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h i g h l i g h t s

• Concentrated Instrumental Variables (CIV) are proposed as an alternative to LIML.
• Reformulating LIML through CIV leads to simple many-instruments robust standard errors.
• A two-step, 2SLS-based estimator is proposed that is almost as good as LIML.
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a b s t r a c t

In a weak andmany instruments setting, 2SLS can be severely biased towards OLS and the standard errors
can be way too small. LIML is an attractive alternative, especially when the many-instruments robust
(MIR) standard errors are used as proposed by Bekker (1994).

In this note we present an alternative approach to LIML through concentrated instrumental variables
(CIV). This is a class of instrumental variables indexed by a single parameter.When this parameter belongs
to a certain set, 2SLS estimators usingCIV instruments, aremany-instruments consistent.We refer to them
as CIV estimators. Moreover, the usual expression for the asymptotic variance of IV estimators is many-
instruments consistent. One particular choice of CIV parameter, within this set, yields LIML. We thus get
an alternative to the many-instruments robust (MIR) standard errors of Bekker (1994) that is of the usual
simple IV form.

As a byproduct, we present a new estimator, which we call the CIVE. This is a two-step estimator
where the CIV parameter is based on 2SLS in the first step. It avoids LIML but is equally good to a very
high degree. This suggests a simple MIR estimation strategy in an weak and many instruments setting:
do 2SLS to obtain the CIV parameter, and then obtain the CIVE by another 2SLS step.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

In a weak and many instruments setting, two-stage least
squares (2SLS) can be severely biased towards ordinary least
squares (OLS) and the standard errors can be way too small.
LIML (limited-information maximum likelihood) is an attractive
alternative, especially when the many-instruments robust (MIR)
standard errors are used as proposed by Bekker (1994). These are
sometimes referred to as ‘‘Bekker standard errors’’ and are based
on many-instruments asymptotics as introduced by Anderson
(1976).

In this note we present an alternative approach to LIML
through concentrated instrumental variables (CIV). This is a class of
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instrumental variables whose number remains fixed under many-
instruments asymptotics. It is indexed by a single parameter.When
this parameter belongs to a certain set, the 2SLS estimator based on
the CIV instruments ismany-instruments consistent, and the usual
expression for the asymptotic variance of IV estimators is many-
instruments consistent. One particular choice of parameter, within
this set, yields LIML. We thus get an alternative to the original MIR
standard errors that is of the usual simple IV form.

As a byproduct, we present a new estimator, which we call
the CIVE. This is a two-step estimator where the CIV parameter
is based on 2SLS in the first step. It avoids LIML but is, in terms
of consistency and asymptotic efficiency, equally good to a very
high degree. This suggests a simple estimation strategy in a many-
instruments setting: first, do 2SLS to obtain the CIV parameter, and
then obtain the CIVE by another 2SLS step.

The paper is organized as follows. In Section 2 we present
the model and some further notation, and describe many-
instruments asymptotics. In Section 3, we introduce the notion of
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concentrated instrumental variables. We show that LIML is a case
of concentrated instruments, and use this to derive a simple and
‘‘natural’’ alternative to MIR standard errors. Section 4 introduces
the CIVE. We conclude with some simulation experiments,
reported in Section 5.

2. LIML and many-instruments asymptotics

Consider the structural form of the classical normal linear IV
model given by

yi = x′

iβ + εi,

xi = 5′zi + vi,

where xi hasm elements and the nonrandom vector of instrumen-
tal variables zi has k ≥ m + 1 elements, i = 1, . . . , n. So there are
instruments for all observed variables in xi and yi. In matrix nota-
tion,

y = Xβ + ε,

X = Z5 + V.

The errors εi and vi are i.i.d. over i.1 We assume
εi
vi


∼ N (0, �), with � =


σ 2 ω′

ω �v


.

We write PA ≡ A(A′A)−1A′ and MA ≡ I − PA for any matrix A of
full column rank. Also, for any r ,

C(r) ≡ PZ − rMZ.

Following Nagar (1959), let Ṽ ≡ V− εω′/σ 2 and X̃ ≡ X− εω′/σ 2.
With ṽi the ith column of Ṽ′,

�v|ε ≡ E(ṽiṽ′

i) = �v − ωω′/σ 2.

