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a b s t r a c t

This paper investigates the formation scaling control problem for multi-agent systems by utilizing
the stress matrix associated with a universally rigid framework. Compared with the existing results
on formation scaling control, we consider a more challenging scenario where only one agent has the
knowledge of the desired formation size. To cope with this constraint, we first propose a distributed
estimator for the remaining agents to estimate the scaling parameter. Then by employing the outputs
of the estimator, we design a new class of formation scaling control algorithms for universally rigid
frameworks such that the overall formation converges to the prescribed shape with the desired scaling.
Numerical simulations are carried out to validate the theoretical results.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, the research on cooperative control of multi-
agent systems has attracted increasing attention from the con-
trol community. A fundamental task for cooperative control is
formation control, which has found a wide range of applications,
including networked mobile sensors performing ocean sampling
tasks, a group of mobile robots enclosing a target, and unmanned
aircraft imaging in space (Bullo, Cortés, & Martinez, 2009; Chen,
Gan, Huang, Dou, & Fang, 2016; Leonard, Paley, Lekien, Sepulchre,
Fratantoni, & Davis, 2007). The main objective of distributed for-
mation control is to design control laws using only local informa-
tion to realize a given prescribed formation shape.

In general, the shape of a formation can be specified by var-
ious types of variables: absolute position, relative position (or
displacement), distance, bearing (Zhao & Zelazo, 2017), or complex
Laplacian (Lin, Wang, Han, & Fu, 2014) (where agents’ positions in
the 2-D space are described by complex variables in the complex
plane and a target formation is identified by a Laplacian matrix
with entries of complex numbers). In position-based control, each
agent is informed of its absolute position and desired positionwith
respect to a global coordinate system, where agents can be con-
trolled individually without any interaction with their neighbors.

✩ The material in this paper was not presented at any conference. This paper
was recommended for publication in revised form by Associate Editor Dimos V.
Dimarogonas under the direction of Editor Christos G. Cassandras.
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Therefore, any information exchange among agents, e.g., relative
position measurement or communication, is not required but a
global coordinate system for all agents is needed (Oh, Park, & Ahn,
2015). When relative position becomes the sensed and controlled
variable, the desired realizable formation can be achieved based
on consensus algorithms using only measurements from local co-
ordinate systems. However, the orientations of local coordinate
systems for all individual agents are required to be the same as
that of a global coordinate system. In recent years, researchers have
thoroughly studied the relative-position-based formation control
from various aspects: agents’ models with linear, holonomic dy-
namics or nonlinear, nonholonomic dynamics (Liu & Jiang, 2013;
Wen, Duan, Ren, & Chen, 2014); undirected and directed switching
interaction graphs (Ji & Egerstedt, 2007; Olfati-Saber & Murray,
2004); continuous- and discrete-time models (Cortés, 2009), to
name a few.

In comparison, it is allowed in distance-based formation control
that the sensed variable, i.e., relative position, can be measured
in an arbitrary local coordinate system for each agent (Oh et al.,
2015; Summers, Yu, Dasgupta, & Anderson, 2011). However, using
the gradient control protocols, only local stability is guaranteed
for distance-based control systems under general graphs. In this
scenario, rigidity graph theory has been shown to be an effective
tool for analyzing the equilibrium formations up to translations
and rotations. In Krick, Broucke, and Francis (2009), infinitesimal
rigidity is shown to be a sufficient condition for locally asymptot-
ically stabilizing an equilibrium formation under gradient control
laws. To investigate global stability for triangular formations in the
plane, it is shown inCao,Morse, Yu, Anderson, andDasgupta (2011)
that properly initialized formations can be controlled to exponen-
tially converge to a desired formation with proper orientation.

https://doi.org/10.1016/j.automatica.2018.11.046
0005-1098/© 2018 Elsevier Ltd. All rights reserved.
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Note that to implement gradient control laws, relative positions are
measured. The paper (Cao, Yu, & Anderson, 2011) proposes a stop-
and-go cyclic strategy, which can stabilize a generically minimally
rigid formation using only inter-agent distances. More recently,
researchers have investigated the formation robustness issues, and
have established formation movements in the presence of mea-
surement mismatches (Mou, Belabbas, Morse, Sun, & Anderson,
2016; Sun, Mou, Anderson, & Morse, 2017).

