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Abstract
Penalized inference of Gaussian graphical models is a way to assess the conditional independence structure in multivariate
problems. In this setting, the conditional independence structure, corresponding to a graph, is related to the choice of the
tuning parameter, which determines the model complexity or degrees of freedom. There has been little research on the degrees
of freedom for penalized Gaussian graphical models. In this paper, we propose an estimator of the degrees of freedom in
�1-penalized Gaussian graphical models. Specifically, we derive an estimator inspired by the generalized information criterion
and propose to use this estimator as the bias term for two information criteria.We called these tuning parameter selectors GAIC
and GBIC. These selectors can be used to choose the tuning parameter, i.e., the optimal tuning parameter is the minimizer
of GAIC or GBIC. A simulation study shows that GAIC tends to improve the performance of both AIC-type and CV-type
model selectors, in terms of estimation quality (entropy loss function) in high-dimensional setting. Moreover, GBIC model
selector improves the performance of both BIC-type and CV-type model selectors, in terms of support recovery (F-score). A
data analysis shows that GBIC selects a tuning parameter that produces a sparser graph with respect to BIC and a CV-type
model selector (KLCV).

Keywords Penalized likelihood · Kullback–Leibler divergence · Model complexity · Model selection · Generalized
information criterion

1 Introduction

A graphical model is composed of nodes that represent ran-
domvariables and edges that representMarkov dependencies
between variables. The Gaussian graphical model (GGM) is
a graphical model in which the nodes are jointly normally
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distributed. In GGMs, conditional dependencies are iden-
tified in the inverse covariance matrix, called the precision
matrix. Nonzero elements in the precision matrix correspond
to conditionally dependent variables. Onemain goal in GGM
inference is to estimate the precision matrix [see Edwards
(2000), Lauritzen (1996), Rue and Held (2005), and Whit-
taker (2009)].

Let Y be a random variable inRp, and suppose we have n
multivariate observations of dimension p from N(0,�−1),
where� = (ωi j )i, j is the precision matrix. LetY be a n× p
matrix of observations. The log-likelihood of observation yk
is

�k(�) = {log |�| − tr(�Sk)}/2, (1)

for k = 1, . . . , n, where Sk = yk yk
�. Let S = ∑n

k=1 Sk/n
be the empirical covariance matrix. The log-likelihood for n
independent and identically distributed samples is �(�) =∑n

i=1 �k(�), and the penalized maximum log-likelihood
estimator (PMLE), with penalty function pλ(·), is obtained
by maximizing
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�λ(�) = log |�| − tr(�S) −
p∑

i=1

p∑

j=1

pλ(|ωi j |), (2)

over the set of positive definitematrices, whereλ is the tuning
parameter. The resulting PMLE is denoted as �̂λ.

Several penalty functions have been proposed in the lit-
erature. The L1-norm (lasso penalty) is probably the most
known Cai et al. (2011), Friedman et al. (2008). Other penal-
ties include the weighted L1-norm (adaptive lasso) and the
Smoothly Clipped Absolute Deviation (SCAD) Fan et al.
(2009). The L1-norm is convex and leads to a desirable con-
vex optimization problem if the log-likelihood function is
convex, which is the case for GGMs. Whereas it has been
shown that the lasso penalty produces biases even in the sim-
ple regression setting Fan and Li (2001), the SCAD penalty
and the adaptive lasso reduce this bias.

Optimizing (2) with a L1-norm penalty can be solved by
several algorithms. For example, Yuan and Lin (2007) solved
this optimization problem using the MAXDET algorithm.
d’Aspremont et al. (2008) proposed two efficient first-order
numerical algorithms with low memory requirements using
semidefinite programming algorithms, which obey the posi-
tive definiteness constraint of the precision matrix. Cai et al.
(2011) proposed a constraint L1 optimization method, called
CLIME. Friedman et al. (2008) proposed the graphical lasso
algorithm, which uses a coordinate descent procedure.

The theoretical properties of the estimator �̂λ are well
studied [e.g., Friedman et al. (2008), Lam and Fan (2009),
Rothman et al. (2008), Yuan and Lin (2007)]. In particular,
Rothman et al. (2008) and Fan et al. (2009) showed that the
Frobenius norm between the inverse covariance matrix and
its L1 penalized likelihood estimator is Op(

√
(E log p/n)),

where E is the number of the nonzero elements of the inverse
of the correlation matrix. Consequently, a sparse inverse
covariance matrix is highly estimable.

The importance of correctly identifying the precision
matrix � is due to its large use. For example, several mul-
tivariate analyses, such as principal component analysis or
linear discriminant analysis, require the estimation of the
covariance matrix or its inverse. In microarray analysis, the
precision matrix may help in understanding the relationships
between the expression levels of a large set of genes.

In order to identify a precision matrix �̂λ (as close as pos-
sible to �), we have to select a tuning parameter λ. From an
asymptotic point of view, it has been shown that graphical
lasso and the CLIME estimator Cai et al. (2011) can achieve
model selection consistency for sparse precision matrix esti-
mation, when the tuning parameter is chosen properly. In
other words, both graphical lasso and CLIME estimators can
fully recover the support of the unknown precision matrix. In
the finite sample scenario, the performance of the penalized
likelihood estimator �̂λ, inminimizing theKullback–Leibler

divergence, can be related to the bias term E
[
�(�) − �(�̂λ)

]
.

