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2 Chapter 1. Introduction

Abstract

This introductory chapter attempts to portray the goal of this thesis from
a broad astrophysical perspective. Starting with the motivation of gauging
the dark matter mass power-spectrum of early-type galaxies within the
ΛCDM paradigm using strong galaxy-galaxy lenses (Section 1.1 – 1.2); this
chapter recapitulates the fundamentals of gravitational lensing and surface
brightness anomalies (Section 1.3 – 1.6). A description of the state-of-the-
art hydrodynamic N-body simulations, i.e. “Evolution and Assembly of
GaLaxies and their Environment”(EAGLE), are briefly presented in Section
1.7. These simulations are used in Chapter 6 of this thesis. In Chapter 2
and Chapters 4, 5 of this thesis, observational data from Kilo-Degree Survey
(KiDS) and Hubble Space Telescope (HST ) are used, respectively. Short
descriptions of these surveys are also presented in Section 1.7. Finally, the
mathematical definitions of the power spectrum and two-point correlation
function are given in Section 1.8. These statistical instruments have been
extensively used in the subsequent Chapters to (i) analyse the strong
gravitationally lensed images in order to quantify the matter distribution in
the inner regions (1-10 kpc scales) of massive early-type galaxies (Chapters
3 and 4), and (ii) to infer the imprints of various galaxy formation processes,
e.g., stellar and AGN feedback, the viscosity of baryonic gas etc., on the
mass maps of galaxies (Chapter 6).
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1.1 ΛCDM paradigm and missing satellite problem

Dark energy (Λ) plus Cold Dark Matter (ΛCDM) cosmological paradigm
predicts that the total mass-energy of the universe contains only 5% visible
matter and energy; 27% dark matter and 68% dark energy. So, dark matter
constitutes 85% of the total mass, while dark energy and dark matter
together constitute 95% of the total mass-energy content of the universe.
From the primordial density fluctuations, the dark matter structures form
hierarchically, via merging and clustering, from smaller to the more massive
ones, which create gravitational potential wells for the interstellar gas to
cool down, collapse and ultimately form stars and galaxies. Although this
cosmological concordance model successfully reproduces the observed large-
scale structures of the universe (∼ 1 Mpc) (Vogelsberger et al. 2014), on
smaller sub-galactic and galactic scales, the theoretical predictions and
the observations diverge significantly (Bullock & Boylan-Kolchin 2017).
For example, the predicted number of substructures in galactic haloes
from ΛCDM-based numerical simulations (Klypin et al. 1999), is orders
of magnitude larger than the observed number of dwarf satellite galaxies,
found in the local group. This discrepancy between large-scale structure
simulation and cosmological observations is known as Missing Satellites
Problem (MSP) Moore et al. (1999); Diemand et al. (2007); Nierenberg
et al. (2016); Dooley et al. (2017).

Three distinct solutions to the MSP have been suggested in the
literature:

1. The CDM paradigm is incomplete: This discrepancy points towards
alternative dark-matter models, e.g. dark matter with a higher
thermal velocity dispersion in the early universe (warm) or self-
interacting, decaying or even repulsive dark matte, which ultimately
all suppresses the formation of low-mass dark matter subhaloes. For
studies of Warm Dark Matter (WDM) models, see e.g. Menci et al.
(2012), Nierenberg et al. (2013), Viel et al. (2013), Lovell et al. (2014)
and Vegetti et al. (2018).

2. Astrophysical observations are incomplete: The predicted abundance
of subhaloes are actually right but they are not efficient enough to
form stars due to several baryonic processes such as UV reioniza-
tion, feedback from supernova (SN), AGN feedback, tidal stripping,
suppression of gas accretion, star formation etc. Thoul & Weinberg
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(1996); Bullock et al. (2000); Somerville & Davé (2015); Sawala et al.
(2014); Despali et al. (2018); Kim et al. (2017), and thus remain
undetectable.

3. A third alternative interpretation is that the CDM cosmological
paradigm is correct and cosmological observations are also complete,
but the Local Group happens to be just a statistically biased
environment with less abundant substructure, not being a typical
representative of the Universe Muller et al. (2018).

So, investigations of the problem of detecting and quantifying the mass
(sub)-structures in galactic scales beyond the Local Group, are crucial to
test the solutions, as mentioned above, to MSP, and furthermore to solve
small-scale discrepancies in ΛCDM cosmological paradigm. Particularly,
gauging the mass structure on the scales of 1-10 kpc will pave the way
to distinguish between different galaxy-formation scenarios, and also to
compare different dark-matter models (e.g. CDM, WDM).

1.2 Strong lensing and galactic mass distributions

One of the most profound predictions of Einstein’s general theory of
relativity is the deviation of the paths of light rays from straight lines
(or null geodesics), in the presence of gravitational fields. While traversing
through space-time, these ‘wandering’ light rays from distant astrophysical
sources create distorted and (de)magnified images (e.g., arcs rings or
even multiple images), where intervening galaxies or large scale structures
located along the line-of-sight act as the gravitation potentials (i.e. lenses)
causing the space-time curvature. This phenomenon is called “gravitational
lensing” in astronomy and cosmology (Narayan & Bartelmann 1996; Meylan
et al. 2006).

Although dark matter does not interact electromagnetically, due to its
mass, it interacts gravitationally, and gravitational lensing is used as a
probe to indirectly detect and measure its distribution in the galactic and
on the larger scales. By measuring the distortions, magnifications, image
multiplicities and the surface brightness fluctuations of a background galaxy
(i.e. ‘source’) – lensed by another foreground galaxy (usually termed as the
‘lens galaxy’) – the total mass distribution in the lens plane (baryonic and
dark matter) can be quantified observationally.
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In the process of lens modelling, the potential of the total mass
distribution is usually assumed to be smooth. Any density inhomogeneities
present in the lens plane or along the line-of-sight, however, lead to
addtional perturbations in the observed surface-brightness distribution of
the lensed images, which in principle can be traced back to the lensing
potential. Similarly, individual dark matter sub-halos in the lens galaxy or
along the line-of-sight can be detected using these gravitationally-induced
surface brightness anomalies, as shown in Koopmans (2005); Vegetti &
Koopmans (2009a); Vegetti et al. (2010a,b, 2012); Despali et al. (2018);
Vegetti et al. (2018). Additionally, gravitational lensing has proven to be
a useful probe to indirectly detect and quantify the dark halo distributions
using flux-ratio anomalies in multiply imaged lensed quasars (Mao &
Schneider 1998; Metcalf & Madau 2001; Dalal & Kochanek 2002; Nierenberg
et al. 2014; Gilman et al. 2018).

Although the ‘gravitational imaging’ technique developed by Koopmans
(2005); Vegetti & Koopmans (2009a) can account for individual massive
subhalos, this formalism cannot be used to detect and quantify the smaller
mass-density fluctuations present in the galactic halos. In recent years
there has been a considerable number of theoretical studies to address this
question, e.g. Bus (2012), Hezaveh et al. (2016a); Diaz Rivero et al. (2018),
who have independently proposed statistical solutions to the problem. The
primary challenge in this respect seems to be that, besides the CDM
substructures in the lens plane and/or along the line-of-sight, various
baryonic processes can also contribute to the observed surface-brightness
anomalies, such as mergers, stellar streams or edge-on discs Vegetti et al.
(2014); Gilman et al. (2017); Hsueh et al. (2016, 2018, 2017), which are not
necessarily incorporated in the smooth lens model.

In this thesis, the primary aim has been to develop a novel statistical
formalism that can map these excess surface-brightness fluctuations on
to a model of the the total mass perturbations, which might arise from
the CDM substructures, line-of-sight halos and/or stellar winds or AGN
feedbacks mechanisms etc, in the inner regions of the early-type galaxies
(1-10 kpc). The final aim is to apply this formalism to observational data
and compare the results with the predictions from state-of-the-art N-body
hydrodynamical simulations, EAGLE (Schaye et al. 2015; Schaller et al.
2015; Crain et al. 2015).
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1.3 The Born approximation

To determine how much a typical distribution of mass of an astrophys-
ically interesting object deflects light rays that are propagating through
spacetime, let us first consider a spherically symmetric gravitating body of
mass M . Assuming the impact parameter is much larger than Schwarzchild
radius of the object, i.e. ξ � Rs = 2GM/c2, the deflection angle is give by
(see e.g. Narayan & Bartelmann 1996),

α̂ = 4GM
c2ξ

= 1.75′′
( M

Msun

)( ξ

Rsun

)−1
(1.1)

As long as the condition ξ >> Rs holds, it implies α̂ << 1.

This result can be generalised for three-dimensional continuous mass
distributions with volume density ρ(r) as follows. First we divide the
total mass distribution M , into smaller cells of volume dV containing
infinitesimal mass dm = ρ(r) dV . This assumption of replacing extended
mass as a sum of point masses is valid locally near the lens plane where
general relativity can be approximated by linearised gravity. Also assuming
that the deflection angle is small, one can consider the trajectory of light
rays as straight lines near the deflecting mass (see Figure 1.1). So, if the
direction of propagation of the incoming light rays towards the lens plane
is along r3, the gravitational potential along the deflected trajectory can be
approximated by the gravitational potential of the undeflected trajectories.
This is called thin lens approximation or Born approximation.Thus the
impact parameter of the light ray with respect to an infinitesimal mass
element dm at (ξ′

1, ξ
′
2, r3) becomes (ξ−ξ′), which is independent of r3. So,

total deflection angle can be written as,

α̂(ξ) = 4G
c2

∑
dm(ξ′

1, ξ
′

2, r
′
3) ξ − ξ

′

|ξ − ξ′ |2
,

= 4G
c2

∫
d2ξ

′
∫
dr
′
3 ρ(ξ′

, r
′
3) ξ − ξ

′

|ξ − ξ′ |2
. (1.2)

If one carries out the r3 integration in the above equation, a two dimensional
surface mass density can be defined as follows

Σ(ξ) =
∫
dr3 ρ(ξ, r3) (1.3)
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In terms of which the vector deflection angle can be expressed as

α̂(ξ) = 4G
c2

∫
d2ξ

′ Σ(ξ′) ξ − ξ′

|ξ − ξ′ |2
. (1.4)

1.4 The lens equation

The geometry of gravitational lensing (Figure 1.1), together with the small
angle approximation yields Kochanek et al. (2000); Schneider (2003),(

η +Dds α̂(ξ)
)

Ds
= ξ

Dd
= θ, (1.5)

where Ds, Dd, Dds are the angular diameter distances. The above geomet-
rical identity can be re-written as,

η = Ds

Dd
ξ −Dds α̂(ξ). (1.6)

Figure 1.1: The geometry of single lens plane gravitational lensing, source:
Schneider (2003)



8 Chapter 1. Introduction

Using angular coordinates, defined by η = Ds β and ξ = Dd θ, we can write
the final lens equation as,

β = θ − Dds

Ds
α̂(Dd θ) = θ −α(θ), (1.7)

where the scaled deflection angle α = Dds
Ds

α̂(Dd θ) has been introduced. So,
a source with a true angular position β, at an angular diameter distance Ds

from an observer, will be seen at angular positions θ. As the lens equation is
non-linear, θ in this cases has different solutions which gives rise to multiple
images of a single source. This is called strong lensing.

The lens equation, Equation 1.7 can be made dimensionless by using
the so called Einstein radius θE which is defined as the radius for which
β = 0. For a spherically symmetric body this value is:

θE =
(4GM

c2
Dds

DdDs

)1/2
(1.8)

We introduce two dimensionless quantities y = β/θE and x = θ/θE . In
this notation lens equation reads as:

y(x) = x−α(x). (1.9)

We will use this notation in Chapter 3 to develop the power spectrum
formalism. The scaled deflection angle can be expressed in terms of the
surface mass density as below

α(θ) = 1
π

∫
R2
d2θ

′
κ(θ′) θ − θ′

|θ − θ′ |2
, (1.10)

where the convergence or dimensionless surface mass density is defined as

κ(θ) = Σ(Ddθ)
Σcr

; Σcr = c2

4πG
Ds

Dd Dds
. (1.11)

The critical surface mass density Σcr gives us a limit of strong or weak
lensing. If κ ≥ 1 or Σ ≥ Σcr we can get multiple images for a single source.

Now using the mathematical identity ∇ ln |θ| = θ/|θ|2 we can further
write the scaled deflection angle as the gradient of a scalar potential,

α = ∇ψ (1.12)
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where the lensing deflection potential is defined as,

ψ(θ) = 1
π

∫
R2
d2θ

′
κ(θ′) ln |θ − θ′ | (1.13)

Also we may write Poisson’s equation in two dimensions by using the
identity ∇2 ln |θ| = 2πδ(θ), where δ(θ) denotes the Dirac delta function,

∇2ψ = 2κ. (1.14)

Both the scaled deflection angle α and the lensing deflection potential ψ,
as defined above, are dimensionless.

1.5 Magnification, critical curves & caustics

In gravitational lensing, the shapes of the images differ from the shapes of
the sources due to the differential deflection of light bundles, i.e. small areas
of the source appear distorted in the lensed images as seen by an observer.
If there is no other source or sink of emission or absorption of photons
then Liouville’s theorem implies that, lensing conserves surface brightness
or specific intensity. So, if I(s)(β) is the surface brightness distribution in
the source plane, then the observed surface brightness distribution in the
lens plane is

I(θ) = I(s)[β(θ)] (1.15)

The distortion of infinitesimally small images can be described by the
Jacobian matrix,

A(θ) = ∂β

∂θ
=
(
δij −

∂2ψ(θ)
∂θi∂θj

)
=
(

1− κ− γ1 −γ2
−γ2 1− κ+ γ1

)
(1.16)

where we have introduced the complex shear γ = γ1 + iγ2 = |γ|e2iφ with
components,

γ1 = 1
2(ψ,11 − ψ,22), γ2 = ψ,12 (1.17)

In terms of dimensionless notation, the elements of the Jacobian matrix can
be written as,

Aij = ∂yi
∂xj

=
(
δij −

∂2ψ(x)
∂xi∂xj

)
. (1.18)
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Cusp configuration in the source plane,
producing a long axis quad and a double.

Fold configuration of the source, leading to
an inclined quad and a double.

Figure 1.2: Caustics and critical curves for a cusp (left 2 × 2 panel) and
fold (right 2 × 2 panel) configurations. Notice that, as the source crosses
the diamond caustic (from inward to outwards), two lensed images merge
on the tangential critical line and then disappear. Source: Courbin et al.
(2002)

If θ0 is a point in the image plane corresponding to a point β0 in the source
plane, we can write to first order Taylor expansion,

I(θ) = I(s)[β0 +
(∂β
∂θ

)
θ=θ0

· (θ − θ0)]

= I(s)[β0 +A(θ0) · (θ − θ0)], (1.19)

which shows us that circular sources become elliptical images, where the
ratios of semi-axes of the image to the radius of the source are given by
(1− κ± |γ|)−1.

The magnification matrix M is determined by the inverse of the
Jacobian A,

M = A−1 = ∂x
∂y . (1.20)

The magnification |µ(θ0)| is defined as the ratio of the areas observed from
the image and from the unlensed source assuming the surface brightness is



1.6. Surface brightness anomalies 11

constant inside a small area. This is given by the ratio of the integrals over
I(θ) and I(s)(β) which is same as the determinant of magnification tensor,

µ = det M = 1
det A

= 1
(1− κ)2 − |γ|2

. (1.21)

The total magnification is the sum over magnifications over all the images:

µp(β) =
∑
i

|µ(θi)|. (1.22)

The magnification of a real source with finite extent is then given by
weighted mean of µp over the source’s area,

µ =
∫
d2β I(s)(β) µp(β)∫

d2β I(s)(β)
. (1.23)

Finally critical curves are closed smooth curves in the lens plane for which
det A(θ) = 0. So, magnification µ = 1/det A diverges for an image on the
critical curve. If we map these critical curves on the source plane via lens
equation, we get caustics. Caustics may not necessarily be smooth and can
have cusps. The regions delimited by the caustics define the multiplicity
of the strong lens. A source crossing a caustic will either create or destroy
two lensed images (see Figure 1.2).

1.6 Surface brightness anomalies

If the surface brightness of the source and the image are denoted by S(y)
and I(x) respectively, according to the principle of conservation of surface
brightness in gravitational lensing,

S(y) = I(x) (1.24)

where y and x are chosen coordinates in the source and in the lens plane,
respectively. Inserting the lens equation in this relation we get,

I(x) = S(x−α) = S(x−∇ψ(x). (1.25)

The non-linear lens equation (Equation 1.9) together with conservation of
surface brightness (Equation 1.24), are the fundamental equations in strong
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gravitational lensing for adaptive grid-based Bayesian lens-modelling codes,
e.g. Vegetti & Koopmans (2009a); Koopmans (2005) which has been used in
Chapter 4 to model HST lenses and, which simultaneously reconstruct both
the unknown lensing potential ψ(x) and the unknown surface-brightness
distribution of the background source S(y), from the known observed
surface brightness of the lensed image I(x). These two above equations
also form the basis of the theory that is developed in Chapter 3 (Chatterjee
& Koopmans 2018).

In strong lensing terminology, a smooth lens model of the lensing
potential ψ0, is defined as a potential which can be expressed in terms

Figure 1.3: An example of strong gravitational lens and source modelling.
Upper-right corner shows a simulated noisy image data which is modelled
using CAULDRON code to reconstruct the source (upper-left) and the
smooth model (lower-left). The difference between the true image data
and the reconstructed model, is shown as image residuals. Source: Barnabè
et al. (2009)



1.7. EAGLE, KiDS, HST – simulations & observations 13

of a small set of parameters (typically ∼ 10) and which we obtain by
modelling the surface brightness of the observed lens images I(x). This can
be performed by either via grid-based adaptive modelling or by a parametric
modelling. This leads to a so-called “smooth model” of the lensed image
I0(x). The residuals (or a surface-brightness difference δI(x ) between the
observed and the modelled lens galaxy) are then written as

δI(x ) = I(x )− I0(x ) = S
(
x −∇ψ(x )

)
− S

(
x −∇ψ0(x )

)
. (1.26)

In galaxy-galaxy strong lensing, we refer to such surface-brightness dis-
crepancies δI(x ), caused by the perturbation of the true lensing potential
ψ(x ) from the best-fitting smooth lensing potential ψ0(x ), as surface-
brightness anomalies (see for example Figure 1.3). We attempt to describe
these surface brightness anomalies statistically since they are often not
easy to model or describable by a limited set of parameters. We connect
these surface-brightness anomalies to the total lens potential fluctuations
(baryonic plus dark matter), through describing these perturbations as a
random field, and furthermore via estimating the properties/parameters
of this random field from observed gravitational lenses and cosmological
simulations.

1.7 EAGLE, KiDS, HST – simulations & observations

In the next two subsections, a brief description of the EAGLE N-body
hydrodynamical simulations and the HST and KiDS surveys are given.

EAGLE

In order to study various galaxy-formation processes e.g. mergers, collapse,
accretions, feedbacks and their imprints on the mass distribution of the
galaxies, relatively large samples of two dimensional projected mass-maps
of early-type elliptical galaxies, corresponding to nine different galaxy
formation scenarios from “Evolution and Assembly of GaLaxies and their
Environment” (EAGLE) hydrodynamic N-body simulations have been used
in this thesis. Emphasising the importance of cosmological simulations in
astronomy, Joop Schaye writes,

“Simulations enable astronomers to “turn the knobs” much as
experimental physicists are able to in the laboratory.” (Schaye
et al. 2015 )
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Within the standard ΛCDM universe, EAGLE simulation follows a hydro-
dynamic prescription towards the formation of galaxies and supermassive
black holes in cosmologically representative volumes (e.g. box sizes of 50-
100 cMpc). Four out of nine EAGLE galaxy-formation models that are
used in this thesis were calibrated to reproduce the observed Galaxy Stellar
Mass Function (GSMF) at z = 0.1, implementing different star formation
feedback processes in its sub-grid physics. EAGLE also incorporates black
hole growth via adopting accretion, merger and AGN feedback schemes
in the N-body simulations. The subgrid physical parameters, such as the
viscosity of accretion disks or temperature increment due to AGN heating,
are incorporated as “tuning” parameters of the simulations. One notable
feature of EAGLE simulation is, how the feedback from the massive stars
and the AGNs are implemented, via injection of stochastic thermal energy
into the ISM without the need of turning off the cooling or, decoupling
the hydrodynamical forces. The feedback efficiencies are set from the
calibration with currently established galaxy stellar mass function, and
from the galaxy-central black hole mass relation; also incorporating the
galaxy sizes. The results from EAGLE simulations find good agreement
with observed Tully-Fisher relation, star formation rates, total stellar
luminosities of galaxy clusters etc. For more details on the model variations
and the sub-grid physics, see Schaye et al. (2015); Schaller et al. (2015);
Crain et al. (2015); Mukherjee et al. (2018a) and Section 6.2 of this thesis.

Kilo Degree Survey (KiDS)

The Kilo-Degree Survey (KiDS) is a 1500 square degree extra-galactic
optical imaging survey, in four optical bands (u, g, r and i, de Jong et al.
2015) carried out using the OmegaCAM wide-field imager (Kuijken 2011).
It is mounted at the Cassegrain focus of the 2.6m VLT Survey Telescope
(VST) at Paranal Observatory in Chile. Median PSF FWHM values in u, g,
r and i are 1.0, 0.8, 0.65 and 0.85 arcsec, respectively. Although primarily
this survey was designed for dark-matter studies at cosmological scale via
weak lensing, high image quality and wide surveying area make KiDS data
particularly suitable for strong lensing as well. A Luminous Red Galaxy
sample (LRGs, Eisenstein et al. 2001) selected from 255 square degrees of
the KiDS-ESO data release 3 (DR3) has been used to build the training
set for the Convolutional Neural Network (CNN, see Chapter 2), in order
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to find the strong gravitational lens candidates in KiDS. For more details
see Petrillo et al. (2017, 2018).

Hubble Space Telescope (HST)

Besides the Compton Gamma Ray Observatory, the Spitzer Space Telescope
and the Chandra X-ray Observatory, Hubble Space Telescope (HST) is one
of the NASA’s Great Observatories, named after the astronomer Edwin
Hubble. HST has been in operation since 1990. With a 2.4-meter mirror,
HST mostly observes in the near ultraviolet (UV), visible, and near infrared
(IR) spectra. In Chapter 4 HST-imaging (using U band, WFC3/F390W
filter) of SDSS J0252+0039 – one of the ten U-band observed galaxy-galaxy
strong gravitational lens candidates from the SLACS Survey – has been used
to give observational constraints on total sub-galactic mass-fluctuations.
The latter could arise from various baryonic processes as well as from small-
sized dark matter subhalo distributions present on the lens plane, and/or
along the line of sight. For a more detailed description of the HST data of
this lens system, see Bayer et al. (2018).

1.8 The power-spectrum and correlation functions

On the angular scales of strong lensing, one can apply the flat sky
approximation, and Fourier transform the image surface brightness as
follows

I(x) =
∫

d2k
2π I(k)eik·x,

I(k) =
∫

d2x
2π I(x)e−ik·x. (1.27)

If we assume that the surface brightness anomalies of the image are
statistically isotropic,1 the real-space two-point correlation function ξ of
the surface brightness only depends on the separation between the two
points,

〈I(x)I(x′)〉 = ξII(|x− x′|). (1.28)

1Which might not hold for a single lens, but for an ensemble of lenses, it will.
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With this assumption, the covariance of the Fourier components of the
surface brightness is

〈I(k)I∗(k′)〉 =
∫

d2x
2π

∫
d2x′

2π e−ik·xeik
′·x′ξII(|x− x′|)

=
∫

d2x
2π

∫
d2r
2π ei(k

′−k)·xeik
′·rξII(r)

= δ(k′ − k)
∫

d2reik·rξII(r). (1.29)

In the second line we changed variables to r = x − x′ and then r → −r,
and have defined r ≡ |r|, which is the correlation length in image plane.
The power spectrum of the surface brightness field of source is therefore
diagonal in k, and given by

〈I(k)I∗(k′)〉 = P IIk δ(k− k′). (1.30)

where we have defined the power spectrum P IIk as follows,

P IIk ≡
∫

d2reik·rξII(r). (1.31)

In the statistical formalism that is developed in Chapter 3, the power
spectrum and two-point correlation functions are used as statistical mea-
sures to describe the surface brightness fluctuations in the lensed images
and to quantify its correlation with that of the source and the potential
perturbations in the lens plane.

1.8.1 Hankel transform

Because of the axi-symmetry of the problem, the Fourier Transform can
be simplified further. If we use the following expansion of eik·r into Bessel
functions Jn(r)

eikr cosφ =
∞∑

n=−∞
inJn(kr)einφ

= J0(kr) + 2
∞∑
n=1

inJn(kr) cos(nφ), (1.32)

and then if we integrate over φ, the only term that remains is J0(r). This
makes the Fourier transform as a Hankel transform which allows us to write
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the power spectrum as follows,

P IIk =
∫

d2reik·rξII(r)

=
∫
rdr

∫
dφr e

ikr cos(φk−φr)ξII(r)

= 2π
∫
rdr J0(kr)ξII(r). (1.33)

We use this in Chapter 2.

1.9 This thesis

Some of the questions critical to strong gravitational lensing, which are
investigated in this thesis are,

1. How can one statistically quantify the surface brightness anomalies
(as described in Section 1.6) for a large sample of lens galaxies using
a power spectrum formalism, assuming that they originate from the
lens potential fluctuations?

2. How much degeneracy is there causing some of the surface brightness
residuals in lensed images – that arise from the lens potential
fluctuations – to get absorbed in the reconstructed source surface
brightness during the Bayesian modelling, given that both ψ0 and
S(y) are unknown?

3. Can there be any other systematic dependencies and bias in the
adaptive grid-based Bayesian source and lens reconstruction, besides
the above-mentioned degeneracy?

In this thesis, I develop a novel statistical approach to answer the first
question, by quantifying the mass power-spectrum on 1-10 kpc scales of
early-type galaxies (Chapter 3). I contribute to connecting this theoretical
framework to HST observations in Chapter 4, and I compare these
to numerical hydrodynamic simulations in Chapter 6. In Chapter
5, I perform various systematic tests in order to gauge the biases and
degeneracies in the Bayesian adaptive grid-based lens modelling that we
use to model these lenses and investigate questions 2 and 3. Part of the
formalism and simulation results that have been developed have also been
applied to create the mock training sets in machine learning (Convolutional
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Neural Network, CNN), These CNNs were trained to find gravitational
lens systems from Kilo-Degree Survey (KiDS) data (Chapter 2). For
each chapter, I describe the research and contribution that I made to the
referenced papers.

In more detail, the thesis is structured as follows:

(a) Chapter 2 describes the simulations and lens models that I have
developed to

• train convolutional neural networks to find strong lens candi-
dates from KiDS survey (Chapter 2),

• verify the theoretical framework of Chapter 3,

• and to the HST observations (Chapter 4, 5).

Primarily the Non-singular Isothermal Ellipsoid lens model (NIE)
is used as a smooth lens potential, where Gaussian Random field
fluctuations were added on top of the lens potential as potential
perturbations. Details of the simulations of different realisations and
their effects on the surface brightness fluctuations of strong lenses are
presented in that chapter. The chapter ends with a listing of some of
the typical images of the lens candidates that have been found from
the KiDS survey using our CNN.

(b) Chapter 3 is a theoretical proof-of-concept chapter. It presents
a new statistical framework to quantify the power spectrum of the
surface brightness fluctuations in galaxy-galaxy strong lensed images,
and connect it to the lens potential perturbations, assumed they
originate from small-scale fluctuations in the potential (Chatterjee
& Koopmans 2018). Some tests on typical simulated mock lenses are
also presented as verifications of the methodology.

(c) Chapter 4 represents the applications of the simulations and
statistical formalism, as described in Chapter 2, 3, to observational
data. This chapter is an outcome of collaboration with D. Bayer, on
lens systems of Sloan Lens ACS (SLACS) Survey: SDSS J0252+0039.
The inferred power spectrum of the image residuals (after subtracting
the best lens model) from this gravitational lens system – modelled
by a Bayesian grid-based code (Vegetti & Koopmans (2009a)) – has
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been used as an observational upper limit to constrain the parameters
of the lens-potential fluctuations. The latter are assumed to be a
Gaussian random field as a first-order approximation (for details see
Bayer et al. 2018).

(d) Chapter 5 represents the first results from a collaboration with
G. Vernardos on the double lens system SDSSJ0946+1006, which
has been modelled using a new grid-based adaptive Bayesian lens
modelling code (for details see Vernardos et al., in prep). Using the
power spectrum as a probe, this strong gravitational lens system has
been used to analyse and quantify the degeneracies and biases in the
Bayesian lens modelling.

(e) Chapter 6 presents the power spectrum analysis of simulated
galaxies, corresponding to nine different galaxy evolution scenarios
obtained from the state-of-the-art EAGLE N-body hydrodynamic
simulations (Schaye et al. 2015; Schaller et al. 2015; Crain et al.
2015). We analyse the normalised mass maps of these massive early-
type elliptical galaxies and try to infer the effects of hitherto physical
processes, like stellar and AGN feedback, and the environment, like
viscosity, metallicity, density etc., in their mass distribution using
a power-spectrum formalism. This chapter soon paves the way to
compare the observational upper limits with the simulation scenarios
to gain better insight regarding galaxy formation and evolution
mechanisms.