In this paper we focus on designing distributed controllers to
achieve a target formation with different scales. Formation scaling
control is a major concern in multi-agent formation systems and
has been motivated by various practical scenarios. A formation
with flexible and different sizes can dynamically adapt to chang-
ing environments in practice, e.g. avoiding obstacles for a group
of mobile vehicles. In Park, Jeong, and Ahn (2015), in addition
to formation stabilization, the size of the formation can also be
controlled by adjusting the leader edge of an acyclic minimally
persistent graph. In Coogan and Arcak (2012), via a projection
operator approach, two strategies are designed for the case when
the scaling parameter is known to some of the agents. However,
for the single-link method developed in Coogan and Arcak (2012),
the monitoring graph (a subgraph that is a directed spanning
tree rooted at the leader) needs to be chosen to contain all the
vertices in the sensing graph. Later, the projection operator is also
employed in Zhao and Zelazo (2017), where bearing-based control
frameworks are established. In addition, Han,Wang, Lin, and Zheng
(2016) address the formation scaling problem for both single-
and double-integrator agent dynamics in the context of complex
Laplacians.

It is worth noting that for the multi-agent consensus problem,
it is meaningful to incorporate negative weights in the network
to model diverse behaviors. In Altafini (2013), by employing the
Laplacian-like control scheme under a structurally balanced graph,
it has been shown that state agreement can be reached on the same
modulus value except for the sign, which is termed as bipartite
consensus. However, the positive definiteness of the corresponding
Laplacian matrix, while useful to guarantee convergence, restricts
the degrees of freedom for motion. In this paper we adopt a
stress-matrix-based approach to control a formation with desired
scaling, where stresses between neighboring agents in the under-
lying graph are weights that encode the information of the target
formation, and contain positive and negative elements. The stress
matrix, which generalizes the conventional Laplacian matrix, is
widely used to represent the stresses of edges and their connection
relationships in a framework. Stress can be interpreted physically
as the force per unit length, whose sign indicates the direction of
the force. Hence, the stress matrix implicitly captures the features
of a framework, e.g., rigidity, stability, and robustness (Connelly &
Guest, 2016). Our early efforts on formation scaling control using
the stress matrix can be found in Yang, Sun, Cao, Fang and Chen
(2017) and Yang, Cao, Sun, Fang and Chen (2017), where some
basic control laws were proposed to deal with the constraints that
a small number of agents (d pairs in Yang and Sun et al. (2017),
and one pair in Yang and Cao et al. (2017), respectively) knows
the desired scaling size. We have proposed an algorithm in Yang,
Cao, Fang, and Chen (2018) for constructing a positive semidefi-
nite stress matrix, in which the weights of the edges associated
with the resultant universally rigid framework are explicitly given.
The latest results on stress-matrix-based formation control have
been reported in Zhao (2018), where formation control laws are
presented to realize transformations of a given nominal config-
uration under the framework of affine transformation (defined as
a linear transformation plus a translation). This problem has also
been interpreted as homogeneous transformation of particles of a
continuum body (Rastgoftar & Jayasuriya, 2014), which gives new
insights into the collective motion of multi-agent systems.

Motivated by these results, the goal of this paper is to solve the
formation scaling problem in the case where only one agent knows
the prescribed size, which is more challenging than the existing
results (Yang & Cao et al., 2017; Yang & Sun et al., 2017; Zhao,
2018). We first design distributed estimators for each agent in a
subgraph in order to infer the prescribed scaling information. Then
based on the outputs of the estimator, a new type of formation
scaling control laws is proposed by invoking the stress matrix
associated with a universally rigid framework. By employing the
stress-matrix-based formation control scheme, one can incorpo-
rate negative weights in the interaction network, which allows us
to model more complex behaviors of autonomous agents. More-
over, more diverse forms of motions (such as translation, rotation,
scaling and shearing) can be obtained due to the fact that the
dimension of the null space of the stress matrix associated with
a universally rigid framework is d+ 1 (d denotes the dimension of
the working ambient space), which thus provides more freedom
in formation motion control. In comparison with Zhao (2018), by
using the proposed estimator, the formation scaling control can
still be achieved even only one agent knows the precise scaling
information.

