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Introduction

This thesis is a study of the contact process – a particular type of interacting
particle system – and different percolation models. Both the contact process and
percolation are models of propagation of some material in an environment and have
been the topic of intensive and fruitful research in the last decades due to their
simplicity, rich behavior and mathematical tractability. Moreover, results often
transfer from one model to the other, as a specific type of oriented percolation
model can be viewed as a discrete-time version of the contact process.

We have studied how the introduction of inhomogeneities in the environment
affects the behavior of the models. In general, random processes on infinite volume
do not depend too much on local changes in the environment. In percolation
models we can study how changing a small portion of the environment, which
still can contain infinitely many edges affects the occurrence of percolation. In
the case of the contact process, since a single site or edge can affect the dynamics
infinitely many times, one can ask whether its presence has an influence on the
critical parameter of the process.

The contact process: criticality and graph dependence

Interacting particle systems

An interacting particle system is a continuous-time Markov process whose state
at any point in time is given by assigning a value from a set of possible “local
states” to each member of a set of “entities” (typically vertices of a graph). In
this work we focus on “spin systems”, so the state space is assumed to be of the
form X = {0, 1}S , where S is a countable set. The elements of S are called sites.
A configuration η ∈ X specifies the state of every site x ∈ S. The transition
dynamics is given by local and simple rules: the transition rate of a finite set of
sites A ⊂ S is a function cA : {0, 1}A×X → [0,∞) that governs how the sites in A
can change their states. The interpretation of a configuration and the transition
rates depend on which type of interacting particle system we consider.

Under certain conditions these local rules determine the evolution of the system
(that is the Markov process) in a unique way. Denote by ηt the state of the system
at time t ≥ 0. Let ξ ∈ {0, 1}A be a configuration on the finite set A, and for
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viii INTRODUCTION

any η ∈ X define the configuration ηξ ∈ X as follows:

ηξ(x) =

{
ξ(x) if x ∈ A,

η(x) otherwise.

The rate at which the state of each site x ∈ A in configuration η is changed to ξ(x)
simultaneously is cA(ξ, η). The connection between ηt and cA can be formalized
by the following operator:

Ωf(η) =
∑
A⊂S

|A|<∞

∑
ξ∈{0,1}A

cA(ξ, η)
(
f(ηξ)− f(η)

)
(1)

where f is a function on X that depends on finitely many coordinates. If the
transition rates satisfy certain conditions, the Hille–Yosida theorem guarantees
the existence and uniqueness of the process with generator Ω̄, the closure of Ω.
(The construction of the process from Ω is discussed in detail in Chapter 1 of [15].)

The field of interacting particle systems dates back to the late 1960’s. It was
established by the work of Dobrushin and Spitzer, and was originally motivated
by statistical mechanics as well as natural generalizations of classical models in
probability theory. In [14] Liggett settled the existence and uniqueness questions
of the model. In the following decades the rich connections of the field to other
areas of science led to an extensive research. Classical models, like the contact
process, exclusion process, voter model and stochastic Ising model have benn
introduced. The books [7] by Durrett and [15] and [17] by Liggett present the
theory of interacting particle systems and introduce the basic properties of different
models. The model we study in this thesis is the contact process.

Contact process

Consider a locally finite, connected graph G with vertex set V and edge set E.
The contact process on G with rate λ ≥ 0 is a special type of interacting particle
system (ξt)t≥0 with state space {0, 1}V and transition rates

c(x, ξ) =

{
1, if ξ(x) = 1,

λ
∑

y:{x,y}∈E ξ(y), if ξ(x) = 0,
x ∈ V.

This process is usually seen as a model of epidemics: vertices are individuals,
which can be healthy (state 0) or infected (state 1); infected individuals recover
with rate 1 (recovery rate) and transmit the infection to each neighbor with rate λ
(infection rate). For a detailed introduction see [15] or [17].

Given A ⊂ V , we denote by (ξAt )t≥0 the contact process with initial configu-
ration ξA0 = 1A, the indicator function of A.

The “all healthy” configuration, represented as the empty set∅, is an absorbing
state for the dynamics: if the process ever reaches this state, it stays there for all
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subsequent times. A simple argument we present in Chapter 1 shows that for a
fixed λ the probability that the contact process ever reaches this configuration,

P
(
∃t ≥ 0 : ξAt = ∅

)
,

is either equal to 1 or strictly less than 1 for any finite A ⊆ V . The process is said
to die out (or go extinct) in the first case and to survive in the latter.

Whether one has survival or extinction may depend on both G and λ, so one
defines the critical rate

λc(G) = sup{λ : P
(
∃t : ξAt = ∅

)
= 1 ∀A ⊆ V, A finite}.

If λc(G) ∈ (0,∞), the contact process exhibits a phase transition: it dies out in
the subcritical regime (λ < λc) and survives in the supercritical regime (λ > λc).
It is easy to see that the process dies out for all λ on finite graphs; throughout
this work we will always assume that G is infinite.

The contact process was introduced by Harris in 1974 [12] on the lattice Zd. It
is one of the simplest continuous-time models that exhibits a phase transition. It
can be regarded as a continuous-time version of oriented percolation, hence many
tools from percolation theory immediately transfer to the contact process. Until
the 1990’s it was almost exclusively studied on the d-dimensional integer lattice;
important work to complete the theory on Zd was done by Bezuidenhout and
Grimmett in [4] and [5].

Later the contact process was studied on homogeneous trees, see the work
of Pemantle [23], Stacey [25] and Liggett [16]. In this setting an interesting
phenomenon arose: the existence of an intermediate phase was proved, in which
the contact process survives globally, but dies out locally.

Phase transition and graph dependence

The aim of Chapter 1 is to provide an understanding of how local modifications of
the graph on which the contact process takes place can cause significant changes in
relevant probabilities associated to the process. These modifications can be either
the addition or deletion of edges or vertices, or changing the infection rate on some
set of edges. Several papers in the literature dealt with changing the infection or
recovery rates at certain edges or vertices, see for example [20], [22] or [11].

In [24] Pemantle and Stacey conjectured that the critical rate λc of the contact
process is not affected by the addition or deletion of finitely many edges of G (as
long as it remains connected):

Conjecture 0.0.1. Assume G = (V,E) and G′ = (V,E′) are two connected
graphs with the same vertex set V and E′ = E ∪ {{x, y}}, with x, y ∈ V . Then,
λc(G) = λc(G

′).

Later Jung [13] proved this conjecture for vertex-transitive graphs (a graph G
is vertex transitive if, for any two vertices x and y, there exists an automorphism
in G that maps x into y).
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Rather than making progress on this problem, in Chapter 1 we consider a
slightly different line of inquiry. We give a construction of a tree in which the
contact process with any positive infection rate survives but, if a certain privileged
edge is removed, one obtains two subtrees in which the contact process dies out
for small λ. More precisely,

Theorem 0.0.2. There exists a tree G = (V,E) with a privileged edge e∗ so that

λc(G) = 0

and, letting G1, G2 be the two subgraphs of G obtained by removing e∗, we have

λc(G1), λc(G2) ≥
1

4
.

The graph G is a modified version of the one-dimensional lattice Z with the
modification that a small fraction of the vertices, denoted o1, o2, . . ., are given
extra neighbors (added to the graph as leaves), so that their degrees (d1, d2, . . . )
become increasingly large (see Figure 1).

e∗

o5 o3 o1 0 1 o2 o4
Figure 1: The constructed graph.

Theorem 0.0.2 first appeared in the article [26]. The idea behind the construc-
tion and in particular in the choice of (di) and (oi), is as follows. If we examine
the dynamics on a graph, the infection will survive for a long time around vertices
with high degrees. This property can be applied to guarantee that the infection at
such a vertex is maintained long enough to produce an infection path that reaches
another vertex at a certain distance [21].

For any λ > 0, we can choose a vertex oi with sufficiently large degree so that
with high probability the infection reaches oi+1 from oi. The infection is then
sustained there long enough to reach oi+2 and so on. Hence there is survival.

If λ ≤ 1
4 , then for i large enough the vertices around oi cannot sustain the

infection long enough to overcome the distance to oi+2. Hence, if e∗ is absent, it
becomes increasingly difficult for the infection to travel from one star to the next
in the same half-line, and consequently there is extinction.

Inhomogenous percolation

Percolation was introduced by Hammersley and Broadbent in 1957 [10] as a model
of fluid flow through porous material. This material is usually represented as
the set of vertices in a graph (“sites”) in which the edges (“bonds”) between
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neighbouring sites are present with some probability independently of each other.
The main object of study is the probability of the presence of an infinite connected
component in the graph. It is one of the simplest models that exhibits a phase
transition. For a extensive exposition see the books [6] by Bollobás and Riordan
and [9] by Grimmett.

We now briefly describe the general framework treated in Chapter 2 and 3.
Consider a connected graph G = (V,E). In a percolation configuration, each
edge in E can be open or closed. An open path in G is a sequence of distinct
vertices v0, v1, . . . , vm ∈ V such that for every i = 0, . . . ,m− 1, {vi, vi+1} ∈ E and
is open. We say that v can be reached from u either if they are equal or if there is
an open path from u to v. The set of vertices that can be reached from v is called
the cluster of v, denoted by Cv.

Consider the following inhomogeneous percolation model. Assume that E is
split into two disjoint sets, E = E1 ∪ E2 and let each edge in E1 be open with
probability p ∈ (0, 1) and each edge in E2 with probability q ∈ (0, 1). Whether
or not the event {|Cv| = ∞} happens with positive probability depends on the
parameters p and q (but not on the choice of v), so we can define pc(q) as the
supremum of the values of p for which there is almost surely no infinite cluster at
parameters p, q. What can we say about q 7→ pc(q)? Is it constant, or at least
continuous?

Let us briefly mention some related works. General references for percola-
tion phase transition beyond Zd are the foundational [3] and the monograph [19].
Concerning sensitivity of the percolation threshold to an extra parameter or in-
homogeneity of the underlying model, see the theory of essential enhancements
developed in [1] and [2].

Inhomogeneous percolation on ladder graphs

In Chapter 2 we generalize the model of [28]. We consider a “ladder graph” in the
spirit of [8]. Starting with an arbitrary (unoriented, connected) graph G = (V,E)
we construct G = (V,E) by placing layers of G one on top of the other and adding
extra edges to connect the consecutive layers. More precisely, let V = V × Z, and
define the graph G = (V,E) where

E = {{(u, n), (v, n)} : {u, v} ∈ E, n ∈ Z} ∪ {{(u, n), (u, n+ 1)} : u ∈ V, n ∈ Z}.

We examine the following inhomogeneous percolation setting. Fix an edge e =
{u, v} ∈ E in G and let

E2 := {{(u, n), (v, n)} : n ∈ Z},

that is the set of “horizontal” edges on G between the copies of u and v (see
Figure 2 for an example). Let E1 = E \ E2, and let each edge of E2 be open with
probability q, and each edge in E1 be open with probability p.

One would expect the aforementioned function pc(q) to be constant in (0, 1).
Our main result is the weaker statement that it is a continuous function.
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G G E2

Figure 2: G, G and the edge set E2.

Theorem 0.0.3. The function q 7→ pc(q) is continuous in (0, 1).

Furthermore, we show that if we fix a finite number of edges on G and simul-
taneously change the percolation parameter on the corresponding edge sets on G
to some q1, . . . , qn, then (q1, . . . qn) 7→ pc(q1, . . . qn) is continuous in (0, 1)n.

We also prove a version of this result for oriented graphs. Although the formu-
lation of the problem in that context is very similar to what we explained above,
the proof turns out to be technically more difficult.

In the proofs we use two delicate coupling constructions which allow us to com-
pare percolation configurations with different parameters p, q. Both constructions
are based on a coupling technique in which we pair each configuration with one
(or two) carefully chosen deterministic configuration.

These results appeared in the article [27].

Multirange percolation on oriented trees

Chapter 3 follows the framework for the problem of interest of [18]. In that paper,
the authors consider an oriented graph whose vertex set is that of the d-regular,
rooted tree, and containing oriented edges of two kinds: “short edges” (with which
each vertex points to its d children) and “long edges” (with which each vertex
points to its dk descendants k generations below, for fixed k ∈ N). Percolation is
defined on this graph by letting short edges be open with probability p and long
edges with probability q.

The parameter space [0, 1]2 can be decomposed in two regions: N is the
set of (p, q) for which there is almost surely no infinite cluster at parameters p
and q, and P = [0, 1]2 \ N . In [18] it is proved that the curve pc(q) separat-
ing N and P is continuous and strictly decreasing in the region where it is
positive. Furthermore, the process has a clear upper bound by a branching pro-
cess with offspring distribution that is the sum of two binomial random variables,
namely Bin(dp) + Bin(dkq). This branching process is critical for parameters sat-
isfying dp+ dkq = 1, hence {(p, q) : dp+ dkq ≤ 1} ⊆ N and there is almost surely
no infinite cluster along pc(q).
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d−1

p

N

P

d−k

pc(q)

q

Figure 3: q 7→ pc(q), along the dotted line dp+ dkq = 1.

By a comparison with a branching process we show that pc(q) is strictly above
the line dp+ dkq = 1 (see Figure 3).

Theorem 0.0.4. For every q ∈ (0, d−k) we have pc(q) 	 1−dkq
d .

Furthermore, we show that a decomposition of Cp,q has the same distribution
as the family tree of a certain multi-type branching process, which allows us to
state some limit theorems. In the supercritical case we give an asymptotic limit
for the number of vertices in Cp,q at distance n from the root, denoted by X(n).

Theorem 0.0.5. For every (p, q) ∈ P there exists a constant ρ = ρ(p, q) and a
nonnegative random variable Y such that P(Y > 0) = 0, satisfying

lim
n→∞

X(n)

ρn
= Y a.s.

In the subcritical case we show that the distribution of {X(n) | X(n) 6= 0}
converges to a proper distribution.

Theorem 0.0.6. For every (p, q) ∈ N

lim
n→∞

Pp,q(X
(n) = i | X(n) 6= 0) = P (i)

exists, and is a probability measure on Z+. Furthermore,
∑

iP (i) <∞.

In the critical case we show that the cluster of the root, when conditioned to
be large, converges in distribution.



xiv INTRODUCTION

Theorem 0.0.7. For parameters q ∈ (0, 1) and p = pc(q), if Cn is distributed
as Cp,q conditionally on {|Cp,q| ≥ n}, then the sequence (Cn)n≥0 converges in
distribution to a random rooted graph.

The contents of Chapter 3 are based on joint work with B. N. B. de Lima and
D. Valesin.
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Chapter 1

From survival to extinction of the
contact process by the removal of
a single edge

In this chapter we give a construction of a tree in which the contact process with
any positive infection rate survives but, if a certain privileged edge e∗ is removed,
one obtains two subtrees in which the contact process with infection rate smaller
than 1/4 dies out.

