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Chapter 3

Inhomogeneous percolation on
multi-range trees

In this chapter we consider the inhomogeneous percolation model of [9] on an ori-
ented regular tree, where besides the usual bonds, additional bonds of a certain
length are also present. Percolation is defined on this graph, by letting these ad-
ditional edges be open with probability q and every other edge with probability p.
We give an improved lower bound for the critical curve which delimits the set
of pairs (p, q) for which there is almost surely no infinite cluster. Furthermore,
we show that the cluster of the root has the same distribution as the family tree
of a certain multi-type branching process, which allows us to state some limit
theorems.

3.1 Introduction

This chapter is a continuation of the work presented in [9]. In that paper the
authors consider an oriented graph whose vertex set is that of the d-regular, rooted
tree, containing “short edges” (with which each vertex points to its d children) and
“long edges” (with which each vertex points to its dk descendants k generations
below, for fixed k ∈ N). Percolation is defined on this graph by letting short edges
be open with probability p and long edges with probability q. For all fixed q one
can define the critical percolation threshold as the supremum of the values of p
for which there is almost surely no infinite cluster at parameters p, q. The authors
of [9] study the properties of this critical parameter and prove monotonicity with
respect to the length of the long edges.

The work was originally motivated by the following problem. Consider the
graph having Zd as vertex set and all edges of the form {x,x±ei} and {x,x±k ·ei}
for some k ≥ 2, where ei denotes the ith canonical vector. It was shown in [10] that
the critical probability for Bernoulli bond percolation on this graph converges to
that of Z2d as k →∞. This result was later generalized in [11]. The convergence
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36 CHAPTER 3. INHOM. PERCOLATION ON MULTI-RANGE TREES

is conjectured to be monotone, that is, the percolation threshold for the above
graph should be decreasing in the length k of long edges.

Percolation is mostly studied on the lattice Zd in a homogeneous environment
(that is, each edge is open with the same probability independently of each other).
Let us briefly mention some related works that consider an inhomogeneous setting.
In [8] an oriented site percolation model is considered on Zd in a random environ-
ment. Each site is declared to be bad with some probability δ, then these sites are
open with probability pB and every other site is open with probability pG. It is
shown that for all pG > pc and pB we can choose δ > 0 small enough, that there
is an infinite cluster with positive probability.

Another well-studied model is percolation on k-regular trees. In [5] the authors
consider unoriented percolation on the direct product of a tree and Z, where tree
edges and line edges are open with different probabilities. They identify three
distinct phases in which the number of infinite clusters is 0,∞ and 1 respectively.

Only a few works look beyond these usual settings and consider more general
graphs. In Chapter 2 for an arbitrary connected graph G = (V,E) an unoriented
and an oriented percolation model are defined on the vertex set V ×Z. We examine
how changing the percolation parameter on a fixed (infinite) set of edges affects
the critical behavior. We show that in both cases the critical parameter changes
as a continuous function of these parameters.

3.2 Description of the model and results

Given d, k ∈ {2, 3, . . . } define an oriented graph T = Td,k = (V,E) in the following
way. Denote

[d] = {1, . . . , d}, [d]∗ =
⋃

0≤n<∞

[d]n.

The set [d]0 consists of a single point o, which we will refer to as the root of the
graph. Define the concatenation of u = (u1, . . . , um) and v = (v1, . . . , vm) as

u · v = (u1, . . . , um, v1, . . . , vn);

v · o = o · v = v.

Set V = [d]∗; that is, elements of V are sequences v = (v1, . . . , vm) with vi ∈ [d].
Further let E = Es ∪ E` be the set of oriented edges with

Es = {〈r, r · i〉 : r ∈ V, i ∈ [d]},
E` = {〈r, r · i〉 : r ∈ V, i ∈ [d]k}.

We will refer to these sets as the set of “short” and “long” edges, respectively.
Define the in- and out-degree of a vertex as the number of oriented edges

directed into or out of the vertex, respectively. Note that in Td,k every vertex has
out-degree d+ dk.
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Consider the following percolation model on T: every edge in Es is open with
probability p, and every edge in E` is open with probability q. Denote the law
of the open edges by Pp,q. When it is clear from the context we will omit the
subscript p, q. Define the cluster of the root C = Cp,q as the set of vertices that can
be reached by an oriented open path from o. Whether or not the event {|Cp,q| =
∞} occurs with positive probability depends on the parameters p and q. The
parameter space [0, 1]2 can be decomposed in two regions:

P = {(p, q) : P(|Cp,q| =∞) > 0} and N = {(p, q) : P(|Cp,q| =∞) = 0}.