Notice that X̃ = Z5 + Ṽ and that ε and X̃ are independent.
Anderson and Rubin (1949, 1950) showed that the maximum

likelihood estimator of β in this model, for historical reasons called
the LIML estimator, follows from minimization of ε′PZε/ε

′MZε.
This minimization leads to an eigenequation in β̂,

(y,X)′C(λ̂)(y,X)


1
−β̂


= 0, (1)

where

λ̂ ≡
ε̂

′PZε̂

ε̂
′MZε̂

, (2)

with ε̂ ≡ y − Xβ̂, is the smallest value for which the matrix
(y,X)′C(λ̂)(y,X) is singular.

With weak and many instruments, asymptotic theory of the
usual large n-type can be a poor guide to the exact distribution of
the estimator. An improvement is obtained by the use of many-
instruments asymptotics, characterized by

n → ∞, k/n = α + o(n−1/2), α ≥ 0, n−15′Z′Z5 → Q > 0.

Below, α will appear mostly through

λ ≡
α

1 − α
so

k
n − k

→ λ.

1 In this paper we cover the case of homoskedasticity. Whether or not the
approach to be presented in the sequel can be extended to the case of unknown
heteroskedasticity as discussed by Chao et al. (2012), Hausman et al. (2012), and
Bekker and Crudu (2015) is left for future research.
Large-n asymptotics (sometimes called fixed-k asymptotics) arises
as the special case with α = λ = 0. Crucially, the LIML estimator is
consistent undermany-instruments asymptotics while 2SLS is not.
We will use many-instruments asymptotics throughout.

The asymptotic variance of the LIML estimator β̂ is shown by
Bekker (1994) to be

avar(β̂) = σ 2Q−1(Q + λ�v|ε)Q−1, (3)

albeit in a different form and notation.2 To make (3) operational,
he proposesavar(β̂) = σ̂ 2B−1

22 [C22 + λ̂(C22 − B22)]B−1
22 ,

which is MIR consistent, with σ̂ 2
= ε̂

′
ε̂/(n − m) and

B ≡ S̄ − λ̂S⊥,

C ≡ S̄ − λ̂
S⊥(1, −β̂

′

)′(1, −β̂
′

)S⊥

(1, −β̂
′

)S⊥(1, −β̂
′

)′
,

S̄ ≡
1

n − m
(y,X)′PZ(y,X),

S⊥
≡

1
n − m

(y,X)′MZ(y,X);

the subscript ‘‘22’’ to a matrix denotes its lower-right m × m
submatrix.

3. Concentrated instrumental variables

The theory underlying MIR standard errors is complicated and
the shape of MIR standard errors is not intuitively appealing. A
major simplification is possiblewhenwe consider estimators of the
form

β̂(r) ≡ (X′PZ(r)X)−1X′PZ(r)y, (4)

for any (possibly stochastic) scalar r , where

Z(r) ≡ C(r)(y,X).

So β̂(r) is the 2SLS estimator with instruments Z(r). We call
Z(r) concentrated instrumental variables (CIV).3 The number of
instruments inZ(r),m+1, is fixedwhen thenumber of instruments
Z increases. As a result, the projection matrix PZ(r) has constant
rank even in a many-instruments setting.

We first show that 2SLS and LIML are CIV estimators. For 2SLS,
note that

PZ(0)X = PZ(y,X)[(y,X)′PZ(y,X)]−1(y,X)′PZ(y,X)(0, Im)′

= PZX,

so 2SLS is the CIV estimator with r = 0. The LIML estimator β̂

follows from (1), whichwe canwrite as Z(λ̂)′(y−Xβ̂) = 0 or again
PZ(λ̂)y = PZ(λ̂)Xβ̂, and

β̂(λ̂) = (X′PZ(λ̂)X)−1X′PZ(λ̂)y = β̂.

So the LIML estimator is the CIV estimator with r = λ̂.
We now discuss the consistency of β̂(r). It is 2SLS with

instruments Z(r) ≡ C(r)(y,X). Since (y,X) spans the same space
as R ≡ (ε, X̃), β̂(r) can equally be seen as 2SLS with instruments
Z̃(r) ≡ C(r)(ε, X̃); using the latter simplifies the analysis of the

2 See Newey (2004) for the form (3).
3 The CIV estimator β̂(r) should not be confused with β̂(k) ≡ [X′C(k)X]

−1

X′C(k)y, the k-class estimator of Theil (1953).
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properties of β̂(r) as ε and X̃ are independent. Notice that X =

R(ω/σ 2, Im)′ and ε = Re1, with e1 the first unit vector. The
essential factor in assessing consistency is

X′PZ(r)ε = (ω/σ 2, Im)R′PZ̃(r)Re1
= (ω/σ 2, Im)R′C(r)R[R′C(r)2R]

−1R′C(r)Re1.