Yuan and Lin (2007) suggests to consider as bias term the
number of nonzero elements in the precision matrix. This
estimator was used in Gao et al. (2012), in combination
with a Bayesian information criterion, and in Foygel and
Drton (2010), with an extended Bayesian information crite-
rion, to select the tuning parameter. Classical criteria such
as AIC and BIC tend to select a model with many spuri-
ous covariates when the number of variables is much greater
than the number of observations. This phenomenon has been
observed by Broman and Speed (2002), Siegmund (2004),
Bogdan et al. (2004), and Chen and Chen (2008). Cross-
validation (CV) may be a valid alternative in this regard, but
it is computationally expensive. So, various approximations
have been proposed Lian (2011),Vujac̆ić et al. (2015), which
makes its calculation computationally feasible even in high-
dimensional settings.

We propose an estimator for the bias term (so-called
degrees of freedom) which is inspired by the generalized
information criterion (GIC) proposed in Konishi and Kita-
gawa (1996). Nishii (1984) had proposed a different GIC
than Konishi and Kitagawa (1996). See also Zhang et al.
(2010). The GIC formula fromKonishi and Kitagawa (1996)
is not directly applicable to problems defined by (2) that give
sparse solutions. This is because penalty functions satisfying
the conditions of sparsity and continuity must be singular
at the origin Fan and Li (2001). Therefore, we propose an
approximate solution in order to overcome theproblemof dif-
ferentiability. The approximate bias term is used in AIC-type
or BIC-type selection methods of the regularization param-
eter, and the resulting model selectors are called GAIC and
GBIC, respectively. These selectors can be used to choose
the tuning parameter, i.e., the optimal tuning parameter is
the minimizer of GAIC or GBIC.

A simulation study shows that GAIC tends to improve
the performance of both AIC-type and CV-type model
selectors, in terms of estimation quality (loss entropy) in
high-dimensional setting, i.e., when the number of variables
is much greater than the number of observations. GBIC
model selector improves the performance of both BIC-type
and CV-type model selectors, in terms of support recovery
(F-score). Both the estimator seems to be consistent in terms
of Frobenius norm. Only for GBIC, F-score approaches to 1
with increasing sample size. Moreover, we considered three
types of penalized Gaussian graphical models: the graphical
lasso, the adaptive lasso, and theSCAD.The simulation study
shows that the adaptive lasso improves the quality of the esti-
mator both in terms of Frobenius norm and F-score. Finally,
a data analysis shows that GBIC selects a tuning parameter
that produces a sparser graph with respect to BIC and KLCV.

The rest of the paper is organized as follows. In Sect. 2,
we show the proposed model selectors and derive the gener-
alized information criterion for Gaussian graphical models.
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In Sect. 3, we propose an estimator of the bias term which
is derived from an approximation of the generalized infor-
mation criterion for the �1-penalized maximum likelihood
estimator. Numerical results are presented in Sect. 4. In
Sect. 5, the GBIC is used in reconstruction of a biologi-
cal network. We conclude with some remarks in Sect. 6.
“Appendix A” contains proofs and auxiliary materials.

2 Generalized information criterion

In this section, we define the generalized information cri-
teria (GIC) for model selection in p-dimensional Gaussian
graphical models. The bias correction term, denoted as df(·),
derived from the GIC is used in AIC-type and BIC-type
model selection methods, to define two tuning parameter
selectors:

GAIC(λ) = n{log |�̂λ| − tr(�̂λS)} + 2df(λ), (3)

and

GBIC(λ) = n{log |�̂λ| − tr(�̂λS)} + log(n)df(λ). (4)

These selector estimators, derived in Sect. 3, can be used to
choose the optimal λ, i.e., the minimizer either of (3) or (4).

2.1 Generalized information criteria for Gaussian
graphical models

The generalized information criterion (GIC) Konishi and
Kitagawa (1996) provides an estimate of Kullback–Leibler
divergence for a wide class of estimators which includes
M-estimators. The maximum likelihood estimator for the
log-likelihood in (1) is an M-estimator which is defined as a
solution of the system of equations

n∑

k=1

ψ( yk,�) = 0, (5)

where ψ( yk,�) = vecD�k(�), �k is defined in (1), D is the
partial derivative operator, D�k(�) is the matrix of partial
derivatives of lk with respect to ωi j , and vec is the operator
that transforms a matrix into a vector by stacking its columns
one underneath the other. The GIC forM-estimator �̂, where
�̂ is the solution of (5), is defined by (Konishi and Kitagawa
2008, p. 117):

GIC = −2
n∑

k=1

�k(�̂) + 2tr(R−1Q), (6)

where R and Q are square matrices of order p2 given by

R = −1

n

n∑

k=1

{Dψ( yk, �̂)}�,

Q = 1

n

n∑

k=1

ψ( yk, �̂)D�k(�̂). (7)

By using matrix differential calculus and some algebra, we
obtain:

R−1 = 2�̂ ⊗ �̂,

Q = 1

4n

n∑

k=1

vecSkvecS�
k − 1

4
vecSvecS�,

(8)

where, given two matrices A, B ∈ R
p×p, the Kronecker

product A⊗ B is defined as the p2 × p2 matrix with entries
ai j bkl at the position (i(p − 1) + k, j(p − 1) + l). From (6)
and (8), we obtain:

tr(R−1Q) = 1

2n

n∑

k=1

〈vecSk, vecSk〉Î − 1

2
〈vecS, vecS〉Î,

(9)

where Î−1 = �̂⊗ �̂, and 〈·, ·〉Î is the inner product induced

by positive definite p2 × p2 matrix Î.
An important fact is that in (8) we have R−1 = 2Î−1

