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Abstract: This paper deals with strong structural controllability of leader/follower networks.
In the existing literature on structural controllability of networks, a basic assumption is that
the nonzero off-diagonal entries in the matrices in the qualitative class associated with the
network graph are completely independent. However, in real world networks, this assumption
is not always satisfied. In this paper, we study the situation that some of these entries are
constrained to take identical values. This will be formalized using the concept of colored graphs.
Furthermore, we consider colored bipartite graphs and establish a necessary and sufficient graph-
theoretic condition for the nonsingularity of all matrices in the associated pattern class. We then
introduce a new coloring rule and a new concept of zero forcing set. Based on these concepts, we
formulate a graph-theoretic condition for strong structural controllability of systems on colored
graphs.

Keywords: strong structural controllability, networked systems, colored graph, colored color
change rule, zero forcing set, balancing set

1. INTRODUCTION

The study of controllability of networked systems has
attracted a lot of attention in recent years. The research
on this topic has already resulted in an extensive literature
on the subject which still keeps growing. Most of this lit-
erature is devoted to the controllability of leader/follower
systems of the form

ẋ = Ax+Bu,

where x ∈ Rn is the state, u ∈ Rm is the input, A ∈ Rn×n

is the system matrix that represents the graph structure
of the network, and B ∈ Rn×m encodes the vertices
(called leaders) through which the input signals enter the
network. In some of the work on network controllability,
the matrix A is assumed to be a fixed constant matrix
with all elements predetermined. Examples of this include
cases where A is the Laplacian matrix (Zhang et al. (2014),
Zhang et al. (2011)) or the adjacency matrix of the given
graph (Mousavi and Haeri (2016)). However, in practice,
it is not always possible to get full information on the link
weights in networked systems. In fact, most of the work in
this direction focuses on some special network topologies
or special sets of weights for interconnections.

In other parts of the literature, the analysis of network con-
trollability has centered around structural controllability.
Instead of a particular instance, structural controllability
deals with a family of pairs (A,B) and asks whether
the family contains a controllable pair (weak structural
controllability (Lin (1974))) or whether all members are
controllable (strong structural controllability (Mayeda and

� This work was partially supported by China Scholarship Council
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Yamada (1979))). In the latter case, necessary and suffi-
cient conditions have been established in terms of con-
strained matchings (Chapman and Mesbahi (2013)) or
zero forcing sets (Monshizadeh et al. (2014)). For more
references on strong structural controllability, see (Trefois
and Delvenne (2015), Mousavi et al. (2017)).

Up to now, a basic assumption in the study of strong struc-
tural controllability has been that the nonzero parameters
appearing in different entries in the patterned matrices
in the qualitative class are completely free, in the sense
that, for distinct entries, arbitrary nonzero real values
are allowed, independently from each other, see (Mayeda
(1981), Reinschke (1988)). In many real-world networks,
however, the assumption that the interconnection weights
are completely arbitrary is not satisfied, and, for example,
identical nonzero parameters appear in multiple locations
in the pair (A,B) (Liu and Morse (2017)), or some nonzero
parameters are fixed (Mousavi et al. (2017)). An exam-
ple of this are systems defined on so-called network-of-
networks (see Chapman et al. (2014)) which are obtained
from Cartesian product of smaller factor networks. Typ-
ically, for each of these factor networks the weights of
the links are completely arbitrary. Taking their Cartesian
product however will result in identical weights on certain
links in the network.

In this paper, we consider leader/follower networked sys-
tems where some of the interconnections are constrained to
have identical weights. Since graph theoretical results can
reveal important structural properties hidden in matrix
representations, in this paper our aim is to establish graph-
theoretical conditions under which such networked systems
are strongly structurally controllable.
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In this paper we will concentrate on formulating our main
results. Most of the proofs will be omitted and will be
deferred to a future, extended version of this paper.

The organization of this paper is as follows. In Section 2,
some preliminaries are presented. In Section 3 we give the
mathematical formulation of the problem to be considered
in this paper. The main results of this paper are reported
in Section 4. Finally, in Section 5 we formulate some
conclusions.

2. PRELIMINARIES

Let G = (V,E) be a simple directed graph, with vertex set
V = {1, 2, ..., n}, and the edge set E a subset of V ×V . We
call vertex j an out-neighbor of vertex i if (i, j) ∈ E. Let
N(i) = {j ∈ V | (i, j) ∈ E} be the set of all out-neighbors
of i. Given a subset S of the vertex set V and a subset
X ⊂ S, we denote by

NV \S(X) = {j ∈ V \ S | ∃ i ∈ X such that (i, j) ∈ E},
the set of all vertices outside S, but a neighbor of some
vertex in X. The directed graph G1 = (V1, E1) is called
a subgraph of G if V1 ⊂ V and E1 ⊂ E. Associated with
a given simple directed graph G = (V,E) we consider the
set of matrices

W(G) := {W ∈ Rn×n | Wij �= 0 iff (j, i) ∈ E}.
For any such W and (j, i) ∈ E, the entry Wij is called
the weight of the edge (j, i). Any such matrix W is called
a weighted adjacency matrix of the graph. For a given
directed graph G = (V,E), we denote the associated graph
with weighted adjacency matrix W by G(W ) = (V,E,W ).
This is then called the weighted graph associated with
the graph G = (V,E) and weighted adjacency matrix W .
Finally, we define the graph G = (V,E) to be an undirected
graph if, whenever (i, j) ∈ E, also (j, i) ∈ E. In that
case the order of i and j in (i, j) does not matter and
we interpret the edge set E as the set of unordered pairs
{i, j} where (i, j) ∈ E.