These two regions are separated by a curve described by

pc(q) = inf{p : (p, q) ∈ P} or equivalently qc(p) = inf{q : (p, q) ∈ P}.

In [9] it was shown that pc(q) is continuous and strictly decreasing in the region
where it is positive. Furthermore, the process is clearly stochastically dominated
by a branching process with offspring distribution that is the sum of two binomial
random variables, namely Bin(d, p) and Bin(dk, q). This branching process is
critical for parameters satisfying dp+ dkq = 1, hence {(p, q) : dp+ dkq ≤ 1} ⊆ N
and there is almost surely no infinite cluster along pc(q).

d−1

p

N

P

d−k

pc(q)

q

Figure 3.1: q 7→ pc(q), along the dotted line dp+ dkq = 1.

By a comparison with the same branching process we show that pc(q) is strictly
above the line dp+ dkq = 1 (see Figure 3.1).

Theorem 3.2.1. For every q ∈ (0, d−k) we have pc(q) >
1−dkq

d .
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Furthermore, we show that a decomposition of Cp,q has the same distribution
as the family tree of a certain multi-type branching process, which allows us to
state some limit theorems. In the supercritical case we give an asymptotic limit
for the number of vertices in Cp,q at distance n from the root, denoted by X(n).

Theorem 3.2.2. For every (p, q) ∈ P there exists a constant ρ = ρ(p, q) and a
nonnegative random variable Y such that P(Y > 0) = 0, satisfying

lim
n→∞

X(n)

ρn
= Y a.s.

In the subcritical case we show that the distribution of {X(n) | X(n) 6= 0}
converges to a proper distribution.

Theorem 3.2.3. For every (p, q) ∈ N

lim
n→∞

Pp,q(X
(n) = i | X(n) 6= 0) = P (i)

exists, and is a probability measure on Z+. Furthermore,
∑

iP (i) <∞.

In the critical case we show that the cluster of the root, when conditioned to
be large, converges in distribution.

Theorem 3.2.4. For parameters q ∈ (0, 1) and p = pc(q), if Cn is distributed
as Cp,q conditionally on {|Cp,q| ≥ n}, then the sequence (Cn)n≥0 converges in
distribution to a random rooted graph.

3.3 Proof of Theorem 3.2.1

Let T̂ = T̂d,k = (V̂ , Ê) be an oriented graph with vertex and edge set

V̂ = [d+ dk]∗,

Ê = {〈r̂, r̂ · î〉 : r̂ ∈ V, î ∈ [d+ dk]}.

Thus in T̂ every vertex has out-degree d + dk; denote the root by ô. Further fix
an arbitrary bijective function ϕ : [d+ dk]→ [d]∪ [d]k. Partition the edge set into

subsets Ês and Ê` with

Ês = {〈r̂, r̂ · î〉 ∈ Ê : ϕ(̂i) ∈ [d]},

Ê` = {〈r̂, r̂ · î〉 ∈ Ê : ϕ(̂i) ∈ [d]k}.

Consider the following percolation model on T̂: every edge in Ês is open with
probability p, and every edge in Ê` is open with probability q. Denote the cluster
of ô by Ĉ = Ĉp,q. Note that Ĉp,q has the same distribution as the family tree of
the branching process with offspring distribution that is the sum of two binomial
random variables, Bin(d, p) and Bin(dk, q). Theorem 3.2.1 is a direct consequence
of the following proposition.
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Proposition 3.3.1. For every ε > 0 there exists δ > 0 such that, if p, q ∈ (ε, 1−ε),
then

P(|Cp,q| =∞) ≤ P(|Ĉp,q−δ| =∞).