,
where Î is the Fisher information matrix calculated at �̂.
Note that in case of Gaussian graphical models the asymp-
totic covariance matrix of the MLE is not the inverse Fisher
information matrix I−1 = � ⊗ �, but it is equal to

AC = Mp(� ⊗ �), (10)

whereMp = 1
2 (Ip2+Kp), and Ip2 andKp are identitymatrix

and commutation matrix of order p2, respectively (see Fried
and Vogel (2009)). The commutation matrix Kp is defined
as p2 × p2 matrix that has the property KpvecA = vecA�
for any p × p matrix A. From (10) by using some algebra,
we obtain that

cov(ω̂i j , ω̂kl) → 1

2
(ω jlωik + ω jkωil), n → ∞. (11)

In view of (11), we would like to write tr(R−1Q) in terms
of the estimated asymptotic covariance matrix, which is
ÂC = MpÎ and not of Î. However, what is more impor-
tant here is the geometry of the likelihood surface and the
Fisher information is a measure of its curvature. Even though
ÂC 	= Î, these two matrices yield the same geometry on the
vector space of symmetric matrices. Indeed, it can be shown
that the following lemma holds.
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Lemma 1 Let A, B be symmetric matrices of order p and �

be a positive definite symmetric matrix of order p. Then, the
following identity holds

〈vecA, vecB〉�⊗� = 〈vecA, vecB〉Mp(�⊗�),

where 〈vecA, vecB〉� = vecB��vecA is the inner product
induced by positive definite p2 × p2 matrix �, and Mp =
1
2 (Ip2 + Kp).

See “Appendix A” for the proof. By using Lemma 1, it
can be shown that

tr(R−1Q) = 1

2n

n∑

k=1

〈vecSk, vecSk〉ÂC

−1

2
〈vecS, vecS〉ÂC. (12)

2.2 Relationship between KL and GIC in GGM

The GIC in (6) is related to the Kullback–Leibler (KL) diver-
gence. This divergence is used to measure the “distance”
between the model and the true data generating mechanism
and as such stands at the basis of several model selection
methods. Specifically, assume that the model is given by the

distribution N(0, �̂
−1

) and that the true data mechanism is
given by the distribution N(0,�−1). Then, the KL diver-
gence from the model to the true distribution is

KL(�|�̂) = 1

2

{
tr(�−1�̂) − log |�−1�̂| − p

}
. (13)

This can be written in the scaled form as

2nKL(�|�̂) ∼= −nl(�̂) + ntr{�̂(�−1 − S)}, (14)

where l(�̂) = {log |�| − tr(�S)}. From (14), we see that
the scaled likelihood −2l(�̂) is a biased estimate of the KL
divergence and we can also observe that the (oracle) bias
term for a multivariate Gaussian model is given by

ntr{�̂(�−1 − S)} (15)

and involves the unknown quantity �−1.

3 Generalized information criterion for
penalized Gaussian graphical models

The MLE for GGMs is not uniquely defined for high-
dimensional data, and alternative methods mainly based on
penalized likelihood have been proposed. In the case of L1-
norm penalized Gaussian graphical models (PGGMs), the

graphical lasso algorithm (glasso) is probably the most com-
mon method for finding conditional independence among
large set of random variables. The main property of the
L1-norm PGGMs is that the maximum penalized likelihood
estimator for the precisionmatrix�λ can be sparse. The spar-
sity depends on a tuning parameter λ which we propose to
select by using the model selectors in (3) or in (4).

The derivation of df(λ) = tr
(
R−1

λ Qλ

)
by using GIC for-

mula from Konishi and Kitagawa (1996) for the problems
defined by (2) that give sparse solutions is not possible. This
is because the formula involves derivatives of the penalty
function. As noted in Introduction, penalty functions satisfy-
ing the conditions of sparsity and continuity must be singular
at the origin.

3.1 Problem of zeros in model selection of PGGMs

In deriving amethod for selection of the tuning parameter for
L1-norm penalized Gaussian graphical models, Lian (2011)
proposed to overcome the problem of non-differentiability of
the penalty function by ignoring the partial derivatives cor-
responding to the zero elements in �̂λ. This idea is inspired
by Fan and Li (2001) and Wang et al. (2007). However, Lian
(2011) derived an erroneous approximation for the inverse of
Fisher informationmatrix that has the full dimension p2×p2.
This is not possible, since any matrix of partial derivatives of
less than p2 variables must have a smaller dimension.

To overcome the problem of non-differentiability, we take
a different approach. We consider a smooth proxy of the
penalized log-likelihood given in (2)

�λ,α(�) = log |�| − tr(�S) − λ

p∑

i=1

p∑

j=1

|ωi j |α,

where | · |α is any convex and differentiable approximation of
the L1 penalty function such that limα→+∞ |ωi j |′′α is equal
to ∞ for ωi j 	= 0 and to zero for ωi j = 0. One example of a
function that satisfies these conditions, and that we will use
in this paper, is

|ωi j |α = 1

α

[
log{1 + exp(−αωi j )}+log{1+exp(αωi j )}

]
,

(16)

see Schmidt et al. (2007). In this way, we obtain what will
be referred to as the approximated problem.