2.1 Qualitative Class and Weighted Qualitative Class:

The qualitative class of a simple directed graph G = (V,E)
is a family of matrices associated with the graph, and is
defined by

Q(G) = {A ∈ Rn×n | for i �= j : Aij �= 0 iff (j, i) ∈ E}.
Note that the diagonal entries of A ∈ Q(G) do not
depend on the structure of G and can take arbitrary
real values. Similarly, given a weighted directed graph
G(W ) = (V,E,W ) with a given weighted adjacency matrix
W , we define the family of matrices

QW (G) = {A ∈ Rn×n | for i �= j : Aij = Wij}.
Note that the off-diagonal elements of A ∈ QW (G) are
given by those of the given adjacency matrix, while, again,
the diagonal entries of A ∈ QW (G) can take arbitrary real
values. Obviously

Q(G) =
⋃

W∈W(G)

QW (G).

2.2 Bipartite Graph and Pattern Class:

The undirected graph G = (V,E) is called bipartite if there
exist disjoint subsets X and Y of V such that X ∪ Y = V

and {i, j} ∈ E only if i ∈ X and j ∈ Y . Such undirected
bipartite graph is denoted by G = (X,Y,EXY ) where we
denote the edge set by EXY to stress that it contains edges
{i, j} with i ∈ X and j ∈ Y .

A set of t edges m ⊂ EXY is called a t-matching in G, if
no two edges in m share a vertex. In the special case that
|X| = |Y |, such a t-matching is called a perfect matching
if t = |X|. We say that a perfect matching is constrained
if it is the only perfect matching in G.

Consider an undirected bipartite graph G = (X,Y,EXY ),
where the vertex sets X and Y are given by X =
{x1, x2, . . . , xs} and Y = {y1, y2, . . . , yt}. The pattern
class P(G) of this bipartite graph G is defined as

P(G) = {M ∈ Ct×s|Mji �= 0 iff {xi, yj} ∈ EXY }.
Note that a matrix M ∈ P(G) may not be square since the
cardinalities of X and Y can differ. Also note that, in the
context of pattern classes for undirected bipartite graphs,
we allow complex matrices.

2.3 Zero Forcing Set and Color Change Rule:

Let G = (V,E) be a simple directed graph with vertices
colored either black or white. We now introduce the
following color change rule: if v is a black vertex in G with
exactly one white out-neighbor u, then we change the color

of u to black, and write v
C−→ u. Such a color change is

called a force. Given a coloring set C ⊆ V , i.e., C indexes
the vertices of G initially colored black, the derived set
D(C) is the set of black vertices obtained after repeated
application of the color change rule, until no more changes
are possible. A subset Z ⊆ V is called a zero forcing set
for G if D(Z) = V . Given a zero forcing set for G , we can
list the forces in the order in which they were performed
to color all vertices in the graph black. Such a list is called
a chronological list of forces.

2.4 Balancing Set and Zero Extension Rule:

Consider a weighted graph G(W ) = (V,E,W ) associated
with the simple directed graph G = (V,E) and weighted
adjacency matrix W . For i = 1, . . . , n, let xi be a variable
assigned to vertex i. Assume that for a given subset of
vertices C ⊂ V , xj = 0 for all j ∈ C. We call C the set of
zero vertices. The values of the other vertices of G(W ) are
initially undetermined. To every vertex j ∈ C, we assign a
so called balance equation:∑

k∈NV \C({j})

xkWkj = 0. (1)

Note that for weighted undirected graphs, in which case
W is symmetric, the balance equation (1) coincides with
the one introduced in Mousavi et al. (2017). Assume that
there is a subset of zero vertices X ⊆ C such that the
system of |X| balance equations corresponding to the
vertices in X implies that xk = 0, for all k ∈ Y , where
C ∩Y = ∅. The updated set of zero vertices is now defined
as C(new) = C(old) ∪ Y . In that case, we say that zeros

extend from X to Y , written as X
E−→ Y . This one step

procedure of making the values of additional vertices equal
to zero is called the zero extension rule.
Let the derived set Dz(C) be the set of zero vertices
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In this paper we will concentrate on formulating our main
results. Most of the proofs will be omitted and will be
deferred to a future, extended version of this paper.