(f) Chapter 7 concludes the thesis by summarising the key results from
five scientific Chapters, along with some insights on the prospects of
this work.
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Abstract

The volume of data that will be produced by next-generation surveys
requires automatic classification methods to select and analyze sources.
This in particular is the case for the search for strong gravitational lenses,
where the population of detectable lensed sources is only a very small
fraction of the full source population (often � 10−3). In this chapter, I
discuss a morphological classification method that was developed based on
a Convolutional Neural Network (CNN) for recognizing strong gravitational
lenses in 255 square degrees of the Kilo Degree Survey (KiDS), one of
the current-generation optical wide surveys. I describe my contribution
in this work in simulating 106 realistic mock lenses which have been used
as a training set for the CNN. This chapter also describes the underlying
principles of simulating Gaussian Random Field (GRF) realizations of lens
potential fluctuations that have been used to perturb smooth mass models
to create more realistic images. Besides adding structure to the lens, I also
added more realistic structure to the source. It is found that these realistic
training sets considerably improve the accuracy and completeness of CNN
in identifying gravitational lens candidates (Petrillo et al. 2018). Besides the
applications to machine learning, the importance of this chapter is that it
also presents the foundational building blocks of mock lens simulations that
are used in the theoretical power spectrum analysis in Chapter 3 (Chatterjee
& Koopmans 2018), the applications of the theoretical framework to Hubble
Space Telescope observations in Chapter 4 and 5 as well as to EAGLE N-
body hydrodynamic simulations of Chapter 6.
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2.1 Introduction

Convolutional Neural Networks (CNNs; Fukushima 1980; LeCun et al.
1998) are a state of the art class of supervised deep learning algorithms
particularly effective for image recognition tasks (see recent reviews by
Schmidhuber 2015; LeCun et al. 2015; Guo et al. 2016, He et al. 2015,
Russakovsky et al. 2015) and regression tasks. The ImageNet Large Scale
Visual Recognition Competition (ILSVRC; Russakovsky et al. 2015; the
most important image classification competition) of the last four years has
been won by groups utilizing CNNs. The advantage of CNNs with respect
to other pattern recognition algorithms is that they automatically define
and extract representative features from the images during the learning
process. Although the theoretical basis of CNNs was built in the 1980s
and the 1990s, only in the last years do CNNs generally outperform other
algorithms due to the advent of large labelled datasets, improved algorithms
and faster training times on e.g. Graphics Processing Units (GPUs). We
refer the interested reader to the reviews by Schmidhuber (2015), LeCun
et al. (2015) and Guo et al. (2016) for a detailed introduction to CNNs.

The first application of CNNs to astronomical data was made by Hála
(2014) for classifying spectra in the Sloan Digital Sky Survey (SDSS;
Eisenstein et al. 2011). Then, Dieleman et al. (2015) used CNNs to
morphological classify SDSS galaxies. Subsequently, Huertas-Company
et al. (2015) used the same set-up of Dieleman et al. (2015) for classifying
the morphology of high-z galaxies from the Cosmic Assembly Near-IR
Deep Extragalactic Legacy Survey (Grogin et al., 2011). More recently,
Hoyle (2016) adopted CNNs for estimating photometric redshifts of SDSS
galaxies. CNNs have been employed also by Kim & Brunner (2016) for
star/galaxy classification. In this chapter we discuss a morphological lens-
finder which is based on CNNs and is inspired by the work of Dieleman et al.
(2015). We apply it to the third data release of Kilo Degree Survey (KiDS)
(de Jong et al., 2015), starting a systematic census of strong gravitational
lenses. KiDS is a particularly suitable survey for finding strong lenses, given
its excellent seeing and pixel scale, in addition to the large sky coverage.

This chapter is structured as follows. In Section 2.2 we provide a
brief description of the available real galaxy samples and the motivation
behind simulating a large training set of mock lenses. In Section 2.3, we
briefly describe the parameters and mathematical properties of non-singular
isothermal ellipsoid (NIE) (Kormann et al. 1994) lens and Sérsic profile
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(see Sérsic 1963, Sersic 1968), which have been used as the lens and the
source model respectively. We also discuss how Gaussian Random Field
(GRF) fluctuations are added to the NIE smooth model as lens potential
perturbations, to guarantee more realistic lenses. In Section 2.4 we enlist
the range of values of the model parameters used in creating the realistic
mock lenses, along with some example images that were applied to train
the CNN to find lens candidates from the KiDS survey.

The analytical forms of the Fourier transform, power spectrum and two
point correlation were introduced in Chapter 1. However, for simulation
purposes their discrete forms are implemented. So, I explain the Fourier
grid, Discrete Fourier Transform (DFT), their symmetries and properties
are given in Appendix 2.A, which form the foundation for simulating
statistical realizations of GRFs using the Box-Muller transform in Appendix
2.B.

2.2 Training set for CNN to find lenses

A CNN algorithm converts sequentially the input data through non-linear
transformations whose parameters are learned in the training phase. A set
of labelled images (the training set) are used as an input to the CNN in this
phase. The network changes its parameters by optimizing a loss function
that expresses the difference between its output and the labels of the images
in the training set. This allows the CNN to learn complex functions and to
extract features from the data that are not hand designed, but are learned
during the training stage. After the training procedure the CNN can be
used for classifying new data by keeping its parameters fixed.

2.2.1 Why do we need to simulate input samples?

Finding strong gravitational lenses can be reduced to a two-class classifica-
tion problem, where the two kinds of objects to recognize are “lenses” and
“non-lenses”. Training a CNN to solve this task requires a dataset that is
representative of the two classes called training set. It has to be large enough
to cover a wide range of possible lenses because of the very large number of
parameters of a CNN (usually of the order of 106−7). In the case of strong
gravitational lenses we do not have a large enough representative observed
data-set at our disposal. The largest sample available is collected in The
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Masterlens Database1. Unfortunately, this sample can not be used as a
training set for our purpose, since it is small and heterogeneous. It consists
of only 657 lens systems that are not all spectroscopically confirmed, that
have been discovered in various surveys and programs, or that are observed
at different wavelengths according to the instrument used.

For these reasons, we must build a set of mock lens systems, relying
on a hybrid approach: first we select real galaxies, with their fields,
obtained from KiDS, in order to include seeing, noise and especially the lens
environment, which is a feature that is hard to simulate and its omission
would limit the ability of the network to recognize lenses in real survey
data. Then, we independently simulate the lensed sources using perturbed
NIE mass models (see Section 2.4) and combine them with the real galaxies
(see Section 2.5).

We used r-band images, where KiDS provides the best image quality
(an average FWHM of 0.65 arcsec). Hence, the network was trained to
learn the selection criteria mostly based on the morphology of the sources.
Our training set consists of images of lens and non-lens examples produced
with r -band KiDS images of real galaxies and mock gravitational lensed
sources (see section 2.4).

In Section 2.5 we summarize how the actual positive (lenses) and
negative examples (non-lenses) employed in the training of the network, are
produced. We train our CNN on a set of six million images (three million
lenses and three million non-lenses with labels 1 and 0, respectively). Our
trained CNN gives as output a value p ranging between 0 and 1. The sources
with an output value of p larger than 0.5 are classified as lens candidates.
We further expand our training set using data augmentation techniques.

2.2.2 Luminous Red Galaxy (LRG) sample

We select Luminous Red Galaxies (LRGs; Eisenstein et al. 2001) from the
255 square degrees of the KiDS-ESO DR3 for the purpose of both training
our CNN and searching for lens candidates among them. LRGs are very
massive and hence more likely to exhibit lensing features compared to other
classes of galaxies (∼ 80% of the lensing population; see Turner et al.
1984; Fukugita et al. 1992; Kochanek 1996; Chae 2003; Oguri 2006; Möller
et al. 2007). We focus on this population of galaxies in this work and will
consider other kind of galaxies in the future. The selection is made with

1http://masterlens.astro.utah.edu/

http://masterlens.astro.utah.edu/
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the following criteria where all the parameters are from S-Extractor and
the magnitudes are MAG_AUTO:

(i) The low-z (z < 0.4) LRG colour-magnitude selection of Eisenstein et al.
(2001), adapted to including more sources (fainter and bluer):

r < 20
|cperp| < 0.2
r < 14 + cpar/0.3

where

cpar = 0.7(g − r) + 1.2[(r − i)− 0.18)]
cperp = (r − i)− (g − r)/4.0− 0.18.

(2.1)

(ii) A source size in the r -band larger than the average FWHM of the PSF
of the respective tiles, times a empirical factor to maximize the separation
between stars and galaxies.

This final selection provides an average of 74 LRGs per tile and a total of
21789 LRGs. We refer to this sample as the “LRG sample” in the remainder
of this chapter. Compared to the original colour-magnitude selection for
z < 0.4 (Eisenstein et al., 2001), we obtain ∼ 3 times more galaxies.

2.2.3 Contaminants

Finally, we have used a set of ∼ 6000 KiDS sources to train the CNN
to recognize sources that would likely be incorrectly classified as lenses
otherwise, either because they can resemble lensing features or they are
“ghosts”, i.e. they are undetected, at least significantly, in the luminous red
galaxies sample discussed in Section 2.2.2. These 6000 KiDS sources are
split into,

• ∼2000 sources wrongly classified as lenses in previous tests with CNN
identified by the authors of Petrillo et al. (2018). This is done to teach
the CNN not to replicate previous mistakes;

• ∼3000 randomly extracted KiDS sources with an r -band magnitude
brighter than 21. To provide the network with general true negatives.

• ∼1000 KiDS sources visually classified as spiral galaxies from an on-
going new project of GalaxyZoo (Willett et al. 2013, Kelvin et al.,
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in prep). This is done to decrease the false positives due to spiral
features. To select the galaxies we used a preliminary reduced version
of the GAMA-KiDS Galaxy Zoo catalogue for the GAMA09 9h region
(see Driver et al. 2011 for further details). This catalogue contains
∼ 104 sources out to a redshift of z = 0.15. We select galaxies for
which a large majority of people replied to the question “Is the galaxy
in the centre of the image simply smooth and rounded, or does it have
features?” with “it has features” 2

There is a non-zero probability that among the contaminants and the LRGs
described in the previous Section there are actual gravitational lenses. We
can estimate that the percentage would be of the order of 10−2 among the
contaminants and ∼ 1% among the LRGs. Thus, even if real lenses are
actually in the training sample, with such a small percentage they would
not contaminate the training procedure.

2.3 Lens and source models in mock simulations

Here a description of how the mock lensed images are simulated, which are
then injected into real KiDS images to train CNN is given.

2.3.1 Non-singular isothermal ellipsoid (NIE) lens model

The elliptical smooth NIE lens model (Kormann et al. 1994) is a realistic
model to create mock lenses. Parameters used in the NIE model are:

1. Einstein radius: bL ;

2. Minor to major axis ratio of elliptical mass distribution: qL;

3. Central position of the lens: (xL1 , xL2 ) ;

4. Orientation angle of the lens: φL ;

5. Strength of the external shear: γ ;

6. Orientation angle of the external shear: φγ ; and

7. Core radius: rc, [if rc = 0 → Singular Isothermal Ellipsoid (SIE)].

2The actual selection is done by choosing sources from the catalogue with a value of
the attribute features_features_frac larger than 0.6.
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There is a degeneracy between q and φL:

If qL > 1 : qL → 1/qL and φL → φL + π/2.

The two components of the scaled deflection angles corresponding to a cored
isothermal ellipsoid gravitational lens are,

α1 = bL√
1− q2

L

tan−1
(x1

√
1− q2

L

η + rc

)
,

α2 = bL√
1− q2

L

tanh−1
(x2

√
1− q2

L

η + q2
Lrc

)
(2.2)

where η =
√
q2
L(rc + x2

1) + x2
2. The convergence or projected mass density

is given by,

κ = 1
2
bL
η
. (2.3)

The mathematical expression for the external shear potential is,

ψγ = γ
(

sin 2φγx1x2 + 1
2 cos 2φγ(x2

1 − x2
2)
)
, (2.4)

and the shear rotation corresponding to the potential is given by,(
xγ1
xγ2

)
= γ

(
cos 2φγ sin 2φγ
sin 2φγ − cos 2φγ

)(
x1
x2

)
. (2.5)

2.3.2 Sérsic source

On the source plane, we use a Sérsic profile as our source model S(y), whose
intensity profile is (Sérsic 1963; Sersic 1968):

I(R) = Ie exp{−bn
[( R

Re

)1/n
− 1

]
}, (2.6)

where R =
√
q2
sy

2
1 + y2

2; qs is the axis ratio, n is the Sérsic index, Ie is the

intensity at the effective radius Re (or “half-light radius”) that encloses half
of the total light from the model and

bn ∼ 2n− 1/3. (2.7)

The parameters used for the Sérsic model are:
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1. Effective intensity: Ie ;

2. Effective radius: Re ;

3. Central position of the source: (ys1, ys2) ;

4. Axis ratio: qs ;

5. Orientation angle of the source major axis: φs ; and

6. Sérsic index: n.

In the simulations, a source is built from multiple Sérsic components in
order to mimic sub-structure in the source.

2.3.3 Lens potential perturbations

To model density inhomogeneities in lens galaxies, we add potential
perturbations on top of the smoothly-varying parametric potential model
ψ0(x). Following the statistical approach of Chatterjee & Koopmans
(2018), we treat such inhomogeneities in the total lensing-mass distribution
as a statistical ensemble and model the associated potential perturbations in
terms of a homogeneous and isotropic GRF δψGRF(x) (with 〈δψGRF(x)〉 =
0) superposed on a smoothly-varying lensing potential ψ0(x) which is a
NIE in our case. So, consequently, the true lensing potential ψ(x) of the
considered lens galaxy to the first order becomes,

ψ(x) = ψ0(x) + δψGRF(x), (2.8)

with no covariance between δψGRF(x) and ψ0(x); especially on scales
comparable to the galaxy itself. This is an assumption that might not
hold for real galaxies.

Consequently, the deflection angle α(x) caused by such a linearly
approximated lensing potential can be separated into the deflection due
to the smooth lensing potential α0(x) and the differential deflection-angle
field δαGRF(x) due to the additional lensing effect of the Gaussian potential
perturbations δψGRF(x):

α(x) = ∇ψ(x) = ∇ψ0(x) +∇δψGRF(x) = α0(x) + δαGRF(x). (2.9)

The corresponding differential deflection-angle δαGRF(x) can be related to
the underlying potential perturbations δψGRF(x) via,

δαGRF(x) = ∇δψGRF(x). (2.10)
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Similarly, the convergence field δκGRF(x) can be related to the correspond-
ing potential perturbation field δψGRF(x) through the Poisson equation:

∇2δψGRF(x) = 2× δκGRF(x). (2.11)

If a stochastic field is Gaussian in nature then its statistical properties are
entirely characterised by the second-order moments. As the mean of the
potential field is zero, i.e. 〈δψ(x)〉 = 0, the statistical behaviour of the
GRF-potential perturbation is fully described by the 2-point correlation
function or alternatively, its Fourier transform; the power-spectrum. In the
next Section, a description of how the mock lensed images are simulated,
using the source and lens models mentioned above is given.

2.4 Simulation of the mock sample

The mock lensed source sample is composed of 106 simulated lensed images
of 101 by 101 pixels, using the same spatial sampling of KiDS (0.21 arcsec
per pixel), corresponding to a 20 by 20 arcsec field of view. Different lensed
image configurations are produced by sampling the parameters of the NIE
and Sérsic source models, as listed in Table 2.1. The values of the lens
Einstein radius and the source effective radius are drawn from a logarithmic
distribution, while the remaining parameters, are drawn from a uniform
distribution. This way the simulation sample contains a higher fraction of
smaller rings and arcs. The choice of sampling the parameter space in this
way does not reproduce the distribution of the parameters for a real lens
population, but allows the classifier to learn the features for recognizing
different types of lenses, no matter how likely they are to appear in a real
sample of lenses.

2.4.1 Source parameters

At source redshifts of z > 0.5, smaller sizes and smaller Sérsic indices are
found with respect to the local Universe, and the fraction of spiral galaxies
(with n < 2− 3) increases (e.g. Trujillo et al. 2007; Chevance et al. 2012).
We exclude spiral galaxy sources or very elliptical ones considering only
axis ratios > 0.3. The source positions are chosen uniformly within the
radial distance of the tangential caustics plus one effective radius of the
source Sérsic profile. This leads the training set to be mostly composed of
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Table 2.1: Range of parameter values adopted for simulation of the lensed
sources. The parameters are drawn uniformly, except for Einstein and
effective radius, as indicated. See Sec. 2.4 for further details.

Parameter Range Unit

Lens (NIE)

Einstein radius 1.0 – 5.0 (log) arcsec
Axis ratio 0.3 – 1.0 -
Major-axis angle 0.0 – 180 degree
External shear 0.0 – 0.05 -
External-shear angle 0.0 – 180 degree

Main source (Sérsic)

Effective radius (Reff ) 0.2 – 0.6 (log) arcsec
Axis ratio 0.3 – 1.0 -
Major-axis angle 0.0 – 180 degree
Sérsic index 0.5 – 5.0 -

Sérsic blobs (1 up to 5)

Effective radius (1%− 10%)Reff arcsec
Axis ratio 1.0 -
Major-axis angle 0.0 degree
Sérsic index 0.5 – 5.0 -

high-magnification rings, arcs, quads, folds and cusps rather than doubles
(Schneider et al., 1992), which are harder to distinguish from companion
galaxies and other environmental effects.

To add complexity to the lensed sources besides the Sérsic profile, we
add between 1 and 5 small circular Sérsic blobs. The centres of these blobs
are drawn from a Gaussian probability distribution function (PDF) around
the main Sérsic source. The width of the standard deviation of the PDF
is the same as the effective radius of the main Sérsic profile. The sizes of
the blobs are chosen uniformly within 1 to 10% of the effective radius of
the main Sérsic profile. The Sérsic indices of the blobs are drawn using the
same prescription as for the main central source. The amplitudes of the
blobs are also chosen from a uniform distribution in such a way that the
ratio of the amplitude of an individual blob to the amplitude of the main
Sérsic profile is at most 20%.
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2.4.2 Lens parameters

The upper limit of 5 arcsec for the Einstein radius aims to include typical
Einstein radii for strong galaxy-galaxy and group-galaxy lenses (Koopmans
et al. 2009; Foëx et al. 2013; Verdugo et al. 2014). The lower limit is
chosen to be 1.4 arcsec, about twice the average FWHM of the r -band
KiDS PSF. Since lenses are typically early-type galaxies, which do not have
high ellipticity, we choose 0.3 as a lower limit for the axis ratio (Binney &
Merrifield 1998). We set the external shear to be less than 0.05, higher
than typically found for the SLACS sample of lenses (Koopmans et al.
2006), with a random orientation varying between 0 and 180 degrees.

Finally, we add GRF fluctuations to the lens potential, which, to a
first order approximation, make the lens sample more realistic by adding
more structure to the lens (Chatterjee & Koopmans, 2018). The GRF
realizations we added in our simulations all follow a potential power-law
power-spectrum, between the linear scale of the image and the pixel scale,
with a fixed exponent −6, which is to the first order a good approximation
of substructures in the lens plane for the ΛCDM paradigm (Hezaveh
et al., 2016a). Note that this choice of slope still leads to rather smooth
perturbations that are dominated by the larger scales, as δα2 scales as k−2

for this choice of slope. The variances of the realizations are drawn from
a logarithmic distribution between 10−4 and 10−1 about mean zero in the
units of square of the lensing potential. This yields both structured sources
and lenses that are not perfect NIE models.

2.5 Building the training set

The data presented above are used to build the training set for the CNN,
which is composed of mock strong-lensing systems (labeled with a 1) and
non-strong-lensing systems (labeled with a 0), i.e., objects without lensing
features. In the following, an outline of the procedure used to build the two
kinds of objects in the training set is given.

2.5.1 Mock lenses (positive sample)

To create the mock lenses the following procedure is carried out:

1. We randomly choose a mock lensed source (see Section 2.4) and a
LRG ( see Section 2.2.2). Currently we do not build in correlations in
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Figure 2.1: Examples of realistically looking RGB images of simulated
strong lens galaxies used to train the CNN. The lens galaxies are observed
KiDS galaxies, while the lensed sources are simulated.

order to remain as agnostic as possible about what the lens can be and
their redshifts. Then, we rescale the peak brightness of the simulated
source between 2% and 30% of the peak brightness of the LRG in the
r-band. Thus, taking into account the typical lower magnitudes of
the lensing features with respect to the lens galaxies.

2. We stack the LRG and the mock source for each one of the three
bands.

3. For the single-band images, we clip the negative values of the pixels to
zero and performing a square-root stretch of the image to emphasize
lower luminosity features. Instead, we create 3-band images with
HumVI that operates an arcsinh stretch of the image following the
Lupton et al. (2004) composition algorithm.

4. Finally, we normalize the resulting images by the galaxy peak
brightness (only for single-band images).

This procedure can yield a-typical lens configurations, because the mock
sources and the KiDS galaxies are combined randomly, without taking
into account the physical characteristics of the galaxies. Nevertheless, we
operate in this way with the intent to train the network to classify a lens,
largely relying on the morphology of the source. Moreover, we reduce the
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risk of over-fitting of the CNN, because the probability that the network
will see twice the same (or a very similar) example is negligible. In addition,
we cover the parameter space as free from priors as possible, which could
find less conventional lens configurations as well.

2.5.2 Non-lenses (negative sample)

To create the mock non-lens sample, we carry out the following procedure.

1. We choose a random galaxy from either the LRG sample (with a prob-
ability of 20%) or from the contaminant sample (80% probability).

2. We clip the negative values of the pixels to zero and performing a
square-root stretch of the images.

3. We normalize the images by the galaxy peak brightness.

2.5.3 Data augmentation

A common practice in machine learning is data augmentation: a procedure
used to expand the training set in order to avoid over-fitting the data
and teaching the network rotational, translational and scaling invariance
(see e.g., Simard et al. 2003). Before feeding the images to the CNN, we
therefore apply the following transformations,

1. a random rotation between 0 and 2π;

2. a random shift in both x and y direction between −4 and +4 pixels;

3. a 50% probability of horizontally flipping the image;

4. a rescaling with a scale factor sampled log-uniformly between 1 and
1.1.

All transformations are applied to both the mock strong-lensing systems
and the non-strong-lensing systems. The final set of inputs of the CNN are
postage stamps of 101× 101 pixels, which correspond to ∼ 20× 20 arcsec.
The images are produced in real-time during the training phase.



2.6. Results and Conclusions 35

2.6 Results and Conclusions

Using the simulated lenses and sources, that I described above, we have
tested two lens-finders based on a CNN for selecting strong gravitational
lens candidates in the Kilo-Degree Survey (KiDS). One CNN is trained with
single r -band galaxy images, hence basing the classification mostly on the
morphology. The other CNN is trained on g-r-i composite images, relying
mostly on colours and morphology. For the single-band analysis, we had
two different training sets with the difference being that the second training
set was larger and had more structure in the source and lens potential
(see Section 2.4) along with a modified CNN architecture (Petrillo et al.
2018). We have tested the lens-finders on a sample of 21789 LRGs selected
from KiDS (Petrillo et al. 2017) retrieving 761 lens candidates (3.6% of
the initial sample). With a visual inspection performed by seven “human”
classifiers, we down-selected the most promising 56 lens candidates (see
Figure 2.2). In our starting sample there are three known lenses, two of
which were classified correctly as lenses by the CNN and in the subsequent
visual inspection phase. The misclassified lens has an Einstein radius (0.83
arcsec), well below the range where the CNN is trained (1.4 to 5.0 arcsec).

Besides this, the new lens-finders (Petrillo et al. 2018) achieve a higher
accuracy and completeness in identifying gravitational lens candidates,
especially the single-band CNN, which can select a sample of lens candidates
with ∼ 50% purity, retrieving 3 out of 4 of the confirmed gravitational
lenses in the LRG sample. A conservative estimate based on our results
shows that with our proposed method it should be possible to find ∼ 100
massive LRG-galaxy lenses at z ≤ 0.4 in KiDS when completed. In the
most optimistic scenario this number can grow considerably.While this is
encouraging in the view of forthcoming campaigns, such as with Euclid,
which will rely especially on the VIS (optical) band for angular resolution.
For that, automatic classification methods will be crucial in identifying
gravitational lenses in the huge amount of data.

Statement of authorship of the text and contributions

The text of this chapter is partly verbatim and partly reproduced from
Petrillo et al. (2017) and Petrillo et al. (2018) with some necessary
contextual rephrasing in some places. Sections 2.1, 2.2, 2.5, 2.6 and part
of the abstract are taken from the two papers mentioned above, whose
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lead author is Enrico Petrillo. Sections 2.3, 2.4, and the appendices are
written by me but part of these texts are also largely taken from these
two peer-reviewed papers where I am the third-author. Although, Section
2.3.3 which gives a description of the lens potential perturbations, is partly
abridged, and heavily based on Section 2.2 of Bayer et al. (2018), whose
lead author is Dorota Bayer, and I am the second author. For more details
on this work, see Chapter 4 of this thesis and Bayer et al. (2018).

As explained in the abstract and the introduction of this Chapter, my
primary contributions in the research of Petrillo et al. (2017) and Petrillo
et al. (2018) are the simulation of the mock galaxies, which were used as the
training set of the CNNs. For that reason, in this chapter those parts are
mostly emphasized. The codes to generate the mock lenses are all written
by me and will be made public on a public repository.
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KSL427 (70) KSL317 (70) KSL103 (64) KSL627 (60)

KSL040 (60) KSL327 (58) KSL376 (48) KSL086 (48)

KSL469 (46) KSL351 (46) KSL713 (42) KSL328 (42)

KSL228 (42) KSL411 (40) KSL070 (40) KSL543 (38)

Figure 2.2: RGB images of the 56 gravitational lens candidates down-
selected through a visual inspection of the 761 CNN candidates, from
an initial sample of 21789 LRGs. Each source is labelled by an internal
ID followed by, in parentheses, the visual classification score (70 points
maximum). Each image is 20× 20 arcsec.
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Appendix 2.A Fourier grid and symmetries

If Fkl is the Fourier transform of fmn then for a rectangular M × N grid,
discrete Fourier transform (DFT) components are defined as,

Fkl =
M−1∑
m=0

N−1∑
n=0

fmn · e−2πi
(

mk
M

+ nl
N

)
, (2.12)

fmn = 1
MN

M−1∑
k=0

N−1∑
l=0

Fkl · e2πi
(

mk
M

+ nl
N

)
. (2.13)

Please note the 2π difference in defining the frequencies in the discrete
Fourier kernel compared to the analytical one shown in Eq. 1.27. Following
this definition, we use the normal frequencies: l = k/2π instead of angular
frequencies (or wavenumbers) for all the Fourier components in our code in
GRF generation described in this chapter:

Kernel : e−ikx → e−2πilx

Frequency : k → l = k/2π. (2.14)

Symmetries in Fourier space

1. We do the following change of the coordinates in the Fourier transform
to check what will happen on the other side of the grid,

k →M − k and l→ N− l . (2.15)

The Fourier transform changes into,

FM−k,N−l =
M−1∑
m=0

N−1∑
n=0

fmn · e−2πi
(
m−mk

M
+n−nl

N

)

=
M−1∑
m=0

N−1∑
n=0

fmn · e+2πi
(

mk
M

+ nl
N

)
· e−2πi(m+n) (2.16)

for m,n integers, the last exponential term becomes unity. As the
term fmn represents the fluctuations in real space, for a physically
acceptable field it can not be imaginary. In other words, the above
condition can be expressed as,

FM−k,N−l = F ∗k,l. (2.17)
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If the frequencies are continuous variable, this condition can be
restated as follows,

F (l) = F ∗(−l). (2.18)

So, we see that only half of the values on the grid are independent
and the other half can be filled using this symmetry property. On the
line of the grid where either k = 0 or l = 0 this property tells us,

F0,N−l =
M−1∑
m=0

N−1∑
n=0

fmn · e2πinl
N = F ∗0,l (2.19)

FM−k,0 = F ∗k,0 . (2.20)

2. For the points halfway on the frequency axis where k = M/2 and
l = N/2 (called Nyquist frequency), we have

FM/2,0 =
M−1∑
m=0

N−1∑
n=0

fmn · e−πi·m =
M−1∑
m=0

N−1∑
n=0

fmn · (−1)m,

F0,N/2 =
M−1∑
m=0

N−1∑
n=0

fmn · e−πi·n =
M−1∑
m=0

N−1∑
n=0

fmn · (−1)n,

FM/2,N/2 =
M−1∑
m=0

N−1∑
n=0

fmn · e−πi·(m+n) =
M−1∑
m=0

N−1∑
n=0

fmn · (−1)(m+n),

F0,0 =
M−1∑
m=0

N−1∑
n=0

fmn = 0 . (2.21)

These points are real valued as well.

The Fourier grid

If Lx and Ly denote the lengths in the x and y-direction for the simulated
field in physical units respectively, the frequency axes in the Fourier grid
(lx, ly) are determined by,

−M2 ·
1
Lx
≤ lx ≤

(M
2 − 1

)
· 1
Lx
, (2.22)

−N2 ·
1
Ly
≤ ly ≤

(N
2 − 1

)
· 1
Ly

. (2.23)

Enlisting these properties of Fourier grid, we are now ready to generate
GRF.
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Appendix 2.B Simulation of a Gaussian random field

Power spectrum

For the GRF lens potential perturbations δψ, we assume that the power
spectrum behaves as a (piecewise) featureless isotropic power law,

P (l) = A · l−n, (2.24)

with two free parameters : the amplitude A, related to the total variance
of the GRF-potential perturbations inside the simulation window, and
the power-law slope n, determining the distribution of this variance over
the different length scales (i.e. l-modes) and, thus, describing the scale
dependence of the investigated inhomogeneity pattern in the lensing-mass
distribution. Note this is cut of because of the finite window of the
simulations. So this is not very relevant. We know that large scales also
are removed in the smooth lens modelling. The amplitude A is related to
the variance of the fluctuations, which can be determined using Parseval’s
theorem,

M−1∑
m=0

N−1∑
n=0
|fmn|2 = 1

MN

M/2−1∑
k=−M/2

N/2−1∑
l=−N/2

|Fkl|2 . (2.25)

We will denote MN = Npix as the total number of pixels in the simulated
image. Now, assuming that Parseval’s theorem holds for the variances as
well, ∑

m,n

σ2
mn = 1

Npix

∑
k,l

σ2
kl

Npix · σ2
fluct = 1

Npix

∑
k,l

σ2
kl

= 1
Npix

∑
k,l

Pkl

⇒ σ2
fluct = 1

N2
pix

∑
k,l

Pkl,

which solves the normalization constant or the amplitude A as,

A =
σ2

fluctN
2
pix

2
∑
l−n

. (2.26)
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Figure 2.3: Examples of realizations of Gaussian random field for four
different combinations of slope and variance in the power spectrum. Notice
that the slope of the power law (n) solely determines the lengths of the
fluctuating waves within the field-of-view. Whereas the variance (σ2

fluct)
determines the amplitudes of these waves.