For a fixed λ, let �̂λ,α be the solution to the approximated
problem. The log-likelihood of the approximated problem is
convex, so it follows that

lim
α→+∞ �̂λ,α = �̂λ.
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Let H f (�) be the Hessian matrix for f . A main quantity of
interest, which is directly related to R in (8), for determin-
ing choice of tuning parameter λ is the inverse of estimated
Hessian matrix given by

Îλ(α)−1 := −{H�λ,α(�̂λ,α)}−1

=
{
�̂

−1
λ,α ⊗ �̂

−1
λ,α + Dλ(α)

}−1
, (17)

where Dλ(α) is the diagonal matrix of order p2 with the ele-
ments on the diagonal equal to |ω̂λ,i j |′′α , for i, j = 1, . . . , p.
The following lemma gives the limit of Îλ(α)−1 if the pat-
tern of zeros in �̂λ,α is the same as for the MLE and PMLE,
respectively.

Lemma 2 Let Iλ(α) ⊂ {1, . . . , p2} be the set of indices of
nonzero entries in the diagonal of Dλ(α) and Iλ be the set of
indices of nonzero entries in vec�̂λ.

1. If there exists α0 such that Iλ(α) = {1, . . . , p2}, for α ≥
α0, then the limit limα→+∞ Îλ(α)−1, denoted by Î−1

λ ,
exists and

Î−1
λ = �̂λ ⊗ �̂λ. (18)

2. If there exists α0 such that Iλ(α) = Iλ for α ≥ α0, then

the limit limα→+∞ Îλ(α)−1, denoted by Î−1
λ , exists and

(
Î−1

λ

)

i, j
= 0,when i or j /∈ Iλ,

Î−1
λ [Iλ, Iλ] =

{(
�̂

−1
λ ⊗ �̂

−1
λ

)
[Iλ, Iλ]

}−1
. (19)

See “Appendix A” for the proof.
This result is in accordance with Lam and Fan (2009),

where similar matrices appear. The formula obtained by Lian
(2011) has the form (18) but should be given by the second
term in (19), since the zero elements should be ignored. In
fact, expression (11) shows the problem with using formula
(18) for the penalized case: If one of ω̂i j , ω̂kl are equal
to zero, then the covariance should be estimated as zero
as well, which is not the case. On the other hand, formula
(19) that should be used in penalized likelihood approaches
is computationally expensive in terms of both memory and
floating-point operations.

3.2 Model selection for penalized GGMs

In deriving a criterion that extends the generalized infor-
mation criterion (GIC) to maximum penalized likelihood
estimator in Gaussian graphical models, we assume stan-
dard conditions like in Lam and Fan (2009). So, by letting
λ → 0 when n → ∞, we can use formula (9), derived
for the maximum likelihood case, as an approximation for

the df(λ) in the penalized case. This means that asymptot-
ically the covariances between zero elements and nonzero
elements are equal to zero (c.f. (11)). Thus, to obtain the

term df(λ) = tr
(
R−1

λ Qλ

)
for the PMLE we substitute �̂λ

in (12) and also set the elements of the matrix ÂCλ corre-
sponding to covariances between zero and nonzero elements
to zero. It can be shown that this is equivalent to setting the
corresponding entries of vectors vecS and vecSk to zero. We
define

df(λ) := 1

2n

n∑

k=1

{

vec(Sk ◦ Iλ)�ÂCλvec(Sk ◦ Iλ)
}

− 1

2

{

vec(S ◦ Iλ)�ÂCλ(S ◦ Iλ)
}

, (20)

where Iλ is the indicator matrix, whose entry is 1 if the cor-
responding entry in the precision matrix �̂λ is nonzero and
zero if the corresponding entry in the precisionmatrix is zero,
and ÂCλ is calculated by setting � = �̂λ in (10).

Implementation of formula (20) is computationally expen-
sive, so we apply Lemma 1 and the identity vec(ABC) =
(C� ⊗ A)vecB to (20) and obtain

df(λ) = 1

2n

n∑

k=1

vec(Sk ◦ Iλ)�vec{�̂λ(Sk ◦ Iλ)�̂λ}

−1

2
vec(S ◦ Iλ)�vec{�̂λ(S ◦ Iλ)�̂λ}. (21)

For any pair of matrices X = (xi j ) and Y = (yi j ), the
expression (vecX)�vecY can be implemented efficiently
with complexity O(p2).

Finally, the bias correction term in (21) can be used in
model selection methods (3) and (4), so that the optimal
λ would be their minimizer. Even though the formula (21)
is based on the approximation and relies on the asymptotic
covariancematrix of theMLE, the simulation study in Sect. 4
suggests that the proposed model selectors perform well.

4 Simulation study

In this section, first we compare the performance of several
tuning parameter selectors for L1-norm penalized Gaussian
graphical models. The tuning parameter λ is selected via
GAIC or GBIC, and then the results are compared with
respect to different model selection procedures. Specifically,
we consider the estimator of degrees of freedom proposed in
Yuan and Lin (2007)

dfYuan(λ) :=
∑

1≤i< j≤p

I (ωi j,λ 	= 0)), (22)
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which uses (22), i.e., the number of nonzero elements, as bias
term in AIC-type (3) and BIC-type (4) model selectors. A
close competitor of theGAICmodel selector is theKullback–
Leibler cross-validation (KLCV) model selector proposed
in Vujac̆ić et al. (2015). Secondly, we address the issue of
whether the graphical lasso together with GAIC or GBIC
is able to identify the true model consistently; finally, we
compare the graphical lasso with the adaptive lasso and the
SCAD in combination with GAIC and GBIC.

