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Abstract

We deal with different representations of the noninteracting kinetic energy functional
for the purpose of examining their effect upon the generation of shell structure in
atoms. We decompose the noninteracting functional into a Weizsacker term plus a
Pauli term where the latter is written as a product of the Thomas–Fermi ρ5/3(r) times
the Pauli enhancement factor Fp[ρ]. We examine the behavior of Fp[ρ] when it is given
in terms of a Hartree–Fock orbital representation, of density-dependent orbitals gen-
erated through local-scaling transformations, and of the Liu–Parr power series
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expansion. In the latter, we compare the cases when the expansion coefficients have
been expanded in an all-shell vs a shell-by-shell procedure. We apply these approx-
imations to the aluminum atom. In particular, for this case, we examine in these dif-
ferent approximations, the role of the Pauli enhancement factor for the production of
shell structure.

1. INTRODUCTION

In Kohn–Sham theory the introduction of the noninteracting kinetic

energy functional Ts into the energy expression leads, upon functional dif-

ferentiation, to a collection of one-particle equation whose solutions are

the Kohn–Sham orbitals. This arises from the fact that Ts[{ϕi}i¼1
N ] is nat-

urally a functional of the occupied one-particle orbitals. However, one of

the aims of density functional theory is to express the energy solely as a

functional of the one particle density. Of course, the stumbling block is that

as yet no satisfactory expression for Ts[ρ] has been found, where Ts[ρ] is a
sufficiently accurate functional of only the one-electron density. Attaining

this functional is essential for the development of, e.g., orbital-free molec-

ular dynamics.

The shell structure of the electron distribution of atoms and molecules is

an important ingredient in determining many chemical and physical prop-

erties of these many-electron systems. For example, the periodicity observed

in the properties of the elements filling up the periodic table is linked to the

formation of filled inner atomic shells and to the presence of valence elec-

trons characterizing the groups or families. Although the existence of shell

structure had been successfully hypothesized before the advent of quantum

mechanics, its proper understanding and justification was only attained

within its context. The shell structure arises from the Pauli exclusion prin-

ciple and it is implicit already in the Schr€odinger equation. It appears nat-
urally in one-electron densities extracted from approximate theoretical

calculations based on orbitals, whether they belong to the traditional quan-

tum chemistry methods or to the DFT ones. Of course, its existence has also

been confirmed by experimental work.

The aim of this chapter is to assess how well different representations of

Ts[ρ] meet with the requirement of reproducing shell structure. Ts[ρ] can be
exactly decomposed into the Weizs€acker plus the Pauli terms

Ts½ρ� ¼TW ½ρ�+TP ½ρ� (1)
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where

TW ½ρ� ¼ ð1=8Þ
Z

d3rjrrρðrÞj2=ρðrÞ (2)

TP ½ρ� ¼
Z

d3rρ5=3ðrÞFP½ρ;r� (3)

Bearing in mind that TW[ρ] is related to the Fisher information entropy,1,2

which is a local term,3,4 shell structure may be ascribed to the behavior of the

Pauli enhancement factor FP[ρ;r], a nonlocal term.5 For this reason, we

examine the aptness of various representations of the Pauli enhancement fac-

tor to describe shell structure of atoms. We consider an orbital approxima-

tion, based on the Hartree–Fock orbitals of Clementi–Roetti. We also

examine the exact implicit functional for FP[ρ;r] generated by means of

local-scaling transformations. Finally, we examine the Liu–Parr power series
approximation.

In Section 2 we discuss the development of shell structure and Pauli

potential concepts. In Section 3 we present results showing the relationship

between the Pauli enhancement term and shell structure in atoms. Finally, in

Section 4 we present some conclusions.

2. THE CONCEPTS OF SHELL STRUCTURE AND
THE PAULI POTENTIAL

2.1 Shell Structure
In what follows we briefly outline, somewhat chronologically, the develop-

ment of some of the ideas and experimental facts relating charge density to

shell structure.