The factor of two is added in the denominator because only half of the grid is
generated and the other half is calculated by taking the complex conjugate
of the other part. And therefore, a point and its complex conjugate are not
independent in Fourier space. The resulting variance is therefore increased
by a factor of two, which has been corrected for.

Box-Muller transform:

The random field is created by generating Gaussian random numbers
corresponding to each point in the grid, where the square root of the
power spectrum at a certain frequency gives the standard deviation of the
distribution. A robust way of generating normally distributed numbers
is, by using the polar form of the Box-Muller transform, which generates
two independent Gaussian random numbers. The complex values in the
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Fourier space grid are computed in the form F (l) = f1(l) + if2(l) where f1
and f2 are the numbers generated via the Box-Muller transform. First two
uniformly distributed random numbers u and v are generated, with values
between -1 and 1. The transform of these numbers from a uniform to a
Gaussian distribution is then done by,

f1 = u

√
−2 ln(s)

s

f2 = v

√
−2 ln(s)

s
, (2.27)

where s = u2 + v2 ≤ 1. The above relations give a distribution with
unit variance, but for the fluctuations in our mock realisations, a non-
unit variance is necessary. The latter is obtained when one multiplies the
numbers by the preferred standard deviation (or the square root of the
power spectrum) to get,

f1(l) = u
√
P (l)

√
−2 ln(s)

s
,

f2(l) = v
√
P (l)

√
−2 ln(s)

s
, (2.28)

where f1(l) and f2(l) are the real and imaginary parts of the complex
number F (l) respectively.

Some examples of simulated GRF for particular values of variances and
power law exponent are shown in Fig 2.3.
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Abstract

In the last decade, the detection of individual massive dark matter sub-
haloes has been possible using potential correction formalism in strong
gravitational lens imaging. Here, we propose a statistical formalism to
relate strong gravitational lens surface brightness anomalies to the lens
potential fluctuations arising from the dark matter distribution in the lens
galaxy. We consider these fluctuations as a Gaussian random field in
addition to the unperturbed smooth lens model. This is very similar to
weak lensing formalism and we show that in this way, we can measure
the power spectrum of these perturbations to the potential. We test the
method by applying it to simulated mock lenses of different geometries
and by performing an MCMC analysis of the theoretical power spectra.
This method can measure density fluctuations in early-type galaxies on
scales of 1 to 10 kpc at typical rms-levels of a percent, using a single lens
system observed using the Hubble Space Telescope with typical signal-to-
noise ratios obtained in a single orbit.
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3.1 Introduction

According to the Einstein’s General Theory of Relativity, light rays (null
geodesics) get deflected due to the presence of gravitating objects, a
phenomenon called gravitational lensing. In the regime of strong lensing,
massive and large cosmic bodies, such as galaxies, can bend light rays
coming from a single astrophysical source such that multiple images of the
source are formed (Narayan & Bartelmann 1996; Meylan et al. 2006). By
measuring the redshift of the source and the lens galaxy and by analyzing
the relative angular positions of the lensed images, their distortions and
surface brightness fluctuations, we can put constraints on the mass power
spectra of the foreground lens galaxy (Cohn et al. 2001; Keeton 2001;
Schneider 2003). Physical processes during the evolution of galaxy, such as
accretion, stellar-driven winds, mergers, collapse, feedback from quasars,
all have significant roles in shaping a galaxy’s mass distribution (?). By
studying the mass power-spectrum of galaxies we can gain insight in
different galaxy formation scenarios Rusin et al. (2003); Kochanek et al.
(2000). Besides, the smooth matter component, in recent years it has been
possible to accurately measure the mass distribution in foreground lens
galaxies and also individual dark matter subhaloes (down to ∼ 108M�),
using strong lensed images (e.g. Hezaveh et al. 2016b, Hezaveh et al. 2013,
Fadely & Keeton 2012, Vegetti et al. 2010b, Vegetti & Koopmans 2009b,
Keeton & Madau 2001).

In this Chapter, we develop a statistical description to relate the
mass power-spectrum of lens galaxies, in particular small-scale potential
fluctuations in the lens plane, to the statistics of the surface brightness
fluctuations in the image plane. We assume that these lens-potential
fluctuations can be treated statistically as a Gaussian random field (GRF).
If the differential deflection of the photon bundles due to these potential
perturbations are small, we can reduce their effect to that of weak lensing.
We subsequently show that their effect on the power-spectrum can be
captured in to a structure function, describing the ensemble average of
the square of the relative deflections between two points in the deflection
field as function of their separation.

An analogous statistical method has been used before in weak gravita-
tional lensing of the Cosmic Microwave Background radiation (e.g., Lewis
& Challinor 2006, Challinor & Lewis 2005), although we have further
generalized it to the case of strong galaxy-galaxy lensing, but without any
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assumptions on the linear first order approximation in the formalism, which
goes beyond the current statistical methodology available in the literature
(see 2012 BSc thesis of Sander Bus1; Hezaveh et al. 2016a). We present
a detailed two-point correlation-function and power-spectrum analysis and
we verify the theory with several representative simulated lens systems (i.e.
ring, quad and arc).

The chapter is organized as follows. In Section 3.2, we introduce a two
point correlation analysis of residual surface brightness fluctuations of the
lensed images, after a smooth-model subtraction, and statistically relate
this to the power spectrum of residual fluctuations in the lens potential,
which are not part of the smooth lens model. In Section 3.3 we describe
the steps we followed to test the proposed theory on a set of simulated mock
lenses. In Section 3.4, we end the chapter with conclusions.

3.2 Theory & Assumptions

In this section, we explain the foundation behind the statistical method to
measure the power spectrum of the gravitational-lens potential. The initial
assumption is that, to first order, we can model the surface brightness of
the observed lensed images using a smooth lens potential (in this chapter
we illustrate this by using a non-singular Isothermal Ellipsoid (NIE), see
Kormann et al. 1994, but any smooth model will do). Subtracting that
smooth model from the original images leaves surface-brightness residuals,
which we subsequently assume to arise from small potential perturbations
in the lens plane. We make a number of upfront assumptions in this chapter.

(i) We assume that there is negligible covariance between the smooth lens
mass model parameters and the small-scale potential perturbations.
This assumption might break down on the largest scales, but it is
likely very accurate on scales well below the Einstein radius.

(ii) We assume there is negligible covariance between the intrinsic source-
brightness fluctuations and the induced residual image brightness
fluctuations as a result of the lens-potential fluctuations. We
think this is justified, to some level, because the source brightness
distribution is over-constrained thanks to the multiplicity of the lensed
images.

1https://www.astro.rug.nl/opleidingsinstituut/reports/bachelor/
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(iii) We assume that all lens perturbations are Gaussian random fields.
For low mass subhaloes the Gaussianity assumption holds extremely
well as long as the number of the stochastically distributed subhaloes
is more than a few within the area in which the power spectra are
estimated 2. But if the lens potential is dominated by a very few
massive structures then this assumptions breaks down and then one
has to model them via a potential correction formalism (Vegetti &
Koopmans 2009b).

We will strictly assume these in the current chapter, but in several follow-up
works, we will investigate each of these assumptions in greater detail.

3.2.1 Lens potential and surface brightness

We start with the principle of conservation of surface brightness in lensing.
If we denote the surface brightness of the source and the image by S(y)
and I(x), respectively then we have,

S(y) = I(x), (3.1)

where y and x are the coordinates in the source and in the lens plane,
respectively. Here we neglect the PSF and noise in our analysis, which is
taken care of in the next section. The lens equation maps points from the
image plane to the source plane in the following way

y(x) = x−∇ψ0(x)−∇δψ(x), (3.2)

where ψ0(x) and δψ(x) are the potentials for the smooth lens model and
perturbations, respectively. Combining this non-linear lens equation and
Eq. 1.24 gives us

S(y) = S(x−α− δα) = I(x), (3.3)

where we have denoted the deflection angle due to a smooth model as
α = ∇ψ0 and the deflection due to potential perturbations as δα = ∇δψ.

2We have verified, by generating a large number of realizations, that the probability
density function (PDF) of N number of Poisson distributed particles over an ensemble
closely resembles as a Gaussian PDF as long as N ' 4. This follows from central limit
theorem.
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Assuming that ψ0 and δψ are uncorrelated random fields, the two point
correlation function of the lensed images ξII(r) becomes (for a detailed
calculation see Appendix 3.A)

ξII(r) = 〈I(x)I(x′)〉

=
∫

d2k
(2π)2

[
P IIs (k)〈eik·(δα′−δα)〉δα

]
eik·r, (3.4)

where P IIs (k) is the power spectrum of the images, when lensed only by
ψ0. The angle brackets denote the ensemble average over the stochastic
field δα. Hence, we assume that we can obtain an unbiased, or sufficiently
good, estimator of the true source and smooth part of the potential (i.e.
the two upfront assumptions).

In short, the deflections due to the stochastic potential perturbations
act as a multiplicative filter on the unperturbed lens-image power-spectrum.
The two-point correlation-function of the lensed image is then the integral
transform of the power spectrum of the smooth model using this filter. If
we further assume δα is a Gaussian random field, then k · (δα′ − δα) is
a Gaussian random variate as well and the expectation value in Eq. (3.4)
reduces to (see Appendix 3.A),〈

eik·(δα
′−δα)

〉
= e−

1
2〈[k·(δα′−δα)]2〉. (3.5)

We call the term
〈
[k · (δα′ − δα)]2

〉
on the right hand side of the above

equation the deflection-angle structure function or the deflection-angle
transfer function. We note here that unlike similar functions in the
literature, this function depends on the distance r and thus is related to a
convolution kernel of the smooth image which depends on scale3. Hence,
the final result for the lensed correlation function in terms of structure
function becomes,

ξII(r) =
∫

d2k
(2π)2

[
P IIs (k)e−

1
2 〈[k·(δα

′−δα)]2〉
]
eik·r. (3.6)

The physical interpretation is that the deflection angle structure function,〈
[k · (δα′ − δα)]2

〉
acts as a blurring function in the kernel over the smooth

model due to the small scale structures present in the lens potential.

3A more physical picture is that, to first-order, only fluctuations in δψ on scales . r
significantly contribute to the de-correlation between two points separated by r in the
image plane, or k & 2π/r. Hence as r increases, increasingly more of the power-spectrum
at lower k-values will contribute to deviations from the expected smooth model between
two points.
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Figure 3.1: Columnwise from left to right: The Sersic source model, the
lensed images using a NIE lens model with 1 arcsecond Einstein radius
(smooth model), the lensed images perturbed by an additive GRF potential
with σ2

fluct = 10−3 (over the field of view) and a power law of the form∝ k−4,
respectively. White Gaussian noise is added and the difference between the
smooth and perturbed images is shown in the right-most column. The three
cases from top to bottom are: Einstein ring, fold and cusp.
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3.2.2 The deflection angle structure function

To determine the deflection angle structure function, we compute the
correlation matrix:

〈δαiδα′j〉 = 〈δαi(x)δαj(x + r)〉 = 〈∇iδψ(x)∇jδψ(x′)〉 (3.7)

where i, j = 1, 2 denote the components of the deflection δα. The
correlation matrix of deflections 〈δαiδα′j〉 can be decomposed into a
diagonal component and a off-diagonal component as in Hezaveh et al.
(2016a):

〈δαiδα′j〉 = A1(r)δij +A2(r)r̂ir̂j (3.8)

where the functions A1(r) and A2(r) defined above depend only on the
magnitude r = |r| due to the assumptions of homogeneity and isotropy of
the perturbation field. Calculating these functions in terms of the projected
surface-mass density (δκ) associated with the potential perturbations, we
find (see Appendix 3.B)

A1(r) = 4
2π

∫
dk

k
|δκ(k)|2J1(kr)

kr
, (3.9)

A2(r) = − 4
2π

∫
dk

k
|δκ(k)|2J2(kr), (3.10)

where A1(r) and A2(r) represent the correlation in the deflection field
between two points separated by a distance r, integrated over all k modes,
assuming that the power-spectra of the potential or in this case the
convergence (i.e. |δκ(k)|2) perturbations are isotropic. We now express the
required expectation value in Eq. (3.5) in terms of A1 and A2 (a detailed
derivation is given in Appendix 3.B):〈

[k · (δα′ − δα)]2
〉

= k2
[
σ2(r) + cos 2φ ζ(r)

]
= k2σ2(r) + (k2

r‖
− k2

r⊥
)ζ(r),

(3.11)

where φ is the angle between k and r. We also have resolved k into
two components, parallel and perpendicular to r. The r appearing in the
functions σ2(r), ζ(r) is the distance between two points in the random field
between which we are measuring the correlation. Here, we defined the
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isotropic term as σ2(r), which is half the variance of the relative deflection
of the two points, as follows,

σ2(r) = 1
2〈(δα− δα

′)2〉

= 1
2〈δα · δα+ δα′ · δα′ − 2δα · δα′〉

=
[(

2A1(0) +A2(0)
)
−
(
2A1(r) +A2(r)

)]
= 2

(
A1(0)−A1(r)

)
+
(
A2(0)−A2(r)

)
, (3.12)

and the function ζ(r), which determines the anisotropy in the correlation
matrix, is defined as follows:

ζ(r) = A2(0)−A2(r). (3.13)

If the field is isotropic, then ζ(r) = 0 and the structure function in Eq. 3.6
reduces to a (scale-dependent) Gaussian convolution kernel (see Section
4.2.3 of Lewis & Challinor 2006).

So far all of the results from our analysis are without any approxima-
tions. But, we can also Taylor expand the exponential up to first order to
get the following perturbation series,

ξII(r) ≈ ξIIs (r)−
∫
k dk

2π P IIs (k)k
2

2 σ
2(r)J0(kr)

+
∫
k dk

2π P IIs (k)k
2

2 ζ(r)J2(kr), (3.14)

where ξIIres(r) = ξII(r) − ξIIs (r) is the correlation function of the residuals,
which is only a function of the correlation length r. The power spectra of
the residuals can be obtained from ξII(r)res by a Hankel Transform.

Although any integrable power-spectrum model can be used, for the
sake of simplicity, in this chapter, we assume that the power spectrum
of the lens potential fluctuations follow a power law and hence (from Eq.
3.25), convergence fluctuation power spectra in the integral expressions of
A1(r) and A2(r) in Eq. 3.9 and 3.10 can also be expressed as a power
law. In this case, those integrals have analytically exact results in terms
of Hypergeometric functions (Appendix 3.C), which are inserted into the
expression of the transfer function and are used in our MCMC fit of the
power spectrum (see Section 3.3.3). In our subsequent analysis we drop the
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anisotropy term and only keep the isotropic term in the structure function.
To compare with the simulations and the real data, and to set constraints
to the observed power spectrum, we need to incorporate a point spread
function (PSF) and noise to our two point correlation formalism. We take
these into account in the next section.

3.3 Simulations and Results

In this section, we summarize the methodology that we followed to test the
theory on the simulated mock lenses and discuss the results. First, we show
how we take into account the PSF and noise in our theoretical expression
and then we briefly explain how we simulate the mock lenses to test our
theory. We test the formalism on three different topologies, a ring, a fold
and a cusp, and for each of these cases we consider three different slopes and
three different normalizations (i.e. set by the variance of the GRF inside
the field-of-view being simulated) for the power spectrum of the potential
fluctuations.

3.3.1 Point Spread Function and Noise

To take account of the observational effects (e.g., angular resolution, seeing
and noise), we first incorporate the effect of a PSF in the two-point
correlation analysis. The surface brightness of the unperturbed model
becomes,

Ĩs(x) = Is(x)⊗ PSF(x). (3.15)

So, the observed two-point correlation function of the smooth model will
be,

〈Ĩs(x)Ĩs(x′)〉 = ξIIs (|x− x′|)⊗ ξPSF(|x− x′|), (3.16)

and the power spectrum becomes,

〈Ĩs(k)Ĩ∗s (k′)〉 = P IIs (k) · PPSF(k), (3.17)

where we have used the convolution theorem. In our simulation, we have
added Gaussian noise with a flat power spectrum to the lensed images. We
assume that the noise realizations and the images are independent random
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fields, the power spectrum of the sum becomes the sum of their power
spectra,

P̃ IIs (k) = P IIs (k) · PPSF(k) + P n(k), (3.18)

where P n(k) is the power spectrum of the noise. Thus, the theoretical
expression of the two point correlation function becomes,

ξIIobs(r) =
∫

d2k
(2π)2 P̃

II
s (k)eik·r〈eik·(δα′−δα)〉δα (3.19)

=
∫

d2k
(2π)2

[
P IIs (k) · T (k) + P n(k)

]
eik·r,

with the modified transfer function

T (k) ≡ PPSF(k) · e−
1
2 〈[k·(δα

′−δα)]2〉. (3.20)

3.3.2 Lens model and potential perturbations

To test the above theory, we simulate the lensed images of Sérsic sources
(Sérsic 1963, Sersic 1968) by a NIE (Kormann et al. 1994) lens which we
use as a smooth mass model. The values of the lens and source parameters
are given in Table 3.1. All the simulated images have roughly the same
resolution as that of Hubble Space Telescope (HST ) in the F390W-band.

We perturb the lens potential by a simulated GRF potential with a
power-law power-spectrum of the form,

P δψ(k) = A · k−β, (3.21)

where the amplitude A in the power-law is determined using Parseval’s
theorem, which is related to the variance of the GRF potential fluctuations
inside the image σ2

fluct via the normalization factor,

A =
σ2

fluctN
2
pix

2
∑
k−β

, (3.22)

where the sum is over all k−values, where k =
√
k2
x + k2

y is calculated on the

Fourier grid of size 121×121 in our simulations. In this case, a DFT of one
random realization of the above power spectrum leads to a GRF potential
field with a variance of σ2

fluct. Now, because of the symmetry, we only
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Table 3.1: The lens and source parameters chosen for simulating mock
lenses with 121× 121 pixels in a 4.84′′ × 4.84′′ field-of-view.

Parameter Value Unit

Lens (NIE) (ring, fold, cusp cases)

x-coordinate 0.0 arcsecond
y-coordinate 0.0 arcsecond
Einstein radius 1.0 arcsecond
Axis ratio 0.99, 0.6, 0.7 -
Major-axis angle 0.0 degree
External shear 0.0 -
External-shear angle 0.0 degree

Source (Sérsic) (ring, fold, cusp cases)

x-coordinate 0.0, 0.15, 0.35 arcsecond
y-coordinate 0.0, 0.15, 0.0 arcsecond
Effective radius 0.1, 0.07, 0.08 arcsecond
Axis ratio 0.99 -
Major-axis angle 45 degree
Sérsic index 2 -
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create half of the grid and the rest is generated from the complex conjugate
of it. However, in Fourier space, a point and it’s complex conjugate aren’t
independent of each other, which results in an increase in the variance by a
factor of two, which is taken care of in the denominator of the normalization
factor above. We choose the power law exponent in the range of β = 4 ∼ 6
and the power spectrum is set to zero at k = 0 to avoid a non-zero mean
value.

We convolve the lensed images with the HST U-band PSF (WFC3 UVIS
channel, F390W) obtained using TinyTim (Krist et al. 2011). We add white
noise of variance, which is comparable to a typical single-orbit HST image,
and we determine the residuals by subtracting the unperturbed smooth
model from the perturbed one. Again, we assume that there is no strong
covariance between δψ and the parameters of the lens and source models.
This likely holds for intermediate k-values (see Chapter 4), but not for
those comparable to the scale of the lens or very small k-values, where they
can either be affected by the smooth lens model or by the grid-based source
model. In ongoing simulations, and expansion of the theory, this co-variance
will be further investigated in the near future. A panel of simulated lensed
images for the case of a ring, a fold and a cusp are shown in Figure 3.1, for
both the smooth and a perturbed case, as well as their difference.

3.3.3 Realizations

We finally simulate one hundred realizations for each of the three geometries
and fit the ensemble-average power spectrum of residuals using Eq 3.19.
We use a Markov Chain Monte Carlo (MCMC) method to infer the variance
and the exponent of the power spectrum of the lens-potential fluctuations
that we defined in Eq 3.21. We assume that the power spectrum of the
smooth lensed image P IIs (k) can be estimated within a sufficient accuracy
with limited a covariance between the source model and the potential
fluctuations. This assumption has recently been validated by numerical
simulations over most angular scales in the lensed images (see Chapter 4).

In principle, we could also fit for the RMS of the noise power-spectrum
in the likelihood function, but it is not needed at this point (it can often be
determined from other parts of the image without lensed images) and we
co-add the power spectra of simulated noise and of the residuals. The error
(variance on the variance) of the power spectrum is calculated for each bin
j via the root mean square deviation from the mean within the ensemble
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Figure 3.2: Corner plots (left) for a two-parameter MCMC fit for σ2
fluct

and β of the GRF potential fluctuations. From top to bottom we show
the three different geometries: the ring, fold and cusp. The red lines
indicate the input parameters. In the right panels, the red dashed curves are
the theoretical power spectra of the surface brightness fluctuations (from
which the results are inferred), over-plotted by the recovered mean residual
power spectra of 100 realizations (shown in blue with the error bars for a
single realization [large] and one hundred realizations [small]) and the white
Gaussian noise (green horizontal line) with a variance of 1.0.
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Figure 3.4: Power spectra of residual convergence map δκ, corresponding to
different combinations of variances σ2

fluct and slopes β of the lens potential
fluctuations, δψ. From upper to lower rows (blue, red & green) σ2

fluct
corresponds to 10−5, 10−4 and 10−3, and from left to right β corresponds
to −4.0,−5.0and− 6.0 respectively.

Figure 3.5: Plots of 2πk2P δκ corresponding to the same combinations of
variances and slopes of potential fluctuations, δψ as shown in Figure 3.4.
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Figure 3.6: Theoretical (red) and numerically computed (blue) power
spectra of lens potential fluctuations δψ corresponding to different
combinations of variances σ2

fluct and slopes β shown in Figure 3.4, 3.5
and 3.8. The first, second and third row corresponds to variance levels
of 10−5, 10−4, 10−3 and the first, second and third column corresponds to
slopes of -4.0, -5.0 and -6.0 respectively.

Figure 3.7: Plots of 2πk2P δψ corresponding to different combinations of
variances and slopes of potential fluctuations as shown in Figure 3.6.
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of realizations,

σ2
j = rms2(Pj) =

(
N∑
i=1

(Pij − 〈P 〉j)2
)
/(N − 1) (3.23)

where in this case, we took N = 100. This is the error for a single
measurement and the error for N observations is determined by dividing the
error for a single measurement by a factor of

√
N . In reality, the N = 100

lenses will have different sets of lens-model parameters, which we ignore
here. We note that the ESA space-mission Euclid might discover sufficient
numbers of lenses that samples of order one hundred similar geometries
could be discovered, although our method also works for ensembles of
very different lens geometries. The MCMC corner plots for the three
geometries are shown in Figure 3.2. We also show power spectra of surface
brightness residuals for different combinations of σ2

fluct and β in Figure
3.3. Power spectra of residuals in convergence maps corresponding to those
combinations of parameters and their variances are shown in Figure 3.4 and
Figure 3.5. Also, in Figure 3.8 we have shown a comparison of the power
spectra obtained from a numerically calculated convergence by directly
applying a Laplacian on the potential map:

δκ = ∇2δψ/2 (3.24)

and the theoretical one:

P δκ(k) = (2πk)4 · P δψ(k)/4, (3.25)

assuming P δψ(k) follows a power law as defined in Eq. 3.21. The factor
(2π)4 in Eq. 3.25 comes from our definition of Fourier kernel where k ≡
1/L, which differs from the standard cosmological definition via a simple
coordinate transformation.

3.4 Discussion and Conclusions

We have shown that small fluctuations in the gravitational-lens potential,
if well-approximated by a (Gaussian) random field, can be treated as a
stochastic contribution to the smooth lens model. Assuming further that
there is no strong covariance between the smooth lens potential and these
lens-potential fluctuations and that the surface brightness fluctuations are
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Figure 3.8: Theoretical (red) and numerically computed (blue) power
spectra of δκ (only one realization) corresponding to different combinations
of variances and slopes of potential fluctuations, δψ as shown in Figure 3.4.

not affected too much by the inference of the source model, we have
developed a statistical method that can be used to measure the power
spectrum of these lens-potential perturbations directly from the power
spectrum of the surface brightness fluctuations after subtracting the best
smooth lens model.

Quantitatively we have shown that perturbations to the potential or
convergence at the percent-level (rms) can be inferred from a single lens
system with HST -like images and a typical signal-to-noise ratio in a single
orbit. The inference does not strongly depend on the geometry of the
lens (e.g. ring, fold or cusp), although the ring-geometry seems to show
somewhat smaller errors (see Fig.3.3). In the follow up chapter 4, this
approach has been applied to HST data to set limits on the power spectrum
of the potential fluctuations around a massive early-type galaxy. This new
method can infer density fluctuations in galaxies on scales of typically
1-10 kpc, in the regime where very little is known about the galaxy (or
CDM) power-spectrum. The final goal is to compare these power-spectra
to different galaxy-formation scenarios, by applying the method to mock
lenses simulated via N-body hydrodynamic simulations, which is shown in
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detail in Chapter 5. This method will also pave the way for the future
(statistical) modeling of hundreds of thousands strong lenses expected to
be found from ESA’s Euclid mission.

Appendix 3.A Detailed derivation of the two point
correlation function

If we neglect PSF, noise and the window function then the theoretical lensed
correlation function ξII(r) is given by,

ξII(r) = 〈I(x)I(x′)〉
= 〈S(y)S(y′)〉
= 〈S(x−∇ψ0(x)−∇δψ(x))S(x′ −∇ψ0(x′)−∇δψ(x′))〉

=
∫

d2k
2π

∫
d2k′

2π eik·xe−ik
′·x′〈e−ik·∇ψ0(x)eik

′·∇ψ0(x′)〉

〈e−ik·∇δψ(x)eik
′·∇δψ(x′)〉〈S(k)S(k′)∗〉

=
∫

d2k
(2π)2 P

S(k)eik·r〈eik·(∇ψ0(x′)−∇ψ0(x))〉〈eik·(δα′−δα)〉δα.,

(3.26)

where in the second and third lines above we have incorporated the principle
of conservation of surface brightness and thereafter, we have inserted the
lens equation. In the fourth line, we have expanded the source surface
brightness in its Fourier modes without using any Taylor expansion or linear
approximation, where ψ0(x) and δψ(x) are the potentials for the smooth
lens model and the perturbations, respectively. Finally, in the last line, the
power spectrum of the source is denoted by PS(k) and the deflection angle
due to potential perturbations is denoted as δα = ∇δψ. Now, if there are
no perturbations, then Eq (3.26) reduces to,

ξII(r) =
∫

d2k
(2π)2 P

S(k)eik·r〈eik·(∇ψ0(x′)−∇ψ0(x))〉 (3.27)

which basically turns into the two point correlation of the smooth model.
Now, using the standard result that the two point correlation function is
the Fourier transform of the power spectrum, we can write Eq (3.26) as
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follows

ξII(r) =
∫

d2k
(2π)2 P

II
s (k)eik·r〈eik·(δα′−δα)〉δα, (3.28)

where P IIs (k) is the power spectrum of the smooth lens model.
Now, we have the following standard identity for a Gaussian variate x

with a complex source term:∫ ∞
−∞

dx e−
1
2ax

2+iJx =
√

2π
a
e−J

2/2a. (3.29)

Using this, we get,

〈eix〉 = 1√
2πσx

∫ ∞
−∞

dx eixe−x
2/2σ2

x = e−σ
2
x/2 = e−〈x

2〉/2. (3.30)

So, if we assume δα is a Gaussian field, then k · (δα′ − δα) is a Gaussian
variate, and the expectation value in Eq. (3.26) therefore reduces to〈

eik·(δα
′−δα)

〉
= e−

1
2〈[k·(δα′−δα)]2〉. (3.31)

Appendix 3.B The deflection angle structure func-
tion

The correlation matrix of the deflection angles can be decomposed as a sum
of diagonal and off-diagonal components,

〈δαiδα′j〉 = A1(r)δij +A2(r)r̂ir̂j . (3.32)

To determine A1 and A2, we use the two following properties of the
covariance matrix. First, if we take trace of the covariance matrix, then we
get

〈δαiδα′i〉 = 2A1(r) +A2(r) ≡ 〈δα · δα′〉 (3.33)

and if the correlation matrix 〈αiα′j〉 is contracted with r̂ir̂j , we get,

〈δαiδα′j〉r̂ir̂j = A1(r) +A2(r) (3.34)

where we have used the Einstein’s summation convention in both the
equations above.
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Now, from the theory of strong gravitational lensing, we know,

∇ · δα = 2δκ (3.35)

where κ is the convergence or the dimensionless surface mass density
corresponding to the lensing potential δψ of the dark matter substructure
of the galaxy, which was not incorporated into our previous smooth lens
model and this is responsible for the deflections α. Taking the Fourier
transform of both sides of the above equation we get,

ikjδαj(k) = 2δκ(k),

δαj(k) = 2δκ(k)
ikj

. (3.36)

Now, using the above relations and we get,

〈δα · δα′〉 =
∫

d2k
(2π)2 δα

∗
j (k′)δαj(k)eik·r

= 4
∫

d2k
(2π)2

|δκ(k)|2

k2 eik·r

= 4
2π

∫
dk

k
|δκ(k)|2J0(kr)

= 2A1(r) +A2(r), (3.37)

and

〈δαiδα′j〉r̂ir̂j = r̂ir̂j
∫

d2k
(2π)2 δαi(k)δα∗j (k′)eik·r

= 4
∫

d2k
(2π)2 (r̂ · k̂)2 |δκ(k)|2

k2 eik·r

= 4
∫ ∞

0

k dk

(2π)2
|δκ(k)|2

k2

∫ 2π

0
cos2 φ eikr cosφdφ

= 4
∫ ∞

0

k dk

(2π)2
|δκ(k)|2

k2

∫ 2π

0
dφ

[1 + cos(2φ)]
2 eikr cosφ

= 1
2 4
∫ ∞

0

k dk

2π
|δκ(k)|2

k2 (J0(kr)− J2(kr))

= A1(r) +A2(r), (3.38)

where we defined φ as the angle between k and r, φ = φk − φr and used
Eq. (1.32) to express the integrals in terms of Bessel functions. Now,
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comparing the last two results of the integrals we find,

A1(r) = 1
2
( 4

2π

∫
dk

k
|δκ(k)|2J0(kr) + 4

2π

∫
dk

k
|δκ(k)|2J2(kr)

)
= 4

2π

∫
dk

k
|δκ(k)|2J1(kr)

kr
(3.39)

where we have used the following recursion relation of Bessel functions,

2n Jn(x)
x

= Jn−1(x) + Jn+1(x). (3.40)

A2(r) turns out to be:

A2(r) = − 4
2π

∫
dk

k
|δκ(k)|2J2(kr). (3.41)

We now express the required expectation value in Eq. (3.31) in terms
of A1 and A2:〈

[k · (δα′ − δα)]2
〉

= kikj〈(δα′i − δαi)(δα′j − δαj)〉

= kikj
[
〈δαiδαj〉+ 〈δα′iδα′j〉 − 〈δα′iδαj〉 − 〈δαiδα′j〉

]
= 2kikj

[
〈δαiδαj〉 − 〈δα′iδαj〉

]
= 2kikj

[(
A1(0)δij +A2(0)r̂ir̂j

)
−
(
A1(r)δij +A2(r)r̂ir̂j

)]
= 2 k2[A1(0)−A1(r)] + 2kikj r̂ir̂j [A2(0)−A2(r)]
= 2 k2[A1(0)−A1(r)] + 2k2 cos2 φ [A2(0)−A2(r)]

= k2
[
2
(
A1(0)−A1(r)

)
+
(
A2(0)−A2(r)

)
+ cos 2φ

(
A2(0)−A2(r)

)]
= k2σ2(r) + (k2

r‖
− k2

r⊥
)ζ(r).