In all simulations, the solution path, which consists of
the estimated precision matrices for different values of λ, is
obtained by maximum penalized likelihood estimation as in
Equation (2) using the graphical lasso algorithm Friedman
et al. (2008), which builds on the block coordinate descent
algorithm of d’Aspremont et al. (2008). To compute the solu-
tion path, we used glassopath, implemented in the R
package glasso, with no penalization on the diagonal ele-
ments.

Tuning parameter selectors comparison. We generate data
from multivariate Gaussian distributions N (0,�) where the
precision � is associated with a sparse random graph. The
sparsity of the graph depends on the probability that a link
will be present which is fixed at 3/p, where p is the num-
ber of nodes. The graphs have p = 60, 120, 240 nodes. The
sample sizes, generated from themultivariateGaussiandistri-
butions, are n = 60 and n = 120. We compare AIC, KLCV,
and GAIC with respect to estimation quality (entropy loss),
and BIC, KLCV, and GBIC with respect to support recov-
ery of the precision matrix (F-score). The estimation quality
is evaluated in terms of entropy loss (14). The smaller the
entropy loss, the better the performance of the estimator in
terms of estimation quality. Let T P be the true positives, FP
be the false positives, TN be the true negatives, and FN be the
false negatives. The support recovery of the precision matrix
is evaluated in terms of F-score

F-score = 2TP

2TP + FP + FN
.

The F-score can be viewed as a weighted average of the
precision and recall (F-score reaches its best value at 1 and
worst score at 0).

Table 1 shows the results, in terms of averaged entropy
loss over 100 simulated data, of the simulation study for
p = 60, 120, 240, and n = 60, 120. This table suggests that
AIC performs well when the number of variables is smaller
or equal to the number of observations, whereas it has the
worst performance otherwise. The KLCV and GAIC show
similar performance. However, the latter reduces the compu-
tational burden (see Table S1 in the supplementary material).
Table 2, which reports the mean F-score for BIC, KLCV, and
GBIC, suggests that the BIC performs well when n is much

Table 1 Mean absolute entropy loss over 100 simulated data frommul-
tivariate Gaussian distributionN(0,�) for several model selections and
scenarios

Entropy

p AIC KLCV GAIC

n = 60

60 3.16(0.30) 3.31(0.26) 3.28(0.26)

120 359.01(45.37) 7.46(0.46) 7.32(0.37)

240 1668.74(180.43) 16.22(0.60) 15.86(0.61)

n = 120

60 1.69(0.13) 1.79(0.13) 1.79(0.13)

120 4.00(0.27) 4.31(0.31) 4.30(0.31)

240 628.04(57.66) 10.68(0.44) 10.63(0.42)

A random graph structure was used to generate the precision matrix �.
The precision matrix was estimated via graphical lasso approach. Stan-
dard errors are reported in brackets. The underlined elements indicate
the best model selectors for each scenario

Table 2 Mean F-score of different estimators over 100 simulated data
from multivariate Gaussian distribution N(0,�) for several model
selections and scenarios

F-score

p BIC KLCV GBIC

n = 60

60 0.30(0.22) 0.46(0.05) 0.47(0.05)

120 0.08(0.12) 0.41(0.03) 0.42(0.03)

240 0.00(0.01) 0.22(0.09) 0.25(0.05)

n = 120

60 0.72(0.05) 0.48(0.05) 0.56(0.06)

120 0.69(0.05) 0.46(0.04) 0.52(0.04)

240 0.16(0.17) 0.40(0.03) 0.48(0.02)

A random graph structure was used to generate the precision matrix �.
The precision matrix was estimated via graphical lasso approach. Stan-
dard errors are reported in brackets. The underlined elements indicate
the best model selectors for each scenario

greater than p, whereas it has the worst performance for n
smaller or even equal than p. KLCVandGAIC shows similar
performance for n much greater than p, but the latter shows
better performance otherwise.

We also compared the tuning parameter selectors chang-
ing the structure of the graph for the same combinations of
n and p. Specifically, we considered dense random graph
where the probability that a link will be present is fixed at
10/p, cluster, and scale-free graphs. The results are shown
in the supplementary material (Tables S2, S3, S4, S5, S6, and
S7) and suggest no dependence on the graph structures.

Model consistency. In another simulation study, we address
the issue of whether the graphical lasso with tuning param-
eter selected by one of the two proposed estimators (GAIC,
GBIC) is able to identify the true model consistently and
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Table 3 Mean Frobenius norm and mean F-score over 100 simulated
data from multivariate Gaussian distribution N (0,�) for GAIC and
GBIC model selections and scenarios

n F-score Frobenius norm

GAIC GBIC GAIC GBIC

p = 60

60 0.44(0.04) 0.44(0.04) 4.67(0.16) 4.69(0.16)

120 0.49(0.04) 0.55(0.05) 3.74(0.15) 3.93(0.18)

240 0.49(0.04) 0.61(0.04) 2.89(0.12) 3.19(0.13)

480 0.49(0.04) 0.63(0.04) 2.20(0.09) 2.49(0.12)

p = 120

60 0.39(0.03) 0.40(0.03) 7.04(0.15) 7.08(0.18)

120 0.47(0.04) 0.54(0.04) 5.76(0.17) 6.03(0.16)

240 0.49(0.03) 0.61(0.05) 4.52(0.13) 4.84(0.15)

480 0.49(0.04) 0.66(0.04) 3.42(0.12) 3.82(0.11)

A random graph structure was used to generate the precision matrix �.
The precision matrix was estimated via graphical lasso approach. The
sample size n goes from 60 up to 480, and the number of variables p is
set to 60 and 120. Standard errors are reported in brackets

whether it is capable of identifying the true graph. Model
consistency of the proposed estimators is measured by the
Frobenius norm ||�−�̂λ||F and the capability of identifying
the true graph is measured by the F-score. In this simulation
scheme, we applied the graphical lasso algorithm to a ran-
dom graph. The sample size n goes from 60 up to 480, and
the number of variables p is set to 60 and 120.