As ε and X̃ are independent and E(ε) = 0, n−1R′PZR and n−1R′MZR
converge in probability to block-diagonalmatrices. Therefore, with
r

p
−→ ρ, say, the upper-left element of the probability limit of

n−1R′C(r)τR equals [α − ρ(1 − α)]σ 2 for τ = 1 and [α + ρ2(1 −

α)]σ 2 for τ = 2. Consequently,

n−1X′PZ(r)ε
p

−→ (1 − α)ω
(λ − ρ)2

λ + ρ2
. (5)

So consistency requires that ρ = λ.
We next derive the asymptotic distribution of consistent CIV

estimators. First let r = λ and notice

tr[C(λ)] = k − λ(n − k) so tr[C(λ)] = o(n1/2)

tr[C(λ)2] = k + λ2(n − k) so tr[C(λ)2] = nλ + o(n1/2).

Proceeding again with Z̃(·) rather than Z(·), there holds

n−1Z̃(λ)′X = n−1(ε, X̃)′C(λ)(X̃ + εω′/σ 2)
p

−→


0′

Q


,

n−1Z̃(λ)′Z̃(λ) = n−1(ε, X̃)′C(λ)2(ε, X̃)

p
−→


λσ 2 0′

0 Q + λ�v|ε


.

Since n−1/2Z̃(λ)′ε is bounded in probability and

n−1/2X̃′C(λ)ε
a
∼ N (0, σ 2(Q + λ�v|ε)),

we obtain

n−1/2X′PZ̃(λ)ε = n−1/2
[0,Q(Q + λ�v|ε)

−1
](ε, X̃)′C(λ)ε + op(1)

= Q(Q + λ�v|ε)
−1(n−1/2X̃′C(λ)ε) + op(1)

∼ N (0, σ 2Q(Q + λ�v|ε)
−1Q).

Hence,

n1/2(β̂(λ) − β)
a
∼ N (0, σ 2Q−1(Q + λ�v|ε)Q−1), (6)

cf. (3). To make the estimator of the variance feasible we need to
estimateλ. The asymptotic results apply aswell whenλ is replaced
by λ̃ = λ + op(n−1/2). In that case n−1/2Z̃(λ̃)′ε = n−1/2Z̃(λ)′ε +

op(1) and

n1/2(β̂(λ̃) − β)
a
∼ N (0, σ 2plimn→∞n(X′PZ(λ̃)X)−1).

So any estimator with instruments Z(λ̃) = (PZ − λ̃MZ)(y,X) is
many-instruments consistent, when λ̃ = λ+op(n−1/2). LIML is the
leading case, and the standard errors that result from taking the
square roots of the diagonal elements of

σ̂ 2(X′PZ(λ̂)X)−1,

with λ̂ from (2), offer an alternative to the original MIR standard
errors of Bekker (1994). They might be called ‘‘natural’’ as they are
just of the form that is familiar from basic IV theory. This is our
main result.

4. CIVE

Among all CIV estimators there is one estimator that we will
call ‘‘the’’ CIV estimator. We will use the acronym CIVE solely for
this estimator. The starting point is 2SLS. Aswe saw, 2SLS is the CIV
estimator with r = 0. So 2SLS is inconsistent. Its inconsistency is
proportional to λ and hence is O(α). In particular,

β̂2SLS
p

−→ β + α(Q + α�v)
−1ω. (7)

Yet we can use the 2SLS estimator and compute its residual vector
ε̂2SLS, to obtain

λ̂2SLS =
ε̂

′

2SLSPZε̂2SLS

ε̂
′

2SLSMZε̂2SLS
.

We call the CIV estimator based on this choice of r ‘‘the’’ CIV
estimator, CIVE:

β̂CIVE ≡ β̂(λ̂2SLS).

We investigate its inconsistency. In general, let β̂ be such that
β̂ − β

p
−→ O(αi). Then

n−1ε̂
′PZε̂ = n−1

[ε + X(β − β̂)]′PZ[ε + X(β − β̂)]

p
−→ ασ 2

+ O(αi+1),

n−1ε̂
′MZε̂ = n−1

[ε + X(β − β̂)]′MZ[ε + X(β − β̂)]

p
−→ (1 − α)σ 2

+ O(αi),

and

λ̂
β̂

≡
ε̂

′PZε̂

ε̂
′MZε̂

p
−→

ασ 2
+ O(αi+1)

(1 − α)σ 2 + O(αi)
≡ ρ∗.