(3.42)

Appendix 3.C A1(r) and A2(r) in terms of hypergeo-
metric function

Assuming a power law δκ(k) ∼ k−γ , we can write the values of A1(r)
and A2(r) in terms of the generalized hypergeometric function 1F2 and
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regularized generalized hypergeometric function 1F̃2 using the following
integral identities:∫

k−α
Jn(kr)
kr

dk = 2−n k−α

r(n− α)Γ(n+ 1) (kr)n

1F2
(n

2 −
α

2 ; n2 −
α

2 + 1, n+ 1;−1
4k

2r2)

∫
k−αJn(kr)dk = 2−n k1−α

(−α+ n+ 1)Γ(n+ 1) (kr)n

1F2
(
− α

2 + n

2 + 1
2;−α2 + n

2 + 3
2 , n+ 1;−1

4k
2r2).

Here the generalized hypergeometric function pFq is defined as follows:

pFq(a1, . . . ap; b1, . . . bq; z) = Σ∞n=0
(a1)n(a2)n · · · (ap)n
(b1)n(b2)n · · · (bq)n

zn

n! (3.43)

where we have used the following notation

(x)n = x(x− 1) · · · (x− n+ 1) = Γ(x+ 1)
Γ(x− n+ 1) . (3.44)

Using the above results we get,

A1(r) = 4
2π

∫
dk

k
|δκ(k)|2J1(kr)

kr

= 4
2π

∫
k−α

J1(kr)
kr

dk

= 4
2π

k1−α

2(1− α) 1F2(1
2 −

α

2 ; 2, 3
2 −

α

2 ;−1
4k

2r2), (3.45)

where α = 2γ + 1. Similarly we can write A2(r) as follows:

A2(r) = − 4
2π

∫
dk

k
|κ(k)|2J2(kr)

= − 4
2π

∫
k−αJ2(kr)dk

= − 4
2π

1
24− 8αr

2k3−α
1F2(3

2 −
α

2 ; 3, 5
2 −

α

2 ;−1
4r

2k2).(3.46)
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Abstract

Constraining the sub-galactic matter-power spectrum on 1-10 kpc scales
would make it possible to distinguish between the concordance ΛCDM
model and various alternative dark-matter models and different galaxy
formation scenarios due to the significantly different levels of predicted
mass structure. This chapter shows an application of the approach that we
developed in Chapter 3 to observationally constrain the low-mass density
fluctuations in the inner regions of massive elliptical lens galaxies. The
method is based on the power spectrum of the associated surface-brightness
perturbations observable in highly magnified galaxy-scale Einstein rings and
gravitational arcs. We treated the observed power spectra of the SLACS
lens system SDSS J0252+0039 as an upper limit in the current analysis
to give limits (at the 99 per cent confidence level) on the dimensionless
convergence-power spectrum and the associated standard deviation in
aperture mass on 0.5, 1 and 3-kpc scales. The estimated effect of CDM
sub-haloes lies considerably below these first observational upper-limit
constraints on the level of inhomogeneities in the projected total mass
distribution of galactic haloes. Future analysis for a larger sample of galaxy-
galaxy strong lens systems will narrow down these constraints by either
confirming or ruling out cosmological models, predicting a significantly
larger level of clumpiness on these critical sub-galactic scales, due to dark-
matter and galaxy-formation (e.g. streams etc).
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4.1 Introduction

As shown in Chapter 3, (published as Chatterjee & Koopmans 2018)
the level of mass-density variations in the total (both dark and baryonic
matter) projected mass distribution of a lens galaxy can be observationally
constrained when treated as a statistical ensemble and modelled in terms
of Gaussian-Random-Field (GRF) potential perturbations superposed on
the best-fitting smoothly-varying lensing potential (i.e. NIE, see e.g.2.3).
Within the developed theoretical formalism, both the GRF perturbations
to the total lensing potential and the resulting observable surface-brightness
anomalies in the lensed images are quantified in a statistical way - in terms
of their power spectra - and thus related to each other. This relation
makes it possible to infer observational constraints on the free parameters
of the power-law power spectrum assumed to describe the GRF-potential
perturbations (variance of the GRF fluctuations and the power-law slope)
from the measured power spectrum of the observed surface-brightness
anomalies in the lensed images.

After successful tests of this new approach on simulated mock perturbed
lens systems with an a priori known smooth-lens model in the Chapter 3,
the aim of this chapter is to present our long term goal to constrain the level
of such potential perturbations in a sample of observed (massive elliptical)
gravitational lens galaxies around redshift z ∼ 0.2. We emphasize that, in
reality, the investigated perturbations may arise from a variety of different
inhomogeneities in the total projected mass density of the lens galaxy, such
as e.g. globular clusters, tidal streams, distortions in the baryonic mass
distribution, CDM density fluctuations or mass structure along the line-of-
sight. In the course of our analysis, we do not distinguish between these
different sources, but attempt to derive the first observational upper-limit
constraints on the total projected matter-power spectrum in galaxies on the
sub-galactic 1-10 kpc scales. In this work, we introduce the methodology
allowing us to apply the new statistical approach to observational data
and present the results from our analysis of the galaxy-galaxy strong
gravitational lens system SDSS J0252+0039 from the Sloan Lens ACS
Survey (SLACS, Bolton et al., 2008), at redshift z ∼ 0.28, observed with the
Wide Field Camera 3 (WFC3) on board the Hubble Space Telescope (HST)
in the F390W-band. A comparison of these constraints with predictions
from hydrodynamical simulations for the ΛCDM and alternative dark-
matter models will be performed in future work.
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As presented briefly above, the final goal of this research is to infer
observational constraints on the sub-galactic matter-power spectrum based
on observable surface-brightness anomalies in the lensed images of galaxy-
galaxy strong gravitational lens systems. But this chapter will mostly be
focussing on the simulation and the power spectrum calculations part of this
work where the material presented in previous chapters in this thesis find
their major contributions from the observational perspective. For details of
the methodology, final results and discussions refer to Bayer et al. (2018).

The present chapter is divided into the following parts. Section 4.2
provides a concise description of the methodology that has been followed
to tackle the problem under consideration: how the GRF-formalism applied
to model the mass-density fluctuations in galactic haloes and how our
procedure was adopted to uncover, quantify and interpret the resulting
surface-brightness anomalies in the HST-imaging of our pilot lens SDSS
J0252+0039. In the following Section 4.3, we show the HST imaging of
SDSS J0252+0039 with a concise overview on the lens. Skipping the details
on observation, data reduction and lens-galaxy subtraction (which can be
found in details in Bayer et al. 2018) in Section 4.4 we discuss the smooth
modelling of the lens using a Bayesian adaptive grid based technique.
Further in Section 4.5 and Section 4.6 the power spectrum of the residual
surface brightness fluctuations of the lensed image and that of the noise are
discussed. Section 4.7 and 4.8 describe in detail the simulation results and
power-spectrum plots of the surface-brightness residuals of a set of mock
perturbed images corresponding to the pilot lens, which have been applied
for the hypothesis testing to constraint the observational parameters in
Bayer et al. (2018).

Throughout this chapter we assume the following cosmology: H0 =
73 km s−1Mpc−1, ΩM = 0.25 and ΩΛ = 0.75. Given this cosmology,
1 arcsec corresponds to 4.11 kpc at the redshift of the studied lens galaxy
(zL = 0.280) and 7.88 kpc at the redshift of the source galaxy (zS = 0.982).
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4.2 Overview of methodological steps and analysis

Our approach to constrain the level of mass clumpiness on sub-galactic
scales consists of the following three crucial components, briefly discussed
below.

First: we extract and quantify the statistical properties of surface-
brightness anomalies in the lensed images of the observed galaxy-galaxy
strong gravitational lens system. For this, we measure the one-dimensional
azimuthally-averaged power spectrum PδI(k) of residual surface-brightness
fluctuations remaining in the lensed images after the lens-galaxy sub-
traction, the smooth-lens modelling and the noise correction. This
observational measurement includes the following steps:

1. HST observations and data reduction by means of the drizzlepac
package (see (Gonzaga et al., 2012), (Bayer et al., 2018));

2. modelling and subtraction of the smooth surface-brightness contribu-
tion from the foreground lens galaxy using galfit Peng et al. (2002);

3. simultaneous reconstruction of the smooth lensing potential ψ0(x ),
the unlensed surface-brightness distribution of the background source
galaxy S(y) and the smooth-lens model of the lensed images I0(x )
by means of the adaptive and grid-based Bayesian lens-modelling
technique by Vegetti & Koopmans (2009a);

4. statistical quantification of the residual surface-brightness fluctua-
tions in the lensed images in terms of the one-dimensional azimuthally-
averaged power spectrum PδI(k), see Section 4.5;

5. estimation of the noise-power spectrum and correction for the noise
contribution (both sky background and the flux-dependent photon
shot noise) to the power spectrum of the revealed total residual
surface-brightness fluctuations, see Section 4.6.

A performance test of this procedure on mock lensed images mimicking
the studied lens system, described in Section 4.7, allows us to optimise the
choice of different options in the smooth-lens modelling procedure and the
most suitable wavenumber range for the analysed power spectra.

Second: we generate comparable mock realisations of surface-brightness
anomalies caused by GRF-potential perturbations δψGRF (x ) with known
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statistical properties. To achieve this goal, we apply the GRF formalism
introduced in Section 2.3.3 and simulate realisations of GRF-potential
perturbations with the desired variance σ2

δψ and the power-law slope β from
the underlying GRF power spectrum Pδψ(k). Superposing these realisations
on the best-fitting smooth lensing potential ψ0(x ) and repeating the
lensing operation of the background-source light S(y) with the perturbed
lensing potential ψ0(x ) + δψGRF(x ) enables us to create realistic mock
perturbed lensed images, mimicking the analysed real system, which can
be subsequently compared with the observed data. For this comparison,
we create a grid in the parameter space σ2

δψ − β, containing different
combinations of values for the variance and the power-law slope, and
simulate mock perturbed lensed images for each point of this grid. This
procedure allows us to map the statistical properties of the superposed
perturbing GRF-potential fluctuations, uniquely characterised by σ2

δψ and
β, on the corresponding power spectra of the resulting surface-brightness
anomalies in the perturbed lensed images PδI(k); see Section 4.8.

Third: we infer upper-limit constraints on the sub-galactic convergence-
power spectrum based on a statistical comparison of the measured with
the mock surface-brightness anomalies. For this, we compare the power
spectrum of the mock surface-brightness anomalies PδI(k) assigned to
each point of the σ2

δψ − β grid (matter-power spectrum model) to the
power spectrum of the surface-brightness anomalies measured in our
observations and calculate the resulting probability of model exclusion given
the measured data, see Bayer et al. (2018). The inferred constraints on
the power spectrum of the studied GRF-potential perturbations Pδψ(k)
are finally expressed in terms of the power spectra for the corresponding
perturbations in the convergence Pδκ(k) and the differential deflection angle
Pδα(k):

Pδκ(k) = 4π4k4Pδψ(k)
Pδα(k) = 4π2k2Pδψ(k). (4.1)

In the final interpretation, we express the inferred constraints in terms
of the more commonly used dimensionless convergence-power spectrum

∆2
δκ(k) ≡ 2πk2Pδκ(k), (4.2)

which measures the contribution of a particular length scale λ = k−1 to
the total variance of the convergence perturbations (surface-mass density
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Figure 4.1: HST imaging of SDSS J0252+0039: the analysed
HST/WFC3/F390W drizzled science image, corresponding to an area of
4.48 arcsec on a side (Bayer et al. 2018).

perturbations in units of the critical surface-mass density Σcr for the
considered lens system). For completeness, we additionally present the
corresponding constraints on the dimensionless deflection power spectrum
∆2
δα(k) defined as,

∆2
δα(k) ≡ 2πk2Pδα(k). (4.3)

4.3 HST-imaging of SDSS J0252+0039

With the aim of testing and illustrating our methodology, in this section
we apply it to HST-imaging of SDSS J0252+0039, one of only ten galaxy-
galaxy strong gravitational lens systems from the SLACS survey with
deep UV HST/WFC3/F390W-imaging data (referred to as U-band in the
remainder of the chapter). The chosen system consists of a massive elliptical
galaxy at redshift zl = 0.280 acting as a gravitational lens on a blue star-
forming source galaxy at redshift zs = 0.982 (Bolton et al. 2008). Besides
the high mass of the lens galaxy and the clumpiness of the star-forming
background source, allowing us to increase the sensitivity of our method,
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Figure 4.2: Colour-composite image SDSS J0252+0039 based on the
HST/WFC3/F390W U-band photometry (blue) combined with HST-
observations in the visual (F814W; green) and infrared bands (F160W;
red) using the stiff software (Bayer et al. 2018).

the relatively simple lens geometry of SDSS J0252+0039 makes it a good
choice for illustrating and testing our new approach.

As one of the SLACS gravitational lens systems, SDSS J0252+0039
has already been studied based on HST observations at near-infrared
(in F160W: Program 11202, PI Koopmans) and optical wavelengths (in
F814W: Program 10866, PI Bolton and in F606W: Program 11202, PI
Koopmans), see Bolton et al. (2008); Auger et al. (2009, 2010). In
particular, Vegetti et al. (2014) applied the technique of direct gravitational
imaging Koopmans (2005); Vegetti & Koopmans (2009a) to HST/ACS data
of SDSS J0252+0039 in the V- and I-bands in search of the possible single
halo structure in its lens galaxy. However, no gravitational signatures of
localised substructure were identified above the mass-detection threshold.
Here we make use of deep U-band HST/WFC3/F390W-observations with
a higher resolution and sensitivity to surface-brightness anomalies in
the lensed images, which allows us to search for collectively-induced
gravitational imprints of much smaller fluctuations in the total mass
distribution of the lens galaxy.
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Figure 4.3: Lens-galaxy subtraction for SDSS J0252+0039 using galfit.
Top row : the analysed drizzled science image in the U-band (left panel) and
the applied mask covering the lensed source emission (right panel). Bottom
row : the best-fitting galfit model of the surface-brightness distribution in
the lens galaxy (left panel) and the lens-galaxy subtracted residual image
(right panel).
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4.4 Adaptive grid-based Bayesian lens modelling of
SDSS J0252+0039

In search of the surface-brightness anomalies arising in the lensed images
due to the presence of the investigated hypothetical density inhomogeneities
in the total mass distribution of the foreground lens galaxy, we initially
model the studied lens system assuming that the lensing-mass distribution
is smooth and well described by the power-law elliptical mass-distribution
model (PEMD, Barkana, 1998) in an external shear field.

Lens-modelling technique

The smooth-lens modelling is performed using the adaptive and grid-
based Bayesian lens-modelling technique of Vegetti & Koopmans (2009a).
This method allows us to simultaneously reconstruct both the unlensed
background-source surface-brightness distribution S(y) on an adaptive grid
in the source plane and the best-fitting smoothly-varying mass-density
distribution of the foreground galaxy projected onto the lens plane. The
modelled smooth surface-mass density of the lens galaxy as a function of
the position in the lens plane is parametrised in terms of the convergence
κ in the following way:

κ(x, y) =
b (2− γ

2 ) qγ−3/2

2(x2q2 + y2)(γ−1)/2 (4.4)

with the following free parameters – the lens strength b, the position angle
θ, the axis ratio q, the (three-dimensional) mass-density slope γ (γ = 2 in
the isothermal case), the centre coordinates of the lensing-mass distribution
in the lens plane x0 and y0, the external shear strength Γ and its position
angle Γθ, as introduced by Vegetti & Koopmans (2009a).

The applied smooth-lens modelling algorithm by Vegetti & Koopmans
(2009a) includes several options for the inversion of the lensing operation
and the resulting reconstruction of the original source surface-brightness
distribution: adaptive or non-adaptive, variance, gradient or curvature
source-plane regularization as well as a variable source-grid resolution
(characterised by the number n and spacing of the pixels cast back from
the lens plane to the source plane). As pointed out by Vegetti et al. (2014)
and Suyu et al. (2006), the optimal choice for the number of pixels n and
the form of the source regularisation used in the smooth-lens modelling
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depends crucially on the smoothness of the modelled lensed images and
may vary from system to system. Thus, the common practice is to perform
the smooth-lens modelling with different combinations of the above options
and choose the optimal settings based on the highest marginalized Bayesian
evidence.

Best-fitting smooth-lens model for SDSS J0252+0039

Based on the analysed F390W-data (U-band), the projected mass distri-
bution of the lens galaxy in SDSS J0252+0039 is best modelled as PEMD
with the parameter values listed in Table 4.1, in a good agreement with
the corresponding best-fitting smooth model found by Vegetti et al. (2014)
based on the F814W-data (I-band), except from the apparent discrepancy
in the position angle θ between the presented smooth-lens models in the
U- and I-band. This discrepancy can be explained by the rotational
invariance owing to the nearly spherical symmetry of the modelled lensing-
mass distribution (axis ratio q very close to 1) and the negligible external
shear Γ, hardly altering the lensing potential. Furthermore, the best-
fitting parameter values of the smooth-lens models in both bands (see
Table 4.1) indicate a nearly isothermal mass-density profile (γ ≈ 2), which
together with the previous considerations leads to the conclusion that SDSS
J0252+0039 is well described by a Singular Isothermal Sphere (SIS) model
with the Einstein radius ΘE ≈ b ≈ 1 arcsec.

Degeneracies in the smooth-lens modelling

Whereas the particular choice for the number of pixels n cast back from the
lens plane to the source plane, the form of the source regularisation and the
size of the mask covering the lensed images hardly affects the best-fitting
parameter values of the lensing potential, we find that it has a significant
effect on the reconstructed unlensed surface-brightness distribution of the
background-source galaxy and, thus, the level of the residual surface-
brightness fluctuations remaining in the lensed images after the best-fitting
model has been subtracted. Among all the available options combined
with the chosen mask (depicted in Fig. 4.3), the highest value of the
marginalized Bayesian evidence is achieved when modelling the F390-data
of SDSS J0252+0039 with the adaptive gradient source-grid regularization
and casting back each pixel from the lens plane to the source plane (referred
to as n = 1).
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Figure 4.4: Smooth-lens modelling of SDSS J0252+0039 in the U-band
(HST/WFC3/F390W) by means of the adaptive and grid-based Bayesian
lens-modelling technique of Vegetti & Koopmans (2009a). To suppress the
possible degeneracy between the surface-brightness anomalies due to mass
structure in the lens and the intrinsic surface-brightness fluctuations in the
background-source galaxy, only one pixel out of each contiguous 3×3-pixel
area is cast back from the lens to the source plane (n = 3). Top row :
the lens-galaxy subtracted image overlaid with a mask, used as input for
the smooth-lens modelling (left panel), and the final reconstructed smooth-
lens model of the lensed source emission (right panel). Bottom row : the
reconstructed unlensed surface-brightness distribution of the background
galaxy (left panel) and the residual image showing the remaining surface-
brightness fluctuations studied in the course of this work (right panel).
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Table 4.1: Parameter values of the best-fitting smooth lensing-mass
distribution for SDSS J0252+0039 obtained in the U-band (F390W) in
comparison to the values from the I-band (F814W) reconstruction by
Vegetti et al. (2014). Following Vegetti & Koopmans (2009a), the
gravitational potential of the lensing galaxy was modelled as a power-
law elliptical mass distribution with the following set of free parameters:
the lens strength b, the position angle θ (with respect to the original
telescope rotation), the axis ratio q, the slope of the projected lensing mass
density γ, the external shear strength Γ and its position angle Γθ. In both
bands, the reconstruction was carried out using the adaptive gradient source
regularization and casting back each pixel (n = 1).

Filter b′′ θ [deg.] q γ Γ Γθ [deg.]

F390W 0.996 150.1 0.978 2.066 -0.015 81.4
F814W 1.022 26.2 0.943 2.047 0.009 101.8

However, despite a remarkably good agreement between the observed
lensed images I(x ) and the reconstructed smooth-lens model of the lensed
emission I0(x ), the obtained source reconstruction turns out to be under-
regularised – all surface-brightness fluctuations present in the lensed images
and even part of the noise have been “absorbed” in the source structure.
As can be seen in Fig. 4.6, the power spectrum of the residual surface-
brightness fluctuations (measured and discussed in Section 4.5) remaining
in the lensed images after subtraction of the best-fitting smooth-lens
model with n = 1 lies below the noise-power spectrum (estimated and
discussed in Section 4.6) for both adaptive and non-adaptive source-grid
regularisation. From this revealed overfitting we conclude that if the
smooth-lens modelling of SDSS J0252+0039 in the U-band is carried out
with the highest resolution (i.e. by casting back each pixel from the lens
plane to the source plane; n = 1) and the chosen relatively tight mask, the
inversion problem to be solved is under-constrained and degenerate. Such
a degeneracy between the surface-brightness perturbations due to density
fluctuations in the lens, on the one hand, and the intrinsic structure in the
source galaxy, on the other hand, bears the possibility for the smooth-lens
modelling algorithm to incorrectly attribute the residual surface-brightness
fluctuations caused by density inhomogeneities in the lensing mass of the
foreground galaxy to spurious intrinsic structure in the surface-brightness of
the background-source galaxy. Due to the enhanced intrinsic source-galaxy
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structure observable in the U-band, this problem is much more severe in
our analysis of the F390W-data than it was the case for the I-band data
previously modelled by Vegetti et al. (2014). Whereas the degeneracy is
less problematic when trying to identify individual sub-haloes with masses
above the detection limit as in Vegetti et al. (2014), alleviating it is a key
issue in our statistical analysis of the entire population of lower-mass density
fluctuations.

Modelling a simulated lens system has the advantage that both the true
unlensed surface-brightness distribution of the mock background source and
the perturbing mass-density fluctuations in the mock lens galaxy are known.
Our tests, discussed in Section 4.7, suggest that the degeneracy becomes
less severe when the smooth lens-modelling is performed with higher values
of n (lower source-grid resolution of the reconstruction). As can be seen
from Fig. 4.8, lowering the resolution of the mock source reconstruction
allows us to successfully suppress the fitting of spurious source structure
and alleviate the degeneracy between the hypothetical density fluctuations
in the lens and the intrinsic structure in the source galaxy.

As a further complication, the reconstructed surface-brightness distribu-
tion of the background source depends on the particular choice of the mask
encompassing all the pixels taken into account in the smooth-lens modelling
procedure, see Fig. 4.6. In this case, the outcome of the modelling cannot
be compared in terms of the Bayesian evidence, since models with different
masks need to be considered as based on different datasets. Our tests
with different mask sizes used for the smooth-lens modelling of the studied
lens system indicate that increasing the size of the mask, in combination
with a high non-adaptive source-grid regularisation, is a good alternative
to lowering the source-grid resolution (increasing n) when dealing with
an overfitting of the source reconstruction. From Fig. 4.6 it is apparent
that these two options lead to very similar results for the investigated
power spectrum of the residual surface-brightness fluctuations. The small
difference between these power spectra in the lowest analysed k-bin does
not affect our final results (exclusion probabilities for the considered matter-
power spectrum models) significantly, as proved in a performed test.

Hence, taking the computational speed of our method into considera-
tion, we continue our study based on the (more conservative) smooth-lens
model with the original smaller mask and a lower source-grid resolution
(n = 3, i.e. casting back only one pixel out of each contiguous 3 × 3-
pixel area), while keeping fixed the previously obtained parameter values
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of the best-fitting smooth lensing-mass distribution. The particular choice
of n = 3 is motivated by the results of our simulations carried out for the
mock lens system mimicking SDSS J0252+0039, discussed in Section 4.7.

4.5 Power spectrum of the residual surface-brightness
fluctuations

After obtaining the smooth-lens model of the investigated lens system, the
reconstructed unlensed surface-brightness distribution of its background
galaxy S(y) is lensed again by the best-fitting smoothly-varying lensing-
mass distribution, as demonstrated in Fig. 4.4. The resulting smooth-lens
model of the lensed emission I0(x ), which would be observed if the lensing-
mass distribution was indeed smooth, is removed from the observed data
to uncover residual surface-brightness fluctuations, possibly indicating a
discrepancy between the true and the assumed smooth (PEMD) lensing-
mass distribution. As can be seen from Fig. 4.4, the residual image of SDSS
J0252+0039 from the chosen lower-resolution smooth-lens modelling with
n = 3 exhibits significant residual surface-brightness fluctuations above the
noise level (see Fig. 4.5 for the signal-to-noise ratio image) that are now
subject of a further statistical analysis.

In order to quantify these surface-brightness fluctuations, remaining in
the lensed images of the analysed lens system after the lens-galaxy sub-
traction and the smooth-lens modelling, we determine the one-dimensional
azimuthally-averaged power spectrum of the residual image within the mask
covering the lensed images (initially created for the lens-galaxy subtraction,
as shown in Fig. 4.3). To achieve this, we set the flux values of the pixels
located outside the mask to zero and use the Python package numpy.fft
1 to compute the two-dimensional discrete Fourier transform (DFT) of
the masked residual image. Based on this Fourier-transformed residual
image, we calculate the corresponding two-dimensional power spectrum
as the squared magnitude of the (complex-valued) Fourier coefficients
assigned to each pixel. Finally, assuming isotropy of the underlying
potential perturbations δψ(x ), we average these two-dimensional power-
spectrum values along a set of ten equidistant concentric annuli covering the
full Fourier-transformed image and spanning the perturbation-wavenumber
range between kmin = 0.88 and kmax = 16.79 arcsec−1 (corresponding to the

1https://docs.scipy.org/doc/numpy/reference/routines.fft.html
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Figure 4.5: The signal-to-noise ratio of the residual surface-brightness
fluctuations remaining in the lensed images of SDSS J0252+0039 after
subtraction of the smooth-lens model with source-grid resolution n = 3
(casting back one pixel out of each contiguous 3× 3-pixel area).

wavelength range between λmin = 0.06 and λmax = 1.13 arcsec or, expressed
in physical units, between λmin = 0.22 and λmax = 4.65 kpc at the redshift
of the lens galaxy zl = 0.280). The resulting one-dimensional azimuthally-
averaged power spectrum of the residual surface-brightness fluctuations
PδI(k) revealed in the lensed images of SDSS J0252+0039 as a function
of the perturbation wavenumber k (measured in arcsec−1) is presented in
Fig. 4.6.

The residual surface-brightness fluctuations remaining in the lensed
images after the smooth-lens modelling can possibly be explained by three
independent phenomena. First, they could be traced back to a possible
deviation of the real lensing-mass distribution from the reconstructed
best-fitting PEMD model, which we intend to study and refer to as
surface-brightness anomalies. Second, they might be caused by systematic
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Figure 4.6: Power spectrum of the residual surface-brightness fluctuations
in the lensed images of SDSS J0252+0039 after the smooth-lens modelling
with the highest source-grid resolution (n = 1: constraining the source
by casting back each pixel from the lens plane to the source plane using
an adaptive (magenta line) or a non-adaptive (yellow line) source-grid
regularisation) and with a lower source-grid resolution chosen for our
analysis (n = 3: casting back only one pixel out of each contiguous
3 × 3-pixel area; blue line), the sky-background noise-power spectrum
estimated based on a sample of twenty selected empty-sky regions located
in the proximity to the lens (black line) and the estimated total noise-
power spectrum in the analysed science image including the flux-dependent
photon-shot (Poisson) noise (green line). The red line shows the effect of
using a larger mask combined with n = 1 and a non-adaptive source-grid
regularisation.
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model errors, such as uncertainties in the PSF model of the telescope
optics or possible intrinsic structure in the lensed source, not recovered
in the lens-modelling procedure due to the over-regularisation of the
source reconstruction when casting back only one pixel out of each
contiguous 3× 3-pixel area (n = 3). Third, the residual surface-brightness
fluctuations can be partially attributed to the observational noise present
in the analysed image. Thus, in order to constrain the surface-brightness
anomalies resulting solely from the density fluctuations in the lensing mass
distribution, it is crucial to investigate the possible systematic model errors
(see Sections 4.4 and 4.7) and separate the effect of observational noise (see
Section 4.6). In the next section, we discuss how the noise contribution is
estimated and corrected for based on power spectra of selected (modified)
empty-sky cutouts from the original full-sky image, located in proximity to
the studied lens system.

4.6 Noise-power spectrum

With the aim to characterise the noise properties in the observed HST
image of SDSS J0252+0039, we create a sample of 20 selected empty-sky
regions located in proximity to the studied lens system, with the same size
as the science image analysed in this chapter (121 by 121 pixels). The first
rough estimate of the noise level is given by the standard deviation of the
flux values in this empty-sky sample: σsky = 0.002 e− sec−1. However, this
estimate does not take into account the photon-shot (Poisson-distributed)
noise, which depends on the number of detected photons and consequently
varies from pixel to pixel in our observed image.