Table 3 shows the mean Frobenius norm and the mean
F-score over 100 simulated data. Both the estimators seem
to be consistent in terms of Frobenius norm. In terms of F-
score, GBIC approaches to 1, whereas GAIC does not show
this property.

Comparison with other penalized models. In this simu-
lation scheme, we compare the L1-norm penalty with the
SCAD and the adaptive lasso penalties. The SCAD penalty
is symmetric and a quadratic spline on [0,∞], whose first
derivative is

SCAD′
λ,a(x) = λ

{

I (|x | ≤ λ) + (aλ − |x |)+
(a − 1)λ

I (|x | > λ)

}

,

(23)

where λ ≥ 0 and a > 2 are two tuning parameters. The
adaptive lasso Zou (2006) is another method to achieve
model selection and parameter estimation, simultaneously.
Both these methods use weighted versions of the graphical
lasso. For our setting, we define the SCAD weights wi j =
SCAD′

λ,a(|ω̃i j |)with a = 3.7 and the adaptive weights to be
wi j = 1/|ω̃i j |γ with γ = 0.5. We generate data from mul-
tivariate Gaussian distributions N (0,�) where the precision
� gives a sparse random graph. The probability that a link is

Table 4 Mean absolute Frobenius norm over 100 simulated data from
multivariate Gaussian distributionN(0,�) for GAIC and GBIC model
selections and scenarios

p Frobenius

Glasso Adaptive SCAD

n = 60

60 4.73(0.18) 4.45(0.24) 4.72(0.20)

120 6.78(0.18) 6.71(0.30) 6.77(0.18)

240 8.76(0.18) 9.53(0.47) 8.77(0.18)

n = 120

60 3.87(0.16) 3.17(0.20) 3.71(0.18)

120 5.53(0.12) 4.87(0.24) 5.47(0.14)

240 7.37(0.15) 7.72(0.26) 7.38(0.15)

A random graph structure was used to generate the precision matrix �.
The precision matrix was estimated via graphical lasso, adaptive lasso,
and SCAD. For each weighted algorithm, the optimum value of the
tuning parameter λ was selected by GAIC. Standard errors are reported
in brackets. The underlined elements indicate the best model selectors
for each scenario

Table 5 Mean F-score of different estimators over 100 simulated data
from multivariate Gaussian distribution N(0,�) for GAIC and GBIC
model selections and scenarios. A random graph structure was used to
generate the precision matrix �. The precision matrix was estimated
via graphical lasso, adaptive lasso, and SCAD. For each weighted algo-
rithm, the optimum value of the tuning parameter λ was selected by
GBIC. Standard errors are reported in brackets. The underlined ele-
ments indicate the best model selectors for each scenario

p F-score

Glasso Adaptive SCAD

n = 60

60 0.44(0.03) 0.48(0.04) 0.44(0.03)

120 0.39(0.03) 0.41(0.03) 0.39(0.03)

240 0.25(0.05) 0.25(0.05) 0.25(0.05)

n = 120

60 0.55(0.04) 0.63(0.04) 0.56(0.05)

120 0.52(0.03) 0.56(0.03) 0.53(0.03)

240 0.47(0.03) 0.48(0.03) 0.46(0.03)

present is fixed at 3/p, where p is the number of variables.
The graphs have p = 60, 120, 240 nodes. The sample sizes,
generated from the multivariate Gaussian distributions, are
n = 60 and n = 120. We compare glasso, SCAD, and adap-
tive lasso in terms of estimation quality (Frobenius norm) and
support recovery of the precision matrix (F-score). Tables 4
and 5 show the mean absolute Frobenius norm and the mean
F-score over 100 simulated data for graphical lasso, adaptive
lasso, and SCAD, respectively. The adaptive lasso improves
the quality of the estimator both in terms of Frobenius norm
and F-score. Instead, the SCAD penalty does not show any
improvement with respect to the L1-norm.
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Fig. 1 Tuning parameter selection criteria applied to Arabidopsis
dataset in which we considered 118 samples and 39 genes