1.1 Introduction

In this chapter, we present an example of interest to the discussion of how the
behaviour of interacting particle systems can be affected by local changes in the
graph on which they are defined.

The contact process on a locally finite and connected graph G = (V,E) with
rate λ ≥ 0 is a continuous-time Markov process (ξt)t≥0 with state space {0, 1}V
and generator

Lf(ξ) =
∑

x∈V :ξ(x)=1

f(ξ0→x)− f(ξ) + λ ·
∑

y∈V :{x,y}∈E

(
f(ξ1→y)− f(ξ)

) , (1.1)

where f is a local function, ξ ∈ {0, 1}V and, for i ∈ {0, 1} and z ∈ V ,

ξi→z(w) =

{
i, if w = z;

ξ(w), otherwise,
w ∈ V.

This process is usually seen as a model of epidemics: vertices are individuals, which
can be healthy (state 0) or infected (state 1); infected individuals recover with

1



2 CHAPTER 1. REMOVAL OF AN EDGE IN THE CONTACT PROCESS

rate 1 and transmit the infection to each neighbor with rate λ. A comprehensive
exposition of the contact process can be found in [6].

Given A ⊂ V , we denote by (ξAt )t≥0 the contact process with initial config-
uration ξA0 = 1A, the indicator function of A; if A = {x}, we write ξxt instead

of ξ
{x}
t . We abuse notation and associate a configuration ξ ∈ {0, 1}V with the

set {x : ξ(x) = 1}.
The contact process admits a well-known graphical construction, which we

now briefly describe. We let Pλ
G be a probability measure under which a family of

independent Poisson point processes on [0,∞) are defined:

Dx for x ∈ V, each with rate 1,

D(x,y) for x, y ∈ V with {x, y} ∈ E, each with rate λ;

we regard each Dx and D(x,y) as a random discrete subset of [0,∞). Given a
realization of all these processes, an infection path is a function γ : [t1, t2] → V
which is right continuous with left limits and satisfies, for all t ∈ [t1, t2],

t /∈ Dγ(t) and γ(t) 6= γ(t−) implies t ∈ D(γ(t−),γ(t)).

We say that two points (x, s), (y, t) ∈ V × [0,∞) with s ≤ t are connected by
an infection path if there exists an infection path γ : [s, t] → V with γ(s) = x
and γ(t) = y. This event is denoted by {(x, s)↔ (y, t)}. Then, given A ⊆ V , the
process

ξAt (x) = 1{∃y ∈ A : (y, 0)↔ (x, t)}

has the distribution of the contact process with initial configuration 1A.
To motivate our result, we will now state some facts which follow immediately

either from the generator expression (1.1) or the graphical construction. First, the
“all healthy” configuration, represented as the empty set ∅, is a trap state for the
dynamics. Second,

Pλ
G

(
∃t : ξAt = ∅

)
≥ Pλ′

G′

(
∃t : ξBt = ∅

)
if λ ≤ λ′, A ⊆ B and G ⊆ G′ (1.2)

(G ⊆ G′ means that the vertex set and edge set of G are respectively contained
in the vertex set and edge set of G′). Third (using the fact that G is connected),

Pλ
G

(
∃t : B ⊆ ξAt

)
> 0 for all finite A,B ⊆ V. (1.3)

Combining (1.2) and (1.3), it is seen that the probability

Pλ
G

(
∃t : ξAt = ∅

)
(1.4)

is either equal to 1 for any finite A ⊆ V or strictly less than 1 for any finite A ⊆ V .
The process is said to die out (or go extinct) in the first case and to survive in the
latter.
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Whether one has survival or extinction may depend on both G and λ, so one
defines the critical rate

λc(G) = sup{λ : Pλ
G

(
∃t : ξAt = ∅

)
= 1 ∀A ⊆ V, A finite}.

It follows from this definition and (1.2) that the process dies out when λ < λc and
survives when λ > λc.

It is natural to expect that the critical rate λc of the contact process is not
affected by local changes on G, such as the addition or removal of edges (as long
as G remains connected). More precisely,

Conjecture 1.1.1 (Pemantle and Stacey, [10]). Assume G = (V,E) and G′ =
(V,E′) are two connected graphs with the same vertex set V and E′ = E∪{{x, y}},
with x, y ∈ V . Then, λc(G) = λc(G

′).

Jung [4] proved this conjecture for vertex-transitive graphs (a graph G is vertex
transitive if, for any two vertices x and y, there exists an automorphism in G that
maps x into y). Proving the conjecture in full generality is still an open problem.

Rather than making progress on this problem, we consider a slightly different
line of inquiry. Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs with disjoint
vertex sets V1 and V2. Let x ∈ V1, y ∈ V2 and define G = (V,E) with V =
V1 ∪ V2 and E = E1 ∪E2 ∪ {{x, y}} (that is, we connect the two graphs using the
edge {x, y}). It follows from (1.2) that λc(G) ≤ min(λc(G1), λc(G2)), and it is
natural to ask whether or not the inequality can be strict. Strict inequality would
mean that, for some λ < min(λc(G1), λc(G2)), the contact process with rate λ
on G survives. This leads to a curious situation: since the process is subcritical
on both G1 and G2, under Pλ

G there are almost surely no infinite infection paths
entirely contained either in G1 or in G2, so any infinite infection path in G needs
to traverse the edge {x, y} infinitely many times.

We present an example of a graph in which this situation indeed occurs.

Theorem 1.1.2. There exists a tree G = (V,E) with a privileged edge e∗ so that

λc(G) = 0 (1.5)

and, letting G1, G2 be the two subgraphs of G obtained by removing e∗, we have

λc(G1), λc(G2) ≥
1

4
. (1.6)

We end this Introduction discussing some related works in the interacting par-
ticle systems literature (apart from the already mentioned [4]). In [7], Madras,
Schinazi and Schonmann considered the contact process on Z in deterministic in-
homogeneous environments – for them, this means that the recovery rates (that is,
the rates of transition from state 1 to state 0) are vertex-dependent and determin-
istic, while the infection rate is the same everywhere. Among other results, they
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showed that if the recovery rate is equal to 1 everywhere except for a sufficiently
sparse set S ⊂ Z, where it is equal to some other value b ∈ (0, 1), then the critical
infection rate λc is the same as that of the original process on Z. In [9], Newman
and Volchan studied a contact process on Z in an environment in which the re-
covery rates are chosen randomly, independently among the vertices (the infection
rate is again constant). They give a condition for the recovery rate distribution
under which the process survives for any value of the infection rate (similarly to
what happens to our graph G of Theorem 1.1.2). In [3], Handjani exhibited a
modified version of the voter model (which is another class of interacting particle
system) in which modifications of the flip mechanism in a single site can change
the probability of survival of the set of 1’s from zero to positive.

1.2 Notation and preliminary results

Given a set A, the indicator function of A is denoted 1A and the cardinality of A
is denoted |A|.

Given a graph G = (V,E), the degree of x ∈ V is denoted degG(x), the graph
distance between x, y ∈ V is distG(x, y) and the ball of radius R with center x
is BG(x,R). We omit G from the notation when it is clear from the context. We
sometimes abuse notation and associate G with its set of vertices (so that, for
example, |G| denotes the number of vertices of G). A star graph S with hub o
on n vertices is a tree with one internal node (o) and n− 1 leaves.

We always assume that the contact process is constructed from the graphical
construction. Given A,B ⊆ V , J1, J2 ⊆ [0,∞), we write A × J1 ↔ B × J2
if (x, t1)↔ (y, t2) holds for some x ∈ A, y ∈ B, t1 ∈ J1 and t2 ∈ J2.

In the remaining part of this section we will describe five preliminary results
that will be needed in the proof of Theorem 1.1.2. We start with the following.

Lemma 1.2.1. For any λ ≤ 1
4 , letting In = {1, . . . , n}, we have

Pλ
Z

(
ξInt ⊆ In ∀t

)
≥ 1

2
. (1.7)

Proof. Define

Lt = inf{x : ξInt (x) = 1}, Rt = sup{x : ξInt (x) = 1}, t ≥ 0,

with inf ∅ = ∞ and sup∅ = −∞. It is readily seen that Rt is stochastically
smaller than the continuous-time Markov chain (Xt) on Z with X0 = n which
jumps one unit to the right with rate λ and jumps one unit to the left with rate 1.
Hence,

Pλ
Z (Rt < n+ 1 ∀t) ≥ P (Xt < n+ 1 ∀t) ≥ 3

4
,

by an elementary computation for biased random walk on Z.
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Similarly Pλ
Z (Lt > 0 ∀t) ≥ 3

4 , so

Pλ
Z

(
ξInt ⊆ In ∀t

)
= Pλ

Z (Rt < n+ 1 and Lt > 0 ∀t) ≥ 1

2
.

Our remaining four preliminary results are taken from [8]. The following shows
that the contact process survives on a large star graph S for a time that is expo-
nential in λ2|S|. It is a refinement of the first result to this effect that appeared
in [1] in Lemma 5.3.

Lemma 1.2.2. ( [8], Lemma 3.1) There exists c > 0 such that, if λ < 1, S is a
star with hub o so that deg(o) > 64e2 · 1

λ2 and |ξ0| > 1
16e · λ deg(o), then

Pλ
S(ξecλ2 deg(o) 6= ∅) ≥ 1− e−cλ2 deg(o). (1.8)

In [8], this lemma was applied to guarantee that in a connected graph G an
infection around a vertex with sufficiently high degree is maintained long enough
to produce an infection path that reaches another vertex at a certain distance.

Lemma 1.2.3. ( [8], Lemma 3.2) There exists λ0 > 0 such that, if 0 < λ < λ0,
the following holds. If G is a connected graph and x, y are distinct vertices of G
with

deg(x) >
7

c

1

λ2
log

(
1

λ

)
· distG(x, y) and

|ξ0 ∩B(x, 1)|
λ|B(x, 1)|

>
1

16e
,

then

Pλ
G

(
∃t : |ξt ∩B(y, 1)|

λ|B(y, 1)|
>

1

16e

)
> 1− 2e−cλ2 deg(x). (1.9)

(Note that c is the same constant that appeared Lemma 1.2.2).
In the opposite direction as Lemma 1.2.2, the following result bounds from

below the probability that the infection disappears from a star graph within
time 3 log(1/λ).

Lemma 1.2.4. ( [8], Lemma 5.2) If λ < 1
4 and S is a star, then

Pλ
S

(
ξS
3 log( 1

λ )
= ∅

)
≥ 1

4
e−16λ2|S|. (1.10)

It is interesting to note that it follows from this result that, if |S| is large,
the infection will with high probability disappear before time exp

{
Cλ2|S|

}
for

any C > 16. This estimate on the time until the infection disappears thus matches
(except for the value of the constant in the exponential) the one that follows from
Lemma 1.2.2.

It follows from Lemma 1.2.2 that vertices of degree much larger than 1
λ2 will

sustain the infection for a long time. The last preliminary lemma in our list deals
with tree graphs in which such big vertices are absent; in this case, it is unlikely
that the infection spreads.
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Lemma 1.2.5. ( [8], Lemma 5.1) Let λ < 1
2 and T be a finite tree with maximum

degree bounded by 1
8λ2 . Then, for any x, y ∈ T and t > 0,

Pλ
T (ξ

T
t 6= ∅) ≤ |T |2 · e−t/4 and (1.11)

Pλ
T ({x} × [0, t]↔ {y} × R+) ≤ (t+ 1) · (2λ)distT (x,y). (1.12)

1.3 Proof of Theorem 1.1.2

1.3.1 Construction of G

Our graph G will be equal to the one-dimensional lattice Z with the modification
that a few vertices, denoted o1, o2, . . ., are given extra neighbors, so that their
degrees become increasingly large. The extra neighbors are vertices which we add
to the graph as leaves.

We start defining sequences of integers (oi)i≥1, (di)i≥1 satisfying

0 > o1 > o3 > · · · , 0 < o2 < o4 < · · · , 0 < d1 < d2 < · · · .

The definition will be inductive. We set d1 = 1, o1 = −1 and o2 = 2. Assume we
have already defined o1, . . . , oi and d1, . . . , di−1. Then, set

oi+1 =

oi−1 + i ·
∑(i−1)/2

j=1 d2j if i is odd,

oi−1 − i ·
∑(i−2)/2

j=0 d2j+1 if i is even,
di = i · |oi − oi+1|.

(1.13)

We clearly have
di > i! (1.14)

Now, for each i ≥ 1, let {xi
1, . . . , x

i
di
} be a set with di distinct elements (for

distinct values of i, these sets are assumed to be disjoint). Then let

G = (V,E), with V = Z ∪
∞⋃
i=1

{xi
1, . . . , x

i
di
}, E = E(Z) ∪

∞⋃
i=1

di⋃
j=1

{{oi, xi
j}},

where E(Z) is the set of edges of Z. The construction is illustrated on Figure 1.1.
We let e∗ be the edge {0, 1}. When e∗ is removed, G is split into two subgraphs:
we let G− denote the one associated to the negative half-line, and G+ the one
associated to the positive half-line.

The strategy in the construction of G, and in particular in the choice of (di)
and (oi), is as follows.

� As we will prove in the next subsection, for any λ > 0, if i is sufficiently large,
the star B(oi, 1) is large enough to sustain the infection long enough that
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e∗

o5 o3 o1 0 1 o2 o4
Figure 1.1: The graph G.

it reaches B(oi+1, 1) with high probability. The infection is then sustained
there long enough to reach B(oi+2, 1) and so on. As the probability of the
intersection of all these events is close to 1, there is survival. Note that,
as observed in the Introduction, indeed the infection necessarily relies on
infinitely many traversals of e∗ in order to survive.

� In Subsection 1.3.3, we will show that, if λ = 1
4 and e∗ is absent, then the

star B(oi, 1) is not quite large enough to hold the infection long enough to
overcome the distance to oi+2. Hence, it becomes increasingly difficult for
the infection to travel from one star to the next in the same half-line, and
consequently there is extinction.

1.3.2 Proof of λc(G) = 0.

We need to show that, for any λ > 0, the contact process with rate λ on G
survives. By (1.2), it is sufficient to show this for λ ∈ (0, 1∧λ0), where λ0 is as in
Lemma 1.2.3.

Fix λ ∈ (0, λ0). As explained in the Introduction, it is enough to show that
there exists a finite set A ⊂ V such that (1.4) is strictly less than 1. Assume i ∈ N
is large enough that

deg(oi) = di+2 > i · |oi−oi+1| = i ·distG(oi, oi+1) >
7

c

1

λ2
log

(
1

λ

)
·distG(oi, oi+1),

where c is coming from Lemma 1.2.2. Then, by Lemma 1.2.3,

if A ⊆ V,
|A ∩B(oi, 1)|
λ|B(oi, 1)|

>
1

16e
,

then Pλ
G

(
∃t : |ξ

A
t ∩B(oi+1, 1)|
λ · |B(oi+1, 1)|

>
1

16e

)
> 1− 2e−cλ2di .