Notations: Denote by In the identity matrix with dimension n. Let
1n be the n-dimensional column vector with all ones. The symbol
span(x1, . . . , xn) represents the linear span of vectors x1, . . . , xn.
The cardinality of the set X is written as |X |. We use ∥x∥ to repre-
sent the 2-norm of a vector x. The symbol⊗ denotes the Kronecker
product.

2. Background

In this section, we introduce basic concepts on stress and for-
mulate the formation scaling control problem. In addition, some
preliminary results on stress-matrix-based formation control are
reviewed.

2.1. Basic notations

Let V = {1, 2, . . . , n} and E ⊆ V×V be, respectively, the vertex
set and the edge set of an undirected graph G representing the
neighboring relationships between n vertices. An edge (i, j) exists
in G if and only if vertices i and j are neighbors of each other. The
set of vertices that are adjacent to i is denoted byNi = {j|(i, j) ∈ E}.
The adjacency matrix A = [aij] ∈ Rn×n associated with the graph
G is defined in such a way that aij = 1 if (i, j) ∈ E and aij = 0
otherwise. We assume that the graph studied in this paper is finite
and simple, i.e., without loops or multiple edges. By assigning an
arbitrary orientation to G, the incidence matrix H = [hij] ∈ Rn×|E|

is defined by

hij =

⎧⎨⎩
1, if the jth edge enters node i,
− 1, if the jth edge leaves node i,
0, otherwise.

In this paper, we assume |E| = m for simplicity, namely, there
are m edges in the graph. The Laplacian matrix L can be defined by
L = HHT

∈ Rn×n.
A configuration is a finite collection of n labeled points in Rd,

denoted by q = [qT1, . . . , q
T
n]

T . We say a configuration q is generic
if the entries of q are algebraically independent over the rational
numbers, namely, there is no non-zero polynomial with rational
coefficients that vanishes at the entries of q. A framework (G, q)
is obtained by embedding an undirected graph G in Rd together
with its corresponding configuration q. Given a framework (G, q)
in Rd, if there exists another framework (G, p) in Rd such that
∥pi−pj∥ = ∥qi−qj∥, ∀(i, j) ∈ E , thenwe say that (G, p) is equivalent
to (G, q). Furthermore, they are congruent if ∥pi−pj∥ = ∥qi−qj∥, ∀i,
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j ∈ V . With these concepts, we follow Connelly and Guest (2016)
to introduce rigidity graph theory. A framework (G, q) in Rd is said
to be rigid, if all the frameworks (G, p) in Rd equivalent to (G, q)
and sufficiently close to (G, q) are congruent to (G, q). If all the
frameworks (G, p) inRd equivalent to (G, q) are congruent to (G, q),
we call it globally rigid. Finally, if this congruent relationship holds
in any higher-dimensional space RD

⊃ Rd (where D is a positive
integer satisfying D > d), it is said to be universally rigid.

Mathematically, a stress ωij is a scalar assigned to each edge
(i, j), and there holds ωij = ωji. We use ω ∈ Rm to denote the
concatenated vectorω = (· · · , ωij, . . .)T . Given a framework (G, q),
if for each vertex i, we have∑
j∈Ni

ωij(qj − qi) = 0, (1)

then we call ω an equilibrium stress with respect to the configura-
tion q. The corresponding stressmatrixΩ = [Ωij] ∈ Rn×n is defined
by

Ωij =

{
−ωij, i ̸= j,∑

j∈Ni
ωij, i = j. (2)

Remark 1. Non-zero off-diagonal elements of a Laplacian are
positive and a Laplacian matrix is positive semi-definite; however,
a stress ωij can be either positive or negative. Therefore, a stress
matrix is usually indefinite.