A more precise description of noise properties, including both the sky-
background and the photon-shot noise, is provided by the noise-sigma map,
which quantifies the standard deviation of noise for each pixel separately.
Considering that the Poisson variance of the photon counts is to a good
approximation equal to the measured number of photons and the raw
HST images of the lens are drizzle-combined using an inverse-variance map
weighting, we construct the noise-sigma map for our drizzled HST science
image according to the following formula:

σn =
√
N/W + σ2

sky, (4.5)

where N is the number of photo-electrons per second detected in a
particular pixel (after the sky-background subtraction) and W is the weight
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Figure 4.7: Noise correction: the power spectrum of the residual surface-
brightness fluctuations in the lensed images of SDSS J0252+0039 after
the smooth-lens modelling carried out casting back one pixel out of each
contiguous 3 × 3-pixel area (n = 3) (blue line), the estimated total noise-
power spectrum (green line), and the difference between them - the upper
limit to the surface-brightness anomalies due to mass structure in the
lensing galaxy (red line).

of this pixel taken from the weight map of our image provided by the
drizzling pipeline. This noise-sigma map is also used in the smooth-
lens modelling procedure, presented in Section 4.4, to account for noise
fluctuations in the modelled lensed images. Since the Poisson noise
approaches Gaussian noise for large number counts, as is the case for the
studied image, in the remaining part of our analysis we approximate the
photon-shot noise by an additive Gaussian noise N (0, σ2

n) with a variance
σ2
n adapted to the flux value in a particular pixel.

However, due to noise correlations in the drizzled HST/WFC3/F390W
images, the noise correction of the investigated residual surface-brightness
fluctuations requires an even more extended approach than just considering
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the noise-sigma map. In order to quantify the noise-correlation pattern
induced in the analysed science image by the drizzling procedure and the
CTI of the HST/WFC3/UVIS-CCDs, we select a sample of 20 empty-
sky regions located in the proximity to the analysed lens and determine
the average power spectrum in this sample. We account for the flux-
dependent photon-shot (Poisson) noise present in the observed image of
the lens by generating a modified version of these empty-sky regions: each
of the 20 images is divided by the standard deviation of its flux values
(in order to transform the data into the standard normal distribution) and
multiplied by the noise-sigma map of the studied science image. These
modified sky-background realisations account for both the realistic noise-
correlation pattern of the drizzled HST/WFC3/F390W images and the
specific spatially-varying flux-dependent photon-shot noise in the particular
analysed science image. For consistency reasons, before calculating the
noise-power spectra, the noise realisations are overlaid with the same mask
as the one used to calculate the power spectrum of the residual surface-
brightness fluctuations (described in Section 4.5). In what follows, the
average power spectrum measured in this generated sample of modified
empty-sky cutouts (Fig. 4.6) is used as our best estimate for the total
noise-power spectrum in the analysed image of the studied lens system.

A comparison of the power spectrum of the residual surface-brightness
fluctuations revealed in the lensed images of SDSS J0252+0039 with the
estimated total noise-power spectrum shows that the measured surface-
brightness fluctuations reach the noise level for the highest considered k-
values (corresponding to scales below three pixels), which indicates that
no surface-brightness anomalies have been detected on these scales (see
Fig. 4.6). For this reason, in our further analysis we take into account
only the five lowest k-bins, corresponding to scales above three pixels,
for which the measured power spectrum of the residual surface-brightness
fluctuations significantly exceeds the noise level. The further considered
k-bins span the perturbation wave-number range between kmin = 0.88
and kmax = 7.95 arcsec−1 or, alternatively, the wavelength range between
λmin = 0.13 and λmax = 1.13 arcsec, corresponding to the physical scale
range between λmin = 0.52 and λmax = 4.65 kpc at the redshift of the
lens galaxy. Performing the analysis on scales above three pixels together
with our choice of n = 3 in the smooth-lens modelling procedure allows
us to neglect the effects of the PSF (with FWHM = 0.07 arcsec), the flux
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correlations in adjacent pixels due to drizzling and the possible residual
errors in the source-light modelling.

Finally, we use this estimated total noise-power spectrum to perform the
noise correction of the residual surface-brightness fluctuations measured
within the chosen wave-number range assuming that the observational
noise and the potential fluctuations δψ, perturbing the smooth lensing
potential, are independent stochastic processes. Consequently, we consider
the corresponding power spectra to be additive, which allows us to subtract
the estimated noise-power spectrum from the power spectrum of the total
residual surface-brightness fluctuations measured in the observed HST
image (see Fig. 4.7 for the result). The difference of these two power
spectra constitutes our best estimate of the noise-corrected residual surface-
brightness fluctuations and is treated in our further analysis as an upper
limit to the power spectrum of the surface-brightness anomalies PδI(k)
arising in the lensed images due to density fluctuations in the lensing-mass
distribution.

4.7 Performance test with a realistic mock lens

Having uncovered the residual surface-brightness fluctuations δI(x ) (re-
maining in the lensed images after the lens-galaxy subtraction, the smooth-
lens modelling and the noise correction) and quantified their statistical
properties in terms of the azimuthally-averaged power spectrum PδI(k),
we subsequently test the performance of our observational approach in
recovering known surface-brightness anomalies from a mock HST-like image
mimicking the real observations of the studied lens system.

The test mock-lens image is created based on the best-fitting smooth-
lens model discussed in Section 4.4 – the reconstructed surface-brightness
distribution S(y) of the background source galaxy is lensed by the best-
fitting smooth lensing potential ψ0(x ) of the foreground lens galaxy
perturbed with a superposed realisation of Gaussian potential fluctuations
δψGRF(x ). The GRF-potential perturbations δψGRF(x ) are generated
from the power-law power spectrum (See Eq. 3.21) with the variance
σ2
δψ = 4 × 10−4 and the power-law slope β = 4, chosen such that the

power spectrum of the resulting surface-brightness anomalies in the lensed
images resembles the residuals revealed in the real system. In order to
account for observational effects, we convolve the lensed source emission
with the Tiny-Tim PSF of the HST/WFC3/F390W optics and add a mock-
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noise realisation to the resulting image. For simplicity, this overlaid noise
realisation is generated based solely on the noise-sigma map, described in
Section 4.6, and does not incorporate the noise correlations found in the
cutouts of empty sky from the observed HST/WFC3/F390W full-sky image.
This simplifying assumption is justified by the low level of noise compared to
the measured residual surface-brightness fluctuations. In a future analysis
of further lens systems we will incorporate the noise correlation into the
performance test.

For such a mock-lens system with a known potential-perturbation field
δψGRF(x ), full information is given about the power spectrum of the
surface-brightness anomalies caused by δψGRF(x ), the superposed noise
realisation and the residual surface-brightness fluctuations due to the
combination of these two effects (Fig. 4.8). This knowledge can be used
to test the performance of the smooth-lens modelling code in recovering
the known true power spectrum of surface-brightness anomalies induced by
the perturbing potential fluctuations δψGRF(x ) and fine-tune the choice of
parameter values controlling the numerical algorithm. Here, we present the
relevant results allowing us to determine the optimal number of pixels n
cast back from the lens plane to the source plane when using the previously
chosen mask (depicted in Fig. 4.3) and the adaptive source regularisation.

With this aim, we use the methodology applied in Sections 4.4 and 4.5
to the observed data and perform the smooth-lens modelling of the mock
lensed images for different values of n = 1, 2, 3, 4 to determine the resulting
power spectra of the residual surface-brightness fluctuations. The smooth-
lens modelling is carried out without re-optimising for the parameter values
describing the smooth lensing potential. Hence, in this test we assume
that the smooth lensing potential can be recovered accurately and focus on
investigating the degeneracy between the perturbing mass structure in the
lens and the small-scale surface-brightness fluctuations in the source galaxy
itself. From Fig. 4.8 it can be seen that the power spectrum of the residual
image from the smooth-lens modelling lies significantly below the noise level
when each pixel is cast back from the lens plane to the source plane (n = 1;
the highest resolution). As in the analysis of the real system, this overfitting
can be explained by a partial absorption of the surface-brightness anomalies
and the observational noise in the source structure.

While the underlying degeneracy between the potential perturbations
in the lens and the intrinsic structure in the source is less problematic
when trying to identify individual sub-haloes with masses above the
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Figure 4.8: Performance test with a mock lens system mimicking SDSS
J0252+0039. In order to test the performance of the smooth-modelling
code in recovering possible surface-brightness anomalies present in the
lensed images, we create a mock lens system by perturbing the best-fitting
smooth lensing potential with GRF-potential fluctuations characterised
by the power-law power spectrum Pδψ(k) ∝ σ2

δψ × k−β with variance

σ2
δψ = 4 × 10−4 and slope β = 4. The observational noise is mimicked

by an overlaid white noise realisation (black line). The plot shows the
one-dimensional azimuthally-averaged power spectrum of the true surface-
brightness anomalies arising from the superposed potential perturbations
δψ(x ) (blue line), the power spectrum of these surface-brightness anomalies
combined with the overlaid white noise realisation (true residual surface-
brightness fluctuations, red line) and the power spectra of the residual
surface-brightness fluctuations recovered from the mock perturbed lensed
images in the smooth-modelling procedure with different source-grid
resolutions (number of pixels cast back) n = 1, 2, 3, 4 without optimising
for the parameter values of the smooth lensing potential (green lines from
bottom to top).
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detection limit as in Vegetti et al. (2014), this issue requires a more careful
consideration in our power-spectrum analysis. As is apparent from Fig. 4.8,
this degeneracy can be alleviated by lowering the source-grid resolution
(choosing higher n-values), which leads to a better agreement between
the reconstruction and the true power spectrum of the induced mock
surface-brightness anomalies. A comparison of the residual power spectra
corresponding to n = 3 and n = 4 (Fig. 4.8) suggests that convergence is
reached for n = 3 and lowering the source resolution even further does not
allow us to suppress this effect thoroughly (but would lead to a considerably
less accurate source model) – the absorption of the potential fluctuations
in the source structure still remains present on the smallest considered
k-scales. We continue our analysis without excluding these small k-scales,
which does not affect our final results significantly, as proved in a performed
test.

All in all, based on the results of the above test with a realistic mock
lens, we conclude that our approach allows us to recover the power spectrum
of surface-brightness anomalies induced by the superposed known potential
perturbations in the lens, when choosing the n = 3 resolution mode as
the most suitable for our analysis. However, since the test is based on
the previously reconstructed unlensed surface-brightness distribution of the
source galaxy, which by construction can be easily modelled using the same
smooth-lens modelling code, in what follows we still conservatively treat
the recovered power spectrum as an upper limit to the effect caused solely
by the potential fluctuations in the lens galaxy.

4.8 Template of mock perturbed lensed images

Assuming that the presented observational approach allows us to uncover
and statistically quantify possible surface-brightness anomalies in the
lensed images of the studied lens system (in terms of an upper limit), as
demonstrated by the performance test in Section 4.7, in this section we
create a set of realistic mock lensed images mimicking SDSS J0252+0039
for a systematic comparison with the observed data. To achieve this, we
perturb the best-fitting smooth lensing potential of the studied lens system
(see Table 4.1) with realisations of mock potential perturbations δψGRF(x )
from the associated GRF-power spectrum Pδψ(k;σ2

δψ, β) (See Eq. 3.21),
repeat the lensing operation of the reconstructed unlensed background-
source galaxy and examine the resulting gravitational signatures imprinted
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on the lensed images by the superposed Gaussian potential fluctuations for
the entire range of σ2

δψ and β.

The starting point of this procedure is the unperturbed smooth-lens
model of the lensed emission I0(x ), shown in the top panel of Fig. 4.9,
comparable to the smooth-lens model reconstructed in Section 4.4 for our
final choice of n = 3 and an adaptive regularisation. In order to simulate
the observable surface-brightness anomalies induced in these smoothly
lensed images as a result of the hypothetical GRF-potential perturbations
δψGRF(x ) in the lens, we generate pixelated realisations of such Gaussian
fluctuations δψGRF(x ) from the corresponding power-law power spectrum
Pδψ(k;σ2

δψ, β) (Eq. 3.21) and superimpose them on the original best-
fitting smooth lensing potential ψ0(x ). Performing the lensing operation
of the pixelated background-source galaxy S(y) with such a perturbed
lensing potential ψ0(x ) + δψGRF(x ) enables us to create the corresponding
mock perturbed lensed images that can be subsequently compared to the
observed data. Fig. 4.9 shows three examples of such mock perturbed
lensed images mimicking SDSS J0252+0039, for different values of σ2

δψ

and β, together with the underlying realisations of the GRF-potential
perturbations δψGRF(x ) and the corresponding convergence-perturbation
field δκGRF(x ), causing the visible surface-brightness anomalies in the
lensed images. Based on the performance test discussed in Section 4.7
(see Fig. 4.8), we can assume that, if the mock lensed images were actually
observed, our methodology would allow us to successfully recover these
surface-brightness anomalies present in the considered k-range.

Following the methodology applied to the observed lensed images in
Sections 4.4 and 4.5, we subsequently subtract the unperturbed smoothly-
lensed images from the generated mock perturbed lensed images of
the background-source galaxy and quantify the resulting mock surface-
brightness anomalies in terms of the one-dimensional azimuthally-averaged
power spectrum. For consistency reasons, we calculate the power spectrum
of the mock surface-brightness anomalies within the same mask and using
the same set of ten bins for the azimuthal averaging as for the observed
lensed images. Furthermore, in order to improve statistical properties of our
results and reduce the sample variance, we perform our analysis based on a
sample with ten different realisations of potential perturbations δψGRF(x )
from each underlying GRF-power spectrum, uniquely specified by the choice
of the variance σ2

δψ and the power-law power-spectrum slope β. For each of
these single realisations, we generate the resulting mock perturbed lensed
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IGRF (x) δψGRF (x) δκGRF (x)

Figure 4.9: Observable simulated perturbations in the lensed emission
of the background-source galaxy in SDSS J0252+0039 induced by mock
realisations of GRF perturbations δψGRF(x ) superposed on the best-fitting
smoothly-varying lensing potential ψ0(x ). Left column: the generated
mock smooth lens mimicking the studied lens system (upper panel) and
three examples of mock lensed images perturbed with GRF potential
perturbations characterised by the power-law power spectrum with σ2

δψ =
2.154 × 10−5 and β = 5.5, σ2

δψ = 2.783 × 10−4 and β = 4.25 as well as

with σ2
δψ = 10−3 and β = 3, respectively (from top to bottom). A realistic

noise realisation (an empty-sky cutout corrected for photon-shot noise) is
overlaid on the simulated lensed images for visualisation purposes. Middle
column: the underlying realisations of the GRF-potential perturbations
δψGRF(x ). Right column: the corresponding realisations of the convergence
perturbations δκGRF(x ) = 1

2∇
2δψGRF(x ).
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Figure 4.10: Mock power spectra of surface-brightness anomalies in the
lensed images. The power spectrum of surface-brightness anomalies
revealed in the lensed images of SDSS J0252+0039 (after the lens-galaxy
subtraction, smooth-lens modelling and noise correction) (red line) is
overlaid on a subset of the created library containing mock power spectra of
surface-brightness anomalies arising from GRF perturbations to the best-
fitting smooth lensing potential. Each considered combination of variance
σ2
δψ and slope β, uniquely characterising the power-law power spectrum

Pδψ(k) ∝ σ2
δψ × k−β of the GRF-potential perturbations in the lens, is

mapped onto the corresponding power spectrum of the arising surface-
brightness anomalies in the lensed images. For simplicity, only 9 out of
10.000 computed mock power spectra are presented.
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images and determine the power spectrum of the induced mock surface-
brightness anomalies. The sample average of these power spectra resulting
from perturbing the lensing potential with a particular underlying GRF
constitutes our best estimate for the statistical properties of the induced
surface-brightness anomalies.

For a systematic investigation of the relation between the power
spectrum of the hypothetical GRF-potential perturbations Pδψ(k) in the
lens and the power spectrum of the resulting observable surface-brightness
anomalies PδI(k) in the lensed images, we create a grid containing 100×100
different combinations of β and σ2

δψ. The test interval for the power-law
slope β consists of 100 equidistant values in the interval [3, 8], whereas
the variance of the perturbing GRF fluctuations σ2

δψ within the studied
image is varied by obtaining 100 points evenly spaced in the logarithmic
range [10−6, 10−1]. By repeating the above procedure for each point
in this parameter space (referred to as a matter power-spectrum model
Pδψ(σ2

δψ, β, k)), we obtain a library containing 10.000 mock power spectra
of observable surface-brightness anomalies that would be measured in
the lensed images of SDSS J0252+0039 if the underlying hypothetical
GRF-potential perturbations δψGRF(x ) were characterised by a particular
combination of values for β and σ2

δψ (see the example of nine such mock
power spectra overlaid on the real measurement in Fig. 4.10). In Bayer
et al. (2018), we compare these generated mock power spectra to our real
measurement and determine the resulting exclusion probability for each
considered matter power-spectrum model.

4.9 Summary and conclusions

Constraining the matter-power spectrum on 1-10 kpc-scales would make it
possible to distinguish between various alternative dark-matter models and
different galaxy-formation scenarios within the concordance ΛCDM model
which predict significantly different levels of mass structure on sub-galactic
scales. In the paper Bayer et al. (2018), we have demonstrated a novel
approach allowing us to observationally constrain the statistical nature
of inhomogeneities (i.e. deviations from the smooth elliptical power-law
density model with external shear) in the total projected mass distribution
of (massive elliptical) lens galaxies from the measured power spectrum of
the associated surface-brightness anomalies, observable in highly magnified
galaxy-scale Einstein rings and gravitational arcs.
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Following the theoretical framework developed in chapter 3 (see Chat-
terjee & Koopmans 2018) and as demonstrated in Sec. 4.7 and 4.8, we
model such inhomogeneities as Gaussian-Random-Field (GRF) potential
perturbations, uniquely characterised by their variance σ2

δψ and the slope β

of the associated power-law power spectrum Pδψ(σ2
δψ, β, k). We considered a

particular combination of these two parameters as a matter power-spectrum
model and inferred the exclusion probabilities for a set of such models, given
the imaging data of the studied lens system. Finally, to allow for comparison
with theoretical predictions, we translated these results into constraints on
the corresponding dimensionless convergence-power spectrum ∆2

δκ(k).
The pilot application of the presented methodology (see Bayer et al.

(2018) for details) to the SLACS lens system SDSS J0252+0039 leads us
with the following conclusions:

1. We rule out (with the exclusion probability of at least 99 per cent,
depending on the slope of the associated power spectrum) GRF-
potential perturbations δψGRF(x ) with variance σ2

δψ exceeding ∼
10−2.5 in the analysed field-of-view (with the length L ≈ 20 kpc on a
side at the redshift of the lens galaxy).

2. We find that the crucial quantity determining the level of surface-
brightness anomalies in the perturbed lensed images and, thus, the
probability of the matter power-spectrum model exclusion, is the
variance in the differential deflection angle σ2

δα (in the analysed
field-of-view) resulting from the underlying perturbing potential
fluctuations δψGRF(x ). Thus, the exclusion probability seems to be
almost insensitive to the slope β of the deflection-power spectrum
Pδα(k), i.e. the distribution of the total variance in the deflection
angle over the different length scales. Based on our analysis for SDSS
J0252+0039, a matter power-spectrum model is excluded (with 99 per
cent probability) if the variance of the resulting differential deflection
field in the studied field-of-view σ2

δα > 6× 10−3, independently of the
slope β. This insight is valuable for our future analysis of further
galaxy-scale lens systems, that might be carried out by perturbing
the deflection angle α(x ) instead of the lensing potential ψ(x ). The
threshold value itself, however, might vary for different lens systems
and depend on the chosen field-of-view.
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3. In order to make our results less dependent on the chosen field-
of-view, we infer the corresponding constraints on the dimension-
less convergence-power spectrum ∆2

δκ(λ) on three different sub-
galactic scales and rule out matter power-spectrum models with
∆2
δκ(0.5 kpc) > 1 on 0.5-kpc scale, ∆2

δκ(1 kpc) > 0.1 on 1-kpc scale
and ∆2

δκ(3 kpc) > 0.01 on 3-kpc scale (at the 99 per cent confidence
level).

4. The above constraints on the dimensionless convergence-power spec-
trum ∆2

δκ(λ) can be interpreted in terms of the standard deviation of

the total convergence perturbation σδκ(λ) ≡
√

∆2
δκ(λ) in an infinitely

large sample of circular regions with an aperture diameter equal to
the considered scale λ, randomly chosen in proximity of the Einstein
radius. For the lensing-mass distribution of SDSS J0252+0039 we
infer the following upper-limit constraints on this standard deviation:
σδκ(0.5 kpc) < 1 on 0.5-kpc scale, σδκ(1 kpc) < 0.3 on 1-kpc scale
and σδκ(3 kpc) < 0.1 on 3-kpc scale (at the 99 per cent confidence
level).

5. Alternatively, these constraints can be translated into the following
upper limits on the standard deviation σAM (λ) in the aperture mass
(total integrated mass of the corresponding convergence perturbation
σδκ(λ) within a cylinder of diameter λ projected onto the lens
plane) due to the hypothetical Gaussian density fluctuations in the
inner region of the lens galaxy SDSS J0252+0039: σAM (0.5 kpc) <
0.8 × 108M� inside the circular aperture of diameter λ = 0.5 kpc,
σAM (1 kpc) < 1 × 108M� for the aperture diameter λ = 1 kpc and
σAM (3 kpc) < 3×108M� for λ = 3 kpc (at the 99 per cent confidence
level).

Statement of authorship and contributions

The text of this chapter is heavily based on Bayer et al. (2018) except
some necessary rephrasing in places to embed it within the context and the
structure of this thesis. My contribution in this research are,

1. development of the mathematical framework, the theory and assump-
tions behind the power-spectrum approach;
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2. simulation of the template of mock lensed images incorporating the
observational artefacts such as PSF, noise;

3. estimation of their corresponding surface-brightness residual power-
spectrum,

which, aided in computing the probability of exclusion in the parameter
space (σ2

δψ, β), being the main conclusion of this work. I have significantly
contributed to the research of the resulting publication and the codes
to generate the mock lenses, GRF perturbations and to compute power-
spectrum are written by me and will be made public via an online repository.





Chapter 5
Systematically testing Bayesian
adaptive grid-based lens modelling:
SDSS J0946+1006

— Chatterjee S., Vernardos G., Koopmans L. V. E., Bayer D. —

To be submitted to MNRAS



102 Chapter 5. Analysis of lens-modelling systematics: SDSS J0946+1006

Abstract

In a recent paper by Bayer et al. (2018), it was shown that grid-based source
modelling of gravitational lenses suffers from strong degeneracies between
the source model and the lens-potential model. To investigate this effect
in more detail, we assess biases and degeneracies in adaptive grid-based
lens modelling of the source and lens potential of the SLACS gravitational
lens SDSS J0946+1006. We do this through a power spectrum analysis
of the surface brightness residuals of nearly identical mock lenses. We
generate mock perturbed lenses by adding potential fluctuations, described
by a Gaussian random field, and reconstruct the source and lens with
different combinations of model assumptions. Our results show that the
Bayesian grid-based lens modelling is essentially independent of the choice
of mask and the type of regularisation. However, the choice of the number
of vertices, with which the source is described, has a significant impact,
independent of the above two settings, where using more source vertices
leads to a more substantial degeneracy. The analysis also quantitatively
shows that the degeneracy between the source and the lens model affects the
source on all scales, whereas the smooth lens model mostly affects the large
scales in the power spectrum of the image residuals. From this analysis,
we obtain the optimal combination of parameters of the Bayesian grid-
based lens modelling methodology. We plan to use these in measuring new
observational constraints on the mass power spectrum of the lens galaxy,
using the surface brightness anomalies obtained from the lens system SDSS
J0946+1006.
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5.1 Introduction

While modelling the galaxy-galaxy strong lens system SDSS J0252+0039,
in Chapter 4 (see Section 4.4), we briefly discussed the degeneracies in
Bayesian adaptive grid-based lens modelling (see also Vegetti & Koopmans
2009a,b, Bayer et al. 2018). During the lens modelling, the surface
brightness fluctuations induced in the lensed images by small perturbations
of the lens potential can be suppressed by ‘absorption’ of these anomalies
into the source brightness model and the smooth lens model. The resulting
level of suppression of these anomalies largely depends on how many vertices
are being used to describe the source model, which in turn depends on the
number of rays being cast back from the image to the source plane from
which the adaptive grid is built. We also observed that if we cast back every
single pixel of the image plane to build the source model (i.e., the n = 1
case), the power spectrum of the image residuals after modelling can drop
below the noise level. This result indicates that models obtained from the
grid-based adaptive Bayesian lens modelling can potentially be biased and
that the noise, in this case, is treated as part of the image surface brightness.
In Chapter 4 where the main aim was to give an upper limit on the
power-spectrum parameters of gravitational lensing potential fluctuations
(δψ), using the Hubble Space Telescope (HST ) data of the SLACS lens
system SDSS J0252+0039 – we did not conduct a systematic analysis of
dependencies and degeneracies of the adaptive grid-based Bayesian source
and lens modelling framework. This chapter aims to remedy this for the
double source-plane lens SDSS J0946+1006 (see Fig. 5.1) and to explore
these degeneracies quantitatively.

Our approach is outlined as follows. We first shortly describe the
Bayesian grid-based lens modelling technique that was developed by
Koopmans (2005) and Vegetti & Koopmans (2009a) in Section 5.2. Using
a similar, but new lens modelling implementation (Vernardos et al., in
preparation), we begin Section 5.3 by describing the lens modelling of the
HST data of SDSS J0946+10061 for the n = 1, 2, 3, 4 cases (i.e., a decreasing
number rays being cast back to the source plane to build the source model; a
larger value of n implies a lower source-model resolution), and subsequently
present the grid-based source model, the smooth lens model and the surface
brightness residuals in the image plane after modelling. These models
are built to obtain a smooth model for the source and the lens, closely

1For details on the data and data processing, see Bayer et al. (in preparation).
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mimicking the SDSS J0946+1006 lens system. This model is then defined
as the ’ground truth’ in subsequent tests. For all these four cases of n, we
use an adaptive curvature regularisation, which was shown the provide the
least biased results in previous studies.

In Section 5.4, we discuss the creation of the mock perturbed lenses
using the source and lens model obtained for n = 1 case as discussed above
(the smooth lens model parameters are presented in Section 5.3). In all
following analyses, this case is denoted as the “standard” reconstructed
smooth model and used in the comparative power-spectrum analysis (i.e.,
the expectation from an unbiased estimator should reconstruct this model).
We then add Gaussian Random Field (GRF) fluctuations to the above
mentioned smooth lens potential, statistically described by a two-parameter
power-law profile power spectrum (see Eq. 3.21). We limit our analysis to
one value of the power-law index (β = 4) and three different σ2

fluct values
corresponding to the variance of the GRF. In future analyses, the range of
models will be further expanded.

We optimise for the lens model parameters and the source models for
each of these mock perturbed lenses. We compare the resulting power
spectrum of the surface brightness residuals in the image plane with
the ground truth, to examine the impact of (i) different types of source
regularizations (curvature, identity and covariance), (ii) a data mask in the
source reconstruction, and (iii) keeping the smooth-lens model parameters
fixed to the truth. Our conclusions are based on the results for three
combinations of GRF parameters (σ2

fluct = 10−3, β = 4), (σ2
fluct = 10−4, β =

4 and σ2
fluct = 10−5, β = 4). The analysis provides valuable information

on the choice of the best combination of parameters to model the double
source-plane lens system SDSS J0946+1006, and also on the degeneracies
that exist between the lens model potential and the source model. This
analysis is of central importance to interpret the forthcoming analysis of
the observed lens system.

5.2 Grid based lens modelling

In this section, we review the framework of Bayesian grid-based lens mod-
elling. The description below is based on the lectures notes from a strong
lensing school at Cargése, Corsica (Koopmans, private communication).
The description below assumes a regular grid in the source plane, rather
than an adaptive grid as in Vegetti & Koopmans (2009a); Koopmans (2005).
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The difference in the mathematical framework, however, is only in the
chosen source description and for the rest the equations are identical in
both cases. The technique is based on the principle of surface-brightness
conservation between the source plane and the lens plane:

s(y) = d(x), (5.1)

where y and x are coordinate points in the source plane and the lens plane,
respectively. The lens equation maps the points from the image plane to
the source plane in the following way

y(x) = x−∇ψ(x). (5.2)

We call d(x) our data (observed), and we assume that the source s(y)
(unknown) can be described in terms of a set of surface brightness values
on a finite grid as follows

~sk+l×dimk = ~sk,l = s(~yk,l) = s(y), (5.3)

where k + l × dimk is the element (k, l) in the grid ~yk,l

k = 0 ... (dimk − 1)
l = 0 ... (diml − 1). (5.4)

On the image plane, our observed data set is also defined on a regular grid
of ~xi,j

~di+j×dimi = ~di,j = d(~xi,j) = d(x)
where i = 0 ... (dimi − 1); j = 0 ... (dimj − 1). (5.5)

If we assume a gravitational lens model with a lens potential ψ(~xi,j ; ~p)
described by a finite set of parameters ~p = {p1, ..., pn}, then every image
grid-point ~xi,j , corresponding to the data value di,j , will be mapped on to
the source plane coordinates via the lens equation

~y′i,j = ~xi,j − ~∇ψ(~xi,j ; ~p), (5.6)

where the point ~y′i,j in general does not correspond to any point in the
regular source grid ~yk,l and are delimited by a set of four pixels ~yk+µ,l+ν
with µ = 0− 1 and ν = 0− 1. The corresponding source surface brightness
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value at ~y′i,j given the same at ~yk+µ,l+ν is calculated by interpolation (e.g.
bilinear) scheme, which can be written in compact matrix notation as,

s′i,j = ~l Ti,j~s. (5.7)

From here we construct the lens operator L which gives us a model of the
real data ~d,

~d′ = ~s′ = L(ψ)~s. (5.8)

Taking into account the blurring function B due to PSF, we get

~d′ = BL(ψ)~s. (5.9)

It is not a straightforward task to invert the above equation to get a unique
solution. So, we define a penalty function via the difference between ~d (the
data) and ~d′ (the data model),

χ2(~s, ~p) = [ ~md ◦ (BL(ψ(~p))~s− ~d)]TC−1
n [ ~md ◦ (BL(ψ(~p))~s− ~d)], (5.10)

where md is the mask in the image plane, Cn is the noise correlation matrix
with elements

Cnij = 〈ninj〉 (5.11)

and ◦ is the element-wise Hadamard product. To get an optimal solution
for the source (which is very sensitive to noise), we regularise the source
solution with an additional penalty function as follows

P = χ2(~s, ~p) + λReg(~s), (5.12)

where λ is the regularization parameters that determines the relative
weighting between χ2 and the penalty function Reg(~s). In our framework,
we concentrate mostly on quadratic regularization functions, which means
they can be written in the form: Reg(~s) = ~sT (HTH)~s, where H can be
chosen to describe via finite difference to for example the operators ∇ or
∇2, which are called as gradient and curvature regularizations, respectively.
If H is chosen to be an identity matrix, we call that identity regularization.
In the case of covariance regularization (Vernardos et al. in prep), the
covariance function Cs(r) is defined as follows

Cs(r) = σ2
s e
− r

rs , (5.13)
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where σ2
s is the variance between any two points r1 and r2 in the source

plane, where r = |r2 − r1|, rs is the covariance length of the source. This
represents a source that has a power-law power spectrum with k−4 scaling
with an inner scale set by 1/rs.