To allow comparison between the percolation configurations of T and T̂ we
define the following functions:

` : V → N `(o) = 0,

`((v1, . . . , vm)) = m,

ˆ̀ : V̂ → N ˆ̀(ô) = 0,

ˆ̀((v̂1, . . . , v̂n)) = n,

Φ : V̂ → V Φ((v̂1, . . . , v̂n)) = (ϕ(v̂1) · ϕ(v̂2) · · · · · ϕ(v̂n)),

so that ` and ˆ̀ can be understood as height functions and Φ is a surjective map
between the vertex sets of the two graphs. Note that Φ maps the endpoints of an
edge in Ês and Ê` into the endpoints of a short and a long edge in T respectively.
Further, for any î ∈ [d+ dk]

`(Φ(̂i)) = 1 or k, (3.1)

`(Φ(v̂ · î)) = `(Φ(v̂)) + `(Φ(̂i)). (3.2)

Consequently for v̂ = (v̂1, . . . , v̂n),

`(Φ(v̂)) = #{i : ϕ(v̂i) ∈ [d]}+ k ·#{j : ϕ(v̂j) ∈ [d]k} ≥ ˆ̀(v̂). (3.3)

Let Λ̂ = (V̂Λ, ÊΛ) be the subgraph of T̂ induced by the edge set

ÊΛ = {〈r̂, r̂ · î〉 ∈ Ê : `(Φ(r̂)) < 2k}.

That is, ÊΛ consists of edges starting from a vertex r̂ with `(Φ(r̂)) < 2k. From (3.1)
and (3.2) it is easy to see that the endpoints of these edges satisfy `(Φ(r̂ · î)) < 3k.
Defining a leaf as a vertex with out-degree zero, it is easy to see that the set of
leaves in Λ̂ is

V̂ leaf
Λ = {v̂ ∈ V̂Λ : 2k ≤ `(Φ(v̂)) < 3k}. (3.4)

Further, (3.3) implies that any path between the root and a leaf contains at most

two edges of Ê`.
Define Ĉp,q to be the cluster of the root in Λ̂, and let Zp,q = Z(Ĉp,q) =

|Ĉp,q ∩ V̂ leaf
Λ |, that is the number of vertices in V̂ leaf

Λ that can be reached by

an open path from ô. Further let (Z
(n)
p,q ) be a branching process with offspring

distribution Z(Ĉp,q).

Lemma 3.3.2. P(|Ĉp,q| =∞) = P(Z(n)
p,q 6= 0 ∀n).
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The proof is elementary, hence it will be omitted.
Let Λ = (VΛ, EΛ) be the subgraph of T with

VΛ = {v ∈ V : `(v) < 3k},
EΛ = {〈r, r · i〉 ∈ E : `(r) < 2k}.

Thus Λ is the the subgraph induced by edges starting from a vertex r with `(r) <
2k. The set of leaves is

V leaf
Λ = {v ∈ VΛ : 2k ≤ `(v) < 3k}. (3.5)

Observe that

Φ(V̂Λ \ V̂ leaf
Λ ) = VΛ \ V leaf

Λ , (3.6)

Φ(V̂ leaf
Λ ) = V leaf

Λ . (3.7)

Define Cp,q as the cluster of the root on Λ and let Wp,q = W (Cp,q) = |Cp,q ∩
V leaf
Λ |. Further let (W (n)

p,q ) be a branching process with offspring distributionW (Cp,q).
Clearly

Wp,q ≤ |V leaf
Λ |. (3.8)

Lemma 3.3.3. P(|Cp,q| =∞) ≤ P(W (n)
p,q 6= 0 ∀n).

The proof is elementary, hence it will be omitted.

Lemma 3.3.4. For every p, q ∈ (0, 1) there exists δ > 0 such that

W (Cp,q)
(st.)

� Z(Ĉp,q−δ).

In the proof we use the following coupling result from [9]:

Lemma 3.3.5. Let Pθ denote probability measures on a finite set S, parametrized
by θ ∈ (0, 1)N , and such that θ → Pθ(x) is continuous for every x ∈ S. Assume
that for some θ1 and x̄ ∈ S we have Pθ1(x̄) > 0. Then, for any θ2 close enough
to θ1, such that ∑

x∈S

|Pθ1(x)− Pθ2(x)| < Pθ1(x̄), (3.9)

there exists a coupling of two random elements X and Y of S such that X ∼ Pθ1 ,
Y ∼ Pθ2 and

P ({X = Y } ∪ {X = x̄} ∪ {Y = x̄}) = 1.