In 1927, Pauling6 proposed a view of many-electron atoms in terms

of electrons which filled atomic shells according to the Pauli exclusion

principle.7,8 In these early years in the development of quantum mechanics

only the hydrogen atom had been solved by Schr€odinger9 and thus Pauling’s
proposal was somewhat revolutionary. However, assuming electron shells in

atoms existed had previously been adopted by Uns€old for the interpretation

of X-ray spectra.10 The concentration of electronic charge in shells effectively

shielded the positive charge in the nucleus and allowed treatment of an indi-

vidual electron placed outside these shells as an electron in a hydrogen-like

atom having a screened nuclear potential. This idea was further developed by

Slater11 with the introduction of atomic shielding constants.
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For a spherically symmetrical atom D(r)dr ¼ 4πr2ρ(r)dr is the average

electron charge in a spherical shell of thickness dr. This quantity shows

charge concentration and depletion. Experimental evidence of the existence

of shell structure was obtained by reproducing the radial distribution D(r)

of atoms from electron diffraction data.12 On the other hand, the density

ρ(r) decreases monotonically with r and does not present shell structure

traits.13,14 A model based on piece-wise exponentially decreasing densities

was applied to atoms by Wang and Parr.15 The asymptotic behavior of

ρ(r) at the nucleus and at infinity has been determined by Hoffmann-

Ostenhof et al.16,17 The electron one-particle density has also been extracted

from single-crystal X-ray diffraction data using multipole expansions around

the ionic centers.18 Sagar et al. in 1988 usingHartree–Fock orbitals for atoms

showed that the maxima in D(r) correlate well with the shell radii from the

Bohr–Schr€odinger theory of an atom.19 They also were able to relate the

potential r2ρ1/2/(2ρ1/2) to the shell structure in atoms when ρ(r) is

obtained from the Clementi–Roetti HF orbitals.20

The convexity of the atomic charge distribution was shown to hold for

some but not all atoms with Z� 54.21 This result was extended by Esquivel

et al. to show also the nonconvexity of ρ from Xe to U.22 Moreover, the

concept of pseudo-convexity has been used to define the general structural

property of atomic densities as this concept embodies all the structural fea-

tures empirically attributed to ρ.23

Kohout et al. were able to show that the quantity �jrρ(r)j/ρ(r) is suf-
ficient to determine the whole shell structure of atoms.24 Schmider et al.

have found that there exists a correlation between the extremal points

and the roots of the Laplacian of the structure factor, namely, r2F(k), with

Z.25 The behavior of ideal shells (namely, those designed to hold the exact

number of electrons required by the Aufbau principle) has been examined

both in position and momentum space by Schmider et al.26

Parr and Zhou27 propose “absolute hardness,” as unifying concept for

identifying shells and subshells in nuclei, atoms, molecules, and metallic

clusters.

Another interesting line of work related to the properties of the one-

particle density is based on Shannon information entropy of quantum-

mechanical systems in central potentials.28 Rigorous lower and upper

bounds to the position and momentum Shannon entropies of many-

electron systems have been determined.29–31 The connection between

Shannon information entropies and classical orthogonal polynomials has
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been investigated.32,33 The shell-filling properties of information measures

have also been analyzed.34

Shell structure has also been found experimentally in quantum dots. In

effect, by probing with far-infrared and capacitance spectroscopy it has been

possible to distinguish, by their characteristic excitation frequencies, quan-

tum dot Helium from quantum dot Lithium.35 Shell structure has also been

observed in sodium nanowires.36

Shell structure may also be related to the localization properties of elec-

trons as described by the ELF function. Shell separation is related to the

ELF’s minima and the presence of shells to its maxima.37 Another indicator

of shell structure is provided by the average local electrostatic potential func-

tion, V (r)/ρ(r); shell boundaries are found to be related to the successively

increasing maxima of this indicator.38 More recently, a localized electron

detector, LED, has been advanced. Its aim is to show the three-dimensional

structure of the different bonds identified by topological analysis of the den-

sity.39–41 Other chemical indicators such as the curvature of the electron

position uncertainty, described in terms of functions of the density have also

recently been examined.

In a recent work, Finzel42–47 has tackled the problem of incorporating the

Pauli exclusion principle in the design of kinetic energy functionals for

orbital-free treatments, through the concept of ideal atomic shells. This very

simple idea captures, somehow, important characteristics that one should

include in energy functionals expressed in terms of the one-particle density.