2.2. Problem formulation

Consider a group of n ≥ d + 2 mobile agents, each of which is
modeled by single integrator dynamics

q̇i = ui, i = 1, . . . , n, (3)

where qi ∈ Rd is the position of agent i and ui ∈ Rd is the
control input. Given a generic universally rigid framework (G, q∗)
with an equilibrium stress ω, the objective of formation scaling
control is, by using the stress ω, to design distributed control laws
ui(q∗

i − q∗

j , qi − qj), j ∈ Ni, such that

lim
t→∞

(qi(t) − qj(t)) = κ(q∗

i − q∗

j ), ∀(i, j) ∈ E, (4)

where κ is a positive constant indicating the size of the formation.
Here, bymapping themulti-agent system to the virtual universally
rigid framework,we have assigned each edge of the formationwith
a weight (or stress), which can be either positive or negative.

Remark 2. The formation scaling problem becomes trivial if each
agent knows the scaling parameter κ but ismuchmore challenging
to solve if the scaling parameter is known to only a limited number
of agents (Yang & Cao et al., 2017; Yang & Sun et al., 2017). In this
paper, we show formation scaling can still be achieved using the
proposed algorithms even if only one agent knows κ .

2.3. Revisit stress-based formation scaling control

Formation scaling control based on the stress matrix has been
partly solved in our recent papers under different scenarios. In this
sectionwe review some existing results and detail their differences
that motivate the current problem. In Yang and Sun et al. (2017),
a class of distributed stress-based control laws has been proposed
as follows:

ui = −

∑
(i,j)∈E

ωij(qi − qj)

−

∑
(i,j)∈Ea

l

aij
[
(qi − qj) − κ(q∗

i − q∗

j )
]
,

(5)

whereωij is the stress of edge (i, j) for the underlying graph. Denote
by Ea

l the edge set consisting of d edges whose corresponding
relative position vectors linearly span Rd. The subgraph formed
by Ea

l and its associated nodes is connected. Then we have the
following result.

Lemma 3. Under the assumption that the given generic framework
(G, q∗) is universally rigid with an equilibrium stress ω, consider a
group of agents modeled by (3), and employ the stress-matrix-based
control law (5) for each agent. Then the target formation with the
prescribed size κ is globally exponentially stabilized.

This lemma was proved in Yang and Sun et al. (2017).

Remark 4. An algorithm on designing positive semidefinite stress
matrices for constructing universally rigid frameworks is proposed
in Yang et al. (2018) (also see Yang and Sun et al. (2017)). The
construction approach is based on matrix SVD and Multiplicative
Inverse Eigenvalue (MIE) algorithms, in which global information
(i.e., configuration) of the graph is required. However, the imple-
mentation of the proposed formation control law based on the
stress matrix is completely distributed and no global information
is required. We note that this is consistent with the control design
strategy ‘‘centralized design, distributed implementation’’, often
used in the literature of distributed control (see e.g., Oh et al.
(2015), Ren and Cao (2010)).

Aiming at further reducing the number of agents knowing κ , we
have designed another class of distributed control laws by utilizing
orthogonal projection (Yang&Cao et al., 2017). For the sake of clear
presentation and without loss of generality, we assume that the
edge linking agents 1 and 2 is labeled as the first edge. The control
inputs for agents 1 and 2 are designed as

ui = −

∑
(i,j)∈E

ωij(qi − qj) − hi1(z1 − κz∗

1 )

−

d+1∑
ι=2

hiι(zι − κιz∗

ι ), i = 1, 2,
(6)

where ωij is the stress associated with edge (i, j), zι = qi − qj, ι =

1, . . . ,m, with agents i and j being the head and tail of the ιth edge,
respectively, and hiι is the entry of the incidence matrix H . The
scaling estimation κι is defined by

κι =
1

∥z∗
ι ∥2 (z

∗

ι )
T zι, ι = 2, . . . , d + 1. (7)

For the remaining agents, their control inputs ui, i = 3, . . . , n, are
given by

ui = −

∑
(i,j)∈E

ωij(qi − qj) −

d+1∑
ι=2

hiι(zι − κιz∗

ι ). (8)

It is assumed that the stresses in (6) and (8) admit a universally
rigid framework. To implement the above control law, a subgraph
Gb
l (V

b
l , E

b
l ) with |Eb

l | = d + 1 is chosen such that the dimension
of the convex hull spanned by any d pairs of nodes is d. The
projection technique (7) is also employed in Coogan and Arcak
(2012), Zhao and Zelazo (2017), where the projection operator is
used to ‘estimate’ the scaling parameter (Coogan & Arcak, 2012)
and to realize the bearing-based control (Zhao & Zelazo, 2017).