Proof of Lemma 3.3.4. Let Ω̂ = {0, 1}ÊΛ be the finite set of all possible configura-

tions on Λ̂. For a configuration ω ∈ Ω̂ denote by Ĉ(ω) the cluster of the root on Λ̂.
We will give an algorithm to produce from ω a connected subgraph C(ω) of Td,k

containing the root. The construction will satisfy the following: if ω is obtained
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from the product Bernoulli measure in which ω(ê) = 1 with probability p if ê ∈ Ês

and with probability q if ê ∈ Ê`, then C(ω) and Ĉ(ω) are distributed as Cp,q and Ĉp,q
respectively. The algorithm simultaneously explores the clusters Ĉ(ω) and C(ω)
using only short edges as long as possible, then only long edges, then one more
round of short edges and then one more round of long edges:

1. Explore Ĉ(ω) using only edges of Ês. Namely, starting from the root, at each

step reveal an edge 〈v̂, r̂〉 ∈ Ês where r̂ is not in the cluster yet. For each
such open edge add Φ(r̂) and 〈Φ(v̂),Φ(r̂)〉 to C(ω). Continue until no further

vertex can be reached using only edges of Ês. Note that, at this point, C(ω)
only contains short edges.

2. Continue the exploration of Ĉ(ω) using edges of Ê`. That is, for each v̂

in Ĉ(ω) so far, reveal edges 〈v̂, r̂〉 ∈ Ê`. If an edge is open, add 〈Φ(v̂),Φ(r̂)〉
to C(ω). At this point, it is possible that Φ(r̂) is already in C(ω); in this case
we say that vertex r̂ causes conflict, and we do not explore its subtree in
the upcoming steps. Otherwise add Φ(r̂) to C(ω). Continue until no further

vertex can be reached using only edges of Ê`. In this step we only add long
edges to C(ω).

3. Repeat the exploration process of Step 1 starting from the vertices that were
explored in Step 2 and did not cause any conflict. Again, if a new vertex
causes conflict, do not continue the exploration process on its subtree.

4. For the vertices that were explored in Step 3 and did not cause conflict,
repeat Step 2.

Note that this algorithm does not necessarily explore the whole cluster Ĉ(ω), as
it stops at vertices that cause conflict. However, each path starting from the root
along vertices that don’t cause conflict will be completely explored. Furthermore,
by (3.6) and (3.7) each vertex of V̂ leaf

Λ that can be reached by such an open path
(and only these vertices) will correspond to a leaf in C(ω). Therefore

W (C(ω)) ≤ Z(Ĉ(ω)). (3.10)

Now for a fixed p, q and δ close enough to zero, we will define a coupling
measure µ on Ω̂2 satisfying

(ω, ω′) ∼ µ =⇒ C(ω) (d)
= Cp,q, Ĉ(ω′)

(d)
= Ĉp,q−δ and W (C(ω)) ≤ Z(Ĉ(ω′)).

The construction will involve Lemma 3.3.5.
Define a configuration ω̄ ∈ Ω̂ as follows:

� every edge starting from the root is open;

� for every v̂ satisfying 〈ô, v̂〉 ∈ Ê`, every edge on the subtree of v̂ is open;
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� for every v̂ satisfying 〈ô, v̂〉 ∈ Ês, on the subtree of v̂ only edges of the form

{〈r̂, ŝ〉 ∈ Ês : ˆ̀(ŝ) ≤ k} are open.

When we construct C(ω̄) the first step of the algorithm reveals edges {〈r̂, ŝ〉 ∈ Ês :
ˆ̀(ŝ) ≤ k}. The corresponding open edges in C(ω̄) are {〈r, s〉 ∈ Es : `(s) ≤ k},
hence every vertex v in VΛ satisfying `(v) < k + 1 will be added to the cluster.
Then in Step 2 we explore long edges starting from the root. The endpoints of
these edges are mapped into vertices of VΛ at height k, which are already in C(ω̄).
Thus these vertices cause conflicts, their subtrees will not be explored. By the
definition of ω̄ there are no more long edges starting from the cluster explored so
far, so the exploration process stops.

Since the vertices that can be reached by an open path in C(ω̄) satisfy `(v) <
k + 1, by (3.5) we have W (C(ω̄)) = 0.

Now we will show that for any v ∈ V leaf
Λ there exists a v̂ ∈ Z(Ĉ(ω̄)) such

that Φ(v̂) = v, therefore Z(Ĉ(ω̄)) ≥ |V leaf
Λ |. Let v = (v1, . . . , vm) ∈ V leaf

Λ , then
by (3.5) we have 2k ≤ m < 3k. Define v̂ = (v̂1, . . . , v̂m−2k) as follows:

v̂1 =ϕ−1((v1, . . . , vk)),

v̂2 =ϕ−1(vk+1),

...

v̂m−2k+1 =ϕ−1(vm−k),

v̂m−2k =ϕ−1((vm−k+1, . . . , vm)).