5 Application of GIC to biological network
reconstruction

In this section, we test the robustness of the method on a
genomic dataset. In particular, we consider gene expression
data fromWille et al. (2004) on the extensively studied Ara-
bidopsis thaliana biological system. The study reports data
from n = 118 experiments on p = 39 genes, whose regula-
tory network is of interest. Figure 1 shows AIC, BIC, GAIC,
and GBIC (y-axis) for a set of λ (x-axis) resulting from the
application of the glasso algorithm to the dataset Arabibop-
sis. Note that we have omitted KLCV from the figure since
it shows a curve similar to the GAIC. The “best” values of
λ according to both AIC and BIC are very close to zero,
which means that the resulting AIC and BIC graphs will
be quite dense, whereas GAIC, KLCV, and GBIC seem to
give more sensible results. In order to select more robust

graphs, we used a re-sample technique. In particular, we
re-sampled 100 times without replicates 70% of the sam-
ples and for each of this re-sampled data we computed the
best graph according to AIC, BIC, KLCV, GAIC, GBIC.
Then, for each of these information criteria we computed the
averaged adjacent matrices, which gives a score (between 0
and 1) for each link of the graph. The GBIC, KLCV, and
BIC graphs built by selecting only the edges with scores
greater than 0.7 are shown in Fig. 2. Note that both the GBIC
and KLCV graphs are remarkably simple and informative,
exhibiting some cliques and hub genes. The GBIC graph is
slightly sparser than the KLCV graph. In contrast, the BIC
graph is very dense and possible useful association informa-
tion is buried in the large number of estimated edges. The
most connected nodes are MPDC1, HDS, MK DXR, and
HMGR2. The degree distribution table is shown in Supple-
mentary Materials (Table S8).

6 Discussion

High-dimensional data arise in many fields of science. The
study of the structure, in terms of the conditional indepen-
dence graph, can be carried out with penalized Gaussian
graphical models. These models allow us to visualize with
a graph the conditional independence among the set of ran-
dom variables. These models obtain sparse graphs by means
of heavy penalization, i.e., many parameters are estimated
as zero. In this setting, we have proposed an estimator of
the Kullback–Leibler loss function which can be used for
selecting the tuning parameter in the main penalized likeli-
hood approach such as glasso, adaptive lasso, and SCAD.
In a simulation study, we evaluated the performance of
the proposed estimator and compared it with others tuning
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Fig. 2 Gene expression study. The estimated conditional independence
graphs are the results of the application of the graphical lasso algorithm
to the dataset Arabidopsis thaliana. The precision matrix was estimated
by selecting the best tuning parameter according to GBIC, KLCV, and

BIC. The graphs derived from GBIC is shown on the left side, the one
derived from KLCV is in the center, and the one derived from BIC is
visualized on the right side. The degree for each node is reported in
Supplementary Materials Table S8
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parameter selectors. Our estimator can be combined with
information criteria to improve their performance in terms of
both estimation quality and support recovery of the precision
matrix. Although the GAIC minimizes the KL divergence,
we have shown that GBIC can also be useful for graph selec-
tion.
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number CA15109.

A Appendix

Lemma 1 Let A,B be symmetric matrices of order p and �

be a positive definite symmetric matrix of order p. Then, the
following identity holds

〈vecA, vecB〉�⊗� = 〈vecA, vecB〉Mp(�⊗�),

where 〈vecA, vecB〉� = vecB��vecA is the inner product
induced by positive definite p2 × p2 matrix �, and Mp =
1
2 (Ip2 + Kp).

Proof The lemma follows from the definition of the inner
product and the identity (� ⊗ �)vecA = Mp(� ⊗ �)vecA
which is proved in Vujac̆ić et al. (2015), Lemma 4.1. ��

Before we prove Lemma 2, we prove some auxiliary
results.

Lemma A.1 Let A = (ai j ) be an n × n matrix, I =
{i1, . . . , is} the subset of {1, . . . , n}, π any permutation of
the set {1, . . . , n} and X = (xi j ) an n × n matrix such that

xi j =
{
x, i ∈ I ; j = π(i)
0, otherwise

,

where x ∈ R. Denote by jk = π(ik), k = 1, . . . , s, and
J = { j1, . . . , js}, then

|A + X| = (−1)l |A[I C , JC ]|xs + ps−1(x),

where l = ∑s
k=1(ik + jk) and ps−1(x) is the polynomial in

x of degree s − 1.

Proof Laplace expansion and induction on s yield the stated
result.

��
Roughly speaking, the lemma states that if an element x is

appearing s times in different rows and columns of a matrix,
then the determinant of that matrix is a polynomial in x of
degree s.

Lemma 2 Let Iλ(α) ⊂ {1, . . . , p2} be the set of indices of
nonzero entries in the diagonal of Dλ(α) and Iλ be the set of
indices of nonzero entries in vec�̂λ.

1. If there exists α0 such that Iλ(α) = {1, . . . , p2}, for α ≥
α0, then the limit limα→+∞ Îλ(α)−1, denoted by Î−1

λ ,
exists and

Î−1
λ = �̂λ ⊗ �̂λ. (18)

2. If there exists α0 such that Iλ(α) = Iλ for α ≥ α0, then

the limit limα→+∞ Îλ(α)−1, denoted by Î−1
λ , exists and

(
Î−1

λ

)

i, j
= 0, when i or j /∈ Iλ,

Î−1
λ [Iλ, Iλ] =

{(
�̂

−1
λ ⊗ �̂

−1
λ

)
[Iλ, Iλ]

}−1
. (19)

Proof With the notation Aλ(α) = �̂
−1
λ,α ⊗ �̂

−1
λ,α , we have

that Îλ(α) = Aλ(α) + Dλ(α), where D(α) is defined after
formula (17). For the function defined in (16), we have:

Rλ(α) = Aλ(α) + λDλ(α). (24)

Here and subsequently, o(1) stands for the infinitely small
function when α → ∞, and all limits will be with respect to
this base. For the approximated problem defined by function
(16), it follows that a diagonal element in Dλ(α) is equal to
α/2 if the corresponding ω̂λ,i j is zero and equal to o(1) if it
is nonzero.