One of the main results of Yang and Cao et al. (2017) is as
follows.

Lemma5. For a group of agentsmodeled by (3), the formation scaling
control task (4) is achieved globally using the proposed distributed
control laws (6) and (8).
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Fig. 1. An example of selecting the sub-framework (Gl, q∗

l ) from a universally rigid
framework in the plane.

3. Main results

In this section, we consider the scenario where only one agent
knows the desired formation size represented by the scaling pa-
rameter κ . In practice, it is very possible that only a small number
of agents (or possibly only one agent) in amulti-agent group is able
to receive limited information from outside world or interact with
environment due to physical constraints or certain task require-
ments. For example, the agents knowing the predefined informa-
tion are not equipped with communication devices, or they are
vulnerable to attacks causing physical damages. These scenarios
motive the formation scaling problem that will be solved in this
section. First, distributed estimators are proposed for a subset of
the agents to get the precise knowledge of κ . Then we design a
new type of stress-matrix-based control algorithms by using the
outputs of the proposed estimators to realize formation scaling
control.

To facilitate the system design, we choose d pairs of nodes
together with d edges from the given generic universally rigid
framework (G, q∗) to construct a sub-framework (Gl, q∗

l ) with an
underlying connected graph Gl(Vl, El), such that the dimension of
the convex hull spanned by the nodes in Vl is d. It is worth noting
that the chosen d pairs of nodes can involve less than 2d nodes, due
to the common endpoint shared by distinct edges. For simplicity, it
is assumed that |Vl| = nl. The edge set El is defined as El = {(i, j) ∈

E | i ∈ Vl, j ∈ Vl}. Fig. 1 shows an example of the setup for the
sub-framework (Gl, q∗

l ) in the plane, where the stresses of dashed
and solid lines are positive and negative, respectively.

Remark 6. For a general framework, there might be multiple
choices for constructing the sub-framework (Gl, q∗

l ). Since the
given framework (G, q∗) is generic, no d + 1 nodes of V lie in a
(d−1)-dimensional affine space (Connelly & Guest, 2016). In other
words, any d relative position vectors for d edges associatedwith at
least d+1 nodes are linearly independent, and thus the dimension
of the convex hull spanned by the d relative position vectors is d. In
viewof the fact that theremust exist a spanning tree in a connected
graph, one can choose a sub-tree with d edges and d + 1 nodes to
guarantee the connectivity of the subgraph Gl(Vl, El). An example
of choosing the subgraph from a universally rigid framework in the
plane is shown in Fig. 1.

3.1. Estimator-controller design

Without loss of generality, we assume only agent 1 knows the
scaling parameter κ among all the agents. Motivated by Lemma 3
indicating the size of the formation can be controlled by d pairs of
agents, estimators are designed for the other agents in Vl.

We propose the following estimator for agent 2{
θ̇2 = −Λ2ξ

T
2 ζ2

κ̂2 = −θ2 − Λ2ξ
T
2 (q2 − q1)

, (9)

and for agent i, i = 3, . . . , nl,{
θ̇i = − Λiξ

T
i ζi

κ̂i =κ̂i−1 − θi − Λiξ
T
i (qi − qi−1)

, (10)

where κ̂i is agent i’s estimation of κ , θi is an intermediate variable,
and Λi is a positive scalar. For agent i, i = nl + 1, . . . , n, we assign

κ̂i = 0. (11)

The variables ξi and ζi in (9) and (10) are respectively given as
follows.