The desired result now follows from (1.14), the Strong Markov Property and a
union bound.

1.3.3 Proof of λc(G−), λc(G+) ≥ 1
4 .

We will only carry out the proof of λc(G+) ≥ 1
4 ; the proof for G− is similar. As

explained in the Introduction, it is sufficient to show that, in the contact process
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on G+ with rate

λ =
1

4
(1.15)

and started with a single infection located at vertex 1, the infection almost surely
disappears, i.e.

Pλ
G+

(
ξ1t 6= ∅ ∀t

)
= 0. (1.16)

Define the sets of vertices

Sj = {oj , xj
1, . . . , x

j
dj
}, j ∈ {2, 4, . . .}

H0 = {1},
Hj = (oj , oj+2) ∩ Z, j ∈ {2, 4, . . .},

Gi = H0 ∪

 i/2⋃
j=1

(S2j ∪H2j)

 , i ∈ {2, 4, . . .}.

We will abuse notation and refer to the above sets as subgraphs of G+; for in-
stance, H2 will be the subgraph with vertex set defined above and set of edges
having both extremities in this vertex set.

We now fix an arbitrary i ∈ 2N. Define

τ = exp

{
i

2
(d2 + d4 + · · ·+ di)

}
. (1.17)

We have

Pλ
G+

(
ξ1t 6= ∅ ∀t

)
≤ Pλ

G+

(
ξ1τ 6= ∅

)
≤ Pλ

G+

(
ξ1τ 6= ∅, ξ1t ⊆ Gi ∀t ≤ τ

)
+ Pλ

G+

(
ξ1τ 6= ∅, ξ1t * Gi for some t ≤ τ

)
≤ Pλ

Gi

(
ξGi
τ 6= ∅

)
+ Pλ

G+
({oi} × [0, τ ]↔ {oi+2} × [0, τ ]) . (1.18)

We bound the two terms on (1.18) separately, starting with the second:

Pλ
G+

({oi} × [0, τ ]↔ {oi+2} × [0, τ ])

= Pλ
Hi∪{oi,oi+2} ({oi} × [0, τ ]↔ {oi+2} × [0, τ ])

(1.12)

≤ (τ + 1) · (2λ)dist(oi,oi+2)

(1.13),(1.15),(1.17)

≤ 2 exp

{
i(d2 + d4 + · · ·+ di)

(
1

2
− log(2)

)}
< exp {−di} (1.19)

if i is large enough.
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We now turn to the first term in (1.18). First define

t1 = 3 log

(
1

λ

)
, L = i log(dist(oi, oi+2)) = i log (i(d2 + d4 + · · ·+ di)) .

(1.20)
We will assume that i is large enough (depending on λ) so that L > t1. Using the
Markov property and (1.2), we have

Pλ
Gi

(
ξGi
τ 6= ∅

)
≤ Pλ

Gi

(
ξGi

L 6= ∅
)bτ/Lc

. (1.21)

We then bound

Pλ
Gi

(
ξGi

L = ∅
)

≥
i/2∏
j=1

Pλ
Gi

(
ξ
S2j

t ⊆ S2j ∀t, ξ
S2j

t1 = ∅
)
·
i/2∏
j=0

Pλ
Gi

(
ξ
H2j

t ⊆ H2j ∀t, ξ
H2j

L = ∅
)
.

(1.22)

Now, for all j ≤ i/2,

Pλ
Gi

(
ξ
H2j

t ⊆ H2j ∀t, ξ
H2j

L = ∅
)
≥ Pλ

Gi

(
ξ
H2j

t ⊆ H2j ∀t
)
− Pλ

H2j

(
ξ
H2j

L 6= ∅
)

(1.7),(1.11)

≥ 1

2
− |H2j |2 · e−L/4

(1.20)
=

1

2
− (dist(oi, oi+2))

2−i/4 ≥ 1

4
(1.23)

if i is large enough. Again for all j ≤ i/2, we have

Pλ
Gi

(
ξ
S2j

t ⊆ S2j ∀t, ξ
S2j

t1 = ∅
)

≥ Pλ
S2j

(
ξ
S2j

t1 = ∅
)
· Pλ

Gi

((
D{o2j ,o2j−1} ∪D{o2j ,o2j+1}

)
∩ [0, t1] = ∅

)
(1.10)

≥ 1

4
exp

{
−16λ2|S2j |

}
· exp {−2λt1}

(1.20)

≥ λ6λ

4
exp

{
−17λ2d2j

}
. (1.24)

Using (1.23) and (1.24) in (1.22), we get

Pλ
Gi

(
ξGi

L = ∅
)
≥
(
λ6λ

16

) i
2+1

· exp
{
−17λ2(d2 + d4 + · · ·+ di)

}
(1.14)

≥ exp
{
−18λ2(d2 + d4 + · · ·+ di)

}
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if i is large enough; using this in (1.21), we get

Pλ
Gi

(
ξGi
τ 6= ∅

)
≤ exp

{
− exp

{
−18λ2(d2 + d4 + · · ·+ di)

}
·
exp

{
i
2 (d2 + d4 + · · ·+ di)

}
i log (i(d2 + d4 + · · ·+ di))

}
< exp{−di} (1.25)

if i is large enough.
In conclusion, using (1.19) and (1.25) in (1.18), we see that Pλ

G+

(
ξ1t 6= ∅ ∀t

)
<

2 exp{−di} for all i, so (1.16) follows.
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Chapter 2

Inhomogeneous percolation on
ladder graphs

In this chapter we define an inhomogeneous percolation model on “ladder graphs”
obtained as direct products of an arbitrary graph G = (V,E) and the set of
integers Z (vertices are thought of as having a “vertical” component indexed by an
integer). We make two natural choices for the set of edges, producing an unoriented

graph G and an oriented graph ~G. These graphs are endowed with percolation
configurations in which independently, edges inside a fixed infinite “column” are
open with probability q, and all other edges are open with probability p. For all
fixed q one can define the critical percolation threshold pc(q). We show that this
function is continuous in (0, 1).

2.1 Introduction

In this paper we examine how the critical parameter of percolation is affected by
inhomogeneities. More specifically, we address the following problem. Suppose G
is a graph with (oriented or unoriented) set of edges E, and that E is split into two
disjoint sets, E = E′∪E′′. Consider the percolation model in which edges of E′ are
open with probability p and edges of E′′ are open with probability q. For q ∈ [0, 1],
we can then define pc(q) as the supremum of values of p for which percolation does
not occur at p, q. What can be said about the function q 7→ pc(q)?

This is the framework for the problem of interest of the recent reference [9].
In that paper, the authors consider an oriented tree whose vertex set is that of
the d-regular, rooted tree, and containing “short edges” (with which each vertex
points to its d children) and “long edges” (with which each vertex points to its dk

descendants at distance k, for fixed k ∈ N). Percolation is defined on this graph by
letting short edges be open with probability p and long edges with probability q.
It is proved that the curve q 7→ pc(q) is continuous and strictly decreasing in the
region where it is positive.

13
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In the present paper, we consider another natural setting for the problem
described in the first paragraph, namely that of a “ladder graph” in the spirit
of [5]. We start with an arbitrary (unoriented, connected) graph G = (V,E)
and construct G = (V,E) by placing layers of G one on top of the other and
adding extra edges to connect the consecutive layers. More precisely, V = V × Z
and E consists of the edges that make each individual layer a copy of G, as well
as edges linking each vertex to its copies in the layers above it and below it (see
Figure 2.1 for an example). With this choice (and other ones we will also consider),
one would expect the aforementioned function pc(q) to be constant in (0, 1). Our
main result is that it is a continuous function. We also consider a similarly defined
oriented model ~G, and obtain the same result. See Section 2.1.1 for a more formal
description of the models we study and the results we obtain.

G G E′′

Figure 2.1: The construction of G from G and a possible choice for the edge set E′′

(on which edges are open with probability q).

Our ladder graph percolation model is a generalization of the model of [12].
In that paper, Zhang considers an independent bond percolation model on Z2

in which edges belonging to the vertical line through the origin are open with
probability q, while other edges are open with probability p. It then follows from
standard results in Percolation Theory that (0, 1) 3 q 7→ pc(q) is constant, equal
to 1

2 , the critical value of (homogeneous) bond percolation on Z2. The main result
of [12] is that, when p is set to this critical value and for any q ∈ (0, 1), there is
almost surely no infinite percolation cluster. Since we are far from understanding
the critical behaviour of homogeneous percolation on the more general graphs G
and ~G we consider here, analogous results to that of Zhang are beyond the scope
of our work.

Let us briefly mention some other related works. Important references for
percolation phase transition beyond Zd are [3] and [8]; see also [4] for a recent
development. Concerning sensitivity of the percolation threshold to an extra pa-
rameter or inhomogeneity of the underlying model, see the theory of essential
enhancements developed in [1] and [2].
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2.1.1 Formal description of model and results

Let G = (V,E) be a connected graph with vertex set V and edge set E. Let
V = V × Z. We define the unoriented graph G = (V,E) and the oriented graph
~G = (V, ~E), where

E ={{(u, n), (v, n)} : {u, v} ∈ E, n ∈ Z} ∪ {{(u, n), (u, n+ 1)} : u ∈ V, n ∈ Z},
~E ={〈(u, n), (v, n+ 1)〉 : {u, v} ∈ E, n ∈ Z};

above we denote unoriented edges by {·, ·} and oriented edges by 〈·, ·〉. See Fig-

ure 2.2 for an example. Note that ~G is not necessarily connected.

G ~G

Figure 2.2: G and ~G for G = Z. Note that in this case, ~G consists of two disjoint
subgraphs; for clarity we will only display one of these subgraphs further on.

We consider percolation configurations in which each edge in E and ~E can

be open or closed. Let Ω = {0, 1}E and ~Ω = {0, 1}~E be the sets of all possible

configurations on G and ~G, respectively. Then for any e ∈ E or ~E, ω(e) = 1
corresponds to the edge being open and ω(e) = 0 to closed.

An open path on G is a set of distinct vertices (v0, n0), (v1, n1), . . . , (vm, nm)
such that for every i = 0, . . . ,m − 1, {(vi, ni), (vi+1, ni+1)} ∈ E and is open. We
say that (v, n) can be reached from (v0, n0) either if they are equal or if there is
an open path from (v0, n0) to (v, n). Denote this event by (v0, n0)↔ (v, n). The
set of vertices that can be reached from (v, n) is called the cluster of (v, n).

An open path on ~G can be defined similarly, but since edges are oriented up-
wards, (v, n) can only be reached from (v0, n0) if n ≥ n0. Denote this event
by (v0, n0)→ (v, n). Hence we will call the set of vertices that can be reached by

an open path from (v, n) the forward cluster of (v, n). Denote by C∞ and ~C∞ the

events that there is an infinite cluster on G and an infinite forward cluster on ~G
respectively.

We examine the following inhomogeneous percolation setting. First consider
the unoriented graph G. Fix finitely many edges and vertices

e1 = {u1, v1}, . . . , eK = {uK , vK} ∈ E, w1, . . . wL ∈ V (2.1)
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and let

Ei := {{(ui, n), (vi, n)} : n ∈ Z} i = 1, . . . ,K; (2.2)

EK+j := {{(wj , n), (wj , n+ 1)} : n ∈ Z} j = 1, . . . , L; (2.3)

that is the set of “horizontal” edges on G between ui and vi, and the set of
“vertical” edges above and below vertex wj respectively (see Figure 2.3 for an
example). Further let q = (q1, . . . , qK+L) with qi ∈ (0, 1) for all i and let p ∈ [0, 1].
Now let each edge of Ei be open with probability qi, and each edge in E \∪K+L

i=1 Ei

be open with probability p. Denote the law of the open edges by Pq,p. Whether or
not the event C∞ happens with positive probability depends on the parameters p
and q, so we can define the critical parameter as a function of q:

pc(q) := sup{p : Pq,p(C∞) = 0}.

We will show that this function is continuous:

Theorem 2.1.1. For fixed K,L ∈ N, the function q 7→ pc(q) is continuous
in (0, 1)K+L.

G

E1 E2

0 0
~G

E1 E2

Figure 2.3: The edge sets E1 and E2 on G with e1 = {−1, 0} and w1 = 1; and

on ~G with e1 = {−1, 0} and e2 = {1, 2} (for G = Z).

We now turn to the oriented graph ~G. Fix finitely many edges

e1 = {u1, v1}, . . . , eK = {uK , vK} ∈ E (2.4)

and let
~Ei := {〈(ui, n), (vi, n+ 1)〉, 〈(vi, n), (ui, n+ 1)〉 : n ∈ Z}; (2.5)

that is the set of oriented edges on ~G between ui and vi (see Figure 2.3 for an
example). Further let q = (q1, . . . , qK) with qi ∈ (0, 1) for all i and let p ∈ [0, 1].
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Now let each oriented edge of ~Ei be open with probability qi, and each oriented
edge in ~E \ ∪Ki=1

~Ei be open with probability p. Denote the law of the open edges

by ~Pq,p. Similarly as in the unoriented case we can define the critical parameter
as a function of q:

~pc(q) := sup{p : ~Pq,p( ~C∞) = 0}.

We will show that this function is continuous:

Theorem 2.1.2. For fixed K ∈ N, the function q 7→ ~pc(q) is continuous in (0, 1)K .

The proofs of both Theorem 2.1.1 and Theorem 2.1.2 rely on two coupling
results which allow us to compare percolation configurations with different pa-
rameters q, p. These coupling results are presented in Section 2.2. We prove
Theorem 2.1.1 in Section 2.3 and Theorem 2.1.2 in Section 2.4.

2.1.2 Discussion on the contact process

Bond percolation on the oriented graph ~G defined from G = (V,E) is closely
related to the contact process on G: the latter can be thought of as a version of
the former in which the “vertical”, one-dimensional component is taken as R rather
than Z (see [7] for the definition of the contact process; some other modifications

have to be made on our ~G to account for the “recovery marks” of the contact
process, but this is unimportant for the present discussion). In fact, one of the
questions that originally motivated us was the following. Assume we take the
contact process on an arbitrary graph G, and declare that the infection rate is
equal to λ > 0 in every edge except for a distinguished edge e∗, in which the
infection rate is σ > 0. Let λc(σ) be the supremum of values of λ for which the
process with parameters λ, σ dies out (starting from finitely many infections). Is
it true that λc(σ) is constant, or at least continuous, in (0,∞)? Bond percolation

on the oriented graph ~G defined from G = (V,E) is closely related to the contact
process on G. The contact process is usually taken as a model of epidemics
on a graph: vertices are individuals, which can be healthy or infected. In the
continuous-time Markov dynamics infected individuals recover with rate 1 and
transmit the infection to each neighbor with rate λ > 0 (“infection rate”). The
“all healthy” configuration is a trap state for the dynamics; the probability that
the contact process ever reaches this state is either equal to 1 or strictly less than 1
for any finite set of initially infected vertices. The process is said to die out in the
first case and to survive in the latter. Whether it survives or dies out will depend
on both the underlying graph G and λ, so one defines the critical rate λc as the
supremum of the infection parameter values for which the contact process dies out
on G. For a detailed introduction see [7].