Then Φ(v̂) = v and v̂ ∈ V̂ leaf
Λ . By the definition of ω̄ there is an open path to v̂

in ω̄, hence v̂ ∈ Z(Ĉ(ω̄)) indeed.
By Lemma 3.3.5, if δ is small enough, there exists a coupling of configura-

tions X,Y ∈ Ω̂ satisfying

� the values of X on all edges are independent;

� X assigns each edge of Ês and Ê` to be open with probability p and q
respectively;

� the values of Y on all edges are independent;

� Y assigns each edge of Ês and Ê` to be open with probability p and q − δ
respectively;

� (X,Y ) satisfies

P ({X = Y } ∪ {X = ω̄} ∪ {Y = ω̄}) = 1. (3.11)
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Now let ω = X and ω′ = Y . Let us examine W (C(ω)) and Z(Ĉ(ω′)) in all
possible cases listed in (3.11):

� if X = Y , then by (3.10) we have W (C(ω)) ≤ Z(Ĉ(ω′));

� if X = ω̄, then W (C(ω)) = 0;

� if Y = ω̄, then Z(Ĉ(ω′)) ≥ |V leaf
Λ |

(3.8)

≥ W (C(ω)) for all ω.

Hence in all cases Z(Ĉ(ω′)) ≥W (C(ω)).

Proof of Proposition 3.3.1. For a fixed p and q there exists δ > 0 such that

P(|Cp,q| =∞)
L 3.3.3
≤ P(W (n)

p,q 6= 0 ∀n)
L 3.3.4
≤ P(Z(n)

p,q 6= 0 ∀n) L 3.3.2
= P(|Ĉp,q−δ| =∞).

The dependence of δ on p, q in Lemma 3.3.4 is continuous, so elementary con-
siderations show that for any ε > 0 there exists a (universal) δ > 0 such that (3.9)
is satisfied for all p, q ∈ (ε, 1− ε).

3.4 Background on multi-type branching process

Let α be a probability distribution on [t] for some t ∈ Z+, and for each i ∈ [t]
let pi be a probability distribution on Nt. We will consider a t-type Galton–
Watson process with root distribution α and offspring distribution p = (p1, . . . , pt),
where α(i) denotes the probability that the population at time zero consists of a
single individual of type i and pi(j1, . . . , jt) denotes the probability that a type i
particle produces j1 offsprings of type 1, . . . , jt of type t.

For s = (s1, . . . , st) satisfying 0 ≤ si ≤ 1 define the generating function of the
process f(s) = (f (1)(s), . . . , f (t)(s)) with

f (i)(s) =
∑

j=(j1,...,jt)∈Nt

p(i)(j)sj,

where sj = sj11 . . . sjtt . Let ei ∈ Nt denote the ith canonical vector.

Definition 3.4.1. A t-type Galton–Watson process with root distribution α and
offspring distribution p = (p1, . . . , pt) is a Markov-chain (Z(n))n≥0 on Nt with

P(Z(0) = ei) = α(i)

and transition function

P(Z(n+1) = j | Z(n) = i) = coefficient of sj in f(s)i.
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We write Z(n) = (Z
(n)
1 , . . . , Z

(n)
t ) with Z

(n)
j denoting the number of type j

particles in the nth generation. For a detailed introduction see [3], for the complete
proof of some theorems see [6].

Let mi,j denote the expected number of type j offsprings of a single type i
particle, and let M = {mi,j : i, j ∈ [t]} be the mean matrix. If f(s) has the
form Ms′ for some s′ ∈ (0, 1)t, then every particle has exactly one offspring. In
this case the process is equivalent to a finite Markov chain.

Definition 3.4.2. (Z(n)) is nonsingular, if f(s) 6= Ms′ for some s′ ∈ (0, 1)t.

Denote the elements of Mn for some n ∈ Z+ by m
(n)
i,j . The expected number of

type j particles produced by a single type i particle in the nth generation is m
(n)
i,j .

Definition 3.4.3. M is strictly positive, if there exists an n > 0 such that all
elements of Mn are positive.