ξi = |N l
i−1|(q

∗

i−1 − q∗

i ) +

∑
j∈N l

i−1∩N l
i

(q∗

i − q∗

j ), (12)

and

ζi =κ̂i
(
|N l

i−1| + 1
)
(q∗

i−1 − q∗

i ) −

∑
j∈Ni

ωij(qi − qj)

−

∑
j∈N l

i

aij(qi − qj) +

∑
k∈Ni−1

ω(i−1)k(qi−1 − qk)

+

∑
k∈N l

i−1

a(i−1)k(qi−1 − qk), i = 2, . . . , nl,

(13)

where N l
i denotes the set of neighbor agents of agent i in the

subgraph Gl(Vl, El). For the estimation of an unknown parameter
in a multi-agent system, the leader–follower consensus-based es-
timation method has been commonly used in the literature, see
e.g., Cao, Ren, andMeng (2010), Ren (2007) andmany recent papers
citing them. The successful estimation in these works is built upon
active communication. In comparison, it can be seen from the pro-
posed relative-position-based estimator (9) and (10) that κ is not
used to establish the estimation, which implies that the accurate
information of κ can be estimated evenwhen the agent that knows
κ does not have the capability of broadcasting because of some
physical constraints, such as the absence of communication device
or failure of transmission due to e.g. a long communication range.

Based on the estimator, the control inputs for the multi-agent
system are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1 = −

∑
j∈N1

ω1j(q1 − qj)

−

∑
j∈N l

1

a1j
(
(q1 − qj) − κ(q∗

1 − q∗

j )
)

ui = −

∑
j∈Ni

ωij(qi − qj)

−

∑
j∈N l

i

aij
(
(qi − qj) − κ̂i(q∗

i − q∗

j )
)
, i = 2, . . . , n,

(14)

whereωij is the stress of edge (i, j), and the stressω admits a generic
universally rigid framework (G, q∗). We recall that aij is the entry
of the adjacency matrix with respect to the subgraph Gl(Vl, El). The
symbol κ̂i is the estimation of κ by agent i. The first part of the
control law for each agent is used to confine the agents to the null
space of the stress matrix Ω , and the second part aims to scale the
formation to the prescribed size. It can be observed from (14) that
only agent 1 knows thedesired size of the formation, and the others
employ the estimation variable κ̂i, i = 2, . . . , nl, in their control
inputs.
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3.2. Stability analysis

We present our main result as follows.

Theorem 7. Given a generic universally rigid framework (G, q∗), the
formation scaling for a group of agents modeled by (3) is achieved
globally asymptotically using the proposed control laws (14) and
estimators (9) and (10). In addition, for agent i, i = 2, . . . , nl, the
convergence of estimations holds that limt→∞ κ̂i = κ .

Proof. In the proof, we will first show that the estimation errors
converge to zero, followed by the analysis that the formation
scaling problem can be solved. Considering the control inputs for
the first two agents, we obtain their dynamics from (14) as

q̇2 − q̇1 = −

∑
j∈N2

ω2j(q2 − qj) +

∑
k∈N1

ω1k(q1 − qk)

−

∑
j∈N l

2

a2j
(
(q2 − qj) − κ̂2(q∗

2 − q∗

j )
)

+

∑
k∈N l

1

a1k
(
(q1 − qk) − κ(q∗

1 − q∗

k)
)
.

(15)

Define the estimation error for agent 2 by

κ̃2 = κ̂2 − κ, (16)

and denote the quantity associated with κ and κ̂ in (15) by q∗

2r , i.e.,

q∗

2r
∆
=

∑
j∈N l

2

a2jκ̂2(q∗

2 − q∗

j ) −

∑
k∈N l

1

a1kκ(q∗

1 − q∗

k). (17)

By invoking the fact that q∗

1 −q∗

k = q∗

1 −q∗

2 + (q∗

2 −q∗

k), we have

q∗

2r =

∑
j∈N l

2

a2jκ̂2(q∗

2 − q∗

j ) −

∑
k∈N l

1

a1kκ(q∗

2 − q∗

k)

−

∑
k∈N l

1

a1kκ(q∗

1 − q∗

2)

=

∑
j∈N l

1∩N l
2

(κ̂2 − κ)(q∗

2 − q∗

j ) + a21κ̂2(q∗

2 − q∗

1)

−

∑
k∈N l

1

a1kκ(q∗

1 − q∗

2) +

∑
k∈N l

1

a1kκ̂2(q∗

1 − q∗

2)

−

∑
k∈N l

1

a1kκ̂2(q∗

1 − q∗

2)

= κ̃2

∑
j∈N l

1∩N l
2

(q∗

2 − q∗

j ) + κ̃2|N l
1|(q

∗

1 − q∗

2)

+ κ̂2(|N l
1| + 1)(q∗

2 − q∗

1).