The contact process admits a well-known graphical construction that is a
“space-time picture” G × [0,∞) of the process. We assign to each vertex v ∈ V
and ordered pair of vertices (u, v) satisfying {u, v} ∈ E a Poisson point process Dv

with rate 1 and D(u,v) with rate λ respectively (all processes are independent).
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For each event time t of Dv we place a “recovery mark” at (v, t) and for each event
time of D(u,v) an “infection arrow” from (u, t) to (v, t). An “infection path” is
a connected path that moves along the timeline in the increasing time direction,
without passing through a recovery mark and along infection arrows in the direc-
tion of the arrow. Starting from a set of initially infected vertices A ⊂ V , the set
of infected vertices at time t is the set of vertices v such that (v, t) can be reached
by an infection path from some (u, 0) with u ∈ A.

This representation can be thought of as a version of our oriented percolation
model ~G in which the “vertical”, one-dimensional component is taken as R rather
than Z (some other modifications have to be made to account for the “recovery
marks” of the contact process, but this is unimportant for the present discussion).
In fact, one of the questions that originally motivated us was the following. Assume
we take the contact process on an arbitrary graph G, and declare that the infection
rate is equal to λ > 0 in every edge except for a distinguished edge e∗, in which
the infection rate is σ > 0. Let λc(σ) be the supremum of values of λ for which
the process with parameters λ, σ dies out (starting from finitely many infections).
Is it true that λc(σ) is constant, or at least continuous, in (0,∞)?

In case G is a vertex-transitive connected graph, one can show that λc(σ) is
constant in (0,∞) by an argument similar to the one given in [6]. For general G,
even continuity of λc(σ) is unproved, and the techniques we use here do not seem
to be sufficient to handle that case (see Remark 2.4.4 below for an explanation
of what goes wrong). This is surprising, since results for oriented percolation
typically transfer automatically to the contact process (and vice-versa). A recent
result shows that the situation can be quite delicate: in [10], we exhibited a tree
in which the contact process (with same rate λ > 0 everywhere) survives for any
value of λ, but in which the removal of a single edge produces two subtrees in
which the process dies out for small λ.

2.2 Coupling lemmas

The proofs of both our theorems are based on couplings which allow us to carefully
compare percolation configurations sampled from measures with different param-
eter values. In the proof of Theorem 2.1.1 we use the following coupling lemma
(Lemma 3.1 from [9]). The proof is omitted since it is quite simple and can be
found in [9]; the idea of the coupling is reminiscent of Doeblin’s maximal coupling
lemma (see [11] Chapter 1.4).

Lemma 2.2.1. Let Pθ denote probability measures on a finite set S,
parametrized by θ ∈ (0, 1)N , such that θ 7→ Pθ(x) is continuous for every x ∈ S.
Assume that for some θ1 and x̄ ∈ S we have Pθ1(x̄) > 0. Then, for any θ2 close
enough to θ1, there exists a coupling of two random elements X and Y of S such
that X ∼ Pθ1 , Y ∼ Pθ2 and

P ({X = Y } ∪ {X = x̄} ∪ {Y = x̄}) = 1. (2.6)
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The following is a modified version of Lemma 2.2.1, to be used in the proof of
Theorem 2.1.2.

Lemma 2.2.2. Let Pθ denote probability measures on a finite set S,
parametrized by θ ∈ (0, 1)N , such that θ 7→ Pθ(x) is continuous for every x ∈ S.

Let {Ŝ, ˆ̂S} be a non-trivial partition of S, and assume that for some θ1, x̂ ∈ Ŝ

and ˆ̂x ∈ ˆ̂S we have Pθ1(x̂) > 0 and Pθ1(ˆ̂x) > 0. Then, for any θ2 close enough
to θ1, there exists a coupling of two random elements X and Y of S such that
X ∼ Pθ1 , Y ∼ Pθ2 and

P
(
{X = Y } ∪ {X = x̂} ∪ {X ∈ Ŝ ∪ {ˆ̂x}, Y = x̂} ∪ {Y = ˆ̂x}

)
= 1, (2.7)

specifically

P(Y = x̂ or ˆ̂x|X = ˆ̂x)1. (2.8)

Proof. We write Ŝ = {w1, w2, . . . , wn, x̂} and ˆ̂S = {z1, z2, . . . , zm, ˆ̂x} and for all y ∈
S and k = 1, 2 let

p(y) = Pθ1(y) ∧ Pθ2(y),

pθ1(y) = [Pθ1(y)− Pθ2(y)]
+, pθk(Ŝ) =

∑
y∈Ŝ\{x̂} pθk(y),

pθ2(y) = [Pθ2(y)− Pθ1(y)]
+, pθk(

ˆ̂S) =
∑

y∈ ˆ̂S\{ˆ̂x} pθk(y).

Let U be a uniform random variable on [0, 1]. The values of X and Y will be
given as functions of U . Clearly

n∑
i=1

p(wi) +

m∑
j=1

p(zj) + Pθk(x̂) + pθk(Ŝ) + Pθk(ˆ̂x) + pθk(
ˆ̂S) = 1,

so we can cover the line segment [0, 1] with disjoint intervals with lengths equal to
the summands of the left-hand side of the above equality with either k = 1 or 2
(see Figure 2.4). For any value of u we choose X and Y to be the element of S that
corresponds to the interval u falls into in the first and second cover respectively.

To guarantee that (2.7) is satisfied we arrange these intervals in a way that

� the interval corresponding to Pθ1(ˆ̂x) in the first cover is entirely contained
in the intervals corresponding to Pθ2(x̂) and Pθ2(ˆ̂x) in the second cover;

� the interval corresponding to pθ1(
ˆ̂S) in the first cover is contained in the

interval corresponding to Pθ2(ˆ̂x) in the second cover;

� the interval corresponding to pθ1(Ŝ) in the first cover is contained in the
intervals corresponding to Pθ2(x̂) and Pθ2(ˆ̂x) in the second cover.
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0 1

p(w1) . . . p(wn) p(z2) . . . p(zm) Pθ1(x̂) Pθ1(ˆ̂x)

p(w2) p(z1) pθ1(Ŝ) pθ1(
ˆ̂S)

pθ2(Ŝ) Pθ2(x̂) Pθ2(ˆ̂x)

pθ2(
ˆ̂S)

pθ1(w1)pθ1(w2) . . .pθ1(wn)

w1 w2 . . . wn z1 z2 . . . zn x̂ wi ˆ̂x zj

w1 w2 . . . wn z1 z2 . . . znwizj x̂ ˆ̂x

X =

Y =

w1 w2 . . . wn

Figure 2.4: The partitioning of the line segment [0, 1], and the sampling of (X,Y ).

The above is possible since by continuity, as θ2 → θ1 : Pθ2(x̂) → Pθ1(x̂) > 0,

Pθ2(ˆ̂x) → Pθ1(ˆ̂x) > 0 as well as pθ1(Ŝ), pθ1(
ˆ̂S) → 0. Therefore, if θ2 is sufficiently

close to θ1, we have

pθ1(
ˆ̂S) < Pθ2(ˆ̂x),

pθ1(
ˆ̂S) + Pθ1(ˆ̂x) + pθ1(Ŝ) < Pθ2(ˆ̂x) + Pθ2(x̂).

2.3 Proof of Theorem 2.1.1

We start showing that if the statement of Theorem 2.1.1 is proved for a given
set of edges and vertices as in (2.1), then the same continuity statement au-
tomatically follows for smaller sets of edges and vertices. To prove this, let
e1, . . . , eK , w1, . . . , wL be edges and vertices as in (2.1), and let wL+1 be an addi-
tional vertex (we could alternatively take an additional edge with no change to the
argument that follows). We now compare two percolation models on G: the first
one with parameter values q = (q1, . . . , qK+L) for E1, . . . ,EK+L and p for all other
edges, and the second one with parameter values (q, qK+L+1) for E1, . . . ,EK+L+1

and p for all other edges.
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Claim 2.3.1. If the function (q, qK+L+1) 7→ pc(q, qK+L+1) is continuous in
(0, 1)K+L+1, then q 7→ pc(q) is continuous in (0, 1)K+L.

Proof. Since (0, 1) 3 qK+L+1 7→ pc(q, qK+L+1) is non-increasing and by assump-
tion continuous, there exists a unique t∗ ∈ (0, 1) such that t∗ = pc(q, t

∗). We
claim that t∗ = pc(q). Indeed, by the definition of pc(q, t

∗),

∀t > t∗, 0 < P(q,t∗),t(C∞) ≤ P(q,t),t(C∞) = Pq,t(C∞), and

∀t < t∗, 0 = P(q,t∗),t(C∞) ≥ P(q,t),t(C∞) = Pq,t(C∞),

which implies pc(q) = t∗.

Assume that pc(q, t) = t for some q and t. By continuity, for all ε > 0,
if δ ∈ (0, 1)K+L is close enough to zero we have

pc(q+ δ, t) ∈ (t− ε, t+ ε).

As pc is non-increasing in t, this yields

pc(q+ δ, t− ε) > t− ε and pc(q+ δ, t+ ε) < t+ ε.

Hence there exists t′ ∈ (t − ε, t + ε) such that pc(q + δ, t′) = t′. This implies
that q 7→ pc(q) is continuous.

For our base graph G = (V,E), u, v ∈ V and V ′ ⊂ V , let distG(u, v) be
the graph distance between u and v, and let distG(u, V

′) be the smallest graph
distance between u and a point of V ′. Fix r ∈ N, u0 ∈ V and let

U := Br(u0), (2.9)

that is the ball of radius r around u0 with respect to the graph distance.

From now on, we will assume that the edges e1, . . . , eK of (2.1) are all the
edges with both extremities belonging to U , and that the vertices w1, . . . , wL of
(2.1) are all the vertices of U . We are allowed to restrict ourselves to this case by
Claim 2.3.1.

The proof of Theorem 2.1.1 will be a consequence of the following claim.

Claim 2.3.2. For all p ∈ (0, 1), q0 ∈ (0, 1)K+L and ε ∈ (0, 1−p) there exists a δ >
0 such that for any q,q′ ∈ (0, 1)K+L satisfying ‖q0−q‖∞ < δ and ‖q0−q′‖∞ < δ
we have

Pq, p(C∞) ≤ Pq′,p+ε(C∞).

Note that Claim 2.3.2 is trivial if q′ − q has non-negative coordinates.
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Proof of Theorem 2.1.1. Fix q0 ∈ (0, 1)K+L and ε > 0. By Claim 2.3.2, if ‖q0 −
q‖∞ is close enough to zero, then

Pq, pc(q0)+ε(C∞) ≥ Pq0, pc(q0)+
ε
2
(C∞), (2.10)

Pq, pc(q0)−ε(C∞) ≤ Pq0, pc(q0)− ε
2
(C∞). (2.11)

By the definition of pc(q0), the right-hand side of (2.10) is positive and the right-
hand side of (2.11) is zero; hence, the two inequalities respectively yield

pc(q) ≤ pc(q0) + ε and pc(q) ≥ pc(q0)− ε.

This implies that q 7→ pc(q) is continuous at q0.

Proof of Claim 2.3.2. We start with several definitions. Recall the definition of U
in (2.9) and for n ∈ Z let

Vn = {(v,m) ∈ V : v ∈ Br+1(u0), (2L+ 2)n ≤ m ≤ (2L+ 2)(n+ 1)}

and

En = {e ∈ E : e has both extremities in Vn}
\{e ∈ E : e = {(u, (2L+ 2)(n+ 1)), (v, (2L+ 2)(n+ 1))} for some {u, v} ∈ E}.

We think of Vn as a “box” of vertices and of En as all the edges in the subgraph
induced by this box, except for the “ceiling”. Note that the En are disjoint (though
the Vn are not). Next, recall the definition of Ei for 1 ≤ i ≤ K+L from (2.2) and
(2.3). Observe that ∪iEi ( ∪nEn and define, for n ∈ Z and 1 ≤ i ≤ K + L,

Ei
n = En ∩ Ei, E∂

n = En\
(
∪K+L
i=1 Ei

n

)
, EO = E\ (∪n∈ZEn) .

The “edge boundary” E∂
n consists of edges of the form {(u,m), (u,m+1)}, with u

such that dist(u, u0) = r + 1, and edges of the form {(u,m), (v,m)}, with v ∈ U
and dist(u, u0) = r + 1. Next, let

Ωi
n = {0, 1}E

i
n , Ω∂

n = {0, 1}E
∂
n , Ωn = {0, 1}En , ΩO = {0, 1}EO ;

note that

Ω = ΩO ×
∏
n∈Z

Ωn = ΩO ×
∏
n∈Z

(
Ω∂

n ×
K+L∏
i=1

Ωi
n

)
.

For each n, define the inner vertex boundary, consisting of the “floor”, “walls”
and “ceiling” of the vertex box Vn,

∂Vn = {(v, n) ∈ Vn : dist(v, u0) = r + 1}
∪ (U × {(2L+ 2)n}) ∪ (U × {(2L+ 2)(n+ 1)}).
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Given any ∅ 6= A ⊆ ∂Vn and ωn ∈ Ωn, define

Cn(A,ωn) = {(v, n) ∈ ∂Vn : (v0, n0)
ωn←→ (v, n) for some (v0, n0) ∈ A},

where the notation (v0, n0)
ωn←→ (v, n) means that (v0, n0) and (v, n) are connected

by an ωn-open path of edges of En. Note that A ⊆ Cn(A,ωn).
Now, fix p, q0 and ε, and for δ close enough to zero let q = (q1, . . . , qK+L)

and q′ = (q′1, . . . , q
′
K+L) be as in the statement of the claim. Note that ‖q−q′‖∞ <

2δ. We will define coupling measures µO on (ΩO)
2 and µn on (Ωn)

2 satisfying the
following properties. First,

(ωO, ω
′
O) ∼ µO =⇒ ωO

(d)
= Pq,p|EO , ω′

O
(d)
= Pq′,p+ε|EO

and ωO ≤ ω′
O a.s.

(2.12)

(we denote by Pq,p|E′ the projection of Pq,p to E′ ⊂ E). Second,

(ωn, ω
′
n) ∼ µn =⇒ ωn

(d)
= Pq,p|En

, ω′
n

(d)
= Pq′,p+ε|En

and Cn(A,ωn) ⊆ Cn(A,ω′
n) for all A ⊂ ∂Vn a.s.