If M is strictly positive, then the process is called positive regular. Further, we
say that p is regular, if it has small exponential moments:

Definition 3.4.4. The offspring distribution p = (pi, i ∈ [t]) is regular if there
exists z > 1 such that for all i ∈ [t]∑

j=(j1,...,jt)∈Nt

pi(j)z
j1+···+jt <∞.

IfM is strictly positive, then by the Perron–Frobenius theorem (see for example
Theorem 2.1 in Chapter V. of [3]) it has a maximal eigenvalue ρ which is positive
and simple. Denote the associated right and left normalized eigenvectors by a =
(a1, . . . , at) and b = (b1, . . . , bt). (That is a · b = 1, a · 1 = 1.)

If ρ ≤ 1 the branching process goes extinct with probability 1, otherwise it
survives with positive probability. We call the process supercritical, critical or
subcritical if ρ > 1, ρ = 1 or ρ < 1 respectively.

From now on we will assume that (Z(n)) is nonsingular and positive regular.
For the supercritical branching process the following theorem holds (Theo-

rem 6.1 in Chapter V. of [3]):

Theorem 3.4.5. If ρ > 1 then

lim
n→∞

Z(n)

ρn
= bW a.s.,

where W is a nonnegative random variable such that

P(W > 0) > 0 if and only if E(Z(1)
j logZ

(1)
j | Z(0) = ei) <∞ for all i, j ∈ [t].

Let ‖ · ‖ denote the sup norm; in the subcritical case the following theorem
holds (Theorem 4.2 in Chapter V. of [3]):
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Theorem 3.4.6. If ρ < 1 then

lim
n→∞

P(Z(n) = j | Z(0) = ei,Z
(n) 6= 0) = P̃ (j),

exists, is independent of i and is a probability measure on (Z+)t. Furthermore,∑
jP̃ (j) <∞ if and only if E(‖Z(1)‖ log ‖Z(1)‖) <∞.

Let Σ be the set of rooted marked trees where each vertex has exactly one type
(mark) in [t].

Definition 3.4.7. The family tree τ of a multi-type Galton–Watson process on Σ
associated with the offspring distribution p and with the root type distribution α
is defined as follows:

� the root type has distribution α;

� a particle of type i ∈ [t] produces particles according to pi.

Denote by |τ | the total progeny of the family tree. Depending on α and p the
support of the distribution of |τ | can be a strict subset of the positive integers
(Proposition 2.2 in [12]):

Proposition 3.4.8. There exists an integer C ∈ N such that, for n ∈ Z+:

� if P(|τ | = n) > 0 then n ≡ 1 mod C;

� if n ≡ 1 mod C and n is large enough, then P(|τ | = n) > 0.

In [7] Kesten introduced a random tree with an infinite spine that is the local
limit in distribution of the family tree of a critical branching process conditioned
on reaching generation n, as n → ∞. In [1] the authors gave a necessary and
sufficient condition for the convergence in distribution of a Galton–Watson tree to
the corresponding Kesten’s tree. Later this result was generalized for multi-type
branching processes in [2], [12].

First we define convergence in distribution for rooted trees (see [4]). For a
tree T ∈ Σ let T≤h denote its subtree induced by vertices at distance at most h
from the root.

Definition 3.4.9. A sequence of random trees τn ∈ Σ converges in distribution
to a random tree τ ∈ Σ if and only if for all h ∈ N and all finite trees T ∈ Σ

P(τ≤h
n = T )→ P(τ≤h = T ) as n→∞.
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For root distribution α and offspring distribution p define the corresponding
size-biased distributions α̂ and p̂ as follows. For i ∈ [t] and j ∈ Nt

p̂i(j) =
j · a
ai

pi(j),

α̂(i) = α(i)
ai

α · a
.

Note that p̂i is a probability, because a is the right eigenvector of M , hence

ai
∑
j

p̂i(j) =

∑
j

jpi(j)

 · a = (mi,1, . . . ,mi,t) · a = ρai

and ρ = 1 in the critical case.

Definition 3.4.10. A multi-type Kesten’s tree τ∗ on Σ associated with the off-
spring distribution p and with the root type distribution α is defined as follows:

� particles are normal or special;

� the root is special and its type has distribution α̂;

� a normal particle of type i ∈ [t] produces normal particles according to pi;

� a special particle of type i ∈ [t] produces offsprings according to p̂i. One
of those offsprings, chosen with probability proportional to aj where j is its
type, is special. The others (if any) are normal.

Observe that this is the family tree of a multi-type Galton–Watson process
with 2t types. The special individuals form an infinite spine, along which all types
occur infinitely often.