The organization of this paper is as follows. In Section 2,
some preliminaries are presented. In Section 3 we give the
mathematical formulation of the problem to be considered
in this paper. The main results of this paper are reported
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a weighted adjacency matrix of the graph. For a given
directed graph G = (V,E), we denote the associated graph
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This is then called the weighted graph associated with
the graph G = (V,E) and weighted adjacency matrix W .
Finally, we define the graph G = (V,E) to be an undirected
graph if, whenever (i, j) ∈ E, also (j, i) ∈ E. In that
case the order of i and j in (i, j) does not matter and
we interpret the edge set E as the set of unordered pairs
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The qualitative class of a simple directed graph G = (V,E)
is a family of matrices associated with the graph, and is
defined by

Q(G) = {A ∈ Rn×n | for i �= j : Aij �= 0 iff (j, i) ∈ E}.
Note that the diagonal entries of A ∈ Q(G) do not
depend on the structure of G and can take arbitrary
real values. Similarly, given a weighted directed graph
G(W ) = (V,E,W ) with a given weighted adjacency matrix
W , we define the family of matrices

QW (G) = {A ∈ Rn×n | for i �= j : Aij = Wij}.
Note that the off-diagonal elements of A ∈ QW (G) are
given by those of the given adjacency matrix, while, again,
the diagonal entries of A ∈ QW (G) can take arbitrary real
values. Obviously

Q(G) =
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W∈W(G)

QW (G).

2.2 Bipartite Graph and Pattern Class:

The undirected graph G = (V,E) is called bipartite if there
exist disjoint subsets X and Y of V such that X ∪ Y = V

and {i, j} ∈ E only if i ∈ X and j ∈ Y . Such undirected
bipartite graph is denoted by G = (X,Y,EXY ) where we
denote the edge set by EXY to stress that it contains edges
{i, j} with i ∈ X and j ∈ Y .

A set of t edges m ⊂ EXY is called a t-matching in G, if
no two edges in m share a vertex. In the special case that
|X| = |Y |, such a t-matching is called a perfect matching
if t = |X|. We say that a perfect matching is constrained
if it is the only perfect matching in G.

Consider an undirected bipartite graph G = (X,Y,EXY ),
where the vertex sets X and Y are given by X =
{x1, x2, . . . , xs} and Y = {y1, y2, . . . , yt}. The pattern
class P(G) of this bipartite graph G is defined as

P(G) = {M ∈ Ct×s|Mji �= 0 iff {xi, yj} ∈ EXY }.
Note that a matrix M ∈ P(G) may not be square since the
cardinalities of X and Y can differ. Also note that, in the
context of pattern classes for undirected bipartite graphs,
we allow complex matrices.

2.3 Zero Forcing Set and Color Change Rule:

Let G = (V,E) be a simple directed graph with vertices
colored either black or white. We now introduce the
following color change rule: if v is a black vertex in G with
exactly one white out-neighbor u, then we change the color

of u to black, and write v
C−→ u. Such a color change is

called a force. Given a coloring set C ⊆ V , i.e., C indexes
the vertices of G initially colored black, the derived set
D(C) is the set of black vertices obtained after repeated
application of the color change rule, until no more changes
are possible. A subset Z ⊆ V is called a zero forcing set
for G if D(Z) = V . Given a zero forcing set for G , we can
list the forces in the order in which they were performed
to color all vertices in the graph black. Such a list is called
a chronological list of forces.

2.4 Balancing Set and Zero Extension Rule:

Consider a weighted graph G(W ) = (V,E,W ) associated
with the simple directed graph G = (V,E) and weighted
adjacency matrix W . For i = 1, . . . , n, let xi be a variable
assigned to vertex i. Assume that for a given subset of
vertices C ⊂ V , xj = 0 for all j ∈ C. We call C the set of
zero vertices. The values of the other vertices of G(W ) are
initially undetermined. To every vertex j ∈ C, we assign a
so called balance equation:∑

k∈NV \C({j})

xkWkj = 0. (1)

Note that for weighted undirected graphs, in which case
W is symmetric, the balance equation (1) coincides with
the one introduced in Mousavi et al. (2017). Assume that
there is a subset of zero vertices X ⊆ C such that the
system of |X| balance equations corresponding to the
vertices in X implies that xk = 0, for all k ∈ Y , where
C ∩Y = ∅. The updated set of zero vertices is now defined
as C(new) = C(old) ∪ Y . In that case, we say that zeros

extend from X to Y , written as X
E−→ Y . This one step

procedure of making the values of additional vertices equal
to zero is called the zero extension rule.
Let the derived set Dz(C) be the set of zero vertices
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obtained after repeated application of the zero extension
rule until no more zero vertices can be added. Given an
initial zero vertex set B ⊂ V , if the derived set Dz(B) = V ,
we call B a balancing set. Given a balancing set of a simple
directed graph G , we can list the zero extension steps in
the order that zero vertices extend to the whole vertex set
and call this list a chronological list of extensions.

2.5 Controllability of Systems Defined on Graphs:

Consider a simple directed graph G = (V,E), where the
vertex set is given by V = {1, 2, . . . , n}, and let VL =
{v1, . . . , vm} be a subset of V . Then, we define the n×m
matrix B(V ;VL) = [Bij ] by

Bij =

{
1 if i = vj ,
0 otherwise.