(2.13)

We then define the coupling measure µ on Ω2 by

µ = µO ⊗ (⊗n∈Zµn) .

It is clear from (2.12) and (2.13) that, if (ω, ω′) ∼ µ, then ω ∼ Pq,p, ω
′ ∼ Pq′,p+ε,

and almost surely if C∞ holds for ω, then it holds for ω′. Consequently

Pq,p(C∞) ≤ Pq′,p+ε(C∞).

The definition of µO is standard. We take in some probability space a pair
of random elements Z = (Z1, Z2) ∈ Ω2

O such that Z1 and Z2 are independent on
all edges of EO and they assign each edge to be open with probability p and ε

1−p

respectively. We then let ωO = Z1 and ω′
O = Z1 ∨Z2, and µO be the distribution

of (ωO, ω
′
O), so that (2.12) is clearly satisfied.

The measures µn will be defined as translations of each other, so we only
define µ0. The construction relies on Lemma 2.2.1, with the finite set S of that
lemma being here the set

Ω1
0 × · · · × ΩK+L

0 × Ω∂
0 × Ω∂

0 .

The two factors of Ω∂
0 ensure the extra randomness needed for the coupling. We

now define the deterministic element x̄ of the above set that appears in the state-
ment of Lemma 2.2.1. The definition is simple, but the notation is clumsy; a quick
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glimpse at Figure 2.5 should clarify what is involved. We start assuming, without
loss of generality, that the elements w1, . . . , wL of U are enumerated so that

distG(wj , V \ U) ≤ distG(wj+1, V \ U) ∀j = 1, . . . , L− 1.

Let Γj be the set of edges along a shortest path from wj to U \ Br−1(u0).
Further for m < m′ let

[(wi,m), (wi,m
′)] := ∪m

′−1
j=m {(wi, j), (wi, j + 1)}.

Now, x̄ is defined in the following way:

� x̄ = (x̄U , x̄∂,1, x̄∂,2) with x̄U ∈ Ω1
0 × · · · × ΩK+L

0 and x̄∂,1, x̄∂,2 ∈ Ω∂
0 ;

� x̄U (e) = 1 if and only if for some j = 1, . . . L,

e ∈ [(wj , 0),(wj , j)] ∪ [(wj , (2L+ 2)− j), (wj , (2L+ 2))]⋃
{u,v}∈Γj

({(u, j), (v, j)} ∪ {(u, (2L+ 2)− j), (v, (2L+ 2)− j)}) ,

or
e ∈

⋃
u,v∈U

{(u, L+ 1), (v, L+ 1)};

� x̄∂,1 ≡ 0 and x̄∂,2 ≡ 1.

By Lemma 2.2.1, if δ is close enough to zero, then there exists a coupling
of (K + L+ 2)-tuples of configurations

X = (X1, . . . , XK+L, X∂,1, X∂,2), Y = (Y 1, . . . , Y K+L, Y ∂,1, Y ∂,2)

∈ Ω1
0 × · · · × ΩK+L

0 × Ω∂
0 × Ω∂

0

such that

� the values of X1, . . . , XK+L, X∂,1, X∂,2 are independent on all edges;

� the values of Y 1, . . . , Y K+L, Y ∂,1, Y ∂,2 are independent on all edges;

� Xi assigns each edge to be open with probability qi;

� Y i assigns each edge to be open with probability q′i;

� X∂,1 and Y ∂,1 assign each edge to be open with probability p;

� X∂,2 and Y ∂,2 assign each edge to be open with probability ε
1−p ;

� (X,Y ) satisfies

P ({X = Y } ∪ {X = x̄} ∪ {Y = x̄}) = 1. (2.14)
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0 0 0

x̄U x̄∂,1 x̄∂,2

Figure 2.5: The deterministic configuration for G = Z, U = {−3,−2,−1, 0, 1, 2, 3}.
In this case L = 7, K = 6 and w1 = −3, w2 = 3, w3 = −2, w4 = 2, w5 = −1, w6 =
1, w7 = 0.

Now let ω0 = (X1, . . . , XK+L, X∂,1) and ω′
0 = (Y 1, . . . , Y K+L, Y ∂,1 ∨ Y ∂,2).

Thus ω′
0 assigns each edge in E∂

0 to be open with probability p+ ε. See Figure 2.6
for ω0 and ω′

0 if X or Y equals x̄.

To check that the last property stated in (2.13) is satisfied, let us inspect
C0(A,ω0) and C0(A,ω′

0) in all possible cases listed inside the probability in (2.14):

� if X = Y , then ω0(e) ≤ ω′
0(e) for every e ∈ E0, thus C0(A,ω0) ⊆ C0(A,ω′

0)
for all A;

� if X = x̄, then C0(A,ω0) = A ⊆ C0(A,ω′
0) for all A;

� if Y = x̄, then C0(A,ω′
0) = ∂V0 ⊇ C0(A,ω0) for all A.

Hence in all cases C0(A,ω0) ⊆ C0(A,ω′
0) for every A ⊆ ∂V0. We then let µ0 be

the distribution of (ω0, ω
′
0), completing the proof.
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ω0 if X = x̄ ω′
0 if Y = x̄

Figure 2.6: ω0 and ω′
0 on the fixed configurations for G = Z, U =

{−3,−2,−1, 0, 1, 2, 3}.

2.4 Proof of Theorem 2.1.2

We start with a similar reduction to a particular case as the one in the beginning
of the previous section. As the proof of Claim 2.3.1 did not rely on any special
properties of G (that ~G does not have), we can repeat the same argument in the
oriented case. We fix r ∈ N, u0 ∈ V and define U as in the unoriented case. From
now on, we assume that the edges e1, . . . , eK of (2.4) are all the edges with both
extremities belonging to U .

We again obtain the desired statement of Theorem 2.1.2 as a consequence of
the following claim.

Claim 2.4.1. For all p ∈ (0, 1), q0 ∈ (0, 1)K and ε ∈ (0, 1−p), there exists a δ > 0
such that for any q,q′ ∈ (0, 1)K satisfying ‖q0−q‖∞ < δ and ‖q0−q′‖∞ < δ we
have

~Pq,p( ~C∞) ≤ ~Pq′,p+ε( ~C∞).

Theorem 2.1.2 follows from this claim by the same argument as in the unori-
ented case, so we omit the details.
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Remark 2.4.2. The proof of Claim 2.4.1 is similar to that of Claim 2.3.2 but
slightly more involved. In the proof of the unoriented case we used Lemma 2.2.1
with a single determinisitic configuration x̄ = (x̄U , x̄∂,1, x̄∂,2). This was possible
because our choice of x̄ was such that, for every ω0 ∈ Ω0 and A ⊆ ∂V0 we have

C0(A, (x̄U , x̄∂,1)) = A ⊆ C0(A,ω0),

C0(A, (x̄U , x̄∂,1 ∨ x̄∂,2)) = ∂V0 ⊇ C0(A,ω0).

However, we cannot find a configuration with similar properties in the oriented
case (see Remark 2.4.3 at the end of the proof).

Proof of Claim 2.4.1. Let

Vn = {(v,m) ∈ V : v ∈ Br+1(u0), (2K + 2)n ≤ m ≤ (2K + 2)(n+ 1)}

and
~En = {e ∈ ~E : e has both extremities in Vn}.

Note that ~En are disjoint. Next, recall the definition of ~Ei from (2.5) and define,
for n ∈ Z and 1 ≤ i ≤ K,

~Ei
n = ~En ∩ ~Ei, ~E∂

n = ~En\
(
∪Ki=1

~Ei
n

)
, ~EO = ~E\

(
∪n∈Z~En

)
.

The “edge boundary” ~E∂
n consists of edges of the form 〈(u,m), (v,m + 1)〉, with

u, v ∈ Vn and at least one of u and v at distance r+1 from u0. Define corresponding
sets of configurations ~Ωi

n,
~Ω∂
n and ~ΩO.

For each n, define the boundary sets

∂Vn = {(v, n) ∈ Vn : dist(v, u0) = r + 1} ∪ (Vn ∩ (V× {(2K + 2)n})),
∂Vn = {(v, n) ∈ Vn : dist(v, u0) = r + 1} ∪ (Vn ∩ (V× {(2K + 2)(n+ 1)})),

so that ∂Vn consists of “walls and floor” and ∂Vn consists of “walls and ceiling”
of the box Vn. Given any ∅ 6= A ⊆ ∂Vn and ωn ∈ ~Ωn, define

~Cn(A,ωn) = {(v, n) ∈ ∂Vn : (v0, n0)
ωn−→ (v, n) for some (v0, n0) ∈ A},

where the notation (v0, n0)
ωn−→ (v, n) means that (v0, n0) and (v, n) are connected

by an ωn-open path of edges of ~En.
Fix p, q0 and ε, and for δ close enough to zero let q = (q1, . . . , qK) and q′ =

(q′1, . . . , q
′
K) be as in the statement of the claim. We will define coupling mea-

sures ~µO on (~ΩO)
2 and ~µn on (~Ωn)

2 that satisfy similar properties as in the
unoriented case. First,

(ωO, ω
′
O) ∼ ~µO =⇒ ωO

(d)
= ~Pq,p|~EO

, ω′
O

(d)
= ~Pq′,p+ε|~EO

and ωO ≤ ω′
O a.s.

(2.15)
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Second,

(ωn, ω
′
n) ∼ ~µn =⇒ ωn

(d)
= ~Pq,p|~En

, ω′
n

(d)
= ~Pq′,p+ε|~En

and ~Cn(A,ωn) ⊆ ~Cn(A,ω′
n) for all A ⊂ ∂Vn a.s.

(2.16)

We then define the coupling measure ~µ on ~Ω2 by

~µ = ~µO ⊗ (⊗n∈Z~µn) .

It is clear from (2.15) and (2.16) that, if (ω, ω′) ∼ ~µ, then ω ∼ ~Pq,p, ω
′ ∼ ~Pq′,p+ε,

and almost surely if ~C∞ holds for ω, then it holds for ω′. Consequently

~Pq,p( ~C∞) ≤ ~Pq′,p+ε( ~C∞).

The measure ~µO is defined using the same standard coupling as the corre-
sponding measure in the proof of Claim 2.3.2. The measures ~µn will again be
taken as translations of each other, so we only define ~µ0. The construction re-

lies on Lemma 2.2.2. The finite set S and the decomposition S = Ŝ ∪ ˆ̂S of the
statement of that lemma are given by

S = ~Ω1
0 × · · · × ~ΩK

0 × ~Ω∂
0 × ~Ω∂

0 , Ŝ = ~Λ1
0 × · · · × ~ΛK

0 × ~Ω∂
0 × ~Ω∂

0 ,
ˆ̂S = S\Ŝ,

where ~Λi
0 is the set of configurations in ~Ωi

0 in which edges from height K to
height K +1 are closed. The definition of x̂ and ˆ̂x is as follows (see Figure 2.7 for
a specific example):

� x̂ = (x̂1, . . . , x̂K , x̂∂,1, x̂∂,2) with x̂i ∈ ~Λi
0 and x̂∂,1, x̂∂,2 ∈ ~Ω∂

0 ;

� ˆ̂x = (ˆ̂x1, . . . , ˆ̂xK , ˆ̂x∂,1, ˆ̂x∂,2) with ˆ̂xi ∈ ~Ωi
0 \ ~Λi

0 and ˆ̂x∂,1, ˆ̂x∂,2 ∈ ~Ω∂
0 ;

� x̂∂,1 ≡ 0, x̂∂,2 ≡ 1 and for each i, x̂i(e) = 0 if and only if e goes from
height K to K + 1,;

� ˆ̂x∂,1 ≡ 0, ˆ̂x∂,2 ≡ 1 and for each i, ˆ̂xi ≡ 1.

By Lemma 2.2.2, if δ is close enough to zero, there exists a coupling of (K+2)-
tuples of configurations

X = (X1, . . . , XK , X∂,1, X∂,2), Y = (Y 1, . . . , Y K , Y ∂,1, Y ∂,2)

∈ ~Ω1
0 × · · · × ~ΩK

0 × ~Ω∂
0 × ~Ω∂

0

such that

� the values of X1, . . . , XK , X∂,1, X∂,2 are independent on all edges;
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0

x̂U

0

x̂∂,1

0

x̂∂,2

0
ˆ̂xU

0
ˆ̂x∂,1

0
ˆ̂x∂,2

Figure 2.7: The deterministic configurations for G = Z and U = {−1, 0, 1, 2}. In

this caseK = 3. Note that only one of the two disjoint subgraphs of ~G is displayed.

� the values of Y 1, . . . , Y K , Y ∂,1, Y ∂,2 are independent on all edges;

� Xi assigns each edge to be open with probability qi;

� Y i assigns each edge to be open with probability q′i;

� X∂,1 and Y ∂,1 assign each edge to be open with probability p;

� X∂,2 and Y ∂,2 assign each edge to be open with probability ε
1−p ;

� (X,Y ) satisfies

P
(
{X = Y } ∪ {X = x̂} ∪ {X ∈ Ŝ ∪ {ˆ̂x}, Y = x̂} ∪ {Y = ˆ̂x}

)
= 1. (2.17)
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Now let ω0 = (X1, . . . , XK , X∂,1) and ω′
0 = (Y 1, . . . , Y K , Y ∂,1∨Y ∂,2). Thus ω′

0

assigns each edge in ~E∂
0 to be open with probability p + ε. See Figure 2.8 for ω0

and ω′
0 if X or Y equals x̂ or ˆ̂x.

0
ω0 if X = x̂

0
ω′
0 if Y = x̂

0

ω0 if X = ˆ̂x

0

ω′
0 if Y = ˆ̂x

Figure 2.8: ω0 and ω′
0 on the fixed configurations for G = Z, U = {−1, 0, 1, 2}.

To check that the last property in (2.16) is satisfied, we need to show that in

any of the situations listed inside the probability in (2.17), we have ~C0(A,ω0) ⊆
~C0(A,ω′

0) for any ∅ 6= A ⊆ ∂Vn. {X = x̂} entails ~C0(A,ω0) = A∩ ∂V0 and {X =

Y }, {X ∈ Ŝ, Y = x̂} as well as {Y = ˆ̂x} lead to ω0(e) ≤ ω′
0(e) for every e ∈ ~E0.

The remaining case is when X = ˆ̂x and Y = x̂. In this case, (v0, n0)
ω0−→ (v1, n1)

can only happen if v0, v1 ∈ U, n0 = 0 and n1 = (2K + 2). But then we also

have (v0, n0)
ω′

0−→ (v1, n1).

Finally, we let ~µ0 be the distribution of (ω0, ω
′
0), completing the proof.
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Remark 2.4.3. In the oriented case we cannot find a configuration with similar
properties as the one in Remark 2.4.2. If x̂ = (x̂U , x̂∂,1, x̂∂,2) is such that x̂U

contains at least one closed edge, depending on the topolgy of G|U , the induced

subgraph of G on U , we can find a configuration ω0 ∈ ~Ω0 and a set A ⊆ ∂V0 such
that

~C0(A, (x̂U , x̂∂,1 ∨ x̂∂,2)) + ~C0(A,ω0).