2.2 The Pauli Potential
The origin of the concept of the Pauli potential may be traced back to the

work of March and Murray in 196648 who noticed that the potentials obtai-

ned as functional derivatives of the von Weizs€acker plus the Thomas–Fermi

terms were insufficient to fully explain the behavior of electrons in finite

metals. More directly, it arises from the Schr€odinger equation for the square

root of the density49–51 where it takes the place of the local potential coming

from the corrections to the Thomas–Fermi functional. The Pauli potential

also emerges as an implicit functional of the one-particle density in the

derivation carried out by Kryachko and Ludeña in 1992, in the context of

local-scaling transformations, of the equations for the square root of the den-

sity.52 It was shown in 1994 that the Pauli potential must satisfy the inequality

vp(ρ, r)� 0.53 The effect of harmonic confinement on the Pauli potential and

its relation to the differential virial theorem has been examined by March.54
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This same author has reviewed the concept of the Pauli potential emphasiz-

ing its importance in relation to density functional theory, DFT.55

The recent importance of the Pauli potential is related to the formulation

of orbital-free molecular dynamics, OF-MD, where, in addition to the

Kohn–Sham potential of the usual DFT, there arises also the Pauli potential

from the noninteracting kinetic energy functional. Clearly, an OF-MD

treatment of many-electron systems has the advantage over the traditional

Kohn–Sham method that it does not rely on orbitals. The equations one

has to deal with in OF-MD are related to the density or to its square root.

However, these equations contain the Pauli potential as an additional term.

For this reason, the proper representation of the Pauli potential becomes a

crucial problem in this formalism. Recently, research has focussed on the

conditions, such as the cusp condition, that this potential must satisfy.56

The Pauli potential has also been investigated in the context of Natural

Orbital Functional Theory.57 More recently, the relation between the Pauli

potential and shell structure has been investigated by Finzel.44 In a very

interesting recent work, differential equations for the Pauli potential have

been advanced. Clearly, such an approach presents an alternative to the tra-

ditional Kohn–Sham orbital theory.58

3. THE PAULI ENHANCEMENT FACTOR AND SHELL
STRUCTURE

3.1 Representation in Terms of One-Particle Orbitals
Clearly, there is no problem in writing down an exact expression for Ts in

terms of orbitals:

Ts½fϕiðrÞg�¼
1

2

XN
i¼1

Z
d3r rrϕ

*
i ðrÞrrϕiðrÞ (4)

Assuming that for atoms the orbitals are products of radial parts times

spherical harmonics, namely,

ϕiðrÞ¼RiðrÞYli,mi
ðθ,φÞ (5)

upon angular integration, Eq. (4) adopts the form:

Ts½fRiðrÞg�¼
Z

drr2
1

2

XN
i¼1

dRiðrÞ
dr

� �2

+
XN
i¼1

liðli +1Þ
r2

R2
i ðrÞ

( )
(6)
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Further, assuming that the one-particle density is averaged over

the angular part such that ρðrÞ! ρðrÞ¼PN
i¼1 RiðrÞð Þ2 and rrρðrÞ¼

1̂r
d

dr

XN

i¼1
RiðrÞð Þ2, we can rewrite the von Weizs€acker term as:

TW ½fRiðrÞg� ¼ 1

2

Z
drr2

XN
i¼1

XN
j¼1

RiðrÞdRiðrÞ
dr

RjðrÞdRjðrÞ
dr

=
XN
i¼1

RiðrÞð Þ2
( )

(7)

From Eqs. (6) and (7), after some algebra we can rewrite TP ¼ Ts � TW as

follows:

TP ½fRiðrÞg�¼ 1

4

Z
drr2

1

ρðrÞ
XN
i¼1

XN
j¼1

RiðrÞdRjðrÞ
dr

�RjðrÞdRiðrÞ
dr

� �2

+
1

2

Z
drr2

XN
i¼1

liðli +1Þ
r2

R2
i ðrÞ

(8)

In order to keep the notation similar to that used for local-scaling transfor-

mations (LS-DFT, see below)59 we express the Pauli enhancement factor

Fp[ρ(r);r] of Eq. (3), which in this case is a functional of the radial orbitals, as:

FP ½fRiðrÞg�¼ τN ½fRiðrÞg�+ κN ½fRiðrÞg�ð Þ (9)

where

τN ½fRiðrÞg� ¼ 1

2ρ8=3ðrÞ
XN�1

i¼1

XN
j¼i+1

Wij½fRiðrÞg� (10)

κN ½fRiðrÞg� ¼ 1

2ρ5=3ðrÞ
XN
i¼1

liðli +1Þ
r2

R2
i ðrÞ (11)

In Eq. (10) Wij is defined as:

Wij½fRiðrÞg�¼ RiðrÞdRjðrÞ
dr

�RjðrÞdRiðrÞ
dr

� �2

(12)

3.1.1 Application to the Al Atom
Aluminum, Z¼13 has the following electronic configuration for its ground

state: [1s22s22p63s23p1].
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The explicit expression for the modulating factor τN[{Ri(r)}] of alumi-

num is given by

τN ½fRiðrÞg�¼ τKL + τKM + τLL + τLM + τMMf g (13)

where we have collected the terms corresponding to each atomic shell and

inter-shell. These terms are defined by

τIJ ¼ 1

2ρ8=3g ð f Þ
ωIJ

ωKL ¼ 4W1s2s +12W1s2p

ωKM ¼ 4W1s3s +2W1s3p

ωLL ¼ 12W2s2p

ωLM ¼ 4W2s3s +2W2s3p +4W2p3s +6W2p3p

ωMM¼ 2W3s3p

(14)

In what follows we examine in Fig. 1 the behavior of the modulating

factor τN[{Ri(r)}] for the Al atom by comparing it with the radial distribu-

tion 4π r2ρHF(r) (τ in the present case is up-scaled by a factor of 20). We

observe that the first and second maxima of τ[{Ri(r)}] are placed, respec-

tively, at the first and second minima of the radial distribution. It is clearly

seen that these points correspond to the inter-shell boundaries. In the outer

region we see that τ grows strongly and approaches infinity thus creating the

4pr2r(r)

20 tN[{Ri}]

0.001 0.01 0.1 1 10
r

5

10

15

20

Fig. 1 The full Pauli kinetic energy modulating factor τN[{Ri}] for Al (full line) calculated
by means of Eqs. (13) and (14). The Hartree–Fock radial density of Al is also depicted
(dashed line).
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basin that confines electrons to the outer shell. Wemay infer from Fig. 1 that

the Pauli kinetic energy modulating factor bears an important role in the

formation of the atomic shells. As seen from this figure, this factor is an essen-

tial ingredient for the generation of shell structure in the Al atom. In Fig. 2

we examine the behavior of the different inter-shell components of

τ[{Ri(r)}], namely, τKL, τKL, and τMM. It is seen that the first maximum is

almost entirely described by τKL. Similarly, the second one is accounted

for by τLM. The outer border is represented entirely by τMM. In Fig. 3

we present the separate contribution of τKM and τLL. It is clearly seen in

Fig. 3 that their contributions are negligible.

3.2 Representation by Means of Local-Scaling Transformations
Although no exact representation of Ts as an explicit functional of the one-

particle density has been found so far, López–Boada et al.59–61 have shown
that it is possible to derive an exact albeit implicit form of this functional by

resorting to general arguments involving local-scaling transformations. In

this derivation, the functional Ts[ρ] takes the form

Ts½ρ� ¼TW ½ρ�+ 1

2

Z
d3rρ5=3ðrÞAN ½ρðrÞ;r� (15)

where AN[ρ(r);r] is an implicit functional of the one-particle density

(see later). Note that the von Weizsacker term TW[ρ], which is an explicit

0.001 0.01 0.1 1 10
r

5

10

15

20

4pr2r(r)

20 tKL[{Ri}]

20 tLM[{Ri}]

20 tMM[{Ri}]

Fig. 2 Graphs of the Pauli kinetic energy modulating factor contributions for Al calcu-
lated by means of Eq. (14) for the KL and LM shell boundaries. The Hartree–Fock radial
density of Al is also depicted.
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functional of the one-particle density emerges in a natural fashion in this der-

ivation. The term AN[ρ(r); r] which, except for a numerical factor is equiv-

alent to the Pauli kinetic energy enhancement factor, is however, nonlocal

and is closely related to the shell structure of the system. In the case of atoms,

for example, AN[ρ(r); r] describes the hills and basins which lead to poten-

tials that localize electrons in shells.

Note that the local-scaling transformation version of density functional

theory (LS-DFT)62–64 is not based on the Hohenberg–Kohn theorems, and

thus it is quite different from the Hohenberg–Kohn–Sham version of DFT.