In the critical case the family tree conditioned on being large converges in
distribution to the corresponding Kesten’s tree (Theorem 3.1 in [12]):

Theorem 3.4.11. Assume that p is regular and critical, C is as in Proposi-
tion 3.4.8, and let τn be distributed as τ conditionally on {|τ | = Cn + 1}. Then
the sequence (τn)n≥1 converges in distribution to τ∗.

3.5 The graph as a multi-type branching process

To prove Theorems 3.2.2, 3.2.3 and 3.2.4 we show that C = Cp,q can be described
as the family tree of a multi-type branching process.

For any v ∈ V let Tv = (V v, Ev) and Γv = (V v
Γ , E

v
Γ) be the subgraphs of T

induced by the vertex sets

V v = {v · s : s ∈ V },
V v
Γ = {v · s : s ∈ V, `(s) < k},
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that is the subgraph rooted at v and the subgraph of height k − 1 rooted at v.
Define Cvp,q as the set of vertices in V v

Γ that can be reached by an open path from o.
Let

S = {S0, S1, . . . , St}

with S0 = ∅ be the power set of V o
Γ and let Sv

i = {v · s : s ∈ Si} for all v ∈ V and

i ∈ {0, . . . , t}. Note that t = 21+d+···+dk−1 − 1. Further we define the following
function:

σC : V → {0, . . . , t} σC (v) = i if Cvp,q = Si.

Observe that σC (v) = 0 implies |Cp,q ∩V v| = ∅, that is no vertex of the subgraph
rooted at v is in the cluster of the root.

Let Ω = {0, 1}E be the set of all possible configurations on T. For a config-
uration ω ∈ Ω denote the cluster of the root by C (ω). For each ω ∈ Ω we will
construct a marked (but not labelled) tree τ(ω) ∈ Σ in the following way.

1. For each v ∈ V assign a mark σC (ω)(v) to the vertex, then delete its label.

2. Delete every vertex with mark 0 from the graph.

τ(ω) then will be the graph induced by the remaining vertices and the short edges.
Note that |C (ω)| <∞ if and only if |τ(ω)| <∞. Denote by τ = τp,q the random
graph we get if ω is obtained from the product Bernoulli measure in which ω(e) = 1
with probability p if e ∈ Es and with probability q if e ∈ E`. Note that in this
case C (ω) is distributed as Cp,q.

The following lemma is a direct consequence of this construction.

Lemma 3.5.1. P(|Cp,q| =∞) = P(|τp,q| =∞).

Observe that τp,q is the family tree of a t-type Galton–Watson process with
root distribution α and offspring distribution p = (p1, . . . , pt) as follows. The first
particle is of type j with probability

α(j) = Pp,q(σC (o) = j).

Note that this probability is positive only if o ∈ Sj . The probability that a type i
particle produces j1 offsprings of type 1, . . . , jt of type t is

pi(j1, . . . , jt) =

Pp,q(|{s ∈ [d] : σC (v · s) = 1}| = j1, . . . , |{s ∈ [d] : σC (v · s) = t}| = jt | σC (v) = i).

The case (j1, . . . , jt) = (0, . . . , 0) corresponds to σC (v · s) = 0 for all s ∈ [d].
Observe that the support of pi contains only elements of Nt satisfying j1+· · ·+jt ≤
d. Furthermore, the mean matrix M is finite and strictly positive, the offspring
distribution p is regular and (Z(n)) is a nonsingular process.

By Lemma 3.5.1 we have that ρ = ρp,q, the maximal eigenvalue of M equals 1
along the curve pc(q).
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3.5.1 Proof of limit theorems

As p is regular Lemma 3.5.1 and Theorem 3.4.11 readily implies Theorem 3.2.4.
Denote the indicator function of set Si by ISi . Letting I = (IS1(o), . . . , ISt(o))

we have

X(n) (d)
= I · Z(n).

Further, note that Z
(1)
j ≤ d for all j and Z(0), hence

E(Z(1)
j logZ

(1)
j ) <∞,

E(‖ Z(1) ‖ log ‖ Z(1) ‖) <∞.

Therefore Theorem 3.4.5 implies Theorem 3.2.2 with Y = I·bW and Theorem 3.4.6
implies Theorem 3.2.3 with

P (i) =
∑

j:j1+···+jt=i

P̃ (j).
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