(2)

We consider the following leader/follower system defined
on the graph G with dynamics

ẋ = Ax+Bu, (3)

where x ∈ Rn is the state and u ∈ Rm is the input, with
the distinguishing feature that the matrix A is an element
of Q(G), the qualitative class associated with the given
graph G, and B = B(V ;VL) is given by (2). An important
notion associated with systems defined on a graph G as in
(3) is the notion of strong structural controllability.

Definition 1. A system defined on the graph G = (V,E)
with dynamics (3) and leader set VL ⊂ V is called strongly
structurally controllable if for all A ∈ Q(G), the pair (A,B)
is controllable. In that case, we will use the shorthand
notation saying that (G;VL) is controllable. �

There is a one-to-one correspondence between strong
structural controllability and zero forcing sets, as shown
in the following theorem.

Theorem 2. (Monshizadeh et al. (2014)) Let G be a simple
directed graph and VL ⊂ V . Then, (G;VL) is controllable
if and only if VL is a zero forcing set. �

Next, consider the weighted graph G(W ) = (V,E,W )
associated with the simple directed graph G = (V,E)
and weighted adjacency matrix W . Let vertex set V =
{1, 2, . . . , n} and leader set VL = {v1, . . . , vm} ⊂ V . By
the leader/follower system defined on G(W ) = (V,E,W ),
we mean the leader/follower system of the form (3) where
A ∈ QW (G) and B = B(V ;VL) is given by (2). Similar
to the notion of strong structural controllability, we say
(G(W );VL) is controllable if (A,B) is controllable for all
A ∈ QW (G). A necessary and sufficient condition for
(G(W );VL) to be controllable is provided by the following
theorem.

Theorem 3. Let G(W ) be a weighted directed graph and
VL ⊂ V be the leader set. (G(W );VL) is controllable if and
only if VL is a balancing set. �

Proof. A proof of this theorem will be given in a future
extended version of this paper. �

Note that this theorem generalizes Theorem 1 in Mousavi
et al. (2017) to the case of weighted directed graphs.

3. PROBLEM FORMULATION

Again, let G = (V,E) be a simple directed graph. We
will now formalize that certain off-diagonal entries in the
matrices A in the qualitative class Q(G) are constrained
to be equal. To do this, we introduce a partition

π = {E1, E2, . . . , Ek}
of the edge set E. The edges in a given cell Er are
constrained to have identical weights. To visualize this,
we then say that these edges have the same color: edges
have the same color if and only if they are in the same cell
Er for some r. The colors will be denoted by the symbols
c1, c2, . . . , ck and the edges in cell Er are said to have color
cr. This leads to the notion of colored graph, denoted by
G(π) = (V,E, π).

Example 4. Consider the colored simple directed graph
with π = {E1, E2, E3}, where E1 = {(1, 4), (1, 6)}, E2 =
{(2, 4), (2, 5)} and E3 = {(3, 5), (3, 6)} as depicted in
Figure 1. Edges having the same color means that the

1

2 3

4 5 6

c2 c2 c3 c3

c1c1

Fig. 1. A colored directed graph with leader set {1, 2, 3}.

weight of these edges are constrained to be equal. In the
example, the edges in E1 have color c1 (blue), those in E2

have color c2 (green), and those in E3 have color c3 (red).
In the sequel, sometimes the symbols ci will also be used
to denote independent nonzero variables. �

Furthermore, associated with G(π) = (V,E, π), we con-
sider the family of weighted adjacency matrices

Wπ(G) :={W ∈ W(G) | Wij = Wkl

if (j, i), (l, k) ∈ Er for some r}.
Recall that for W ∈ Wπ(G) the off-diagonal elements of
A ∈ QW (G) are given by those of the given adjacency
matrix, while, again, the diagonal entries of A ∈ QW (G)
can take arbitrary real values.
Next, we define the colored qualitative class Qπ(G) to
describe the family of matrices associated with G(π):

Qπ(G) ={A ∈ Q(G) | Aij = Akl

if (j, i), (l, k) ∈ Er for some r}.
Obviously,

Qπ(G) =
⋃

W∈Wπ(G)

QW (G),

and
Qπ(G) ⊂ Q(G).

Associated with the colored directed graph G(π) =
(V,E, π) and leader set VL ⊂ V , we then consider the
leader/follower system defined on G(π) = (V,E, π) with
dynamics given by (3), where A ∈ Qπ(G) is the system
matrix and B = B(V ;VL) is given by (2). Similar to the
definition of strong structural controllability, we call the

IFAC NecSys 2018
Groningen, NL, August 27-28, 2018

18

system defined on G(π) = (V,E, π) with leader set VL ⊂ V
colored strongly structurally controllable if the pair (A,B)
is controllable for all A ∈ Qπ(G). For example, the system
with graph depicted in Figure 1 will be shown to be colored
strongly structurally controllable. We will use shorthand
notation and say that (G(π);VL) is controllable.

By the definitions of colored strong structural controlla-
bility and controllability of systems defined on weighted
graphs, the fact that Qπ(G) =

⋃
W∈Wπ(G) QW (G) and by

Theorem 3, we have the following fact.