LS-DFT is a constructive approach, which allows us to generate energy den-

sity functionals that satisfy the variational principle. The ensuing functionals,

however, have an implicit dependence on the one-particle density. Local-

scaling transformations are coordinate transformations that can be expressed

as functions of the one-particle density.63,65

A local-scaling transformation carries the vector r into the vector

λ(r)r � f which has the same direction as r. It can be shown that this trans-

formed vector is f � f([ρ], r), namely, it is a function of the one-particle

density. As a result, any function which depends on r may be transformed

into another function which depends on f([ρ], r).
Applying this transformation to the arbitrary “generating” atomic orbi-

tal set fϕg, iðrÞ¼Rg, iðrÞYli,mi
ðθ,ϕÞgNi¼1 one obtains the following set of

0.01 0.1 1 10
r

2

4

6

8

10

12

14

4p r2r(r)

80 tLL[{Ri}]

80 tKM[{Ri}]

Fig. 3 Graph of the Pauli kinetic energy enhancement factor contribution for Al calcu-
lated by means of Eq. (14) for the terms τLL and τKM The Hartree–Fock radial density of Al
is also depicted.
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transformed orbitals: fϕρ, iðrÞ¼Rρ, iðrÞYli,mi
ðθ, ϕÞgNi¼1 where the locally

scaled (density-dependent) radial functions are given by

Rρ, iðrÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρðrÞ

ρgðλðrÞrÞ

s
Rg, iðλðrÞrÞ, (16)

In Eq. (16) only the radial (or angular-averaged densities) ρgðrÞ¼PN
i¼1jRg, iðrÞj2 and ρðrÞ¼PN

i¼1jRρ, iðrÞj2 corresponding to the initial and

transformed orbitals, respectively, appear in the expression due to the fact

that the vectors maintain the same direction.

A local-scaling transformation relates the densities ρ(r) and ρg(r) by means

of the following first-order differential equation:

ρðrÞ
ρgðλðrÞrÞ

¼ λðrÞ3 1 + r � rr ln λðrÞf g (17)

The single Slater determinant Φρ formed from these density-dependent

orbitals is

Φρðr1, s1,…,rN , sN Þ¼ det

N !1=2
½ϕρ,1ðr1Þσ1ðs1Þ… ϕρ,N ðrN ÞσðsN Þ� (18)

Let us consider now the noninteracting kinetic energy functional given

as the expectation value of the kinetic energy operator with respect to the

single Slater Φρ:

Ts½Φρ� ¼ 1

2

XN
i¼1

Z ∞

0

drr2
dRρ, iðrÞ

dr

� �2

+
liðli +1Þ

r2
Rρ, iðrÞ
� �2" #

: (19)

The noninteracting kinetic energy expression given by Eq. (19) is an implicit

functional of the one-particle density ρ, namely, Ts[Φρ]� Ts[ρ] which after
some manipulation becomes

Ts½ρ� ¼ 1

8

Z ∞

0

dr r2
ðrρðrÞÞ2
ρðrÞ

+

Z ∞

0

dr r2ρ5=3ðrÞ 1+ r
! �r ln λðrÞ� �4=3

τN ½ρ�

+

Z ∞

0

dr r2ρ5=3ðrÞ 1+ r
! �r ln λðrÞ� ��2=3

κN ½ρ�:

(20)

where the modulating factors τN[ρ] and κN[ρ] (with f ¼ λ(r)r) are
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τN ½ρ� ¼ 1

ρ8=3g ð f Þ
1

2

X
i<j

Wij½ρ� (21)

and

κN ½ρ� ¼ 1

ρ5=3g ð f Þ
XN
i¼1

liðli +1Þ
2

Rg, ið f Þ
f

� �2

, (22)

where

Wij½ρ� ¼ Rg,ni, lið f Þ
d Rg, nj , ljð f Þ

df
�Rg,nj , ljð f Þ

d Rg,ni, lið f Þ
df

� �2

: (23)

The Pauli enhancement factor FP([ρ]; r) is given by

FPð½ρ�; rÞ ¼ 1+ r
! �r ln λðrÞ� �4=3

τN

+ 1+ r
! �r ln λðrÞ� ��2=3

κN
(24)

These results have a striking similarity with those given by Eqs. (9), (10), and

(11). The difference arises from the presence of density-dependent factors

appearing in Eq. (24).

The explicit expression for the modulating factor τ[ρ] of aluminum is

similar to those of Eqs. (13) and (14). It must be kept in mind, however, that

in Eq. (24) τ[ρ] is a functional of the one-particle density and not of the

orbitals. The generating orbitals, or broadly speaking, the generating poly-

nomials are functions which depend implicitly on the one-particle density

and which change when an approximate ρ evolves toward the exact one.