In case ˆ̂x = (ˆ̂xU , ˆ̂x∂,1, ˆ̂x∂,2) is such that every edge in ˆ̂xU is open, then we can

always find a configuration ω′
0 ∈ ~Ω0 and a set B ⊆ ∂V0 such that

~C0(B, (ˆ̂xU , ˆ̂x∂,1)) * ~C0(B,ω′
0).

(See Figure 2.9 for examples).

0
ω0

0

(x̂U , x̂∂,1 ∨ x̂∂,2)

�

���

�

�

�� �

◦ ◦

◦ ◦
0

(ˆ̂xU , ˆ̂x∂,1)

0
ω′
0

Figure 2.9: Examples of why we need two configurations in the oriented case. � de-
notes the vertices of C0(◦, ·)\{◦} in each configuration (G = Z, U = {−1, 0, 1, 2}).
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This is the reason why we needed to apply Lemma 2.2.2, involving two deter-
ministic configurations, to make the coupling work. The trick was to choose x̂
and ˆ̂x in a way that for every A ⊆ ∂V0,

~C0(A, (ˆ̂xU , ˆ̂x∂,1)) ⊆ ~C0(A, (x̂U , x̂∂,1 ∨ x̂∂,2)).

Remark 2.4.4. As mentioned in Section 2.1.2, the approach we used to prove
Theorem 2.1.2 is not readily applicable when the oriented model is replaced by a
“continuous-time” version such as the contact process. The essential difficulty is
that our approach involves finding a configuration that is better than any other in
connecting points of any possible boundary set A to other boundary points. In a
continuous-time setting, the set of configurations inside a finite box is infinite, so
such an optimal configuration cannot exist (in a standard construction involving
Poisson processes, one can always introduce extra arrivals between those of a fixed
configuration). As a potential strategy, one could attempt to sophisticate our
method by partitioning the configuration space not in two, but in infinitely many
parts, proving a corresponding version of Lemma 2.2.2, and finding a sequence of
finer and finer configurations which could produce an effective coupling.
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Chapter 3

Inhomogeneous percolation on
multi-range trees

In this chapter we consider the inhomogeneous percolation model of [9] on an ori-
ented regular tree, where besides the usual bonds, additional bonds of a certain
length are also present. Percolation is defined on this graph, by letting these ad-
ditional edges be open with probability q and every other edge with probability p.
We give an improved lower bound for the critical curve which delimits the set
of pairs (p, q) for which there is almost surely no infinite cluster. Furthermore,
we show that the cluster of the root has the same distribution as the family tree
of a certain multi-type branching process, which allows us to state some limit
theorems.

3.1 Introduction

This chapter is a continuation of the work presented in [9]. In that paper the
authors consider an oriented graph whose vertex set is that of the d-regular, rooted
tree, containing “short edges” (with which each vertex points to its d children) and
“long edges” (with which each vertex points to its dk descendants k generations
below, for fixed k ∈ N). Percolation is defined on this graph by letting short edges
be open with probability p and long edges with probability q. For all fixed q one
can define the critical percolation threshold as the supremum of the values of p
for which there is almost surely no infinite cluster at parameters p, q. The authors
of [9] study the properties of this critical parameter and prove monotonicity with
respect to the length of the long edges.

The work was originally motivated by the following problem. Consider the
graph having Zd as vertex set and all edges of the form {x,x±ei} and {x,x±k ·ei}
for some k ≥ 2, where ei denotes the ith canonical vector. It was shown in [10] that
the critical probability for Bernoulli bond percolation on this graph converges to
that of Z2d as k →∞. This result was later generalized in [11]. The convergence

35
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is conjectured to be monotone, that is, the percolation threshold for the above
graph should be decreasing in the length k of long edges.

Percolation is mostly studied on the lattice Zd in a homogeneous environment
(that is, each edge is open with the same probability independently of each other).
Let us briefly mention some related works that consider an inhomogeneous setting.
In [8] an oriented site percolation model is considered on Zd in a random environ-
ment. Each site is declared to be bad with some probability δ, then these sites are
open with probability pB and every other site is open with probability pG. It is
shown that for all pG > pc and pB we can choose δ > 0 small enough, that there
is an infinite cluster with positive probability.

Another well-studied model is percolation on k-regular trees. In [5] the authors
consider unoriented percolation on the direct product of a tree and Z, where tree
edges and line edges are open with different probabilities. They identify three
distinct phases in which the number of infinite clusters is 0,∞ and 1 respectively.

Only a few works look beyond these usual settings and consider more general
graphs. In Chapter 2 for an arbitrary connected graph G = (V,E) an unoriented
and an oriented percolation model are defined on the vertex set V ×Z. We examine
how changing the percolation parameter on a fixed (infinite) set of edges affects
the critical behavior. We show that in both cases the critical parameter changes
as a continuous function of these parameters.

3.2 Description of the model and results

Given d, k ∈ {2, 3, . . . } define an oriented graph T = Td,k = (V,E) in the following
way. Denote

[d] = {1, . . . , d}, [d]∗ =
⋃

0≤n<∞

[d]n.

The set [d]0 consists of a single point o, which we will refer to as the root of the
graph. Define the concatenation of u = (u1, . . . , um) and v = (v1, . . . , vm) as

u · v = (u1, . . . , um, v1, . . . , vn);

v · o = o · v = v.

Set V = [d]∗; that is, elements of V are sequences v = (v1, . . . , vm) with vi ∈ [d].
Further let E = Es ∪ E` be the set of oriented edges with

Es = {〈r, r · i〉 : r ∈ V, i ∈ [d]},
E` = {〈r, r · i〉 : r ∈ V, i ∈ [d]k}.

We will refer to these sets as the set of “short” and “long” edges, respectively.
Define the in- and out-degree of a vertex as the number of oriented edges

directed into or out of the vertex, respectively. Note that in Td,k every vertex has
out-degree d+ dk.
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Consider the following percolation model on T: every edge in Es is open with
probability p, and every edge in E` is open with probability q. Denote the law
of the open edges by Pp,q. When it is clear from the context we will omit the
subscript p, q. Define the cluster of the root C = Cp,q as the set of vertices that can
be reached by an oriented open path from o. Whether or not the event {|Cp,q| =
∞} occurs with positive probability depends on the parameters p and q. The
parameter space [0, 1]2 can be decomposed in two regions:

P = {(p, q) : P(|Cp,q| =∞) > 0} and N = {(p, q) : P(|Cp,q| =∞) = 0}.

These two regions are separated by a curve described by

pc(q) = inf{p : (p, q) ∈ P} or equivalently qc(p) = inf{q : (p, q) ∈ P}.

In [9] it was shown that pc(q) is continuous and strictly decreasing in the region
where it is positive. Furthermore, the process is clearly stochastically dominated
by a branching process with offspring distribution that is the sum of two binomial
random variables, namely Bin(d, p) and Bin(dk, q). This branching process is
critical for parameters satisfying dp+ dkq = 1, hence {(p, q) : dp+ dkq ≤ 1} ⊆ N
and there is almost surely no infinite cluster along pc(q).

d−1

p

N

P

d−k

pc(q)

q

Figure 3.1: q 7→ pc(q), along the dotted line dp+ dkq = 1.

By a comparison with the same branching process we show that pc(q) is strictly
above the line dp+ dkq = 1 (see Figure 3.1).

Theorem 3.2.1. For every q ∈ (0, d−k) we have pc(q) >
1−dkq

d .
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Furthermore, we show that a decomposition of Cp,q has the same distribution
as the family tree of a certain multi-type branching process, which allows us to
state some limit theorems. In the supercritical case we give an asymptotic limit
for the number of vertices in Cp,q at distance n from the root, denoted by X(n).

Theorem 3.2.2. For every (p, q) ∈ P there exists a constant ρ = ρ(p, q) and a
nonnegative random variable Y such that P(Y > 0) = 0, satisfying

lim
n→∞

X(n)

ρn
= Y a.s.

In the subcritical case we show that the distribution of {X(n) | X(n) 6= 0}
converges to a proper distribution.

Theorem 3.2.3. For every (p, q) ∈ N

lim
n→∞

Pp,q(X
(n) = i | X(n) 6= 0) = P (i)

exists, and is a probability measure on Z+. Furthermore,
∑

iP (i) <∞.

In the critical case we show that the cluster of the root, when conditioned to
be large, converges in distribution.

Theorem 3.2.4. For parameters q ∈ (0, 1) and p = pc(q), if Cn is distributed
as Cp,q conditionally on {|Cp,q| ≥ n}, then the sequence (Cn)n≥0 converges in
distribution to a random rooted graph.

3.3 Proof of Theorem 3.2.1

Let T̂ = T̂d,k = (V̂ , Ê) be an oriented graph with vertex and edge set

V̂ = [d+ dk]∗,

Ê = {〈r̂, r̂ · î〉 : r̂ ∈ V, î ∈ [d+ dk]}.

Thus in T̂ every vertex has out-degree d + dk; denote the root by ô. Further fix
an arbitrary bijective function ϕ : [d+ dk]→ [d]∪ [d]k. Partition the edge set into

subsets Ês and Ê` with

Ês = {〈r̂, r̂ · î〉 ∈ Ê : ϕ(̂i) ∈ [d]},

Ê` = {〈r̂, r̂ · î〉 ∈ Ê : ϕ(̂i) ∈ [d]k}.

Consider the following percolation model on T̂: every edge in Ês is open with
probability p, and every edge in Ê` is open with probability q. Denote the cluster
of ô by Ĉ = Ĉp,q. Note that Ĉp,q has the same distribution as the family tree of
the branching process with offspring distribution that is the sum of two binomial
random variables, Bin(d, p) and Bin(dk, q). Theorem 3.2.1 is a direct consequence
of the following proposition.
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Proposition 3.3.1. For every ε > 0 there exists δ > 0 such that, if p, q ∈ (ε, 1−ε),
then

P(|Cp,q| =∞) ≤ P(|Ĉp,q−δ| =∞).

To allow comparison between the percolation configurations of T and T̂ we
define the following functions:

` : V → N `(o) = 0,

`((v1, . . . , vm)) = m,

ˆ̀ : V̂ → N ˆ̀(ô) = 0,

ˆ̀((v̂1, . . . , v̂n)) = n,

Φ : V̂ → V Φ((v̂1, . . . , v̂n)) = (ϕ(v̂1) · ϕ(v̂2) · · · · · ϕ(v̂n)),

so that ` and ˆ̀ can be understood as height functions and Φ is a surjective map
between the vertex sets of the two graphs. Note that Φ maps the endpoints of an
edge in Ês and Ê` into the endpoints of a short and a long edge in T respectively.
Further, for any î ∈ [d+ dk]

`(Φ(̂i)) = 1 or k, (3.1)

`(Φ(v̂ · î)) = `(Φ(v̂)) + `(Φ(̂i)). (3.2)

Consequently for v̂ = (v̂1, . . . , v̂n),

`(Φ(v̂)) = #{i : ϕ(v̂i) ∈ [d]}+ k ·#{j : ϕ(v̂j) ∈ [d]k} ≥ ˆ̀(v̂). (3.3)

Let Λ̂ = (V̂Λ, ÊΛ) be the subgraph of T̂ induced by the edge set

ÊΛ = {〈r̂, r̂ · î〉 ∈ Ê : `(Φ(r̂)) < 2k}.

That is, ÊΛ consists of edges starting from a vertex r̂ with `(Φ(r̂)) < 2k. From (3.1)
and (3.2) it is easy to see that the endpoints of these edges satisfy `(Φ(r̂ · î)) < 3k.
Defining a leaf as a vertex with out-degree zero, it is easy to see that the set of
leaves in Λ̂ is

V̂ leaf
Λ = {v̂ ∈ V̂Λ : 2k ≤ `(Φ(v̂)) < 3k}. (3.4)

Further, (3.3) implies that any path between the root and a leaf contains at most

two edges of Ê`.
Define Ĉp,q to be the cluster of the root in Λ̂, and let Zp,q = Z(Ĉp,q) =

|Ĉp,q ∩ V̂ leaf
Λ |, that is the number of vertices in V̂ leaf

Λ that can be reached by

an open path from ô. Further let (Z
(n)
p,q ) be a branching process with offspring

distribution Z(Ĉp,q).

Lemma 3.3.2. P(|Ĉp,q| =∞) = P(Z(n)
p,q 6= 0 ∀n).
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The proof is elementary, hence it will be omitted.
Let Λ = (VΛ, EΛ) be the subgraph of T with

VΛ = {v ∈ V : `(v) < 3k},
EΛ = {〈r, r · i〉 ∈ E : `(r) < 2k}.

Thus Λ is the the subgraph induced by edges starting from a vertex r with `(r) <
2k. The set of leaves is

V leaf
Λ = {v ∈ VΛ : 2k ≤ `(v) < 3k}. (3.5)

Observe that

Φ(V̂Λ \ V̂ leaf
Λ ) = VΛ \ V leaf

Λ , (3.6)

Φ(V̂ leaf
Λ ) = V leaf

Λ . (3.7)

Define Cp,q as the cluster of the root on Λ and let Wp,q = W (Cp,q) = |Cp,q ∩
V leaf
Λ |. Further let (W (n)

p,q ) be a branching process with offspring distributionW (Cp,q).
Clearly

Wp,q ≤ |V leaf
Λ |. (3.8)

Lemma 3.3.3. P(|Cp,q| =∞) ≤ P(W (n)
p,q 6= 0 ∀n).

The proof is elementary, hence it will be omitted.

Lemma 3.3.4. For every p, q ∈ (0, 1) there exists δ > 0 such that

W (Cp,q)
(st.)

� Z(Ĉp,q−δ).

In the proof we use the following coupling result from [9]:

Lemma 3.3.5. Let Pθ denote probability measures on a finite set S, parametrized
by θ ∈ (0, 1)N , and such that θ → Pθ(x) is continuous for every x ∈ S. Assume
that for some θ1 and x̄ ∈ S we have Pθ1(x̄) > 0. Then, for any θ2 close enough
to θ1, such that ∑

x∈S

|Pθ1(x)− Pθ2(x)| < Pθ1(x̄), (3.9)

there exists a coupling of two random elements X and Y of S such that X ∼ Pθ1 ,
Y ∼ Pθ2 and

P ({X = Y } ∪ {X = x̄} ∪ {Y = x̄}) = 1.