Fact 5. Let G(π) = (V,E, π) be a colored simple directed
graph, and let VL ⊂ V be a leader set. Then (G(π);VL)
is controllable if and only if VL is a balancing set for all
weighted graphs G(W ) = (V,E,W ) with W ∈ Wπ(G).

Note that it is infeasible to test whether (G(π);VL) is
controllable by means of checking controllability of all
systems (G(W );VL) defined on weighted graphs related
to the colored graph. Therefore, the aim of this paper
is to establish graph-theoretic conditions under which
(G(π);VL) is controllable.

4. COLORED ZERO FORCING SET AND COLORED
STRONG STRUCTURAL CONTROLLABILITY

In this section, we provide a graph-theoretic condition
to verify whether the leader set VL renders the system
defined on a colored simple directed graph controllable.
More specifically, we develop a colored color change rule,
and then define the notion of colored zero forcing set based
on that rule. In order to introduce this colored color change
rule, we consider colored bipartite graphs and establish
a necessary and sufficient graph-theoretic condition for
the nonsingularity of the pattern class associated with a
colored bipartite graph.

4.1 Colored Bipartite Graphs and Equivalence Classes

Consider an undirected bipartite graph G = (X,Y,EXY ),
where the vertex sets X and Y are given by X =
{x1, x2, . . . , xs} and Y = {y1, y2, . . . , yt}. We will now
introduce the notion of colored undirected bipartite graph.
For this we introduce a partition of the edge set EXY

as πXY = {E1
XY , E

2
XY , . . . , E

�
XY , } with associated colors

c1, c2, . . . , c�. This partition is now used to formalize that
certain entries in the pattern class P(G) are constrained
to be equal. Again, the edges in a given cell Er

XY are said
to have the same color. The pattern class of the colored
bipartite graph G(π) = (X,Y,EXY , πXY ) is then defined
as the following set of complex t× s matrices.

Pπ(G) = {M ∈ P(G) | Mji = Mhg

if {xi, yj}, {xg, yh} ∈ Er
XY for some r}.

Assume now that |X| = |Y | and let this cardinality
be equal to t. Suppose that p is a perfect matching of
G(π). The spectrum of p is defined to be the set of
colors (counting multiplicity) of the edges in p. More
specific, if the perfect matching p is given by p =
{{x1, yγ(1)}, . . . , {xt, yγ(t)}}, where γ denotes a permuta-
tion of (1, 2, . . . , t), and ci1 , ci2 , . . . , cit are the respective
colors of the edges in p, then the spectrum of p is the
set {ci1 , ci2 , . . . , cit} (where the same color can appear
multiple times in this list).

In addition to this, we define the sign of the perfect
matching p as sign(p) = (−1)m, where m is the number of
permutations needed to obtain (γ(1), γ(2), . . . , γ(t)) from
(1, 2, . . . , t). Since every perfect matching is associated
with a unique permutation, with a slight abuse of notation
we sometimes use the perfect matching p to represent its
corresponding permutation. Two perfect matchings are
called equivalent if they have the same spectrum. Obvi-
ously this yields an equivalence relation on the set of all
perfect matchings of G(π). We denote the corresponding
equivalence classes of perfect matchings by P1,P2, . . . ,Pl,
where perfect matchings in the same class Pi are equiva-
lent. Clearly, Pi∩Pj = ∅ for i �= j. We define the spectrum
of the equivalence class Pi to be the (common) spectrum
of the perfect matchings in this class, and denote it by
spec(Pi). Finally then, we define the the signature of the
equivalence class Pi to be the sum of the signs of all perfect
matchings in this class, which is given by

sgn(Pi) =
∑
p∈Pi

sign(p). (4)

Example 6. Consider the colored bipartite graph G(π) de-
picted in Figure 2. It contains three perfect matchings, p1,
p2 and p3, where p1 and p3 are equivalent. The equivalence
classes of perfect matchings are then P1 = {p1, p3} and
P2 = {p2}. Clearly sgn(P1) = 0 and sgn(P2) = −1. �

We will now use the terminology introduced above to
establish a necessary and sufficient condition for the non-
singularity of all matrices M in the colored pattern class
Pπ(G). This condition is presented in the following theo-
rem.

Theorem 7. Let G(π) = (X,Y,EXY , πXY ) be a colored
undirected bipartite graph and |X| = |Y |. Then, all M ∈
Pπ(G) are nonsingular if and only if there exists at least
one perfect matching, and exactly one equivalence class of
perfect matchings has nonzero signature. �

Proof. A proof of this theorem will be given in a future
extended version of this paper. �

4.2 Colored Color Change Rule and Zero Forcing Sets

Consider a colored simple directed graph G(π) = (V,E, π)
with π = {E1, E2, . . . , Ek} the partition of E. For
given disjoint subsets X = {x1, x2, . . . , xs} and Y =
{y1, y2, . . . , yt} of V , we define an associated colored undi-
rected bipartite graph G(π) = (X,Y,EXY , πXY ) as fol-
lows:

EXY := {{xi, yj} | (xi, yj) ∈ E, xi ∈ X, yj ∈ Y }.