The symmetry of the generating orbitals is the important feature introduced

into the local-scaling expression.

In a previous work,65 the construction of these local-scaling terms was

carried out using generalized Slater-type orbitals as the generating one-

particle functions. These orbitals are defined by:

Rg, nj , ljðrÞ�Ng, nj , ljð f Þfnj , ljðrÞexpð�αnj , lj r
βÞ (25)

where fnj , ljðrÞ are orthogonal polynomials.

We refer the reader to Fig. 4 (taken fromRef. 65), where the behavior of

the modulating factor τN[ρ] for the Al atom is presented along with the radial

distribution 4π r2ρHF(r). Note that τ[ρ] has been down-scaled by a factor of

200 in view of the fact that τ[{Ri}] and τ[ρ] differ by a factor (see Eq. 13).We

observe, however, that as in the case for τ[{Ri}] the first and second maxima
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are placed, respectively, at the first and second minima of the radial distri-

bution. Moreover, the tail behavior of this graph resembles that of the pre-

vious case in that it goes to infinity for large r. In Fig. 5, a detailed graph

depicting the behavior of τKL and τLM is presented. Finally, in Fig. 6, the

individual behavior of the terms τKM, τLL, and τLM is plotted.

3.3 The Explicit Functional Representation for Tp
in Terms of the Liu–Parr Expansion

In recent work66 we have applied the Liu and Parr67 power series expansion

originally used for the noninteracting kinetic energy functional Ts to repre-

sent, in the present case, the Pauli kinetic energy functional:

Tp½ρ� ¼
Xn
j¼1

Cj

Z
d3rρ½1+ 2=3j�ðrÞ

� �j
(26)

It follows from this expression that the Pauli enhancement factor is given by
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r (bohr)
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t /200

Fig. 4 The full Pauli kinetic energy modulating factor τN[ρ] for Al (dashed line) calculated
by local-scaling transformations. The Hartree–Fock radial density of Al is also depicted
(full line). From Ludeña, E. V.; Karasiev, V.; López-Boada, R.; Valderrama, E.; Maldonado, J.
Local-Scaling Transformation Version of Density Functional Theory: Application to Atoms
and Diatomic Molecules. J. Comput. Chem. 1999, 20 (1), 155–183.
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Fp½ρðrÞ; r� ¼
Xn
j¼1

Cjρ
ð2=3Þð1=j�1ÞðrÞ

Z
d3rρ½1+ 2=3j�ðrÞ

� �j�1

(27)

The justification for applying the Liu–Parr expansion to the kinetic energy

functionalTp is that upon simple coordinate scalingTs given by Eq. (4) scales

as T λ
s ¼ λ2Ts. Similarly, the von Weizs€acker term also scales as T λ

W ¼ λ2TW .

It follows that T λ
p ¼ λ2Tp. Hence, the application of the Liu–Parr expansion

to TP is justified.

In the original Liu–Parr expansion for Ts the coefficients were fixed by

an optimal least-square fit to the “exact,” Hartree–Fock values for atoms

from H to Kr. The aptness of this expansion to represent adequately the

shell structure of atoms was examined recently.68 By and large, the

three-term expansion of Liu and Parr reproduces the shape of the enhance-

ment factor of the atoms considered quite closely, provided that a local

contribution νr2ρ(f) (where ν is a parameter) is added. Notice that the

addition of this term does not contribute to the energy. The three-term

Liu–Parr expansion, however, does not lead to satisfactory values of the

0.0
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Fig. 5 Graphs of the Pauli kinetic energy modulating factor contributions for Al (dashed
line) calculated by local-scaling transformations corresponding to the KL and LM shell
boundaries. The Hartree–Fock radial density of Al is also depicted (full line). From
Ludeña, E. V.; Karasiev, V.; López-Boada, R.; Valderrama, E.; Maldonado, J. Local-Scaling
Transformation Version of Density Functional Theory: Application to Atoms and Diatomic
Molecules. J. Comput. Chem. 1999, 20 (1), 155–183.
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noninteracting kinetic energy Ts for the thirty six atoms examined going

from H to Kr.68

In Fig. 7, we present the enhancement factor Fp[ρ] calculated for the

Liu–Parr expansion with n ¼ 7. We also present graphs for the radial distri-

bution and for the Hartree–Fock approximation to the enhancement term

τ[{Ri}]. It is seen from Fig. 7 that the form of the enhancement factor for the

aluminum atom, when it is calculated via the shell-by-shell optimization, is

broadly located in the region where τLM[{Ri}] has its maximum. The fit is

even looser when the factor uses the all-shell optimized coefficients.