So, using the regularization, our penalty function becomes

Pχ2 = [BL(ψ)~s− ~d]TC−1
n [BL(ψ)~s− ~d] + λs[~sTCs

−1~s], (5.14)

where for the sake of clarity we dropped the mask term from the above
equation. Note that σ2

s takes the role of λs here. The mask term can
be absorbed in to the noise covariance. The solution of ~s is found from
minimizing the penalty function

∂Pχ2

∂~s
= ~0. (5.15)

Once the best source model is found and also the best value of the
regularization based on the Bayesian evidence, one can vary the smooth lens
model parameters and the covariance matrix parameters and also optimize
those in a loop around optimizing the source model.

5.3 Gravitational lens modelling of the observed data

In this Section, we present the lens and source model of the HST data of
the SDSS J0946+1006 lens system that we use as an input for the mock
simulations. These source and lens models are used as the starting point of
the tests on the degeneracies and biases in the adaptive grid-based Bayesian
lens modelling. The source and lens models found in this section (for n = 1),
are subsequently adopted as the baseline truth in the analyses presented
in this chapter. The lens is modelled using a softened power-law elliptical
mass distribution (Barkana 1998; Vegetti & Koopmans 2009a; Bayer et al.
2018)

κ(x, y) =
[x2 + q2y2 + s2

E2

]−g
, (5.16)

where q is the axis ratio, s is the core radius, E is the overall normalization
and, g = (γ − 1)/2 where γ is the mass density slope, ρ ∼ r−γ . For
example, γ = 2 in the isothermal mass-model case.

We model the surface brightness fluctuations for four different situa-
tions, as described in Section 5.1,
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Figure 5.1: The HST F814W image of SDSS J0946+1006 gravitational
lens system after galaxy subtraction (left). The noise-sigma map (standard
deviation σn for every individual pixel, see Eq. 4.5) for the drizzled HST
science image (right). Both images have 80 × 80 pixels, where each side
corresponds to 4× 4 arcsec.

• the case of n = 1: by creating the source Delaunay grid from the
source plane positions generated by casting back every single pixel
from the lens plane to the source plane,

• the lower-resolution cases of n = 2, 3, 4: by creating the source grid
by casting back only one pixel out of each contiguous 2× 2, 3× 3 or
4× 4-pixel block, respectively.

For each case, we obtain the Maximum a Posteriori (MAP) estimation of
the source and lens models, as well as the estimate of the image residuals
after subtraction of the best model from the data.

We use a mask while casting back the surface brightness of the pixels
from the lens plane to the source plane in all the four cases of reconstruction.
We use a simulated noise map as described in Section 4.6, which is
fixed for all the four cases of the reconstruction (see Figure 5.1). The
source reconstructions are done in these tests using an adaptive curvature
regularisation. Other regularisation types, such as identity and covariance
regularisation, are used for a comparative study. These are discussed
in Section 5.4. The resulting lens parameters are listed in Table 5.1.
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The corresponding reconstructed sources, smooth models and residuals are
shown in Fig. 5.2.

We have already discussed the over-fitting in Chapter 4 while modelling
the lens system SDSS J0252+0039. This was established via the power
spectrum of the residuals, and we saw that for the n = 1 and n = 2 cases
in almost all k-scales, part of the noise is absorbed in the source model
during the adaptive Bayesian grid-based reconstruction. In Table 5.1 we
see that the reconstructed lens parameters are very similar for n = 1, 2, 3, 4
cases. For increasing values of n, the adaptive source modelling results
in increasingly more power in the residuals. In our subsequent tests on
lens modelling systematics, we consider n = 3 case as our best choice for
source reconstruction. This selection is based on the results of Bayer et al.
(2018), where we found that n = 3 is the best compromise choice to limit
over-fitting the image data and under-fitting the source structure. A more
quantitative analysis of the choice of the value of n is deferred to a future
study.

5.4 Tests on mock perturbed lenses: Results

To perform the tests of the grid-based Bayesian lens and source modelling
framework and to gauge and quantify the level of bias in the model
estimation, we create mock perturbed lenses by adding GRF perturbations
to the smooth lens model. We choose the latter to be the Singular
Isothermal Ellipsoid (SIE) with parameters given in Table 5.2. We select
the parameters corresponding to the mass model of the n = 1 case, which
we found by modelling the SDSS J0946+1006 lens system data presented in
the previous section. We then use the reconstructed source corresponding
to this n = 1 case. We assume a power law for the power spectra of GRF
realisations, as in Chapters 2, 3 and 4. We choose three different levels of
variance of the GRF fluctuations and one value of power law index (see
Section 5.1). The three perturbed lenses and the corresponding “excess”
surface brightness fluctuations, which are treated as their respective ground
truths in subsequent analyses, are shown in Fig. 5.3.
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Figure 5.3: Mock perturbed lensed images (first row) and the excess surface
brightness fluctuations in the image plane that is induced by the GRF
fluctuations, termed as ground truth (second row). The perturbed lenses
are created by using the reconstructed source of n = 1 (Section 5.3) and
a SIE model (Table 5.1), plus GRF potential fluctuations with σ2

fluct =
10−3, 10−4 , 10−5 (column-wise, from left to right) and with β = 4. All
images are 4× 4 arc-sec in size.
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Table 5.2: The lens parameters of the SIE model corresponding to the
gravitational lens system SDSS J0946+1006 chosen for simulating mock
lenses.

Parameter Value Unit

x-coordinate (x0) −0.052 arcsec
y-coordinate (y0) +0.012 arcsec
Einstein radius (b) 1.365 arcsec
Axis ratio (q) 0.937 -
Major-axis angle (θ) 17.524 degree
External shear (Γ) 0.081 -
External-shear angle (Γθ) 45.441 degree

5.4.1 Dependence of the lens and source model on the size
of the mask

Initially, we use a mask that traces the footprints of the lensed images,
inside which the lens and source model is reconstructed and compared to
the data. We repeat the analysis using a larger mask that includes nearly
the entire field of 4 × 4 arcsec (minus the central part; where the galaxy
is poorly subtracted, along with the part of the second lensed arc). We
compare the power spectra in both cases inside the same smaller mask.
The reconstructed residuals presented in Fig. 5.4, and their corresponding
power spectra presented in Fig. 5.5, show that a considerable change in
the size of the mask seems to make no difference in the resulting lens and
source models counter to an earlier indication (Bayer et al., 2018).

5.4.2 Dependence of the lens and source model on regular-
isation

Next, we vary the type of regularisation. The reconstructed residuals (Fig.
5.6) and their power spectra (Fig. 5.7); correspond to curvature, covariance
and identity regularisations, respectively. In all three cases, we use the
smaller mask that traces the footprint of the lensed images and casts back
to the source plane. We see that the original power spectra of the surface
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Figure 5.4: The ground truth added with the Gaussian random noise
with a fixed variance of 0.0139 corresponding to every single pixel within
the field of view (top), the surface brightness residuals obtained after
modelling the mock perturbed lens with curvature regularization and with
mask (middle), and the surface brightness residuals after modelling with
curvature regularization and without mask (bottom). In both scenarios,
the source reconstruction is done for n = 3. First, second and third
columns correspond to σ2

fluct = 10−3, 10−4, 10−5 respectively. The power
law exponent, β = 4 for all the cases. The suppression of the residuals is
quite noticeable.
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Figure 5.5: Power spectra of the surface brightness residuals of the ground
truth, assuming Gaussian white noise (blue) for three different cases of
variance, σ2

fluct = 10−3, 10−4, 10−5 (column-wise from left to right), are
plotted along with the power spectra of the reconstructed surface brightness
residuals that are obtained by adaptive grid-based Bayesian lens modelling
using the mask (green), and that of without the mask (magenta). The
power spectrum of the Gaussian noise is also shown (red). Both the
reconstructions are performed using curvature regularization and for n = 3.
The corresponding surface brightness fluctuations in the image plane are
shown in Fig. 5.4. Also the power spectra clearly display the level of signal
suppression.
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Figure 5.6: The ground truth added with the Gaussian random noise
(top row) and the surface brightness residuals after modelling the mock
perturbed lens using curvature (second row), covariance (third row) and
identity regularization (bottom row) respectively. In all the cases, the
source and lens were reconstructed (n = 3) using the mask. First, second
and third columns correspond to σ2

fluct = 10−3, 10−4, 10−5, respectively.
The power law exponent, β = 4 for all the cases.
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Figure 5.7: Power spectra of the surface brightness residuals of the
ground truth, with Gaussian white noise (blue), plotted along with the
power spectra of the reconstructed surface brightness residuals for three
different cases of regularization respectively: curvature (green), covariance
(magenta) and Identity (saddle brown). The power spectrum of the noise is
also shown (red). All three reconstructions are performed keeping the same
mask, for n = 3 scenario. The corresponding surface brightness fluctuations
in the image plane are shown in Fig. 5.6.
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brightness fluctuations, induced by the GRF potential fluctuations in the
mock lens (the ground truth), are at least one order of magnitude larger
than all of the power spectra of the image residuals after lens and source
modelling, especially in the low-k regime. This result affirms the findings
by Bayer et al. (2018) that the surface brightness fluctuations induced by
the potential can be partly absorbed in the source structure during adaptive
grid-based source modelling.

5.4.3 Dependence of the residual surface brightness fluctu-
ations on the smooth lens model

Next, we perform a set of tests where we fix the smooth SIE lens model
parameters and do the grid-based source reconstruction using the Bayesian
framework for three different GRF realizations. In Fig. 5.8, we compare the
reconstructed residuals from the scenario where the smooth lens parameters
are fixed, with the case where we let the code optimize these parameters.
Their corresponding power spectra are shown in Fig. 5.9. As the variance of
the potential perturbations goes down from σ2

fluct = 10−3 to σ2
fluct = 10−5,

the residual power spectra tend to agree at low-k scales. This shows the
inherent degeneracy between the smooth lens model parameters and small-k
modes, in addition to the degeneracy with the source model.

5.5 Discussions and Conclusions

We have performed several tests as a controlled experiment to assess
the dependencies and biases in the Bayesian grid-based lens and source
modelling. The conclusions are summarised below.

1. Increasing the size of the mask causes no significant difference in
lens modelling, as long as they are sufficiently large to include areas
dominated by the background noise.

2. The reconstruction of the lens mass model and source brightness
distribution only weakly depends on the type of regularization, with
curvature regularization of the source brightness distribution leading
to the least suppression of surface brightness fluctuations in the lens
plane induced by the lens potential.
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3. A clear degeneracy exists between the models of the source surface
brightness and the lens mass distribution, exemplified by a suppres-
sion of the surface brightness structure in the lensed images, which
are caused by fluctuations in the lens potential, on nearly all angular
scales. The induced surface brightness fluctuations are suppressed by
adjusting the brightness distribution of the grid-based source model.
If the lens model parameters are fixed in the model optimisation
of the source model, the power spectrum of the surface brightness
fluctuations of the image residuals is considerably higher on large
angular scales than in the case where the smooth mass model is
optimised for as well. This result indicates that also a degeneracy
exists between the smooth mass model assumed in the optimisation
(i.e., the NIE), and the potential fluctuations as described by a GRF.
This is not entirely unexpected for potential fluctuations on scales
comparable to the lens itself.

We believe that this is an intrinsic degeneracy in the current source
and lens modelling framework. We note, however, that the source
model for n = 3 can suppress more of the surface brightness
fluctuations induced by the potential perturbations on all scales
compared to suppression by the smooth lens model, which mostly
affects the large scales. Also, the power spectrum of the sum of the
smooth lens potential (NIE or SIE) and the potential fluctuations
(GRFcase), might still be preserved since both represent part of the
true lens potential; however, a degeneracy with the source biases the
inference of the power spectrum of the mass model, and this effect is
therefore more critical.

The simulations and results presented in this chapter illustrate, for a
realistic lens model based on the observed system SDSS J0946+1006, the
inherent limits and dependencies in the Bayesian lens modelling technique,
when the effect of a GRF is not accounted for the lens modelling. Our
results also allow us to choose the best combinations of parameters for
modelling the double ring lens system SDSS J0946+1006, and to set
observational constraints on its mass power spectrum. It is clear that
currently, a degeneracy between the source model and the potential is
unavoidable, and this bias can only be corrected for via simulations, or
by including it in the mass modelling. The latter is computationally much
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Figure 5.8: The ground truth with Gaussian white noise (top), the surface
brightness residuals after modelling the mock perturbed lens with curvature
regularization and with mask (middle), and the surface brightness residuals
after modelling with curvature regularization, including a mask, but keeping
the lens parameters fixed, that is only the source is optimized (bottom). In
both scenarios, the source reconstruction is done for n = 3. First, second
and third columns correspond to σ2

fluct = 10−3, 10−4, 10−5, respectively.
The power law exponent, β = 4 for all the cases.
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Figure 5.9: Power spectra of the surface brightness residuals of the ground
truth, with Gaussian white noise (blue), are plotted along with the power
spectra of the reconstructed surface brightness residuals; obtained by
optimizing both the lens and source parameters (green), and that by
optimizing the source alone (magenta). The power spectrum of the noise
is also shown (red). Both the reconstructions are performed keeping the
same mask, for curvature regularization and for the n = 3 scenario. The
corresponding surface brightness fluctuations in the image plane are shown
in Fig. 5.8.
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more expensive, however, but is currently being implemented (Vernardos
et al. in prep).

The analyses presented here can further be extended to test n = 2, 4, 5
cases such that we can test the correlation (if any) between the choice
of regularization with the number of pixels that are cast back. Finally,
we expect that the bias in the power spectrum will reduce on large scales
(small k values), as the value of n increases. At the same time, however,
this reduces the capability of the model to fit the correct source structure.
The latter leads to small-scale residuals in the image plane, which, due to
strong-lens image multiplicity, also leads to larger scale modes. We can
only test this complex effect via detailed simulations such as those carried
out in this chapter.

The ultimate goal, however, is to fold the effect of the potential
perturbations into the lens modelling itself, by including the induced
surface brightness fluctuations statistically in the covariance matrix. This
is an alternative approach than including potential corrections in the
modelling (Vegetti & Koopmans 2009a; Koopmans 2005), which is also
computationally expensive. Alternatively, the degeneracy can also be
corrected for by applying a bias correction based on mock lenses that mimic
the data accurately. This will be the approach used to analyse the HST
data for this lens system (Bayer et al., in preparation).
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Abstract

In this chapter, we use the normalised mass power spectrum of early-type
galaxies to infer the effects of different physical processes during galaxy
evolution on their resulting mass distribution. We concentrate in particular
on feedback mechanisms. We use the projected mass maps of early-type
elliptical galaxies simulated via hydrodynamic simulations from EAGLE
extracted from nine different formation scenarios at z = 0.271. The galaxy-
formation models include four different calibrated stellar feedback models,
two different gas viscosity models, two AGN models based on different
temperature increment rates of stochastic AGN heating, and one no-AGN
model. Taking into account the particle shot-noise and the SPH smoothing,
we determine the power spectrum of the normalised mass maps of EAGLE
galaxies with (M? ≥ 1.76×1010M�). We statistically estimate the variance
in their lens surface mass density maps by calculating the difference between
the average of the mass power spectra of the galaxies and the power
spectrum of the average galaxy, after mass normalisation and rotation
to a similar position angle. We find that all galaxy formation scenarios
show a comparable level of variance in their surface mass density on small
scales, within the errors, and they all follow a power-law power spectra with
slopes within the narrow range 3.8–4.0, decreasing in power with decreasing
spatial scale. This implies that the potential and deflection-angle power
spectra follow slopes in the ranges 7.8–8.0 and 5.8–6.0, respectively. The
estimated values of the slopes and their invariance under a change of galaxy-
formation scenario paves the way for future work where we plan to compare
these results with observations of real gravitational lenses observed with the
Hubble Space Telescope (HST ).
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6.1 Introduction

In recent years the analysis of the mass power spectra of strong gravitational
lens galaxies has become a new instrument to quantify the small-scale mass-
inhomogeneities present in the early-type galaxies (Hezaveh et al. 2016b;
Brennan et al. 2018; Chatterjee & Koopmans 2018; Bayer et al. 2018; Cyr-
Racine et al. 2018). These mass power spectra can be used to infer the
imprints of different physical processes on their mass distributions, such as
star formation feedback, accretion disk viscosity, stochastic AGN heating
in galaxy formation, and more. Our aim in this chapter is to investigate
the question of what roles various physical mechanisms in galaxy formation
play in determining the mass-power spectra of early-type galaxies.

To investigate this question, we use the projected surface mass density
maps of massive elliptical galaxies obtained from the “Evolution and
Assembly of GaLaxies and their Environment” (EAGLE) hydrodynamic N-
body simulations (Schaye et al. 2015; Schaller et al. 2015; Crain et al. 2015)
for nine different galaxy-formation scenarios. These scenarios include four
calibrated models based on different stellar feedback functions (FBconst,
FBσ, FBZ, FBZρ) and five different model variations of the reference model
(FBZρ). These latter model variations include two different gas viscosity
models (ViscLo, ViscHi), two different AGN models (AGNdT8, AGNdT9)
and one No-AGN case. To have a sample of massive elliptical galaxies for
our analysis, we chose a threshold of (M? ≥ 1.76 × 1010M�) on the total
stellar mass of the galaxy candidates determined from the simulations. In
addition, to remove any halo stars or stray particles, a threshold is set on
the stellar velocity dispersion (σ > 120 km s −1) and on the effective radius
of the galaxies (Reff > 1 kpc). After the selection of the galaxies that
satisfy all criteria, all the particles of the desired galaxies are extracted
and projected into two-dimensional surface density maps. Additionally,
the mass maps of the corresponding galaxies are projected along the three
principal co-ordinate axes of the simulation box and used in our analysis. A
Chabrier stellar Initial Mass Function (IMF, Chabrier 2003) has been used
for all the galaxy-formation scenarios of this paper, and all of the projected
mass maps are at z = 0.271.

We use this dataset of simulated massive elliptical galaxies to do a
comparative study of the nine galaxy-formation scenarios mentioned above.
We first generate their normalised projected mass density profiles by re-
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centring and re-orienting the axes of the individual elliptical galaxies1

and then normalising their masses within the window of 33.8 × 33.8 kpc2

(161 × 161 pixels). Note that we normalise the mass inside the area of
the mass map and not the total mass. After this, we stack these modified
mass maps to obtain the average galaxy and its surface mass-density power
spectrum. We also calculate the average of all individual galaxy power
spectra. The resulting variance obtained from the difference between them
statistically provides a first order estimator of the power on relatively small
scales (roughly 1–10 kpc).

This Chapter is organised as follows. In Section 6.2, we start with a
brief description of the simulation scenarios of EAGLE, that are used for the
analysis in this work. In Section 6.3, we describe the statistical estimators,
the methodological steps to simulate the noise maps and incorporating
the role of the smooth particle hydrodynamics (SPH) kernel. The results,
discussion and conclusions are given in sections 6.4 and 6.5.

6.2 EAGLE galaxy-formation scenarios in brief

We use nine galaxy-formation scenarios in this work that explore the
parameter space of the EAGLE cosmological hydrodynamical N-body
simulation. Out of these, four models have been calibrated to reproduce
the observed galaxy stellar mass function (GSMF) at z = 0.1, based on
different sub-grid physics of star formation feedback processes. These four
models are indicated as calibrated models in Table 6.1.

As the transition to cold, dense, molecular star-forming phase from
a neutral, warm phase happens mostly in a metal-rich gas, EAGLE
adopts a metallicity depended density threshold for star formation. For
implementing energy feedback from star formation (e.g., stellar winds,
radiation, SNe), a stochastic thermal feedback scheme is followed, which is
specified by the temperature increment parameter (∆TSF ). The probability
of heating elements around the young star particle is calculated by the
fraction of energy that is available for feedback, denoted by the scaling
variable fth in Table 6.1. For example, fth = 1 corresponds to total
energy liberated from type II SNe (FBconst model). By choosing a different
functional dependence of this scaling variable fth, which is responsible for

1The position angles are obtained from a direct fit of an elliptical power-law mass
model to the mass maps as described in Mukherjee et al. (2018a).
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the efficiency of star formation feedback, different calibrated models are
implemented in EAGLE (see descriptions corresponding to individual model
variations given below and in Crain et al. 2015).

To incorporate Black Hole (BH) growth and coupling the energy
feedback to the ISM, EAGLE seeds the galaxies with BHs, adopting
mechanisms of accretion and mergers, and after that follows a thermal
stochastic AGN feedback scheme in the simulations. The subgrid viscosity
parameter for BH accretion is denoted by Cvisc. The probability of heating
the SPH neighbours and changing their internal energy is characterised by
the change in the temperature, ∆TAGN.

All of the EAGLE simulation scenarios used in this chapter assume a
fixed redshift of z = 0.271 with a simulation box size (L) of 50 cMpc. The
power law slope (γeos) in the polytropic equation of state (Peos ∼ ργeos), is
fixed at 4/3 (Crain et al. 2015). The projected mass maps have a resolution
of 0.05 arcsec corresponding to a physical scale of 0.21 kpc at the chosen
redshift. The initial particle number per species (i.e., gas, DM) for all
model variations is 7523. Below we give a very brief summary of the model
variations used in this chapter.

FBconst: This model is characterised by an injection of a set amount
of energy per unit stellar mass into the ISM, independently of the local
conditions. The level is characterised by fth = 1, corresponding to energy
coming from type II SNe to ISM. Among all the EAGLE model variations,
the FBconst model is the simplest model and returning the maximum
amount of injected energy to the ISM.

FBσ: This model prescribes the feedback based on local conditions.
The efficiency, fth, is calibrated as a function of the local dark-matter
velocity dispersion, σ2

DM. The functional form that is adopted for fth is
a logistic (sigmoid) function whose asymptotic maximum and minimum
values (fth,max and fth,min) in the limits of σDM � 65 km s −1 and σDM � 65
km s −1 are given in Table 6.1; see Figure 1 of Crain et al. (2015) for the
functional dependence of fth on σDM and its asymptotic nature.

FBZ: In this model, metallicity dependent radiative losses are implemented
for the energy budget of the ISM. Cooling occurs when metallicity reaches
a predefined level and the energy losses associated with star formation
feedback are significantly more. At Z ∼ 0.1Z�, a transition occurs in
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Identifier fth-scaling fth,max fth,min Cvisc/2π ∆TAGN N
log10 [K]

Calibrated models

FBconst − 1.0 1.0 103 8.5 843
FBσ σ2

DM 3.0 0.3 102 8.5 786
FBZ Z 3.0 0.3 102 8.5 957
Ref (FBZρ) Z, ρ 3.0 0.3 100 8.5 756
Ref variations

ViscLo Z, ρ 3.0 0.3 102 8.5 879
ViscHi Z, ρ 3.0 0.3 10−2 8.5 588
AGNdT8 Z, ρ 3.0 0.3 100 8.0 846
AGNdT9 Z, ρ 3.0 0.3 100 9.0 591
No AGN Z, ρ 3.0 0.3 100 − 945

Table 6.1: Listed are the parameters that are varied in the simulations.
The columns indicate the scaling variable of the efficiency of star formation
feedback (fth), the asymptotic maximum and minimum values of fth, the
subgrid accretion disc viscosity parameter (Cvisc) and the temperature
increment of stochastic AGN heating (∆TAGN). N is the number of
projected galaxies (sample space) for different calibrated models and model
variations.

the properties of the outflowing gas at temperatures 105 K < T < 107 K,
in the simulations (Wiersma et al., 2009).

Reference (FBZρ): To compensate for the inefficiency of the previous
feedback models (i.e., FBσ and FBZ), a density dependence is introduced.
The physical basis behind this model is due to the star formation law that
describes the feedback energy injection rate per unit volume to have a supra-
linear dependence on surface density. The numerical losses in FBconst and
FBσ models, forming a significant fraction of the star particles at densities
higher than the resolution-dependent critical density (nHtc), above which
feedback energy is quickly radiated away (Dalla Vecchia & Schaye 2012),
are partially compensated in this model.

ViscLo and ViscHi: The viscosity parameter, Cvisc regulates two
important quantities: (1) the rate of gas transitioning through the accretion
disc and, (2) the angular momentum scale at which gas accretion onto black
holes reaches the Bondi-limited regime (see Crain et al. 2015 for details).
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A lower (higher) value of the viscosity parameter Cvisc, corresponding to
a higher (lower) subgrid kinetic viscosity, leads to an earlier (later) onset
of the dominance of AGN feedback, and a larger (smaller) energy injection
rate when in the viscosity-limited regime.

AGNdT8 and AGNdT9: The EAGLE reference model adopts ∆TAGN =
108.5 K. Two Reference-model variation simulations with ∆TAGN = 108 K
(AGNdT8) and ∆TAGN = 109 K (AGNdT9) are used in this work. The peak
baryon conversion efficiency is higher (lower) in the AGNdT8 (AGNdT9)
model, compared to the reference model. The reduced (increased) efficiency
of AGN feedback, when lower (higher) heating temperature is adopted,
leads to the formation of more (less) compact galaxies because gas can
more (less) easily accrete into the centres of galaxies and form stars. Thus
the AGN heating temperature regulation is crucial for any cosmological
simulation (Schaller et al., 2015).

No AGN: This model is an extreme case where no AGN activity is present.
All other parameters have the same settings as in the reference model.

6.3 Methodology

In this section, we describe some of the technical aspects of the statistical
estimators of the mass power spectrum and the determination of the smooth
mass profiles of the simulated galaxies that are used later in the chapter.

6.3.1 SPH smoothing kernel

To create the mass maps for all selected galaxies, we project their stellar and
dark matter particles on a two-dimensional grid of 161×161 pixels, covering
8 × 8 arc-seconds, using a modified SPH kernel to smooth the projected
density field and reduce the shot noise per pixel. Unlike in the EAGLE
simulations, where the smoothing length of the SPH kernel can change
depending on the local density of the particles, we hold the smoothing
length fixed at the softening length of the simulation, i.e. h = 0.7 kpc
(physical). This choice prevents the surface density mass maps to have
a spatially varying resolution, which would make it arduous to estimate
the impact of the smoothing on the power spectra. For a fixed smoothing
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length, on the other hand, the power spectrum of the SPH kernel will act
as a multiplicative window function on the original power spectra of both
the un-smoothed mass map and the shot noise map. We use the anarchy
kernel (Schaller et al. 2015) whose mathematical form is given by:

W (r, h) = 21
2πh3

{ (
1− r

h

)4 (1 + 4 rh
)

if 0 ≤ r ≤ h
0 if r > h,

(6.1)

where h is the smoothing length. An azimuthally-averaged power spectrum
of the anarchy kernel is shown in Figure 6.1.

6.3.2 Power-spectrum estimation

We define the excess variance of the surface mass density maps (κ) of the
ensemble of simulated galaxies as a function of angular scale in Fourier
space as follows:

σ2
κ(k) = 〈κ2(k)〉 − 〈κ(k)〉2, (6.2)

where k ≡ 2π/L, is the angular frequency or wavenumber. This is the
difference between the average power spectrum of all mass-normalised
galaxies and the power spectrum of the average stacked galaxies. To ensure
that a few of the most massive galaxies do not dominate the result, we
normalise the mass of the galaxy inside a standard window2 to unity. The
result thus depends somewhat on the chosen window, but given the outcome
that is presented later in the chapter, we expect the outcome to be robust
under a change in this window size. The first term is the average of galaxy
power spectra whereas the second term is the power spectrum of the average
galaxy:

σ2
κ ≡ 〈P κ〉 − P 〈κ〉. (6.3)

Although there could be different definitions, this definition is straight-
forward to interpret. Especially on a very small scale, the power of the
smooth galaxy is nearly negligible as we will show further in the Chapter.
The fractional excess variance over P 〈κ〉 is thus defined as follows:

δ2
κ ≡ [〈P κ〉 − P 〈κ〉] /P 〈κ〉 = σ2

κ/P
〈κ〉. (6.4)

2Chosen to be 33.81 × 33.81 kpc (i.e. the size of the projected mass map).
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Figure 6.1: The surface mass density map (left) and the simulated particle
shot noise map (right) for a typical galaxy from the reference model (FBZρ).
The noise map is estimated as explained in Section 6.3 and incorporates the
effect of the SPH smoothing kernel. The surface mass density map is divided
by the critical surface mass density for strong lensing for zl = 0.271 and
zs = 0.600, although this normalisation drops out after mass normalisation
and the division by the mass power spectrum of the average galaxy and
hence it is not relevant.

This fraction is a dimensionless estimator which provides the fractional
variance in units of the smooth average galaxy power spectrum P 〈κ〉. The
latter power spectrum turns out to be well represented by the power-
spectrum of a non-singular power-law surface mass density profile (see later
in this section) allowing is, moreover, to describe the ensemble averaged
power spectra with an analytical function.