(18)

Substituting (18) into (15), we get

q̇2 − q̇1 = ζ2 + |N l
1|(q

∗

1 − q∗

2) +

∑
j∈N l

1∩N l
2

(q∗

2 − q∗

j ), (19)

where ξ2 and ζ2 are defined in (12) and (13). By differentiating κ̂2
in (9), and replacing q̇2 − q̇1 with (19), it follows

˙̂κ2 = −κ̃2Λ2∥|N l
1|(q

∗

1 − q∗

2) +

∑
j∈N l

1∩N l
2

(q∗

2 − q∗

j )∥
2. (20)

By recalling that the scaling parameter is constant, there holds
κ̇ = 0. Hence, it is straightforward to have

˙̃κ2 = ˙̂κ2 = −κ̃2Λ2∥|N l
1|(q

∗

1 − q∗

2) +

∑
j∈N l

1∩N l
2

(q∗

2 − q∗

j )∥
2. (21)

Note that the subgraph Gl with d edges is chosen to be connected,
and thus nl ≤ d + 1. In light of the fact the given framework
is generic, the configuration {q∗

1, . . . , q
∗
nl} is affinely independent.

Hence, for i = 2, . . . , nl, there holds

|N l
i−1|(q

∗

i−1 − q∗

i ) +

∑
j∈N l

i−1∩N l
i

(q∗

i − q∗

j ) ̸= 0d. (22)

Therefore, it is easy to know κ̃2 converges to zero exponentially,
namely, limt→∞ κ̂2(t) = κ .

Analogously, define the estimation error for agent i, i = 3, . . . ,
nl, by

κ̃i = κ̂i − κ̂i−1. (23)

Similar to the calculations for agent 2, we get

˙̃κi = −κ̃iΛi∥|N l
i−1|(q

∗

i−1 − q∗

i ) +

∑
j∈N l

i−1∩N l
i

(q∗

i − q∗

j )∥
2 (24)

In light of (22), we know limt→∞ κ̃i(t) = 0, which implies limt→∞

κ̂i(t) = κ̂i−1(t), i = 3, . . . , nl. In combination with the fact that
limt→∞ κ̂2 = κ , we have

lim
t→∞

κ̂i = κ, i = 2, . . . , nl. (25)

Now we consider the control law (14), which can be equiva-
lently written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1 = −

∑
j∈N1

ω1j(q1 − qj)

−

∑
j∈N l

1

a1j
(
(q1 − qj) − κ(q∗

1 − q∗

j )
)
,

ui = −

∑
j∈Ni

ωij(qi − qj) + (κ̂i − κ)
∑
j∈N l

i

aij(q∗

i − q∗

j )

−

∑
j∈N l

i

aij
(
(qi − qj) − κ(q∗

i − q∗

j )
)
, i = 2, . . . , n.

(26)

Before moving on, we define an auxiliary variable q̃i as follows

q̃i = qi − κq∗

i . (27)

Then the compact form of (26) is given by
˙̃q = − ((Ω + Ls) ⊗ Id) q̃ + (K̃Ls ⊗ Id)q∗, (28)

where q̃ = [q̃T1, . . . , q̃
T
n]

T
∈ Rdn is the vector form of q̃i, and K̃ ∈

Rn×n is a diagonal matrix defined as K̃ ∆
= diag

(
0, (κ̂2 − κ), . . . ,

(κ̂nl − κ), 0, . . . , 0
)
.