Obviously, the partition π induces a partition πXY of EXY

by defining

Er
XY := {{xi, yj} ∈ EXY | (xi, yj) ∈ Er}, r = 1, 2 . . . , k.

Note that for certain r, this cell might be the empty set.
Removing these, we get a partition

πXY = {Ei1
XY , E

i1
XY , . . . , E

i�
XY }

of EXY , with associated colors ci1 , ci2 , . . . , ci� , with � ≤ k.
Without loss of generality we renumber ci1 , ci2 , . . . , ci� as
c1, c2, . . . , c� and the edges in cell Er

XY are said to have
color cr.
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system defined on G(π) = (V,E, π) with leader set VL ⊂ V
colored strongly structurally controllable if the pair (A,B)
is controllable for all A ∈ Qπ(G). For example, the system
with graph depicted in Figure 1 will be shown to be colored
strongly structurally controllable. We will use shorthand
notation and say that (G(π);VL) is controllable.

By the definitions of colored strong structural controlla-
bility and controllability of systems defined on weighted
graphs, the fact that Qπ(G) =

⋃
W∈Wπ(G) QW (G) and by

Theorem 3, we have the following fact.

Fact 5. Let G(π) = (V,E, π) be a colored simple directed
graph, and let VL ⊂ V be a leader set. Then (G(π);VL)
is controllable if and only if VL is a balancing set for all
weighted graphs G(W ) = (V,E,W ) with W ∈ Wπ(G).

Note that it is infeasible to test whether (G(π);VL) is
controllable by means of checking controllability of all
systems (G(W );VL) defined on weighted graphs related
to the colored graph. Therefore, the aim of this paper
is to establish graph-theoretic conditions under which
(G(π);VL) is controllable.

4. COLORED ZERO FORCING SET AND COLORED
STRONG STRUCTURAL CONTROLLABILITY

In this section, we provide a graph-theoretic condition
to verify whether the leader set VL renders the system
defined on a colored simple directed graph controllable.
More specifically, we develop a colored color change rule,
and then define the notion of colored zero forcing set based
on that rule. In order to introduce this colored color change
rule, we consider colored bipartite graphs and establish
a necessary and sufficient graph-theoretic condition for
the nonsingularity of the pattern class associated with a
colored bipartite graph.

4.1 Colored Bipartite Graphs and Equivalence Classes

Consider an undirected bipartite graph G = (X,Y,EXY ),
where the vertex sets X and Y are given by X =
{x1, x2, . . . , xs} and Y = {y1, y2, . . . , yt}. We will now
introduce the notion of colored undirected bipartite graph.
For this we introduce a partition of the edge set EXY

as πXY = {E1
XY , E

2
XY , . . . , E

�
XY , } with associated colors

c1, c2, . . . , c�. This partition is now used to formalize that
certain entries in the pattern class P(G) are constrained
to be equal. Again, the edges in a given cell Er

XY are said
to have the same color. The pattern class of the colored
bipartite graph G(π) = (X,Y,EXY , πXY ) is then defined
as the following set of complex t× s matrices.

Pπ(G) = {M ∈ P(G) | Mji = Mhg

if {xi, yj}, {xg, yh} ∈ Er
XY for some r}.

Assume now that |X| = |Y | and let this cardinality
be equal to t. Suppose that p is a perfect matching of
G(π). The spectrum of p is defined to be the set of
colors (counting multiplicity) of the edges in p. More
specific, if the perfect matching p is given by p =
{{x1, yγ(1)}, . . . , {xt, yγ(t)}}, where γ denotes a permuta-
tion of (1, 2, . . . , t), and ci1 , ci2 , . . . , cit are the respective
colors of the edges in p, then the spectrum of p is the
set {ci1 , ci2 , . . . , cit} (where the same color can appear
multiple times in this list).

In addition to this, we define the sign of the perfect
matching p as sign(p) = (−1)m, where m is the number of
permutations needed to obtain (γ(1), γ(2), . . . , γ(t)) from
(1, 2, . . . , t). Since every perfect matching is associated
with a unique permutation, with a slight abuse of notation
we sometimes use the perfect matching p to represent its
corresponding permutation. Two perfect matchings are
called equivalent if they have the same spectrum. Obvi-
ously this yields an equivalence relation on the set of all
perfect matchings of G(π). We denote the corresponding
equivalence classes of perfect matchings by P1,P2, . . . ,Pl,
where perfect matchings in the same class Pi are equiva-
lent. Clearly, Pi∩Pj = ∅ for i �= j. We define the spectrum
of the equivalence class Pi to be the (common) spectrum
of the perfect matchings in this class, and denote it by
spec(Pi). Finally then, we define the the signature of the
equivalence class Pi to be the sum of the signs of all perfect
matchings in this class, which is given by

sgn(Pi) =
∑
p∈Pi

sign(p). (4)

Example 6. Consider the colored bipartite graph G(π) de-
picted in Figure 2. It contains three perfect matchings, p1,
p2 and p3, where p1 and p3 are equivalent. The equivalence
classes of perfect matchings are then P1 = {p1, p3} and
P2 = {p2}. Clearly sgn(P1) = 0 and sgn(P2) = −1. �

We will now use the terminology introduced above to
establish a necessary and sufficient condition for the non-
singularity of all matrices M in the colored pattern class
Pπ(G). This condition is presented in the following theo-
rem.