Proof of Lemma 3.3.4. Let Ω̂ = {0, 1}ÊΛ be the finite set of all possible configura-

tions on Λ̂. For a configuration ω ∈ Ω̂ denote by Ĉ(ω) the cluster of the root on Λ̂.
We will give an algorithm to produce from ω a connected subgraph C(ω) of Td,k

containing the root. The construction will satisfy the following: if ω is obtained
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from the product Bernoulli measure in which ω(ê) = 1 with probability p if ê ∈ Ês

and with probability q if ê ∈ Ê`, then C(ω) and Ĉ(ω) are distributed as Cp,q and Ĉp,q
respectively. The algorithm simultaneously explores the clusters Ĉ(ω) and C(ω)
using only short edges as long as possible, then only long edges, then one more
round of short edges and then one more round of long edges:

1. Explore Ĉ(ω) using only edges of Ês. Namely, starting from the root, at each

step reveal an edge 〈v̂, r̂〉 ∈ Ês where r̂ is not in the cluster yet. For each
such open edge add Φ(r̂) and 〈Φ(v̂),Φ(r̂)〉 to C(ω). Continue until no further

vertex can be reached using only edges of Ês. Note that, at this point, C(ω)
only contains short edges.

2. Continue the exploration of Ĉ(ω) using edges of Ê`. That is, for each v̂

in Ĉ(ω) so far, reveal edges 〈v̂, r̂〉 ∈ Ê`. If an edge is open, add 〈Φ(v̂),Φ(r̂)〉
to C(ω). At this point, it is possible that Φ(r̂) is already in C(ω); in this case
we say that vertex r̂ causes conflict, and we do not explore its subtree in
the upcoming steps. Otherwise add Φ(r̂) to C(ω). Continue until no further

vertex can be reached using only edges of Ê`. In this step we only add long
edges to C(ω).

3. Repeat the exploration process of Step 1 starting from the vertices that were
explored in Step 2 and did not cause any conflict. Again, if a new vertex
causes conflict, do not continue the exploration process on its subtree.

4. For the vertices that were explored in Step 3 and did not cause conflict,
repeat Step 2.

Note that this algorithm does not necessarily explore the whole cluster Ĉ(ω), as
it stops at vertices that cause conflict. However, each path starting from the root
along vertices that don’t cause conflict will be completely explored. Furthermore,
by (3.6) and (3.7) each vertex of V̂ leaf

Λ that can be reached by such an open path
(and only these vertices) will correspond to a leaf in C(ω). Therefore

W (C(ω)) ≤ Z(Ĉ(ω)). (3.10)

Now for a fixed p, q and δ close enough to zero, we will define a coupling
measure µ on Ω̂2 satisfying

(ω, ω′) ∼ µ =⇒ C(ω) (d)
= Cp,q, Ĉ(ω′)

(d)
= Ĉp,q−δ and W (C(ω)) ≤ Z(Ĉ(ω′)).

The construction will involve Lemma 3.3.5.
Define a configuration ω̄ ∈ Ω̂ as follows:

� every edge starting from the root is open;

� for every v̂ satisfying 〈ô, v̂〉 ∈ Ê`, every edge on the subtree of v̂ is open;
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� for every v̂ satisfying 〈ô, v̂〉 ∈ Ês, on the subtree of v̂ only edges of the form

{〈r̂, ŝ〉 ∈ Ês : ˆ̀(ŝ) ≤ k} are open.

When we construct C(ω̄) the first step of the algorithm reveals edges {〈r̂, ŝ〉 ∈ Ês :
ˆ̀(ŝ) ≤ k}. The corresponding open edges in C(ω̄) are {〈r, s〉 ∈ Es : `(s) ≤ k},
hence every vertex v in VΛ satisfying `(v) < k + 1 will be added to the cluster.
Then in Step 2 we explore long edges starting from the root. The endpoints of
these edges are mapped into vertices of VΛ at height k, which are already in C(ω̄).
Thus these vertices cause conflicts, their subtrees will not be explored. By the
definition of ω̄ there are no more long edges starting from the cluster explored so
far, so the exploration process stops.

Since the vertices that can be reached by an open path in C(ω̄) satisfy `(v) <
k + 1, by (3.5) we have W (C(ω̄)) = 0.

Now we will show that for any v ∈ V leaf
Λ there exists a v̂ ∈ Z(Ĉ(ω̄)) such

that Φ(v̂) = v, therefore Z(Ĉ(ω̄)) ≥ |V leaf
Λ |. Let v = (v1, . . . , vm) ∈ V leaf

Λ , then
by (3.5) we have 2k ≤ m < 3k. Define v̂ = (v̂1, . . . , v̂m−2k) as follows:

v̂1 =ϕ−1((v1, . . . , vk)),

v̂2 =ϕ−1(vk+1),

...

v̂m−2k+1 =ϕ−1(vm−k),

v̂m−2k =ϕ−1((vm−k+1, . . . , vm)).

Then Φ(v̂) = v and v̂ ∈ V̂ leaf
Λ . By the definition of ω̄ there is an open path to v̂

in ω̄, hence v̂ ∈ Z(Ĉ(ω̄)) indeed.
By Lemma 3.3.5, if δ is small enough, there exists a coupling of configura-

tions X,Y ∈ Ω̂ satisfying

� the values of X on all edges are independent;

� X assigns each edge of Ês and Ê` to be open with probability p and q
respectively;

� the values of Y on all edges are independent;

� Y assigns each edge of Ês and Ê` to be open with probability p and q − δ
respectively;

� (X,Y ) satisfies

P ({X = Y } ∪ {X = ω̄} ∪ {Y = ω̄}) = 1. (3.11)
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Now let ω = X and ω′ = Y . Let us examine W (C(ω)) and Z(Ĉ(ω′)) in all
possible cases listed in (3.11):

� if X = Y , then by (3.10) we have W (C(ω)) ≤ Z(Ĉ(ω′));

� if X = ω̄, then W (C(ω)) = 0;

� if Y = ω̄, then Z(Ĉ(ω′)) ≥ |V leaf
Λ |

(3.8)

≥ W (C(ω)) for all ω.

Hence in all cases Z(Ĉ(ω′)) ≥W (C(ω)).

Proof of Proposition 3.3.1. For a fixed p and q there exists δ > 0 such that

P(|Cp,q| =∞)
L 3.3.3
≤ P(W (n)

p,q 6= 0 ∀n)
L 3.3.4
≤ P(Z(n)

p,q 6= 0 ∀n) L 3.3.2
= P(|Ĉp,q−δ| =∞).

The dependence of δ on p, q in Lemma 3.3.4 is continuous, so elementary con-
siderations show that for any ε > 0 there exists a (universal) δ > 0 such that (3.9)
is satisfied for all p, q ∈ (ε, 1− ε).

3.4 Background on multi-type branching process

Let α be a probability distribution on [t] for some t ∈ Z+, and for each i ∈ [t]
let pi be a probability distribution on Nt. We will consider a t-type Galton–
Watson process with root distribution α and offspring distribution p = (p1, . . . , pt),
where α(i) denotes the probability that the population at time zero consists of a
single individual of type i and pi(j1, . . . , jt) denotes the probability that a type i
particle produces j1 offsprings of type 1, . . . , jt of type t.

For s = (s1, . . . , st) satisfying 0 ≤ si ≤ 1 define the generating function of the
process f(s) = (f (1)(s), . . . , f (t)(s)) with

f (i)(s) =
∑

j=(j1,...,jt)∈Nt

p(i)(j)sj,

where sj = sj11 . . . sjtt . Let ei ∈ Nt denote the ith canonical vector.

Definition 3.4.1. A t-type Galton–Watson process with root distribution α and
offspring distribution p = (p1, . . . , pt) is a Markov-chain (Z(n))n≥0 on Nt with

P(Z(0) = ei) = α(i)

and transition function

P(Z(n+1) = j | Z(n) = i) = coefficient of sj in f(s)i.
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We write Z(n) = (Z
(n)
1 , . . . , Z

(n)
t ) with Z

(n)
j denoting the number of type j

particles in the nth generation. For a detailed introduction see [3], for the complete
proof of some theorems see [6].

Let mi,j denote the expected number of type j offsprings of a single type i
particle, and let M = {mi,j : i, j ∈ [t]} be the mean matrix. If f(s) has the
form Ms′ for some s′ ∈ (0, 1)t, then every particle has exactly one offspring. In
this case the process is equivalent to a finite Markov chain.

Definition 3.4.2. (Z(n)) is nonsingular, if f(s) 6= Ms′ for some s′ ∈ (0, 1)t.

Denote the elements of Mn for some n ∈ Z+ by m
(n)
i,j . The expected number of

type j particles produced by a single type i particle in the nth generation is m
(n)
i,j .

Definition 3.4.3. M is strictly positive, if there exists an n > 0 such that all
elements of Mn are positive.

If M is strictly positive, then the process is called positive regular. Further, we
say that p is regular, if it has small exponential moments:

Definition 3.4.4. The offspring distribution p = (pi, i ∈ [t]) is regular if there
exists z > 1 such that for all i ∈ [t]∑

j=(j1,...,jt)∈Nt

pi(j)z
j1+···+jt <∞.

IfM is strictly positive, then by the Perron–Frobenius theorem (see for example
Theorem 2.1 in Chapter V. of [3]) it has a maximal eigenvalue ρ which is positive
and simple. Denote the associated right and left normalized eigenvectors by a =
(a1, . . . , at) and b = (b1, . . . , bt). (That is a · b = 1, a · 1 = 1.)

If ρ ≤ 1 the branching process goes extinct with probability 1, otherwise it
survives with positive probability. We call the process supercritical, critical or
subcritical if ρ > 1, ρ = 1 or ρ < 1 respectively.

From now on we will assume that (Z(n)) is nonsingular and positive regular.
For the supercritical branching process the following theorem holds (Theo-

rem 6.1 in Chapter V. of [3]):

Theorem 3.4.5. If ρ > 1 then

lim
n→∞

Z(n)

ρn
= bW a.s.,

where W is a nonnegative random variable such that

P(W > 0) > 0 if and only if E(Z(1)
j logZ

(1)
j | Z(0) = ei) <∞ for all i, j ∈ [t].

Let ‖ · ‖ denote the sup norm; in the subcritical case the following theorem
holds (Theorem 4.2 in Chapter V. of [3]):
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Theorem 3.4.6. If ρ < 1 then

lim
n→∞

P(Z(n) = j | Z(0) = ei,Z
(n) 6= 0) = P̃ (j),

exists, is independent of i and is a probability measure on (Z+)t. Furthermore,∑
jP̃ (j) <∞ if and only if E(‖Z(1)‖ log ‖Z(1)‖) <∞.

Let Σ be the set of rooted marked trees where each vertex has exactly one type
(mark) in [t].

Definition 3.4.7. The family tree τ of a multi-type Galton–Watson process on Σ
associated with the offspring distribution p and with the root type distribution α
is defined as follows:

� the root type has distribution α;

� a particle of type i ∈ [t] produces particles according to pi.

Denote by |τ | the total progeny of the family tree. Depending on α and p the
support of the distribution of |τ | can be a strict subset of the positive integers
(Proposition 2.2 in [12]):

Proposition 3.4.8. There exists an integer C ∈ N such that, for n ∈ Z+:

� if P(|τ | = n) > 0 then n ≡ 1 mod C;

� if n ≡ 1 mod C and n is large enough, then P(|τ | = n) > 0.

In [7] Kesten introduced a random tree with an infinite spine that is the local
limit in distribution of the family tree of a critical branching process conditioned
on reaching generation n, as n → ∞. In [1] the authors gave a necessary and
sufficient condition for the convergence in distribution of a Galton–Watson tree to
the corresponding Kesten’s tree. Later this result was generalized for multi-type
branching processes in [2], [12].

First we define convergence in distribution for rooted trees (see [4]). For a
tree T ∈ Σ let T≤h denote its subtree induced by vertices at distance at most h
from the root.

Definition 3.4.9. A sequence of random trees τn ∈ Σ converges in distribution
to a random tree τ ∈ Σ if and only if for all h ∈ N and all finite trees T ∈ Σ

P(τ≤h
n = T )→ P(τ≤h = T ) as n→∞.
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For root distribution α and offspring distribution p define the corresponding
size-biased distributions α̂ and p̂ as follows. For i ∈ [t] and j ∈ Nt

p̂i(j) =
j · a
ai

pi(j),

α̂(i) = α(i)
ai

α · a
.

Note that p̂i is a probability, because a is the right eigenvector of M , hence

ai
∑
j

p̂i(j) =

∑
j

jpi(j)

 · a = (mi,1, . . . ,mi,t) · a = ρai

and ρ = 1 in the critical case.

Definition 3.4.10. A multi-type Kesten’s tree τ∗ on Σ associated with the off-
spring distribution p and with the root type distribution α is defined as follows:

� particles are normal or special;

� the root is special and its type has distribution α̂;

� a normal particle of type i ∈ [t] produces normal particles according to pi;

� a special particle of type i ∈ [t] produces offsprings according to p̂i. One
of those offsprings, chosen with probability proportional to aj where j is its
type, is special. The others (if any) are normal.

Observe that this is the family tree of a multi-type Galton–Watson process
with 2t types. The special individuals form an infinite spine, along which all types
occur infinitely often.

In the critical case the family tree conditioned on being large converges in
distribution to the corresponding Kesten’s tree (Theorem 3.1 in [12]):

Theorem 3.4.11. Assume that p is regular and critical, C is as in Proposi-
tion 3.4.8, and let τn be distributed as τ conditionally on {|τ | = Cn + 1}. Then
the sequence (τn)n≥1 converges in distribution to τ∗.

3.5 The graph as a multi-type branching process

To prove Theorems 3.2.2, 3.2.3 and 3.2.4 we show that C = Cp,q can be described
as the family tree of a multi-type branching process.

For any v ∈ V let Tv = (V v, Ev) and Γv = (V v
Γ , E

v
Γ) be the subgraphs of T

induced by the vertex sets

V v = {v · s : s ∈ V },
V v
Γ = {v · s : s ∈ V, `(s) < k},
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that is the subgraph rooted at v and the subgraph of height k − 1 rooted at v.
Define Cvp,q as the set of vertices in V v

Γ that can be reached by an open path from o.
Let

S = {S0, S1, . . . , St}

with S0 = ∅ be the power set of V o
Γ and let Sv

i = {v · s : s ∈ Si} for all v ∈ V and

i ∈ {0, . . . , t}. Note that t = 21+d+···+dk−1 − 1. Further we define the following
function:

σC : V → {0, . . . , t} σC (v) = i if Cvp,q = Si.

Observe that σC (v) = 0 implies |Cp,q ∩V v| = ∅, that is no vertex of the subgraph
rooted at v is in the cluster of the root.

Let Ω = {0, 1}E be the set of all possible configurations on T. For a config-
uration ω ∈ Ω denote the cluster of the root by C (ω). For each ω ∈ Ω we will
construct a marked (but not labelled) tree τ(ω) ∈ Σ in the following way.