The matrix Ls is given in the form of

Ls =

[
Ll 0nl×(n−nl)

0(n−nl)×nl 0(n−nl)×(n−nl)

]
, (29)

where Ll is the Laplacian matrix associated with the subgraph
Gl(Vl, El), defined by

[Ll]ij =

⎧⎪⎨⎪⎩
∑
j∈N l

i

aij, i = j,

− aij, i ̸= j.

It follows from Lemma 3 that the autonomous part of system (28),
i.e., ˙̃q = − ((Ω + Ls) ⊗ Id) q̃, is globally exponentially stable. The
details of the proof are omitted here due to the space limitation.
In view of the facts that q∗ is fixed and bounded, and K̃ globally
converges to the zero matrix from (25), by invoking the input-to-
state stability theorem (Khalil, 2002), we can conclude that

lim
t→∞

(qi(t) − qj(t)) = κ(q∗

i − q∗

j ), ∀(i, j) ∈ E. (30)

This completes the proof. □
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Fig. 2. The prescribed formation shape and one universally rigid framework.

Fig. 3. Estimation errors of agents 2 and 3 on the unknown scaling parameter.

Remark 8. As can be seen from (9) and (10), two-hop information
is required to implement the relative-position-based estimator.
Similar estimation problemwas also addressed inMeng, Anderson,
and Hirche (2016) to estimate an unknown rotation parameter,
in which the estimator was designed under complete graphs. In
addition, as stated in Meng et al. (2016), it is still an open problem
of how to construct estimators using only relative position infor-
mation with a general connected sparse graph. This can be a topic
for future research.

4. Simulation results

In this section, we present simulation results to validate the ef-
fectiveness of the theoretical results. Suppose the given prescribed
formation shape and one of its corresponding universally rigid
frameworks in R2 are shown in Figs. 2(a) and 2(b), respectively.
Dashed lines and solid lines indicate positive and negative stresses,
respectively. The subgraph Gl(Vl, El) is marked in blue with Vl =

{1, 2, 3} and El = {(1, 2), (2, 3)}.
In this scenario, the stress matrix is in the form of

Ω =

⎡⎢⎢⎢⎣
27.5 −45 26.75 −8.25 −1
−45 75 −45 15 0
26.75 −45 27.1250 −9.375 0.5
−8.25 15 −9.3750 4.125 −1.5
−1 0 0.5 −1.5 2

⎤⎥⎥⎥⎦ .

The initial positions for the five agents are randomly chosen as
q1(0) = [−0.0573, −0.9285]T , q2(0) = [−1.4483, 2.0435]T , q3(0)
= [−2.053, 1.3054]T , q4(0) = [−2.3178, −1.7852]T and q5(0) =

[−1.6165, −1.5231]T . The scaling parameter κ is set to be 10,
which is only known to agent 1. By employing the estimators (9)
and (10), agents 2 and 3 can successfully estimate the accurate
value of κ shown in Fig. 3.

Fig. 4. Formation evolution using the control law (14).

Fig. 5. Scaling length errors using the control law (14).

To clearly show the variations of the formation shape at dif-
ferent time instants, we design an additional input [3.5, 0]T for
each agent. Since the extra input is constant and the same for each
agent, it will not affect the stability of the closed-loop system. From
Fig. 4, we can observe that the formation starts from a random
initial formation shape, which is zoomed in on the left top, and
finally converges to the desired one using the control law (14).
The corresponding scaling length errors are shown in Fig. 5, which
implies that all the edges achieve their desired ones.

5. Conclusion

In this paper, we have addressed the formation scaling problem
for multi-agent systems for the scenario where only one agent
knows the desired scaling size of the overall formation. To infer
the scaling information for the agents in the set Vl of a chosen sub-
graph, we have constructed a relative-position-based estimator,
with which the scaling parameter κ is effectively estimated. Then
by mapping the multi-agent system into a virtual universally rigid
framework, we have proposed a new class of stress-matrix-based
control algorithms in combination with the estimation, such that
all the agents converge to the predefined formation globally. Along
this line, we will investigate the formation scaling problem when
the scaling parameter is time-varying or state-dependent (instead
of being constant or piecewise constant) in the future. In addition,
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the effect of time-delay transmission on the convergence will also
be of great interest for further study.
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