Theorem 7. Let G(π) = (X,Y,EXY , πXY ) be a colored
undirected bipartite graph and |X| = |Y |. Then, all M ∈
Pπ(G) are nonsingular if and only if there exists at least
one perfect matching, and exactly one equivalence class of
perfect matchings has nonzero signature. �

Proof. A proof of this theorem will be given in a future
extended version of this paper. �

4.2 Colored Color Change Rule and Zero Forcing Sets

Consider a colored simple directed graph G(π) = (V,E, π)
with π = {E1, E2, . . . , Ek} the partition of E. For
given disjoint subsets X = {x1, x2, . . . , xs} and Y =
{y1, y2, . . . , yt} of V , we define an associated colored undi-
rected bipartite graph G(π) = (X,Y,EXY , πXY ) as fol-
lows:

EXY := {{xi, yj} | (xi, yj) ∈ E, xi ∈ X, yj ∈ Y }.

Obviously, the partition π induces a partition πXY of EXY

by defining

Er
XY := {{xi, yj} ∈ EXY | (xi, yj) ∈ Er}, r = 1, 2 . . . , k.

Note that for certain r, this cell might be the empty set.
Removing these, we get a partition

πXY = {Ei1
XY , E

i1
XY , . . . , E

i�
XY }

of EXY , with associated colors ci1 , ci2 , . . . , ci� , with � ≤ k.
Without loss of generality we renumber ci1 , ci2 , . . . , ci� as
c1, c2, . . . , c� and the edges in cell Er

XY are said to have
color cr.
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(a) Colored undirected bipartite graph G(π).
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(c) Perfect matching p2 with sign(p2) = −1.
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(d) Perfect matching p3 with sign(p3) = −1.

Fig. 2. Example of a colored undirected bipartite graph
and its perfect matchings.

Now let G(π) = (V,E, π) be a colored simple directed
graph with each vertex colored either white or black. Let
C ⊂ V be the set of vertices initially colored black.

We now give the definition of color-perfect white neighbor.

Definition 8. LetX ⊂ C. Then Y ⊂ V \C is called a color-
perfect white neighbor of X if |X| = |Y |, Y = NV \C(X),
and in the associated colored undirected bipartite graph
G = (X,Y,EXY , πXY ) there exists a perfect matching
and exactly one equivalence class of perfect matchings has
nonzero signature . �

Next, we introduce a color change rule based on the above
notion of color-perfect white neighbor.

Definition 9. Let X ⊂ C. If Y ⊂ V \ C is a color-perfect
white neighbor of X then X forces Y to be black, and we

write X
C−→ Y . Such step of coloring a white cell black will

be called a colored force. �

In order to distinguish the above rule from the ordinary
color change rule, we will refer to it as the colored color
change rule. Repeated application of this color change rule
to a given set of black nodes yields a corresponding derived
set.

Definition 10. The colored derived set of C, denoted by
Dc(C), is the set of black vertices obtained by applying
the colored color change rule until no more changes are
possible. �

Then, finally, we arrive at the corresponding definition of
zero forcing set.

Definition 11. A colored zero forcing set for G(π) is a
subset Z of V such that Dc(Z) = V . For any colored zero
forcing set Z of G(π), we can list the colored forces in the
order that make all vertices colored black in the end. For
example, we have a list of colored forces

(X1
C−→ Y1, X2

C−→ Y2, . . . , Xs
C−→ Ys),

where X1 ⊂ Z, Xi ⊂ Z∪(
⋃i−1

j=1 Yj)), and Z∪
⋃s

j=1 Yj = V .
We call such a list a chronological list of colored forces. �
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(c) Step 2.

Fig. 3. An example of a colored zero forcing set.

Example 12. Figure 3 illustrates the colored zero forcing
rule. Initially, vertices {1, 2, 3} are black, and the remain-
ing vertices are white. Then, in step 1, by the colored zero

forcing rule, {1, 2, 3} C−→ {4, 5, 6}. This follows from Exam-
ple 6 in which it is shown that {4, 5, 6} is a color-perfect

white neighbor of {1, 2, 3}. In step 2, {4, 5, 6} C−→ {7, 8, 9}.
This follows from the fact that there are two perfect
matchings in the colored undirected bipartite graph with
vertex sets X = {4, 5, 6} and Y = {7, 8, 9}. These have
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the same spectrum and both have sign 1. Hence the single
equivalence class has signature 2. We conclude that the
vertex set {1, 2, 3} is a colored zero forcing set of G(π). �

The main result of this paper is now given in Theorem 13
below. This theorem provides a sufficient graph-theoretic
condition for controllability of (G(π);VL).