Using (5) we find

n−1X′PZ(λ̂
β̂
)ε

p
−→ ω

(λ − ρ∗)
2

λ + ρ2
∗

= ωO(α2i+1).

So, since λ(1 − α) = α, β̂(λ̂
β̂
)

p
−→ β + O(α2i+1). In particular,

because of (7), β̂CIVE
p

−→ β + O(α3). We could iterate as well.
However, the inconsistency of the CIVE is O(α3) only, which we
can safely neglect in most if not all applications. Then its variance
is estimated consistently byVar(β̂CIVE) = σ̂ 2(X′PZ(λ̂2SLS)X)−1.

This suggests, in a setting with weak and many instruments,
to replace the instruments Z by the concentrated instruments
Z(λ̂2SLS) and then proceed in the usual way with 2SLS. This
produces (almost) the LIML estimator and the standard errors are
many-instruments consistent.

5. Finite-sample comparisons

We end with a small simulation study to compare 2SLS, LIML
and CIVE. The data are generated by

yi = α1 + xiβ + εi,

xi = α2 + ziπ + z′

2iπ2 + ui + εiω,

i = 1, . . . , 500.We setα1, α2, β and the k−2 elements ofπ2 equal
to zero; the εi, ui, zi and the elements of z2i are taken i.i.d. N(0, 1).
The parameters of interest are π (instrument strength), ω (degree
of endogeneity), and k (number of instruments). For chosen values
ofω and k, π is based on a chosen F∗ value of the regression of x on
the instruments. The F-statistic of this regression is

F =
x′(PZ − Pι)x/(k − 1)

x′MZx/(n − k)
.

We replace the quadratic terms by their expectation,

E[x′(PZ − Pι)x] = (n − 1)π2
+ (k − 1)(1 + ω2)

E[x′MZx] = (n − k)(1 + ω2),
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Table 1
Medianbias, range (the distance between the 5th and95thpercentile), and rejection
rate (α = 5%) for 2SLS, CIVE and LIML. All figures ×1000.

F∗ ω = 1/2 ω = 2
2SLS CIVE LIML 2SLS CIVE LIML

k = 3

10 Median bias 25 4 3 21 1 −0
Range 728 784 798 358 392 330
Rejection rate 51 42 42 96 68 67

20 Median bias 11 0 0 10 −0 −0
Range 482 500 501 230 240 240
Rejection rate 49 44 44 70 55 55

30 Median bias 6 −0 −0 7 −0 −0
Range 377 385 385 205 213 213
Rejection rate 48 45 45 64 51 51

k = 10

5 Median bias 75 1 −0 75 7 0
Range 440 563 575 186 238 272
Rejection rate 106 42 43 307 59 56

10 Median bias 34 −2 −2 45 1 0
Range 306 345 345 157 190 194
Rejection rate 74 45 46 205 53 53

20 Median bias 19 1 1 16 0 0
Range 221 235 235 101 108 108
Rejection rate 66 50 50 104 49 49

k = 30

3 Median bias 129 0 −1 132 32 0
Range 300 455 477 114 152 214
Rejection rate 314 41 45 893 78 52

4 Median bias 83 0 0 78 3 −0
Range 244 320 322 98 133 143
Rejection rate 220 45 45 658 47 49

10 Median bias 37 −1 −1 39 0 −0
Range 168 189 189 78 93 93
Rejection rate 127 49 49 382 48 49

consider the result as the target value F∗, and solve for π to obtain

π2
=

k − 1
n − 1

(1 + ω2)(F∗
− 1).
We let k = 3, 10, 30 and ω = 1/2, 2 and use values of F∗ equal to
F∗

= 10, 20, 30 when k = 3, F∗
= 5, 10, 20 when k = 10, and

F∗
= 3, 4, 10 when k = 30. We use N = 50,000 replications. The

table reports the median bias, the range (the distance between the
5th and 95th percentile), and the rejection rate (α = 5%) for 2SLS,
CIVE and LIML. The median F statistics were close to the target
values and are not reported (see Table 1).

The table shows excellent performance of LIML across the board
in terms ofmedian bias and rejection rate, closely followedbyCIVE,
even with many (k = 30) and weak (F∗

= 3) instruments.
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