1. For each v ∈ V assign a mark σC (ω)(v) to the vertex, then delete its label.

2. Delete every vertex with mark 0 from the graph.

τ(ω) then will be the graph induced by the remaining vertices and the short edges.
Note that |C (ω)| <∞ if and only if |τ(ω)| <∞. Denote by τ = τp,q the random
graph we get if ω is obtained from the product Bernoulli measure in which ω(e) = 1
with probability p if e ∈ Es and with probability q if e ∈ E`. Note that in this
case C (ω) is distributed as Cp,q.

The following lemma is a direct consequence of this construction.

Lemma 3.5.1. P(|Cp,q| =∞) = P(|τp,q| =∞).

Observe that τp,q is the family tree of a t-type Galton–Watson process with
root distribution α and offspring distribution p = (p1, . . . , pt) as follows. The first
particle is of type j with probability

α(j) = Pp,q(σC (o) = j).

Note that this probability is positive only if o ∈ Sj . The probability that a type i
particle produces j1 offsprings of type 1, . . . , jt of type t is

pi(j1, . . . , jt) =

Pp,q(|{s ∈ [d] : σC (v · s) = 1}| = j1, . . . , |{s ∈ [d] : σC (v · s) = t}| = jt | σC (v) = i).

The case (j1, . . . , jt) = (0, . . . , 0) corresponds to σC (v · s) = 0 for all s ∈ [d].
Observe that the support of pi contains only elements of Nt satisfying j1+· · ·+jt ≤
d. Furthermore, the mean matrix M is finite and strictly positive, the offspring
distribution p is regular and (Z(n)) is a nonsingular process.

By Lemma 3.5.1 we have that ρ = ρp,q, the maximal eigenvalue of M equals 1
along the curve pc(q).
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3.5.1 Proof of limit theorems

As p is regular Lemma 3.5.1 and Theorem 3.4.11 readily implies Theorem 3.2.4.
Denote the indicator function of set Si by ISi . Letting I = (IS1(o), . . . , ISt(o))

we have

X(n) (d)
= I · Z(n).

Further, note that Z
(1)
j ≤ d for all j and Z(0), hence

E(Z(1)
j logZ

(1)
j ) <∞,

E(‖ Z(1) ‖ log ‖ Z(1) ‖) <∞.

Therefore Theorem 3.4.5 implies Theorem 3.2.2 with Y = I·bW and Theorem 3.4.6
implies Theorem 3.2.3 with

P (i) =
∑

j:j1+···+jt=i

P̃ (j).
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Summary

In this thesis we study of the contact process – a particular type of interacting
particle system – and different percolation models. Both the contact process and
percolation are models of propagation of some material in an environment and have
been the topic of intensive and fruitful research in the last decades due to their
simplicity, rich behavior and mathematical tractability. Moreover, results often
transfer from one model to the other, as a specific type of oriented percolation
model can be viewed as a discrete-time version of the contact process.

We have studied how the introduction of inhomogeneities in the environment
affects the behavior of the models. In general, random processes on infinite volume
do not depend too much on local changes in the environment. In percolation
models we can study how changing a small portion of the environment affects the
occurrence of percolation. In the case of the contact process, since a single site
or edge can affect the dynamics infinitely many times, one can ask whether its
presence has an influence on the critical parameter of the process.

The contact process is usually taken as a model of epidemics on a graph:
vertices are individuals, which can be healthy or infected. In the continuous-
time Markov dynamics, infected individuals recover with rate 1 and transmit the
infection to each neighbor with rate λ > 0 (“infection rate”). The “all healthy”
configuration is a trap state for the dynamics; starting from a finite set of initially
infected vertices the probability that the contact process ever reaches this state is
either equal to 1 for any finite set or strictly less than 1 for any finite set. The
process is said to “die out” in the first case and to “survive” in the latter. Whether
it survives or dies out will depend on both the underlying graph G and λ, so one
defines the critical rate λc as the supremum of the infection parameter values for
which the contact process dies out on G.

The aim of Chapter 1 is to provide an understanding of how local modifications
of the graph on which the contact process takes place can cause significant changes
in relevant probabilities associated to the process. It is natural to expect that the
critical rate λc of the contact process is not affected by the addition or deletion of
finitely many edges of G as long as it remains connected. We consider a slightly
different line of inquiry. We give a construction of a tree in which the contact
process with any positive infection rate survives but, if a certain privileged edge e∗

is removed, one obtains two subtrees in which the contact process dies out for
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small λ.
Percolation theory was introduced as a model of fluid flow through porous

material. Consider a connected graph G = (V,E). In a percolation configuration,
each edge in E can be “open” or “closed”. An “open path” in G is a sequence of
distinct vertices v0, v1, . . . , vm ∈ V such that there is an open edge between each
consecutive pair of vertices. We say that v can be reached from u either if they
are equal or if there is an open path from u to v. The set of vertices that can be
reached from v is called the “cluster” of v. The main object of the study is the
probability of the presence of an infinite cluster in the graph.

The general inhomogeneous percolation framework treated in this thesis is as
follows. Assume that E is split into two disjoint sets, E1 and E2 and let each
edge in E1 be open with probability p and each edge in E2 with probability q.
Whether or not there is an infinite cluster with positive probability depends on
the parameters p and q, so we can define pc(q) as the supremum of the values of p
for which there is almost surely no infinite cluster at parameters p, q. What can
we say about q 7→ pc(q)?

In Chapter 2 we consider a “ladder graph”: starting with an arbitrary (unori-
ented, connected) graph G = (V,E) we construct G = (V,E) by placing layers
of G one on top of the other and adding extra edges to connect the consecutive
layers. More precisely, let V = V × Z and

E = {{(u, n), (v, n)} : {u, v} ∈ E, n ∈ Z} ∪ {{(u, n), (u, n+ 1)} : u ∈ V, n ∈ Z}.

Fix an edge e = {u, v} ∈ E in G and let E2 := {{(u, n), (v, n)} : n ∈ Z}, Let each
edge of E2 be open with probability q, and each edge in E1 = E \E2 be open with
probability p. One would expect the aforementioned function pc(q) to be constant
in (0, 1); our main result is that it is a continuous function.

Furthermore, we show that if we fix a finite number of edges on G and simulta-
neously change the percolation parameter on the corresponding edge sets on G to
some q1, . . . , qn, then (q1, . . . qn) 7→ pc(q1, . . . qn) is continuous in (0, 1)n. We also

construct an oriented graph ~G = (V, ~E) for each G in a similar way, and prove an
analogous theorem.

In Chapter 3 we consider an oriented graph whose vertex set is that of the d-
regular, rooted tree, and containing “short edges” (with which each vertex points
to its d children) and “long edges” (with which each vertex points to its dk descen-
dants k generations below, for fixed k ∈ N). Percolation is defined on this graph by
letting short edges be open with probability p and long edges with probability q.

The parameter space [0, 1]2 can be decomposed in two regions: N is the set
of (p, q) for which there is almost surely no infinite cluster at parameters p and q,
and P = [0, 1]2 \ N . The curve pc(q) separating N and P is continuous and
strictly decreasing in the region where it is positive.

We first show that pc(q) is strictly above the line dp + dkq = 1. Then we
show that the cluster of the root has the same distribution as the family tree
of a certain multi-type branching process, which allows us to state some limit
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theorems. In the supercritical region we give an asymptotic limit for the number
of vertices in the infinite cluster at distance n from the root, denoted by Xn. In
the subcritical region we show that the distribution of Xn conditioned on being
positive converges to a proper distribution. Furthermore, we show that along the
critical curve, conditioned on having an infinite cluster, the limiting object can be
described as a multi-type Kesten’s tree.





Samenvatting

In dit proefschrift bestuderen we het contactproces – een specifiek soort systeem
van interacterende deeltjes – en verschillende percolatiemodellen. Zowel het con-
tactproces als percolatie zijn modellen voor de verspreiding van een stof in zijn
omgeving. Gedurende de afgelopen tientallen jaren zijn ze vanwege hun eenvoud,
rijke gedrag en wiskundige handelbaarheid veelvuldig bestudeerd. Daarnaast zijn
resultaten vaak overdraagbaar van het ene model naar het andere, aangezien een
bepaald model van georiënteerde percolatie gezien kan worden als een versie van
het contactproces met discrete tijd.

Wij hebben onderzocht op welke manier het introduceren van inhomogeniteiten
het gedrag van de modellen bëınvloedt. In het algemeen zijn kansprocessen op
een ruimte met oneindig volume weinig afhankelijk van locale veranderingen. In
percolatiemodellen kunnen we bestuderen welk effect het veranderen van een klein
deel van de ruimte heeft op het optreden van percolatie. Aangezien in het geval
van het contactproces een enkele knoop of zijde oneindig vaak de dynamica kan
bëınvloeden, kunnen we ons afvragen of de aanwezigheid van zo’n knoop of zijde
invloed heeft op de kritieke parameter van het proces.

Het contactproces wordt vaak gebruikt als model voor een epidemie op een
graaf: knopen zijn individuën, die gezond of gëınfecteerd kunnen zijn. In Markov
dynamica met continue tijd herstellen gëınfecteerde individuen met proportie 1
and brengen de infectie over aan elk aangrenzend individu met proportie λ > 0
(de “infectieproportie”). De “iedereen gezond” configuratie is een evenwichtsstaat:
vanuit een situatie met een eindig aantal gëınfecteerde knopen is de kans dat het
contactproces deze staat bereikt ofwel 1 ongeacht de beginset ofwel strikt kleiner
dan 1 ongeacht de beginset. In het eerste geval zeggen we dat het proces “uitsterft”
en in het tweede geval dat het “overleeft”. Of het proces uitsterft of overleeft hangt
af van de onderliggende graaf G en λ, dus we definiëren de kritieke proportie λc

als het supremum van de infectieparameterwaarden waarvoor het contactproces
uitsterft op G.

Het doel van Hoofdstuk 1 is inzicht te krijgen in de manier waarop locale mod-
ificaties aan een graaf met daarop een contactproces de kansen die bij het proces
horen significant kunnen veranderen. Het valt te verwachten dat het toevoegen
of verwijderen van een eindig aantal zijden van G de kritieke proportie λc van
het contactproces niet zal veranderen zolang G samenhangend blijft. Wij zullen
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een ietwat andere onderzoeksrichting volgen. We presenteren de constructie van
een boom waarin het contactproces overleeft voor elke positieve infectieproportie,
maar waarin het verwijderen van een specifiek gekozen zijde e∗ de graaf opdeelt
in twee deelbomen waarin het contactproces uitsterft als λ klein genoeg is.

Percolatietheorie werd gëıntroduceerd als model voor vloeistofstroom door
poreus materiaal. Beschouw de samenhangende graaf G = (V,E). In een per-
colatieconfiguratie kan elke zijde in E “open” of “gesloten” zijn. Een “open” pad
in G is een rij van verschillende knopen v0, v1, . . . , vm ∈ V zodanig dat er tussen
elk paar opeenvolgende knopen een open zijde is. We zeggen dat v bereikt kan
worden vanaf u als ze ofwel gelijk zijn ofwel er een open pad van u naar v is. De
verzameling te bereiken knopen vanaf v wordt het “cluster” van v genoemd. Het
hoofdobject van deze studie is de kans op een oneindig cluster in de graaf.

Het algemene inhomogene percolatieframework in dit proefschrift is als volgt.
Neem aan dat E is verdeeld in twee disjuncte verzamelingen, E1 en E2, en dat
elke zijde in E1 open is met kans p en elke zijde in E2 met kans q. Of er wel of
niet met positieve kans een oneindig cluster is, hangt af van de parameters p en q,
dus we kunnen pc(q) definiëren als het supremum van de waarden p waarvoor er
met bijna zekerheid geen oneindig cluster is voor parameters p, q. Wat kunnen we
zeggen over q 7→ pc(q)?

In Hoofdstuk 2 zullen we een “laddergraaf” bekijken: beginnend met een
willekeurige (niet-georiënteerde, samenhangende) graaf G = (V,E) construeren
we G = (V,E) door lagen G op elkaar te leggen en extra zijden toe te voegen om
de lagen te verbinden. Preciezer, definieer V = V × Z en

E = {{(u, n), (v, n)} : {u, v} ∈ E, n ∈ Z} ∪ {{(u, n), (u, n+ 1)} : u ∈ V, n ∈ Z}.

Neem een zijde e = {u, v} ∈ E in G en kies E2 := {{(u, n), (v, n)} : n ∈ Z}.
Neem aan dat elke zijde in E2 open is met kans q en dat elke zijde in E1 = E \E2

open is met kans p. Het is te verwachten dat de hierboven genoemde functie pc(q)
constant is in (0, 1); ons hoofdresultaat is dat dit een continue functie is.

Daarnaast zullen we laten zien dat als we een eindig aantal zijden van G vast-
leggen en tegelijkertijd de percolatieparameters van de bijbehorende verzamelingen
van zijden van G aanpassen naar q1, . . . , qn, dan is (q1, . . . , qn) 7→ pc(q1, . . . , qn)
continu in (0, 1)n. We construeren ook op een soortgelijke manier voor elke G een

“georiënteerde” graaf ~G = (V, ~E) en bewijzen de corresponderende stelling.
In Hoofdstuk 3 bekijken we een georiënteerde graaf met als verzameling knopen

die van de d-reguliere, gewortelde boom en met “korte zijden” (waarmee knopen
naar hun d kinderen wijzen) en “lange zijden” (waarmee knopen naar hun dk

nakomelingen k generaties later kijken, voor vaste k ∈ N). Percolatie is in deze
graaf gedefinieerd door elke korte zijde open te laten zijn met kans p en elke
lange zijde met kans q. The parameterruimte [0, 1]2 kan opgedeeld worden in twee
gedeelten: N is de verzameling van (p, q) waarvoor er met bijna zekerheid geen
oneindig cluster is voor parameters p en q, en P = [0, 1]2 \ N . De kromme pc(q)
die N en P scheidt, is continu en strikt afnemend in het gebied waar hij positief
is.
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We zullen eerst laten zien dat pc(q) strikt boven de lijn dp + dkq = 1 ligt.
Dan laten we zien dat het cluster van de wortel dezelfde distributie heeft als de
familieboom van een zeker multitypevertakkingsproces, wat ons in staat stelt om
een aantal limietstellingen te bewijzen. In het superkritieke gebied geven we een
asymptotische limiet voor het aantal knopen in het oneindige cluster op afstand n
vanaf de wortel, wat we zullen aanduiden met Xn. In het subkritieke gebied
laten we zien dat de distributie van Xn, aangenomen dat deze positief is, naar een
werkelijke distributie convergeert. We laten ook zien dat langs de kritieke kromme,
aangenomen dat er een oneindig cluster is, het object in de limiet beschreven kan
worden als een multitype boom van Kesten.
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I wish to thank Bálint Vető for his guidance during my master’s studies and
for paying close attention to my work ever since. I am also grateful to Balázs Ráth
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