Theorem 13. Consider the colored simple directed graph
G(π) = (V,E, π), with leader set VL ⊂ V . Assume VL is a
colored zero forcing set. Then (G(π);VL) is controllable.�

Proof. Again, the proof of this result will be provided in
a future extended version of this paper. �
Example 14. Note that the above theorem only provides
a sufficient condition for controllability. We will now give
an example to show that the condition is not necessary.
Consider the colored simple directed graph G(π) depicted
in Figure 4 with leader set VL = {1, 2}. Obviously, we
have that DC(VL) �= V , i.e., VL is not a colored zero
forcing set, since none of {1, 2}, {1} and {2} have color-
perfect white neighbors. However, we can check that VL

is a balancing set for all weighted graphs G(W ) with
W ∈ Wπ(G), which implies that (G(π);VL) is controllable
by Fact 5. To show this, let W be an arbitrary matrix in
Wπ(G). Assign variables x1, . . . , x5 to every vertex in V .
Let x1 = x2 = 0 and let the value of xi associated with
the remaining vertices be undetermined. Denote C = VL

as the current zero vertex set. To every vertex j ∈ C, we
assign a balance equation∑

k∈NV \C({j})

xkWkj = 0.

We then get a homogeneous system of balance equations

c1x3 + c2x4 = 0,

c1x3 + c2x4 + c1x5 = 0,

where c1 and c2 are nonzero values corresponding to the
edge colors. Note that no matter which values c1 or c2 take,
the two balance equations imply x5 = 0. By definition of

the zero extension rule, we therefore have {1, 2} E−→ {5}.
Repeatedly applying the zero extension rule, we then
obtain that VL is a balancing set. Since the matrix W
is arbitrary in Wπ(G), we have that VL is a balancing
set for all weighted graphs G(W ) with W ∈ Wπ(G), i.e.,
(G(π);VL) is controllable. �
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Fig. 4. An example to show that VL being a colored zero
forcing set is not a necessary condition for controlla-
bility of (G(π);VL).

5. CONCLUSION

In this paper we have studied strong structural controlla-
bility of leader/follower networks. In contrast to existing

work in which the values of the nonzero off-diagonal entries
of the matrices in the qualitative class are completely
independent, in this work we have studied the situation
that some of these entries are constrained to take identical
values. This has been formalized using the concept of
colored graph. We have introduced a new coloring rule and
a new concept of zero forcing set. These have been used to
formulate a sufficient condition for strong structural con-
trollability of the colored graph. We have given an example
showing that our sufficient condition is not necessary for
controllability. In this paper we have formulated our main
results without giving the proofs. These will be given in a
future extended version of the paper.
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The main result of this paper is now given in Theorem 13
below. This theorem provides a sufficient graph-theoretic
condition for controllability of (G(π);VL).

Theorem 13. Consider the colored simple directed graph
G(π) = (V,E, π), with leader set VL ⊂ V . Assume VL is a
colored zero forcing set. Then (G(π);VL) is controllable.�

Proof. Again, the proof of this result will be provided in
a future extended version of this paper. �
Example 14. Note that the above theorem only provides
a sufficient condition for controllability. We will now give
an example to show that the condition is not necessary.
Consider the colored simple directed graph G(π) depicted
in Figure 4 with leader set VL = {1, 2}. Obviously, we
have that DC(VL) �= V , i.e., VL is not a colored zero
forcing set, since none of {1, 2}, {1} and {2} have color-
perfect white neighbors. However, we can check that VL

is a balancing set for all weighted graphs G(W ) with
W ∈ Wπ(G), which implies that (G(π);VL) is controllable
by Fact 5. To show this, let W be an arbitrary matrix in
Wπ(G). Assign variables x1, . . . , x5 to every vertex in V .
Let x1 = x2 = 0 and let the value of xi associated with
the remaining vertices be undetermined. Denote C = VL

as the current zero vertex set. To every vertex j ∈ C, we
assign a balance equation∑

k∈NV \C({j})

xkWkj = 0.

We then get a homogeneous system of balance equations

c1x3 + c2x4 = 0,

c1x3 + c2x4 + c1x5 = 0,

where c1 and c2 are nonzero values corresponding to the
edge colors. Note that no matter which values c1 or c2 take,
the two balance equations imply x5 = 0. By definition of

the zero extension rule, we therefore have {1, 2} E−→ {5}.
Repeatedly applying the zero extension rule, we then
obtain that VL is a balancing set. Since the matrix W
is arbitrary in Wπ(G), we have that VL is a balancing
set for all weighted graphs G(W ) with W ∈ Wπ(G), i.e.,
(G(π);VL) is controllable. �
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5. CONCLUSION

In this paper we have studied strong structural controlla-
bility of leader/follower networks. In contrast to existing

work in which the values of the nonzero off-diagonal entries
of the matrices in the qualitative class are completely
independent, in this work we have studied the situation
that some of these entries are constrained to take identical
values. This has been formalized using the concept of
colored graph. We have introduced a new coloring rule and
a new concept of zero forcing set. These have been used to
formulate a sufficient condition for strong structural con-
trollability of the colored graph. We have given an example
showing that our sufficient condition is not necessary for
controllability. In this paper we have formulated our main
results without giving the proofs. These will be given in a
future extended version of the paper.
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