6.3.3 Shot noise

To estimate the particle shot noise contribution to the power spectrum in
the simulations, one needs to calculate the expected variance of particle
numbers in every pixel of the surface mass density maps. As dark matter
dominates over the baryonic matter in the line of sight where the lensed
images form, the particle shot noise for a large number of particles is
approximately given by,

δN ∼
√
N. (6.5)
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Figure 6.2: The corresponding power spectra (left) of the surface mass
density (blue) and noise map (green) shown in Fig. 6.1. The power spectrum
of the anarchy SPH kernel as defined in Eq. 6.1 is shown on the right.
The noise power spectrum in general follows the shape of the SPH kernel.

The dark-matter particle mass is MDM = 9.7× 106M� in the simulations,
such that the number of particles per pixel becomes,

N ≈
(MTotal

MDM

)
. (6.6)

In the inner regions, where baryons become more important, Equation (6.6)
underestimates the true number of particles because the stellar particles
have a lower mass. Still, the error is relatively small because dark matter
dominates the total mass inside the window inside which we determine the
power spectrum. The variance in the surface mass density maps is then
approximated by

δκ2 ≈ 〈κ〉2 · δN
2

〈N〉2
, (6.7)

where 〈N〉 and 〈κ〉 are the expectation values of the particle number,
and the expectation value of the surface mass density map per pixel,
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respectively. We create a mock shot noise map for every galaxy candidate
based on this estimator, which is subsequently smoothed by the same SPH
kernel (discussed in Section 6.3.1) that is used to create the projected mass
density and the convergence maps from the EAGLE N-body hydrodynamics
simulations. Using these mock shot noise maps, we determine the average
shot-noise power spectrum (see Section 6.3.5). A typical example of a two-
dimensional convergence map, and its corresponding simulated noise map
and one dimensional azimuthally averaged power spectrum, is shown in
Fig. 6.1.

6.3.4 The non-singular power-law density profile

In this section, we examine whether a simple analytic model can describe
the average mass power spectrum of the simulated galaxies. The power
spectrum of the stacked mass maps of the galaxies, after their mass
normalisation, should follow a smooth profile. The surface mass density
profile of galaxies can often be well modelled by a simple non-singular
power-law surface mass density profile,

κ(r) = (r2 + c2)−g (6.8)

where r2 = (x2 + q2y2), q is the axis-ratio, and c is the central core radius
and,

g = (γ − 1)/2, (6.9)

where the mass density follows ρ ∼ r−γ . If we assume azimuthal symmetry3,
the Fourier transform becomes a Hankel transform and for the above given
smooth surface mass density profile this can be calculated analytically as

κ(k, c, g) = 2π
∫ ∞

0
r dr (r2 + c2)−g J0(2πkr)

= 2
Γ(g)

( 1
c2

)(1−g)/2 (c2

k

)(1−g)
πgKν

(
1− g, 2πck

)
, (6.10)

where Kν is the Modified Bessel function of the second kind of real order
ν. The power spectrum of the smooth surface mass density profile is
obtained by squaring the absolute value of this Fourier transform. We

3This assumption appears to hold quite well for those EAGLE galaxy formation models
that accurately reflect observed lens galaxies (Mukherjee et al., 2018b).
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will compare this rather simple model with P 〈κ〉 in Section 6.4 and show
that it agrees remarkably well with the power spectrum obtained from the
average simulated galaxies after mass normalization.

6.3.5 Overview of the step-by-step analysis

Below we review step-by-step how the mass-normalised power spectrum of
the surface mass density fluctuations of simulated galaxies is inferred, in
comparison to the power spectrum of the average stacked galaxy.

1. Centring: First, we align the individual galaxy mass maps such
that the central highest-density peaks of all galaxies coincide with
the centre of the chosen coordinate system.

2. Rotation: We then back-rotate the galaxies by their major-axis
position angles obtained from a power-law elliptical profile fit to the
convergence maps (Mukherjee et al. 2018a). This back-rotation is
required because most galaxies are not axisymmetric and the power
spectrum of the surface mass density fluctuations between galaxies
could otherwise be dominated by this dipole moment.

3. Mass normalisation: We normalise the surface mass density map
of each galaxy within a window of 33.81×33.81 kpc, 161×161 pixels,
or 8′′×8′′.

4. Calculation of P 〈κ〉: We then average the individual aligned and
back-rotated mass-normalised mass maps of all galaxies for each
galaxy-formation scenario, such that only their coherent component
remains. Density fluctuations around this mean reduce to a minimal
level given the number of galaxies, close to a thousand per galaxy-
formation scenario. This residual, as we will see, is entirely negligible
compared to the level of fluctuations around the mean. We determine
the mass power spectrum P 〈κ〉 from the resulting average normalised
back-rotated mass maps for all nine galaxy formation scenarios.

We also compare these power spectra with the power spectrum of a
cored elliptical power-law density profile with the core size chosen to
match the SPH kernel size (Eq. 6.10).

5. Calculation of 〈P κ〉: We also calculate the average of the azimuthally-
averaged power spectrum of the individual galaxies after normalising
their mass.
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6. Shot noise and SPH smoothing: To determine the particle
shot noise and the noise power spectrum of each galaxy, we draw
a Gaussian random number for each pixel of the mass-map, following
the approximation of the variance given in Equation (6.7), and with a
mean of zero. After that, we convolve the noise map realisation with
the smooth particle hydrodynamics (SPH) kernel. Consequently, we
determine the average of the power spectra of these individual noise
maps, and we subtract this average noise power spectrum from P 〈κ〉

and 〈P κ〉 to calculate the shot-noise corrected power spectrum for
every scenario.

7. Azimuthally averaged power spectrum: From the two-dimensional
P 〈κ〉 and 〈P κ〉, we calculate the azimuthally averaged power spectrum.
From these, we subsequently calculate the statistical estimators σ2

κ(k)
and δ2

κ.

In the next section, we present the results from these steps, being the
average stacked galaxy surface-mass density profiles from all nine galaxy
formation scenarios, their azimuthally averaged power spectra (P 〈κ〉), and
we compare them with the average of the galaxy power spectra, 〈P κ〉,
for each scenario. Finally, we investigate whether there is any discernible
correlation between the mass distribution of the galaxies with the various
EAGLE model variations, using the two statistical estimators σ2

κ(k) and δ2
κ.

6.4 Results

6.4.1 The averaged galaxies and their power spectra P 〈κ〉

Before continuing to the power-spectrum results, we shortly discuss the
morphology of the average stacked galaxies that we obtained for each
galaxy-formation scenario, as shown in Fig. 6.3. The FBconst model
produces the most compact and round galaxies of all nine galaxy-formation
scenarios and this scenario also seems to describe the observed lens galaxies
very well (Mukherjee et al. 2018b). The top-three scenarios that match
the observed lens galaxies the best, regarding their mass-size relation
and density slope (Mukherjee et al. 2018a), that is, FBconst, ViscHi and
AGNdT8, also turn out to be the on-average most spherical galaxies. Round
galaxies often result from dissipational effects during galaxy formation.
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Figure 6.3: Average stacked galaxies for four calibrated models and five
reference variations. The individual mass maps were normalised to a
common mass before stacking and averaging. On top row, from left to right:
FBconst, FBσ, FBZ. Second row: Reference, ViscLo, ViscHi. Bottom row:
AGNdT8, AGNdT9, No AGN. The field of view is 4 × 4 arcsec2 and all
stacked maps are scaled such that the brightest central pixel has a value of
1.0.



6.4. Results 137

Figure 6.4: The power spectra of normalised average-galaxies, P 〈κ〉 for all
nine galaxy-formation scenarios are shown, following Fig. 6.3. The gold-
shaded regions are marginalised 1-σ, 2-σ and 3-σ error bars corresponding to
the reference model. They are similar for the other models. The theoretical
power spectrum for a non-singular elliptical power-law density profile (see
Eq. 6.10) is also plotted. The parameter values are: c = 1.4 kpc (a core
radius twice that of the SPH smoothing length) and γ = 2.0 (slope of
an isothermal profile). The vertical dotted line (red) at k = 6 arcsec−1

corresponds to h = 0.7 kpc, the smoothing length of the SPH kernel.

These observationally preferred models, therefore, should also be well-
described by axisymmetric models.

We proceed with calculating the two-dimensional power spectra of the
average mass-normalised galaxies, which provides us with an estimate of
their power spectra P 〈κ〉. In calculating the azimuthally averaged one-
dimensional power spectrum, we use 30 bins. We note that, although
azimuthal averaging in principle is not correct for non-circular distributions,
this effect is expected to be minor for the three models that are in good
agreement with the observations (Mukherjee et al., 2018b) considering
they are all very close to axisymmetric. The errors on the average power
spectrum are calculated by estimating the sample variance for each bin j
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Figure 6.5: The power spectra for a non-singular elliptical power-law
density profile corresponding to the two-dimensional parameter space,
(c − γ). We vary the core radius in the range, h ≤ c ≤ 4 × h, keeping the
slope fixed, γ = 2.0 (left), and we vary the slope in the range, 1.5 ≤ γ ≤ 2.5,
keeping the core fixed, c = 2 × h (right). For comparison, we show P 〈κ〉

and 〈P κ〉 corresponding to the FBconst scenario. The vertical dotted line
(red) corresponds to the smoothing length of the SPH kernel as in Fig. 6.4.

Figure 6.6: Power spectra for the nine galaxy-formation scenarios. The
red triangles (lower curve) are the power spectra of the average stacked
galaxies, P 〈κ〉 and the blue triangles (upper curve) are the average of the
power spectra, 〈P κ〉. The sequence of galaxy formation models follows that
in Fig. 6.3.
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using (see Chatterjee & Koopmans 2018),

std(Pj) =

√√√√( N∑
i=1

(Pij − 〈P 〉j)2

)
/(N − 1), (6.11)

where N is the number of projected mass-maps used for each simulation
scenario. The last column (N) in Table 6.1 lists how many galaxies are
used for each galaxy-formation scenario.

Fig. 6.4 shows the normalised mass power spectra of the stacked galaxies
corresponding to the nine galaxy-formation scenarios. We also show the
theoretical power spectrum for a non-singular power-law density profile in
Fig. 6.4, using Eq. 6.10 and assuming a core of c = 1.4 kpc (i.e., twice the
SPH smoothing length, h), and a mass-density slope of γ = 2.0, being that
of an isothermal profile. The effect of the SPH kernel smoothing is included,
explaining the faster drop in power around k/(2π) ∼ 6. We notice a fair
agreement with the models over a large dynamic range at scales bigger than
the smoothing length of the SPH kernel.

In Fig. 6.5, we explore the two-dimensional parameter space (c− γ), of
the non-singular power-law density profile and show the dependency and
sensitivity of the theoretical power spectrum on the core radius (c) and
the slope (γ). To show how much the theoretical power spectrum deviates
compared to the EAGLE power spectra due to changing the parameters, we
also show P 〈κ〉 and 〈P κ〉 corresponding to the FBconst scenario. We vary
the core radius in the range, h ≤ c ≤ 4h and the slope, 1.5 ≤ γ ≤ 2.5. We
see that the shape of the power spectrum is highly sensitive on the choice
of core-radius than the slope.

6.4.2 The average power-spectrum 〈P κ〉 and variance σ2
κ

We calculate 〈P κ〉 for the nine galaxy formation scenarios following the
method outlined in Section 6.3.5. Fig. 6.6 shows that due to incoherent
averaging P 〈κ〉 is always below 〈P κ〉. The difference between them provides
an estimate of the incoherent surface density fluctuations between galaxies,
that is, σ2

κ(k) (shown in Fig. 6.7), which seem to follow a power law.
This behaviour is in agreement with our hypothesis on the shape of the
power spectrum without strong proof (see Bayer et al. 2018, Chatterjee
& Koopmans 2018). Out of all nine EAGLE galaxy-formation scenarios,
we see that the FBσ and ViscHi models have the highest and the lowest
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variance, respectively, on all k-scales. Moreover, Fig. 6.7 can be subdivided
into two distinct regions in the power spectrum space, a lower region
comprising of three scenarios (AGNdT9, Ref and ViscHi) that in the entire
range of k, have an overall lower variance in their surface mass density
compared to the other six galaxy-formation models. Among the three
models that display relatively round galaxies (i.e., FBconst, ViscHi and
AGNdT8), within the characteristic smoothing length of the SPH kernel
(k < 6 arcsec−1), the power spectra of FBconst and AGNdT8 fairly coincide
with each other. In the range 4 < k < 5 arcsec−1, the AGNdT8, No AGN
and AGNdT9 models start to deviate from the smooth power-law nature,
although it is here where the SPH kernel size becomes notable and hence
scales with k > 6 arcsec−1 should be viewed with caution. The ViscHi
model has a comparatively low variance, and it follows a smooth power-law
profile being nearly the same profile as that of the Reference model over
the entire range of k values.

We fit a power law to the power laws of the nine scenarios for scales
corresponding to k ≥ 1.66 arcsec−1 and assess the slopes. On larger scales
(k < 1.66 arcsec−1), σ2

κ becomes much flatter and is dominated by sample
variance. On scales smaller than this (i.e. k > 1.66 arcsec−1) and larger
than that of the SPH smoothing length (i.e. k < 6 arcsec−1), we find
σ2
κ(k) ∝ k−β; where β = 3.8, 4.0 and 3.85 for FBconst, ViscHi and AGNdT8

scenarios, respectively. Other model variations also follow a power law
with slopes β ≈ 3.8 to 4. The lens-potential and the deflection-angle
subsequently follow Pδψ ∝ k−(β+4) and Pδα ∝ k−(β+2) respectively. This
slope is directly comparable to the values we assumed for the power-law
exponent corresponding to the power-spectrum of the underlying Gaussian
Random Field (GRF) fluctuations for modelling the surface brightness
anomalies in strong gravitational lenses (see Chapter 4). Here, our analysis
indicates ∆2

δα ∝ k−4, which is very steep. This implies that the larger scale
fluctuations dominate the perturbations in the lensed images, and not the
small scales, which is what we seem to see in the lens models.

6.4.3 The fractional variance δ2
κ

Fig. 6.8 shows the excess variance in the surface mass density as a fraction
of P 〈κ〉. From the shapes of δ2

κ(k) of the nine galaxy-formation scenarios,
it is evident that the nature of their trends is reversed from the trends in
their σ2

κ estimator, as shown in Fig. 6.7. The FBσ and ViscHi models, for
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Figure 6.7: Overplotting σ2
κ, the variance of the surface mass density maps

(κ) for the sample of simulated galaxies corresponding to nine scenarios,
with respect to the power spectrum of their stacked ensemble-averaged
galaxy (Eq. 6.3). The gold colour-filled region is the marginalized 1-sigma
error bars of all scenarios. The power-law fit, σ2

κ ∝ k−4.0 at scales k ≥ 1.66
arcsec−1 is also shown. The vertical line at k = 6 arcsec−1 corresponds to
h = 0.7 kpc, the smoothing length of the SPH kernel.

Figure 6.8: Over-plotting δ2
κ, the fractional excess variance in surface mass

density with respect to P 〈κ〉 for nine scenarios. The error bar region
corresponds to the marginalized 1-sigma error of all model variations. The
vertical line corresponds to the SPH smoothing length as in Fig. 6.7.
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example, have relatively lower and higher values of the fractional variances
compared to the other seven scenarios, as shown in Fig. 6.8, but they
had the highest and lowest variances in Fig. 6.7, respectively. Similar to
σ2
κ(k), the fractional variance can also be divided into two distinct, but

partially overlapping, regions within the 1-σ error bars. Here the lower
region consists of the NoAGN, FBσ and FBZ models, which for the entire
range of k-scales, show a monotonically increasing trend in the fractional
variance. The FBconst model follows a very similar profile, but shows a
transition from the lower region to the upper one within 1.5 / k / 3
arcsec−1.

There is a characteristic feature to be noted in the behaviour of
the fractional variance estimator corresponding to the ViscLo, ViscHi,
Reference, AGNdT8 and AGNdT9 scenarios and that is, in the range
4 / k / 7 arcsec−1, they show a plateau in their power-spectrum. In
other words, the tangent or slope of the power-spectrum curves decreases
(or almost parallel to the k-axis) in this range of k-values. Comparing
the values of δ2

κ we see that, in the range of 0.5 6 k 6 4 arcsec−1,
the ViscHi scenario has the highest values. Then within the plateau at
k > 4 arcsec−1, the fractional variance remains constant. Again note that
scales with k ' 6 arcsec−1 should be viewed with caution since they are
likely strongly affected by the SPH kernel smoothing. Also, although the
AGNdT8, Ref and AGNdT9 models show a similar trend, we find that the
AGNdT9 model has more fractional variance than the AGNdT8, and the
Reference model generally lies in between these two models (in case of σ2

κ,
the natures are reversed).

6.5 Discussions and Conclusions

In this chapter, we have made a first attempt to assess the impact of
differences in galaxy formation, in particular focusing on various feedback
mechanisms and viscosity of the gas, on the small-scale mass power-
spectrum of massive galaxies selected from the EAGLE hydrodynamical
simulations. To detect the distinguishing features in the azimuthally-
averaged mass power spectra of the mass-normalised projected mass-density
maps, we estimated the excess variance (σ2

κ) and the fractional excess
variance (δ2

κ), compared to the mass power spectrum of the average of
all galaxies for each of the nine EAGLE model variations. Below we list
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and discuss our results, and we end with the conclusions that we draw from
our analysis.

1. Those galaxy-formation scenarios (e.g., FBconst, ViscHi and AG-
NdT8) that result in very round galaxies (Fig. 6.3) agree best with
observed massive lens galaxies (see Mukherjee et al. 2018a, Mukherjee
et al. 2018b). The power spectrum of a cored isothermal power-law
mass profile describes the average of all galaxies well (Fig. 6.5), also
in agreement with the same observations. The core corresponding to
the non-singular isothermal power-law mass-density profile is found
to be 1.4 kpc, that is, twice the SPH smoothing length, h.

2. The ViscHi scenario produces the roundest and largest-scale galaxies
among all nine galaxy-formation models. This results from strong
AGN feedback that prevents the gas from concentrating in the centres
of galaxies.

In detail, the ViscHi model has the lowest value of Cvisc, hence the
highest subgrid kinetic viscosity. A high viscosity results in an earlier
and larger energy injection rate via AGN feedback. Consequently, the
ViscHi model produces galaxies with the largest effective radii out of
all nine model variations (Fig. 6.3). The fractional variance δ2

κ of this
galaxy-formation model is the highest of all nine model variations in
the range of 0.5 . k . 4 arcsec−1, yet it is the lowest in the range
k & 4 arcsec−1. This result might indicate that on smaller physical
scales, the galaxies forming in this scenario deviate less (fractionally)
from a smooth isothermal model, but on larger physical scales this
fractional difference gradually increases.

3. In agreement with the result listed above, the sizes of the average
galaxies (Fig. 6.3) increase as the value of Cvisc decreases for the
ViscLo (Cvisc/2π = 102), the Reference (Cvisc/2π = 100) and the
ViscHi (Cvisc/2π = 10−2) models.

4. The AGNdT9 model yields larger and more elliptical galaxies com-
pared to the AGNdT8 model. This result is consistent with the
findings by Crain et al. (2015); implementing a lower heating
temperature due to AGN feedback (e.g., ∆TAGN = 108 K scheme
compared to ∆TAGN = 109 K) results in the formation of more
compact galaxies (see Section 6.2). In the Reference model, a value
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of ∆TAGN = 108.5 K is used, and thus this scenario yields galaxies
with sizes and ellipticities that are in between those of the AGNdT8
and AGNdT9 models. This result is also evident from Fig. 6.8, where
these three model variations show similar trends in their δ2

κ estimator.

5. The NoAGN, FBσ, FBZ and FBconst models yield galaxies of
comparable compact sizes and ellipticity, although the FBconst model
has the roundest galaxies. The galaxies in these model variations also
show similar trends in their dark matter fractions (Mukherjee et al. in
preparation). It is evident from the δ2

κ estimator in Fig. 6.8 that they
show a monotonically increasing fractional variance with increasing k-
scale (i.e. smaller scales) and that they mostly lie in the lower region
of the plot.

6. Fig. 6.8 shows that the ViscLo, ViscHi, Reference, AGNdT8 and
AGNdT9 model exhibit a ‘plateau’ in their fractional variance
estimator on scales in the range of 4 . k . 7 arcsec−1. This
plateau is not present in their excess variances shown in Fig. 6.7 that
closely follow a power-law. This feature in δ2

κ arises from the power
spectrum of the average stacked galaxies P 〈κ〉, corresponding to these
five galaxy-formation scenarios (see Fig. 6.6).

7. We conclude from Fig. 6.7 that the excess variance of the normalized
mass maps σ2

κ(k) within our field of view4 follow a power law within
the standard deviation for all scenarios. The variance in the range
1.66 . k . 6 arcsec−1 (0.7 kpc < λ < 2.5 kpc) varies as σ2

κ(k) ≈ k−β,
where β ≈ (3.8 – 4.0).

8. We also see from Fig. 6.8 that within the k-scales of k = 0.3 to k = 6
arcsec−1, the maximum fractional variance in the normalised mass
maps corresponds to δ2

κ < 0.1 and δ2
κ < 20. The respective minima

at those scales are 2× 10−2 < δ2
κ and 5 < δ2

κ. Here, we compare only
up to 6 arcsec−1 because this corresponds to the smoothing length of
the SPH kernel in the simulations, being h = 0.7 kpc or 0.166 arcsec.

433.81 × 33.81 kpc.
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We find that all nine EAGLE galaxy-formation scenarios can be
classified as follows, based on the properties of their power-spectra and
the morphologies of the average stacked galaxies:

• The FBconst, NoAGN, FBσ and FBZ models yield the most compact
galaxies, of comparable sizes, and exhibit physical properties that
are in agreement with Crain et al. (2015) and Mukherjee et al. (in
preparation).

• The ViscHi model produces the largest and most spherical galaxies.
The ViscLo model leads to smaller and more elliptical galaxies.

• Besides the ViscHi model, the other two models that produce
relatively round galaxies are the FBconst and AGNdT8 models.
These three models also match the observations best (Mukherjee et al.
2018b).

• The AGNdT9 model produces larger and more elliptical galaxies than
the AGNdT8 and Reference models.

Our results have shown how galaxy-formation processes and feedback
mechanisms can leave several distinct signatures in the mass distribution
of galaxies, and how the mass power spectrum can be used to differentiate
galaxy formation scenarios statistically. It appears that one can assume
that these residual mass-density fluctuations on the scales of interest
(i.e., 1-10 kpc) behave as a random field. Its power spectrum has a
power-law behaviour following to first order σ2

κ(k) ∝ k−4. The power-
law shape confirms our previous, unsupported, assumption (Chatterjee &
Koopmans 2018; Bayer et al. 2018). This work also establishes a method
to stochastically analyse mass density fluctuations of the large number of
strong-lens systems expected to be discovered from future observations,
for example, ∼ 105 lenses of EUCLID. In a future work, we will compare
these results from the nine galaxy formation scenarios of the EAGLE
hydrodynamical simulations, with the observations from the HST lens
system SDSS J0252+0039 (Bayer et al., 2018). We will also extend this
work to a comparative study based on the double-ring lens system SDSS
J0946+1006 (Bayer et al. in prep).





Chapter 7
Conclusions and future prospects
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7.1 Conclusions chapter by chapter

In this thesis, I have investigated various aspects related to quantifying
small-scale structure in the mass distribution of elliptical strong grav-
itational lens galaxies, from a statistical, numerical and observational
perspective. First attempts were made to connect these results with
galaxy formation scenarios, using the results of hydrodynamical galaxy-
formation simulations from EAGLE. Besides this primary focus, I developed
simulations and tools that have been applied to train Convolutional Neural
Network (CNN) to find new strong lens candidates in the Kilo-Degree
Survey (KiDS). These lens galaxies can be used in future studies of galaxy-
formation scenarios.

In this concluding chapter, I summarise the results of this thesis, chapter by
chapter, as well as conclude with a few noteworthy future prospects. Papers
where I am the first author or co-author, and where I have contributed
significantly, are indicated in bold.

• Chapter 2 – Simulations of perturbed lens models and
applications to machine learning

This chapter describes the construction of large numbers of mock
string gravitational lenses used as training sets for Convolutional
Neural Networks (CNNs). The CNNs were trained to recognise
strong gravitational lens candidates in the 255 square degrees of the
KiDS DR1 data. I developed the numerical framework and code to
simulate of the order of ∼ 106 mock lenses. From the two CNN lens-
finders that were trained (one with single r -band images and another
with g-r-i composite images), the results show that the accuracy
and completeness of CNNs improve significantly by adding more
complexity to the lens and source models rather than the addition of
colour information of the images. Out of 21789 Luminous Red Galaxy
(LRG) candidates selected from KiDS data, the single band CNN
lens-finder retrieved 761 potential strong-lens candidates, which were
down-selected to the 56 most promising lenses via visual-inspection.
Further details of this search can be found in the companion papers
by Petrillo, Tortora, Chatterjee et al (2017, 2018).
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• Chapter 3 – Power spectra analysis: statistical methodology
and tests on simulated mock lenses

In this chapter, I mathematically established that lens-potential
fluctuations present in the early-type galaxies can be well modelled
by a stochastic field, which quantitatively is described by a two-
parameter power-law model in power-spectrum space (Chatterjee &
Koopmans 2018). These potential fluctuations, if present, give rise to
the surface-brightness anomalies in strong galaxy-galaxy gravitational
lensing. As a first order approximation, the statistical nature of this
random field is assumed to be Gaussian. I show that the lens-potential
or convergence perturbations can be inferred at the percentage level
from e.g., Hubble Space Telescope (HST )-like single-orbit lens systems,
and the inference is largely invariant to changes in the lensed-image
topology of the lens system. The statistical prescription that I derived
has subsequently been applied to the strong gravitational lens system
SDSS J0252+0039 (Bayer, Chatterjee et al 2018).

• Chapter 4 – Applications of a power spectrum analysis to
HST observations of SDSS J0252+0039

In this Chapter, the statistical framework that I developed and tested
on mock simulated lenses in Chapter 3 was applied to HST data of the
strong gravitational lens SDSS J0252+0039, providing constraints on
the matter-power spectrum on 1-10 kpc-scales. The pilot application
of the statistical methodology (see Chapter 3) provides an upper
limit on the fluctuation around the smooth potential, present in the
lens plane, (δψGRF), as well as on the fluctuations of the differential
deflection angle field (δα) and the surface mass density (δκ). This lens
galaxy has a matter power-spectrum models for which the convergence
fluctuations σ2

δψ do not exceed ∼ 10−2.5 at the 99 per cent confidence
level. Within the studied field-of-view, this limit corresponds to
σ2
δα > 6 × 10−3 when considering the differential deflection field,

effectively independent of the value of the slope, β. The corresponding
upper-limit constraints on the standard deviation of the convergence
perturbation at three different scales were infered to be (0.5, 1 and 3-
kpc): σδκ(0.5 kpc) < 1, σδκ(1 kpc) < 0.3 and σδκ(3 kpc) < 0.1. These
upper limits on the small scale structure of (total) mass distribution,
on all considered sub-galactic scales, however, are currently still above
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estimates from the cold dark matter substructure in the halo of this
galaxy.

• Chapter 5 – A systematic testing in adaptive grid-based
Bayesian lens modelling: The case of SDSS J0946+1006

In this Chapter, I have carried out the first controlled experiments
on simulated lenses – mimicking the double ring system SDSS
J0946+1006 – to quantify the impact of degeneracies and biases due
to adaptive grid-based Bayesian lens modelling on the reconstruction
of the lensed source, lensed images and the lens mass model, when
Gaussian Random Fields perturb their lens potentials. I find that
the lens reconstruction is nearly invariant against the choice of
the size of the data mask and the type of source regularisation.
The results, however, indicate a clear intrinsic mode-mixing, i.e.,
power redistribution, between the reconstructed source and the lens-
potential fluctuations. In particular, much of the structure induced in
the lensed images by small-scale potential fluctuations are removed
by modifying the source model. Furthermore, if the smooth lens-
model (an SIE in this case) parameters are kept fixed at the true
parameters in the lens modelling, the image residuals induced by
potential fluctuations retain more power on the large scales (small
k values). This result indicates that the smooth lens model can
also absorb large-scale fluctuations. The source model, however, can
incorporate induced surface-brightness fluctuations on all scales.

• Chapter 6 – Power spectrum analysis of varying galaxy
evolution scenarios in EAGLE N-body hydrodynamic sim-
ulation

In this Chapter, I analysed nine galaxy formation scenarios from
EAGLE N-body simulations using the power-spectrum analysis de-
veloped in Chapter 3. Four of these models were “calibrated”, and
depend on various stellar feedback descriptions (FBconst, FBσ, FBZ,
FBZρ). The other five models were variations of the Reference model
(FBZρ) and not calibrated. Two models have modified viscosity
levels (ViscLo, ViscHi), and three models have varying levels of
AGN activity, in particular, adjusted temperature increment rates of
stochastic AGN heating (AGNdT8, AGNdT9 and No-AGN scenario).
I determined the power spectra of the normalised mass maps of
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all massive elliptical galaxies (M? ≥ 1.76 × 1010M�), coming from
these nine scenarios, after rotation them to a common position
angle and taking the particle shot-noise and the Smooth Particle
Hydrodynamics (SPH) smoothing kernel into account. I defined the
estimator of the variance by subtracting the power spectrum of the
average stacked galaxies, P 〈κ〉(k), from the average of the power
spectrum, 〈P κ〉(k). Previous results have shown that three scenarios
(i.e., FBconst, ViscHi and AGNdT8) and appear to match observed
lenses the best in terms of their mass-size relation and density slope.
These scenarios also produce the roundest galaxies and are therefore
well-approximated by spherical models. Furthermore, the FBconst,
NoAGN, FBσ and FBZ models generate the most compact galaxies,
whereas ViscHi produces galaxies with the largest effective radii.
Despite these difference, the variance in the mass-maps corresponding
to all nine scenarios follow a power-law, σ2

κ(k) ∝ k−4 within their
respective errors.