In Table 1 we present the results of the Liu–Parr expansion for the non-

interacting kinetic energies Ts[ρ] and the Pauli kinetic energy Tp[ρ]. It is
seen from this table that the approximations to the exact Hartree–Fock
values of these quantities is very close such that the errors are ΔTs ¼
0.0064 Hartrees andΔTp¼ 0.0130 Hartrees, respectively. These values cor-

respond to the best approximation obtained to date. The fact that the

enhancement factor does not perfectly fit the exact form given by the

Hartree–Fock functional indicates that in the optimization process carried

shell-by-shell the function adapted itself as much as possible to reproduce

the form of τLM[{Ri}].

Fig. 6 Graph of the Pauli kinetic energy enhancement factor contribution for Al (dashed
line) calculated by local-scaling transformations corresponding to the KM, LL, and MM
terms. The Hartree–Fock radial density of Al is also depicted (full line). From Ludeña, E. V.;
Karasiev, V.; López-Boada, R.; Valderrama, E.; Maldonado, J. Local-Scaling Transforma-
tion Version of Density Functional Theory: Application to Atoms and Diatomic Mole-
cules. J. Comput. Chem. 1999, 20 (1), 155–183.
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4. DISCUSSION

We have examined in the present work the various approximations to

the Pauli enhancement factors which may be obtained by means of orbital

representations, local-scaling representations, and Liu–Parr power series

Table 1 Noninteracting Kinetic Energy Values Ts and Pauli Kinetic Energy Values Tp
(in Hartrees) for the Liu–Parr Power Series Approximations With All-Shells and
Shell-by-Shell Coefficient Optimization for the Aluminum Atom
n THF

s Tapp
s

a Tapp
p

b THF
p Tapp

p
a Tapp

p
b

3 241.8720 245.9413 241.7640 85.1129 89.1755 84.9982

4 241.8720 241.7826 241.8630 85.1129 85.0169 85.0976

5 241.8720 241.6821 241.8240 85.1129 84.9163 85.0578

6 241.8720 241.4830 241.6767 85.1129 84.7166 85.1010

7 241.8720 241.8686 241.8656 85.1129 85.1029 85.0999

aAll-shells.
bShell-by-shell.
For comparison the respective Hartree–Fock values are included.
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F[r] All-shell
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Fig. 7 The Pauli kinetic energymodulating factor Fp[ρ] for Al corresponding the Liu–Parr
power series expansion for n ¼7 evaluated with all-shell and shell-by-shell optimized
coefficients. The Hartree–Fock radial density τ[{Ri}] of Al is also depicted.
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expansions and have related them to the appearance of shell structure in

atoms. We have taken as a working example the aluminum atom.

The relation of an orbital representation with shell structure can be

established in a direct fashion. Orbitals carry in them the symmetry which

allows for an exact description of shell structure. This is the reason why cal-

culation based on orbitals such as Hartree–Fock of Kohn–ShamDFT lead to

the correct inclusion of shell structure. On the other hand, when we want to

do away with orbitals and construct kinetic energy functionals which

depend on the one-particle density, it is seen that the result is not at all obvi-

ous. It depends on the way the functional is constructed. For example, when

we use generating orbitals having the correct orthogonality conditions, such

as in the LS-DFT application discussed in this work, the resulting functionals

(which are implicit functional of the one-particle density) maintain the shell

structure characteristics as the original orbital ones. Thus, in this case, shell

structure is incorporated in the functionals through the symmetry properties

of the generating orbitals.

The problem at hand is, however, how to construct explicit functionals

of the one-particle density which nevertheless keep the shell structure traits

of the exact functionals. It is seen that through the use of the Liu–Parr power
series expansions, this aim is only partially fulfilled. The shell-by-shell opti-

mization leads to excellent values of the Ts[ρ] and Tp[ρ] functionals. How-

ever, the sharp curves denoting shell structure are not totally defined. The

present results show that there is still much work to be done in the endeavor

of obtaining both accurate and shell-structure-reproducing functionals.
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