular form such that
(6.4) holds and that G2 “ ptAσ,22,Kσ,22uσPΣ, C22, I, e2q is a minimal innovation GB–
SS representation of ptuσuσPΣ,y2q. We will prove that the existence of such system
implies that y1 does not GB–Granger cause y2 w.r.t. the input tuσuσPΣ. Since e is
the GB–innovation process of y w.r.t. tuσuσPΣ and e2 is the GB–innovation process
of y2 w.r.t. tuσuσPΣ, we obtain that e2ptq equals

y2ptq ´ Elry2ptq|H
zy
w

t,wPΣ`
s “ y2ptq ´ Elry2ptq|H

zy2
w

t,wPΣ`
s,

which implies that

Elry2ptq|H
zy
w

t,wPΣ`
s “ Elry2ptq|H

zy2
w

t,wPΣ`
s. (6.10)

For GB–Granger non-causality from y1 to y2 we need to see that for all v P Σ˚

Elrz
y2`
v ptq|Hzy

w

t,wPΣ`
s “ Elrz

y2`
v ptq|Hzy2

w

t,wPΣ`
s. (6.11)

Note that for v “ v0 “ ε, (6.11) reduces to (6.10). To prove that (6.11) holds for
a general v P Σ˚, first note that since (6.4) holds, the matrices tAσuσPΣ and C are
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block triangular. Therefore,

CAv “

„

C11pAvq11 N

0 C22pAvq22



for any v P Σ` where pAvq11 P Rn1ˆn1 is the upper block diagonal sub-matrix of Av ,
pAvq22 P Rn2ˆn2 is the lower block diagonal sub-matrix of Av and N P Rp1ˆn2 is an
appropriate matrix. It then follows from Lemma 6.9 that

Elrz
y2`
v ptq|Hzy

w

t,wPΣ`
s “ pvC22pAvq22x2ptq. (6.12)

Using that G2 is a minimal innovation GB–SS representation of ptuσuσPΣ,y2q with
x2 as its state process, we also know that x2ptq P H

zy2
w

t,wPΣ`
(see (1.11)). Hence,

projecting both side of (6.12) onto Hzy2
w

t,wPΣ`
, we get that Elrzy2`

v ptq|Hzy2
w

t,wPΣ`
s “

pvC22pAvq22x2ptq, which, considering (6.12), implies (6.11) i.e., that there is no GB–
Granger causality from y1 to y2.
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