7.2 Future prospects of this work

• Extending to non-Gaussian fields

The statistical methodology, developed and tested in this thesis, to
measure the lens-potential and convergence perturbations of lens
galaxies, makes several strong assumptions. However, this method
can be further extended to a more general framework. Currently we
assume that the statistical nature of the lens-potential perturbations
is that of a Gaussian random field. Although on the scales of interest
(1-10 kpc) any possible non-Gaussianity present in the lensing galaxy
will be observationally challenging to detect and quantify, from a
theoretical standpoint, this could be a direct extension of the present
theoretical framework.

• Testing systematic biases

In addition, the covariance between the lens perturbations and the
smooth lens model has been ignored or is assumed to be negligible.
Also, the assimilating the surface-brightness fluctuations between the
smooth lens-model and the source model has not yet been taken
into account or mitigated. Some of these questions of bias and
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degeneracies in adaptive grid-based Bayesian lens modelling are inves-
tigated quantitatively in Chapter 5, but one should incorporate those
results in the power-spectrum formalism of Chapter 3. Preliminary
results of these effects were, however, presented in Chapter 5. We
expect a considerable improvement in determining the smooth model
parameters and source reconstruction, however, after incorporating
mitigating correction for these biases in our methodology.

• Analysing line-of-sight contributions and larger samples

The observational upper limits on the potential perturbations inferred
from our study of the lens galaxy of the system SDSS J0252+0039
refer to the total mass distribution (both dark matter and baryonic
matter). In reality, however, these perturbations are composed
of matter in the lens galaxy and along the line-of-sight. Future
research could investigate their respective contributions to the total
matter-power spectra. Moreover, in our present Bayesian adaptive
grid-based analysis, the degeneracies between the source model and
the smooth lens model, regarding the suppression of the surface-
brightness fluctuations, have not been mitigated yet. Finally, the
upper-limits currently inferred are based on the analysis of only a
single lens system, J0252+0039. Future work will show applications
of this framework to the double lens system SDSS J0946+1006 and
other SLACS lenses.

• Comparing galaxy-formation and evolution scenarios from
N-body simulations

The power-spectrum approach to analyse the galaxy mass maps
inferred from hydrodynamical simulations, presented in Chapter
6, paves the way to a direct comparison to the results from the
observational upper limits presented in Chapter 4. Furthermore, this
formalism can be extended to apply to, and compare with, other
numerical simulations (e.g. Illustris) to examine whether we find any
significant deviations in the small-scale power spectra in galaxy mass
distributions, as a function of their formation and evolution scenario,
something that currently does not seem to be the case.
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Samenvatting

Een korte geschiedenis van het vroege heelal

Volgens de hete Big Bang (ook wel Oerknal genoemd) kosmologie, 13,8
miljard jaar geleden, begon ons eigen universum aan zijn reis van expansie,
beginnend met een zeer hoge temperatuur (∼ 1032 K) en een zeer hoge
dichtheid (∼ 1019 GeV). In dit zeer vroege stadium was de gemiddelde
energie van het universum zo hoog dat geen van onze dagelijkse subatomaire
deeltjes zich konden vormen. Zelfs de vier fundamentele natuurkrachten,
namelijk gravitatiekracht, sterke en zwakke kernkracht en elektromagnetis-
che kracht – alle werden verenigd in één gecombineerde kracht. Toen dit
pas geboren universum begon uit te breiden en af te koelen, begonnen de
fundamentele krachten zich van elkaar te scheiden, en vervolgens ging het
door een zeer plotselinge en snelle uitbreiding van de ruimtetijd-structuur,
dat inflatie wordt genoemd. Dit alles gebeurde binnen de eerste picoseconde
(10−12 seconde) van de kosmische tijd.

Na de kosmische inflatie werd het heelal gevuld met een heet quark-
gluon plasma, dat vervolgens leidde tot het ontstaan van baryonen (zoals
protonen en neutronen, die uit drie quarks bestaan) en hun anti-baryonen.
Door een asymmetrie tussen de materie en de antimaterie – een gevolg van
de eerdere fasen van de kosmische evolutie – werden veel meer baryonen
gevormd dan anti-baryonen. De fase tussen 10−6 seconde tot 1 seconde
na de Big Bang wordt het Hadron-tijdperk genoemd. Hadronen zijn
deeltjes bestaande uit twee of drie quarks, bij elkaar gehouden door de
sterke kernkracht (zie hierboven). Hoewel de materie en de anti-materie
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Figure 7.1: Tijdlijn van het universum – een schematische weergave van het
waarneembare universum van de Big Bang (links) tot nu. Met dank aan:
NASA/WMAP Science Team.

aanvankelijk in thermisch evenwicht waren, werden er, toen de temperatuur
bleef dalen, geen nieuwe hadron- en anti-hadronparen meer gecreëerd.
De meeste van de reeds bestaande, net gevormde hadronparen werden
vernietigd, en dit proces produceerde paren van hoog-energetische fotonen.
Door de iets lagere massa werd het evenwicht verschoven ten gunste van de
protonen (ten opzichte van de neutronen), en dit tijdperk eindigde met een
neutron-protonverhouding van 1:7, en met lepton-anti-leptonparen; deeltjes
zoals elektronen, muonen, neutrino’s en hun antideeltjes.

Op een leeftijd van 1 seconde na de Big Bang, toen de temperatuur van
het baby-universum daalde tot 1010 K (1 MeV), ontkoppelden neutrino’s
zich van de baryonen en begonnen ze hun ‘vrije reis door de ruimte’,
waardoor de Kosmische Neutrino Achtergrond (CNB) ontstond. De fase
tussen 1 en 10 seconden na de Big Bang, wordt het Lepton-tijdperk genoemd
en net als het Hadron-tijdperk, liet deze fase restanten na van niet-
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Figure 7.2: Vorming en evolutie van clusters en filamentstructuren in het
heelal, in een kubus met zijden van 43 Mpc, van roodverschuiving z=10 tot
aan het huidige tijdperk volgens het Lambda-CDM kosmologisch model.
Gesimuleerd in het National Center for Supercomputer Applications door
Andrey Kravtsov (The University of Chicago) en Anatoly Klypin (New
Mexico State University).

vernietigde leptonen, alsmede het grootste deel van de massa-energie van
het universum in de vorm van fotonen (straling).

In de volgende fase vanaf 10 seconden tot 377.000 jaar na de Big Bang is
er interactie tussen deze fotonen en elektronen, protonen, en de kernen van
deuterium, helium-4, en lithium-7 etc, die gevormd werden tijdens de eeste
2 tot 20 minuten van het heelal. Dit tijdperk van de synthese van kernen
van lichte elementen wordt Big Bang Nucleosynthese genoemd. Aangezien
de temperatuur bleef dalen, was deze fase precies goed (109 K ∼ 107 K, wat
overeenkomt met 100 keV ∼ 1 keV) om stabiele kernen van de waterstof-
isotoop deuterium te creëren. Maar aangezien de meeste deuterium snel
fuseert tot helium-4, bestond de resulterende materie van het heelal aan het
einde van deze fase uit ongeveer 75% waterstofkernen en 25% heliumkernen.

Tijdperk van materie en grootschalige structuren

Toen het universum ongeveer 47.000 jaar oud was (roodverschuiving,
z=3600), begon materie te domineren (in plaats van straling), omdat de
materie-energiedichtheid zowel de vacuüm- als de stralingsenergiedichtheid
begon te overschrijden. In dit stadium worden de dichtheden van atoomk-
ernen (niet-relativistische materie) en die van de fotonen (relativistische
straling) gelijk. Door een competitie tussen druk en gravitatie begonnen
zich de kleinste structuren van de kosmos te vormen. Deze oneffenheden
begonnen te groeien in omvang, en volgens het Lambda-CDM kosmologisch



162 Samenvatting

model werd het heelal in deze tijd al gedomineerd door 84,5% koude donkere
materie (CDM), en 15,5% baryonische materie.

Sinds dit punt van de kosmische evolutie begon donkere materie zich
hiërarchisch te verzamelen en vormde het uiteindelijk filamentstructuren
onder invloed van de zwaartekracht (zie figuur 7.2). De oneffenheden of
verstoringen in de dichtheid van het universum – de afdrukken van de
kosmische inflatie – begonnen ook groter te worden. Gebieden met iets
hogere dichtheden begonnen een steeds hogere dichtheid te krijgen. Ook
gebieden met een iets lagere dichtheid begonnen op een soortgelijke manier
zeldzaam te worden. Kleine structuren van donkere materie begonnen te
clusteren en samen te smelten tot grotere, zware halo’s. In de latere fase van
de kosmische evolutie zorgen deze donkere materie structuren vervolgens
voor een dusdanige zwaartekracht dat uiteindelijk de gewone materie (gas)
wordt aangestuurd om af te koelen, sneller in te storten (rond de leeftijd van
150 miljoen jaar), en bovendien om de sterren en sterrenstelsels te vormen
(vanaf ongeveer 400 tot 700 miljoen jaar na de Big Bang) die we vandaag
de dag in ons universum zien.

Tijdperk van recombinatie, Donkere Tijden en rëıonisatie

Ongeveer 377.000 jaar na de Big Bang (z=1100), toen de temperatuur
van het heelal 4000 K (0,4 eV) was, begonnen vrije elektronen en kernen
zich samen te binden om de eerste neutrale atomen te vormen. Dit wordt
het tijdperk van de recombinatie genoemd. Tijdens de pre-recombinatie
fase was het heelal ondoorzichtig – fotonen (licht) waren nauw verbonden
en in thermisch evenwicht met de gëıoniseerde materie. Op dit moment
worden de fotonen voor het eerst losgekoppeld van de materie en wordt
het universum transparant. Deze fotonen beginnen vrij te bewegen door de
transparante, zwak verstoorde, homogene en isotrope kosmos, en dit wordt
de Kosmische Achtergrondstraling (CMB) genoemd.

Al snel na de ontkoppeling van het foton en het tijdperk van recom-
binatie, toen het heelal bleef uitdijen en afkoelen, werden CMB-fotonen
binnen 3 miljoen jaar roodverschoven naar het infrarood, en omdat er
geen sterren of sterrenstelsels waren, was er in het heelal in de fase vanaf
377.000 jaar tot de vorming van de eerste sterren rond 400 miljoen jaar na
de Big Bang, geen zichtbaar licht. Dit worden daarom ook wel de Donkere
Tijden genoemd. De enige bronnen van fotonen in deze tijd zijn de neutrale
waterstofatomen, die zwakke radiogolven (de 21-cm lijn) uitzenden. Tijdens
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Figure 7.3: Een geometrische representatie van het gravitatielens-effect.
De afbeelding toont een schematisch diagram van een sterrenstelsel in
de achtergrond, zich bevindend op 7,5 miljard lichtjaar afstand, waarvan
het licht gravitationeel vervormd wordt door een quasar op de voorgrond,
die zich op een afstand van 1,6 miljard lichtjaar van de aarde bevindt.
Met dank aan: F. Courbin, S. G. Djorgovski, G. Meylan, et al.,
Caltech/EPFL/WMKO

de Donkere Tijden koelde het heelal af van 4000 K naar ongeveer 60 K.
Vanaf ongeveer 150 miljoen tot 1 miljard jaar na de Big Bang, begonnen
zich geleidelijk de eerste sterren (ook wel bekend als populatie-III sterren),
dwergsterrenstelsels en quasars te vormen. Tijdens dit tijdperk vond een
tweede faseovergang van het gas plaats, toen de sterke straling van deze
eerste kosmische structuren de in het heelal aanwezige baryonische materie,
meestal in de vorm van waterstof en helium, ioniseerde. Deze fase wordt
het tijdperk van de rëıonisatie genoemd.

Sterrenstelsels, donkere materie, gravitatielens-effect

Vanaf een leeftijd van 1 miljard jaar tot ongeveer 10 miljard jaar na de Big
Bang bleven zich gravitationeel gebonden systemen zoals sterrenstelsels -
die meestal uit sterren, interstellair stof, gas en donkere materie bestaan -
vormen. Door de onderlinge aantrekkingskracht begonnen de sterrenstelsels
geleidelijk aan ook groepen, clusters en superclusters te vormen. Sinds
een leeftijd van ongeveer 9,8 miljard jaar begon het universum weer te
versnellen en eindigde de door materie gedomineerde fase van vertraagde
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Figure 7.4: Einstein ringen (dunne blauwe patronen), waargenomen tussen
augustus 2004 en maart 2005 met de Hubble Space Telescope’s ‘Advanced
Camera for Surveys’. De gele vlekken zijn zware elliptische voorgrondse
sterrenstelsels, die ongeveer 2 tot 4 miljard lichtjaar van ons vandaan liggen.
Met denk aan: NASA, ESA en het SLACS onderzoeksteam.

expansie, welke sinds het einde van het tijdperk van de straling domineerde
in het vroege universum. Dit nieuwe tijdperk wordt het tijdperk van donkere
energie in de kosmische evolutie genoemd – en is het huidige tijdperk van
het heelal.

Er wordt aangenomen dat donkere energie ongeveer 68,3% van de totale
massa-energie van het universum uitmaakt (terwijl de donkere materie
26,8% uitmaakt). Zoals eerder vermeld, hoewel donkere materie alleen al
84,5% van de totale massa van het universum uitmaakt, is er geen interactie
met elektromagnetische straling, zoals licht. We kunnen donkere materie
dus niet ‘zien’. Omdat het echter wel op gravitatie reageert, is een van
de nieuwe manieren om donkere materie te detecteren daarom via een
astrofysisch fenomeen dat het ‘gravitatielens-effect ’ wordt genoemd.

Een van de meest diepgaande voorspellingen van Einstein’s algemene
relativiteitstheorie is dat lichtstralen (of fotonen) worden afgebogen door
de aanwezigheid van graviterende objecten. Materie die geconcentreerd
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is in sterrenstelsels of in clusters van sterrenstelsels, gelegen tussen een
waarnemer (zoals wij op aarde) en een verre bron (zoals een ander
sterrenstelsel in de achtergrond), kan zich gedragen als een ‘lens’, en is
in staat om de baan van het licht dat van de bron naar de waarnemer reist
gravitationeel af te buigen (zie figuur 7.3). Afhankelijk van de relatieve
positie en afstand tussen de bron en de lens, en de manier waarop de massa
verdeeld is in de lens, kan de waarnemer meerdere beelden of bogen of
ringen van de bron zien (zie figuur 7.4). Hoewel de donkere materie die
aanwezig is in de sterrenstelsels niet ‘gezien’ kan worden, kan men indirect
de aanwezigheid en de verdeling van deze donkere materie detecteren door te
meten hoeveel licht van de verre achtergrondbronnen door deze onzichtbare
materie wordt afgebogen.

Dit proefschrift

Het onderzoek in dit proefschrift probeert de verdeling van massa in
sterrenstelsels te kwantificeren met behulp van het gravitatielens-effect, in
het bijzonder de aanwezigheid van de mysterieuze donkere materie op kleine
schalen, maar ook andere contributies aan de ‘gravitatielens’, die anders
moeilijk of bijna onmogelijk te detecteren zijn. Dit proefschrift richt zich
vooral op de zware elliptische sterrenstelsels – die oudere sterren bevatten
en bijna geen gas bevatten – en die relatief meer geëvolueerd zijn, vergeleken
met spiraalvormige sterrenstelsels. Door de verschillende fysische processen
die ze hebben ondergaan, hebben deze sterrenstelsels de meeste van hun
interessante structuren, zoals spiraalvormige armen, centrale balken etc.,
verloren en zijn ze ‘saaier’ van vorm. Maar binnen ons huidige begrip
ontbreekt nog steeds een compleet beeld van de vorming en evolutie van
sterrenstelsels. We weten dat de verschillende terugkoppelingsprocessen
die voortkomen uit stervorming, aangroei van gas, supernovae etc. een
belangrijke rol spelen bij het vormgeven van de massaverdeling van
deze sterrenstelsels. Maar zijn deze afdrukken wel detecteerbaar en te
onderscheiden van deze zware elliptische sterrenstelsels? Of met andere
woorden, hoe kunnen deze fysische processen de massaverdeling in deze
sterrenstelsels vormgeven?

Om bovenstaande vragen te kunnen beantwoorden moet men robu-
uste statistische methodes ontwikkelen zodat deze fluctuaties in massa
kunnen worden gedetecteerd, die wat betreft de orde van grootte relatief
vergelijkbaar zijn met de ruis in de waargenomen beelden. Dit onderzoek
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rapporteert de ontwikkeling van nieuwe statistische technieken om de
massaverdelingen te kwantificeren (hoofdstuk 3), en ook rekenkaders
voor het simuleren van kunstmatige beelden van sterrenstelsels die door
gravitatielenzen vervormd zijn (hoofdstuk 2). Het onderliggende idee is om
de oppervlaktehelderheid van de vervormde beelden van de achtergrondbron
te ‘modelleren’, en dus het grootste deel van de massaverdeling in de
voorgrondse lensstelsels af te leiden. De ‘residuen’ die overblijven na
het modelleren, worden statistisch geanalyseerd om het massaprofiel te
kwantificeren op kleine sub-galactische schalen, die theoretisch in verband
kunnen worden gebracht met lage massa subhalo’s van donkere materie
aanwezig in het voorgrondse sterrenstelsel.

Dit theoretische onderzoek is ook gekoppeld aan en toegepast op
echte astronomische waarnemingen, afkomstig van de Hubble Space Tele-
scope (HST, hoofdstuk 4) en de Kilo Degree Survey (KiDS, hoofdstuk
2). Daarnaast zijn de simulaties en de statistische kaders die in dit
proefschrift zijn ontwikkeld, ook toegepast op kunstmatige intelligentie
om gravitatielenzen te vinden (hoofdstuk 2), en op een kwantitatieve
analyse om afhankelijkheden en ongewenste effecten in de modellen van
de gravitatielenzen in kaart te brengen (hoofdstuk 5).

Zoals eerder beschreven is het proces van structuurvorming in het heelal
sinds het tijdperk van de eerste sterren en sterrenstelsels zeer niet-lineair van
aard geworden, wat het moeilijker maakt om deze verschijnselen analytisch
te berekenen. We gebruiken daarom ook computers en supercomputers
om deze verschillende scenario’s te simuleren (zie bijvoorbeeld figuur
7.2). Een groot voordeel van het gebruik van numerieke simulaties is
dat men de parameters die overeenkomen met de onderliggende fysica
en de verschillende fysische processen kan verfijnen en zo alternatieve
scenario’s van het universum kan genereren. Dit proefschrift maakt gebruik
van zo’n ultramoderne kosmologische simulatie, EAGLE genaamd, en
probeert de afdrukken van de tot nu toe fysische processen te vinden in
de massaverdeling van de gesimuleerde sterrenstelsels, op sub-galactische
schalen (hoofdstuk 6) met behulp van het statistische kader dat in het
proefschrift is ontwikkeld.

Deze samenvatting is vertaald uit het Engels met DeepL Translator. Jorrit Hagen
heeft de vertaling vervolgens herzien.



Summary

A brief history of the early universe

According to the hot Big Bang cosmology, 13.8 billion years ago, our very
own universe started its journey of expansion, from a very high temperature
(∼ 1032 K) and very high density state (∼ 1019 GeV). At this very early
stage the average energy of the universe was so high that none of our
everyday subatomic particles could manage to form and exist. Even the
four fundamental forces of nature, namely gravitational, strong and weak
nuclear force, and electromagnetic – all were unified in one combined force.
As this just born universe started expanding and cooling, the fundamental
forces started separating from each other, and subsequently it went through
a very sudden and rapid expansion of the spacetime fabric, which is termed
as inflation. All these happened within the first picosecond (10−12 second)
of cosmic time.

After the cosmic inflation, universe was filled with a hot quark-gluon
plasma, which subsequently led to the genesis of baryons (such as protons
and neutrons, which are made of three quarks), and their anti-baryons. Due
to an asymmetry between the matter and the antimatter – a result of the
earlier phases of the cosmic evolution – far more number of baryons were
formed, compared to anti-baryons. The phase between 10−6 second to 1
second after the big bang is called the Hadron epoch. Hadrons are particles
formed by two or three quarks, bound together by the strong nuclear force
(mentioned above). Although initially the matter and the anti-matter were
in thermal equilibrium, as the temperature continued to go down, no new
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Figure 7.5: Timeline of the universe – a diagrammatic representation of
the observable universe from the Big Bang (left) to the present. Courtesy:
NASA/WMAP Science Team.

hadron and anti-hadron pairs were being created. Most of the pre-existed,
just formed hadron pairs got annihilated, and this process produced pairs
of high energy photons. Due to the slightly lower mass, the equilibrium was
shifted in favour of the protons compared to the neutrons, and this epoch
ended with a neutron to proton ratio of 1:7, and the lepton anti-lepton pairs;
particles such as electrons, muons, neutrinos, and their anti-particles.

At an age of 1 second after the big bang, when the temperature of
the baby universe fell down to 1010 K (1 MeV), neutrinos decoupled from
the baryons and started their ‘free travel through the space’, creating the
Cosmic Neutrino Background (CNB). The phase between 1 and 10 seconds
after the Big Bang, is called the Lepton epoch and just like the hadron
epoch, this phase left residues of non-annihilated leptons, and most of the
mass-energy of the universe in the form of photons (radiation).

In the following phase starting from 10 seconds till 377,000 years after
the Big Bang, these photons continue interacting with electrons, protons,
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Figure 7.6: Formation and evolution of clusters and the filament structures
of the universe in 43 Mpc box, from redshift, z=10 to the present
epoch following Lambda-CDM cosmological model, simulated at the
National Center for Supercomputer Applications by Andrey Kravtsov (The
University of Chicago) and Anatoly Klypin (New Mexico State University).

and with the nuclei of deuterium, helium-4, and lithium-7 etc, which are
formed during the age range of 2 to 20 minutes of the universe. This
epoch of synthesising the nucleus of light elements is called as Big bang
Nucleosynthesis. As the temperature kept on falling down, this phase was
just right (109 K ∼ 107 K corresponding to 100 keV ∼ 1 keV) to create
stable nuclei of hydrogen isotope deuterium. But as most deuterium fuses
to helium-4 quickly, at the end of this phase, the resulting matter of the
universe consisted of about 75% hydrogen nuclei and 25% helium nuclei.

Matter dominated era and the large scale structures

When the universe was about 47,000 years old (redshift, z=3600), it
started becoming more matter dominated instead of radiation, because
the matter energy density started exceeding both the vacuum energy
and the radiation energy densities. Also at this stage, the densities of
atomic nuclei (non-relativistic matter) and that of the photons (relativistic
radiation) become equal. Consequently, through a competition of pressure
and gravitational pulls, smallest structures of the cosmos started forming.
These perturbations began to grow in their amplitudes, and following the
Lambda-CDM cosmological model, at this epoch, universe was already
dominated by 84.5% cold dark matter (CDM), and 15.5% baryonic matter.

Since this point of the cosmic evolution, dark matter started gathering
hierarchically and eventually formed filamentary structures under the
influence of gravitational force (see figure 7.6). The inhomogeneities or
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perturbations in the density of the universe — the imprints of the cosmic
inflation — started getting amplified too. Slightly dense regions started
getting denser and denser, and slightly emptier regions started to be be
rarefied. Smaller dark matter structures started clustering and merging
together, to form bigger, massive haloes. Subsequently in the later phase of
the cosmic evolution, these dark matter filaments provide the gravitational
potential wells, which eventually dictate and direct the ordinary matter
(gas) to cool down, collapse faster (at around 150 million years of age), and
furthermore to form stars and give rise to galaxies (from around 400 to 700
million years after the Big bang) as we see in our universe today.

Epoch of recombination, dark ages and reionization

Around 377,000 years after the Big Bang (z=1100), when the temperature
of the universe was 4000 K (0.4 eV), free electrons and the nuclei started
binding together to form first neutral atoms. This is called as epoch of
recombination. During the pre-recombination phase, universe was opaque
– photons (light) were tightly coupled and in thermal equilibrium with
the ionised matter. At this point of time, photons for the first time
get decoupled from the matter and the universe becomes transparent.
These photons start free streaming through the transparent, weakly
perturbed, homogeneous and isotropic cosmos, which is called as the
Cosmic Microwave Background (CMB).

Soon after the photon decoupling and the recombination epoch, as the
universe kept on expanding and cooling, CMB photons got redshifted to
infrared within 3 million years, and as there were no stars or galaxies,
during the phase starting from 377,000 years till the formation of the first
stars at around 400 million years after the Big Bang, the universe was
devoid of visible light. This is termed as Dark Ages. The only sources
of photons during this age are the faint 21-cm spin line radio emissions
from the neutral hydrogen atoms. During the dark ages, universe cooled
down from 4000 K to about 60 K. Starting from around 150 million to 1
billion years after the Big Bang, gradually the first stars (also known as
population-III stars), dwarf galaxies and quasars started forming. During
this era, a second phase transition of the gas happened, when the strong
radiation emitted from these earliest cosmic structures ionised the baryonic
matter present in the universe, mostly in the form of hydrogen and helium.
This phase is called the epoch of reionization.
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Figure 7.7: A geometrical representation of gravitational lensing. The
image shows a schematic diagram of a background distant galaxy, sitting
at 7.5 billion light years away, being gravitationally lensed by a foreground
quasar at a distance of 1.6 billion light years from the earth. Image credit:
F. Courbin, S. G. Djorgovski, G. Meylan, et al., Caltech/EPFL/WMKO

Galaxies, dark-matter, gravitational lensing

Starting from an age of 1 billion year till around 10 billion years after the
Big Bang, gravitationally bound systems like galaxies – which are mostly
made of stars, interstellar dust, gas and dark matter – continued forming.
Due to the gravitational pull towards each other, galaxies gradually started
forming groups, clusters and superclusters as well. Since the age of around
9.8 billion years, the universe started accelerating again, ending its matter
dominated phase of decelerated expansion; which lasted since the end of the
radiation dominated era of early universe. This new age is called the dark
energy dominated era in cosmic evolution – as we experience the present
appearance of the universe.

Dark energy is believed to constitute about 68.3% (while the dark
matter constitutes 26.8%) of the entire mass-energy of the universe. As
mentioned before, although dark matter alone constitutes 84.5% of the
total mass of the universe, but it does not interact with electromagnetic
radiation, such as light. So, we can not ‘see’ it. However, as it does interact
gravitationally, one of the novel ways to detect dark matter is therefore via
an astrophysical phenomenon called ‘gravitational lensing’.
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Figure 7.8: Einstein rings (thin blue bull’s-eye patterns), observed between
August 2004 and March 2005, via Hubble Space Telescope’s Advanced
Camera for Surveys. The yellow blobs are massive foreground elliptical
galaxies, situated roughly from 2 to 4 billion light-years away from us.
Credits: NASA, ESA, and the SLACS survey team.

One of the most profound predictions of Einstein’s general theory of
relativity is that, light rays (or photons) get deflected due to the presence
of the gravitating objects. Matter that is concentrated in galaxies or in
clusters of galaxies, situated between an observer (like us on earth) and a
distant source (like another galaxy in the background), can act similar to
a ‘lens’, and is able to gravitationally deflect the trajectory of light that
travels from the source to the observer (see figure 7.7). Depending on the
relative position and distance between the source and the lens, and the way
mass is distributed in the lensing galaxy, observer can see multiple images
or arcs or rings of the source (see figure 7.8). Although the dark matter
present in the galaxies can not be ‘seen’, but by measuring how much the
lights coming from the distant background sources are being bent by these
invisible stuff, one can indirectly detect the presence and the distribution
of this dark matter.
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This thesis

The research presented in this thesis attempts to quantify the distribution of
the mass in the galaxies using gravitational lensing, especially the presence
of this mysterious dark matter on small sub-galactic scales, as well as
other contributions that play their role as ‘gravitational lens’, but which
are difficult or almost impossible to detect otherwise. This thesis mostly
focuses on the massive elliptical galaxies – containing older stars and with
almost no gas – and which have evolved relatively more, compared to the
spiral ones. Due to the various physical processes through which they have
undergone, these galaxies have lost most of their interesting structures, e.g.
spiral arms, bars etc, and became more ‘boring’ in shape and form. But
within our current understanding, a complete picture of galaxy formation
and evolution is still lacking. We know that the various feedback processes
coming from the star formation, accretion of gas, supernovae etc play
significant roles in shaping the mass distribution of these galaxies. But
can these imprints be detectable and distinguishable from these massive
elliptical galaxies? Or in other words, how can these physical processes
shape the mass distribution in these galaxies?

To answer the above questions, one needs to develop robust statistical
estimators so that the sub-galactic mass fluctuations can be detected, which
in terms of the order-of-magnitude, can be relatively comparable to the
noise present in the observed images. This research reports the development
of novel statistical techniques to quantify the mass distributions (Chapter
3), and also computational frameworks for simulating artificial images of
‘lensed’ galaxies (Chapter 2). The underlying idea is to ‘model’ the surface-
brightness of the lensed images of the background source, and therefore to
infer the majority of the mass distribution present in the foreground lens
galaxies. The ‘residuals’ which are left over after modelling, are analysed
statistically to quantify the mass profile at small sub-galactic scales, which
can be theorised to be originating from low mass dark matter subhaloes
present in the foreground galaxy.

This theoretical research has also been connected and applied to real
astronomical observations, coming from the Hubble Space Telescope (HST,
Chapter 4) and the Kilo Degree Survey (KiDS, Chapter 2). Besides these,
the simulations and the statistical framework developed in this Ph.D.
thesis have also been applied to artificial intelligence to find gravitational
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lenses (Chapter 2), and to a quantitative analysis of the biases and the
dependencies in gravitational lens modelling systematics (Chapter 5).

As described before, since the epoch of first stars and galaxies, the
process of structure formation in universe has become very nonlinear
in nature, which makes our lives harder to calculate these phenomena
analytically. So, we take helps from computers and super-computers
to simulate these various scenarios (see for example figure 7.2). One
major benefit of using numerical simulations is that, one can fine-tune
the parameters corresponding to the underlying sub-grid physics and
various physical processes, and thus alternate scenarios of the universe
can be generated. This thesis uses one such state-of-the-art cosmological
simulation, named EAGLE, and attempts to find the imprints of the
hitherto physical processes in the mass distribution of the simulated
galaxies, at sub-galactic scales (Chapter 6) using the statistical framework
developed throughout the thesis.
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