1. According to the assumption of the lemma, we have
Iλ(α) = {1, . . . , p2}, and therefore all the diagonal ele-
ments ofDλ(α) are equal to o(1). The result now follows
from continuity of the matrix inversion.

2. According to the assumption of the lemma, there exists
α0 such that I (α) = Iλ for α ≥ α0. Fix α ≥ α0. To show
(19), we will use the Kramer’s rule.

Fix the (i, j)th element of Î−1
λ (α). If i or j do not belong

to the set Iλ, then by Kramer’s rule and Lemma A.2 (i),
(i i .a)

(
Î−1

λ (α)
)

i j
= Ci j {Îλ(α)}

|Îλ(α)|
= qs−1(α/2)

(α/2)s |Îλ(α)[Iλ, Iλ]| + p(α/2)
= o(1/α). (25)

For the case when i, j ∈ Iλ, we use the fact that

lim
α→+∞ Îλ(α)[I , I ] = Aλ(α)[Iλ, Iλ],
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since Aλ(α)[Iλ, Iλ] and Îλ(α)[Iλ, Iλ] contain the same
elements, except on the diagonal, where they differ in
o(1) term. Since determinant is continuous function it fol-
lows that Cĩ, j̃ {Îλ(α)[Iλ, Iλ]} = Cĩ, j̃ {Aλ(α)[Iλ, Iλ]} +
o(1) and |Îλ(α)[Iλ, Iλ]| = |Aλ(α)[Iλ, Iλ]|+o(1). Using
Kramer’s rule, Lemma A.2 (i), (i i .b), and the results
shown above, we obtain

(
Î−1

λ (α)
)

i j
= Ci j {Îλ(α)}

|Îλ(α)|

= (α/2)sCĩ, j̃ {Îλ(α)[Iλ, Iλ]}+qs−1(α/2)

(α/2)s |Îλ(α)[Iλ, Iλ]|+ ps−1(α/2)

= Cĩ, j̃ {Aλ(α)[Iλ, Iλ]} + o(1)

|Aλ(α)[Iλ, Iλ]| + o(1)
. (26)

Taking the limit in (25) and (26), we obtain (19). ��

The proof of Lemma 2 holds for any approximation of the
penalty function whose second derivative does not depend
on � but only on α.

Lemma A.2 The following holds

(i) |Îλ(α)| = (α/2)s |Îλ(α)[Iλ, Iλ]| + ps−1(α/2) ,
where
ps−1(α/2) is a polynomial in α/2 of degree s − 1 and
s is the number of zero elements in the matrix �̂λ.

(ii.a) If i or j do not belong to the set Iλ, then Ci, j {Îλ(α)}
is a polynomial in α/2 of degree s − 1.

(ii.b) If i, j are elements of Iλ, then
Ci, j {Iλ(α)} = (α/2)sCĩ, j̃ {Îλ(α)[Iλ, Iλ]} + qs−1

(α/2), where q is a polynomial in α/2 of degree s − 1
and (ĩ, j̃) is position of element (Îλ(α))i, j in the

matrix Îλ(α)[Iλ, Iλ].

Proof Assertions (i) and (i i .a) follow by applying Lemma
A.1.
To prove (i i .b) assume that i, j ∈ Iλ. Throughout the proof,
we refer to element of thematrix that contain α as α-element,
and the row (column) that contain α-element as α-row (col-
umn).

Denote the number of α-rows with index less than i as
r and number of α-columns with index less than j as c.
It is straightforward to check that the position of element
(Îλ(α))i j in the matrix Îλ(α)[Iλ, Iλ] is (i − r , j − c), i.e.,
ĩ = i − r , j̃ = j − c. It follows that (i i .b) is equivalent to

(−1)i+ j Mi, j {Îλ(α)} = (−1)i+ j−r−c(α/2)s

Mĩ, j̃ {Îλ(α)[Iλ, Iλ]} + qs−1(α/2).

To show this, we consider three cases.

– i = j . Applying Lemma A.1 to Mi, j {Îλ(α)} and using
l = ∑s

k=1(ik + jk) = 2
∑s

k=1 ik , we obtain

Mi, j {Îλ(α)} = (−1)l(α/2)sMĩ, j̃ {Îλ(α)[Iλ, Iλ]}
+ qs−1(α/2)

= (α/2)sMĩ, j̃ {Îλ(α)[Iλ, Iλ]} + qs−1(α/2),

In this case, r = c so (−1)i−r+ j−c = (−1)i+ j−2r =
(−1)i+ j . From this, the equality of cofactors follows.

– i < j . In this case, of all α-elements c − r of them are
not in the diagonal of the matrix Aλ(α)[{i}C , { j}C ], but
on the superdiagonal. Hence, by applying Lemma A.1 to
Mi, j {Îλ(α)} we obtain l = ∑s

k=1(ik + jk) = c − r and
consequently

Mi, j {Îλ(α)} = (−1)l(α/2)sMĩ, j̃ {Îλ(α)[Iλ, Iλ]}
+ qs−1(α/2)

= (−1)c−r (α/2)sMĩ, j̃ {Îλ(α)[Iλ, Iλ]}
+ qs−1(α/2).

Since (−1)c−r = (−1)−r−c+2c = (−1)−r−c, multiply-
ing both sides of the last equality by (−1)i+ j yields the
equality of cofactors.

– i > j . Analogue to the previous case, here we use that of
all α-elements r − c of them are on the subdiagonal and
equality (−1)r−c = (−1)−r−c. ��
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